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BCS-BEC Crossover in the Strongly Correlated Regime of ultra-old Fermi gasesS. G. Bhongale∗Department of Physis and Astronomy, University of New Mexio, Albuquerque, NM 87131, USA.S. J. J. M. F. KokkelmansEindhoven University of Tehnology, P.O. Box 513, 5600 Eindhoven, The Netherlands.(Dated: 4th February 2008)We study BCS-BEC rossover in the strongly orrelated regime of two omponent rotating Fermigases. We predit that the strong orrelations indued by rotation will have the e�et of modifyingthe rossover region relative to the non-rotating situation. We show via the two partile orrelationfuntion that the rossover smoothly onnets the s-wave paired fermioni frational quantum Hallstate to the bosoni Laughlin state.PACS numbers: 03.75.-b,73.43.-f,71.27.+a,71.10.CaIn reent years tehniques based on Feshbah sat-tering resonanes [1, 2℄ in ultra-old atomi gases haveallowed the study of ondensation in a Fermi system[3, 4, 5℄. For ondensation to our, one an distin-guish two distint physial mehanisms: (1) formationof bound pairs of fermioni atoms (moleules) whihare omposite bosons and hene undergo Bose-Einsteinondensation (BEC), and (2) ondensation of Bardeen-Cooper-Shrie�er (BCS) pairs in analogy with low tem-perature superondutivity. In separate publiations[6, 7℄ both Eagles and Leggett argued that these se-narios were limiting ases of a more general theory, theso-alled BCS-BEC rossover. It was only reently thatthis rossover phenomenon was observed in rotating trapexperiments via the use of a Feshbah sattering reso-nane. A vortex lattie generated in the moleular BECphase was observed to persist into the BCS paired phaseas the interation is adiabatially tuned from repulsiveto attrative aross the Feshbah resonane [8℄.While developments suh as above have allowed us toenhane our understanding of numerous many body ef-fets, appliations of trapped atomi systems to studystrong orrelation e�ets suh as those responsible forthe frational quantum Hall (FQH) e�et are limited.However, there have been theoretial proposals to on-�gure the ultra-old atomi system in the FQH regime[9, 10℄. These proposals are based on rotating the trapat frequenies lose to the trapping frequeny, ω. This al-lows us to draw a phase diagram of experimental param-eters (rotational frequeny Ω and the Feshbah tuningparameter) and identify separate regions orrespondingBEC, BCS and FQH as shown in Fig. 1. The regionbelow the dot-dashed line an be quite suessfully de-sribed at the mean �eld level and hene we will refer toit as the mean �eld regime. The vertial shaded area inthe mean �eld regime represents the BCS-BEC rossoverwhere |kFa| > 1 (kF is the Fermi wave vetor and ais the two body sattering length). While the rossoverhas been experimentally explored only in the mean �eldregime, on general grounds one would expet it to ex-

ist even in the strongly orrelated regime. However, inthis regime the orrelations will indue modi�ations tothe mean �eld rossover physis disussed above. Thisis in part due to the global vortex lattie struture im-printed on the system due to rotations, whih gives riseto an emergent length sale orresponding to the vortexradius. While this e�et may not be signi�ant in themean-�eld-vortex-lattie (hashed) region of the phase di-agram, at high rotations, where the number of partilesis omparable to the number of vorties, impliations tothe rossover physis may be drasti. At the same time,very reently FQH states have attrated speial atten-tion due to their possible use in topologial shemes ofquantum omputation. While manipulating interationhas remained a major di�ulty, possibility of rossoverin the FQH regime of atomi ensembles may turn out tobe of signi�ant importane in suh shemes.Therefore, the goal of this letter is to investigate theimpliations of strong orrelations due to rotations on theBCS-BEC rossover. We also argue that the rossoveris expeted to be smooth for s-wave interations. Wewill verify this by onsidering a spei� Cooper paired
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Figure 1: Shemati of the zero temperature phase diagramof the two omponent Fermi gas with Feshbah tuning param-eter 1/kF a along the horizontal axis and rotational frequeny
Ω (in units of trapping frequeny ω) along the vertial axis.
a represents the s-wave sattering length.

http://arXiv.org/abs/cond-mat/0607782v1


2FQH state on the BCS side. Finally we establish thenature of the strongly orrelated state on the BEC sideof the rossover by a numerial study of the two-partileorrelation funtions.We onsider a two omponent Fermi system onsistingof a 50%-50% mixture of fermioni atoms in di�erenthyper�ne states represented by | ↑〉 and | ↓〉 on�ned bya 2D rotating harmoni trap. The Hamiltonian for thissystem in the FQH regime (Ω − ω → 0−) in the abseneof interations is given by
H =

∑

σ

∫

φ†σ(r)
1

2m
[p + A(r)]

2
φσ(r)dr, (1)with m the mass and A = mωyx̂ − mωxŷ is analo-gous to the vetor potential assoiated with the mag-neti �eld in the eletroni FQH e�et, and φσ is theannihilation operator representing fermioni atoms withspin σ. Now in order to simplify the above Hamilto-nian we hoose to work in a frame where the vetorpotential A is gauged out. This is done by performingthe Chern-Simons transformation [11℄ by attahing gauge�eld aα(r) = −ν~

∑

σ

∫

d2r′ǫαβρσ(r)(r− r′)β/|r− r′|2 toeah bare partile resulting in
H =

∫

ϕ†
σ(r)

1

2m
[p + A(r) + a(r)]

2
ϕσ(r)dr, (2)where ϕσ is the annihilation operator and ρσ is thedensity of omposite fermions of spin σ and 1/ν isthe fration of the FQH e�et. The transforma-tion is suh that the average gauge �eld ā [12℄ an-els the external �eld, thus A(r) + a(r) = A(r) +

ā(r) + δa(r) = δa(r). We an now write the in-teration part of the above Hamiltonian as Hint =
(1/2m)

∑

σ

∫

d2rϕ†
σ(r)

[

2pδa(r) + δa(r)2
]

ϕσ(r) = H1 +
H2, where

H1 = −ν~

m

∑

σσ′

∫ ∫

d2rd2r′ϕ†
σ(r)pαϕσ(r)ǫαβ

× (r − r′)β

|r − r′|2 δρσ′ (r′), (3)
H2 =

ν2
~

2

2m

∑

σσ′σ′′

∫ ∫ ∫

d2rd2r′d2r′′ρσ(r)

× (r − r′)

|r − r′|2
(r − r′′)

|r − r′′|2 δρσ′(r′)δρσ′′ (r′′), (4)and ρσ(r) = ϕ†
σ(r)ϕσ(r) and δρσ(r) = ρσ(r) − ρ̄, with

ρ̄ the average density. Thus we see that even in theabsene of interations between the bare partiles, theChern-Simons transformation gives rise to a two-body(ontained in H1 and H2) and three-body ontribution(only ontained in H2). However, H1 represents a ou-pling of the density to the urrent jα(r) = ϕ†
σ(r)pαϕσ(r)whih is beleived to be important only near the boundaryof the sample. It an be shown that the two-body part

of H2 is logarithmi and has been attributed to have im-portant onsequenes for the formation of pairing in theeletroni FQH e�et [12℄. The three-body part will benegleted in the following, while the two-body part anbe taken as an additional ontribution to the two-partileatomi interation.Let us now assume that there is a Feshbah resonanein the s-wave interation between atoms in the up anddown states. We argue in this letter that this an gen-erate a rossover in the FQH regime between two di�er-ent types of strongly orrelated many-body states. Theresonant interation persists even in the gauge trans-formed omposite partile piture [13℄. However,the ad-ditional two-body ontributions from Eq. (4), whih havethe harater of a repulsive logarithmi potential, anstrongly modify the resonane properties. In a single-hannel piture of the Feshbah mehanism, whih is a-urate for broad resonanes, the additional potential willshift the bound states in the potential to higher energies,and therefore also shift the rossover region as shown inFig. 1. In a two-hannel piture of the Feshbah meha-nism (see Fig. 2), valid for narrow resonanes, the sameshift of the moleular levels in the so-alled losed han-nels will take plae. However, the sattering as a wholeould be more involved as the sattering properties ofthe open hannel an be a�eted as well. Thus the strongorrelations indue modi�ations to the rossover physisand an be treated systematially within a Chern-Simonsomposite partile piture one the details of the two-body inter atomi potential are known.We will now onsider a spei� FQH state to investi-gate the nature of the rossover. If we are on the weaklyattrative side, then in the FQH regime the situation isanalogous to the one desribed by the Haldane-Rezayi(HR) paired wavefuntion [14℄
ΨHR = det(Ξ)

∏

i<j

(zi − zj)
2
∏

i<j

(ξi − ξj)
2
∏

i,j

(zi − ξj)
2

× exp

[

−
∑

k

|zk|2/4 −
∑

k

|ξk|2/4
]

, (5)where z and ξ are saled in units of harmoni osillatorlength l0 and represent the omplex oordinate of thespin up and spin down omponents respetively, and Ξrepresents pairing between the up and down partiles.Apart from the pairing part, the above wavefuntionfor our atomi system is ompletely justi�ed due to theshort range repulsive piee of the interatomi interation.The anti-symmetrization under exhange of idential spinomponents is taken are of by the determinant of Ξ.The form of Ξ will turn out to be important in under-standing the nature of the rossover. For this purposewe again work in the Chern-Simons gauge transformedpiture with ν = 2 for the HR state of Eq. (5). By virtueof this transformation the fermioni atoms are trans-formed to free interating omposite partiles (bound
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Figure 2: Shemati showing the modi�ation of the inter-atomi potential by an additional logarithmi ontributionoming from the global vortex struture. Figure is not drawnto sale.state omposed of a fermion and 2-vorties) possessingFermi statistis. We an therefore write the Hamiltonianfor the omposite fermion (CF) system in the standardBCS form
HCF =

∑

σ,k

(ǫk − µ)a†σ,kaσ,k+

∑

q,k,k′

Uq,k,k′a†↑q/2+k
a†↓q/2−k

a↓q/2−k′a↑q/2+k′ . (6)Here aσ,k and a†σ,k are annihilation and reation opera-tors for omposite fermions with momentum k and spin
σ respetively, µ is the hemial potential and U rep-resents the e�etive attrative inter omposite partileinteration. We diagonalize the above Hamiltonian viaBogoliubov transformations γk↑ = ukak↑ − vka

†
−k↓ and

γ†−k↓ = uka
†
−k↓ + vkak↑, HCF =

∑

k,σ Ekγ
†
kσγkσ with

Ek =
√

(ǫk − µ)2 + ∆2
k, u2

k = (1/2)(1+(ǫk−µ)/Ek), and
v2
k = (1/2)(1−(ǫk−µ)/Ek). If we now de�ne gk = vk/uk,then the on�guration spae �rst quantized wavefuntionfor 2N = N↑ + N↓ omposite fermions an be writtenas ΨCF (x1,x2, ..x2N) = 〈0|ψ̂(x2N)...ψ̂(x2)ψ̂(x1)|G〉 =

A (φ11′φ22′ ...φNN ′), where |G〉 is the variational seondquantized BCS wavefuntion, primed and unprimed in-dexes orrespond to di�erent spin omponents and φjj′ =
∑

k gke
ik·(xj−xj′ ), and the anti-symmetrization is sepa-rately performed over up and down spins [15℄. Thus onean identify Ξ in Eq. (5) with the produt of φ's overdi�erent pairs, and the anti-symmetrization operator Awith the determinant.In the BCS theory Ek and ∆k are found self onsis-tently from the gap and the number equation. Here wewill not do suh a alulation, however only fous onthe nature of pairing phases. In the k → 0 limit, theweak pairing phase orresponds to ǫk − µ < 0 where

|uk| → 0 and |vk| → 1. Thus the leading behavior of
gk goes as 1/uk ∝ 1/∆k. However in the BCS phase
∆k is signi�ant only in the immediate viinity of theFermi surfae, φjj′ aquires a long range exponential tail.Thus it is reasonable to assume an exponentially deay-
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G↑↑(r) and G↑↓(r) for N↑ = N↓ = 100 for η = l0. For large
r/l0, G↑↑(r) − G↑↓(r) → 0.ing form φjj′ = e−|zj−zj′ |/η for the pairing funtion where
η ≡ ~vf/(π∆0) is the BCS oherene length and vf is theFermi veloity.Now as the strength of interation is inreased by tun-ing towards resonane resulting in stronger pairing, thegap ∆0 inreases exponentially and one may argue thatthe BCS desription is no longer valid. However as men-tioned before we are only onerned about the form ofthe pairing wavefuntion. Let us therefore onsider the
s-wave T matrix instead whih in the k → 0 limit isa smooth funtion of as, the s-wave sattering length[16℄. We would like to point out here that even thoughFQH e�et exists in 2D systems, ultra-old atomi sys-tems under extreme rotations an be onsidered to bequasi-2D. Quasi here means that the on�nement in thethird dimension is strong ompared to the remaining two.Therefore the sattering an still be onsidered to be in3D justifying the use of the partiular T matrix above.Thus we notie that even near the Feshbah resonane,the funtional form of the T matrix and hene the gap
∆k will remain unhanged hinting a smooth rossover.Thus we will parametrize the rossover by the ratio η/l0.This is quite di�erent from the ase where the pairinginteration is p-wave where ∆k = ∆̃(kx + iky). Thereeven if the funtional form of the T matrix remains un-hanged, the extra phase assoiated with the ∆k an givea totally di�erent behavior for gk in the strong and weakpairing limits. As argued by Read and Green, the p-wavepaired FQH state in the strong and weak pairing limitsis separated by a seond order phase transition [17℄.Having obtained the form of the paired FQH state asa funtion of η we an diretly alulate the two partileorrelation funtion G(r1−r2) =

∫

..
∫

d2r3..d
2rN |ΨHR|2for di�erent values of η by using a metropolis Monte-Carlo algorithm with N↑ = N↓ = 100. In Fig. 3, we plotboth G↑↑(r) and G↑↓(r) for η/l0 = 1. We see that G↑↓(r)shows a peaked behavior for small r that is absent in

G↑↑(r). At the same time for large r, G↑↑(r)−G↑↓(r) → 0implying the existene of a sum rule speial to the HRstate valid throughout the region of our urrent interest.



4The rossover behavior is lear from Fig. 4, whihshows that as η beomes small ompared to l0, G↑↑(r)gets modi�ed ontinuously and tends towards a limitingform. However the most important point to note is thatthe limiting form of G↑↑(r) is exatly that of the G(r) forthe (1/8)-FQH state given by the Laughlin form [18℄
Ψ1/8 =

∏

i<j

(zi − zj)
8 exp

[

−
∑

k

|zk|2/2
]

. (7)One way to understand this transition is as follows. Inthe ν = 2 HR state eah omposite fermion is assoiatedwith two vorties (quanta). Therefore a moleule formedout of two omposite fermions will onsist of four quan-tas. Moreover, sine the moleule has twie the massthe moleular harmoni osillator length is l0/√2 andhene eight quanta are required and therefore the fra-tion is 1/8 for the bosoni Laughlin state. Even thoughour alulations are for the partiular HR state, it is jus-ti�ed to expet that similar behavior will be obtainedfor other strongly orrelated states that our at slightlylower rotational frequenies between the FQH and thevortex lattie phase.In onlusion, we have shown that the strong orrela-tions assoiated with rapid rotations an ause strongmodi�ations to the rossover, for example shift therossover towards the BEC side relative to the non-rotating ase. Using the example of the HR wavefun-tion we have shown that the rossover is smooth and thepaired FQH state of fermions smoothly goes over to 1/8bosoni FQH state of moleules when one goes aross theFeshbah resonane so that η ≪ l0.A detailed alulation of the rossover physis of thisregion will require an elaborate treatment with the e�etof rotations inluded by an e�etive potential in additionto the atual multihannel interatomi potential. Withinsuh an e�etive piture Nozières-Shmitt-Rink alula-tions of the rossover region [19℄ an be arried out. Alsothese alulations an be extended to situations with p-and d- wave pairing shemes in ultra-old Fermi gases.These senarios while having lose resemblane with, forexample, the 5/2 FQH e�et, will be extremely usefuland will be dealt with in a future publiation.At the same time paired FQH states suh as 5/2 areknown to possess exoti non-abelian quasi partiles exi-tation. While the existene of non-abelian statistis is thebasis for topologial sheme of implementing quantumlogi in a quantum omputer, the 5/2 state is known tobe omputationally non-universal. However, there havebeen proposals [20℄ in whih this symptom an be reme-died by dynamially tuning-in additional non-topologialinterations. Dynami ontrol while hard in the solidstate on�gurations of the FQH e�et, ontrolled tran-sitions between di�erent FQH states like the one dis-ussed here may be extremely useful for implementingsuh topologial shemes.
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