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Abstract. We formulate and study a model for inhomogeneous long-range percolation on 74 . Each vertex x € Z4 is assigned
a non-negative weight Wy, where (Wy), .74 are ii.d. random variables. Conditionally on the weights, and given two pa-
rameters o, A > 0, the edges are independent and the probability that there is an edge between x and y is given by pxy =
1 —exp{—AW,xW,/|x — y|*}. The parameter A is the percolation parameter, while « describes the long-range nature of the model.
We focus on the degree distribution in the resulting graph, on whether there exists an infinite component and on graph distance
between remote pairs of vertices.

First, we show that the tail behavior of the degree distribution is related to the tail behavior of the weight distribution. When the
tail of the distribution of Wy is regularly varying with exponent t — 1, then the tail of the degree distribution is regularly varying
with exponent y = «(tr — 1)/d. The parameter y turns out to be crucial for the behavior of the model. Conditions on the weight
distribution and y are formulated for the existence of a critical value Ac € (0, co) such that the graph contains an infinite component
when X > A and no infinite component when A < A¢. Furthermore, a phase transition is established for the graph distances between
vertices in the infinite component at the point y = 2, that is, at the point where the degrees switch from having finite to infinite
second moment.

The model can be viewed as an interpolation between long-range percolation and models for inhomogeneous random graphs,
and we show that the behavior shares the interesting features of both these models.

Résumé. Nous définissons et étudions un modele de percolation inhomogenes a longue portée sur 74 A chaque site x € 74 est
assigné un poids positif Wy, ott les (Wy), o7« sont des variables aléatoires indépendantes et identiquement distribuées. Condition-
nellement aux poids et étant donnés deux parametres a, A > 0, les arétes sont indépendantes et la probabilité qu’il existe un lien
entre x et y est pyy = 1 —exp{—AW, W, /|x — y|%}. Le paramétre A est le paramétre de percolation tandis que « caractérise la por-
tée des interactions. Nous étudierons la distribution des degrés dans le graphe résultant et I’existence éventuelle d’une composante
infinie ainsi que la distance de graphe entre deux sites éloignés.

Nous montrons d’abord que la queue de la distribution des degrés est liée a la queue de la distribution des poids. Quand la queue
de la distribution de Wy est a variation réguliere d’indice T — 1, alors la queue de la distribution des degrés est a variation réguliere
d’indice y = a(tr — 1)/d. Le parametre y s’avere crucial pour décrire le modele. Des conditions sur la distribution des poids et de
y sont formulées pour I’existence d’une valeur critique A¢ € (0, 00) telle que le graphe contienne une composante infinie quand
A > Ac et aucune composante infinie quand A < A¢. De plus, une transition de phase est établie pour la distance dans le graphe de
la composante infinie au point y = 2, c’est a dire au point ou les degrés n’ont plus de second moment fini.

Notre modele peut étre vu comme une interpolation entre la percolation a longue portée et des modeles de graphes aléatoires
inhomogenes. Nous montrons qu’il possede les caractéristiques des deux modeles précédents.
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1. Introduction

The field of percolation has been very active the last few decades with important progress on questions concerning for
instance the appearance and uniqueness of an infinite component and the decay of connectivity functions. In parallel,
the area of random graphs has developed from dealing mainly with simple models with little structure to studying
more complex models aimed at describing real-world networks. A particular class of graph models that has received
substantial attention consists of inhomogeneous random graphs, where the edge probabilities are defined in terms of
weights that are associated to the vertices. In the current paper, we combine the above two fields by introducing a
model for spatial inhomogeneous random graphs on Z¢ with long-range edges and vertex weights. Many real-world
networks have heavy-tailed degree distributions, which cannot be achieved in the standard long-range percolation
model. Further, in many real-world networks, spatial distance plays an important role, and this geometrical aspect
has so far been neglected in the majority of the random graph literature on the subject. The notion of inhomogeneous
graphs, with i.i.d. vertex weights moderating how attractive vertices are, is a natural and simple way of combining
heavy-tailed degrees with a translation invariant percolation setting. Finally, there are also theoretical reasons for being
interested in the proposed model. Indeed, various types of random processes in random environments have received
substantial recent attention, a typical question being how the randomness in the environment affects the properties of
the process. Our model fits into this framework in that it can be viewed as a graph constructed in a random environment
(for more details, see below).

As for the results, we characterize the degree structure in the graph, determine when there is a non-trivial percola-
tion threshold and prove a phase transition for the graph distance at the point where the variance of the degrees goes
from being finite to infinite. Such a phase transition has already been established for several non-spatial models, and
the fact that it appears also in the presence of spatial influence gives further support to the belief that it is a universal
feature.

We define our model on the lattice Z¢, where the integer d > 1 denotes the dimension. Let each vertex x € 74 be
equipped with a weight W, where (W,) .7« are independent and identically distributed (i.i.d.). Conditionally on the
weights (Wy) <74, the edges in the graph are independent and the probability that there is an edge between x and y is
defined by

Py =1— e AWa Wy /lx—y| (1.1)
for o, A € (0, 00). We say that the edge (x, y) is occupied with probability p,, and vacant otherwise. The parameter
o > 0 describes the long-range nature of our model, while we think of A > 0 as a percolation parameter. Naturally, the
model for fixed A > 0 and weights (W) 74 is the same as the one for A = 1 and (v/AWy), <74, so there might appear
to be some redundancy in the parameters of the model. However, we view the the weights (W), .z« as creating
a random environment in which we study the percolative properties of the model. Thus, we think of the random
variables (Wy), .7« as fixed once and for all and we change the percolation configuration by varying A. We can thus
view our model as percolation in a random environment given by the weights (Wy) ,c74.

The choice of weight variables

The distribution of the weight variables (Wy),.7a is clearly very important for the properties of the model. When the
weight variables have unbounded support, vertices with very high vertex weight will be present. These vertices play
a special role, as they are much more likely to have a large number of edges emerging from them, that is, vertices
with high weight tend to have high degrees. In many real-world networks, such vertices with high degrees are present.
These form the hubs of the network and often play a crucial role in the functionality of the network. Therefore, we are
particularly interested in settings where the weights are heavy tailed.

Our model has close links both to long-range percolation (arising when W, = 1 for every x € Z%) and to inho-
mogeneous random graphs (arising when we consider the model on a fixed number of vertices {1, ..., n} and when
|x — y|¢in (1.1) is replaced by a simple factor n). We next discuss these models in more detail.
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Long-range percolation

In long-range percolation, in the most common setup, two vertices x, y € Z¢ are connected by an edge with a prob-
ability that decays like A|x — y|~%, for some parameters «, A > 0, as |[x — y| — o0, and the occupation statuses of
different edges are independent random variables. In d = 1, the percolation properties of the model depend on the
value of «: If « < 1, the graph is almost surely connected [27], if « € (1, 2), the graph contains an infinite component
as soon as the nearest-neighbor edge probability is large enough [25] and, if o > 2, the graph contains only finite
components. For « = 2, the behavior is the same as for & € (1, 2) when A > 1 while there are only finite components
when A < 1; see [1]. Uniqueness of an infinite component in any d > 1 follows from the main resultin [18]. In d > 2,
there is a non-trivial critical value, since already the nearest-neighbor connections are sufficient for the possibility of
an infinite component. The attention there focuses on the effect of the long-range connections on the critical behavior
and on the properties of the infinite component.

As for the graph distance in long-range percolation, Benjamini et al. [3] show that d(0, x) is bounded as |x| — oo
when o < d and Coppersmith et al. [15] show for a version of the model where all nearest-neighbor connections
are present that d(0, x) grows like log |x|/loglog|x| when o = d. Furthermore, conditionally on that 0 and x are in
the infinite component, Biskup [9] shows that d (0, x) grows like (log|x|)? for an explicit A > 1 when « € (d, 2d)
and Berger [5] shows that it grows at least like |x| when « > 2d. We mention also the model by Yukich [30], where
each point x € Z? is assigned an i.i.d. weight U, ¥, with U, uniformly distributed on [0, 1] and with the parameter
p € (1/d, 00), and two points x and y are then connected if and only if |x — y| < min{Ux_p, Uy_p}. Since U, > 1,
the graph is connected and Yukich shows that d(0, x) grows at most like loglog |x| as |x| — oo. The model is related
to the Poisson Boolean model on Rd; see Section 6 for details.

Inhomogeneous random graphs

In inhomogeneous random graphs, the edges are conditionally independent, given some vertex weights. One example
is the Poissonian random graph [26], where each vertex i in a set of n vertices is assigned a random weight W; and two
vertices i and j are then connected by an edge if a Poisson variable with mean W; W; /3 ;_; W takes on a positive
value. We mention also the expected degree model by Chung and Lu [13,14] and the related generalized random
graph [12], which are in the same universality class as the Poissonian random graph model. The asymptotic degree
distributions in these graphs are determined by the distribution of the weights in that, if the weight distribution is
regularly varying, then the degree distribution varies regularly with the same exponent. As for the graph distance, the
above models have all been proved to have a phase transition at the point where the degrees go from having finite to
infinite second moment: The distances grow logarithmically when the degrees have finite second moment, and doubly
logarithmically when the second moment is infinite. This has also been established for the well-known configuration
model [32,33] and for preferential attachment models [16]. It is believed to be true for a large class of random graph
models. Finally, we mention that many of the above models are special cases of the very general model treated in the
seminal paper by Bollobés et al. [11].

Our model interpolates between long-range percolation and inhomogeneous random graphs in that it has both
geometry in a similar way as in long-range percolation, as well as vertex weights, in a similar way as for certain
inhomogeneous random graphs. The main message of this paper is that our model inherits the interesting features of
both models it interpolates between.

Organization and results

This paper is organized as follows. In Section 2, we characterize the tail behavior of the degree distribution. Take the
weight distribution to be regularly varying with exponent 7 — 1, that is, P(W > w) = w~ "~V L(w), where w — L(w)
is slowly varying at infinity (recall that L(w) is slowly varying at infinity if L(wa)/L(w) — 1 as w — oo for any
a > 0). We show that the corresponding degree distribution is then regularly varying with exponent y = a(t — 1)/d,
provided that « > d and y > 1. Note that, when y > 2, the degrees have finite variance, while when y € (1, 2), the
degrees have finite mean, but infinite variance. Whether the degrees have infinite variance for y =2 depends on the
precise shape of the slowly varying function involved. When o < d or y < 1, it is not hard to see that the model is
degenerate in the sense that all vertices will have infinite degree almost surely; see Theorem 2.1.
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In Sections 3 and 4, the percolation theoretical properties of the model are studied. To this end, we assume that
E[W] =1 as soon as the mean weight is finite and view A > O as the percolation parameter. The critical value is
denoted A.. In Section 3, conditions are formulated on the degree distribution that guarantee that A, < oo and, in
Section 4, it is shown that A, > 0 if and only if the degrees have finite variance.

Section 5 investigates graph distances between vertices. Let d(x, y) denote the graph distance between x and y,
that is, the minimal number of occupied edges that form a path between x and y. When there is an infinite component
in the graph and 0 and x are both in this component, how does d (0, x) grow with |x|? We show that d(0, x) is at least
of the order log|x| when y > 2, that is, when the degrees have finite variance, and exactly of the order loglog |x|
when y < 2, that is, when the degrees have infinite variance. This establishes a phase transition at the point where
y = 2. We improve the lower bound on the distances for y > 2 in the case where « > 2d to |x|® for some ¢ > 0, which
mimics the results for long-range percolation. Indeed, there the distances are polylogarithmic when « € (d, 2d) and
polynomial when o > 2d.

The present work gives rise to many interesting further questions and, in Section 6, we give some suggestions.

2. Vertex degrees

Throughout the paper we assume that the edge probabilities (pyy), yezd are as in (1.1), where the weights (W) 74
are i.i.d. In this section we relate the tail behavior of the degree distribution in our model to that of the weight
distribution. To this end, assume that the distribution F of the weights (W), .7« has a regularly varying tail with
exponent T — 1, that is, denoting by W a random variable with the same distribution as Wy and by F its distribution
function, we assume that

1—Fw)=P(W >w)=w "VLw), 2.1

where w > L(w) is a function that varies slowly at infinity. Write D, for the degree of x € Z¢ and note that, by
translation invariance, D, has the same distribution as Dy.

In this section, we prove two main results. Firstly, we show in Theorem 2.1 that, as soon as the weight of a vertex
is positive, its degree is almost surely infinite when o < d or when both o > d and y = «(r — 1)/d < 1. Secondly, in
Theorem 2.2, we show that the degrees have a power-law distribution with exponent y = «(t — 1)/d when « > d and
y > 1.

Theorem 2.1 (Infinite degrees for « <d or y <1). Fixd > 1.

(@) Ifa<d, then P(Dyg = oo|Wp > 0)=1.
(b) If the weight distribution satisfies

11— Fw) >cw TV w>o0, (2.2)
for some c >0 and t > 1 suchthaty =a(t — 1)/d <1, then P(Dg = oo|Wy > 0) = 1.

Proof. Denote the minimum (respectively, maximum) of two real numbers x and y by x A y (respectively, x Vv y).
For x,y € Z4, recall that (x, y) is occupied if the edge between x and y is present in the graph. Using the bound
l—e™>(xA1)/2, we get

. 1 rwW. Aw
Z]P’((O, y) occupied|Wo = w) > 5 Z]E[ AN 11| > Z

o
y#0 y#0 V] y#0

EIWy 1w, <jyjew—1]
[y*

) (2.3)

where 14 denotes the indicator of the event A. As for (a), just note that clearly E[Wyl{Wvﬂqu}] — E[W] as
|y| — oo, implying that we can bound '

> P((0, y) occupied|Wo = w) > Cw L

o
V20 0 1!
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for some constant C > 0. If ¢ < d, then the sum in the bound diverges and, since the edges of the origin are inde-
pendent conditionally on Wy, it then follows from the Borel-Cantelli lemma that P(Dg = oco|Wy = w) = 1 for every
w > 0. This implies that P(Dg = oo|Wy > 0) = 1.

As for (b), we may assume that o > d (since otherwise the conclusion follows from (a)). Note that, if « > d and
the weight distribution satisfies (2.2) with y = a(r — 1)/d < 1, then t € (1, 2]. Thus, E[W,] = oo and we obtain that

E[Wy 1w, <51 = C's> 7.

Combining this bound with (2.3) yields

1
. _ 7. t—1
ZIP’((O, y) occupied| Wy = w) > C"w* Z SR
y#0 y#0
By the argument above, we have P(Dg = oo|Wy >0) =1assoonasy =a(rt —1)/d < 1. O

Theorem 2.2 (Power-law degrees for power-law weights). Fix d > 1. Assume that the weight distribution satis-
fies (2.1) with o« > d and y = a(t — 1)/d > 1. Then, there exists s — £(s) which is slowly varying at infinity such
that

P(Dg > s) =s"VL(s). 249

Under the assumptions of the theorem, the degrees have finite mean, that is, y = «(r — 1)/d > 1. Furthermore, it
is easy to see that, for « > d, finite variance for the weights (i.e., T > 3) implies finite variance for the degrees (i.e.,
y > 2). Note however that the variance of the degrees may be finite even if the weights have infinite variance, since
for a given value of t € (2,3) we have y > 2 if « is large enough.

In the remainder of this section, we prove Theorem 2.2. Write vy for the volume of the unit ball in RY and let
I'(-) denote the gamma function. The proof of Theorem 2.2 relies on the following characterization of the conditional
expected degree.

Proposition 2.3 (Asymptotic expected vertex degree). Assume that the weight distribution satisfies (2.1) with « > d
and y > 1. Then

|E[Do|Wo = w] — gw?/®| < C,

where £ = 24ley, T — g)E[Wd/"‘], with vg denoting the volume of a d-dimensional unit ball, and C = C(d) is a
constant.

We remark that if y > 1, then t — 1 = yd/a > d/a, so that E[W4/%] < oo.
Proof of Proposition 2.3. Observe that, given Wy, the degree Dy is a sum of independent indicators and
oo
E[Do|Wo =w]=Y (1 —E[e *"/]) = Z/ (1 —e /DY dF (u).
0
y#0 y#0

We interchange the order of integration and summation and first compute the sum over y # 0. To this end, write

Z(l B e—xwu\yl’”) :/ (1 _ e—xwu\ylfa)dy + Ei(u), (2.5)

y=£0 [yI>1

where E1(u) is an error term that will be estimated below. A change of variables y = (Auw)!/*¢ yields that

/l | 1(1 _ e—)hwuly\*a)dy — (uw)h)d/ot/ (1 _ e_ltlia)dt
y|>

[t]>(uwi) =1/

— (uwk)d/“/l 0(1 —e M) dr — Ex(u), (2.6)
1>
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where again E»(u) is an error term that will be dealt with below. Converting to polar coordinates followed by partial
integration and finally a change of variables yields that

o0

r=0 r=0

OO —d/a —s d
=—vy s de™)=vI'(1——),
0 o

for « > d. Hence, provided that E[W4/?] < 0o, which holds for y > 1, we obtain
d o o
E[Dy|Wp =w] = vdF(l — —) / (uwh)* dF (u) +/ (El(u) - Eg(u)) dF (u)
o/ Jo 0
o0
—eu ot [ (B~ Ex) dF ). @7
0

where £ = A4/, (1 — HE[W/].
It remains to bound the error terms. As for E1(u), since 1 —e~PI™ is monotonically decreasing as |y| increases,
we can estimate

0= Er(wy =Y (1 —euub™) / (1= 7™ dy < .
V0 [y[>1

Moving on to E;(u), we have

E>(u) = (uwx)d/“/ (1—e ™) dr,

It <(uwn)=1/e

and a similar computation as the one following (2.6) yields

Ex(u) = Ud{ (1—e™%) + wiy ¥ / )

wA

sdleg=s ds}.
For a < 1 we have that
oo o0
/ s¢7 e ds < 747! / e Sds =z le7 2,
Z Z
With —d/a = a — 1, it follows that
o
(uw)\‘)d/av/ S—d/oze—s ds < e—uwk’
uwi

and hence 0 < E> (1) < vg. Combining these estimates with (2.7) yields
|E[Do|Wo = w] — Ew?/*| < vg. O
With Proposition 2.3 at hand we proceed to prove Theorem 2.2.

Proof of Theorem 2.2. We first give a heuristic argument. The tail of the degree distribution is obtained as

P(Dg > 5) = / P(Dg > s|Wo = w)dF (w). (2.8)
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It follows from Proposition 2.3 that
E[Do|Wo = w] = §w?/® +0(1) 2.9)

as w — o00. Since Dg|Wy = w is a sum of independent indicators, it is reasonable to expect that P(Dgy > s|Wy = w)
is well approximated by the indicator function

LE[ Do\ Wo=w]>s} = Vg ydsesyy-

This results in
o0
P(Dg > 5) ~ / dF(w) =[1 — F1((s/&)*/4) = s~ D/dy(s),
(s/&)/d

where s = £(s) is slowly varying at infinity.

To formalize the above, we adapt the proof of [30], Theorem 1.1. First, for fixed s, split the integral in (2.8) into
two parts:

/P(Do > s|Wo =w)dF (w) :/

I

]P’(D0>s|W0=w)dF(w)+/ P(Dgy > s|Wo = w)dF (w), (2.10)

163

where I} = [0, m(s)) and I, = [m(s), 00), and where

_ 121 o)\ /4
m(s):(s s “logs +0O( )> . @.11)
§
Using (2.9) and Bernstein’s inequality, as in [30], Theorem 1.1,
—E[Do|W = w])? 1 0(1))?
P(Do > s|Wo = w) < expl — (s — E[Do| wl) <exp _ (Vslogs +0(1))
2E[Do|W = w] +4s/3 2s +4s/3

for w < m(s) and s large. Consequently, for each a > 0,

lim s¢ f P(Do > s|Wp = w)dF(w) < lim s9e~(/100ogs)*(+o(1) _ o (2.12)

§—>00 Il §—>00

This shows that the integral over I; does not contribute to the possible regular variation of P(Dg > s). In order to
investigate the integral over I, let Yy, denote a random variable with the same distribution as Dy| Wy = w, that is,

d

Yy = (Do|Wo = w). (2.13)
The first moment of Y,, is characterized in (2.9) and a similar analysis as for the first moment yields

Var(Yy,) = & w?® + 0(1),
where £’ < &.

The proof of (2.4) is now completed in a slightly different way than in [30]. Define
G@)= / P(Yy > t)dF(w), (2.14)
w>m(t)

where the function m is defined by (2.11). Then, (2.12) shows that P(Dg > t) = G(t) + O(t %) for any a > 0. Clearly,

P(Dg > s) is a monotone function on (0, co) and hence (2.4) follows if we show that

P(Dg > st) _

m ———— = e
i—~o0 P(Dg > 1)

)
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on a dense set A C (0, 00); see [17], Section VIIL8. By (2.10) and (2.12) this in turn follows if we can deduce that

G(st)
1m =

=57
t—00 G(t)

for s € (0, 00). To this end, we note that, clearly,
Git)y<1-— F(m(t)).

Further, for each ¢ > 0, we have
G@t) > / P(Yy > 1)dF(w) =1—F((1+&)m(1)) —/ P(Yy, <t)dF(w),
w>(14-e)m(t) w>(14+¢e)m(t)
and, by Chebyshev’s inequality and the fact that E[Y,,] > #(1 4 ¢/2) for ¢t > O sufficiently large, we obtain that

P(Yy <1) < Varlh) <C/(te) =0(1)
(E[Yy] —1)?

uniformly in w > (1 + &)m(¢) as t — oo. Hence, since

m(ts) _ «/d
Jim ) = (s/5)°,
we arrive at
. G(s) . 1=F@m@s) . 1=F(s1/5) oo
lim =lim ——=1lim —=— " =5 .
1>00 G(t)  t—oo 1 — F(m(t))  t—oo 1 — F((t/§)%/d) 0

3. Percolation — finiteness of the critical value

In the following sections, we investigate the percolation properties of our model. We take p,, as in (1.1) where o > 0
is fixed and view A > 0 as the percolation parameter. When the weights (Wy), .7« have finite mean, we can, without
loss of generality, assume that they are normalized so that E[W] = 1.

Denote the resulting random graph by G(A, @) and write x <— y to denote the event that there is a path of
occupied edges between x and y in G(A, o). Denote by C(x) = {y: x «<— y} the component of x, and by |C(x)]| the
number of vertices in C(x). The percolation density is defined as

o0 =P(|C(0)| = c0),
and the critical percolation value A. is defined as
Ac =inf{1: 6(1) > 0}.

See [10,19] for general introductions to percolation. It follows from the general uniqueness result in [18] that G (A, «)
contains almost surely at most one infinite component. Under what conditions on « and on the degree distribution is
there a non-trivial phase transition in the sense that A € (0, 0c0)? Note to begin with that it follows from Proposition 2.1
that Ac =0 foro <d or @ > d and y < 1, that is, when o < d or y < 1 the graph percolates for all » > 0. Hence we
shall henceforth restrict to the case « > d and y > 1. The following theorem gives sufficient conditions for A, < 0o
so that the model percolates for large enough A.

Theorem 3.1 (Finiteness of the critical value). Assume that o > d and that y > 1.

@ IfP(W=0)<1,then Ao <0 ind > 2.
®b) Ifae(,2]and P(W =0) < 1, then Ac <ocoind = 1.
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(¢) If o > 2 and the weight distribution satisfies
1—Fw)<cw ™Y w>o0, 3.1
for some c >0 and v > 1 suchthat y =a(r —1)/d > 2, then Ao =00 ind = 1.

In d > 2, we hence have A, < co as soon as the weights are not almost surely equal to 0, while in d = 1, the
behavior is different for « <2 and o > 2.

The proof of part (a) uses the result from [23] concerning domination of r-dependent random fields by product
measures, where a random field (X;),c7q is said to be r-dependent if for any two sets A, B C 74 at I.-distance at
least r from each other we have that (X;),c4 is independent of (X;),cp. The version we need is as follows.

Theorem 3.2 (Liggett, Schonmann and Stacey (1997)). For each d > 2 and r > 1 there exists a p. = p.(d,r) <1
such that the following holds. For any r-dependent random field (X ;) ,cya satisfying P(X; =1) =1-P(X, =0) > p,
with p > pc, the 1’s in (X;),cya percolate almost surely.

Theorem 3.2 is formulated in terms of sites rather than edges or bonds. It is a classical result that any bond perco-
lation model can be formulated in terms of a site percolation model, see e.g. [19].

Proof of Theorem 3.1. We begin with (a). Let Cop C R be the cube with side 2n 4 1 centered at the origin and
partition 74 into cubes defined by translates of Co. Write r = r(n, d) for the largest Euclidean distance between two
vertices in neighboring cubes (that is, in cubes that share a side). Furthermore, for a given cube C in the partition,
let xc € Z? be the vertex with maximal weight in C, fix w > 0 such that P(W > w) > 0 and say that C is good if
Wy > w. Let M, be a random variable with the same distribution as W, .. Note that, if two nearest-neighbor cubes
are both good, then the probability that the edge between their respective vertices with maximal weight is occupied in
G(A, @) is at least 1 — e*w*/™ ‘Hence it suffices to show that a site-bond percolation model on Z? where sites are
alive independently with probability P(M,, > w) and edges are added independently between alive nearest-neighbor
vertices with probability 1 — e/ percolates for large n. To this end, say that a vertex z € Z¢ is open if it is alive
and if all the 2d edges to its nearest-neighbors are present in the resulting configuration, and let X, = 1 precisely
when z is open. Note that this defines a 3-dependent random field and that

P(X, = 1) > P(M, > w)>*' (1 —e 2"/ ) >,

The first factor can be made arbitrarily close to 1 by picking n large and the second factor can then be made arbitrarily
close to 1 by taking A large. Hence, if n is large enough then, by Theorem 3.2, we can make P(X, = 1) large enough
to guarantee that the open vertices percolates.

Part (b) is a direct consequence of the results proved in [25]: Fix w such that P(W > w) > 0 and say that a
vertex x € Z4 is alive if W, > w (and dead otherwise). Clearly the edge configuration stochastically dominates a
configuration with independent edges between alive vertices and pyy, =1 — e 2w/ It is shown in [25] that, for
a € (1, 2], this model percolates in d = 1 for large A.

As for (c), we adapt the argument in [27]. We start by giving the proof when E[W] < oco. For x € Z, let A, be the
event that no vertex y < x is connected to any vertex z > x. The sequence (14, )¢z is stationary with common mean
P(Ag). For n > 1, write A(()") for the event that none of the n edges (0,n), (—1,n — 1), ..., (—n + 1, 1) is present in
the graph. By the conditional independence of the edges given (Wy),7«, we have that

P(Ag) = E[H P(Ag”uwx)xez)}

n=1

o~ A
=Elexp) =3 = (WoWo + -+ Wi Wi |-

n=1
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Since e~ is a convex function, it follows from Jensen’s inequality and the fact that (W, ),z are i.i.d. with mean 1

that

Hence, P(A¢) > 0 when o > 2. The ergodic theorem applied to the sequence (14, ).cz then gives that infinitely many
of the A,’s occur almost surely, implying that all components are finite. This completes the proof of part (c) when
E[W] < o0.

In the general case, we have that

o0

)\. o0
Zn—aJE[WOWn+.--+W,n+1W]] =exp]—A Y
n=1

n=1

1
P(Ao) > exp{ - o

o0
W_,W;
P(Ag) =E|exp —A Z ; : ; ] >0 (G.2)
e (+
i,j>0:3i, ))#(0,0)

precisely when the double sum is finite a.s. We bound

o]

W_ W,
Z Grie < ZiZ,, (3-3)
i,j=0:(.)#0,0)
where
o0 o0
Zi=y —L Zr=) —— . 34
‘ ;le)a/z ’ gavl)w oy

The random variables Z; and Z, have the same distribution, so that we only need to check that Z; < oo a.s. Then, the
remainder of the proof can be completed as in the case where E[W] < oco.

We continue to prove that Z; < oo a.s. when y > 2. Take a; = i1+8/@=D for some & > 0. Then, the events
{W; > a;} occur only finitely often, since

P(W; > a;)=1— F(a;) < ca; "™ = ¢i=(+9) (3.5)

which is summable in i. Then, we split Z; = Y| + Y, where

oo o0

(Wj /\aj) (Wj _aj)]l{Wj>aj}
Y= _— Y, = . 3.6
1 jZO(jvl)a/z ’ ; GV D2 G0

The sum in the definition of Y> contains only finitely many terms a.s., and is thus finite a.s. Further, note that

X X
E[(W;A0]<) (1-Fm) ey y U<y, (3.7
y=1 y=I
and hence
E[(W; Aaj)] 2—7, —a/2 . —a/24+(1+¢)(2—1)/(x—1)

When y = a(t — 1) > 2, we have that —«/2 + (2 — 7)/(t — 1) < —1. Therefore, we can take ¢ > 0 so small that
—a/24+ (1 +¢e)2—1)/(r —1) < —1, which makes Y7 have finite mean. In particular, it is finite a.s. O

4. Percolation — positivity of the critical value

In this section we show that A, > 0 if and only if the degrees have finite variance. We give the proof in two subsections.
First we show that there is no percolation for small A when the degrees have finite variance and then that there is
percolation for all A > 0 when the variance of the degrees is infinite.
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4.1. The critical value is positive for finite-variance degrees

Recall from Section 2 that, if the weight tail P(W > w) varies regularly with exponent t — 1, then the degree tail
P(Dy > s) varies regularly with exponent y = «(t — 1)/d. In this section we show that A > 0 when y > 2, that is,
when the degrees have finite variance. Recall that we assume throughout that « > d. As pointed out after Theorem 2.2,
finite variance for the weights then implies finite variance for the degrees, but the degrees may have finite variance
also if the weights have infinite variance. We first prove that A. > 0 in the case when the weights have finite variance.
The proof is slightly simpler in that case and gives an explicit lower bound for A.. We then extend the arguments to
cover also the case when y > 2 but 7 € (2, 3).

Theorem 4.1 (Positivity of the critical value for finite-variance weights). Assume that E[W?] < co. Then, 6 (=0
for every » < 1/(BIW?]Y_, g |x|™%), that is,

Ae > 1/<E[W2]§)|x|—“>.

Proof. Since E[W] =1 < oo, every vertex has a.s. bounded degree. As a result, the event {|C(0)| = oo} implies that,
for every n > 1, there is a path of distinct occupied edges of length at least » starting from the origin. Thus,

00) =P(|CO)|=00) = Y P((0.x1). (x1,X2). ... (Xp1. %) occupied)

(X1 5eeesXn)
= Y E[P(0.x1), (x1,x2), ... (Xn1, %) occupied|(Wy), cz4) ],
(X1 5eeesXn)
where the sum is over (x, ..., x,) € (Z9)" such that every vertex occurs at most once in the path (0, x1, ..., x,). We

call such paths self-avoiding paths. By the conditional independence of the edges given the weights, we have that
n
P((0, x1), (x1,X2), ..., (Xp—1, Xp) occupied| (W), cz4) = pr,-_l,xiv
i=1

where p,, is defined in (1.1) and, by convention, xo = 0. Therefore,
n
TAEEDY E[]’[ p]
(X15000s Xn) i=1
We next use the fact that 1 — e ™ < x to conclude that
px,y S)»Wny/lx—y|a~ (41)
It follows that

00 < Y E[ﬁ)‘wxz--lwxi/lxz'—l—xila}
)

(X150 X, i=1
n 1 n—1
= A" — B[ wow,, [ W2 |.
Z (U |xi—1 —in°‘> |: U i
(X15..0pXxp) \i=1 i=1
Since every vertex occurs at most once in the path (0, x1, ..., x,) and (W), 7« are i.i.d. with mean 1, we have that

n—1
E[Wonn I1 szij| —EWIPE[W?]"".
i=1
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Further, by translation invariance,

T i =(ap)

X yeens Xp)i=1

As a result,

E[W]? 1\
009 = £ (V1T )

x7#0

Thus, when A < 1/(E[W?2] Zx;éo |x]™%), the right-hand side converges to 0 as n — oo, which implies that 6 (1) =
|

We relax the assumption in Theorem 4.1 to finite variance for the degrees, that is, y > 2.

Theorem 4.2 (Positivity of the critical value for finite-variance degrees). Assume that there exists T > 1 and ¢ > 0
such that

1—Fx)=P(W>x)<cx D x>0, 4.2)
withy =a(t — 1)/d > 2. Then, (1) =0 for small > > 0, that is, Ao > 0.
Proof. The proof is an adaptation of the proof of Theorem 4.1. Instead of (4.1) we use the bound

Pry < (AW Wy /lx — y|* A ).
As aresult,

o) = Z E|:1_[ AWy, Wy, [lxi—1 —xi|“A l)]

(X15eees Xn) i=l

By Cauchy—Schwarz’s inequality and the independence of (Wy) .7« we obtain

2
n
E|:1_[()‘-Wxi1 Wx,*/|xi71 _-xila A 1):|

i=1

[n/2]
2
= ]E|: 1_[ ()‘szi—| Wy /1x2i—1 — x2i|% A 1) :|

i=1

[n/2]
2
E|: 1_[ ()‘szl',szzl;]/l-XZi—Z - x2i—l|a A 1) :|
i=1

n
= HE[(AWXI'—I Wy, /|xi—1 — xi|* A 1)2].

Therefore,

00 < Z ]"[ et —xi1%/2) 2,
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where we define
g(u) =E[(W, Wa/u A 1)7].
By translation invariance,
« i 12)"
00y < (D s(lxl*/2) ") .
x#0

We continue by investigating the asymptotics of u +— g(u) for u — oo:

Lemma 4.3 (Asymptotics of g). When the distribution function F satisfies (4.2) for some T > 1, then there exists a
constant C > 0 such that

g(u) < C(1 +loguyu= =12,

Proof. Let H denote the distribution function of Wi W,, where W; and W, are two independent copies of a random
variable W with distribution function . When F satisfies (4.2), then it is not hard to see that there exists a C > 0
such that

1 —H@u)<C+logu)u= D, (4.3)

Indeed, assume that F has a density f(w) =cw™7, for w > 1. Then
o0
1—H(u)=/ f)[1 — Fl(u/w) dw.
1

Clearly, 1 — F(w) = w= D forw > 1and 1 — F(w) = 1 otherwise. Substitution of this yields
o0

u
1—H@u)= cc’/ w T w/w)~ TV dw +c/ w T <C +loguyu— T,
1

u

When F satisfies (4.2), then Wy and W, are stochastically upper bounded by W;* and W, with distribution function
F* satisfying 1 — F*(w) = cw~ =D and the claim in (4.3) follows from the above computation.
Let V = W1 W>, so that V has distribution function H. We complete the proof of Lemma 4.3 by bounding

E[((V/urD)?]<1—H@u) +u? /” 2v[1 — H(v)]dv < Clogu + Du~ D2,
1

where, in the last inequality, we distinguish between the case t > 3, in which fooo 2v[l — H(v)]dv < o0, and T €
(1, 3]. O

Lemma 4.3 yields

n
0. < (C}\("W2 > (log(1x[*/2) + 1)1/2|x|—“[<f—1>A21)
x7#0

n
= (CW_”/ 3 (loglxi® +1)" 2|x|“"[<"1“2]/2) ,
x7#0

where the last inequality holds when A < 1 is small enough to ensure that A"~1D/2(1 — logi) < 1. Now,
> zo(loglx|* + D12 |x|~el@=DA21/2 « o6 when af(t — 1) A 2]/d > 1. Since & > d, for t <3 we find as con-
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dition that y = a(t — 1)/d > 2. Thus, when A is also so small that

C}\.(T_l)/4 Z(log|x|(x+ ])1/2|x|—a(‘[—1)/2 < 1,
x#0

we have that (1) = 0. This completes the proof of Theorem 4.2. (|
4.2. The critical value is zero for infinite-variance degrees

In this section we will investigate the case when y < 2, so that the degrees have infinite variance. As we will show,
the critical value equals zero in this case.

Theorem 4.4 (Critical value equals zero for infinite-variance degrees). Assume the existence of t > 1 and ¢ > 0
such that the weight distribution F satisfies

l—Fx)=P(W>x)>cx D x>o0. (4.4)
Furthermore, assume that « > d and y = o(t — 1)/d < 2. Then, 0(A) > 0 for every A > 0, that is, .. = 0.

Proof. Clearly, it suffices to show that (1) > 0 as soon as A > 0. To this end, write Cy C R4 for the cube with side
2% 41 centered at the origin and let Sy = Cy \ Cx—1 (with S1 = C1). Define

My =279/ max Wy.
yeZANSy

Then, for small ¢ > 0, we have
P(My < zfek) _ F(zk(d/(tfl)fs))cdzdk <(1- c/zk(e(tfl)fd))czﬂdk < e,

and it follows from a Borel-Cantelli argument that P(M; > 27¢k for all k > 1) > 0. Now, for k > 1, let x; be the
vertex with maximum weight in S, so that W, = 24k/=D A1, and let xo = 0. Define

E={M> 27% for all k > 1 and (xo, x1) occupied }
and note that P(E) > 0. We have

P(|C(0)| = 00) > P(E) - P(|C(0)| = o0l E)
(

> P(E) - P((x, xk+1) occupied for all k > 0|E)

el ]
W, W,
>P(E)-E l—exp M})’E
lxg — xg—1]%
00 322kd/(1—1)9—2¢ek
zP(EyH(I _CXP{_—ch’“" })

(l - eXp{—)\c;,zk(z‘l/(ffl)fafk) })

xk Xk—1

ir ::]8 i :|8

—12

=P(E) -

o~
Il
_

Then, if y < 2, we have 2d/(t — 1) — « > 0 and can hence pick ¢ > 0 small so that 2d/(t — 1) —«a — 2¢ > 0. The
product above is then strictly positive and it follows that P(]|C(0)| = co) > 0 for all A > 0, as desired. U
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5. Distances

For x € 74, write d (0, x) for the graph distance between 0 and x, that is, d(0, x) is the minimum number of edges
that form a path from O to x. If 0 and x are not connected, then we define d(0, x) = oo. In this section we show that,
conditionally on 0 and x being connected, the distance d(0, x) is of order loglog|x| as |x| — oo when the degrees
have infinite variance and X > A.. When the degrees have a finite variance on the other hand, then d(0, x) is at least
of order log |x| when « > d and at least of order |x|® for some ¢ > 0 when o > 2d.

5.1. Doubly logarithmic asymptotics for infinite-variance degrees

We start by proving a loglog upper bound when the degrees have infinite variance. Recall from Section 4.2 that, when
the degrees have infinite variance, the graph contains a unique infinite component. Denote this component by Cwo.

Theorem 5.1 (Doubly logarithmic upper bound on distances for infinite-variance degrees). Assume that there
exists T > 1 and ¢ > 0 such that (4.4) holds and such that y = a(t — 1)/d € (1, 2). Finally, assume that A > 0. Then,
for every n > 0,

2loglog |x|
[log(y — D)

lim IP’(d(O,x) <(l+n) 0.x ¢ Coo> =1.
|x]—00

In the proof we need the following lemma:

Lemma 5.2. Assume that there exists T > 1 and ¢ > 0 such that (4.4) holds and such that y = a(tr — 1)/d € (1,2).
Then, for y € 7.2,

P(y eCoxlWyzw)—1 asw— oo.

Proof. The proof is an adaption of the proof of Theorem 4.4 and we formulate it for y = 0. Write C;(w) C R? for
the cube with side 2w!/% 4 1 centered at the origin and, for k > 2, let C(w) C R? be the cube with side w” (2]‘ + 1)
centered at the origin, where b > 1 will be defined later. Let Si(w) = Ci(w) \ Cr—1(w), with S1(w) = C1(w), and
define

M (w) = (w2k)_d/(r_l) max  W,.
yeZANS; (w)

Then, for small ¢ > 0,

dbzdk

IP’(Mk < Tek) — F((wzk)d/(ffl)sze)cdw < (1 _ 