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Richards equations and outflow conditions

Tuliu Sorin Pop ' and Ben Schweizer 2

October 2009

Abstract: We analyze regularization schemes for the Richards equation and a
time discrete numerical approximation. The original equations can be doubly
degenerate, therefore they may exhibit fast and slow diffusion. Additionally, we
treat outflow conditions that model an interface separating the porous medium
from a free flow domain. In both situations we provide a regularization with
a non-degenerate equation and standard boundary conditions, and discuss the
convergence rates of the approximations.

Keywords: doubly degenerate equation, outflow problem, numerical approxi-
mation, variational inequalities

1 Introduction

The Richards equation models flow in unsaturated porous media, using the saturation s
and a transformed pressure variable u. On a bounded domain €2 C R"™ one considers the
following nonlinear degenerate problem for all times ¢t € (0, 7).

Ops = div(Vu+ K(s)), wu€ ®(s) on (1.1)
Sli=0 = S0 on €, u=wup on ['p, n-(Vu+ K(s)) =0 on 'y, (1.2)
U< Uy, n-(Vu+K(s) <0, (u—tpyg)n-Vu=0 on [yy. (1.3)

In this set of equations, ® is a nonlinear monotone constitutive law, K is a vectorial
coefficient that combines permeability and gravity, the boundary 9€) is decomposed into
an impermeable part 'y, a Dirichlet part I'p, and an outflow part I',,;, n is the outer
normal. The value u,,; is the transformed pressure corresponding to a vanishing capillary
pressure: the fluid can flow out of the medium only if u exceeds this value. Without loss
of generality we will later set wuy,; = 0. The monotone graph & C R x R can be doubly
degenerate, i.e. it can have flat parts (vanishing diffusion) and infinite slope (elliptic
behavior). Some physical background on the equations and, in particular, on the outflow
condition, is collected below.
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2 Pop and Schweizer

We study two simplifications of the above equations. One regards standard boundary
conditions, i.e. T',,; = 0 such that the boundary condition (1.3) is not used. In the other
simplification we study the outflow condition, but neglect gravity (setting K = 0) and
assume a non-degenerate constitutive law .

In both cases, a regularization method for the above set of equations is introduced
and analyzed. We derive convergence of solutions as the regularization parameter tends
to zero. Furthermore, we derive convergence rates for a numerical scheme that can be
used to approximate the regularized system.

Literature. Due to its importance in practical applications and its interesting analytical
features, a vast literature is concerned with the description of flow in porous media. The
Richards equation is widely used to model the flow of one phase in unsaturated porous
media. If two phases (e.g. water and air) must be modelled, we are led to the closely
related two-phase flow equations, see e. g. [1, 8, 9, 10, 11, 17, 26]. Instead, if the medium
is partially saturated and the unsaturated phase is not modelled, we are led to the dam
problem [6], where the outflow condition is of particular importance. A system with
similar double degeneracy appears in a model for the evolution of bacterium species in
[5]. The analytical results and methods in those models are closely related to ours.

For the analytical treatment of the doubly degenerate equations a fundamental refer-
ence is [2], where existence, regularity and uniqueness of solutions is treated. We empha-
size that the uniqueness is shown only in the case that the function b = ®~! is Lipschitz
continuous. This is improved by Otto in [20] to more general single-valued functions b,
but we recall at this point that b is not single valued in our case.

Existence results for the outflow boundary condition for the same nonlinear equation
are provided with the formulation as variational inequalities in [1, 3], and with a regular-
ization procedure in [25]. A homogenization of many interface conditions was performed
in [10, 11, 26].

Numerical schemes for simply degenerate equations are investigated in e. g. [4, 13, 14,
16, 18, 22, 23]. The doubly degenerate case appears in [15, 21, 24]. Closest to our results
are [21] and [24], treating also the doubly degenerate case with a regularization procedure.
To relate our results to these works we note that in the first paper it is assumed that
®’(s) = 0 has only one solution s, and that ® is convex and single valued. The problem
considered in the second paper can be brought to the form of (1.1). The assumptions
there allow for a nonlinearity ® that may be multivalued, but ®'(s) = 0 has again only
one solution. Here we allow both, & can be multi-valued and vanish on intervals. In all
papers mentioned above only standard boundary conditions are considered. Concerning
the problem with an outflow boundary, we are not aware of any numerical approach.

Main results on doubly degenerate equations. In the doubly degenerate case, we
restrict our analysis to [y, = 0. To regularize the degenerate problem (1.1)—(1.2) we
consider a smooth approximation ®; of @ satisfying 0 < ms; < ®§ < My < oo on R,
where mgs and My are 6-depending. The regularized problem is non-degenerate parabolic,
having a unique solution pair (ss, us),

0y55 = div (V’LL5 + K(S(s)), Us = @5(85) on O =0 x (O,T],

1.4
35(0) =spon Q, wus=wuponlp, n-(Vus+ K(ss))=0onTy. (14)
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As shown e. g. in [3, 25], under natural assumptions on ®, a sequence § \, 0 exists such
that (ss,us) converges weakly to a solution (s,u) of the degenerate problem (1.1). Our
interest here is to compare approximate solutions. This, in particular, gives a quantitative
result on the convergence (sg,us) — (s, u), the convergence of the whole sequence, and a
uniqueness result of solutions in a viscosity sense. Our main result in Theorem 2.2 is the
comparison estimate

sup ||ss — SsH?{—l(Q) < C'max{e,0}. (1.5)

t€[0,T)

Here, C' depends on the data sg, up, but it is independent of € and §.

Main results on outflow boundary conditions. The contact of the porous medium
with free space across a portion I',,; can not be described with a Dirichlet or a Neumann
condition. The outflow condition takes the form of complementing inequalities, which can
also be stated with a variational inequality. In this part, we restrict to non-degenerate
functions ® and neglect gravity, therefore K = 0.

For regularizing the outflow problem we use the form considered in [25]. A similar
approach was employed for two-phase flow equations, see [17]. We choose a nonlinear
Robin condition for the normal flux

—n - Vus = Fs(us) on [y, (1.6)

where Fj is an increasing function approximating the graph {(u,U) € R? : v - U = 0,u <
0,U > 0}. Our main result in Theorem 3.3 is a convergence result

[ss — SH%Q(QT) + [lus — UH%Q(QT) — 0, (1.7)

where (s,u) is a solution of the limit problem. The convergence analysis can be made
more precise. We will show that the convergence is monotone, us > u. for 6 > ¢. If the
pressure data are controlled, an error estimate is given in Proposition 3.6. Furthermore,
a numerical scheme is analyzed and the error estimate

185(8) = ss(t) 172y < C (hY? + 671 h3/4)

for the solution 8 of the numerical scheme is derived in Theorem 4.1.

Physical background. The Richards equation models unsaturated flow in a porous
medium occupying a region {2 C R”. The unknown physical variables are the capillary
pressure p, the saturation s, and the velocity v. Darcy’s law relates forces to the velocity
with the help of the permeability &£ which is assumed to be given by an algebraic relation
k = k(s). Similarly, the capillary pressure law imposes an algebraic relation p € p.(s).
With the unit vector e,, = (0,...,0,1) € R" pointing upward, the force of gravity is —ge,,.
Assuming a unit density, conservation of mass demands 0;s+divv = 0 and can be written
as

ats = div (k(s)(Vp + gen))v pE pc(s)'

Emphasis lies on the fact that p. is, in general, a multi-valued function. This reflects the
physical fact that in a fully saturated medium (s = 1), the pressure inside the fluid can



4 Pop and Schweizer

increase to arbitrary values. Additionally, the permeability degenerates, namely k(s) = 0
for small values of s. This again is a physical fact, reflecting that below some critical
saturation «, the fluid is no longer occupying connected regions in the medium. Then the
permeability vanishes.

In the case of z-independent coefficient functions k£ and p., one uses the Kirchhoff-
transform to simplify the problem. Choosing a function ® : R — R with ®'(s) = k(s)pL(s)
such that V[®(s)] = k(s)pL(s)Vs = kVp, setting K (s) = k(s)ge,, provides the form (1.1).
The equations are complemented with initial values sy for the saturation s, a Dirichlet
condition up for the transformed pressure u = ®(s) on I'p C I, and a homogeneous
Neumann condition for the velocity at an impenetrable boundary, n - v = 0.

The physical outflow condition is

p<0, v.n>0, p(v-n)=0 on 'y CIN.

It states that the capillary pressure can not exceed zero, since otherwise it is favorable
for the fluid to leave the porous medium. Water can only leave the medium, but can not
enter. The third condition is that water can exit only when a vanishing capillary pressure
is reached. Translated into the variables (s,u) the outflow condition is as given in (1.3).
We refer to [19] for more details on the modelling assumptions that lead to the outflow
condition.

2 Standard boundary conditions

In this section we analyze the regularization procedure for the Richards equation with
standard boundary conditions. We include gravity and study both the original and the
regularized equation

Oys = div (V®(s) + K(s)),
Oyss = div (V®s(ss) + K (s5)),

together with the boundary conditions of (1.2) and (1.4). Our aim is to verify the con-
vergence s — s and to determine the convergence rate. Before stating the main result,
we specify the assumptions on the nonlinearities ®, K and the regularization ®;, as well
as on the data.

Assumptions on the limit problem

The constitutive relations. In this section two kinds of degeneracies are allowed:
slow diffusion and fast diffusion. Both are encoded in ®, which may be multivalued in
s = 1, and its derivative may vanish or blow up. To be precise, we assume that the graph
® C R? is defined by a monotonically increasing, locally Lipschitz continuous function
d : (—00,1) — R with lim,_,_, ®(s) = —1 and lim,_; ®(s) = 3 € RU {oo}. The graph
® is determined by @ through the following relation for all (s,u) € R?,

ue P(s): <= (s,u) € ® <= u=7°(s) or (s=1 and u > ).

The value —1 on the left end point is fixed arbitrarily and is used only to specify the
properties of ®. We also define a = inf{s € (—o0,1) : ®(s) > —1}.



Regularization schemes for degenerate equations and outflow conditions )

On K : (—o0,1) — R™ we assume K = 0 on (—o0, a], and the uniform bound
|K/|2 S C(p,
for some positive constant C. This is satisfied e.g. for quadratic functions k(s) ~ (s —a)%
near s = «, K(s) = k(s)ge, and a capillary pressure with derivative bounded from below

such that ®'(s) > ck(s). Furthermore, we assume that K’ is bounded and extend K by
K (1) for arguments s > 1. In particular, K is bounded on the real line.
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Figure 1: Typical graphs of the nonlinear coefficient functions ® and k, in the doubly
degenerate case.

Initial and boundary conditions. We emphasize that for the doubly degenerate case
considered in this section, only standard Dirichlet and Neumann boundary conditions
are treated. The sets I'p and I'y are two relatively open subsets of 0€) with empty
intersection and 99 = I'p UT'y. We assume that I'p has a positive n — 1 dimensional
measure and that the boundary values are given by a time-independent smooth function
up, in particular up € L>*(Q2) N H'(Q). To have an easy proof in Lemma 2.1, we assume
that the boundary admits C(€2) solutions of Poisson problems on 2. This is the case
e.g. for smooth boundaries. The smoothness assumptions on 9€2 and up are for notational
convenience and can be avoided with additional regularization steps. We finally assume
that the initial and boundary conditions are compatible, in the sense that the initial

saturation sg € L>°(Q2) and up of the boundary data are related by up € ®(s).

The regularized problem

In what follows 6 > 0 is a small regularization parameter, and ®; : R — R is a monoton-
ically increasing Lipschitz appoximation of ®. It satisfies $5(R) = R and

Ds(s) = P(s) for all s € (a+ p(9),1—9),

1
di(s) = 5 for all s > 1, Pi(s) =0 forall s <a.

The function p : [0,1) — [0, 1) appearing above is continuous and monotonically increasing
with p(0) = 0. We furthermore assume the monotonicity in the regularization parameter,
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namely ®. > ®; on R for all ¢ < §. A possible choice of @5 is, for sy € (a,1) and
sufficiently small § > 0,

Bs(s) = / min{%,max{c?, cp’}}. (2.1)

In the following, (s,u) denotes a solution pair to the limit problem (1.1), whereas
(ss,us) solves the regularized problem (1.4). The existence of solutions (s,u) is obtained
e.g. in [2]. The existence of solutions (ss,us) is a consequence of standard parabolic
theory. Notice that the regularized problem is a simplification of the problem considered
in Section 3, where outflow boundary conditions are included. The existence proof there,
which is based on time discretization, also works for the regularized problems in this
section. A direct outcome of the analysis carried out here is also the existence of (s, u),
a result that has been obtained previously in the literature. However, our aim here goes
beyond this existence result, to the convergence of the regularization process by obtaining
estimates for the approximation error. In this sense we mention that convergence results
for doubly degenerate parabolic problems are obtained in [15], based on compactness
arguments. Error estimates are obtained in [24] also for doubly degenerate equations. In
the present framework, the assumptions on the nonlinearities there can be translated into
the Holder continuity of the inverse of ®, which we do not require here.

Lemma 2.1 (Uniform bounds). The solution ugs is bounded from above,

supus < M(up, K,Q), (2.2)
Qr

whereas for ss one has the lower bound

lélf S5 2 Smin('sO: a, Q) (23)

T

Additionally, ss satisfies the upper bound

supss < 1+ C(up, K,) 4. (2.4)
Qr

The inequalities hold for all 6 > 0, the constants M, S, and C depend on the indicated
data, but are independent of 0.

Proof. For ki = || K||p(r) + 1 and large o > 0, we consider the solution v € H'(2) of the
following problem,

Av=—-1inQ, Ouw=Fkonly, v=]|upl|re@ +oconlp.

Since v is superharmonic, it is bounded from below by its values on the boundary,
hence, in particular, positive. Furthermore, it is bounded uniformly from above by
M = My(up, K,Q) + 0. We claim the following comparison principle: the solution us
remains for all times below v, i.e. us(z,t) < v(z) for all x € Q and all ¢t > 0.

We show the claim for C1(Q) N C?(Q)-solutions u;(.,t) and v and note that the result
can be generalized to less regular solutions with an approximation argument. We consider
the first time instance ¢ > 0 such that, in some x € ), the solutions touch, i.e. us(z,t) =
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v(x). Because of us(t = 0) = Ps(s9) < up < v, the time instance satisfies t > 0.
Furthermore, x can not be on I'p because of v > up = us on I'p. On I'y holds 9,us =
—K(ss) -n < ky = O,v, hence z can not lie on the Neumann boundary. Finally, for an
inner point x € €2, we have, in this point,

Oess = Aus + V - [K(P57 (ug))] < =1+ K'(05(v)) - V(P57 (v)), (2.5)

where we used that in a maximum of us — v we have Aus < Av = —1, and the same
gradients, Vu; = Vv. We now exploit v > o and (®;')'(¢) = 1/®5(®;'(¢)) — 0 for
¢ — o0, independent of §. The boundedness of K’ and Vv (independent of o) implies
that, choosing o large enough, the right hand side of (2.5) is negative for all §. This
contradicts the minimality of ¢ in the choice of the point (x,t). Therefore us remains for
all times below v.

The proof for the lower bounds is similar and uses the fact that K(s) =0 for s < a.
The upper bound for s is a consequence of (2.2) and ®5 > 6! on [1,00). O

Theorem 2.2 (Doubly degenerate equations). Let T' > 0 define a time interval, €,§ > 0
reqularization parameters, and ss and s. solutions of the regularized problems (1.4) with
the nonlinearities ®5 and ®., respectively. Then there holds

sup |[ss — SEH?{A(Q) < C'max{e,0}. (2.6)
te(0,7

Here, C depends on the data sg,up, but it is independent of € and 6.

Proof. Without loss of generality we assume ¢ < §. We consider the two approximate
solutions s., s5 solving

Orss =V - (V[®s(ss)] + K(s5)),
Opse =V - (V[Pc(s:)] + K(s¢)).

Subtracting these equations, we find for ¢ = s5 — s. the equation
00 = A[Ps(ss) — Pe(s:)] + V- [K(ss) — K(se)]. (2.7)

From this equation we will derive an estimate for ¢. We emphasize that s; and s. are
sufficiently regular for the subsequent operations since they are solutions of non-degenerate
problems.

Step 1. Test function and error evolution. We multiply the equation with the test-
function G = (—A)'o. To be precise, we treat the time ¢t € (0,7) as a parameter and
introduce the function G : Q2 — R as the solution of the elliptic problem

A, G(.,t) =0o(.,t) on §,
G(,t)=0onTp, 0,G(.,t)=0on'y.

Multiplying (2.7) with G = G(0), for the time derivative we have

1
el :/QVG-V&G:/QG&(—AG):/Gata_

Q
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The right hand side in (2.7) yields

/ V- (V[Bs(s5) — D(s.)] + [K (s5) — K (5.)]) G

/V Ds(ss) — D.(s.)] VG+/[K(35) — K(s.)] VG

Q

N LCE @@MAG+/M@@—K@MVG

Q

= [ s(s5) = @l (55— 50 + [ [K(s9) = K (5] VG

Q

The two boundary integrals over the Dirichlet boundary vanish, since both G and ®(ss)—
®_(s.) satisfy a homogeneous Dirichlet condition on I'p. Similarly, since n- (Vus+ K (s5))
vanishes on 'y, integrals over the Neumann boundary are vanishing as well. Then (2.7)
yields an evolution equation for the error,

Oy IVG e+ [ [@alss) = Bu(s0l(s5 =500+ [ [K(ss) — K(s2)]- VG =0, (29

Q

Step 2. Error estimate. The estimate for o in H () is a consequence of an estimate
for G(.,t) in H'(Q). To conclude the latter, we exploit the monotonicity of ®;, and start
by considering for every fixed ¢, the set of points where ss is smaller than s., that is
Qse :=={x € Q: 55 < s.}. Recalling the e-monotonicity of the approximate nonlinearities,
ds < &,, on this set we calculate

A[%@w—awmwrwa
=A[%@w—%wmwrwa+é[%@a—@@m&—&>
ZA[%@Q—%@M@rﬂJ

Since ®; is monotone, this is a positive term. On the set Q5 = {z € Q : s, < s5} we
can perform a similar calculation. We distinguish between the set of intermediate and of
large values of s,

Qo1 ={r€Qs:5.<1-0}={2€Q:5.<1-0and s. < s5}
Qe ={r€Qs:5.>1-0={reQ:55>5s.>1-4}.

Decomposing the domain and inserting 0 we find
| @stes) — oo = 50
Qeé
= [ @al0) = Balo )55 = 50)+ [ [Ba(s) = s ](ss — 52
Q£6

Qes1

+A[%@w@$mw—@
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ZA[%@@—%@m@Wﬁg—cgé 55 — 5. — €

24[%@@—%@m@wﬂ9—0d

In the first inequality, on .51 where s, < 1 — 4§, we use the uniform approximation
|Ds5(.) — ()] < C6 on [Spmin, 1 —6]. On Qg0 we use |s5 — se| < C§ which follows from
ss < 14 C6 of Lemma 2.1, and ®;(s.) < ®.(s.) < C. In the second inequality we use the
uniform bounds for the saturation and adapted the constant C.

We can therefore rewrite the error equation (2.8) as

0,5 IV C(0) ey + /Q [Bs(s5) — Ds(52)]) (55— 5:)

(2.9)
< —/[K(85) — K(s.)]- VG + Co.
Q

In a given point = € 2 we compare the K-difference with the ®-difference.
1
Klsa) = K(s.) = [ K'(su+ €los = s d (55— 5.
0

By(s5) — By(s2) = / B (5. + E(55 — 5.)) dE (55— 5.)

Since |K')? < C®} on R we find

1 2 1
/ K/ (s + €(s5 — 5.)) dé| < / K" (5. + £(s5 — s2))|? de
0 0

1
<c / B (s, + (55 — 5.)) dE.
0

This gives

1
K(ss) — K(s.)P < C / B (. + E(s5 — 52)) dE |35 — sa]?

= C[@g(é‘g) - @5(85)](85 - 85).
Hence, for any n > 0, the right hand side of (2.9) is estimated by

[K(ss5) — K(s.)]- VG| < 1K (s5) — K(s:)]? - VG120
/ =(/ )

1
<o / [B5(55) = @a(s)(55 — 52) + 1 VG0

Taking n = 1/C, (2.9) gives
Applying the inequalities of Gronwall and Poincaré, since o vanishes at ¢t = 0 we find

sup [|G(., 1) |l71q) < CO.
te[0,T

This implies the desired estimate for o in L>(0,T; H~(Q)). O
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In the following Corollary we use the term wviscosity solution for every L?(Qr)-weak
limit (s, u) of solutions (ss,us) to the regularized system.

Corollary 2.3. There exists a unique viscosity solution (s,u) to the doubly degenerate
system. It is a weak solution of the limit problem and satisfies, in particular, u € P(s)
almost everywhere. The reqularized solutions converge strongly to the wviscosity solution
and satisfy, with C' independent of ¢,

sup |lss — SH%A(Q) < (4. (2.10)
t€[0,T]

for all o > 0.

Proof. Starting from the family {(s., u.) : € > 0} of solutions to the regularized problem,
exploiting the uniform bounds, we can select a weakly convergent subsequence with a
limit (s,u). Estimate (2.6) of Theorem 2.2 implies the uniqueness of the limit. Results
of [3, 25] show that (s,u) solves the constitutive relation u € ®(s) and the degenerate
problem in the form of a variational inequality or in the distributional sense.

Sending € \, 0 in (2.6), by lower semi-continuity of norms, we obtain the estimate
(2.10). In particular, this provides the strong convergence of an arbitrary sequence of
regularized solutions ss to the unique viscosity solution s. O

3 The outflow boundary condition

In this section outflow boundary conditions are studied. Here only a non-degenerate
constitutive law is considered, and gravity terms are neglected. We start by introducing
a weak solution concept with variational inequalities. The concept is strong enough to
guarantee the uniqueness of solutions. Our main interest is the analysis of a regularization
approach for the outflow problem, which is similar to [25]. The existence of solutions to
these regularized problems is achieved in Subsection 3.2, by means of a time discretization
method. The strong convergence to solutions of the original outflow problem is shown in
Subsection 3.3. Subsection 3.4 is devoted to the convergence analysis of the approximate
solutions.

Assumptions on the data. For the open bounded subset 2 C R"™ we assume here
that the boundary is decomposed into three parts, dQ = I'p Uy U Iy with three
disjoint relatively open parts I';, We additionally demand I'p N Ty = 0. We impose
an impermeability condition of I'y. The Dirichlet data on I'p are given by a smooth
time-independent function up : €2 — R, which is identified with up : Q2 — R. In
particular, up € H'(Q) N L>=(Q). The initial values are given by a function sy € L>(12).
As in Section 2, we assume mild regularity and compatibility conditions by demanding
up = P(sg) with uplr,,, < 0. This assumption makes sense since we imposed that the
outflow boundary is not adjacent to the Dirichlet boundary, I'p N Ty = 0.
On ® we assume from now on the non-degeneracy,

® : R — R monotone and C* with ® > ¢y > 0 on R. (3.1)

We denote the inverse by ¥ = ®~! and use also its primitive U:R—R.
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3.1 Solution concept for the outflow condition

Definition 1 (Variational solution of the limit problem). A pair (s,u) € L*(Qr) x L*(Qr)
with u = ®(s) almost everywhere is called a variational solution of the outflow problem,
if Ops € L*(Qr) with s(0) = so, Vu € L*(Q7), u=wup on Tp, u <0 on Ty, and

OrsH(C—u)+Vu-VIH(—u)] >0 (3.2)

Qrp
for all ¢ € L*(0,T; HY(Q)) with ¢ = up onTp and { <0 on Ty, and all H : R — R of

class C, monotonically increasing with H(0) = 0.

Interpretation: In the interior, H(( — u) is an arbitrary test-function, hence the bulk
equation and the initial condition are satisfied in the weak sense. On the outflow boundary
the condition u < 0 is imposed explicitly. Assuming regularity of the functions and

(¢ —u)|i=0 =0, (3.2) reads

T
/ OpuH(C —u) > 0.
0 1—\out

Since H(¢ — u) can be an arbitrary negative function, we find d,u < 0. Furthermore, if
u < 0 on a part of Iy, H(C —u) can have both signs there, whence d,,u = 0 in this case.
The use of the general function H is justified by the subsequent observation.

Lemma 3.1 (Uniqueness). The outflow problem admits at most one variational solution,
i the sense of Definition 1.

Proof. Let (s1,u1) and (s2,u2) be two solutions. Given n > 0, we consider H, : R — R
as a smooth approximations of the sign function. It satisfies

H,(&§) =1for £ >n, Hy(§) =—1 for £ < —n, while H,(§) = —H,(=¢).
Using ¢ = usX(0,t) + u1X () in the variational inequality of u; and ¢ = uix (0,0 + u2X(t,1)
in the variational inequality of us, adding the inequalities gives
0 S 8t(51 — SQ)Hn(u2 — Ul) - V(UQ - Ul) : V[HH(UQ — 'Lbl)]
Q¢

< Oi(s1 — s2)Hy(ug —ug) — O¢(s1 — s2)sign(ug — uy)
Qt Qt

= — Oi(sg — s1)sign(sy — s1) = —/ |50 — s1/(1),

(o} Q

as n \, 0. This limit makes sense since 9;s; € L*(Qr) (i = 1,2), whereas H,(uz — uy)
converges in L? to sign(us — uy) = sign(ss — s1) by the dominated convergence theorem.
Since t € (0,T) was arbitrary, this shows the uniqueness. Il

3.2 Regularized outflow problem

In order to regularize the outflow condition (1.3), we impose that a pressure above the
exit pressure results in a large outflow. We use

Onus = —F5(us)  on I'py, (3.3)
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where we assume that Fj is monotone, has at most linear growth, is continuous and
satisfies

Fs(6)=0 forall ¢£<0, and Fs(§) > % forall ¢ >0. (3.4)

We furtherrr}ore assume F. > Fs whenever ¢ < 0. The primitive of Fs is denoted by
Fs : R — R with F5(0) = 0. Notice that the non-degeneracy assumption makes no
regularization of ¢ necessary.

Lemma 3.2 (Existence for the regularized problem). Let up € H'(2), s € L>°(Q) be as
above and T > 0. Then problem (1.1) with the reqularized outflow condition (3.3) posesses
on (0,T) a weak solution (ss,us). More precisely, there exists us € L*(0,T; H'(Q2)) N
L®(Qr) and ss € L>®(Qr) with Oiss € L*(Qr) such that the constitutive law us = ®(s;)
holds almost everywhere in Qr, us = up on I'p, ss(t =0) = so, and

{Okss o + VusVp} + / Fs(us) =0 (3.5)

Qr (07T) XTout

forallp € L?(0,T; HY(Q)) with o = 0 onT'p. The solution satisfies the uniform estimates
185l oo @) + ltsl| Lo 07y < € (3.6)

/0 / & (55)| ol + / V() + [ Fiw)T) < C (3.7)

with C' independent of § > 0.

Proof. Step 1. Time discretization. Given N € N, we divide the time interval by taking
h = T/N and ty = kh for k = 0,...,N. We seek for s, and u; approximating s;(tx)
and us(ty) respectively. For readability, the subscript d is ommited in the time discrete
approximations. These solve the following elliptic problems

Gk _ gh—1
; — Auf =0 and v = ®(s*) in Q, (3.8)
—Opuf = Fs5(u®) on Ty, (3.9)
u* =up on I'p, d,uf =0 on Ty. (3.10)

At every time step, the solution s* of this problem can be constructed by minimizing

() = %/glxif(u)+%/§2|v7,b|2+/rm fg(u)—%/gslgl " (3.11)

in the affine subset {u = up on I'p} C H'(Q), and by setting then s = W(u). The
functional is coercive, hence the minimization problem admits a solution.

Step 2. A priori estimates. The maximum principle for (3.8) provides essential upper
bounds for s* that are uniform in ~ and § and depend only on the uniform bounds of s
and up. Since P is non-degenerate, these bounds also give the uniform boundedness of
uk. For the lower bound we use the same argument, recalling that Fs(¢) = 0 for £ < 0.
Since the uniform bounds transfer to weak limits, (3.6) is shown.
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Formal derivation of the energy estimate. Regarding the estimate for the time deriva-
tive, it suffices to multiply the equation d;s5 = Augs with dyus = 0,[®(ss)] and to integrate
the result over €. This gives

/ B (s5) |0hss” + / Vs 0Vus = | 0,[®(ss)] AWl (55)]
Q Q

Fout

= —/F Fs5(®(ss)) 0[P (s5)] = —/F N[ F5(D(s6)]-

An integration over (0,7) yields the desired estimate.
Rigorous derivation of the energy estimate. We repeat the above testing procedure on
the time-discrete solution. Multiplying (3.8) by (u* — u*~1) leads to

/QSk_—hSk_l(uk — )+ /Q VUtV (uf — ) +/ F(u")(uf —u* 1) =0. (3.12)

1—‘out

For first term we notice that u* — u*~! = @'(5*)(s¥ — s*=1) for an appropriate function of
intermediate values §*. Concerning the second term we recall that 2Vu*V (uf — uF~1) =
|Vuk |2 — |VuF=1? + |V (uF — w2 > |[VuF|? — [VuP 12 Concerning the third term, we
use that monotone functions g : R — R with primitive G satisfy

Taking g = Fj gives Fs(u*)(u* — uf=1) > Fs(u¥) — Fs(u*~1). Using the above into (3.12)
and summing over k = 1,2, ..., K we find the discrete estimate.

K s 2 K 1 )
ha' (%) ) + ( S V@t =y >
<;/ 2 2/ (3.13)

/ Py [ Fau / Vup|?,
Fout

where we have used that Fs(up) vanishes by the assumption up < 0 on I'yy.

Step 3. The limit h — 0.

Weak limits. From the discrete solution (s¥), we construct the piecewise affine inter-
polant 8", from (u*); we construct the piecewise constant interpolant @" with @"(t) = u*
for all ¢t € (ty_1,tx). With these functions in L?(27), the Euler scheme of (3.8) and (3.9)
reads

k—1

05" =A@ =0 in Qp,
Ot = —Fs(a")  on 'y

A weak form of the above is obtained by taking ¢ € L*(0,T; H'(Q2)) with ¢ = 0 on T'p
as a test function, leading to

/ {0:5" o+ VU"V} + / Fs(a") ¢ = 0. (3.14)
Qr

(OvT) X Fout
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By the non-degeneracy & > ¢, the estimate (3.13) provides
10:8" | 20y + VA" | 2200y < C, (3.15)

with C' independent of h. This allows to choose weakly convergent subsequences with
08" — Oys and Vu" — Vu, both in L?*(Qr). For obtainig weak solutions to (3.14) we
notice first that the weak convergence of 5" and " are sufficient to pass to the limit in
the bulk integral of (3.14).

Strong limits. To take the limit in the boundary integral and to conclude u = ®(s) a
strong convergence is needed. This is provided by (3.15): since u" and s” are related by a
non-degenerate function, bounds can be found for all spatial and temporal derivatives. To
see this we observe that 8"(t) = A\s"(¢)+(1—\)s"(t—h) for an appropriate A(t) € [0, 1], thus
Vah(t) = XU/ (ah(t))Val(t) + (1 — NV (@"(t)) Vi (t — h). The non-degeneracy ¥’ < 1/c
and (3.15) give ||V3§"||r2(q.) < C. Since now all derivatives are bounded unifromly, §" is
bounded in H'(£27). Upon choice of a subsequence, we find the strong convergence in Qr
and the strong convergence of the boundary values,

18" = sll 2@y + 13" = 8)|tpuell22(Pouir) — O-

We now exploit a general principle that relates the piecewise linear and the piecewise
constant interpolation (see e.g. [17] for a proof of the corresponding lemma): if one
interpolation converges strongly in L?(Qr), then the other interpolation also converges
strongly. We may therefore consider as an additional quantity the piecewise constant
interpolation for the saturation values, 5". The general principle providing the strong
L?(Qp)-convergence 8" — s also implies the strong convergence 5" — s. Since ® is
Lipschitz continuous, this gives the convergence of 4" = ®(5"), and we finally have

[a" = ull 20y + 1@ = W)l L2(0oner) = O-

The strong convergence of 5" allows to take the limit in the relation u" = ®(5") and
to conclude u = ®(s) almost everywhere. Furthermore, for any fixed 6 > 0, Fs has at
most linear growth such that also Fs(a"|r,,,) — Fs(ulr,,,) in L?*(Tow). We can therefore
take the limit in all terms of (3.14) and conclude that (s,u) is a weak solution of the
regularized outflow problem. O]

3.3 Existence of solutions to the outflow problem

Theorem 3.3 (Existence of solutions for the limit problem). There exists a pair (s,u)
that solves the outflow problem in the sense of Definition 1. For any sequence 6 — 0 there
hold the weak-* convergences

us — u € L0, T; H'(Q)) N L= (Qp),

ss — s € HY0,T; L*(Q)) N L™(Qr), (316)

and the strong convergence

us — u, ss— s in L*(Qr). (3.17)
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Proof. The a priori estimates (3.6) and (3.7) allow selecting weak-* convergent subse-
quences us — u and ss — s as claimed in (3.16). Furthermore, by the non-degenerate
relation us = ®(s;s), both convergences are actually weak in H'(Qr). Therefore, we find
the strong convergence of the sequences in L?(27) and thus (3.17). The theorem is shown
once that we verify that the limit solves the outflow problem. In particular, the unique-
ness of the limit problem, shown in Lemma 3.1, provides the convergence of the whole
sequence.

We note already here that the nonlinear relation u = ®(s) is an immediate consequence
of us = ®(ss) and the strong convergence of both sequences.

Step 1. Variational inequality in the §-problem. Let now H be a smooth function and
¢ be a test-function as in Definition 1. We insert H(¢ — us) as a test-function into (3.5)
to calculate

8t55H(§ - U5) + Vug VH(C — U5)
Qr

= — {séﬁtH((—u(g)—Vu(sVH(C—u(s)}—/QSOH(C_u(S)

Qrp

= —/ Fg(Ug) H(C — U5) Z 0
(0,T)xTout

The last inequality follows by distinguishing two cases. For points (x,t) with us < 0 we
find Fs(us) = 0 and the integrand vanishes. If, instead, us > 0 we have Fs(us) > 0 and
¢ —us < ¢ <0, hence also H({ — us) < 0 and the boundary integral is non-positive.

Step 2. The limit 6 — 0 in the variational inequality. The a priori estimates provide
a uniform bound on Vus in L*(Q7). On the other hand, by the non-degeneracy, we
have a uniform bound for dyus = ®’(ss)dsss in L*(Qr). This allows to conclude, for a
subsequence, us — u for 6 — 0 strongly in L?*(Qr). The (at most) linear growth of H
and the weak convergence of 0;ss allows to perform the limit in the first term,

OssH(C — ugs) — OrsH (¢ —u) for 6 — 0.
QT QT
The other term is more involved. Since Vugs converges only weakly, the product
Vus VH(( — ug) will, in general, not converge to VuVH({ — u). On the other hand,
oscillations of us produce a negative contribution and we can therefore expect

limsup [ Vus V[H(( —us)] < / VuV[H(( — u)]. (3.18)
§—0 Qr Qr
Once we have shown (3.18), the variational inequality is verified for the weak limit (s, u).
Step 3. Relation (3.18). We set vs := us —u and V(x, z) := H({(x) — u(z) — 2) such
that H({ —us) = V(x,vs(z)). Exploiting 0,¥ < 0 we find the sign condition

lim sup / Vs VU (vs) = limsup Vs 0,¥ Vus + Vus V¥ (z,v5)
4 Qr 0 Qp
= lim sup/ Vs 0.9 Vs + Vs H (¢ — us) V(¢ — u)
5 Qr

< limsup/ Vos H (¢ — us) V(¢ — ).
5 Qr
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We claim that the right hand side vanishes. such that

limsup/ V(us —u) VH(( — us) < 0.
5 Qr
To this end we recall that Vvs — 0 in L*(Qr). The strong convergence of us implies
the pointwise convergence for a subsequence and, in turn, the pointwise convergence
H'(( —us)Vy(¢ —u) = H (¢ — u)V,(C —u). All functions of the sequence are bounded
by a multiple of the L?(Qr)-function V,(¢ — u), hence the Lebesgue convergence the-
orem provides the strong convergence in L?(2y). Uniqueness of the limit provides the
convergence of the whole sequence. The product with Vvs vanishes in the limit.
Using the above sign condition and inserting vy provides

0 > lim sup Vs VIH(C — us)]

5 Qr
= lim sup Vus VIH(( —us)] —lim [ VuV[H(( — us)]
5 Qrp o Jar
= lim sup Vus VIH(( — us)] — VuVI[H(( — u)].
5 Qr Qr

The last convergence follows from V[H (¢ — us)] — VH(¢ — u) in L?(Q7). This, in turn,
is a consequence of the boundedness of VH (¢ —us) = H'(¢ —us)V({ —us) in L*(Qr) and
the strong convergence H(( — us) — H(¢ —u). With this, we have verified (3.18). O

3.4 Monotone convergence of solution sequences

Lemma 3.4. Let ® be non-degenerate, data sg and up as in Lemma 3.2. For a sequence
d — 0 let ss and us = P(s5) be solutions to Oyss = Aug with reqularized outflow condition
(3.3) as constructed in Lemma 3.2. Then there holds the monotonicity

Se < 85 whenever € < 4. (3.19)

Proof. We fix two solutions s. and ss for two parameters ¢, d, and assume in the following
e < 9. The evolution equation for o = ss — s, reads

B0 = A[®(s;5) — B(s.)]. (3.20)

The stated monotonicity is equivalent to o > 0, or to a vanishing negative part, (¢)_ = 0.
We use a monotone approximation H, € C*(R,[—1,0]) of a shifted Heaviside function,

demanding
H, (€) = —1 for £ < —n,
T 0 for € > 0.

Multiplying the evolution equation (3.20) with H,(us — u.) and integrating over ) gives
/ H,(us — u. )00 + / 'V (us — ug)IQHT'](u(; —u,)
Q Q

+ /m[Fg(u(;) — F.(u.)|Hy(us — u:) = 0.
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We take the limit 7 — 0 and use the limiting function H : R — [—1,0] with H(¢) = —1
for £ < 0 and H(§) = 0 for £ > 0. Since 0;0 and Fjs(us) — F-(u.) are functions and the
pointwise convergence of the uniformly bounded sequence H,(us — u.) — H(us — u.),
because the second integral is positive, we find

/Q H(us — )00 + /8 [Fo(us) = Fo(uc) (=) < 0.

Observing that the limiting function H satisfies H(us —u.) = H(ss —s.) = H(c), for the
primitive H(§) = [(£)-| of H one has

at/gﬁ(s(; _ )+ /m[Fg(ué) P () H (ug — 1) < 0.

In the boundary integral we distinguish between two sets. For the points x with us > .,
the boundary integral vanishes because H vanishes. On the set with us < w. holds
Fs(us) < Fs(ue) < F.(u.) and therefore Fs(us)—F.(u.) < 0. Furthermore, H (us—u.) < 0.
Therefore the boundary integral is always non-negative. An integration over (0,t) yields

[ @110 = [ s = s0-1) = [ Fites - s <o,

and the claim (o) = 0 follows. O

Remark 3.5. Using the a priori estimate (3.7), as well as Fs(&) > £2/(25), we have for
the pressure on the outflow boundary

/ (u(;)i S 05,
Fout

or all time instances t € (0,T). However, this is unfortunately not an L*>-bound.
Y

Proposition 3.6 (Comparison of solutions for regularized outflow condition). Let 0 <
e < § be reqularization parameters, and let s. < ss be solutions of the regularized outflow
problem as in Lemma 3.2 to fived data T, sy, up. Then there exists a C' > 0 independent
of € and 6 such that

sup ||ss — scll72(0) < Cll(us) 411,00 (3.21)
te[0,T

Proof. We consider two solutions, ss and s., with ¢ < §. By Lemma 3.4 we have o =
ss — S > 0. The starting point for our analysis is again the evolution equation

0o = Alus — ug). (3.22)

Step 1. The test-function. To define the test-function in (3.22) we introduce the
coefficient function

(ss—se)(z,t)

O’ (s.(x,t)) else,

D(s5(x,t))—P(sc(z,t)) -
if o(x,t) >0,
a(x,t) := { (z,%)
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and define the dual problem:

0;G 4+ aAG =0 on Q,
G(T) =us(.,T) —uc(.,T)
G=0onT'pU{x €Ly :ulz) >0},
0,G=0o0onT'yU{z €Ty :u(xr) <0}

Note that this problem is backward-in-time. Its weak solution G = G(.,t) satisfies the
Dirichlet condition in the strong sense on the indicated measurable set, whereas the
Neumann condition is encoded in the weak formulation.

Step 2. Properties of a. By monotonicity of ®, the coefficient a is always positive and
bounded from below by c¢g. Furthermore, the function a is bounded since ®’ is bounded
on bounded intervals and since s; € L*. For the differentiability of a we denote by J; an
arbitrary derivative, which may be 9; or 9., for some 1 < j < n, and calculate in the case

Ss 7é Se
P'(s5) Ojss — P'(s:) 55 P(ss) — P(s:) Ojss — Ojse

8]'@ =
S5 — Se S5 — Se S5 — Se
o’ — ®'(s, S5 — 0;8,
Do) Z V) s (@(s) — () 20t
Ss — Se S5 — Se

In the above, for each (z,t), the mean value theorem guarantees the existence of a &
between ss(z,t) and s.(z,t) such that

D(s5) — D(s2)

S§ — Se

= '(¢).
The function ® is twice continuously differentiable, hence the fractions

V(sp) = W'(s) | Vls) = P(E)

S5 — Se S5 — Se

are uniformly bounded. Since 9;ss and 0;s. are L?, this provides similar bounds for 9;a.
In this sense, a inherits the differentiability properties of s, in particular any H!-estimate.

Observe that the conclusion still holds in subsets of 2 where a = ®’(s.), since in this
case 0;a = ®"(s.) 0;s..

Step 3. Boundedness properties of G. The maximum principle implies that G has the
sign of its initial values (us — u.)(T"), i.e. G > 0. Furthermore, G is uniformly bounded
since us and u. are uniformly bounded.

We furthermore obtain an energy estimate for G. Testing in the dual problem with G

provides
8t/1\G|2—/a\VG’\2:/GVaVG.
Q2 Q Q

Integrating over (0,7"), since the “initial values” at ¢t = T are uniformly bounded,
yields bounds for G in L?(0,T; H'(Q)), uniformly in the regularization parameters. Here
we use that the coefficient a has the lower bound ¢y > 0, and that G satisfies uniform
bounds by the maximum principle. Furthermore, as seen in Step 2, the boundedness
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Vss,Vs. € L*(Qr) implies a uniform bound for Va in the same space. This allows
absorbing the right hand side, providing uniform L?*(Q7) bounds for VG.

We finally derive an estimate for the total flux. Given the function G, define its total
flux through the boundary as

J€75 = —/ (‘)nG = / |6nG|
(O,T) X out (O,T) Xout

For this one has

1 1 |* 1
(]675 = —/ AG = / —@tG = / -G +/ —2@ta G.
Qp Qp @ Q@ |i— Qp @

In the above, 1/a < 1/¢y, whereas G is uniformly bounded by the maximum principle.
Following from Step 2, 0;a satisfies the integral bounds of ss, s., providing the uniform
boundedness of d;a € L*(Qr). Since G € L™, we have

J.s < C independent of ¢, 6.

Step 4. FEstimate for o. So far, all estimates regarded the boundedness of functions
by a (possibly large) constant; we now want to improve our estimate for differences. To
do so, we multiply (3.22) with G and obtain

/Q GtaG:/QJ(T)G(T)—/Q e
:/Q(S(S_SJ(T).(U@—UE)(TH/ o aAG.

Qr

Recalling the lower bound ®’ > ¢, the first term on the right gives
/Q(Ua —ue)(T) (55— 5:)(T) = coll (55 — 5)(T) |12
Since oa = (s5 — sc)a = us — u., the boundary conditions imply

/ oa AG = (usg — ue) AG = Aus — u.) G
Qr Qr

Qr

+ / (Fs(us) — F-(u.)) G+ / (us — ue) 0, G.
(0,7)X T out (0,7)XTout

Using the evolution equation 0,0 = A(us — u.) we find
coll(ss = s) (D)l < /Q(Sa = 5e)(T) - (us = u)(T)
= 00 G — / oa AG
Qr Qr

- /(O,T)xrout(F5<U6) — Fe(ue)) G - / (us — ue) 0,G.

(0,7)xTout
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Due to the boundary condition on G, the first boundary integral is nonzero only if u. < 0.
Then we have F.(u.) = 0 and hence

/ (Fy(us) — Fu(u)) G = Fy(ug) G > 0.
(0,7)xTout (0,T)xTout

Similarly, the second boundary integral is nonzero only if u. > 0, when 0 < u. < us by
the ordering result. By the bound for J. s in Step 3, this gives

-/ (15 = 1) 0,6 < [(ws)+ vy [ 10,60
(O,T)xFoutﬁ{u5>0} (O,T)xl“out
= [ (us) 1| Zoo () Jes < Cll(us) 4 | Foo(rpes
and the proof is concluded. O]

4 Numerical scheme

In Sections 2 and 3 we have studied regularization schemes and studied the convergence
ss — s. By Theorem 2.2, in the doubly degenerate case with standard boundary condi-
tions one has

||8(§ — S”%oo(o’T;H—l(Q)) < C. (41)

Theorem 3.3 refers to the non-degenerate case with outflow boundary conditions. In this
case, as 6 — 0,

us — u, ss — s strongly in L*(Qp). (4.2)
We mention that Remark 3.5 together with Proposition 3.6 suggests the rate
lls5 = sl Zoo0rer2()) < CO

in this case. We emphasize that this estimate is not proven. We require an L*>-norm in
Proposition 3.6, but have only an L?norm in Remark 3.5.

The solutions have been constructed by a time discretization and the corresponding
approximate solutions 8% and @?. Our interest in this section is to analyze the error 57— ss,
where h > 0 is the small time step size.

Results for standard boundary conditions. With slightly different implicit dis-
cretization schemes in the doubly degenerate case, convergence for h — 0 was shown in
[15, 18, 24]. We recall that these results regard the standard boundary conditions and
that in those contributions ® is not allowed to be fully degenerate: a vanishing slope on
an interval and, at the same time, multi-valued.

Analysis for outflow boundary conditions. We briefly recall the scheme introduced
in (3.8)—(3.10) for sf ~ ss(tx) and uf = ®(s¥) =~ us(t). Denoting by (.,.) the scalar
product of L2(€2) and by (.,.)r,,, the scalar product of L2(T',y,). With the f* and f"
denoting the piecewise linear and the piecewise constant interpolations of L?*(2)-functions
1%, (3.14) reads

(8:8%, ) + (Vag, Vo) + (F5(u)),¢),. =0 (4.3)

Fout

for all p € H'(Q) with ¢ = 0 on I'p, and for almost all ¢ € (0,7].
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Theorem 4.1 (Discretization error). Let ® be non-degenerate and let the data sy, up, and
T > 0 be given as in Lemma 3.2. Denote by (s5,us) the solution of the reqularized outflow
problem and by 35, the solution of the discretization scheme, both defined in Lemma 3.2.
Then

185(2) = ss(t) 172y < C (KM 467 H3) | (4.4)

for a.e. t € (0,T], with a constant C" independent of § and h.

Proof. Step 1. Preliminaries. Existence and uniqueness for the family (s¥, u}) together
with the convergences §% — s; and 4% — us in L?(Qr) for h — 0 was shown in Lemma
3.2. Our aim here is to quantify the error introduced by a finite h > 0.

We recall that the function Fjs continuous with a Lipschitz constant C9 of order 1/4.
We have introduced before the primitive F; of this function. The following estimate was

obtained in (3.13)

N

N
S rlss st I+ X [ 9t - ot f vt +
k=1

k=1

A} <,

(4.5)

Fout

with C' > 0 independent of § and h.

Step 2. The test-function G. We now follow the ideas of the proof of Proposition 3.6.
From now on we omit the superscript h for interpolations such as §% and 5%. We define
the two coefficient functions

1 1
wi= / D' (285 4+ (1 —2)85) dz and (:= / F§ (zus + (1 — 2)15) dz. (4.6)
0 0

We note that ¢ < p < C and ¢ > 0 is bounded by C/§. Both depend on z and t. We
may write the coefficients also as

_& . ~ r —Fs (1 . ~
Usls f s £ 4, Eolua)=2al8o) - if iy £ i,
W= and (=
(I)/(S(;), if S§ — §5, Fé(u(s), if Us = ﬂg.

Arguing as in Step 2 of the proof of Proposition 3.6, the function V is bounded in L*(Qr)
by the L*norms of Vss and V3;. In particular, we find a uniform bound for p in H(),
independent of § and h.

For an arbitrary time instance ¢ > 0 we define G as the solution of the following
backward problem.

;G + pAG =0 on Q x (0,1),
G(t) = ss(t) — 35(t)
G =0on FD)
0,G =0on I'y,
—0,G = (G on T',y.
The function G satisfies a uniform L*°-bound by the maximum principle. Testing the
evolution equation with G provides

1
at—/ |G|2:/M|VG|2+GVG-V;L—/ 10,G G.
2 Q Q Fout
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The uniform bound for Vi € L*(Qr), the sign of the boundary integral, and the strict
positivity of u allow to conclude

|G 20211 0)) < C (4.7)

with C' independent of ¢ and h.

Step 3. The testing procedure. We subtract the equation for the time discretization
(85, us) from the one for (ss,us) and obtain

(31585 — OS5, QD) + (VU5 — Vs, Vgo) + (F5(U5) — Fg(ﬂ(g), QO) =0. (4.8)

Fout

Taking in the above ¢ = @, integrating in time over (0,t), using the definitions of u, ¢,
and G, as well as s5(t = 0) = sp = §5(t = 0), we obtain

t t
/ (8t(55 — §5), G) dt = (85 — §5, G)lt:i — / (55 — §5, 8tG) dt
0 0

t
= o5 = ) Dl + [ (55— 55.00G)

t
— (55 — 8) D)oy + / (s — 15, AG) dt

t t
= H(85 — §5)(£)H%2(Q) — / (VU§ — Vﬁ(;, VG) dt + / / (u(s — ﬂg)anG dt
0 0 1-‘out

= ||(85 — §5)(£)||%2(Q) - /0 (VU5 - Vfb(s, VG) dt — /0 /F (F5<U5) - Fg(ﬂ(g)) G dt

_/Ot(Va(s—VQ&VG)dt_/O{/FOM(Fé(ﬂ(s)—Fg(ﬂ(g))Gdt,

Using (4.8) with ¢ = G, we see that three of the integrals cancel each other. The remaining
terms provide the estimate

1(s5 = 35) ()| 720 < +

/Oi(Vﬂ5 — Vs, VG) dt /0'5~ /Fout<F6(%) — Fy(tis)) Gdt

The uniform bounds for G € L* and G € L%(0,t; H*(Q)) of (4.7), and the C¢-Lipschitz
continuity of Fs provide

: 1/2 : 1/2
(55— 35) (D) |72 < C (/ / Vs — Vﬁal2> +0] </ / |5 — ﬁ5|2> . (4.9)
0 JQ 0 JTout

At this point we use of estimate (4.5) and, in particular, that

N N
Z 55 — 5’571H2 < Ch, and Z/ IV(uk — w2 < C.
=1 k=1 v
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These can be used in estimating the boundary integrals. By the trace estimates, for any
w € HY(Q) one has

[ owe<e [wpsc, ( / |w|2> ( / |W|2)
Fout Q Q Q

where the two constants C; » > 0 depend on {2 and I',,,;, but not on w. Using the inequality
2|ab] < a® + pb? for all reals a,b and p > 0, one has

/ |w|2§0h-%/ |w|2+hé/|Vw|2,
Fout Q Q

for some C' > 0. Using the above estimates gives

N
Zh/ uf — uf P < Ch3,
=1 vT

out

providing estimates for the last term in (4.9). In this way we get
I(s5 = 38) (D) 72(0) < C (/? + CLR*1) .
Recalling C% = O(1/6), this implies the error estimates stated in the theorem. O

Remark 4.2. Theorem 4.1 estimates the L? error for the Euler implicit discretization of
the reqularized outflow problem. By Theorem 3.3, along any sequence d "\, 0 the reqularized
solution ss converges strongly in L* to s, the solution of the outflow problem, in the sense
of Definition 1. Passing simultaneously § and h to zero, the sequence 8% converges to s.

Following Remark 3.5, we expect an error estimate of the form
(s = 81 e 0 mur2(y) < C (0 + BMZ + 67 h31)

Based on this, one can chose ¢ in such a way that the error due to the reqularization is in
balance with the time discretization error. Specifically, this means that 6 and h3/*/§ are
of the same order, yielding 6 = O(h*®) and a similar approzimation error. Other choices
are also possible, but they lead to a lower order in the error estimate.
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