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TAIL PROBABILITIES OF SUBADDITIVE FUNCTIONALS ACTING ON
LEVY PROCESSES

MICHAEL BRAVERMAN, THOMAS MIKOSCH, AND GENNADY SAMORODNITSKY

ABSTRACT. We study the tail behavior of the distribution of certain subadditive functionals
acting on the sample paths of Lévy processes. The functionals we consider have, roughly speaking,
the following property: only the points of the process that lie above a certain curve contribute to
the value of the functional. Our assumptions will make sure that the process ends up eventually
below the curve. Our results apply to ruin probabilities, distributions of sojourn times over
curves, last hitting times and other functionals.

1. INTRODUCTION

Both in the theory and in applications of stochastic processes one is often interested in two types
of questions: When does the process X = {X (t), t > 0} lie above a certain deterministic function
(curve) p = {pu(t), t > 0}, and given the process exceeds this curve, what are its values? For
example, what can be said about the distribution of the biggest excess of the process over the
curve and, if both the process and the function are measurable, what is the distribution of the
time the process spends above the curve?

In this paper, we outline a general approach to the asymptotic tail behavior of the distributions
of these and other subadditive functionals acting on an infinitely divisible process with “not too
light” tails. (The latter notion will be made precise soon.) We focus on a particular class of
infinitely divisible processes, the well known Lévy processes, and we consider the distributional
tails of various subadditive functionals of their paths. These examples will show in detail how
successfully this method works and how general it is.

Let X be an infinitely divisible process without Gaussian component and Lévy measure v.
Following Maruyama (1970), the distribution of X is characterized as follows:

EeiBX) = exp {/[ ) (61'(5,0‘) -1- i(ﬁ,r(a))) V(da)} , B eR0=)
Ro,oo

Here v is the projective limit of the Lévy measures corresponding to the finite dimensional dis-
tributions of X. The symbol R(%%) denotes the space of real functions 8 defined on [0, 00)
such that 4(t) = 0 for all but finitely many ¢, and (8, &) = ¥yc10,00)B(t)x(t). Finally, 7(e)(t) =
a(B)1(jo(t)] < 1).
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2 M. BRAVERMAN, T. MIKOSCH, AND G. SAMORODNITSKY

Some examples of the measurable functionals ¢ : RI0:%°) — (—o0,00] on X we consider are

o

(1.1) ¢sup(ex) = sup [a®)]+,  ¢la) =sup{t>0: aft) >0}, ¢(a) =/ ()]} ds,
> 0

where y;, = max(0,y) and p € (0,1]. The supremum functional ¢g,p has gained particular

importance in the context of queuing and insurance, where one is interested in quantitative

measures for the excesses of X over high level thresholds which event is interpreted as buffer

overflow or ruin in the different contexts. The above functionals have in common that they are

subadditive, i.e., for any aq, oy € R0:)

(a1 + az) < (o) + d(a).

If, with probability 1, $(X — p) < oo is finite, it makes sense to measure the thickness of the
distributional tail P(¢(X — p) > u) for large u. Suppose this tail does not decay “too fast” as
u — oo and define

(1.2) ) = vi{a: dla—p) > u}).

The subadditivity of the functional ¢, the presence of heavy tails and the logic of large devia-
tions saying that unlikely events happen in the most likely way, lead one to the conjecture that
P(u) and P(p(X — p) > u) are equivalent in the following sense:

u—00 P(u)
Indeed, relations of type (1.3) were proved in the theory of laws with so-called subexponential
tails. For example, Embrechts et al. (1979) considered the overall supremum of Lévy processes,
and Rosiriski and Samorodnitsky (1993) studied very general subadditive functionals.

The setup in the latter paper is, in fact, close to the present one. However, there is one crucial
difference: the functionals in Rosiniski and Samorodnitsky (1993) were assumed to be bounded
by an almost surely finite pseudonorm of the process. Hence these processes are, in a certain
sense, bounded “from above and below”. This assumption is far away from the situation in the
present paper. Our functionals are akin to the supremum of a negative drift random walk over
the entire infinite horizon. In this sense, they are bounded “only from one side”.

The validity of relation (1.3) has been established for the overall supremum functional ¢, and
some particular classes of processes with subexponential tails. Those include Lévy processes with
a negative linear drift (see Embrechts and Veraverbeke (1982)) and symmetric a-stable processes,
a € (1,2), with stationary ergodic increments and negative linear drift. In general, the precise
circumstances under which (1.3) is valid for subadditive functionals are not known, even in the
particular case of Lévy processes. The results of the present paper provide a further step in the
process of understanding the tail equivalence relation (1.3) for heavy tailed processes. Once again,
we will focus on Lévy processes and a large family of subadditive functionals ¢ and deterministic
functions u.

The proof of our main result (Theorem 3.1) shows that we use the “heavy tail large deviations
heuristics”. This means that large values of the functional ¢(X — p) are essentially due to one
very large jump of the Lévy process that occurs early enough, before the negative drift took it
"too far down”. Since Lévy processes are well described by Poisson processes, we extensively
make use of the latter tool. In particular, we show that the large deviation idea can be made
precise by considering the ”large and occurring early enough” jumps and the ”small or occurring
too late” jumps of the underlying Poisson process separately. This leads one to a decomposition of

=1.




TAIL PROBABILITIES OF SUBADDITIVE FUNCTIONALS ACTING ON LEVY PROCESSES 3

the Lévy process into two independent processes. We show that the process which represents the
small jumps is asymptotically negligible, i.e., this process will not contribute to the asymptotic
tail behavior of ¢(X — ). The crucial part in this decomposition is the process which represents
the large jumps of the Lévy process. It has representation as a compound Poisson sum of paths.
We show that the tail behavior of ¢(X — u) is essentially determined by a single term in that
sum.

In related work Hiisler and Piterbarg (1999) considered the tail behavior of the supremum
functional ¢g,;, of certain Gaussian processes, including fractional Brownian motion, with negative
(not necessarily linear) drift. The Gaussian nature of the underlying process causes exponential
decay of the tails P(¢sup(X — p) > u).

This paper is organized as follows. In Section 2 we give the assumptions we impose on the
family of the subadditive functionals ¢, the function (curve) g and the distribution of the Lévy
processes X. We conclude Section 2 with a discussion on the nature of the assumptions, including
some immediate consequences, and we consider situations when they are satisfied. We made these
assumptions as general as possible in order to include as large a variety of subadditive functionals
as possible. Although some of the conditions may look quite abstract they are easily checked for
various well known subadditive functionals, see Section 5. In Section 3 the main theorem on the
asymptotic behavior of the tails P(¢(X — p) > u) is formulated. It describes one situation when
relation (1.3) is valid. The main steps of the proof are also given in Section 3. However, the proof
is quite technical and therefore we postpone various calculations until Section 4. In Section 5 we
provide several examples of explicit calculations of the tail asymptotics for a number of important
subadditive functionals of Lévy processes. Among those are the functionals in (1.1), but also, for
example, the sojourn time of a Lévy process above a curve.

2. ASSUMPTIONS AND NOTATION

Throughout this paper, C' stands for a generic positive constant C. Its value will be allowed to
change from appearance to appearance, even if we do not mention it explicitly.

Let X = {X(t),t > 0} be a Lévy process, i.e., a real-valued process with stationary and
independent increments, and Lévy measure p on R. We refer the reader to Bertoin (1996) and
Sato (1999) for encyclopedic treatments of Lévy processes. In particular, one can find detailed
proofs of the properties we mention and use below.

Specifically, the marginal distributions of a Lévy process are determined by the characteristic
function

(2.1) Ee®X(W) = oxp {/ (em 1 i0r1(|z| < 1)) p(dm)} , O€R.

— 00

We always take a version of X with all sample paths in the Skorokhod space D[0, 00), i.e., with
paths which are right-continuous at every ¢ > 0 and have left limits at every ¢ > 0. This version of
X is automatically measurable; this feature will become useful as we will have many opportunities
to integrate the sample paths of X.

The Lévy measure v of the process X has the form

(2.2) v(A) = /000 /OO 1 (21}5,00) € A) pldz) ds,
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for any measurable set A C RI®*) . Therefore the function ¢ in (1.2) turns into

(2.3) / / ¢ (215000 — p) >u) p(dz)ds, u>0.
We denote the right tail of the one dimensional Lévy measure p by

H(u) = p([u,00)), u>0.
A few comments on the conditions below. The reader should realize that the number of
conditions we had to assume is due to our desire to cover the largest possible number of functionals
and processes. The conditions simplify drastically in the special cases of Section 5.

ASSUMPTIONS ON THE LEVY MEASURE p

Dominance of the right tail of the Lévy measure
We assume that the right tail of the one dimensional Lévy measure p dominates its left tail in
the sense that there is a constant A; > 0 such that

(2.4) p((—o0, —t]) < Ay p([t,00)) forallt>1.

A5 condition
There is a; > 0 such that

(2.5) H(2u) > a1H(u) forallu > 1.

Notice that the Ay condition on H yield a bound from below; it excludes exponential decay of

Bound from above
There is #; > 0 such that
(2.6) H(u)=o(u ), u—oo.

ASSUMPTIONS ON THE DRIFT 72
Let p = {u(t), t > 0} be a nonnegative function satisfying the following assumptions.
Power law bound from below
There are az > 0 and Gy > max(ﬂfl,O.S) such that
(2.7) p(t) >ag t??, t>0.
A5 condition
There is an Ay > 0 and ¢y > 0 such that
(2.8) w(2t) < Ag p(t) for all t > ty.
The As condition on p excludes too fast (in particular exponential) growth of p.
Quasi—monotonicity of u
There is an ag € (0, 1] and tp > 0 such that

(2.9) 1r>1£u( s) > ag pu(t) for all t > tp.
S
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ASSUMPTIONS ON THE SUBADDITIVE FUNCTIONAL ¢
Let ¢ : R0 — [0, o0] be a measurable subadditive functional satisfying the following conditions.
The functional “lives off only positive values of its argument”
This means that
(2.10) $(0) =0, andif «(t) <0 forall t>ty, some ty, then ¢(a)=¢ (a1[07t0]) .
Here alpg ) = {a(t)1(t), t > 0}.
The functional is finite on locally bounded functions that are eventually non-positive
This means that
(2.11)  ¢Pla) =9 (al[o’to]) < oo if a(t) <0 for all t > to, some to, and sup;,<;, a(t) < 0o.
Monotonicity

This means that

(2.12) if «(t) <pB(t) forallt then ¢(a) < @(B)
and
(2.13) ¢ (ca) < p(a) for all ¢ €[0,1] and a € RO

Notice that (2.13) is implied by (2.12) if «(t) > 0 for all £ > 0.

ASSUMPTIONS INVOLVING THE TRIPLE (p, ¢, i)

One can easily give separate sufficient conditions for the assumptions below, i.e., conditions
which involve p, ¢ and p separately. However, when doing so one gets into more restrictive
situations. The assumptions we impose are easy to check in applications. Therefore we have
chosen to formulate them in the present form.

For s > 0 and u > 0 define

(2.14) T(s,u) = inf{z > 0: ¢ (21} ) — p) > u},
and denote
T(u) =T(0,u).
Relation between T'(s,u) and T (u)
There is Az > 0 such that
(2.15) T(s,u) < Az [u(s) + T'(u)] for all s,u > 0.
A scaling property
There are positive functions g(d) and h(d), 0 < 0 < 1, satisfying
(2.16) h(6) =1 asd 11, |log(g(d) <0G asdl0
and such that for every u > u(d) and 0 < ¢ <1

(2.17) /UOOH(éT(s,(Su)) ds < h(0) /OOOH(T(S,U)) ds |
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and for every 4 > ugand 0 < § <1
o0 oo
(2.18) / H (0T (s, 0u)) ds < 9(5)/ H (T(s,u)) ds.
0 0
The latter conditions are easily checked if one assumes appropriate regular variation conditions.

SOME IMPLICATIONS OF THE ASSUMPTIONS
We collect some particular consequences of the above assumptions.

Lemma 2.1. The following statements hold.

1. With probability 1, for every v > 0, ¢(|X| —yu) < oo and therefore p(X — yu) < co.
2. For every e >0 and u > 0,y > 0

/000 " (1 j ET(S’“)> ds /Ooo /OOO 1 (¢ (v21[5,00) — 1) > u) p(da)ds

(2.19) — () /0 " (%T(s,u)) ds.

3. There is a uy > 0 such that for every e > 0 and u > uy

IN

IN

(2.20) /000 H(eT(s,u))ds < 00.
4. For every v > 0,

(2.21) ¢ (fyxl[s,oo) — u) < 0o outside a set of measure zero with respect to p x Leb.
5. There exists B3 > 0 such that, for every u > 2,

(2.22) Huw) > u™ and p(u) <u®.
6. There is a constant Ay > 0 such that for all s,t > 0,

(2.23) (s +£) < Ag [u(s) + p(t)].

Proof. 1) Observe first that X does not have a drift term, by virtue of condition (2.1). Thus,
if B > max(B1,0.5), we conclude from (2.7), (2.6), and standard a.s. limit results (law of
the iterated logarithm when E[X(1)]? < oo, generalized strong laws of large numbers when
E[X(1)]? = oo; see Stout (1974)) that X (¢)/t% — 0 a.s. as t — co. Therefore

X (1)] = eu(t) < |X (1) = O — —co.
So we may conclude from (2.11) that ¢(|X| — ep) < oo a.s. (with the usual convention of taking
pointwise absolute values of a function).
2) This statement follows from the definition (2.14) of the function T'.

3) It follows from (2.10), (2.9), and (2.12) that T'(s,u) > max(asu(s),T(u)) for all s > ¢y and
that T'(u) > 0 for every sufficiently large u (say, u > u1). Hence

/00 H(eT(s,u)) ds < (to + 1)H(eT (u)) + ” H(azeu(s)) ds.
0 to+1

The right hand integral is finite by virtue of (2.6) and (2.7).
4) Relation (2.21) follows from (2.17).
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5) The inequalities (2.22) follow from the As-conditions on H and p; cf. Bingham et al. (1987).
6) Relation (2.23) is an immediate consequence of (2.8) and (2.9). O

HOW TO VERIFY CONDITION (2.15)7
Here is an easily verifiable sufficient condition for (2.15).

Proposition 2.2. Assume that the following conditions hold:

1. The subadditive functional ¢ satisfies (2.10) — (2.13).
2. There exists v > 0 such that for all 0 < c < 1

(2.24) ¢ (c2lip00) = 1) < b (21)0,00) = 1)
3. There exists a > 0 such that for every s,z >0
(2.25) ¢ (L[ 00) = 1) > ¢ (alpg o) — 1)

where pis(t) = p (£ = 5)4).-
4. p 1s nondecreasing.

Then (2.15) holds.
In fact, condition
(2.26) dleca) < p(a) forevery 0 <c< 1,

implies, and is more restrictive, than (2.13) and (2.24). Indeed, if (2.26) holds, monotonicity of
¢ implies
$ (coljo,00) = 1) = b (¢ (21j0,00) = ' 1)) < G (2Lppo0) = ¢ 1) < 7P (3Lppo) — b1) -
Moreover, many of the functionals of interest have the property
(2.27) ¢ (21500) = Hs) = b (21[0,00) — 1) -
which implies (2.25).
The proof of the proposition is based on the following property of the function T'(u).

Lemma 2.3. There is a constant B > 0 such that for all u,v > 0,

(2.28) T(u+v) < B[T(u) + T()].
Proof. By monotonicity of ¢, for every € > 0,
# (IT(W) + T() + € L) — 1) > max (u,0) > 7,

which implies that

(2.29) T (“ ; ”) < T(u) + T(v).

Let u > 0 and suppose that T'(2u) > 0. By the scaling property (2.24) we have for every ¢ > 0

1 _
w> 36 (1= Tl — 1) 2 ¢ (2770 = T W00 — 1) ,
which means that
2717 T(2u) < T(u).
On the other hand, if T'(2u) = 0 then this relation is trivial. The above relation, together with
(2.29), yields the desired relation (2.28). O
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Proof of Proposition 2.2. Tt follows from (2.23) (in which we assume, without loss of generality,
that Ay > 1), p(t) < Ag [u(t —s) + p(s)] for s < t, and so

ul[s,oo) < Ay [us + N(S)l[s,oo)] ’
implying by monotonicity of ¢ that
’)”(ﬂj, 3) = ¢ (x]-[s,oo) - /J‘]-[s,oo)) > ¢ (A4 [($/A4 - ,U,(S)) l[s,oo) - us]) .
Now (2.13) and (2.25) yield,
r(z,5) > ¢ ((#/A1 = p(5) Lis00) = )

(2.30) > ¢ (a (/A4 — p(s)] 110,00) — u) .
Now it follows from the subadditivity that

G (215000 — 1) > ¢ (a [2/As — p(3)] Ljo00) — 1) — & (p1po5)) -
Let € > 0 and choose z := (1 + €) A4[u(s) + a~'T(u)]. Then by (2.30),

¢ ((1 +€)Aq [,u(s) + a_lT(“)] Ls,00) — ”) >u—¢ (“1[075)) ’
which implies that

T (S,U - ¢ (l’l’l[O,s))) < A4 [/1'(8) + ailT(u)] )
and, after a change of variable and with (2.28),

T(s,u) < Agfp(s)+ a T (u +¢ (/,Ll[o’s)))]

< Agfps)+a ' BT(w)+a ' BT (¢ (pl,))]

(2.31) = Ay[p(s) +a ' BT(u)]+a Ay BT (g9(s)) .

It remains to estimate the last term in (2.31). If it is nonzero, according to (2.14) we have
1

(2.32) (57600 1) <65

Assume that
T(g(s)) > 4p(s).
Using (2.24), (2.10) and monotonicity of ¢ we obtain

6 (3TN oy ~1) = 6 U0y 1)

(2.33) > ¢ (2u(s) 10,5 — M1p,s)) -
But 2u(s) — p(t) > p(s) > pu(t) for 0 <t < s, and so (2.33) is at least
¢ (plps) = g(s).

However, this contradicts (2.32).
Hence T'(g(s)) < 4u(s) for all s > 0, which together with (2.31) gives us (2.15). O
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3. THE MAIN THEOREM

Here we give our main result which was announced in Section 1 and the main steps of its proof.
The latter is quite technical, and therefore we collect some auxiliary results in Section 4.
First recall the definition of the quantity ¢ (u) from (2.3).

Theorem 3.1. Let X be a Lévy process, p a deterministic function and ¢ a subadditive measur-
able functional satisfying the Assumptions of Section 2. If 1(u) is reqularly varying (at infinity)
with exponent —a < 0, then ¥(u) and P(H(X — p) > u) are equivalent:

P(p(X —
P~ ) > w)
U—00 P(u)

At this point, the large variety of assumptions on X, ¢, p and ¢ may look quite restrictive

and difficult to verify. We will, however, see in Section 5 that these assumptions hold under very
natural conditions for various important subadditive functionals.

(3.1) =1.

Proor orF THEOREM 3.1

The basic decomposition. For fixed 0 < 7 < 1 and some §; > 0 we introduce the set

(3.2) BT:{m@my¢0ﬂqw@—nﬁ>5mszmxeR}cRW@.

Lemma 3.2. If §; > max(ui, 1) (see Lemma 2.1) then the set B; has finite Lévy measure:
v(B;) < 0.

Proof. By definition of the Lévy measure v (see (2.2)) and since (2.4), (2.20) and (2.13) hold,
we have

v(B,) = / / (215,00) € Br) pldz) ds

< C’/ / xlsooEB)p(dm)ds
< C/ (s 50)> ds .
The right hand expression is finite by the choice of . O

From now on dy is chosen to satisfy the assumptions of Lemma 3.2. Since B, and B¢ are disjoint
there exist two independent infinitely divisible processes XEO) and Xg]) such that
x 4 x4 x{V
with Lévy measures vy and vs, respectively, given by
vi(A)=v(ANB;) and 1n(4) =v(ANB;)
fozoimy measurable A C RI%%) . By virtue of Lemma 3.2, v(B;) < co, and therefore the process
X1

has a representation as compound Poisson sum

N
(3:3) XV LN Y =X, -1,
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where Y1,Y5,... are iid stochastic processes on [0, 00) with common law v /v(B;), independent
of a Poisson random variable N with mean v(B;). Because of (2.1), the drift term 7 has form

n(t) = t/ / 21 (|| <1, 21}, o) € By) p(dx)ds, t>0.
0 —00

Writing Xo = Xgo) —n, we have
(3.4) X4x0 4 x0 =%, +x,.
The following fact will be useful in what follows.

Lemma 3.3. For every v > 0, with probability 1,
(I Xi| —yp) <oo, i=1,2.

Proof. Since P(X; = 0) > 0 and X;, X are independent, it follows from part 1 of Lemma 2.1
that ¢(|X2| — yp) < 0o a.s. for every v > 0. In turn, exploiting the subadditivity of ¢, we
conclude that ¢(|X;| —ypu) < oo a.s. for every v > 0. O

The upper bound. By (3.4) and subadditivity of ¢, for every e € (0, 1),

P(¢(X ) > u) = P($(X) +Xo — ) > u)

< P(¢(X1— (1= ) > (1= u) + P($(X> — eps) > eu)

(3.5) = Ii(u) + Ix(u).

Lemma 3.4. Under the assumptions of the theorem for every T small enough,
(3.6) lim lizir;sogpf1(U)/¢(U) <1,

(3.7) lim lim sup Iy (u) /¢ (u) = 0.

€0 y—o00

From Lemma 3.4 and (3.5) we conclude that

P($(X = ) > u)
limsu <1.
u%oop P(u) B
This concludes the proof of the upper bound in (3.1).
We proceed with the proof of Lemma 3.4.

Proof of (3.6). The compound Poisson representation (3.3), subadditivity of ¢ and the same
argument as in Lemma 2.7 in Mikosch and Samorodnitsky (1999) yield that

h(w) < ENP(§(Y1-(1-6p) > (1-e)u)

el (s (o2 )]
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Recalling that EN = v(B;) and using the monotonicity properties (2.12), (2.13) of ¢, we see that

Li(w) = / / b (211 00) — (1= €p) > (1 - ©)u) plda) ds

IN

/ / (1—e) xl[syoo) — ) > (1 —€)%u) p(dz) ds.
Write for € € (0,1), N
h(e) = h((1 —€)?/(1 +¢)).

The function H is decreasing, while T'(s,u) is increasing in both arguments. Therefore and in
view of (2.18) we can further bound I1;(u) as follows for sufficiently large u

Li(u) < /OOOH (1 —€)*T(s, (1 — €)%u)) ds < h(e) /OOOH (1+€e)T(s,(14+€)u)) ds

< h(e) /UOOH((1 + )T (s,u)) ds < G(e) p(u).

In the last step we used (2.19). Similar arguments and the assumptions on the function g in
(2.16) yield for sufficiently large u and sufficiently small € that

w 7200 2 _ €(l—¢) ? e NE
hal) < (BN) * S POV = ) o ()| W < e

Since, by (2.16), h(€) — 1 as € — 0, we finally conclude that
lim limsup I4 (u) /¢ (u) < lim h(e) =
e=0 y—o0 e—0
U

Proof of (3.7). Let igo) be an independent copy of Xgo) and X, = igo) — 7. Consider the
(0)

symmetrization of Xo, respectively X, given by
(3.8) Z =X, X, =X _xP.
By independence of Xs and X, and subadditivity of ¢, we have
P($(Z — ep/2) > euf2) > P ($(Xs — ep) > eu) P (¢ (5(2 . ep,/2> < eu/Z) .

By Lemma 3.3, the second factor on the right hand side goes to 1 as u — oco. Hence (3.7) follows
once we proved that for every € > 0 and 7 small enough

. P(P(Z —ep) > eu)
(3:9) i o)

Observe that Z is a symmetric infinitely divisible process whose Lévy measure vz is given by

(3.10) vz(A) = / / 1 (2100 € AN B;) + 1 (215 o) € (—A) N B;)] pldz) ds

=0.

_ // (¢1(s00) € AN B,) p*(dz) ds
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[0,00)

for any measurable A C R . Here

p* ((t,00)) = p((t,00)) + p((—00, 1)), t>0,
is the symmetrized one dimensional Lévy measure of X. Define two symmetric one dimensional
Lévy measures p; and ps by

(311)  p() =p (N {z:lel = 1)) and pa() = p* (N {w el < 1}) .
Let Zq, Zs be independent infinitely divisible processes with Lévy measures that are obtained by
replacing p in (3.10) by p1, p2, respectively. Then

(3.12) 217, +7,

and therefore subadditivity of ¢ implies

P(H(Z —ep) > eu) < P(P(Zy —ep/2) > eu/2) + P (P(Za — €/2n) > eu/2) =: Is(u) + I4(u) .
It follows from Lemmas 4.1 and 4.2 below that for any ¢ > 0 and 7 > 0

(3.13) lim Iy (u) () = 0,

and so we proceed to estimate I3(u).

Let (I'j) be the points of a time homogeneous Poisson process on [0,00) with rate A = p;(R),
and let (V) be iid symmetric random variables with common distribution p;/p1(R) and indepen-
dent of the Poisson process. Define for j > 1

(3.14) Vi = Vit (¢ (Vil1r, o0) — 7) <) -

Observe that we can represent the process Z; in the form
o0
Zy(t) =) Y 1, 00 (1), t>0.
j=1
(Simply compute the mean measures of the Poisson random measures on both sides of the equation

above.) Notice that
(3.15) ([1,+Y}, D9, +Ys, ... ) 2 (01, V1,15, Ya,. ..

for any choice of signs above.
For u > 0 and T'(u) = T(0,u) let

(3.16) m=m(u) =inf {5 =0,1,2,...: u(25) >T(u)}

and

(3.17) Ziy = Yilp e and Z{" = S Y1, .
j=1 j=m+1

Then, again by subadditivity,
(3.18) T3(u) < P (¢(Zy (m) — €p/4) > eu/d) + P (¢(z§m) —ep/d) > eu/4> :

However, the right hand expressions are of the order o(¢(u)) as u — oo for every € > 0 and 7 > 0
small enough (relatively to €), as follows from Lemmas 4.4 and 4.6. This and (3.13) imply (3.9)
and complete the proof of (3.7). O
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The lower bound. We again start with the identity
P<¢(X—u) >u> = P($p(X1 +Xo — p) > u).
Recalling that X and X are independent and ¢ is subadditive, for every K > 0

P(¢(X—p)>u) > P(p(Xi—(1+pu) > u+ K)P((~Xz — ep) <K)

(3.19) = I3(u,K)I(K).
Lemma 3.5. Under the assumptions of the theorem,

. . . >
(3.20) Aim Timinf 75 (u, K) /4p(u) > 1

It is immediate from Lemma 3.3 that limg o I5(K) = 1. Therefore, from this lemma and
(3.19) we conclude that

P(¢(X —p) > U)
lim inf
T W
This finishes the proof of the lower bound in (3.1).

Proof of Lemma 3.5. First recall the compound Poisson structure of X; from (3.3). For k =
1,2,... and 5 <k, consider the disjoint events

By = {N=k ¢(Y;~ (1+e?n)>u+2K,

>1.

PV, —(1+e)?u) <u+2K, i=1,....k, i#j,

¢< — Lacizjer Yi —e(l+ e)u) < K} :
Subadditivity of ¢ implies

oo k
I(u,K) > > 3 P(By)

k=1 j=1
> P(¢(Y1i—(1+€’pn) >u+2K) pi(K)—pa(u),
where
oo k
p(K) = 33 P(N=k¢ (- DicpaYi— el +op) <K)
k=1 j=1
pa(u) = ZP =k,p(Y;— (1+€)?u) > u+2K for at least 2 different j € {1,... ,k}) .

Using the mdependence of Yjand ), <izj<k Yi and again the subadditivity of ¢, we have
pi(K) > ENP(¢(Y1—e(l+e)p/2) <K/2) P(p(—X1 —e(l +e)p/2) < K/2) .

By Lemma 3.3, ¢(|X1| — yp) < 0o a.s. for every v > 0. Using this fact, (2.12) and (2.21) (recall
that the law of Y is v1/v(B;), see (3.3)) we see that

liminfp;(K)/EN > 1.
K—o0
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The argument leading to (3.6) also shows that for every K > 0,

ENP(¢(Y,—(1 2 2K
N (¢ (Y1 —(1+¢€)?u) >u+2K) > 1 ,
u—00 P(u) h((1+¢€)73)
implying that
K)P(o(Y,— (1 2 2K
lm Tim lim g PAE) P (@ (V1 = (L e)Pp) > ut )zlim;:
e—0 K00 U—00 @b(u) e—0 h ((1 + 6)_3)

Since, as u — 00,
pa(u) < B(N?) [P (6 (Y1 = (1+6)°p) >u+2K)]*,
(3.20) follows. O

4. AUXILIARY FACTS AND LEMMAS

In this section we provide some auxiliary results for the proof of Theorem 3.1. In what follows,
we always assume that the assumptions of this theorem are satisfied.

We start with a simple lemma connecting the rates of decay of the function v (u) in (2.3) and
of 1/T(u) in (2.14).

Lemma 4.1. There are constants ¢ > 0 and C > 0 such that for all u > 1
(4.1) Pp(u) > C [T(w)] ™.

Proof. Recalling the definition of 4 (u) from (2.3), observing that H is decreasing and using (2.15),
we obtain

() Z/OOO H(2T(s,u))dsZ/OOOH<2A3 uls) + Tw)]) ds

Now use that both p(s) and H(u) can be bounded by power laws, see (2.22), and change the
variable of integration to get the desired result. O

Next we discuss certain properties of the processes occurring in (3.4) and subsequent decomposi-
tions. The processes X, XZ(O) have independent (though not necessarily stationary) increments.
This property is inherited by the symmetric processes Z in (3.8) and, subsequently, Z; in (3.12).

Let W; be Lévy processes on [0, 00) with one dimensional Lévy measure p;, i = 1,2, as defined

in (3.11). Then the following identities in law hold:

(4.2) W, L7, 4V, i=12,

where, for fixed ¢, Z; and V; are independent symmetric infinitely divisible processes with inde-
pendent increments.

Our next lemma shows that the functional ¢ applied to the process Zs, representing the “small
jumps” of the process Z, has a “light” tailed distribution.

Lemma 4.2. For every v >0 and r > 0, we have
(4.3) J(u) := P (¢ (Zo —yp) > u) =0 ([T(u/2)]”") asu— .



TAIL PROBABILITIES OF SUBADDITIVE FUNCTIONALS ACTING ON LEVY PROCESSES 15
Proof. Without loss of generality we may assume that » > 2 and v < 1. By subadditivity of ¢,
Jw) < P((Zaliorquyzy —Y1/2) > u/2) + P (d(Zaliru/2),00) — T/2) > u/2)
= Ji(u) + J2(u).
The monotonicity properties (2.12), (2.13) of ¢ yield

Ji(u) < P (¢ <SuP0§t§T(u/2) Zo(t) 10,7 (u/2)) — 7#/2> > U/2>

< P (supneicrauye) Z2(t) 2 7T(u/2)/2)
< 2 P(Z(T(u/2) = 4T(/2)/2)

In the last step we used Lévy’s maximal inequality. Another appeal to this inequality and to the
definition of Wy in (4.2) gives

Jiu) < 4P (Wa(T(u/2)) > 7T (uf2)/2) .

However, the Lévy process Wy has a symmetric Lévy measure supported by a compact set.
Therefore, it has finite exponential moments. By the Burkholder-Gundy inequality, for every
p > 2 there is a positive constant C such that E|Ws(t)| < Ct?/? for all t > 0. Applying Markov’s
inequality, we finally obtain the following bound:

(4.4) Ji(w)=o(T(u/2)] "), u—oo.

Now we turn to the estimation of Jo(u). We proceed in a similar fashion. First, monotonicity
of ¢ together with (2.10) gives

Jo(u) < P (p((Z2 — y1/2) L1 (u/2),00)) > 1/2)
< P(Zy(t) > ~yu(t)/2 for some t > T(u/2))

o0 o0

ZP(ZQ(t)>7u(t)/2 for some T(u/2) + (j — 1) <t < T(u/2) + j) Zb]

IN

Now use again Lévy’s maximal inequality, the fact that g is quasi-monotone and converges to
infinity to obtain the following chain of inequalities:

by < 2P (Z(T(u/2) +j) > as v w(T(u/2) + (j — 1))/2)
< AP (WalT(u/2) +3) > a5 7 u(T(u/2) + (j — 1))/2) .

Finally, applying the Burkholder-Gundy and Markov inequalities and choosing p > 2(82 + 1)/
(see (2.7)), we obtain for any r > 2,

[e%¢] u /2
2_: u/éZ) I = o (T2

+(@ -

The latter estimate together with (4.4) for J; (u) establishes the desired bound (4.3) for J(u). O
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Now we turn to the processes Z; (,,) and ng) defined in (3.17). In this context, recall that (Y})
is a sequence of independent symmetric random variables given the points (I'x) of a homogeneous
Poisson process with rate A = p;(R). Write

Am = {IVjI<O0TTju),j=1,...,m}, m>1,
St = Yi4+-+Yy, k>1.

Lemma 4.3. Let m = m(u) be defined by (3.16). For every v > 0 and r > 0, there are positive
constants 0 and C such that for all u > 0,
G(u) = P ((Zy,(m) — 1) > u, Apy) < C ™"

Proof. Without loss of generality assume that v < 1. By monotonicity of ¢,

m
-1
¢ ijl[rj,oo) —u ] <é <1r<r;€a<xm Sk Lry 00) — w) <¢ (7 Hax Sk ry,00) — “) :
o

Therefore we have

< >
Gu) < P <1r§r}ca,§xm Sk > T(T'1,u), Am>

<P <1r<r}€a<x S > yT(T1,u), Am,Tim < 2)\m> + P(Ty, > 2xm) =: p{l) 4 p(2) |

Obviously, p,(i) decays to zero at an exponential rate. As to p%), observe that

{4, Ty <2Xm} C { max |Y;| <6 T(2>\m,u)} = A, .
j=1,....,m
Therefore and by virtue of Lévy’s maximal inequality, applied conditonally upon (I'y) and (]Y%|),

ph) < P (IE}&X Sk > T(u) ,Xm> <2 P (S > 9T(w), Ap) <4 P (S0 >1T(w)) .

In the last step we applied the contraction principle for sums of independent symmetric random
variables. Here

Sm:Z j 9 Y]:}/;(m)zy"]]_'ij‘SgT(Q/\m’u), ]:]_, , M.
Jj=1

&<

m
Notice that conditionally upon (I'y), S is a sum of independent symmetric random variables

which are uniformly bounded by T'(2Am, u). An application of Prokhorov’s exponential inequality
(see Prokhorov (1959); cf. Petrov (1995), 2.6.1 on p. 77), conditionally on (I'y), yields

p) < 4 Eexp{ __oTlw) arsinh 6 T(2xm,u) y T(u) } .

20 T(2Am, u) 2var(§m | (T'k))
Let us consider the case £ < 2 in (2.6); the case 51 > 2 is analogous. It follows from the
representation (3.14) of the random variables Y; that there is a constant C' such that for any
realization (T';)

var(Sm | (T)) < Cm [T(2Am,u)]? 21 .
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Then use the property (2.15) of T'(2Am, u) and the definition (3.16) of m = m(u) to obtain
T(2xm, u) < Az [1(2Xm) + T(w)] < C [u(2Am) + p(2m)] < C p(m).
Similarly,
T(@Xm, w)T(u) > [T > [u(2(m — D) > € [u(m)]2.
Combining the latter estimates and using the growth condition (2.7) on p, we arrive at the bound

0 T@xm,u) yT(u) o [wm)]™ g,

2var(Sy, | (Cr) m
Since [, > max(0.5, 61_1), the power of m is positive. Similarly,
Tw) T
T2 m,u) —  p(2Am) +T(u)’
which is bounded away from 0 by (3.16). Using the fact that arsinh(¢) > log(1 +¢), t > 0, we

conclude that
|
ply) < CeXP{— ch,;n} -

(1) (2)

Collecting all bounds above for G(u), pm’ and py,’, we obtain our claim by choosing 6 small
enough. ]

Our next lemma shows that the first probability on the right hand side of (3.18) is much smaller
than ¢ (u).

Lemma 4.4. Let m = m(u) be defined by 3.16). For every € > 0 and 7 > 0 small enough
(relatively to ¢€),

m P (¢(Z1,(m) — G/J) > eu)
(4.5) Tim e

Proof. Since u(t) does not grow faster than a power function, it follows from the definition of
m = m(u) that there exist positive constants C, ¢ such that m > C[T(u)]? for large u. By virtue
of Lemma 4.3, for every » > 0 and € > 0 there are positive # and C' such that

P (H(Zy () — €p) > eu, Ap) < Cm™" < C[T(u)]7"7.

Since r > 0 can be chosen arbitrarily large, the latter fact in combination with Lemma 4.1 implies
that

=0.

P ($(Z1 () — €pp) > €u, Ap) = o(h(u)).
On the other hand, we have

m m
(4.6) P(AS) < SO P(Y;| > 0T(D;w) =2 S P(Y; > 0T(T5,u))
j=1 j=1
By representation (3.14) for the Yjs,
(4'7) YJ < TT(Fjv 50) < TT(F]‘,U)
for u large enough. Thus, for 7 small enough, the right hand expression in (4.6) vanishes. This
concludes the proof. O
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The next lemmas are related to the behavior of the second term on the right hand side of (3.18).
Write

Apn ={Y;| < 0T (Tj,u), m<j<n+1}, n=m,m+1,... ,00.

Lemma 4.5. For any v > 0 and r > 0, there are positive constants 0 and C such that for all
u>0 and n>m=m(u)

(4.8) Hy =P (Sp — Sy > 7(Tn) s Apn) < C "

Proof. For all j and u > 0, we have T'(I'j,u) < Az [u(Tj) + T'(u)] < C [u(T'yn) + T'(u)]. Now, the
definition of m = m(u) and the Ay condition give for n > m, T'(u) < p(2m) < C p(2n) < Cu(n).
Therefore

T(Dj,u) < C [u(C0) + p(n)], j<n.

Then for m < n,

e < P(S0= 80> pC), _max %1 <0C () + ()]
j=m+l,...,n

Recalling that the Poisson process (I';) has rate A, write
D, = {|I', — An| < 0.5An}.

and notice that P(Df,) decays to zero at an exponential rate. Therefore, for any r > 0,

H, < P(sn—smm(rn), max |Yj|SGC[M(Fn)vLM(n)],Dn)+P(D2)

l=m+1,...,n

IN

P <Sn — Sy >C7pu(n), max |Y;<6C ,u(n)) +Cn™"
j=m+1 n

geeey

< 2P(§n—§m >C ! ,u(n)) +Cn™"

(4.9) < 4P (§n >C! u(n)) +Cn".
In the last step we used the contraction principle and Lévy’s maximal inequality for the sum of
conditionally independent and symmetric random variables Y;. Here
n
Su=2_Y, Yj=Yilyjccum, j=1-...n.
=1

Using again Prokhorov’s inequality, conditionally on (I'y) we can bound the tail probability in

(4.9) by
-1 2
FEexp —Lﬂ(n) arsinh 9[;1(71)] .
20Cu(n) 2 var(S, | (T1))
Proceeding as in the proof of Lemma 4.3 and choosing 6 small enough, the last expression can
be bounded by C'n~" for any r > 0. This concludes the proof. O

The following statement is now a straightforward conclusion from the previous lemma.
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Lemma 4.6. For every v > 0 and r > 0, there are positive constants 0 and C' such that for all
u >0 and m = m(u),

(4.10) Rp =P (¢(z§m) — ) > O,Amoo> <Cm™.
Moreover,

P (é(ng) —€p) > eu)
(4.11) lim

u—00 P(u)
Proof. Using the properties (2.10), (2.9) of ¢, we obtain the bounds

=0.

R,

IN

P( U {Sn—Sm >037M(Fn)} N Amn)

n=m+1

< > P(Su—Sm>azyp(Tn), Amn) -
n=m+1

Now apply Lemma 4.5 to get (4.10). For u large enough, (4.7) holds for all j. Choosing € small
enough (relatively to €), (4.11) follows from (4.10) and Lemma 4.1. O

5. SOME EXAMPLES OF SUBADDITIVE FUNCTIONALS

In this section we consider several important and common subadditive functionals ¢ acting on
Lévy processes. We apply Theorem 3.1 to characterize the tail behavior of the distribution of
these functionals. The reader should note that only a few natural and transparent assumptions
are needed for the results below to hold.

Throughout this section we assume that the following assumptions hold.

(5.1) H is regularly varying with exponent —« for some a > 0,

there is a constant C' > 0 such that

(5.2) p((~00,—t]) < C p(ft,00)) for all ¢ > 1
and
(5.3) p is regularly varying with exponent 3 for some > max(a~',0.5) .

Of course, the assumption (5.2) is the same as (2.4). Since it is our goal to collect all the relevant
assumptions in this section together for easy reference, this assumption is repeated here. The
following lemma, collects several well known facts on regular varying functions. The reader is
referred to Bingham et al. (1987)) for proofs and more information. Let

(5.4) p(u) =sup{t >0: pt) <u}, u>0
be the generalized inverse of p.

Lemma 5.1. (a) Let p be regularly varying at infinity with positive exponent of reqular varia-
tion. Then there are monotone functions w, and p* such that

(5.5) pa(t) < pu(t) < p*(t) forallt >0 and tlggo Zig; =1.
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(1)) Let p and n be reqularly varying with positive exponent « of reqular variation and such
that im0 u(t)/m(t) = 1 (i.e., p and n are asymptotically equivalent). Then their generalized
inverses are reqularly varying with exponent 1/a and asymptotically equivalent as well. Moreover,
let

po(z) =inf{y >0: pu~(y) >z}, z>0.
Then

lim 0% _

r=00 ()

(i) (Potter’s bounds) Let pu be regularly varying with a positive exponent o of reqular
variation. For every C > 1 and € > 0 there is sog = so(C, €) such that for all s,t > sy

s (973

5.1. The overall supremum. One of the interesting subadditive functionals is the overall supre-
mum

(5.6)

=

Psup (@) = Sup¢>q a(t) .
It has numerous applications. among them in insurance mathematics for describing eventual ruin
(see Embrechts et al. (1997)) or in queuing for the buffer overflow (see Prabhu (1998)).

Remark 5.2. In this paper we deal with ”power—like” tails and, hence, the following theorem
that describes the tail behavior of the distribution of the overall supremum of a Lévy process
is stated under the assumptions of regular variation. We conjecture, however, that the first
asymptotic equivalence in (5.8) below holds in greater generality, perhaps under the assumption
of subexponentiality of the tail of H. In fact, if & > 1 and pu(t) = pt for some p > 0, is a linear
function, then the first asymptotic equivalence in (5.8) is just the classical result for the ruin
probability as proved by Embrechts and Veraverbeke (1982

P (supis (X(0) = u0) > ) ~ - [~ HG

and the latter result is known to hold when H has a subexponential right tail.
In fact, it is quite possible that the curve g may be allowed to belong to a wider class of
functions as well.

Theorem 5.3. Assume (5.1)—(5.3). Then
(53) P (bap(X =) > 1) = P (supso (X () — i(0) > )

/0 " H(u(s) +w) ds ~ Clov, B)u (u) H(u)

as u — co. Here C(o, 8) = a [;° 281 4 2)~(42) gz,

Proof. The first step is to note that it is enough to prove the theorem in the case when p is a
monotone function. Since all the terms in (5.8) are, obviously, monotone in g, parts (i) and (ii)
of Lemma 5.1 show that, knowing that the theorem holds for monotone functions, implies its
validity in general.
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Assume, therefore, that p is a monotone function. The only assumptions in Theorem 3.1 that
are not obviously satisfied are (2.17) and (2.18). We will postpone verification of these conditions
until the end of the proof. Note that in our case

T(s,u) = p(s) +u,

and so it follows from (2.19) and regular variation of H that

Plas) ~ /0 " H(u(s) + u)) ds

as u — 00, which together with Theorem 3.1 establishes the first asymptotic equivalence in (5.8).
Furthermore, by Potter’s bounds (part (iii) of Lemma 5.1), we see, further, that

P(u) ~ u*H(u) /OOO(M(S) +u))™" ds = au®H (u) /000 1 () (y 4+ u)~ @D dy.

Since ¢ is, according to part (ii) of Lemma 5.1, regularly varying, the second asymptotic equiv-
alence in (5.8) is a standard exercise in integration of regularly varying functions.
It remains to check (2.17) and (2.18). For every 0 < § <1

(5.9) /Ooo H6T (s, 6u)) ds = /Ooo H(u(s) + ou)) ds < /Ooo H2(u(s) + 1)) ds == Ty(u) .

Since we have already proved that I1(u) is regularly varying, by Potter’s bounds, there is a 6 > 0
such that I;(u) > Cu~? for all u > 1, while for any 0 < § < 1 and u > § 2,

Is(u) < C6~°I (u).

In the case 1 < u < §~2 we write

Is(u) = / + / =T () + T (u).
u(s)<o-2  Ju(s)>o-2

Using Potter’s bounds in the same way as before shows that
1M (w) < €61 (u) .

Moreover, since H is the tail of a Lévy measure, we know that, for some C > 0, H(y) < Cy~2
for all 0 < y < 2. Therefore, by the regular variation of u

10 (w) < 052 / 1(u(s) < 6-2) ds < C5="
0

for some ¢, > 0. Putting everything together establishes that for some C' > 0 and 6, > 0
o o
/ H(OT (s, 0u)) ds < Co~ / H(T(s,u)) ds
0 0

for all u > 1 and 0 < 6 < 1. This is, of course, more than enough to prove (2.18). Finally, the
assumption (2.17) is an immediate consequence of (5.9) and Potter’s bounds. O
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5.2. The time the process spends above zero. In this section we consider the sojourn time

buojourn (@) = / 1(alt) > 0) dt,
0
which is easily seen to be a subadditive functional.

Theorem 5.4. Assume (5.1)~(5.3). Then

P (¢sojourn(X —p) >u) = P (/OOO 1(X(¢) — pu(t) > 0)dt > u)

(5.10) ~ [ H) ds ~ Cle ) u H ()

as u — oo. Here C(a, ) = (af — 1)L

Proof. We may and will assume that g is monotone. Furthermore, we may assume that p(0) > 1.
Indeed, let

f(t) = max(u(t), 1 +1log(l+1¢)), t>0.
Then 1(0) > 1, fu(t) ~ p(t) as t — oo, and it is easy to check that monotonicity and subadditivity
of the functional ¢spjourn imply that

P (¢soj0urn(X - N) > u) ~ P (¢s0journ(x - ﬁ) > u)

as u — 00.

Once again, the only assumptions in Theorem 3.1 that are not obviously satisfied are (2.17)
and (2.18) (see Proposition 2.2 for (2.15)), and we postpone their verification. Note that in this
case

T(s,u) = po(s + u)
(see part (ii) of Lemma 5.1), and so it follows from that part of the lemma, (2.19) and regular
variation of H that

vl ~ [ Gl ds

as u — 00.
It remains to verify the conditions (2.17) and (2.18). We have

/00 H(6T (s, 0u))ds = H(6pp(s))ds = 5/00 H(0pp(ds))ds := Is(u).
0 ou u

Note that the assumption £(0) > 1 implies that 10(0) > 1. Therefore, if 0 < § < 1 and u > 1/
we can use Potter’s bounds and the fact that H(y) < Cy~2 for all 0 < y < 2 to see that for some
C > 0 and 0 > 0 we have

o0

Is(u) < Co~°I (u),
whereas if 1 <u < 1/, then
Is(u) < C670(1 + I (u).
The already established regular variation at infinity of I (u) implies now that
Is(u) < Co~°I (u)

for all 0 < 6 < 1 and w > 1, which is, once again, more than enough to prove (2.18). The
assumption (2.17) is an immediate consequence of Potter’s bounds. O
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5.3. The last hitting time of zero. In this section we consider the functional
Prast (@) = sup{t > 0: a(t) > 0}.

It is not difficult to see that this functional is subadditive.

Theorem 5.5. Assume (5.1)~(5.3). Then

P($ast(X —p) >u) = P(sup{t >0: X(t) > p(t)} > u)
(5.11) ~ uH(p(u)) + /Oo H(u(s)) ds ~ C(a, B) u H(pu(u))

as u — oo. Here C(a,) =1+ (af —1)"L

Proof. The proof is similar to the one for Theorem 5.4. Without loss of generality we may and
will assume that g is monotone increasing and u(0), 10(0) > 1. The only conditions we have
to verify are (2.17) and (2.18) (once again, see Proposition 2.2 for (2.15)). We postpone this
calculation until later.

Notice that
0 if £ < pu(s),
¢1ast(x1[s,oo) —p) = {

p(x) if x> p(s).
Therefore
(5.12) T(s,u) = inf{z : z > p(s), p*(z) > u} = max(u(s), po(w)),

and so we may conclude that

(5.13) i) ~ (o) + [ " H(u(s)) ds.

which together with Karamata’s theorem concludes the proof of the theorem.
We now turn to the proof of (2.17) and (2.18). We have by (5.12)

/ H(0T(s,0u)) ds = duH (dp(0u) + H(0p(ds)) ds =: Hy(0u) + Ho(du) .

0 ou

It clearly suffices to show that each term H;(u) and Ha(u) satisfies (2.17) and (2.18). For Ho(u)
this was proved in the proof of Theorem 5.4. Now turn to H;(u). Let § € (0,1). Then it follows
from Potter’s bounds and regular variation of g and H that for u > 1/4, say,

H,(0u) < C §°Hy(u),

where 0 is a real constant. For small u < 1/6 one can again proceed as in the proof of Theorem 5.4.
Making use of the fact that H is the tail of a one-dimensional Lévy measure and that p(0) > 1,
we see that

Hi(6u) < C [0u] H) < C [6u] 62 < C 6 *uH (uo(u)) = C Hy(u).
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5.4. Integral of a nonnegative subadditive function. The functional ¢gyjourn 0f Theorem
5.4 is a particular case of a more general group of subadditive functionals obtained by appro-
priate space-dependent weighting of the positive values of a process. Consider a nondecreasing
nonnegative function f such that f(z) =0 for z <0 and

flz1 + o) < fx1) + fxo) for zq,29 >0,
and let

(5.14) b1y (@) = / " fadt)) dt.

It is clear that ¢y is a subadditive functional. We will not address here the question what
functionals ¢r(y) fit in the framework of the theory developed in the present paper. Instead, we
will briefly consider the class of functionals corresponding to the power functions

(5.15) fla)=lzs]P, 0<p<1.

We will denote the corresponding functional by ¢,(a). The case p = 0 corresponds to the
functional ¢sojourn-

The tail behavior of the distribution of the functional ¢,(c) is described in the following
theorem. Its proof is very similar to that of Theorem 5.4, but quite a bit longer. We omit the
argument.

Theorem 5.6. Assume (5.1)~(5.3). Then for every 0 <p <1
P -p>w = P( [ X0 -uof > )

(5.16) ~ Clo,B,p) u (F(u)) P H (F* (u))
as u — oo. Here

F(z) =2’ p" (z), >0,
and C(«, B,p) is a finite positive constant given by

Claw B,p) = / y(t) 0 dt,

where y(t) = h= 1t 4P, t > 0, and h is a strictly increasing continuous function on [1,00)
given by
1

h(y) = py? /I/y ((yZ)ﬁ - 1) (z—1)P " Ldt.

5.5. The supremum of the integral of the process. Here we consider the subadditive func-
tional
v
¢supint(a) = Sup/ Cl((t) dt .
v>0J0

Unlike other functionals considered in this section, this functional is affected by the negative
values of the process. The tail behavior of this functional is described in the theorem below. Its
proof, once again, is very similar to that of the previous results, but longer. We will omit its
argument as well.
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Theorem 5.7. Assume (5.1)—(5.3). Then

Papm(X = > 1) = P (sup [*(X(0) = o) @t > )

v>0

(5.17) ~ Clasf) ui (u) H (ﬁu))

as u — oo. Here .
/.1,1(27) = / ,u(ydy, z>0,
0
and C(«, B) is a finite positive constant given by

Ol ) = / Tyt e,

where y(t) = h=1(48(1 + B)t'T8), t > 0, and h is a strictly increasing continuous function on
[0,00) given by

" y1+ﬁ
REFERENCES

J. BERTOIN (1996): Lévy Processes. Cambridge University Press, Cambridge.

N.H. BingHAM, C.M. GOLDIE, AND J.L. TEUGELS (1987): Regular Variation. Cambridge
University Press, Cambridge.

P. EMBRECHTS, C. GOLDIE and N. VERAVERBEKE (1979): Subexponentiality and infinite di-
visibility. Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Gebiete 49:335-347.

P. EMBRECHTS, C. KLUPPELBERG and T. MIkoscH (1997): Modelling Extremal Events for
Insurance and Finance. Springer, Heidelberg.

P. EMBRECHTS and N. VERAVERBEKE (1982): Estimates for the probability of ruin with special
emphasis on the possibility of large claims. Insurance: Mathematics and Economics 1:55-72.
J. HUSLER and V. PITERBARG (1999): Extremes of a certain class of Gaussian processes. Sto-

chastic Processes and Their Applications 83:257-271.

G. MARUYAMA (1970): Infinitely divisible processes. Theory Prob. Appl. 15:1-22.

T. MikoscH and G. SAMORODNITSKY (1999): Ruin probability with claims mod-
eled by a stationary ergodic stable process. Preprint. Available as rstab.ps at
www.orie.cornell.edu/~gennady/techreports.

V. PETROV (1995): Limit Theorems of Probability Theory. Oxford University Press, Oxford.

N.U. PrRABHU (1998): Stochastic Storage Processes. Queues, Insurance Risk, Dams, and Data
Communication. 2nd edition. Springer, New York.

Y. PROKHOROV (1959): An extremal problem in probability theory. Theory of Probability and
Its Applications 4:201-204.

S.I. RESNICK (1987): Eztreme Values, Regular Variation, and Point Processes. Springer, New
York.

J. ROsINsKI and G. SAMORODNITSKY (1993): Distributions of subadditive functionals of sample
paths of infinitely divisible processes. Annals of Probability 21:996-1014.

K.-1. SATO (1999): Lévy Processes and Infinitely Divisible Distributions. Cambridge University
Press, Cambridge.



26 M. BRAVERMAN, T. MIKOSCH, AND G. SAMORODNITSKY

W.F. Stout (1974): Almost Sure Convergence. Academic Press, New York.

DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY OF THE NEGEV, P.O. Box 653, BEER-SHEVA
84105, ISRAEL
E-mail address: braver@cs.bgu.ac.il

DEPARTMENT OF MATHEMATICS, P.O. Box 800, UNIVERSITY OF GRONINGEN, NL-9700 AV GRONINGEN AND
EURANDOM, EINDHOVEN, THE NETHERLANDS
E-mail address: mikosch@math.rug.nl

ScHOOL OF OPERATIONS RESEARCH AND INDUSTRIAL ENGINEERING AND DEPARTMENT OF STATISTICAL SCI-
ENCE, CORNELL UNIVERSITY,
ITHACA, NY 14853

E-mail address: gennadyQorie.cornell.edu



