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Chapter 1

Introduction

1.1 Moving boundary problems

The melting of ice, growth of tumours, winning of oil, and production of glasses are pro-
cesses that have something in common. In all four cases the shape of a clump of matter
(ice, tissue, or fluid) evolves over time. This evolution is due to a driving mechanism,
namely temperature difference, nutrition in the cells, pressure variation, or surface ten-
sion. These processes are modeled as moving boundary problems. The crucial feature
is that the boundary of the moving domain is part of the solution and has to be found.
Besides the shape of the domain we often have to calculate physical quantities such as
velocity, pressure, or temperature inside the domain. These quantities depend on the
motion of the domain and vice versa. For example, the temperature of melting ice in
water depends on the changing geometry. On the other hand, the evolution of the phase
boundary is influenced by the temperature difference between water and ice.

The area of applications of moving boundary problems is very wide. From the ex-
amples above it may appear that we need to restrict ourselves to moving objects that
are three-dimensional clumps of matter. This is not necessary. To give an example from
population dynamics, consider a geographical region in which two competing species A
and B live. One can divide this region into subregions, one in which species A lives, one
with species B, and maybe a third subregion where the species coexist. The evolution of
these regions can be understood from a model including quantities such as population
density. Also in epidemiology a moving boundary between geographical domains can
be used to study the spreading of a virus or a disease.

The subjects that we have mentioned up to now are all related to physics or biology.
There are however many applications in other areas. An example from financial math-
ematics is pricing of American options [78]. A put option is a contract that gives the
right to the holder to sell a risky asset like a stock within a specified period at a price
that is fixed in advance. It is a natural question to ask what a fair price is for such an
option. Many models for option pricing are based on the famous Black-Scholes partial
differential equation [6] and include a so-called exercise boundary. The stock should
be sold when its value reaches this boundary. The exercise boundary and the optimal
option price, need to be determined simultaneously.

Roughly speaking, in applied mathematics there are three ways to approach moving
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Figure 1.1: Sketch of horizontal Hele-Shaw cell with injection or suction through a thin tube

boundary problems. First of all, there is the numerical approach. In practise it is often
inevitable to use numerical simulations to approximate solutions. A difficulty is that
the geometries may become very complicated. Boundaries may become very irregular
or even fractal. Another issue is that in some situations solutions suddenly vanish. We
will discuss an example in which a solution breaks down in Section 1.2. The second ap-
proach is constructing exact analytical solutions. In Section 1.2 we discuss some cases in
which this is possible. Apart from numerics and finding exact solutions, one can use an-
alytical methods to prove qualitative properties like existence of solutions with certain
regularity on some time interval. Besides existence there is the question of uniqueness.
It is often believed that a model from the “real world” has precisely one solution. This
is not always the case since reality is often simplified. Therefore, existence and unique-
ness theorems are not only interesting for purely theoretical purposes but they also tell
us whether a model is acceptable after simplifications or not. An example in which a
mathematical model, that seems a reasonable description of reality, has no solutions, is
a creeping flow past a cylinder. This example of non-existence is known as the Stokes
paradox [52]. Besides existence and uniqueness a third condition for well-posedness
is that a slight modification in the initial conditions must lead to small changes in the
outcome.

In this thesis these three issues will be discussed for two important classes of mov-
ing boundary problems, namely Hele-Shaw flows and Stokes flows. In particular, it
will be shown that certain solutions are asymptotically stable. This means that a small
perturbation of these solutions decays during the evolution. The rate of this decay will
be calculated. Several types of boundary conditions, that model different physical situ-
ations, will be considered.

1.2 Hele-Shaw flow

In 1898 the Hele-Shaw model was introduced to describe a liquid flow in a so-called
Hele-Shaw cell [37]. This cell consists of two flat transparent parallel plates that are sep-
arated by a very small distance (see Figure 1.1). In the space between the plates a liquid
layer is confined. In horizontal cells, gravity effects can be neglected. After averag-
ing over the interstice, the liquid layer can be regarded as a two-dimensional bounded
domain. It moves in the presence of one or more driving mechanisms. Dimensionless
pressure p and velocity v are functions depending on two space variables x; and x, and
time t. They are related via Darcy’s law, named after a 19th century French hydraulic
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(@) (b)

Figure 1.2: (a) An unbounded liquid region with uniform suction at infinity. (b) A bounded
liquid region with suction at a single point.

engineer,
v=—-Vp. (1.1)

Furthermore, the fluid is assumed to be incompressible. Therefore
divo = 0. (1.2)

As a consequence, pressure is harmonic. Equations (1.1) and (1.2) are assumed to hold
inside the moving liquid domain ¢ — Q(t).

In so-called classical Hele-Shaw flow p is zero on I'(t) := dQ(t). This models conti-
nuity of pressure over I'(f), assuming that pressure is zero outside the domain. We will
discuss other boundary conditions later in this section.

On I'(t) we impose a kinematic boundary condition that says that the normal velocity
v, of the boundary is equal to v - n where n is the normal vector field. This is based on
the assumption that the boundary moves with the particles, such that for any time ¢ the
set of particles at I'(t) is exactly the same. Completed with driving mechanisms we have
defined a Hele-Shaw moving boundary problem.

Let us briefly discuss some applications of Hele-Shaw flow besides two-dimensional
liquid flow in a Hele-Shaw cell. First of all, the three-dimensional version of the model
is used to describe flows in porous media, like groundwater flow. Furthermore, the
relatively simple model plays a paradigmatic role for understanding more complicated
problems. Variations of the model are used to describe the growth of tumours that
have the structure of a porous medium [7]. A problem that is related to the one-phase
Hele-Shaw problem as well is the Muskat problem [57] in which two immiscible fluids
are in contact with another and form an interface, on which continuity of pressure is
assumed. Another related problem is the Stefan problem, that models melting of ice.
Hele-Shaw flow can be regarded as the limit of this problem for small specific heat, see
for instance [18].

An overview of the history of the Hele-Shaw problem is given in [41] and an overview
of articles on Hele-Shaw flow until 1998 is given in [40]. To complete the specification of
the classical Hele-Shaw problem we assume a driving mechanism. Let us consider the
following two configurations:

e For unbounded domains, one can have uniform injection or suction at infinity as
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Figure 1.3: An approximation of a solution to the classical Hele-Shaw moving boundary prob-
lem with injection. The lines denote boundaries of the domain for several values of time. As time
tends to infinity, the domain “converges” to an expanding ball. The picture is generated from
the linearised model (see Chapter 2).

in Figure 1.2(a). This is incorporated in the model by assuming that
v~ (—1,0), x — too. (1.3)

For u < 0 the fluid retreats and for 1 > 0 the fluid expands.

e For bounded domains, one can have injection or suction at the origin (see Figure
1.2(b)). This is modeled by replacing (1.2) by

divo = ps, (1.4)

where 6 is the Dirac-delta distribution. The area of the moving domain increases
if 1 > 0 and shrinks for p < 0 with rate |y/|.

Many other configurations have been considered. An example is a flow outside
bubbles in a parallel-sided channel with a uniform translational motion ( [55], [69]).
Fluids outside bubbles with radial suction of fluid at infinity or injection of air in the
origin have been studied by Howison and Gustafsson ( [35], [42], [43], [44]).

In this thesis we focus on the situation in Figure 1.2(b) with a bounded domain and
one source or sink such that (1.4) holds. The domain Q(0) is assumed to be a small per-
turbation of a ball. It is clear that if the initial domain is exactly a ball, then the moving
domain will be an expanding/shrinking ball. One of our goals is to answer the question
of stability for this solution. We consider an initial domain that is a perturbed ball and
investigate whether the moving domain “converges” to an expanding/shrinking ball.
Moreover, we investigate the decay rate of perturbations. Figure 1.3 shows how due
to injection a nearly spherical domain gradually takes more and more the shape of an
expanding ball.

Many results in this thesis are based on linearisation of a parabolic equation that
describes the domain evolution. Let us briefly discuss how linearisation methods have
been used in the stability analysis for a travelling wave solution in the case of an un-
bounded domain with uniform injection or suction at infinity in two dimensions as in

Figure 1.2(a) (see also Howison [45]). Identifying R* and C, the moving boundary I'(t)
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consisting of points with real part —ut is a travelling wave solution that is initially (at
t = 0) located at the imaginary axis. Let us consider a small perturbation of the initial
boundary:

I'0) = {esin(|k|y) +iy : y € R}, (1.5)

with € small and k € Z. A stability analysis by Saffman and Taylor [66] shows that the
solution to the linearised problem with homogeneous boundary conditions is given by

N(t) = {—ut + ee *Msin(|k|ly) +iy: y € R}.

The travelling wave solution with an advancing boundary (i > 0) is linearly stable be-
cause all Fourier modes decay when t becomes large. On the other hand, the travelling
wave solution for the receding boundary (1 < 0) is linearly unstable. For this suction
problem we discuss two regularisation methods that play an important role in this the-
sis. The homogeneous Dirichlet boundary condition for p is replaced by two types of
other boundary conditions. We discuss what implications these conditions have for the
linear analysis in the two-dimensional case.

e Surface tension: At the moving boundary we have the relation

p=—YK, (16)

where « is the mean curvature of the boundary of the liquid domain, taken neg-
ative for convex domains, and v is a positive constant called the surface tension
coefficient. In the context of the Stefan problem this equation is known as the
Gibbs-Thomson relation. In Hele-Shaw models it is used to describe the influence
of surface tension forces. If the initial boundary is the perturbed version (1.5) of
the travelling wave solution, then the moving boundary will be

M(t) = {—put + ee " FD gin([k|y) +iy - y € R},

for the linearised problem, see also [45]. All Fourier modes decay if y > —p.

o Kinetic undercooling regularisation: At the moving boundary we assume
Ip
£ —o,
ptBsy,

where 7 is the normal in outward direction and 3 > 0 is called the kinetic un-
dercooling coefficient. The name kinetic undercooling originates from the Stefan
problem, in which it models certain thermodynamic effects on the interface be-
tween ice and water. In a Hele-Shaw setting Romero [65] proposed to relate the

term /3‘3—5 to the second principal curvature of the liquid domain in the Hele-Shaw
cell. This is the curvature of the thin meniscus of the liquid in the narrow gap
between the two plates. The linear behaviour is

Ik|

N(t) = {—put +ee "7 sin(|k|y) + iy : y € R}

(see [45]). We see that for the linearised suction problem, Fourier modes grow at
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most exponentially with a factor elit (that is independent of k).

Now we briefly discuss a method to construct exact solutions for the two-dimensional
configuration with a bounded domain and a source or a sink (also discussed in [45]). On
the boundary we assume p = 0.

Since p is harmonic, the two-dimensional problem can be treated as a problem in the
complex plane in which p is the real part of a complex analytic function [31], [59]. By the
Riemann mapping theorem there are time-dependent conformal mappings f = f((, t)
from the unit disk to the domain. These conformal mappings satisfy the Polubarinova-
Galin evolution equation

of of \ _ _
Re (Cacat> =—u, for|l|=1. (1.7)

In [31], [45], [59], and [64] polynomial solutions to (1.7) with time dependent coefficients
are discussed. Let us discuss the simplest non-trivial example given by

f(G ) =a, () +ay (1),

aq il a,
. == . 1.8
( ) > a3 — 4a’ < —2ay > (18)

Figure 1.4 shows a corresponding domain evolution for the case of suction with |a,(0)| <
1]a1(0)|. Note that a blow-up via a 3-power cusp in the boundary occurs in finite time.
At the time that the cusp is formed we have |a,| = %|a;]. If |ay| > 3|a;], then f(-, 1)
would no longer be injective. This results into self-intersecting boundaries and self-
overlapping domains which is unacceptable. More generally, there are conditions on
the coefficients of the polynomial solutions to (1.7). Huntingford [48] discusses these
for Hele-Shaw flow and polynomials of degree 3. For more theory on injectivity of
polynomials on the unit disk, see [16].

For a receding fluid in an unbounded domain finite-time blow-up results via cusp
development have been found in [46].

We conclude this section by discussing some existence results for solutions to the
Hele-Shaw problem.

The classical injection problem has been reduced to a variational inequality ( [5],
[17], [34]). Weak solutions have been introduced and existence results for all time have
been proved. Moreover, a monotonicity result has been derived in [34]. The concept
of a weak solution is more flexible than that of a classical solution since regularity and
connectivity of domains are no issues.

In this thesis we are concerned with classical solutions. We want to obtain asymp-
totic stability results for the spherical solutions in the strongest possible norm. From
the monotonicity for weak solutions we only obtain convergence in the C’-topology
(see Section 2.1 for explanation). Moreover, the monotonicity result only holds for the
zero surface tension problem. An important restriction on our evolving domains is that
they must be small star-shaped perturbations of balls. A bounded domain is said to be
star-shaped (with respect to the origin) if each ray starting in the origin intersects the
boundary of the domain at at most one point. Vasiliev and Markina [73] proved that

with
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Figure 1.4: Cusp development for the Hele-Shaw suction problem. The largest domain is the
initial domain. For several values of time the moving domain is plotted. In finite time a cusp
occurs.

star-shapedness is preserved on some time interval for the 2D problem with injection
and small surface tension. In [36] infinite lifetime of solutions is proved for the version
of this problem without surface tension, assuming star-shapedness and analyticity of
the initial boundary. Existence of classical short-time solutions for more general initial
domains for a closely related problem has been proved by Escher and Simonett [21], [22].
Prokert [61] proved a global existence result in time for classical solutions for the case
without a source or sink and y > 0, assuming nearly spherical initial domains. More-
over, he proved that perturbations of a ball decay exponentially fast.

1.3 Stokes flow

Besides Hele-Shaw flow, Stokes flow with surface tension will be considered in this
thesis. For Stokes flow we have

—Av+Vp=0 (1.9)

and on the boundary
(Vo+ Vo — pl)n = ykn (1.10)

is assumed. Here I stands for the identity matrix. Again the fluid is assumed to be
incompressible. The equations can be derived from the Navier-Stokes equations if one
omits inertial terms.

Stokes flow appears in many moving boundary problems. As an example, the pro-
cess of viscous sintering in glass industry can be modeled by means of a Stokes flow [51].
To study the growth of tumours, Stokes models are sometimes more apt than Hele-Shaw
models. Although many tumours have a porous medium structure, there are tumours
(e.g. breast cancers) that are more naturally modeled as a fluid ( [25], [26], and [27]).
More applications where Stokes flows are involved are given in [68].

Although for Stokes flow the components of v are not harmonic, in two dimensions
it is still possible to represent v by means of two analytic functions since they are bi-
harmonic [58]. Many authors used this representation to apply methods from complex
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analysis, see for instance [60]. Cummings, Howison, and King [12] found a set of con-
served quantities for two-dimensional Stokes flow without surface tension. Further-
more, exact solutions can be constructed by means of conformal mappings from the
unit disc. In [47] the particular case

f(¢t) =a(t) (5_ b(t)én> ’

n
with b(f) < 1 is studied and in [11] general cubic polynomials are treated, both with
and without surface tension.
In [33] short-time existence results have been proved for the problem without injec-
tion or suction. In the same work, the authors show global existence for the case of an
initial domain that is a small perturbation of a ball. In [19] joint spacial and temporal

analyticity of the moving boundary has been proved. For the problem with injection or
suction short-time existence and smoothness results have been proved in [60].

1.4 Objectives and main results

Again we denote a domain evolution by ¢t — Q(t) and ¢ — TI(t) is its moving boundary.
Consider the situation with a source or a sink located at the origin, such that (1.4)
holds. Suppose that the initial domain Q(0) is the N-dimensional unit ball BN := {x €

RN : |x| < 1}. Itis clear that for both injection and suction the evolving domain Q(t)
will be a ball for all t with volume equal to

B(t) = ut +0(0) = pt + %N (1.11)

where oy is the area of the unit sphere S¥ ', This follows from

ay(t) d _ _ . _
7_E/dex—/m)v ndo = Q(f)dwvdx—u,

which is a consequence of (1.4) and the fact that the volume of B" is equal to the quotient

of the area of S¥ " and N. The radius of the evolving ball is therefore equal to
a(t) = v/ENE L (112)
ON

The expanding ball in the presence of a source (1 > 0) has infinite lifetime, whereas
the shrinking ball (1 < 0) vanishes at t = ‘Zﬁ Throughout the thesis we refer to
this expanding/shrinking ball as the trivial (spherical) solution or the trivial domain
evolution.

One of our goals is to answer the stability question for this spherical solution in
the context of Hele-Shaw and Stokes flow. By stability we mean that a domain that is
initially a small perturbation of BY gradually takes more and more the shape of the
expanding/shrinking ball a(t)B". For the case of injection we intuitively expect that
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this is true, as Figure 1.3 suggests. We will prove this for Hele-Shaw flow with the
three boundary conditions that we discussed. For Stokes flow we restrict ourselves to
condition (1.10).

For the suction problem we expect that this is in general not the case. As we have
seen in Section 1.2, it may even happen that domain evolutions do not continue up to
complete extinction (i.e. the situation in which all fluid is sucked out).

Our stability analysis has a certain analogy with the stability analysis of the trivial
travelling wave solution for the unbounded configuration with injection/suction at in-
finity that we discussed earlier. The role of the travelling wave solution is played by the
trivial spherical solution in our work. Including surface tension via boundary condition
(1.6) the suction problem is regularised in our case as well. As for the unbounded do-
main this can be concluded from the eigenvalues that appear in a linearised evolution
problem. For the travelling wave a bound on the suction rate is necessary to make sure
that all eigenvalues have the desired sign. Also in the stability analysis of the spheri-
cal solution for the bounded case in Hele-Shaw flow a similar condition is sometimes
necessary. This strongly depends on the space dimension.

Moreover, another condition must be satisfied. In order to exclude some eigenvalues
with positive sign we need to ensure that

/ xdx = 0. (1.13)
o

Note that this means that the geometric centre of the domain is located at the position
of the sink. Since the geometric centre is invariant, both for Hele-Shaw flow and Stokes
flow, (1.13) holds for all ¢ if it holds for t = 0. It has been proved by Tian [70], [71]
for Hele-Shaw flow with boundary condition (1.6) that if (1.13) is not satisfied, then the
solution breaks down before all liquid is sucked out or the domain becomes unbounded
with zero area. It is interesting to investigate the reverse question. Can all liquid be
sucked out in certain situations? This question is answered with “yes” in Chapter 3 for
the 3D Hele-Shaw problem. We assume a nearly spherical initial domain that satisfies
(1.13) at t+ = 0. Furthermore the suction rate must be lower than a certain value. This
gives a partial solution to an open problem posed in 1993 [39].

In Chapter 5 we conclude that also for the 2D case this is true. Moreover, there is
no bound on the suction rate. Also the case in which kinetic undercooling is included
is discussed. An important consequence for this type of regularisation is that in general
invariance of the geometric centre is lost. Therefore we want to know whether it is still
possible to obtain similar results, forcing (1.13) to hold for all ¢, for instance by restricting
ourselves to domains that are initially symmetric with respect to all coordinate planes.

The linear analysis of the trivial travelling wave solution, that we discussed in Sec-
tion 1.2, shows that for the zero surface tension case with u > 0 perturbations with
shorter wavelengths decay faster than those with longer wavelengths. We will prove
that a similar result holds in the case of the trivial spherical solution. The eigenfunc-
tions for the linearised problem are related to Richardson moments, which have invari-
ance properties for the zero surface tension case. It is interesting to ask whether in the
nonlinear evolution perturbations decay faster if certain moments vanish.

Another important aspect is to investigate suction outside the geometric centre and
in particular stability with respect to the suction point. We want to know whether in a
fixed initial domain there is a continuous dependence near the geometric centre between
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Figure 1.5: Parametrisation of a domain Q¢ by means of a function f SN = (1, 00)

the position of the suction point and the length of the maximal time interval on which a
solution exists.
The trivial domain evolution shows self-similar behaviour,

In other words, the size of the domain changes in time but the shape does not. It is
interesting to investigate whether existence of more solutions with this self-similarity
can be proved using linearisation and bifurcation theory. We will do this for 3D Hele-
Shaw flow with surface tension. We will show that for certain negative values of p,
families of non-trivial self-similarly vanishing solutions exist that bifurcate from the
trivial spherical solution. These solutions are domains that can be parameterised by
approximations of zonal spherical harmonics in the way that is described in Section 1.5.
After proving existence we ask ourselves whether some of the constructed non-trivial
solutions are stable.

1.5 What methods will we use?

Domain evolutions are studied by means of scalar functions. Any continuous function
f:SN' = (—1, 00) describes a star-shaped domain in R as follows:

Q= {x eRV\{0}:|x| <1+f (x) } u{0}, (1.14)

|x]

see also Figure 1.5. The domain evolutions ¢ — Q(t) that we consider in this thesis will
be described by means of a function R(-, t) that satisfies Q(t) = Qp(. ;).
For instance, the trivial solution is parameterised by

R(&,t) = aft) — 1.

In order to investigate stability it is convenient to regard the trivial domain evolution

t — a(t)BY as a stationary solution. This is done by rescaling the moving domain
t — Q(t) by a factor «(t). The evolution of the rescaled domain is parameterised by
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Figure 1.6: Evolution t — Q, .,y for Hele-Shaw flow with injection and y = 0. This plcture

is generated from the linearised model (see Chapter 2). The moving domain converges to BY.
Figure 1.3, the evolution t v~ Qg starting from the same initial shape Q(0) = QR(./(,) =
Q.0 is plotted.

r(-,t) given by

14+ R(-,t)
b)) = -1 1.1
) = = (115)
As a consequence, Q,. ;) = a(t) a(t) 1 Q(t). In the case of the trivial solution

we haver = 0 for all t. In Figures 1 3 and 1.6 possible domain evolutions f +— Qg.
and t +— Q,., are sketched for some initial domain Q(0). Figure 1.6 suggests that

Q, (s converges to B" as t approaches infinity. In other words, r goes to zero as ¢ tends
to infinity.
For Hele-Shaw flow with surface tension an equation of type

or _ Y R+ LFe), (1.16)

At aft)’ a(t)"
for some operators F; and F,, will be derived in Chapter 3. For Stokes flow we find

a vy %
3 = wgﬂ”) + rgz(r)f (1.17)

for some operators G; and G, in Chapter 6.

An important property that will be used both for Hele-Shaw and Stokes flow is
smoothness of these operators. They turn out to be analytic near zero. We briefly dis-
cuss the concept of analyticity for operators between function spaces and mention some
properties. For details and proofs, see [15] or [60]. An operator F : X — Y, for Xand Y
Banach spaces, is called analytic near zero when for small ||7|| it can be written as

= i ]—'k(r, 7,
k=0
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where F* are bounded symmetric k-linear mappings such that for some € > 0
ST
Y 7€ < oo,
k=0

where
||]-"kH = sup ||.7-'k(x1,x2,...,xk)||. (1.18)

lxll=lxfl=-=[lx =1
The term F' (r) is called the Fréchet derivative of F at zero in the direction r or the
linearisation around zero of F. The following notation will be used:

F(0)[r] :== F(r).

Analyticity at ¥ € X and Fréchet derivative at r € X (linearisation around r) for
r # 0 are defined analogously. Analyticity is a useful property mainly because it enables
us to study nonlinear problems by looking at the linear ones and using perturbation
arguments. Often it is enough to demand lower regularity. However, we choose to show
analyticity since it is often not more complicated than showing Fréchet differentiability.

Important properties of analytic operators that we will use are the following ones:

e Compositions of analytic operators are analytic.
e Point-wise multiplications of analytic operators (if well defined) are analytic.
e Fréchet derivatives of analytic operators are analytic.

The following lemma is an extension of the Implicit Function Theorem for functions in
RY to operators on function spaces.

Lemma 1.1. Let X, Y, and Z be Banach spaces, let f : X X Y — Z be analytic near (x,, y),
and suppose that f(xy,y,) = 0. Suppose that the Fréchet derivative w.r.t. the second argument

at (xy, yo) given by
he f'(x0,40)[0, 1]

is bijective from Y to Z. Then there exists a unique analytic mapping y : U — Y, for U a small
neighbourhood of x in X, that satisfies

flx,y(x)) =0
and y(xo) = Yo.
Proof. See [80, Ch. 8]. O

The function spaces in which we consider our evolutions must be closed under
point-wise multiplication and they must be Banach algebras. This means that they are
Banach spaces for which there exists a C > 0 such that for all elements r; and r, the
point-wise product r,r, satisfies

a2l < Clire[lflr2]-

Two types of Banach algebras that will be considered in this thesis are Holder spaces
and Sobolev spaces.
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e The Holder spaces C*#(SN™) and C*#(B") for k € Ny and B € (0, 1) are Banach
algebras.

e The Sobolev spaces H'(S¥ ') and H+2 (BY) for real s > N1 are Banach algebras.

We call an element of a Banach algebra invertible if there exists another element such
that the product is equal to the multiplicative identity. Banach algebras have the prop-
erty that for each invertible element there exists a neighbourhood on which inversion is
a well-defined analytic operation.

Let us now discuss some methods and concepts that we will use to prove our ex-
istence results. For classical Hele-Shaw flow (y = 0), we can get rid of the factor
a(t) "N in (1.16) to make the evolution operator on the right-hand side of the equation
autonomous. This is done by introducing a new time variable (see Chapter 2). For such
autonomous operators the principle of linearised stability [53] will be used to prove
global existence results in Holder spaces. We need to prove that the Fréchet derivative
F5(0) has certain properties. It must be a sectorial operator and its spectrum must be
located in the left half-space of the complex plane away from the imaginary axis.

For v > 0 only the three-dimensional version of Hele-Shaw flow with source/sink
can be treated in this way. For N # 3 it is impossible to make the right-hand side of
(1.16) autonomous. The eigenvalues are different from the zero surface tension case.
Nevertheless, the linearisation of the evolution operators for these problems have a lot
in common. In both cases it is possible to express the Fréchet derivatives in terms of the
Dirichlet-to-Neumann operator A/ on the unit sphere. This is a mapping of order one
that maps a function f : SN! — Rto g : SN! — R where g is the normal derivative
of the unique harmonic extension of f inside B". Furthermore, we find the same set of
eigenfunctions, namely the spherical harmonics.

Let $); be the vector space of harmonic homogeneous polynomials of degree k in N
variables. Spherical harmonics are defined as the restrictions of these polynomials to
the unit sphere,

GIIC\] = {q ‘SN—T: qe ﬁi\]} .
From [56, Lemma 4] we get
(2k+ N —=2)(k+ N — 3)!

V(N k) := dim &) = k(N —2)! kel
1 k=0.

For example for N = 2 we have v(2,k) = 2 for k # 0 and v(2,0) = 1, while for N = 3
we have v(3,k) = 2k 4 1. For each &} we choose an orthonormal basis with respect to
the L*(SN™!)-inner product

N_ /N N N
6k - <Sk1/sk2/ cee /skv(N,k)> :

We will often omit the index N in s% and &} .
In the literature the complex-valued spherical harmonics for N = 3 are often de-
noted by Y, with k € Ny and j € {—k, —k+1,...,k}. Some corresponding domains

are plotted in Figure 1.7. For each k € N the linear subspace of & consisting of func-
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¢ C C
¢é &

Figure 1.7: Some three-dimensional domains that are parameterised by spherical harmonics of
degree 1,2,3,4,5,6. The Spherical harmonics of degree zero are constants. Therefore they param-
eterise balls around the origin.

tions that are axially symmetric around the vertical axis is one-dimensional and spanned
by the so-called zonal harmonics Y. In this thesis we will use the notation Y} := Y},
for the sake of brevity.

The 2D spherical harmonics si]- are the functions sinkf and cos k@ where 0 is the
polar variable, see Figure 1.8.

The following two facts on the spherical harmonics will frequently be used in this
thesis:

e The harmonic extension of s;; inside B is given by x |x|ksk]- (ﬁ) .

o Ifh e &), then N'h = kh.

Note that both properties follow immediately from the definition of spherical harmon-
ics.

In order to treat the non-autonomous cases N = 2 and N > 4 we find estimates
for (r, F(r,t)),, where F(r,t) denotes the time-dependent right-hand side of (1.16) and
(+, ), is the H’-inner product. The same method will be used for Stokes flow. In the case
of Hele-Shaw flow with kinetic undercooling, time dependence appears in a much more
complicated way than in (1.16). Therefore, finding useful estimates is much harder.

In Appendix A, we discuss a modification of a theorem by Kato and Lai [50, Thm.
A] that will be used to derive existence results from these energy estimates.

An important tool that is necessary to obtain useful energy estimates is a generalised
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Figure 1.8: The two-dimensional spherical harmonics are sines and cosines in the polar variable.
Some domains that are parameterised by the cosines are plotted.

version of the chain rule of differentiation. It says that for the differential operators

ad 0

1] lax]

D N 7
]axi

1<i<j<N,

SN_1

one has for r : — R smooth enough

D;;F(r) = F'(r)[Dyr], (1.19)

for our evolution operators 7 = Fj, for k = 1,2. This rule is based on equivariance
properties of F; with respect to rotations and it will be proved in Chapter 5. In the
next example the power of this chain rule is demonstrated by means of an autonomous
equation. The symbol C > 0 is a constant that may vary throughout the calculations.

Example 1.2. Consider an equation of type
or
3= F(r),
where F is an analytic operator on functions on SV that satisfies (1.19) and F(0) = 0.
As said before, Hele-Shaw flow with y = 0 can be described by such an equation with
an evolution operator that does not depend on 7. We assume F to be time-independent

to keep this example as simple as possible. Assume further that F is of order one and
suppose that one obtains from linear analysis that

(r, F(0)[r])s < =AllrlZ,1,

for some A > 0. We want to find a similar estimate for the nonlinear operator F for r €
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1 (SY71) with [|7]|; < & for some & > 0 small enough, making use of the inequality
W 9)s < Mllsc 17ls-2

fory e H+2 (SV"1) and 7 € H'(SV ). Note that analyticity implies that

2
1F(r) = F(O)rlls—y < Clirllg, 1 (1.20)
for some C > 0 and ||r||, .1 small. However, we cannot conclude that 715 +1 is small

from the fact that [r[|; is small. If |||, ; would be small, then we were able to derive

2 (o)

IN

(r, F(r)s = (1, F (0)[r])s + (1, F(r) — F'(0) [r])s
< (A Clrll Pl - (1.21)

This would automatically imply stability for [|r]|,,, small. However, we do not control
[[7[ls+1 and fail to get a useful estimate. Now we introduce the following inner product

on H*(SM ') that is equivalent to (-, -),:

(r7)so10 = (nP)sor+ Y, (Dijt, Dijf)sa- (1.22)

1<i<j<N

Because ||7[|,_, is small it is allowed to apply (1.21), replacing s by s — 1 and s + 1 by

5 — %, to obtain
(r, F(r)s1 < (“A+Cllrll= ) lI7lIZ- s (1.23)

The chain rule yields
(Dz‘j”/ Di]']:(r))sfl = (Dijr/ ]:/(T) [Dijr])sfl
= (Dyr, F'(0)[Djjr])s1

+(Djjt, {F(r)-F(0)} [Djjr])s—1

< —AlIDyrll?-s
2
+ClIDsjr sy [{F' () = F(0)} [Diyr]||__,
2
2 2
< AIDyrlls-y + Clirlls— s (D311 (1.24)

for some C > 0. In the last step we used local Lipschitz continuity of F' near zero. Now
it follows from (1.22)-(1.24) that

(nFM)saa < —Allrlli

2

A+ Cll g llrl3 s 2

(=A+Clirlle-p)lIrlE s -

1
2
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Forany A € (0, A) there exists a 6 > 0 such that for [|r|[; < § we get —A+Cl|r||,_1 < —A.

As a consequence )
(r, F(r)s-10 < =Allrlls—100

for ||r||s < 6. O

1.6 Outline of the thesis

This thesis consists of three parts. In the first part we focus on stability results for the
problems that can be described by autonomous evolution operators.

o In Chapter 2 we treat Hele-Shaw flow for the case ¥ = 0. Only the injection
problem is well-posed. We prove infinite lifetime for solutions assuming that the
initial domain is nearly a ball. Perturbations of the spherical solution turn out to
decay algebraically fast. We also show that convergence is faster if low Richardson
moments vanish.

e Chapter 3 is dedicated to Hele-Shaw flow in R? with y > 0 for nearly spherical
initial domains. Again the lifetime for the injection problem is infinite, but we
also have global existence of solutions to the suction problem if the conditions on
the geometry of the initial domain, that we mentioned before, are satisfied and

|ul/y < 32m/5.

In Chapter 4 we use bifurcation theory to find non-spherical solutions that vanish self-
similarly from bifurcation theory. We also show that the ones that are approximated by
Q_,y, for € > 0 are stable w.r.t. a certain class of perturbations.

In the third part we tackle the problems where time dependence in the evolution
operator occurs.

e Hele-Shaw flow with y > 0 for N = 2 and N > 4 is treated in Chapter 5. For the
injection problems the lifetime is again infinite. For the suction problem we prove
a similar result as for the 3D suction problem. There is no bound on the suction
rate for N = 2 because for large time the effect of surface tension dominates the
effect of the sink, as (1.16) shows. For N > 4 the sink is dominant and we have
linear instability.

o In Chapter 6 Stokes flow with surface tension is treated. In comparison to Hele-
Shaw flow determining the Fréchet derivative of the evolution operator is more
complicated. To find this Fréchet derivative we use vector valued spherical har-
monics to solve a boundary value problem on the ball. As (1.17) suggests, results
for Stokes flow in dimensions 2 and 3 are similar to those for Hele-Shaw flow for
N > 4.

e In Chapter 7 we return to Hele-Shaw flow and consider the case in which both
surface tension and kinetic undercooling are present.

An article with the contents of Chapters 2 and 3 has been published (see [76]) and the
contents of Chapters 4-6 have been submitted (see [62], [77], [75], and [74]).
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Chapter 2

Classical Hele-Shaw flow

2.1 Introduction

The classical Hele-Shaw model, characterised by (1.1), (1.4), and zero pressure on the
boundary, is the simplest model that we will discuss. The main goal of this chapter is to
prove stability of the spherical solution when a source is located at the centre. The first
step is to derive an equation for the evolution (see (2.17) and (2.29)). After that we show
that the nonlinear non-local operator F that describes this evolution has the following
properties:

e Itis smooth.

e The spectrum of the linearisation F'(0) consists of negative numbers away from
the imaginary axis.

e The linearisation is a sectorial operator.

In Section 2.2 we discuss the smoothness of the evolution operator in full detail. Its
crucial ingredient is a solution operator for an elliptic boundary value problem. To
show smoothness of the solution operator the Implicit Function Theorem is used.

In Section 2.3 the linearisation around the spherical solution is discussed. This lin-
earisation is of first order and essentially given by the Dirichlet-to-Neumann operator
on the unit ball. Based on the spectral properties a global existence result is derived and
it is shown that perturbations of the spherical solution decay algebraically.

In Section 2.4 we show that convergence for domains for which low Richardson
moments vanish, is faster. This is done by discussing the linearisation of the evolution
operator restricted to the corresponding invariant manifolds.

Let us now define the moving boundary problem. The parameter i in Chapter 1
will be fixed to 1 here, because situations with different injection rates are equivalent
after rescaling time. We seek both a family of domains t — Q(t) € RN, 0 € Q(t),
parameterised by time and two functions v(-,t) : Q(t) — RN and p(-,t) : Q(t) — R
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Figure 2.1: The fixed time problem for classical Hele-Shaw flow with a source at the centre

such that
dive = $ in Q(t), (2.1)
v = —=Vp inQ(}), (2.2)
p = 0 on I'(t) := 0Q(t), (2.3)
see Figure 2.1.
The normal velocity v,, of the boundary t — T(t) is given by
v, =0 N (2.4)

The fixed time problem given by (2.1), (2.2), and (2.3) can be reduced to

p = 0 onTl(t).
On I'(t) we have
L
"on’

In Chapter 1 we already mentioned that if we start with Q(0) = B" where BY =
{x € RN : |x| < 1}, then Q(t) = a(t)B" with «(t) given by

a(t) = ,N/%t +1, 25)

where oy is the area of the unit sphere SV .

For the classical Hele-Shaw problem a variational inequality has been derived by
Elliott and Janovsky [17] and Gustafsson [34]. Weak solutions have been investigated
by Gustafsson [34] and Begehr and Gilbert [5].

Gustafsson [34] proved the following monotonicity result. If ¢t — Q(t) and ¢ +—
Q'(t) are two solutions such that Q(0) C Q'(0), then Q(t) C Q'(t) for all t. This result
can be used to show a stability result as follows. Let t — Q(t) be a solution to the

problem (2.1)-(2.4) such that Q(0) is a small perturbation of the unit ball BY, let us say
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in the C’-topology, such that there exists an € > 0 for which
(1-e)BY C Q(0) C (1+¢)BN.

In other words, the initial domain is a subset of some ball of radius larger than 1 and
there exists a ball with radius smaller than 1 that lies inside the initial domain. Because
of monotonicity we have at time #:

fieOBY C Q) C fi(H)BY

with
fuaelt)i= § o+ (120",
ON

It is clear that for large time f;,.(t) — f;_.(f) goes to zero. The gap between the bound-
aries of the two growing balls f; .. (t)B" becomes smaller and smaller and I'(t) := 0Q(t)
is forced to stay in between. This suggests convergence of Q(t) to an expanding ball.

However, there is no guarantee yet that for an initial perturbation of a ball a classical
solution with infinite lifetime indeed exists. In this chapter we prove a global existence
result in time in terms of functions r that parameterise domain evolutions as explained
in Section 1.5. We will consider classical solutions in the so-called little Holder spaces.
Existence of classical short-time solutions and uniqueness have been proved by Escher
and Simonett [22].

2.2 The evolution equation and its linearisation

Define for any star-shaped domain evolution t — Q(t) that solves (2.1)-(2.4) the con-
tinuous function R : S x [0, 00) — (—1, 00) such that Q(t) = Qg(.+) conform (1.14).
Often we will write R(t) for R(-,t). Let 7 : SN 7! x [0,00) — (—1, 00) be given by

_1+R()

r(t) 0]

—1, (2.6)

so that
Qr(t) = OC(t)71QR<t). (27)

The trivial spherical solution is described by r(t) = 0. We will often omit the argument
tin r(t) if we consider a fixed domain.

Define for any r : SN™! — (=1, 00) the set T, as the boundary of Q, and introduce
for suitable r

e 3(r,-) : SN = T by
2(r&) = (1+r1(8))¢, 2:8)

e 1(r,-) by the function that maps an element & € S¥~ to the exterior unit normal
vector on T, at the point Z(7, &).

We will often use the notations Z(r) and n(r) instead of Z(r, -) and n(r, -).
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Lemma 2.1. Suppose that t — Qg solves the moving boundary problem given by (2.1)-(2.4)
and assume that R is differentiable with respect to both arguments. Then

R, . v(2(R,&)) n(R,E&)
T sy

gesh

Proof. Let t" be a fixed value for t. Let p(t*) be the position of a particle on Iy, at time
t* and let p(t) be its position at time f near +*. We have

p(6) = p(t) + [ o(p(F), P

Define the function f(-,t) : SN 5 SN that maps & € SN o &' € SN such that
Z(R(t),&") is the position at time t of the particle that was located at Z(R(t"), &) at time
t*. Then

L+ R(F& 0, 1) f(,1) = [14+R(E#)] &+ /;v([l +R(f(&,D),F)|£(&,B).T)dE,

2.9)
because f(&,t") = &. Define for small € > 0 the mapping F : SN-1 (t"—¢t ' +e€) —

rR(t*) by
F(&) = (14+RUF (8,8 F(&,1).

Differentiating (2.9) with respect to t at t = t* one gets
oR . oF . * *
S EE)E+5(E ) = o((1+R(EF)E ).

Taking the inner product with n(R(t"), &) and knowing that the term with % is tangen-
tial to 'z(;+) we obtain

S &R, ) -8) = (1 +REEF))E 1) -n(R(E), &),

This proves the lemma. O

Define @ : RN — R by

1
— ﬂ In |x| N = 2,

(N=2)oy|x[N2  (N—2)oy -

Up to a constant this function is the fundamental solution of the Laplacian. Define
U:0Qr —Rby
U:=p—. 2.11)
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Because A® = — we have

AU =0,  inQ(t),
u =-9, on I'(t).

Define for each continuous f : S¥! — (—1,00) the function Li : Qf — R as the

harmonic function that coincides with —® at the boundary I

L&) = —0(&), €Ty

Lemma 2.2. If R(t) and r(t) are related via (2.6), then for & € Q)

Lyt (&) = a(t) Ly (@(1)&) + (1) (2.12)

and
VL(&) = a(t)N I VLg (a(t)&) (2.13)

where c(t) only depends on t.

Proof. 1tis clear that the right-hand side of (2.12) is an harmonic expression in & on €, ;).
Let & € T,y such that «(t)& € Tg(;). Due to the scaling behaviour of ® we have on the
boundary

a(t) 2Ly ((1)E) = —a(t) 2 (a(t)E) = ~@(&) — c(t).

For N = 2 we have .

c(t) = 5 In «(t)
and for N > 3 oo
_ 1)
o(t) = N=2)on
This proves (2.12) and (2.13) follows from (2.12). O
Since 1
VCD(JC) = — X,
UN|x|N
it follows from (2.2), (2.11), and Lemma 2.1 that
aj(é) _ _vu(z(Rlé)) ) n(R/E) 1
at n(R,&) £ onlE(R, &)
_ _VU(Z(R,E,)) -n(R, &) 1
n(R,&)-2 on(1+R(&)"
VU(2(R,¢&)) - n(r,&) 1
= — , 2.14
n(r,&) ona ()N 1+ (@) @

because (&) > —1 and n(R,&) = n(r,&). Itis clear that U = L and from (2.13) it
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follows that
VL(2(r,8)) = a(t)N ' VLg(2(R, 8)).

Asa consequence,

VU(%(R,&)) = a(t) " NVL,(3(,&)). (2.15)
Note that because of (2.6) and &' = o'’ " we have
o _ 1R _o«(1+R) 1R _1+R
ot o ot o2 adt o Ntlgy
10R 147

= - =_-1° 2.1
A e (2.16)

where we omitted t arguments and " denotes differentiation with respect to t. It follows
from (2.14), (2.15), and (2.16) that

o 1 [ VL((r¢&)) n(ré) 1 _1+7(E)
ot (&) = a(t)N < n(r, &) & * oy(1+r(&))N oN ) ‘

We rewrite this evolution equation as

o 1

= = F(r 217
= 2o 1)
with
VL,(£(r,£)) - n(r,&) 1 1+7(&)
F(r) (&) =— - . 2.18
( ( ))( ) n(r,E)-E, O_N(l_'_r(é))]\],l oN ( )
Introducing the transformation T = 7(t), such that 7(0) = 0 and
v _ 1 1
dt a1
which implies
_ o (N
T(f) = N In (UN + 1) , (2.19)
we get an autonomous evolution equation
or _
3= F(7) (2.20)

where 7(7) = r(t). In the sequel we will write r instead of 7.

Now we transform the problem to the fixed reference domain B". Let for k € N,
and B € (0,1) the little Holder spaces 1" (K) on a compact domain K be defined as
the closure of C*(K) in the Hélder spaces C"?(K). These spaces have the property that
H*#(K) is dense in HEE (K)if k' 4+ B’ < k + B. Furthermore, the embedding of 1"* (K) in
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A (K) is compact (see [1, Thm. 8.6]). In this chapter we study domain evolutions by
means of functions 7 in the little Holder spaces h*F (SN, Endowed with the norm of
C*P(SN71) the little Holder spaces are Banach spaces.

By || - [/t s we denote the standard norm of C*#(SN"1) and || - ||, denotes the norm
of C¥(SN71) for k € Ny. The norm of Ckﬁ(BN) will be denoted by || - ”c”’ B All other
norms will be denoted in a similar way, for example || - ||]L2 s1 Al M ()

By [53, Thm. 0.3.2] there exists an extension operator E € ,C(Ck’/3 (SN, ck# (IB?N))
fork € {0,1,2} and 3 € [0;1), such that

E(T)|SN71 =7
— \N
Define z : C*#(SN™1) — (Cz’ﬁ(]B%N)> by
z(r,x) = (14 E(r,x)) x,

where z(r,-) = z(r) and E(r,-) = E(r). Note that z(r) is an extension of Z(r) to B".
Lemma 2.3. There exists a § > 0 such that if ||r||, g < & then z(r) : BN — Q, is bijective.

Proof. In this proof we write r (x) instead of E(r, x). Let x and x" be in IBTN\ {0} such that
z(r,x) = z(r,x") but x # x". If x and x’ are linearly independent, then r(x) = —1. This
is impossible if ||7[|, ; is small. So there exists a A € R such that x’ = Ax. Without loss of

generality we assume that A € [—1, 1), because the roles of x and x’ can be interchanged.
We get 1 — A = Arg(Ax) — rg(x). Define f : [-1,1] — Rby

f(o) := —org(ox).
We have f(1) — f(A) = 1 — A. By the Mean Value Theorem there exists a ¢* < 1 such
that

1=f'(0")=—rg(o’x) — 0" iniari—gjx),

i 1

where f' is the derivative of f. This leads to a contradiction if ||r[|, 5 is small. To com-
plete the proof of injectivity, suppose that z(r,x) = 0. If x # 0, then we have again
re(x) = —1 which is impossible. To prove surjectivity let y € Q,. Since the case y = 0
is trivial we assume y # 0. Because Q, is star-shaped there exists a A € (0; 1] such that

B y Y
=A = ] =A(1 . 2.21
y ( |y) ( +“E<|y|>)| | 221

Define ¢ : [0,1] — R by
o) =a(1en (o).

We have ¢(0) = 0and g(1) =1+ r¢ (Iy\) By continuity there exists a o* € [0,1] such
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¢(0) = A (1 Frp (é)) . (2.22)

(o) = o (e (o)) = sy
_ A(HTE( ))y:

that

—= \ NxN
Define 7 : C2#(SV1) — (Cl’ﬁ(]B%N)> by

oz(r
()= %1,
Again we make no difference between J (r) and J (, ).
Lemma 2.4. There exists an & > 0 such that if r € C**(SN™1) satisfies 7llog < &, then
J (r,x) is an invertible matrix for every x € BY and x — J(rx) e (Cl’ﬁ (IBTN))NXN.

Furthermore, z(r) ™ (CM( ))N

Here, z(r) ' denotes the inverse of z(r) as a mapping, whereas 7 (r,x) " is the inverse
of J(r,x) as a matrix.

Proof. First of all, J(0,x)
that the spaces (Ck’ﬁ (BN)

= [ (the identity matrix). We will make use of the fact
NxN
) are Banach algebras. The mapping J is continuous
— \ NxN —.\ NxN
near zero from C*#(SN°1) to (Cl’/3 BN )) . Invertible elements in (Cl’ﬂ B~ ))
form an open set. We conclude that J () is invertible for ||7[|, 4 small and J (e

18, Ny VXN . 1. . . .
C"(B"™) . It is clear that z(r) " is continuously differentiable and the compo-

nents M satisfy
3(2(7’)71)1 _ -1 -1
7an =[J () ]z’j z(r)™, (2.23)
Differentiation leads to
az(z(r)_l)i _ -1 -1 az(”)_l
Tvan ~ (VWO yezn™) - 0 (2.24)

Since the composition of an element of C*P (IBTN) and an element of C'(Q3,, ]BTN) is in
C""(Q,) we get from (2. 23) & _71 i ¢ C"*(Q),). Combining this and (2.24) it follows
/
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that

20 ) ¢ ¢OF(Q,). This completes the proof. O

Jx 0y

We denote the components of 7 (-) " by j** : U — C"P (IBTN) By Lemma 2.3 and Lemma
2.4 we see that there exists a neighbourhood U/ of 0 in C*P (SN and two mappings

AU — £(C**BY), " BY))and Q: U — L (czﬁ(IBaN), (cl'ﬁ(nzaN))N> such that

A= (8 (woz0) ") o2t = X Pog (Pog) e
and ou
Q(rju = (V (noz(r) ™)) oz(r) = szjk"<r>a*nei, (2.26)
where ¢; is the i-th unit vector in RY. Let S : ¢ — £(C**(BY),c%#(BY) x ¢*#(sN1))
be defined by
S(rju = ( AT(:LZM ) : (2.27)

and introduce ¢ : U — C** (SN by
o(r,x) = 0((14r(x))x). (2.28)
Using this notation, (2.18) formally can be written as

Tr (Q(r) [Sml { (p?r) H) n(r) L1 14y

n(r)-id on(1+r)N oy

F(r) = (2.29)

where id is the identity on S¥~'. To show that F is well-defined in this way we need
to show that S(r) is invertible for small . We also show that F is analytic near zero
by proving that the operators A, Q, n, and ¢ are analytic, using the Implicit Function
Theorem and Banach algebra properties. Many of the following lemmas have already
been proved in [60].

Lemma 2.5. The operator ¢ is analytic around zero from C*#(SN™1) to C*#(SN71).

Proof. Because of analyticity and radial symmetry of @, there exists an analytic function
f : G — R, for G aneighbourhood of 0 in R, such that

(1, x) = f(r(x)).

Hence for small r
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k
Define for each k € Nj the k-linear form ¢, : (Cz’ﬁ(SN71)> — C¥F (SN ) by

(k) 0 k
(pk(i’l,...,rk) = f k|( )I:!ri'
Because C** (SN™!) is a Banach algebra we have
(g
lodx = sup lloryoo ol < & L0

Vicl|rill 5 =1

for some constant C > 0. The norm | - ||x on X = £5(C*#(SV™1),c*F(SV ™)) is defined
in (1.18). For small € > 0 the analyticity of f yields

= k
Z lor]lxe™ < oo.
k=0

This completes the proof. O

N
Lemma 2.6. The operator n is analytic around zero from C** (SN~ to (Cl'ﬁ (s¥ _1)) .

Proof. This proof can also be found in [60]. First we take two open non-empty sets W,
and W, in RM"! and smooth regular parameterizations =; : W; — 4, and =, : W; — 4,
of two subsets of the unit-sphere I, and &, such that £; U, = SN, We also choose
a smooth partition of unity {x;, xo} subordinate to the covering {tl;,4l,}. Defining
n[k](r, ) : W — RN by n[k](r) = n[k](r, ) = n(r) o % we have for all £ € SV!

n(r,8) = xa(E)n" (nZ7(8)) + xa(&)n (1,221 (8)).
o
=j
to proving analyticity of nY and #¥ around zero. Let k be either 1 or 2. Introduce
m(r) : W — RY by

Here we define X]-(E)nm (r,Z; (&) = 0if & is not in i;. We can reduce the problem

(1) 2w = (14 1(E(w))) Ze(w).

N N
We define FI¥ : ¢2#(SN1) x (clrﬁ(wk)) - (cl/ﬁ(wk)) by

coom = ) Yoo ().

AT
F¥ is analytic because 7 is analytic. The derivative of F ¥ with respect to the second
argument at (0, n(0)) is given by
= T
FH'(0,n(0))[0, ] = <8w h.
20 (0)T
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The matrix on the right-hand side in nonsingular since the first N — 1 rows are inde-

pendent vectors that are tangential to SN ' and the last row is orthogonal to S¥ ! since

n¥(0) = n(0) 0 = = Z;. We now apply the Implicit Function theorem to
F¥(rn(r) =0,

to complete the proof. O

Lemma 2.7. The operator S is analytic near zero from C** (SN 1) to L(C*P (IB?N), c™f (]BTN) X
cP(sNh).

—\N
Proof. It is clear that z : C*#(SN™1) — (Cm BN )) is analytic. Hence, we also have
—. \ NxN .
analyticity of J : C*P(SV!) — (Cl’ﬁ (IBN)) and the components j* of the inverse
— \ NxN
J s - (Cl’ﬁ (IB%N)) for small [|r||, 5. This is due to analyticity of

— .\ NxN
inversion near the multiplicative identity in the Banach algebra (C 18 (]B%N)> . From
(2.25) it follows that .4 and S are analytic around zero.

Lemma 2.8. There is a neighbourhood U of zero in C*P(SNTY) such that if r € U, then
S(r) : Cz’@N) — C¥¥(BN) x C*F (SN 1) is invertible. Furthermore, the mapping T1 :

U — C**(BN) defined by

I'l:r»—>8(r)_1< —£(r) ) (2.30)

is analytic around zero.

Proof. The first step is showing that S(0) = [A, Tr]” is invertible. Injectivity is a direct
consequence of the maximum principle. Let (f,g) € C*? (]BTN) x C*#(SN71). Define
g e (IBTN) by § = Eg. Then by [32, Cor. 4.14] there is a unique h € C** (@)
satisfying Ak = f and h(x) = §(x) for x € S¥ . This proves surjectivity. Invertible
operators form an open set in £(C** (IBTN), coF (IBTN) x C*F(SN71)). Combining this and
continuity of S near zero, we see that S(r) is invertible for r small in C** (S¥1).

Because of Lemma 2.7 we have analyticity of (#,1) — S(r). This is easily derived
from the definition of analyticity and the fact that S(r) is linear and bounded. Define

F:U x CP*(BY) — ¥ (BY) x c*#(SV!) by

F(r, ) = S(r)w - ( 0 ) .

—o(r)

Analyticity of this mapping follows from Lemma 2.5. The Fréchet derivative with re-
spect to the second argument at (0, 0) is

F/(0,0)[0, k] = S(0)h = ( on )
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Since S(0) is an isomorphism, there exists by the Implicit Function Theorem a unique

analytic mapping IT: U — C*?(B") that satisfies
F(r,TIi(r)) = 0.
O

Lemma 2.9. The operator Q is analytic from a neighbourhood U of zero in Cz’ﬁ(SNfl) to
_ —— \N
r (szﬁ(IBSN), (clrﬁ (BN)) > and the operator

o(r)

0:r 00 (_ ) )

is analytic from a neighbourhood U of zero in C**(SN™1) to (C'* (IBTN))N .

Proof. The first part follows from (2.26) and analyticity of ]'i’k that we obtained in the
proof of Lemma 2.7. As a consequence, the mapping F : U x C**(BY) — (¢ (BY))N
defined by

F(rp) = Q(r)y

is analytic. Define G : U — C*F(SV™1) x ¢*F (]BTN) by

G(r) == ( S(r)! (r_(,?(r) ) ) - ( e )

This mapping is analytic by Lemma 2.8. Therefore @ = F o G is analytic. O

Lemma 2.10. The operator F is analytic from a neighbourhood U of zero in C**(SN™1) to
cHP(sNh.

Proof. The composition of the trace operator and the operator © in Lemma 2.9 is ana-
lytic near zero. Taking the inner product with n(r) results into a new analytic operator
because of Lemma 2.6. Near r = 0 the operator r — W is analytic since it is the
composition of two analytic operators namely inversion near 1 in the Banach algebra
C'#(SN1) and a pointwise product of the two analytic operators, # and r + id. The
analyticity of r — %ﬂ can be proved using the methods in the proof of Lemma 2.5. O
Lemma 2.11. The operator F is analytic from a neighbourhood U of zero in h*P(SN™') to

hl,[3 (SNfl)'

Proof. By Lemma 2.10 it is sufficient to show that the image of h** (SN™!) N/ under F is

contained in 1" (SN¥1). Let r be a small element of h** (S¥ ) N . Choose any positive
¢ such that 3 + ¢ < 1. By [53, Prop. 0.2.1] we have

2,/5( N—l)

hz,ﬁ(SNfl) - W S , hl,ﬁ(SNfl) _ Wuj(sw)
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There are r, € C**™(SN™1) such that r, — rin C**(S¥™!). By continuity of the map-
ping F : U — C"P(SN™!) on a neighbourhood U of zero in C*#(SN™') (this follows
from Lemma 2.10), we have F(r,) — F(r) in C**(SY™') and F(r,) e c*Fre(sN).
This implies that F(r) € h'*(SV 7). O

The next step is finding the linearisation of the evolution operator F around zero.

Lemma 2.12. For TT: U — C*P (IBTN) as defined in (2.30) we have
ATT(0)[h] =0 inBY
and 1
M (0)[h] = —h inSV 1.

oN

Proof. We have seen in Lemma 2.8 that IT is analytic near zero. From the definition of ¢
it follows that

¢ (0)[H] = —%h. 231)

where we used TT(0) = 0. O
Lemma 2.13. The Fréchet derivative of F at 0 is
1 N
F(0)[h] = ——Nh— —h, (2.32)
ON ON

where N : C*P(SN1) — ¢YP(SN™1) is the Dirichlet-to-Neumann operator on the unit ball
given by

Nh:=TrvVS(0)! ( 2 ) -1(0). (2.33)
Proof. Write F as
_ TrQ(r)TI(r) - n(r) 1 1+7r
Flry=- n(r) -id * oy(14r)V ooy

where id is the identity & +— & on SV Using T1(0) = 0, 7(0) = id, and a Taylor
expansion, we get
OO (0)[H] - n(0)

F(0)[h] = n(0)-id — %h = —TrVIT(0)[h] - n(0) — %h. (2.34)
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From Lemma 2.12 it follows that

/ _ 1 -1( 0
M(0)[H] = GNS(O) ( 1 > . (2.35)
The lemma follows from (2.33), (2.34), and (2.35). O

2.3 The spectrum of the linearisation and stability

In this section we apply the principle of linearised stability to the evolution equation,
given by (2.20) and (2.29), in order to derive a stability result for the stationary solu-
tion r = 0. For this purpose we study the spectral properties of the operator F'(0) :
KB (SN — n'P(SN71) given by (2.32). First we find the eigenvalues of the Dirichlet-
to-Neumann operator A : h*#(SN™1) — B'#(SN™1). We do this by studying the spher-
ical harmonics sy, that form an orthonormal basis of eigenvectors of N for L2(sN
(see Chapter 1).

Lemma 2.14. If g € §}, then for all x € SN

99 (2) = ka(x), (236)

where n is the normal on SN, For s € & we have
Ns = ks. (2.37)

Proof. Define j € &¢ by § = q |gv1 such that

a0 = 1+t (75 ).

We obtain (2.36) differentiating this identity in radial direction and taking x € S¥~!. The
second statement is a consequence of the first statement and the fact that any s € &)

has a unique harmonic extension in $; given by x — \x|ks(‘—;“). O

Since the functions s; form a complete orthonormal set, the spectrum of AV in L2(sN

consists entirely of eigenvalues and coincides with Ny. Eigenvectors in h*#(SN™!) are
also eigenvectors in IL?(SY ') and vice versa because spherical harmonics are smooth.

Corollary 2.15. The set of eigenvalues of N : h**(SN™1) — nMF (SN is exactly N,. For
k € Ny the corresponding eigenspace is Sy . The point spectrum of F'(0) is therefore

(7 (0)) = {_N _N+1I_N+2’m}

UN’ 9N oN

; ; N+k i &N
and the eigenspace for eigenvalue —=-= is Gy
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Lemma 2.16. For each A € C, the mapping AT — F'(0) maps 1> (SN™1) continuously into
hl,ﬂ (SNfl) )

Proof. This is a consequence of Lemma 2.11 and #*# (SV 1) < p'A(SV 1), O
Lemma 2.17. The spectrum of N : P (SN™1) — 1P (SN consists entirely of eigenvalues,
sp(NV) = n(N) = Np.

The resolvent (AT — N) " = h"P(SN™1) — n"P(SN™1) is compact for all A ¢ sp(N). The
spectrum of F'(0) : h*P (SN — nMF (SN also consists entirely of eigenvalues

sp(F'(0)) = 2(F(0)) = {N N+1,N+2,...}

oy, oy oy

and the resolvent (AT — F'(0)) " : kP (SN™1) — nM#(SN™1) is compact forall A ¢ sp(F'(0)).

Proof. By [19, Thm. B.3, B.4], F'(0) generates an analytic semigroup on 1'#(SN™!) with
dense domain of definition #*# (S¥ 1), This implies that the resolvent set of '(0) is not
empty. There exists a A* € C such that

A*If f-/(o) . hZ,oc(SNfl) N hl,oc(SNfl)

is invertible and by the Open Mapping Theorem the inverse is bounded. Since *(SY )
e B (SN71) (see [1, Thm. 8.6)),

A*If f-/(o) . hl,zX(SN—l) N hl,cx(SN—l)

is compact. From [49, Ch. 3 Thm. 6.29] we have sp(F'(0)) = 7(F'(0)) and the resolvent
is compact for A ¢ 7r(F'(0)). It is clear that similar results hold for \V. O

Now we apply these results for the linearisation to the nonlinear problem (2.20), using
the principle of linearised stability.

Theorem 2.18. Let 0 < Ay < % There exists a 6 > 0 and an M > 0 such that if ry €
H*P (SN with I7oll2,p < 8, then the problem

8r:]_,r

L=Fm, 1) =n,

has a solutionr € C ([O,w),hz’ﬁ(SN71)> nct ([O,oo),hl”g(SNfl)> satisfying

[7(T)]l2p < Me_AOT””on,ﬁ- (2.38)

Proof. As mentioned before, F'(0) generates an analytic semigroup on k' (SN™1). Be-
cause of Lemma 2.17 the spectrum is left of the imaginary axis and it has distance — % to
it. Furthermore, since Z + F'(0) is an isomorphism between h*#(S¥ 1) and n"#(SN 1),
the graph norm of F'(0) is equivalent to the norm of h** (S¥~!). We can apply [53, Thm.
9.1.2] to show the global existence of r in time and the estimate. O
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Combining Theorem 2.18 and equation (2.19) we get the following estimate for the non-
autonomous problem (2.17):

Nt =<
1r(#)lap < M (UN n 1) rollap- (2.39)

forany ¢ € (0,1).

2.4 Faster convergence in absence of low-order moments

In this section we show that if the integrals of harmonic polynomials with low degrees
over the moving domain vanish, then convergence to the equilibrium will be faster than
in Theorem 2.18.

Let hy; be the unique harmonic extension of s;; given by Ij(x) = |x|kskj(ﬁ). For a
domain Q, the Richardson moments of order k are defined by the quantities [, hijdx
(see also [64]). Define for K € N,

my = {r € CO(SNfl)’ /Q dx = GWN AYq € U;(:lsﬁ;\] : /Q g(x)dx = 0} . (2.40)

We have r € 9Y if the corresponding domain Q, has the same volume as the unit ball
and the Richardson moments of order 1,2..., K vanish.
Note that by a suitable length scaling we can at least achieve 7(0) € 9y’

Lemma 2.19. Let r be a solution to (2.17). If r(0) is in MY, then r(t) € MY forall t > 0.

Proof. Let ng(;) be the normal vector field on I'y(;y. Because of (2.1)-(2.4) and Green’s
identities we have for k # 0

d

— hedx = / hv-ngpndx
dt Qg b Tr(r) 4 R

_ p . _ R A
= — ‘/FR([) hk]%dx = \/FR(” (pa}’l — hk]an) dx =

R(t)

Thus for k # 0

[omgax = [ g e Ny =a) N [ gy =

") Qrey Qg

= a0 [ gy = o) [y

r(0)

For k # 0 we conclude that if me) hjdx = 0, then er(r) hdx = 0 forallt > 0. If
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ny( dx = ¥, then it follows from (1.11) and (2.5) that

1 1 o 1
dx = 7/ dx = Noyt) =N
/Qrm a(t)N Jag, a(t)N ( N ) N

Define for K, L € Nj the vector spaces
hP SN = {r e WEP(SYTY (i) 2 gvry = 0,k < KD (2.41)

Now hi? (SN™1), equipped with the norm || - ||, is a closed subspace of n“P(SN"1) and
therefore a Banach space. Define the index sets

T = {(k j) €Ny x N: k€ {0,1,... K}, j € {1,2,...,v(N, k) }},

and define the operators fy : h**(SN"!) — R by

/. hk]dx 5k0/ (242)

where 6,y = 0if k # 0 and &,y = 1 if k = 0. Since the constant function s, satisfies

||500||H‘2(SN—1) = 1 we have sy = \/%T, Consequently hy, = \/%T] We conclude from
(2.40) that fg(r) = 0 if and only if r € MY. Let Py : K*P(SN1) — nZP(SN71) be the
orthogonal projections on h2* (SN™1) with respect to the 1.*(SN")-inner product and

define ¢y : *#(SN1) — R x hgP (SV) by
P (r) = ( féi? ) (2.43)

Because /1j(x) = || sk]( ‘)wehave

1+r(p) _ o
fe(j = /§N*1/o PN s (@) dpd — TN‘Sk,o
1+7(p)™N NG
= /SN . %Sm(fp)d@ - NN Or.0s
where ¢ = ‘ | e SV, The operators fi : K*#(SN"!) — R' are analytic because

the components ( fx(+))i; are finite sums of bounded multilinear operators. Frechét-
differentiation of fy leads to

fxO)[rlij = (5% 21y (2.44)

By linearity of Py we have

oo = ().
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Figure 2.2: A local bijection between 9y and h*P(SN™1)

If ¢ (0)[r] = 0, then (,8kj)12gnv-1y) = 0 for all k and j which implies r = 0. If (v,7) €
R x iZP (SN, then r := 7 + Yi<k Z}/ikl’N) 0yjSk; satisfies ¢x(0)[r] = (v,7). Therefore
¢k (0) is an isomorphism between h*#(SN™!) and R'* x hZF(SN™'). By the Implicit
Function Theorem, ¢y is invertible in a neighbourhood ¢/ of 0 in h*P (SN*1 ). Define the
analytic operator ¥y : iy (SN Nt — 9y by

Pi(r) := i (0,7),

see Figure 2.2. Differentiating ¢y (Y (r)) = (0, r) results into

b (Y (0) [ (0)[]] = (0,7).
Since g (0) = 0 it follows that

frO)[wi(0)[r]] =0
and
Pr(Wi(0)[r]) =r-
From (2.44) we conclude that 1 (0) is the identity on i%? (SN ™).
Corollary 2.20. The tangent space of My at 0 in WP (SN is equal to WP (SN™1) and for
r € P (SN we have
W (O)[r] =r.

Define the operator Gy : h? (SN™1) — 1" (S¥™1) as the restriction of F to h? (SN 71).
From Lemma 2.13 it follows that

GL(0) = (—1/\/— Nz)

9 ON

e

In order to determine the spectrum of Gx(0), we write
1
PEENT) = PN @ (PN )

where the orthoplement is taken with respect to the I.>(S¥!)-inner product. We have
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the following lemma, which holds in general for direct sums of closed subspaces of
Banach spaces.

Lemma 2.21. Let X be a Banach space and D a dense subspace of X. Let A : D — X bea
linear closed sectorial operator on X and suppose that sp(A) = m(A). Let X, and X, be closed
disjoint subspaces of X such that X, & X, = X and (DN X;) & (DN X,) = D. Define for
i =1,2, the operators A; : DN X; — X by A; = A |pnyx,. Suppose that A;(D N X;) C X; and
suppose that all eigenspaces of A are subspaces of either X, or X,. Regard A; as operators on X;
with dense domain of definition D N X;. The following statements are true:

i) A;is closed,

ii) sp(A) =sp(A;) Usp(A4,).

If furthermore D endowed with the graph norm is compactly embedded in X, then the following
statements are true as well:

iii) sp(4;) = m(4;),

iv) sp(A;y) Nsp(Ay) =0,

v) if A€ p(A), then (AT — A) " |y = (AT — A;) ",
vi) A, is sectorial.

Proof. Statement i) follows immediately from the closedness of the operator A and the
spaces X;. To prove ii) we take A € p(A). Itis clear that AZ — A; : DNX; — X;is
injective, for both i = 1 and i = 2. To prove surjectivity, take ¢ € X;. There exists
an f € D such that (AZ — A)f = g. Then f = f; + f, with f; € DN X,. Because
(AZ — A))f; € X;wehave (AZ — A)f; = g. Therefore AZ — A; : DN X; — X; is bijective.
If (AZ — A;)"': X; — DN X; were unbounded, then there would be a sequence (f,)%,
in D N X; with ||f,|| = 1 (taking the graph norm) such that [|(AZ — A;)f, | < 1. Since
this contradicts A € p(A), we conclude that A € p(A;) N p(A,). To complete the proof
of ii) we take a A € sp(A) = m(A). There exists an f € DN X not equal to zero
such that Af = Af. This f is in either X; or in X,. We conclude that A € 7(A;) U
7(A,) C sp(A;) Usp(A,). To prove iii), take a fixed A* € p(A) such that A" € p(A4;)
fori = 1,2. Now A"Z — A; is a continuous bijection from D N X; to X;. By the Open
Mapping Theorem the inverse is continuous as well. By compactness of the embedding
of DN X; in X; we conclude that (A*Z — Ai)_1 : X; — X; is compact. From [49, Ch. 3
Thm. 6.29] it follows that sp(A;) = 7(A;). Now, iv) is a direct result from the fact that
eigenspaces of A are subspaces of either X; or X,. Statement v) follows from the fact
that if (AZ — A,) "¢ = f for g € X;, then ¢ = (AT — A;)f = (AL — A)f. Statement vi)
follows immediately from statement v). O

Corollary 2.22. Gi(0) is a closed sectorial operator on hy® (SN ™) with D(Gy[0]) = hzP(SN1).

Lemma 2.23. The spectrum of Gy (0) consists entirely of eigenvalues and

sp(Gx(0)) :sp(f’(o))\{_N _N+1"”’_N+K}‘

UN/ oN oN
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Proof. An eigenvector of F'(0) is in h%” (S¥ ') if and only if the corresponding eigen-
value is in sp(F'(0)) \ {—%, =N, —NU—*I;K} Therefore 71(Gy(0)) = sp(F'(0)) \
{ N _N+1 _ N+K

oN

O—NI oN 7y

}. Now the lemma follows from Lemma 2.21. O

Theorem 2.24. Let 0 < Ay < N‘;ii“ There exists a & > 0 and an M > 0 such that if
ro € BP(SNY nom® and lroll2, < &, then the problem

or
3= F(r), r(0)=r,

has a solutionr € C ([O, oo),hz’ﬁ(SN_l)) nct ([O, oo),hl’ﬁ(SN_l)> N sm? satisfying
1) 2 < Me™ 1ol
Proof. Existence follows from Theorem 2.18. Note that if r € smﬁ is small enough, then
Y (Pyr) =r.

The following evolution equation holds for Pyr:

d (Pkr)
oT

o
oT

= Px PiF(r) = (Px o F og) (Pxr).

Linearising the evolution operator Py o F o iy : hyP (SN 1) Nt — hP(SN1) around
zero leads to

(Px o F o) (0) = Py o F' (1 (0)) 0 i (0) = Py 0 F(0) |28 5v-1,= Gk (0).  (2.45)

We used Corollary 2.20 and ¢ (0) = 0. Since 0 < Ay < N‘;if]“ we have by Corollary
2.22, Lemma 2.23, [53, Thm. 9.1.2], analyticity of ¢g, and g (0) =0

(D2 = [WxoPi)r()ll2p < ClPr(7)ll2p <

-A -A
< Ce °T||7)1<To||2,/3§c‘3 0T||7’0||2,/5-

O

Combining Theorem 2.24 and (2.19) we get the following estimate for the non-autonomous
problem (2.17):

Nt —¢
mesm(%+0 rolls. (2.46)

forany ¢ € (0,1+ X1,



Chapter 3

Hele-Shaw flow with surface
tension in R3

3.1 Introduction

In Chapter 1 we briefly discussed how the suction problem is regularised by boundary
condition (1.6) in the case of an unbounded domain and parallel suction at infinity. This
condition includes the influence of surface tension forces on the free surface of the liquid
in the model.

An example from physics where surface tension is present is a drop of mercury that
contracts to a spherical drop due to surface tension. Also the process of viscous sintering
in glass industry is modeled as a moving boundary problem with surface tension on the
boundary (see e.g. [51]).

In Chapter 2 a stability result for the zero surface tension Hele-Shaw model with a
source was derived based on linearisation. If we replace the source by a sink, then the
linear problem becomes unstable. The suction problem is the reverse injection prob-
lem. Hence the negative eigenvalues for the operator (2.13), describing the linearised
evolution, change sign.

If surface tension on the boundary is included, then the suction problem is no longer
the reverse injection problem. The goal of this chapter is to show stability results for the
spherical solution both for injection and suction in combination with surface tension. As
in the previous chapter this is done by linearising a nonlinear parabolic equation around
this trivial solution. Again the spherical harmonics are the eigenfunctions. Escher and
Simonett [21] already proved existence of short-time solutions.

For the suction problem, Tian [70] proved that if the geometric centre and the suction
point do not coincide, then the solution breaks down before all fluid is sucked out or
the domain becomes unbounded with zero area. We answer the reverse question, by
showing that all liquid can be removed under the conditions that suction takes place in

the geometric centre and the ratio ‘%‘ is small enough. This gives a partial answer to an

open problem posed in 1993 [39].
In Section 3.4 we prove that any smaller amount can be removed if the geometric
centre is close enough to the suction point. Here we use the fact that the evolution
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induces a semiflow. This follows from the abstract theory of quasilinear parabolic equa-
tions [3].

In the previous chapter invariance of Richardson moments is used to show faster
decay rates than (2.38) indicates. In this chapter this invariance property is crucial to
obtain stability for the case of suction. Although all other moments are not invariant
in the presence of surface tension, the zeroth and first Richardson moments still are.
The eigenvalues corresponding to spherical harmonics of degree zero and one are the
only ones that are positive for any combination of the surface tension coefficient y and
suction rate u < 0. Assuming that the zeroth and first moments are absent we study a
projected version of the nonlinear evolution equation on the orthoplement of the spher-
ical harmonics of degree zero and one. Positive eigenvalues can be excluded, making
use of the local bijection, that we called 1, in Chapter 2, between this orthoplement and
the invariant manifold describing domains for which some Richardson moments are
zero.

In general, the evolution equation cannot be transformed to an autonomous equa-
tion after introducing another time variable. Time dependence occurs in the parabolic
equation (3.22) because of the rescaling of the domain. By rescaling a domain by a fac-
tor &, the mean curvature of its boundary is scaled by a factor « '. On the other hand
the fundamental solution of the Laplacian scales as ®(ax) = o~ ®(x) modulo a con-
stant. Only in the three-dimensional case both effects (surface tension and strength of
source/sink) scale in the same way:.

Because of this difference in scaling behaviour, the right-hand side of (3.22) is the
sum of two terms in which time dependence appears in different ways. The second
term is equal to the evolution operator for classical Hele-Shaw flow (2.29) multiplied
by the parameter 1. We have seen that this term is related to a solution operator of a
boundary value problem with @ as boundary data. In the other term this boundary
data is related to the mean curvature of the moving domain.

Only the three-dimensional case can be treated as autonomous by introducing a new
time variable to eliminate the factor a ° in (3.22). The calculations up to (3.22) hold in
any space dimension. After that we restrict ourselves to N = 3. The question of stability
in dimensions 2 and N > 4 is answered in Chapter 5. There other methods are used that
are based on energy estimates in Hilbert spaces.

The fixed time problem is modified in the following way:

divo = ps  inQ(t), (3.1)
v = —Vp inQ(t), (3.2)
p = —yk onl(t):=9Q(t). (3.3)

Here, k(-,t) : T(t) — R is the mean curvature of the moving boundary ¢ — T(t) (taken
negative if Q(t) is convex), i is the injection rate if 1 > 0 or the suction rate if p < 0, and
v > 0 is the surface tension coefficient. The normal velocity v, of the moving boundary
I'(t) is given by

v, =U-MN. (3.4)
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From (3.1), (3.2), and (3.3) it follows that

Ap = —ps inQ(t), (3.5)
p = —vyk onl(f) =3Q(t). (3.6)
On I'(t) we have
_ 9
Up =

In contrast to Chapter 2, u may take other values than 1 here. Therefore, there are some
modifications. Assume that the initial domain Q(0) has a volume that is equal to the
volume of the unit ball, which is ‘TWN Then

V(t) = %N + pt. (3.7)

Note that for negative p, the problem only makes sense if

oN
< = ——.
F<T N
If Q(0) = BY, then Q(t) = a(t)B, where
uNt
H=EE
a(t) = /2

This is in accordance with the notation in Chapter 2 if u = 1.

3.2 The evolution equation and its linearisation

In this section we derive a nonlinear non-local evolution equation describing the motion
of the domain, in a similar way as we did in Chapter 2 for ¥ = 0. We introduce R(-, ¢) :
SN — (=1, 00) such that Qg(.py = Q(t) and rescale by introducing r(-,#) : sVt
(—1, 00) such that (2.6) and (2.7) hold. We introduce the bijection (r) : S¥~' — T, by
(2.8). Note that Lemma 2.1 still holds for the problem with surface tension. Therefore,

87R — _VP(Z(R,E)) 'Tl(R,E,) N-1
5 (8) = WREO - LeST (3.8)
Defining U : Qr — R by
U:=p—uo, (3.9)
we get from (3.5) and (3.6)
AU = 0 in Q(t),
U = —ykg—pu® onT(t).

Here kz : Tx — R stands for the mean curvature of I'z. Define for each continuous
f: SN! — (=1, 00) the function Kf : Qf — R as the harmonic function that meets
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—kg : Iy — Rat the boundary TI:
Lemma 3.1. If R(t) and r(t) are related via (2.6), then for & € Q)
K1) (&) = ax(t)Kepy (x(£)&), (3.10)

and
VK, (&) = a(t)*VKg (a(t)). (3.11)

Proof. This follows directly from the scaling behaviour of the curvature

Kr(t) (&) = a(t)kr (a(£)E)
and the fact that § — Kg(;)(a()&) is harmonic in Q, ;). O

It follows that
U = yKg(s) + ULr(),

with Ly as defined in Section 2.2. From (2.13) and (3.11) it follows that

ﬁv&(z(na)) + #VL,(Z(ME)). 3.12)

In the same way as (2.14) we derive from (3.8) and (3.9)

VU(Z(R,£)) =

oR VU(2(R,&)) -n(r, &) u
—(&)=— . 3.13
a &) 8 E ol 1) o)
Substituting (3.12) in (3.13) and using
or 10R 1+7r
T ad Mooy .
we obtain the following evolution equation for
i(é) I 4 VK, (2(r,&)) - n(r,é)
ot a(t)® n(r,&)-¢
n u _VLr(Z(r,é',))-n(r,é) n 1 B 1+7(&)
a(t)N n(r,&)-§ on(1+rE)N ! oN .
(3.15)

Definition 3.2. Forany r define k(r, ) as the function that maps an element & of the unit sphere
to the mean curvature of T, at Z(r, ). We will often use the notation k(r) instead of k(r, -).

Let=Z : W — SN™! be a smooth regular parametrisation of (a part of) SN ' and define
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G(r): W — RN-Dx(N-1) by

Gir) = <a(f(r)oE))Ta(Z(r)oE), (3.16)

where w = (w;, w,, ..., wy_;)" denotes an element in W. The Laplace-Beltrami opera-
tor on T}, is defined by

ii a oZ o E . " _
e <Z NG <V (r)g](,)%o)>> o=tz (@17)
Here g"/(r) are the coefficients of G(r) ' and

g(r) = detG(r).

In fact, we need to introduce at least two parametrisations and a partition of unity as
we did in the proof of Lemma 2.6. Since the operators that we define here are all local
we allow ourselves to work with only one to simplify notation.

Lemma 3.3. The Laplace-Beltrami operator A, is symmetric on L(T,).

Proof. This is a straightforward calculation. O

Introduce for u : SN ' — R smooth enough,

B(ru = A, (uoz(r)*l)oz(r)
= (Z \/5%82, (\/g(r)gij(r)a(uoz)>> on (3.18)
i,j i

Let n, and k, be the normal and curvature on T, such that n(r) = n, 0 Z(r) and k(r) =
k, 0 Z(r). By [14, Sec. 2.5 Thm. 1] we have

A,id = k,n,, (3.19)
where A, acts on every component of Z(r) separately. This formula is equivalent to
B(r)z(r) = k(r)n(r). (3.20)
Lemma 3.4. There exists a neighbourhood U of zero in C** (SN ™) such that « is analytic from
U to C*P (SN,
Proof. By (3.20) we have
k(r) = (B(r)z(r)) - n(r) (3.21)

N
The operator 7 is analytic from a neighbourhood of zero in C**(S¥™) to <C LB(SN 71))

(This follows from Lemma 2.6 and C**(S¥ ') < ¢*>#(SN™1)). Take two smooth regular
parametrisations =; : W, — sN"Tand =, : W, — SV and two operators G; and G,
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defined for these =; and =, by (3.16). From now on let k be either 1 or 2. Both G, :
(N=1)x(N-1)
cHP(shN — (CS’ﬁ(Wk)) " and det(G,(-)) : C** (SN — C*#(W,) are ana-

\T o=
lytic around zero, because C** (W) is a Banach algebra. Since G;(0) = (%) aa% is in-

(N=1)x(N-1)
vertible on W (as a matrix) the mapping G(-) " : K*#(SV1) — (C3’f3 (Wk)>
is analytic around zero. Since det(G;(0)) is away from zero, r — +/detG,(r) is a ana-
lytic near zero. For this see [60, Ch. 3 Lemma 7] that is based on the Implicit Function
Theorem. We conclude that both B and n are analytic near zero. The lemma follows
from this. O

Reintroducing the operators z, 4, Q, S, and ¢ from Section 2.2 on a neighbourhood U/
of zero in C** (SN™1), we obtain

% = ﬁﬂ (r) + ﬁfz(r), (3.22)
with
o " (20 [8(2;) [igg) IIEC
and
1 0 il
A= - <Q( | {S(Yr)z(r){.i(g(r) ”) ~. o1 jr)N_l e
conform (2.29).

Lemma 3.5. The operators F; : h*# (SN 1) — n'#(SN"Y and F, - n*#(SN1) — n'# (SN
are analytic in a neighbourhood U of zero in h** (SN,

Proof. Analyticity of F, follows from Lemma 2.11 in combination with
h4,[5 (SN_l) N hZ,ﬁ (SN—l ) )

Analyticity of F; can be proved in the same way as analyticity of F,, using Lemma
3.4. O

To find an expression for the linearisation of F; around zero in terms of N we lin-
earise K.

Lemma 3.6. The linearisation around zero of the curvature operator « is given by
' (0)[h] = Agh+ (N —1)h
where A denotes the Laplace-Beltrami operator on the unit sphere, that satisfies

Agh = —N?h — (N = 2)Nh. (3.23)
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Proof. See [60, Ch. 6] for the first part. For the second part see [56]. O

Lemma 3.7. We have
Fi(O)n] = N(K'(0)[r]) = N (Agh+ (N —1)h)
= N (=Nh—(N=2)Nh+(N-1)h)
and

, 1 N

Proof. Note that we calculated F,(0) in Lemma 2.13. Introduce

Following the proof of Lemma 2.12 and using the fact that K(0) is constant we derive
AK'(0)[H] '\ _ 0
TK'(0)r] )~ \ €O )

K'(0)[H] = S(0)" ( K,(S)[h] )

Now the linearisation of F; can be found in the same way as the linearisation of ¥, in
Lemma 2.13, replacing ¢ by x. We get

In other words,

TrQ(0)K'(0)[n] - n(0) _ 9K'(0)[A]

/ _ _ /
Aok = =2 DN — N )]
The lemma follows from Lemma 3.6. O
From now on we consider the case N = 3. We get from (3.22)
or 1
= = Fi(r) +uFy(r)) . 3.24
ot oc(t)3 (YFi(r) + 1 2( )) ( )
Introducing the time variable T = 7(t) such that 7(0) = 0 and
dr 1
- = , 3.25
implying that
_An 3ut
T(t) = Em In <47r + 1) , (3.26)
we obtain the autonomous equation
I rw), (3.27)
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where 7(1) = r(t) and

(This is in accordance with Chapter 2 if ¥ = 0 and ¢ = 1.) For the suction problem,
the vanishing time t = T, corresponds to T = co. From now on we write r instead of
7. Combining (3.28) and Lemma 3.7 one finds the following linearisation for F around
Zero:

FO)[1] = yN (=N?h = N +2h) ﬁwh +3h). (3.29)

3.3 The spectrum of the linearisation and stability for N =
3

In order to apply the principle of linearised stability to the evolution equation (3.27) for
the three-dimensional problem we need to study the spectral properties of the operator
F'(0) : h*P(S*) — h'F(S?) given by (3.29). Since the point spectrum of A is equal to
Ny, the eigenvalues of F'(0) are given by

g = Vk(—KF —k+2) = = (k+3), kel
and the corresponding eigenspaces are (62);0. In the case u > 0, all g, are negative.

Let us consider the case i < 0 for which g, and g; are positive. If

M:_u<327(,
Y Y 5

(3.30)

then all other eigenvalues are negative. This follows from the fact that for k > 2 the
sequence (g )i, decreases and g, < 0.

Corollary 3.8. The point spectrum of F'(0) : h*#(S*) — h'#(S?) is

”(7'—/(0)) =1{80/81,82 -+ }-

The eigenspace for eigenvalue g is &;. If i > 0, then all eigenvalues of F'(0) : h*P(S?) —
WP (S?) are negative. If u < 0, then the eigenvalues g, and g, are positive. All other eigenval-
ues g,,8s, - - - are negative if and only if (3.30) holds.

For two Banach spaces X and Y such that X — Y dense we define H(X,Y) as the
collection of operators A € L(X,Y) for which —A is the infinitesimal generator of a
strongly continuous analytic semigroup on Y with dense domain of definition X.

We will prove that —F'(0) € H (h4’ﬂ(82), hl’B(Sz)). For this we need the following

two lemmas.

Lemma 3.9. Let X and Y be Banach spaces such that X — Y and X dense in Y. Suppose that
F:X — Yand K : X — Y are bounded linear operators such that F € H(X,Y) and suppose
that K is compact. Then F+ K € H(X,Y).

Proof. See [8, Thm. 5.6]. O
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Lemma 3.10. The mapping N : i*™F(SN™1) — BFF (SN is continuous for all k € N.

Proof. Define the Banach space X by
X ={y € " BY): Ay = 0}.

Let it inherit the norm of C*"#(BN). Because of the maximum principle, the mapping
Tr: X — C* AN ) s injective. To prove that it is surjective as well, let g be an
element of C¥"#(SN™1). Let £ : [0,1] — [0, 1] be a smooth function such that f(x) = 0
forall x € [0,3] and f(x) = 1forall x € [3,1]. Define §(x) = f(Ix)g(77)- Then
§ € CFVP(BN). By [32, Cor. 4.14] there exists a u € C*#(BY), such that u is harmonic
and u meets § on the boundary. By [32, Thm. 6.19] we have u € C*"#(BY). Therefore,
the bounded operator Tr : X — C*"#(SN™1) is surjective and by the Open Mapping
Theorem it has a bounded inverse Tr ' : C*"#(SN"!) — X. From

_ 9t
N = % o) TI'
and the boundedness of % i X — CP (SN we get the desired result. O

Lemma 3.11. We have —F'(0) € H (h4'ﬁ(Sz),h1’ﬁ(Sz)).

Proof. See Section 3.5. O

Lemma 3.12. The spectrum of F'(0) : i*?(S*) — h'#(S*) consists entirely of eigenvalues,
sp(F'(0)) = {80, 81,82+ } -

The resolvent (AL — ]—"/(0))71 : WP (S?) — WP (S?) is compact for all A ¢ sp(F'(0)).

Proof. Define for each A € R the polynomial

*

. 3 2
X)) =y(X"+ X 2X)+47r

(X +3) +A.

Note that p,(N) = AZ — F'(0). Take A" large, such that p,- has one negative zero
and two zeros (, and 3 = ¢, in C\ R. Then

WI-F(0) " === (GI-N) LI -N) " (GT-N) .

1

Y
Since ¢; ¢ N fori € {1,2,3} we conclude from Lemma 2.17 that (¢,Z — )" : h'#(§?) —
h'P(S?) is compact. As a consequence, (A*Z — .7-"/(0))71 WP (S?) — hVP(S?) is com-
pact. From the Hille-Yosida Theorem and Lemma 3.11 it follows that F'(0) is a closed
operator on h'#(S?) with domain h*#(S?). Applying [49, Thm. II1.6.29] we see that
the spectrum of F'(0) : h*#(S*) — h'F(S?) consists entirely of eigenvalues and the
resolvent (AZ — ]-"(0))71 WP (S?) — h'P(S?) is compact for all A ¢ sp(F'(0)). O
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Theorem 3.13. Let p > 0and 0 < Ay < i—i. There exists a & > 0 and an M > 0 such that if
ro € H*P(S?) with ||r,|| 4,5 < &, then the problem

ar

L=Fm, 1) =n,

has a solutionr € C ([O,oo),h4’ﬁ(82)) nc' ([0, oo),hl’ﬁ(Sz)) satisfying

1r(7)lla,p < Me™" 7o - (331)

Proof. Combining Lemma 3.11 with [63, Thm. 11.31] we see that 7' (0) is sectorial. Note

that — 22 is the largest eigenvalue of 7'(0). The theorem follows if we combine this,
Lemmas 3.5, 3.12, and [53, Thm. 9.1.2]. O

From (3.26) and (3.31) we get for the non-autonomous problem (3.24),

3ut
[7(t)]ls <M ( + 1) 70ll4,5,
for ¢ = 3%A, € (0,1).

The case p < 0 is more complicated. We restrict ourselves to evolutions in 91; given by
3 0/a2 47 )
Eml—{rec (S):/de:?,/ﬁ x]»dx—O,]e{l,Z,S}}, (3.32)

where x; denotes the j-th component of x. Note that (3.32) follows from 97 = (x1, X0, X3)

and (2.40). We have r € 90, if and only if the corresponding domain Q, has the volume
of the unit ball and its geometric centre is located at the origin.

In general, Lemma 2.19 does not hold if surface tension is included. However, for
the Richardson moments of order zero and one we still have the following invariance

property.
Lemma 3.14. Let r solve (3.27). If ry € 93, then r(t) € 93 for all t > 0.

Proof. It can be checked in the same way as in Lemma 2.19 that if O, has the same
volume as the unit ball, then Q,;) has the same volume as the unit ball for all t. By
Green’s second identity, (3.1)-(3.4), (3.19), and Lemma 3.3 we have for j € {1,2,3}

d ap
T o xjdx /Fm xj(v,n)dx = /l"m —X;j a—

/ prdx—/ x;Apdx — / p jdx
QR QR rR a

/ pajdx—y/ Kndx—)/ Agyxdx = 0.
Tr) R()

The lemma follows from this. O
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Theorem 3.15. Let u < 0 satisfy (3.30) and let 0 < Ay < ﬁu + 8y. There existsa 6 > 0
and an M > 0 such that if r, € h*#(S*) N9} and ||, 4,5 < 6, then the problem

0
a—:_ =F(r), r(0)=r, (3.33)

has a solutionr € C ([0, oo),h4’/3(Sz)) nct ([O,m),hl’ﬁ(Sz)) satisfying
()4, < Me™"|[rgl4 - (3.34)

Proof. Let for all L € N the subspaces hi"* (S?) of i"#(S*) be defined as in (2.41) and let
F be the restriction of F to h{* (S?), such that #(0) = F'(0) | ji#(s?)- Remember that

F'(0) respects to the decomposition 1" (S?) = h’{’ﬁ (S?) ® &) @ &7 such that
F(0) [ (7)) < nP (&),

Based on Lemma 2.21, #’(0) is a closed sectorial operator on hi’ﬁ (S*) with dense domain
of definition i} (S?) and

sp(F'(0)) = {82,83,84,--- } -

This spectrum consists of negative real numbers. The largest element is — ;- 1 — 8y.
Reintroduce Py, ¢, and 1; from Chapter 2 and consider the following equation for
Pl T
d(Pyr)
oT

= (Pl oFo 1/)1) (7)17’). (335)

Since

(P1 0-7:01/)1)/(0) = f"(O)

(as in (2.45)), we can apply [53, Thm. 9.1.2] to geta & > 0 such thatif 7, = Pyr, € hj*(S?)
with |||y g < &, then the problem

N
S = (ProFoyy)(P), #0)=h,

has a unique solution 7 € C ([0,00),}1‘11’6(82)) nc' ([O,oo),h%’ﬁ(Sz)) Furthermore,
there exists an M’ > 0 independent of 7, such that
IF(T)llp < M'e™™7g]l,p-

Now construct
ri= 1y (7).

We will show that this is a solution to the original problem. Because P; is the local
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inverse of 1, it is clear that P;» = 7. Therefore
ar e a? ! s~ /
L= wh() | | = wi () [PF)] = v (P[P (). (3.36)

Because i, (P;r) = r for all r € 93 with ||7]|4,5 small, we have
Yy (Pyr)[Pih] = b, (3.37)

forall i € T,9M;. Lemma 3.14 yields F(r) € T, 9. Therefore from (3.36) and (3.37) it
follows that 3
"

3 = F(r).

Analyticity of 1, (see Chapter 2) and 1;(0) = 0 imply existence of a & > 0 and an
M > 0 such that for r, € M with l7ollas < & we have

(Dl = N1 0oP)(r(T)llsp < MIPir(T)ll4p

Me™ || Pyrollap < Me™™[[rol -

IN

This proves the theorem. O

If we combine (3.26) and (3.34) we get for the non-autonomous problem (3.24),

3ut ¢
Il < M (3 1) ol

for¢ = —FAgand t € [0, T,).

3.4 Stability with respect to perturbations of the suction
point

If the suction point is not at the geometric centre of the initial domain then the result

of Theorem 3.15 does not hold. As shown in [70] and [71], the solution either becomes

unbounded or it breaks down before all liquid is sucked out. In this section we show

that for an initial domain that satisfies the conditions of Theorem 3.15 (a nearly spher-

ical shape with geometric centre located at origin) a slight modification of the place of

suction leads to a small change of the maximal time of existence.
Let X be a metric space and let T* : X — (0, 00) U {co} be some mapping. Define

Vi={(x,T) € Xx[0,00): T<T (x)}.
A mapping f : V — X s called a semiflow on X if
1. Visopenin X x (0,0);
2. feC(V,X);
3. f(-,0) = id;
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4. Ifx € X, 7 € [0,T"(x)), and T € [0,T"(f(x,7))), then T+ 1° < T"(x) and
fot+7) = f(f(x,7), 7).

Define € : U — L(C*P(S?),C"*(S*)) and I : U — C*F(S?) by

(3.38)

and

1 1
I(r) = 47T<(1+r)2—1—r), (3.39)

where U is a suitable neighbourhood of zero in C*P(S?). Now we rewrite (3.27) in this
way:

or

5; = YEWK(r) +uE(r)e(r) + pl(r).

Lemma 3.16. The mapping & is analytic around zero from U to L(C**(S?),C"P(S?)).

Proof. First we prove analyticity of r — S (r)~! via the Implicit Function Theorem. De-

fine f : C*A(S?) x L (coﬁ (B%) x C2A(s?),C>* (@)) Ny (czﬁ (@)) by
F(r,X) == X0 S(r) —

We have f(0,5(0)"!) = 0 and f is analytic near (0, S(0) ') because of Lemma 2.7.
From differentiation we obtain

£'(0,8(0)71)[0,h] = h o S(0).

Since f/(0,S(0) 1)[0, -] is bijective from £ (Co'ﬁ (@) x C*P(s?),c*P (@)) to
L <C2’ﬁ (@)) , with inverse /1 — h 0 S(0) ", there exists an analytic mapping

r +— X(r) satisfying
f(r, X(r)) =0.
Clearly X = S(-)'. Analyticity of # and Q are proved in Lemmas 2.6 and 2.9. a

Lemma3.17. Let u < Oand oy < o < B < 1. There exists a neighbourhood U of 0 in k> (S?)
and a function T* : U N K (S*) — (0,00) U {co} such that if ry € U Nh**1(S?), then the
problem

F=F0, 0 =r,
has a unique maximal solution
r € C([0,T" (rp)), H** (8%)) N C([0, T (rp)), H(S)),

x—oy

5. The mapping (ro, T) + r(7) is a semiflow on U N K41 (S?) (in the

wheren = 1 —
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h**1(S?)-topology) defined on the set
V= {(I’O,T) e (UNKE*(S?)) x [0,00) : T < T+(ro)}.

Proof. According to [21, Lemma 3.1], there exists a neighbourhood U of 0 in h*P (Sz),
ki € CUU, L(B*(S?),h(S%))),

and A
Kk, € CY(U, WP (S?))

such that

k(1) = ki (r)r + Ky (7). (3.40)
From (3.19) it follows that «; is a quasilinear differential operator of second order and
K, is of first order. There exists a small neighbourhood of zero U C U in 1P (S*) such

that
Kk, € CY(U, L(H(S?), *>*(S%)))

and
Ky € CV(U, WP (S?)).

Combining this with Lemma 3.16 we can choose U/ such that
r— E(r)ky(r) € CU, LW (S?), h(S))). (3.41)
Calculating the Fréchet derivative of k at zero using (3.40), we get from Lemma 3.6
k1(0) + K5(0) = —N?* — N + 21,
from which it follows that
£(0)k,(0) = Nk (0) = —N3 + K,
where K : 1**(S*) — h"*(S?) is compact. Lemma 3.9 and Lemma 3.11 yield
—E(0)1(0) € H(h™(S?), h(S?)),

because — 1 F ’(0) is in highest order equal to A”°. By [3, Thm. 1.1.3.1]
H(HY(S?), h*(S?)) is open in L(K**(S?), h"*(S*)). Combining this with (3.41) it fol-
lows that we can choose U such that

ri—s —yE(r)ki (r) € C(U, H(H¥(S?), h*(SH)). (3.42)

We have proven analyticity near zero of ¢ and £ in Lemmas 2.5 and 3.16. Analyticity of
I can be obtained from the same arguments as in the proof of Lemma 2.5. It follows that
we can choose U such that

r—= vE(r)ky(r) + uE () o(r) + ul(r) € C“’(Z/{,hl’ﬁ(Sz)). (3.43)
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The little Holder spaces satisfy

0
(h4,(X(S2), hl,ot (SZ)) 17“7“1 — h4,txl (SZ)

3 /X

For more information about continuous interpolation of Holder spaces, see [53, Ch. 1].
The result follows from (3.42), (3.43), and [2, Thm. 12.1]. O

Theorem 3.18. Let 1 < 0, T € (0,00) and n € (0,1). Define
o =a+3(n—1). (3.44)

There exists a § > 0 such that if ry € h** (S?) and ||ro||y,,, < 6, then the problem

oar
L), 10)=n,

has a solutionr € C ([O, T), b (Sz)> arad ([O, T), hl’“(Sz)).

Proof. Because of the semiflow property, that is proved in Lemma 3.17, the set
{(ro, T) € (UMK (S?)) x [0,00) : T < T*(ro)}

is open in 1** (S?) x (0, 00). Since
T7(0) = oo,

the point (0, T) is an interior point of V. Therefore there exists a neighbourhood U of
zero in i1 (S?) such that for all 7, € & we have

T (ry) > T.
O

In the following theorems U/ denotes a sufficiently small neighbourhood of zero in
B (S%).

Theorem 3.19. Let T > 0 and suppose that r* € U N h**1(S?) satisfies T* (r*) = oo. There
exists a & > 0 such that if ry € K™ (S?) with ||rg — 1|44, < 5, then the problem

or
3= F(r), r(0)=r,,

has a solutionr € C ([0, T), b (Sz)> arad ([0, T), hl’“(Sz)>, where 1 satisfies (3.44).

Proof. Since (r*, T) is an interior point of V we can argue as in the proof of Theorem 3.18
to prove this theorem, see Figure 3.1 O

Now we will prove the main result of this section. Instead of changing the suction
point in a fixed domain we translate the domain in the opposite direction and leave the
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+
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Figure 3.1: Since (1", T) is an interior point of V there exists an open ball around r* of initial
functions ry with T* (ry) > T.

suction point at the same position.

Theorem 3.20. Let T > 0 and suppose that r* € U N h*™ (S?) satisfies T* (r*) = oo. There
exists a & > 0 such that for all z € R with |z| < & there is a ¥ € U Nh**(S?) such that
Q; = Q, +{z} (i.e. a translation of Q). Furthermore, the problem

or -
37 = F(r), r0)=F*,

has a solutionr € C ([0, T), h*™ (SZ)) neon ([0, T), hl’“(Sz)) , where 1 satisfies (3.44).

Proof. Define for small § > 0 the ball B = {z € R" : |z| < &}. It is known that Q, is
convex for r small in *#(S*). Consequently, for small ||7[l3,5 and small z the domain

Q, 4 {z} is convex. As aresult, thereisa 7 € C°(S¥™!) for which Q; = Q, + {z}. Define
on B the mapping Sby S : z — 5, where

S,:r—T,
such that 7 has the property Q; = Q, + {z}. By Theorem 3.19, it is sufficient to show

that z — S,7" is continuous near zero from B to h*® (S?). In [10, Lemma 4.3] continuity
from B to Besov spaces is proved. The same arguments can be used for little Holder
spaces. O

3.5 Proof of Lemma 3.11

The structure of this proof is as follows. We relate A" to a Fourier multiplier operator

Ng on R?. The operator —\; o generates a strongly continuous analytic semigroup. Us-
ing techniques from [19], [21], and [22] together with additional perturbation arguments
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-
[}

Figure 3.2: Chart of V

we see that V' € H (h4’B(SZ), hl’ﬁ(Sz)>. Since —F'(0) is in highest order equal to A/?
the lemma follows from Lemma 3.9.

1. Let (&4, Z; 1)?11 be an atlas of S? consisting of smooth regular charts, with W, :=
= ' (4;) such that 0 € W;. Define

Wi :=W; x (0,p),

for some p < 1,

Vi::{xeﬁzl—p<|x|<l,ﬁ € 4}

and introduce &; : V; — W, by

X,

@ (=7 ()

see Figure 3.2. Let A; : W**(W,) — h"P(W,) and Q; : W**(W,) — h"F(W,) be
defined by

Aip=A(poX)ox,
0

2 (pokyok;t=-P

Qip = - aX3 ’
where 1 is the normal on S*. From now on we restrict our attention to one chart
and omit the index i in W;, W;, &, V;, 4;, A; and Q;. There exist functions 4,
a; € C* (W) such that
R 3 82 3 d
A=Y a,-%  —Y a2
ik j

=t} 0x;0x; = ox;
The little Holder spaces on open sets are defined as the closure of the Schwarz
space in the topology of the bounded uniformly Holder continuous functions.
Here we will only work with functions with compact support. Define the half-
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space RY := {x € R*: x; > 0)} and introduce A, : ©**(R%) — 1"F(R3) by

aZ

3
AO =1 + Z a]k(O) axjan.

k=1

Note that 433(0) = 1 and 4,3(0) = 4,3(0) = d3,(0) = d3,(0) = 0. In this proof Tr
denotes the trace operator for functions on the halfspace R>.. Define R, : h'#(R? x
{0}) — 1P (R3) as the solution operator, Ryg = u, of the problem
~Agu =0 in R
Tru =g in R? x {0}.

Define the operator N by

No=QoRy
From [22, eqn. (4.10)] we get
FNF " = Mgy, (3.45)

where F denotes Fourier transform in Rz, :R? x R — R is defined b
y

flx,y) = \lyz + Y a3(0)x;x,

k=1

and M.,y stands for multiplication with the function f(-,1). Because (f(x, )’
is positively homogeneous of degree 3 and its derivatives are bounded on |x|* +
y? = 1 it follows that N € H <h4'6(]R2 x {0}), h"#(R? x {0})), see [4]. For posi-
tively homogeneous functions of degree 1, see [20, Thm. A.2]. In [21, Cor. 5.2], the
same argument is used for a different operator of order three.

. The next step is relating Xg to A/* if the chart domains are small. For convenience

we use the notation
X.g:=goX "},

for functions g on V. The following statement holds true. For any ¢ > 0 and ¢ €
(0, B) thereisa p > 0, an atlas (8, Z; )Y, a partition of unity (1;)"; subordinate
to (V)M,, and a C, > 0 such that for [ € {1,2,3} and N, constructed from the

atlas as described above we have for all p € prLp (S?) and for all charts
|2 (WAP) = o (WPl s gy < €l Xe(P)ll gy + Cellplisne (346)

To see this, we argue as in the proof of [19, Thm. B.4] and choose p sufficiently
small, depending on ¢. Here and in the sequel we identify C"* (R?) and C"#(R* x
{0}). Functions X, (p) can be extended to the entire R* without losing regularity
because of the smoothness of the partition of unity. We want to show that for any
6 > 0 and fixed ¢ € (0, B) the atlas can be chosen such that there is a C5; > 0 such
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that for all p € h*#(S?) and all charts
12 (WA p) = KEX, (9p)lors ey < 81X (WPl + Collpllag.  (B:47)
In the sequel, we will often use the fact that for each k € N
N e L(HTHP(S?), P (s?))

and
Ny € LWV (R?), WP (R?)).

For this, see Lemma 3.10 and [19, App. B]. First we show that there exists a
suitable atlas and a constant C" independent of p such that

1. AP e gy < € (1 () lessg, + lplac) (3.49)
and ,
1 A2 sy < € (1 WP gongeey + Iplac) - (349)

Let us start with the first estimate. Apply (3.46) withe = 1and ! = 3. Let C > 0
denote a varying constant. We get

| X, (U’NP)||c3fﬁ(R2)
1 X, (v N'p) _/\A/()X*(lpp)”ciﬁagz) + HNOX*("PP)HCM(RZ)
1, (W)l oo 2y + Cllpllac + CIX(Dp) loss g2y -

Estimate (3.48) follows. Replace p by A'p in (3.46) and take ¢ = 1 and | = 2. From
(3.48) it follows that

1, (N2 p) o )

1, (YN p) = No X, (PNP) | g2 2y + N0 (PN P) [ g2 2y
XGNPIl o g2y + CINPlls.c + CIX PN P) [l o g2y

CllX. (W)l a2y + Clipllac:

<
<

IANIA A

Now we prove estimate (3.47). Let 6 > 0. Let 7 > 0 be a small number to be fixed
later. By the triangle inequality,

126, (WN°p) = NG X, (p) sy < 1 (WN°P) = NG X (N2 p)| o gey +
NG, (WN2p) = NG X (DN P) |15 2
NG X (PN ) = NG X, (Wp) |1 -

+

We will estimate the three terms on the right separately, denoting by C,, constants
that depend on 7 while C denotes constants that are independent of 1. Applying
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(3.46) to 2 p with I = 1 and using (3.49) we get
12, (WA p) = Ko (WAl
Nl (BAP) o ) + Col APl

nC (12 (Wp) o) + 1Pllsc) + CallPllac
nCl| X, (p)llgsaez) + Collpllac: (3.50)

INIA

IN

Applying (3.46) with | = 2, replacing p by N'p, gives us

IV, (PN p) — NGX, (YN p) s @2y

CILX. (Np) = Ko, (BAD) e
TIC||X*(1/’NP)||C3/5(RZ) + GNPl

nCl X, (A D) | ooy + Collpllac (351)

IN AN IA

From (3.48) it follows that
KX, (WA p) — KX, (WA P) s g2y < CIA (P e gy + Coll e
Analogously,
K3 2. (9N ) — K3, (09 v

ClIX, (WA'P) = NpX. (p) | oo
nCI X, () | s o) + Callpllac (352)

From (3.50)-(3.52) one obtains

12, (@A) — N2 () lors ey < CIX () g o) + Colp s

IA A

We take n = % and get the desired result (3.47).

3. The next step is proving that for all A > 0,
AL + N2 h*P(S?) — hMP(S?)
is an isomorphism. Note that
AT+ N® = (VAT + N) (VA3 T + NY (Ve 5T+ N). (3.53)

Parallel to the proof of Lemma 2.17 we can derive surjectivity of uZ + N : KB (S?)
— H"P(S?), for p € C\ =N, and for all k € N. Surjectivity of AZ + N : h*#(S?) —

ni P (82) follows if we apply this result for k = 1,2,3 and u = v/A, \S/Xe%ﬂi, e T,

4. There exist C > 0 and A, > 0 such that for all r € h**(S?) and A € C with
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Re A > A, we have
IAlrlh,s + [I7llas < CIAZ +N)rly 5. (3.54)

This can be obtained from (3.47) via exactly the same procedure that is used in the
proof of [19, Thm. B.4]. Estimate (3.54) and the fact that

AL+ N2 () — nP(s?)

is an isomorphism imply that N° € H (h4’f3 (S?), h'P (SZ)) , see [3, Remark 1.1.2.1.(a)].
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Chapter 4

Bifurcation solutions

4.1 Introduction

In the previous chapter we showed that (3.30) is a necessary condition for r = 0 to
be an asymptotically stable stationary solution to (3.24) for the 3D suction problem. If
u/y = —32m/5, then zero is an eigenvalue for the linearised evolution problem and if
u/y < —32m/5, then r = 0 is linearly unstable. This motivates us to find stationary so-
lutions to the nonlinear problem that appear as transcritical bifurcation solutions. More
generally, for any k € N\ {1} there is a negative value for u for which the spherical har-
monics of degree k are the kernel of the linearised evolution problem. We investigate
existence of branches of stationary solutions » = p; (o) to the nonlinear problem that are
approximated by some elements in &, for pu = m; (o).

For such families of solutions, investigation of their stability is a natural and impor-
tant issue. Therefore we also present a stability result.

Our existence result is given in Section 4.2, where we apply a well-known result on
“bifurcation from a simple eigenvalue”. To ensure that the eigenvalue under consid-
eration is simple, we have to restrict our basic space, thereby introducing a symmetry
breaking. The new basic space consists of functions corresponding to domains that are
symmetric with respect to rotations around the vertical axis. Similar approaches are
used for the study of viscous drops in electric fields and for tumour models in [24], [26],
and [28].

In Section 4.3 we obtain a stability result for one class of stationary solutions that
we found. This concept of stability is weaker than the stability in Chapter 2 and 3 in
the following sense. Only perturbations that respect the axial symmetry are allowed.
Furthermore, the perturbed domain must satisfy the conditions on the geometry that
were crucial in the theory for the suction problem in Section 3.3.

In Section 4.4 a technical result is proved that characterises the local bifurcation pic-
ture. For u slightly smaller than p, we find disc-like shapes and for u slightly larger
than p, we have cigar-like shapes, see Figure 4.2. Our main stability result is given
in Theorem 4.5. It states that the branch of bifurcation solutions consisting of disc-like
shapes is nonlinearly stable (near the bifurcation point). This relies on analysing the
linearisation of the evolution operator around the bifurcation solution and applying the
results of Crandall and Rabinowitz [9]. This method is also used in [24] and [26].
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We would like to point out that the results of this chapter crucially depend on the
space dimension 3. As we have seen, the evolution operator in other dimensions is
essentially time dependent. Hence, its kernel is time dependent for N # 3.

Any solution r to (3.24) parameterises a domain Qg ;) that solves the Hele-Shaw
problem (3.1)-(3.4), where r and R are related via (2.6). This implies that stationary
solutions r to (3.24) parameterise domains that have the property

Qg = a(t) Qg 0,

with « : [0, %) — (0, 1] given by

3|l
sl 3t
=1 - —.
alt) = 1-2,

We call domain evolutions with this property self-similarly vanishing. An example is
the trivial domain evolution Q(t) = «(¢)B that is represented by r = 0.

Let ]H[S(SZ) be the Sobolev space of order s of functions on the unit sphere S?. Let
(+,+)s denote its inner product defined by

(7", 77)5 = kZ(kz + l)srkf?kf’
/]

with r; = (7,8¢;)0 and 7; = (7, 8¢j)o, where (-, ) is the LL?(S?)-inner product and s;;
are the spherical harmonics that are chosen to be IL?(S?)-orthonormal (as in Chapter 1).
In the following, U is a suitable small neighbourhood of zero in H*(S?) for s > 5. It is
possible to define F; : U — H*(S?) and F, : U — H*'(S?) in the same way as in
Chapter 3, replacing Holder spaces by Sobolev spaces. For more detail, see Chapter 5.
It is clear that stationary solutions to (3.24) satisfy

vyFi(r)+ uF,(r) =0. (4.1)

The linearisations of F; and F, around r = 0 are given in Lemma 3.7 where N = 3 and
N HO(S?) — H° (S?) for ¢ > 1 is defined in the same way as in (2.33). Because
Nh = kh for h € & itis clear that if u = . := —y{ with

K+ k% — 2k

=4
Ce = Am s

k=2,3,4...,

then ker F'(0) = &,.

4.2 Non-trivial stationary solutions via bifurcation

Define for ¢ > 0 the subspace HZ (S*) of H’(S?) consisting of those functions r that
parameterise domains (), that are invariant with respect to rotations around the z-axis.
It is well known that

& NHL(S?) = (Vy),
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Figure 4.1: The domains Q.y,, for k = 2,3,4 and several values of c € R. For |c| small but
nonzero, these domains approximate non-trivial stationary solutions to the rescaled problem, i.e.
shapes of self-similarly vanishing domains.

where Y| are the zonal harmonics given by
Y;(6) = P;(cos0),

where 8 denotes the polar coordinate on S* and P, are the Legendre polynomials.

The mappings F; and F, respect rotational symmetries. Therefore, on a suitable
neighbourhood U,, of zero in S, (S?), we have a smooth mapping F. o P U — HS, 3 (S?)
given by

-7:><,u = (7‘7:1 +#-7:2)|ux~

We shall now state the existence result. We keep s and y fixed and denote by X the
orthoplement of (Y;) in HE, (S?).

Theorem 4.1. (Existence of bifurcation solutions) Let k > 2 be an integer. There exists a &, > 0
and a curve (py, my) : (=8, &) — HE, (S?*) x R with p(0) = 0 and my(0) = py such that
forall o € (=&, 6;)

fx,mk(a)(pk<0'>) =0. (42)

Furthermore, there exist C'-functions vi : (—&,8;) — Xi with v(0) = 0 such that for
o € (=6, 6;) we have
pr(0) = oYy + ovi (o). (4.3)

Moreover, there is a neighbourhood of (0, ) in H (S*) x R on which any zero of (r, 1) —
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F. . (r) is either of the form (oY + ovi(0), my (o)) or of the form (0, p).

This theorem ensures the existence of non-trivial stationary solutions to (4.1). In par-
ticular, Y, gives the direction in which these solutions bifurcate from the trivial solution
r = 0, see Figure 4.1. The proof of Theorem 4.1 uses the following lemma.

Lemma 4.2. Let k > 2 be an integer. We have ker F, , (0) = (Y;) and R(F. ,, (0)) is the
orthoplement of (Y,.) in HC, > (S?).

Proof. The zonal harmonics form a complete orthogonal system in H, (S?). Conse-
quently, we get from Lemma 3.7 and the fact that N'Y; = 1Y

FlnOn =Y g, 01Y)Y,  heH(S),
1=0

where g, , are the eigenvalues of F, ,(0):

Q= —v(P+ 1P —20) — —(1+3). (4.4)

el
47
As g, = Oifand onlyif /| = kand g, ~ —I? for large I, both statements follow
immediately. O

The proof of Theorem 4.1 follows if we combine Lemma 4.2, [67, Thm. 13.5], and the

fact that PR
Ou(FLe () umyy V] = PO = ==Y & R(FL, (0)).

4.3 Stability of bifurcation solutions

The mappings 1p; and P; defined in Chapter 2 form a local bijection between the man-
ifold 93 and its tangent space at r = 0. In order to study stability with respect to
perturbations that preserve axial symmetry we need to introduce a suitable local bijec-
tion between the submanifold of 9] consisting of axially symmetric functions and its

tangent space in HE, (S?). After that, we obtain an evolution equation for the projection
of r on this tangent space.
Introduce

M3 | = M O H (SP) = {r € HE (S?) : /Q dx = %”/Q xadx = o}, (4.5)

where x; denotes the third component of the spacial variable x. This manifold consists
of the functions r in H, (S*) for which the corresponding domains Q, have the volume
of the unit ball and a geometric centre that is located at the origin. It is invariant under
the nonlinear evolution, i.e. if 7 solves (3.24) and r(0) € smi,l then r(t) € zm'i,l for all
t. This is a consequence of Lemma 3.14 and preservation of axial symmetry. Since the
solutions p; (o) exists up to complete extinction it is clear from the theory of Tian [71]
that pi (o) € 9373“. Introduce

Sx,l(Sz) ={re st(Sz) (1, Yo)o = (1, Y1)o = 0}
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and let X; ; be the orthoplement of (Y;) in H, , (S*). On a sufficiently small neighbour-
hood U,, of zero in H', (S*) we introduce the operator buq:U, — R* x H, ;(S*) by

b1 (1) = (fun(r), Pir)",

where P, is the L*(S?)-orthogonal projection on HS, ; (S*) and

T
funlr) = (/Q dx — 4%,/(1 x3dx> . (4.6)

The mapping ¢, ; is a local bijection between a neighbourhood of zero in H, (S?) and

a neighbourhood of zero in R* x H, (S?). This follows in the same way as analytic
bijectivity of ¢ making use of the Implicit Function Theorem (see Chapter 2),

T
fLAO)H] = ((h,x e Do, (hx >) ,

(Yy) = (1), and (Y;) = (x3). Note that in contrast to the definition of f; in (2.42),
integrals over x; and x, are left out in the definition of f, ;.

On a neighbourhood U, ; of zero in I, ; (SZ) we define the analytic bijection 1, ; :
Us s — M, by
Wi (1) = b (0,7). (4.7)
Define F, , : U, ; — H;(S?) by

Fop=ProF, 0P, 1.

From the argument that we used to prove Corallary 2.20, we see that H, ; (S?) is the
tangent space of 9, ; at zero and ¥, 1(0) : H3, 1 (S?) — H, 1(S?) is the identity. Conse-
quently for i € S, ;(S°)

Fren0)[1] = P1FL , (0)[W1 (0) 1] = F . (0) 1]

and for the spectra of the operators 7/ ,(0) and F ,(0) we have

sp(F. .(0)) = sp(F . (0)\ {80 81} = {820 830r -+ } (4.8)

and 7 ,(0)[Y;] = gi,.Yr where g , is defined by (4.4). Fix now k > 2. Introducing
px(0) := P,pi(0) one gets from (4.2)

ﬁx,mk(a)(ﬁk(a)) =0.
From Lemma 4.2 it is known that

ker F , (0) = (R(F. . (0)))" = (Y;).

X, Hi X, Hi

Here the orthoplement is taken in Hs’{f (S?). From Theorem 4.1 we know that in a neigh-
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bourhood of (0, i) in H5, (S*) x R any zero of (r, ) +— Fy u(r) is either of the form
(0, u) or (p(0), m(0)). As a consequence, in a neighbourhood of (0, y) in HY, (S?) x
R, any zero of (r,u) — F, ,(r) is either of the form (0, ) or (py(c), my(c)). Com-
bining these results one applies [9, Cor. 1.13] to find an interval I; containing ry, a
5. > 0, and continuously differentiable functions & : I, — R, n; @ (=6, 6) — R,
we: I — 13 1(S?), and wy : (=8, &) — H3, 1(S?) such that for & € I, and o € (=&, &)

Flo5(0)[u(5)] = &(0)ui(5)
and y

Femy(o) (Pi(0)) [y (0)] = mi(0)wi (0).
Moreover, & (1) = m(0) = 0, u (1) = wi(0) = Yy, uy(6) — Yy € Xy for & € I, and
wi(0) — Yy € Xy 1 for o € (=8, &). However, from (4.4), (4.8), and continuity of & it
follows that u, is constant:

V6 € Iy : £(8) = &ror k(8) = Yy
Consequently forallk > 2 and ¢ € I;

k+3

£(0) = == — <0. (4.9)

Lemma 4.3. We have m.(0) > 0 for k even and m.(0) = 0 for k odd.

Proof. This is proved in Section 4.4. O

Now we restrict our attention to k € 2N. Because of Lemma 4.3, m, (o) is nonzero
for small nonzero |o|. From [9, Thm. 1.16] and (4.9) we get for small |o]|

sgn(n(0)) = —sgn(om ()& (k) = sgn(omi(0)).

Lemma 4.3 yields

sgn(n (o)) =sgno. (4.10)
We conclude that for small positive o, 1,(c) is a positive eigenvalue of F /X'mk((f) (Pr(0))
and for small negative o, 1;(0) is a negative eigenvalue of ]:"/X,mk(@(ﬁk(a)). Now we
consider the curve of bifurcation solutions for k = 2. Observe that zero is the largest
element of Sp(ﬁ;,mz(o) (0)). We prove that for small negative o, sp(f;,mz(a) (P,(0))) is
situated on the left of the imaginary axis to show stability of the disc-like shapes, see
Figure 4.2.

Lemma 4.4. There exists a positive 5 such that for o € (—=5,0) the operator F., . ) (p2(0))
generates an analytic contraction semigroup on ]H[sxff’ (S?) with domain of definition H, (S?).

Proof. To shorten notation we introduce F, := f"xrmz(@(ﬁz(a)), Y = I, (S?), and
X := 57 (S*) with norms || - ||y and || - | x-

It is not hard to prove that —F, € H(Y, X), because showing that (3.54) holds for
Sobolev norms is straightforward. There are M > 0, w € R, and 9 € (7, 7r) such that
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¢ e ¢

A= G L
L : stable

Figure 4.2: A sketch of the curves of nontrivial stationary domains bifurcating from the unit
ball. Domains of the type Q . .y, approximate these bifurcation solutions. The solutions approx-
imated by Q_ .y, for positive € are stable. Due to the additional symmetry of the problem with
respect to the reflection (x,y,z) — (x,y,—z), if (p, 1) is a solution to the bifurcation problem
then so is (p, 1) where p is defined by Q, = —Q,. For even k, uniqueness and Lemma 4.3
imply p = p on the bifurcation branches. Thus, Q) , is symmetric with respect to the x, x,-plane.
If k is odd, then the branch consists of pairs of different solutions p and p for the same value of
u, and a pitchfork bifurcation occurs. However, we do not know whether p < py or pu > . on
these branches.

T,

-~

stable
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S:={zeC:|arg(z—w)| < 9} C p(F) and for A € S we have

M

IR Fo)llzix) < D=

Here R(A Fy) : X — X is the resolvent of Fy and (L(X), || - [|z(x)) is the space of
bounded operators on X. Endow Y with the graph norm

1xllpr,) = llxllx + [ Foxllx,

which is equivalent to the norm || - [|y.
Fix k € (0,1). Note at first that due to continuity of p, and m, (see Theorem 4.1) the
mapping o — F, is continuous with values in £(Y, X). Therefore, F, € H(Y, X) and

K
1Fs = Foll z(p(ry),x) < T oM’ (4.11)
for |o| sufficiently small.
ForA e S
IR Fo)llexpiry < IR Fo)llzx) + 10 R(A, Fo)ll £ x)
< AR F)llex) + 1AL = R)R(A, Fo)ll 2 + [AIR(A, Fo)ll £x)
< 14 (14 |7\|)M
A - wl

Combining this and (4.11) one sees that there exists a A > 0 such thatif A € S, := {z €
S:|z| > A}, then
[ (Fs = F)R(A, Fp)ll zx) < « (4.12)

For A € S, C p(Fy) and f € X we consider the problem

Au—Fu=f, (4.13)
that is to be solved for u € D(F,) = Y. Introducing

v:= Au — Fyu,
we get the following problem that is equivalent to (4.13):

v=(F, —F)R(A Fy)v+f. (4.14)
From (4.12) it follows that the mapping
Z:v— (F,—F)RA Fy)v+f

defines a contraction on X. The Banach Contraction Theorem yields that there exists a
. / / /
unique v € X such that Z(v') = v'. As a consequence,

u'==R(A Fy)v (4.15)
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\

Figure 4.3: The stars denote the elements in the spectrum of Fy. There is one zero eigenvalue.
All other elements in the spectrum are in the region A := C \ (S, UK). For negative values of
o close enough to zero, one element 1,(0’) of the spectrum of F, is still located in the little ball
{z € C: |z| < {}. All other elements are in A. Since n, (o) is negative all elements in sp(F,)
have negative real part.

solves (4.13) uniquely. Because of (4.12) and (4.14) we have ||o||x < «||v'||x + || f||x and
get
M 1 M
"y < =——|1?'|lx £ — —— )
11 < il < e e

Consequently, Sy C p(F,) and —F, € H(Y, X). It follows from the continuity of o — F,
around 0 and the perturbation result given in [9, Lemma 1.3], that for sufficiently small
6, > 0 we have

sp(Fe) N{z € C: |z < ¢} = {m(0)}, (4.16)

if |o| < 8. Define the compact sets
1
K:= {ze(C\SA:ReZ> 283,u2}/ K;:={ze€K:|z| >},

see Figure 4.3. We will show that for fixed ¢
sp(F,) K, =0 4.17)

for all o sufficiently close to zero. For o = 0 this is obvious. From continuity of (A, o) +—
AZ — F, and the fact that isomorphisms form an open subset in £(Y, X) we get the
following result. For all A € K, there exist x(A) > 0 and ¢(A) > 0 such that for all
A € C with |A = A| < x(A) and for all ¢ with |o| < o(A) the operator AZ — F, is an
isomorphism between Y and X. Since K, is compact, the open covering of K, consisting
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of the balls
B(A):={z€C:|z—Al < x(A)}

has a finite subcovering (B(}A\,-))l.eﬂ. Define ¢ := min,c; 0(A;). Let |0 < 0" and A € K,.
There exists an i* € T such that A € B(A;). It is obvious that |o| < o(A;+). Asa
consequence AZ — F, is an isomorphism between Y and X. In other words A ¢ sp(F,).
This proves (4.17).

From (4.16), (4.17), and (4.10) we conclude that for o negative and near zero, sp(F,) is
in the open left half-space of the complex plane at a positive distance from the imaginary
axis. This completes the proof. O

Now we state the main result of this chapter. Again we regard r as a function of the
time variable 7 that we introduced in (3.26).

Theorem 4.5. (Stability of bifurcation solutions) Suppose that s > 5. There exists a 6, > 0,
such that if o € (—6,,0) and Ay € (0, — Ren,(0)), then there exists a 6, > 0 and an M > 0

such that the following statement holds. If ry € imi,l and ||rg — p,(0)||s < 8,, then there exists
a solution r € C([0, 00), H* (S?)) N C*([0, 00), H3(S?)) to

or
37 = fx,mz(tr)(r)r 7”(0) =Tp.

Furthermore, for T € [0, 0o) we have r(t) € 9, | and
Ir(7) = p2(0)ls < Me™™ |15 — pa(0) - (4.18)

Proof. First we show solvability of the problem
a - .
P = fx,mz((f) (1’), 1’(0) = Piro, (4.19)
T
for Pyry near p,(o). Since T + F ’X,MZ(O)(O) is an isomorphism between H, ; (S?) and
3 (S?), T+ F' (o) (P2(0)) is an isomorphism between HS, ; (S*) and HS 7 (S?) as
well for o near zero. This implies that the graph norm of F7, ,, (o (f,(0)) is equivalent

to || - ||s- Because F «,my(c) 18 analytic near zero and F «my(0) (P2(0)) = 0, it follows from
Lemma 4.4 and [53, Thm. 9.1.2] that there exists a solution to (4.19) that satisfies

[F(7) = Ba(0) |5 < ME?AOTHPN’O = pa(0)ls
for M independent of P, ,. This estimate follows from the fact that sp (F ;,mz(g) (P2(0)))

is on the left of the line Rez = —Aj. Now r := 1, ;(F) solves the original problem and
we obtain (4.18) from the analyticity of 1, ;. O

In view of (3.26), this exponential decay in 7 translates into algebraic decay in t:

3|t 3
1) = p2(o) 1 < (1= 22 = (o) (4.20
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4.4 Proof of Lemma 4.3

Parameterise S° by spherical coordinates:

sin 6 cos ¢
Z:(0,¢) — | sinfsing |. (4.21)

cos 6

Let p be the radial coordinate p = |x|.
In this appendix, m;(0) will be calculated in terms of the Clebsch-Gordan coefficients
I, and [, that are defined by

Y\’
L = /Sz(yk)3d0', I = /S2 Y, <89k> do. (4.22)

It is known that

(Bk+1)!(k/2)1

(4.23)
0 k odd,

L _ { (4%)_1/2(2k—|— 1)3/27](!3(316/2)!2 k even,
L =

see e.g. [54, eqns. (C.16), (C.23)].
Define Y, : R*\ {0} — R by

- x
Yk(x) = Yk (x|> .

Since Yk (regarded as a function of p, 8, and ¢) only depends on 8 we have
Jk = /S2 Y| VY, |*do

and

AOYk — AYk |SZ,

where A is the Laplace-Beltrami operator on the sphere. Integration by parts shows
]k = - div (YkVYk)kaO-
Js?
- / (VY, - VT Vido — / V2AY do
Js? Js?
= i~ /S2 YA Yido = =]+ k(k+ 1)1
In the last step we used (3.23). It follows that
1
Ji = Ek(k +1)I,. (4.24)

Thus, I, and J; are positive for k even and zero for k odd. Lemma 4.3 will follow if we
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combine this fact with Lemmas 4.6 and 4.11.
For the operators &, , ¢, and [ defined by (3.38), Definition 3.2, (2.28), and (3.39), we
found the following identities in Chapter 2 and 3:

£(0) = N, (4.25)
K'(0) = —N?*—N+21, (4.26)
¢'(0) = —ﬁf, (4.27)
, 3

where 7 is the identity operator.

Lemma 4.6. We have )
7
m(0) = m(f/x/,uk(o)[yk, Yi], Yi)o-

Proof. Differentiating the expression
vFi(or(0)) +my(0) Fy(pr(0)) =0
twice with respect to o gives
0 = ¥ (p(0))lor(0), pi(0)] + my(0) F5 (pi(0)) [pk(0), pk(0)]

+yFi(p(0)) 0K (0)] + my(0) F5 (pi (o)) 0K (0)]

+2m () F2(pe(0) [k (0)] + i () F (i (0).-
Setting o = 0 and using p;(0) = 0, m;(0) = p, F»(0) = 0, and p(0) = Y one obtains

FLu O)Ye, Yi] + FL 4, (0)[0k (0)] = —2m;(0) F2(0)[Y . (4.28)
From Lemma 3.7 it follows that
1
/ [ —
(RO Yo = — 5 (k+3).

Moreover, since pj (0) = 2v;(0) € (Y;)" (see Theorem 4.1) and F (0) and F(0) respect
the decomposition HS, (S*) = (Y,) & X,, we get

(Fp (0)[p (0)], Yi)o =

Taking the inner product with Y; on both sides of (4.28) and applying the last two equa-
tions yields the result. O

Now we introduce the vector spherical harmonics Vk, Wk : §* = R® conform [29] and
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[38] (where they are denoted by V,, and W) in the following way:

- k+1 1 aY;
Vi = —\/z——=Ye, + o,
k Vak+1 " Jkr )2kt 1) o0 °
- k 1 Y,
Wy = 4/ Yie, + —Xep, 429
k 2k+1°5° " Jk(2k+1) 00 ° (4.29)
fork € Nand V, := —Yge ,- Here e, and ey are the usual unit vectors corresponding to

spherical coordinates.
Let V, be the surface gradient defined by

Voy = VEy — aE—ye

where Ey is a smooth extension of y : S* — R inside B®. From [29] or [38] we have the
following formulas:

_ k+1 5 \/ ko -

Ykep = _\/2k+ 1Vk + 2k+ 1Wk/ (431)
k1 kKoY,

VOYk = k ka + (k + 1) ka = EES, (432)

V(0"Y,) = 01 k(2k + 1)W,, (4.33)

Here and in the sequel the expression p"Y, should be interpreted as the function that

maps an element of B> characterised by spherical coordinates to p"Y;(6, d). Note that
(4.33) can be obtained combining (4.31) and (4.32).

Lemma 4.7. For the operators A and Q defined by (2.25) and (2.26) we have
A(0)[y] = ~A((Ey)id - V) + ((Ey)id - V)4,
Q'(0)[yl = —=(VEy)(id - V) — (Ey)V.

Proof. One obtains the first identity taking the Fréchet derivative of the identity
A(r) (uoz(r)) = (Au) o 2(r),

for any twice differentiable function u, at r = 0 and using A(0) = A, z(0) = id, and
Z'(0)[y] = (Ey)id. In a similar way one finds from Q(0) = V

Q'(0)[y] = —V((Ey)id - V) + (Ey)id"H, (4.34)
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where H is the Hessian: [Hu];; = 522- 7 a 5 . It follows from (4.34) that
QO)ly] = —(VEy)(id-V)—(Ey)V(id- V) + (Ey)id"H
= —(VEy)(id-V)— (Ey)V — (Ey)id"H + (Ey)id"H
= —(VEy)(id-V)—(Ey)V.

This completes the proof. O

Lemma 4.8. We have
(E'(0)[Yil& (0)[Yil, Yi)o = (K +k — 2) (kI + ).
Proof. From (4.26) we have
K'(0)[Y] = —(kK* +k—2)Y;

The lemma will be proved by showing

(E"(O)[Yi]Ye, Yi)o = — (kI + Ji)- (4.35)
Differentiating the identity
n(r)-n(r)=1
one obtains for all &
n'(0)[h] - n(0) = n'(0)[h] - id = 0. (4.36)

By the product rule of differentiation, (4.36), and the definition of £ (see (3.38)) we have
E'0)[Y]Yy=A+B+C,
where A, B, and C are given by

A = VS80)(0,v)" ' (0)[Vi],
B Q'(0 )[Yk]sm 0, Y™ - n(0),
C = —VS(0)'S'(0)[¥,]S8(0)7'(0,Y)" - n(0),

with the trace operators suppressed for the sake of brevity. We used the fact that the
Fréchet derivative of r — S(r) ' atr = 0 in direction I is given by —S(0) 'S’(0)[1]S(0) .
Introduce U : B> — R by

U:=8(0)7'0,Y)" = p,.

For later use we note that by (4.33) and (4.29)

VU = "W k(2k+1)W,,  id- VU = ko'Y,. (4.37)
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From (6.30) we get
Yy

”,(O)Wk} =—-VY = —wee'

(4.38)
Using (4.29) and (4.37) it follows that

A=TeVU- 1 (0)[Y] = —\/k(2k+ D) Te( ) - (%69) _ (aalgc)z

Further, Lemma 4.7 and (4.37) yield
Q'(0)[Y,JU = —V(EY,)kp*Y, — EY; [pk_l \/ k(2K + 1)Wk}

and by (4.29)
, d
B=TH(Q (O IU) ¢, = —k 5 (Y0 + Y, ) Yo

where % is the normal derivative on S°. Set
W := (EY,)id - VU = k(EY;)p"Y,.

From Lemma 4.7 and the fact that U is harmonic it follows that

c = s AOMU 0
= 2s0)ay, 0) = %
v

on
0
- o —N(Tr¥) = ka?(EYk)Yk +RYE — KN ().

(S(0)H(AY, TrY)" — S(0) (0, TrY)")

Adding the results, taking the inner product with Y}, and using
(Yk,NYf)O = (NYy, Ylg)o = kI

(4.35) follows. O

Lemma 4.9. We have
(VK" (0)[Y, Yi], Yi)o = 4k (K +k — 1)1,

Proof. Let G(r) be defined by (3.16), with = given by (4.21) and w; = 6, w, = ¢. Intro-
duce

g(r) :==detg(r).

Note that 3 3
_ 2 or o 9
G(r) = (1+7)Gy+ 5@ 5,
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1 0
Go = ( 0 sin29>

T 2 T or
a o (G
ow ~ dw ar or (ﬂ) '

20 3¢ Lo

where

and

From G(r) we construct B(r) as in (3.18). The Laplace-Beltrami operator on S? satisfies

Ay =B(0) = —N? - N. (4.39)
The following expansions around r = 0 are easily derived:
- 2 1 or or
g(?’) = QO(I+2rI+rI+QO %@)% ’
G(r)7t = Gyt (I—2r1 4371 — LA ﬂg—l +0()
0 dw ~ dw " ’
(r) = sin?0(1+4r+6r° + o 2+ 2 (2 2+(9(r3)
g = s % csc % ,
o . 2 ]. ar 2 1 2 a?’ 2 3
g(r) = sm9<1+2r+r +2<89> + 5 csc 0 %% +0() |,
X(r) = \/s(NG(r)™

. 1 _ar or .4 1 [or 2 1 or\? 3
= Slnego <I %®%go +§ <86> I+§CSC 6 % I+O(7’) ’

Z(r) = ! = csco 1—2r+3r2—1(ar)z—lcsczﬂ(ar)z—i—O(P) .
Vs(r) 2 \ 00 2 o

From these expansions it follows that for any 1 € H*(S?)

G'(0)[n] = 2hG,,

" o 2 % oh
G'(0)[h,h] = 2h go+zaw®

7

ow

X'(0)[h] = o.
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Since zonal harmonics do not depend on the azimuthal coordinate ¢ we have

" Y, 2 —sin@ 0
X" Y] = (a;) ( 0 CSC9>, (4.40)
2
Z(0)[Y, Y] = csc9<6(Yk)2— (a;g‘) ) (4.41)
BO)Y] = —2Y;A,, (4.42)
" i\’ d N AN
B"0)[Y,, Y] = (6(Yk)2— <a;> )Ao—l—csc:@ae [— sm@(agk> ae] (4.43)
» (Y \? &
+cs 9(86) 87)2

From (3.21) it follows that

" (0)[Y,, Yi]=A+B+C+D+E+F

with
A = (BY(0)[Yy Yi]2(0)) - n(0),
B = (42"(0)[Yy, Yi]) - n(0),
C = (42(0)) - n"(0)[Yp, Yil,
D = 2(B(0)[v ]z (0)[vi]) - n(0),
E = 2(B(0)[Yiz(0)) - n'(0)[Yy],
F o= 2(AZ (0)[Y,]) -1 (0)[Yi]

Since 2(0) = n(0) = id and 44 1 id, % 1 id we obtain from (4.43)

Y.\ 2 Y.\ 2 9%d Y2 3%id
(6(Yk>2 B (é)élk) ) (Aoid) -id — <89k> 8761)2 -id + csc” 0 <89k) ?4152 -id

(6(Yk)2 - (aal;k)j (Apid) -id = —12(Y)* +2 @?)2.

The last step follows from (4.39) and the identity Nid = id. We have B = 0, because
z"(0) = 0. Taking the second Fréchet derivative at zero of the expression

A

n(r)-n(r)=1
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we obtain from (4.38)

WO, ¥ -id =~ O] O] = - (5)

Therefore it follows from (4.39) that

Y\ >
¢ - a(Y
In the following identities, that follow from [38, eqns. (B-6 a), (B-6 c), (B-7)], Ay has to
be applied component-wise:
AV = —(k+1)(k+2)V,, AW, = —k(k—1)W,. (4.44)

From (4.31), (4.42), and (4.44) we get

D = 2B(0)[Yi](Yiid) - id = —4Y,A(Ysid) - id
k+1 5 ko | .
= —4YkA0 _\/2k+1Vk+\/2k+1Wk 'ld
2 2
o |G DPEE2)  RR=D) ]
2k +1 2k +1
= 4K +k+2)(Y)
Further, (4.39) and (4.36) yield
E = —4Y(Apid)-n'(0)[Y] = 8Y,id - n'(0)[Y,] = 0.
Finally (4.38) implies
_ _ oY,
F = Z(AO(Ykld)) . —¥€9
_ k+1 5 ko - Y,
= 280 Vg eV V| T e e

3y,
LT

06

k+1 k-
2(k+1)(k+2)1/2k+1vk—2k(k71)g/mwk

- [ A () ()

a0

The lemma follows by adding the results. O
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Lemma 4.10. We have

(O O] Yo = 1= (kI + 1),

1 k
(N9 (0)[Ye, Vil Yi)o = 5

Proof. The first statement follows from (4.27) and (4.35). The second statement follows
from the definition of ¢. O

Lemma 4.11. We have
(F2, (0)[Ye, Yil, Yi)o

_ 2k(K + 7K + 6k — 6) +6(k2+k—2)]
- k+3 k k+3 'k

Proof. 1t is obvious that
Fi(0) =7 (F(0) - §F,(0)) .
Observe that ¢(0) = 0 and as £(r) vanishes on constants, £”(0)[h, h]x(0) = 0. Therefore
F1(0)[1, i) = 2£"(0) [1]« (0) [1] + £ (0)" (0) [, h],

T3 (0) [, 1] = 2&(0) (1)’ (0) [1] + £(0) " (0) [, ] + 1" (0) [, ).

From the definition of I it follows that I”(0)[h,h] = %hz. Combining the previous
lemmas and (4.25) we obtain

(F2 1 0)[Yie, Yil, Yi)o
= (2(E(0)[Yi]& (0)[Ye], Yi)o — 26 (E'(0) [Yi] @' (0) [Yi], Yi)o)
+¥ (N&"(0)[Ye, Yil, Yi)o — G(N@" (0) [V, Yil, Yi)o — G (1" (0) [y, Yil, Yi)o)

1 k 3
= v (z (k2 +k—2— Ck47r> (kL + J;,) + 4k(K* +k — 1), — L Ckzﬂlk>

6(K +k—2
= v <(k++3)(k1k + Ji) 4 4k(K* +k — 1)I, — 2k(K* + k — 2)1k>

K+ k-
= vy (W(klk + Ji) + 2K (k + 1)1k> .

Lemma 4.3 follows from (4.23), (4.24), Lemma 4.6, and Lemma 4.11.
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Chapter 5

Hele-Shaw flow with surface
tension in RN

5.1 Introduction

Until now we only discussed the three-dimensional version of the Hele-Shaw moving
boundary problem with surface tension and one source/sink (3.1)-(3.4). Since the lin-
earisations of both F; and F, are negative operators (see Lemma 3.7), the spherical
solution is asymptotically stable in the case of injection. For the suction problem it is
important that 7 is a third order operator whereas F, is of order one. Surface tension
dominates the strength of the sink and the spherical solution is stable with respect to
certain perturbations.

This Chapter is aimed at extending the theory for N = 3 to other space dimen-
sions. More precisely, we will prove the results that are shown in Table 5.1. For di-
mensions unequal to 3, the local-in-time version of the suction problem is again well-
posed because the qualitative properties of F;(r) and F,(r) are the same in all dimen-
sions. However, (3.22) is essentially time dependent because of the scaling properties
of curvature and @ that we discussed earlier. For large time one of the two terms in
ya(t) 2 Fi(r) + pe(t) N F,(r) grows faster than the other one. Hence, large-time be-
haviour depends on the dimension.

An application of the two-dimensional version of the Hele-Shaw model is liquid
flow in a Hele-Shaw cell. Our results for N > 4 turn out to be useful in Chapter 6 where
we study the Stokes moving boundary problem.

For the injection problems we find existence for all £ > 0. In the two-dimensional
suction problem the geometric centre of the initial domain and the suction point must
coincide in order to remove all liquid. The domain vanishes “as an asymptotically cir-
cular point”. In contrast to the three-dimensional case, there is no restriction on the
suction rate in the two-dimensional case. For N > 4 with suction, the spherical solution
is linearly unstable. However, it is possible to derive a result like Theorem 3.18 for any
p < 0 both for N = 2 and for N > 4. An arbitrarily large portion of liquid smaller than
the entire domain can be removed if the initial domain is close enough to a ball. We call
this “almost global existence”.
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dimension u>0 u<o
2 e global existence and decay
global existence for correct geometric centre
and decay (see Theorem 5.8)

(see Theorem 5.6) e almost global existence
(see Theorem 5.13)

3 e global existence and decay
global existence for correct geometric centre when
and decay b < 32?”

Y
(see Theorem 3.13) (see Theorem 3.15)
e almost global existence
(see Theorem 3.18)

>4 global existence almost global existence
and decay (see Theorem 5.13)
(see Theorem 5.10)

Table 5.1: Large-time behaviour of Hele-Shaw flow with surface tension and injection or suction
in one point

Instead of using the principle of linearised stability we apply Theorem A.1 in Ap-
pendix A to deal with the non-autonomous character of the problems. From the lin-
earisations, that we calculated before, and perturbation results we derive estimates for
(r, F(r,t)), where F is the time-dependent evolution operator. Since Holder spaces
have no Hilbert space structure we define our evolution problem in Sobolev spaces. As
a consequence, we need to demand higher regularity to make sure that our Sobolev
spaces are embedded in a Holder space of sufficiently high order.

As mentioned before, finding non-trivial stationary solutions to (3.22) by the method
presented in Chapter 4 is not possible for N # 3 since the kernels of the evolution
operators are time dependent.

5.2 The evolution equation and its linearisation

In this section the evolution problem in R" that we discussed in Chapter 3 is formulated
in Sobolev spaces. Let (-, ), be the usual I.?(SY ')-inner product and define for each
r € L*(SN™!) the numbers 1 by

Tkj += (r, Skj)Or

where s;; denote the spherical harmonics as defined in Section 1.5. For all s > 0, equip
the Sobolev space H* (SN ') with the inner product

(r,7)s = kZ(kZ + 1) 1k
/]
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In the sequel we will use the Sobolev Embedding Theorem: If k € Ny, B € (0,1), and
s > % + k+ 3, then
Hs (SNfl) AN Ck,ﬁ (SNfl )
and _
Her%(BN) o ck,ﬁ(BN).
We will also use the fact that for s > 81, H* 2 (BN) and H*(SY ') are Banach algebras.
Reintroduce the functions R(-,t) : SN' — (=1,00) and r(-,t) : S¥ ' — (=1, 0)
that parameterise the moving domain and its rescaled version as explained in Section
1.5. We will often write (t) instead of 7(-, ) and if we consider a fixed domain, then the
argument t will be suppressed.
From now on we assume that r € H°(S¥ ') where

N+7

>
s 2

(5.1)
. . s (@N—1 =1 aN-1y\ N
On a neighbourhood U of zero in H*(S™ ) the operators n : U — (H (S )) and

k:U — H3(SN!) as defined in Chapters 2 and 3 are analytic (see [60, Ch. 3 Lemma
16]). This is proved in the same way as we did for Holder spaces in Chapter 2.

By [63, Thm. 6.108], there exists an extension operator E € £L(H*(S¥™1), He 2 (BN)),
such that
E7’|SN—1 =T (52)

Define z : H'(SV 1) — (H”% (BN))N by
z(r,x) == (1+ E(r,x)) x.

Here and hereafter we identify z(r, -) with z(r), E(r, -) with E(r), etc. Let jk’i(r) be the
coefficients of the inverse of the matrix
_0z(r)
- ox

)NXN

J(r) c (Hs’% (BY)

Lemma 5.1. Let s > M. There exists a & > 0 such that if ||r||; < &, then z(r) : BY — Q,is
__\N
bijective and z(r) ™" € (Cz(Qr))
Proof. From H'(SN™') — C*(S¥) it follows that r is small in C*(S¥ ). The result
follows from Lemmas 2.3 and 2.4. O
On a neighbourhood U of zero in H* (SN ') we define the following operators:
3 7 3 5 N
o AU = L@, ) and s — £ (BT EY), (7 EY)")

. . s 1 N NxN
by (2.25) and (2.26). Note that J is continuous near zero, (H 2(B ))

Banach algebra, and J(0) = I. As a result, J(r) is invertible (in the sense of

is a

matrices) for ||r||, small and the elements /(r) are in i (BY). Because of (5.1)
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the space HE 3 (BY) is a Banach algebra. Therefore the operators A and Q are
well-defined.

o S:U — L (BY), 3 (BY) x B 2(SV 1)) asin (2.27).
e ¢:U — H(SV ) asin (2.28).

Lemma 5.2. For ||r||, small, S(r) is an isomorphism between Hsfg(]BN) and H*~? (BY) x
H572(SN71).

Proof. Tt is known that S(0) = (A, Tr)" is an isomorphism between ]HIS*%(IBBN ) and

He (BY) x H*2(SN ). Isomorphisms form an open set in the space of linear bounded
operators. Because S is smooth (by the methods in Lemma 2.7), S(r) is an isomorphism
for small 7. 0O

Suppose that (5.1) holds. Introduce on a suitable neighbourhood U of zero in H’ (SN 71)
the operators £ : U — L(H2(SV 1), B3 (SN ")) and I : U — H (SN 1) by

= (20 [Sir()r;_ [df/)) I]) - .

and
1 147

O'N(l—l—i’)N_l a on

I(r):=

(5.4)

Since S also maps U to L(H2 (]B%N),Hs% (BY) x H*(SN™1)), € also defines a mapping
from U to L(H*(SN1), H* ' (SM1)). As in Chapter 3 we have for r in a neighbourhood
U of zero in H¥(S¥ 1)
o 1
of  at)

F(rt), (5.5)
where
F(r,t) = yFi(r) + na(t)> N Fy(r), (5.6)

for a third order operator F; : U — H°>(SN"!) and a first order operator F, : U —
H* (SN given by
Fi(r) = E(r)x(r),

Fa(r) = E(r)o(r) +1(r),
In fact, F, also maps a neighbourhood of zero in H* 2(S¥ 1) to H* (S ).

Lemma 5.3. (Analyticity of the evolution operator)

N+7
Suppose that s > =5+

e The mapping F; is analytic from a neighbourhood U of zero in H* (SN 1) to
H573 (SN7 1 ) )

o The mapping F, is analytic from a neighbourhood U of zero in H (SN 1) to HE (SN 1),
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Proof. These statements can be proved in the same way as in Lemma 3.5 (see also [60,
Ch. 3 Lemma 20]). O

Introduce a new time variable T = 7(t) such that (3.25) holds and 7(0) = 0. For

N # 3 this gives
o oN ‘U-Nt 17% .
T(t) = L(N—3) o +1 1]. (5.7)

._ 9N
©|pIN

Define

In the case of suction we have a(T) = 0. If the initial volume is equal to the volume of
BY, then at t = T all liquid is sucked out provided that the domain evolution continues
up to complete extinction.

The original time interval on which the moving boundary problem is defined is in-
finite for the injection problems and finite for the suction problems. Considering (5.7),
this does not change for the new time variable 7 in the case N > 4. For N = 2 however,
the new injection problem is defined on a finite time interval (0, T,,,,) while the suction
problem is defined on (0, c0). This is illustrated in Figure 5.1. We have

2

tlLrgo T(t) = o forN=2,u>0,
}EI% T(f) = oo, for N =2, u<0,
tlirgo () = oo, for N >4, u>0,
limt(t) = 07]\[, for N >4, u <0.
=T (N —3)

We denote these limit values for T by T,,,.. From (3.25), (5.5), and (5.6) it follows that

% = F(r, (7)) = vFo(r) + pa(t(1))* N Fo(r).

Here t(7) is the value of t that corresponds to 7. To simplify notation, we will write

from now on «(7) instead of a(t(7)) and F(r, ) instead of F(r, {(7)), thus

X~ Fl1) = v () + pal1) V(). 68)

By Lemma 3.7 we have for all dimensions N the following expressions for F; (0) and
F5(0) in terms of the Dirichlet-to-Neumann mapping N\

Fi(0)[r] = —=p1(N)r (5.9)

and

F(0)[r] = =p2(N)r (5.10)
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T or

t

Figure 5.1: The relation between t and T; red: N = 2 with u > 0, blue: N = 2 with p < 0,
green: N = 4 with u > 0, purple: N = 4 with . < 0. The red line has a horizontal asymptote
and the blue graph a vertical asymptote. In the case of injection we plotted the case in which

— On 4 — _9n
p = 3}, for suction p = —

where p; and p, are the polynomials

pi(k) = K4 (N-2)kK - (N-1)},
1 N

5.3 Energy estimates and global existence results

In this section we find estimates for (r, F(r, 7)), to prove a stability result for the sta-
tionary solution r = 0. We make use of Theorem A.1 in Appendix A. Three cases will
be considered, namely the injection problems for both N = 2 and N > 4 and the suc-
tion problem for N = 2. Estimates for (r, F;(0)[r]), and (r, F5(0)[r]), are easily obtained
from (5.9) and (5.10). To show that the remaining “nonlinear parts” (r, F; (r) — F;(0)[r]),
and (r, F,(r) — F5(0)[r]), are controlled by the “linear parts” we make use of Lemma
5.3.

For the injection problems we prove that for small 7(0) there exists a global solution
r(t) to (5.5) that converges to zero as t tends to infinity. For the two-dimensional suction
problem we need to restrict ourselves to domains with certain geometric properties, in
order to get a global existence result.

In Example 1.2 in Chapter 1 we made use of formula (1.19) to close a regularity gap
for a first order evolution operator. Since F; is of order three, the regularity gap is larger
here. Therefore we derive a second order chain rule in Lemma 5.4.

Let w be a bijection between {(I,m) € N*:1<I1<m<N}and {1,2,...,(5) }. We

define the following differential operators on functions on S *:

) 0

Dw(l,m) = xla — Xmaixl. (511)
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Foreachi € {1,2,..., (2’) }, D; is the infinitesimal generator of a semigroup of operators
h— Ry:

Rif =ef=fog,  fel’E"),
where g, : SN ' — SN are rotations of the unit sphere.
Lemma5.4. Lets > N7, Forr € H*" (SN™") with ||r||; small, we have the generalised chain

rule of differentiation:
DiFi(r) = Fi(n[Dy], k=12, (5.12)

If in addition r € H(SN™1), then the second order generalised chain rule of differentiation
holds,
D;D;F(r) = Fi(r)[D;Dyr] + F¢ (r)[Dir, Dir],  k=1,2. (5.13)

Proof. Because Fj (k = 1,2) commutes with rotations, i.e.
Fi(r) o gy = Fi(rogu),
we get
1 .1
DiFi(r) = lim h(Rh = I)Fi(r) = lim o (Fi(r) 0 gy — Fi(r))
1
= lim 1 (F(rogy) — F(r) = lim L F{(r)lrog, —7
. rog,—
= F) tim 8| = F)(D,

where 7 is the identity. Further, if

Rf=ePif=fog, feL*S',

for some rotation g;, then

1
D,D;Fi(r) = %{%lgnhl( —I) (R, = I)Fy(r)

= limlim ~ (fk(f’ogz ogy) — Fr(rog) — (]:k(rogh) - fk@))

h—01—0 hl
= Jim 1 (Fi(ro g)[D,(ro g)] — () Di))
= lim 1 {F(rog) - A} Di(rog)]
+lim 17Dy (ro g, — 1)

= F/(r)[Dy, Dir] + Fi(r) [D;D;r].

This proves the lemma. O
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Let for o > 0, || - ||,_z, be the norm on H’(SV ") induced by the inner product
(1, 7)g—22 = (1,7)g_a + Y (D;D;1, D;D;F)5_5. (5.14)
ij
This norm is equivalent to the norm || - ||, that we introduced earlier (see [33, Sec. 4]).

Lemma 5.5. Ifr € &, then D;r € &y

Proof. The spaces G are invariant under rotations. The lemma follows from this and
the fact that D; generates a semigroup of rotations. O

In the following theorems C,, indicates weak continuity.

Theorem 5.6. Let N =2, u > 0, and Ay € (0, £). Suppose that s > 5. There exists a & > 0
and an M > 0 such that if ry € H°(S") with ||ry||s < 6, then the problem

or

5. = F (1), 1(0) =1y, (5.15)
has a solution r € Cyy([0, Ty ), HE(SY)) N Co ([0, Ty ), HE2(SY)). Furthermore,

((&,7) = 1(1)(&)) € C®(S" X (0, Tax))- If we regard r as a function of the original time
variable t (where the relation between t and T is given by (5.7)), then

7

ol <M (% +1) " Il re000) 5.16)

Proof. The theorem follows from the inequality
(1 F(r,1)s 22 < =Aoa(D)7][3 2, (5.17)

for all r € H*"3(S") with |||, small. First we find a similar estimate for the Fréchet
derivatives F;(0) and JF,(0). Perturbation arguments and the chain rule (5.13) lead to
(5.17). Combining (3.25) and (5.17) we get algebraic decay of r as a function of ¢, given
by (5.16).

Throughout the proof we will assume that » € H*"(S') with ||r||, < &, where 6 is
sufficiently small. The symbol C always denotes a constant that may vary throughout
the proof. This constant is independent of 7.

1. Take n > 0 such that Ay < U522 Define

27
= _inf ypa(k) +2n;wc(§)vz(k) _ g Y (k)2+ mupak)
€Ny, >0 (k + 1)2 keN, (k + 1)2

and define ¢ := min{c;, 124 — A}

2. Let 7' be the Fréchet derivative of F with respect to the first argument. From (5.9)
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and (5.10) we have the following estimate for the linear part of F(r, 7):
(r, 7'(0,7)[r])s >
= v F(O)[r])s2 + pa(T) (1, F(0)[1])s 2
= v(r F1(0)[1])s—2 + nua(T)(r, F2(0) [r])s 2 + (1 = mua(7) (r, 5 (0)[1])s-»

_ K24 1)+ Y (k) — TI/,LDCS(T o (k) 5
;j( ) ( :

1 = ma(r) ;j(k2 + 1)5—2+%mr§

(1-n)u

< ol - a()rlZs (5.18)

In the last step we used

(5.19)

3. Now we find an estimate for the remaining nonlinear part. From the analyticity of
F, and F, near zero and the fact that 7, (0) = F,(0) = 0, we have for r near zero

in H° 2 (S
[F1(r) = F1(0)[7]]]

3 <Clrl?y,
1F(r) = F5(0) [r]lls—5 < ClIrl_s-
Here the demand s > 5 is crucial. Now we get
(1, Fo(r) = F1(0)[r])s—2 + na(7) (v, F(r) — F2(0)[r])s 2

< (Il +aolirl;) - (5.20)

4. From the chain rule (5.13) it follows that

(1, F(1,7))s-20
= (1, Fi(r))s—2 + (1) (r, Fo(1))s—2
+Y Z(DiDjrr Fi(r) [D;Dr])s_ + pa(1) Z(DiDjr/ Fo(r) [D;Djr])s_,
1,] L]
+v Z(DiDjrr Fi(r)[Dyr, Dir])s_o + pe(T) Z(DiDjr/ Fy (r)[Dyr, Djr])s_,.
1,] L]
(5.21)

We divide the right-hand side into three parts and we estimate these parts sepa-
rately.
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5. Adding (5.18) and (5.20) we get for the first part of (5.21)

Y (1, Fi(r))s—a + pa(T)(r, Fo(r))s—2
(L—nu

27
(1-

n)u
1T T‘X(T)H”“?

IN

—cillrlly-y — (Dllrlz—5 +C (Il y +a()Irll3-
2 2 2 2

IN

—eillrl2 +Co ([Irly +alo)lrl ) 5:22)

6. For the second part of (5.21) we get from similar arguments
¥(D;Djr, Fi(r) [D;Dr])s_ + pa(7)(D;Djr, Fi(r) [D;Djr])s_,
= y(D;Djr, F1(0)[D;D;])s_5 + pex(7)(D;D;r, F5(0)[D;D;r])s 5

+y(D;Djr, {Fi(r) - Fi(0)} [D;Djr])s—,

+uee(7)(D;Djr, { F5(r) — F5(0) } [D;D;r])s_»

2 (1-—n)u 2
< _C1||DiDers—% T oox ‘X(T)”DiDers—%
2 2
+Cs (IDDyr2y + () [DDyrI2 4 ) (5.23)

In the last step we used analyticity of | near zero in 2 (SN7') and analyticity
of F, near zero in H* 2 (SN,

7. Because of Lemma 5.3, there exists a C > 0 such that for r near zero in He~ 2 (sh
we have || F}'(r)||x, < C, for X; = L2(H 2 (S') x H* 2 (S"), B *(S")) and
IF ()5, < C, for X, = L2HH(S) x H 2 (S'), ' 3(S")). Therefore, the
third part of (5.21) can be estimated as follows:

y(D;Djr, F{ (r)[Dir, Djr])s_p + pex(t)(D;Djr, F5 (r) [Dir, Dir])s s

2 2
< C(Irleg 2,y + o)l lrl2 )
2 2
< C(Urlls-y 2y + (o) irllg 72, 4)
2 2
< s (lIrl2yy +eDlirl2,y ) - (5.24)

Here we used the following interpolation inequalities:
2
171553 < Clirlls—gll7lls+3,

1712y < Cllrllo—gllrlless-

1
2

8. Adding (5.22), (5.23), and (5.24) and using equivalence of the norms | - ||, and
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[ - ||<772,2 we get

1-—n)u
(FCDe < —alrly— S a2y,
+C8 (lr2- g+ eI 2) - (5.25)

If we choose 6 < &, then we get

1—
0 ae < -l - (52 ) alnli? ;.

IN

~Aoa(T)[r[l33 » < —Agax(T) 13 25- (5.26)

9. Applying Theorem A.1 to (5.26) we obtain a solution r to (5.15) on the entire in-
terval [0, Tpay). The fact that ((&,7) — 7(7)(&)) € C®(S' X (0, Tyax)) follows
from [60, Ch. 6 Prop. 9, 10], where local existence and uniqueness results for
Stokes flow with injection or suction are proved. Hele-Shaw flow can be treated in

a similar way. Furthermore, we have ||7(7)||>_,, < y(7) where y : [0, Tp.x) — R
satisfies

dy _
e —2A0x(T)y,

with y(0) = ||r0|\§',2,2. Solving this ODE we get for T > 0
y(r) = e By 2
After reintroducing the original time variable by (3.25) we get

20 fy
e

i
y = (a()* t||7’0 ||§—2,2

_ 2mAy

pt "
= (%+1) 7 Il

This proves the theorem.

O
Define 9} as in (2.40) and introduce the Hilbert spaces H{ (S¥ ') by
H (SN ) := {re H(SV ) : (r,5)y =0, Vs € &) @67}, (5.27)
Define on a neighbourhood U of zero in H* (SN ") the operator f, : U — R x R" by
_( Jo,dx =%
fir) = ( T xdx ) (5.28)

Let P, : HE (SN ') — H; (SN ') be the orthogonal projection onto H (SN ) with respect
to the L2(SN™)-inner product and define the local analytic bijection ¢; : U — R x RN x
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H; (S™7) by
wntr) = () ).
On a suitable neighbourhood U of zero in Hj (SN 1) we define i, : U — omlY by
1 (F) == 7' (0, 7). (5.29)
Lemma 5.7. Lets > Mt For7 € H5 (SN with |7 small, we have
Dy (F) = ¢y (7) [Dif.
For 7 € Hy (SN 1) with ||7||; small, we have
D;Djy(7) = ¢y (7)[D;D;7] + ¢ (F)[DiF, D;7]. (5.30)

Proof. In view of the proof of Lemma 5.4 it is sufficient to show that 1, commutes with
rotations. If 7 € Hj2(SY '), then we have 7o g € H;™(SY™!) for any rotation g :
SN — SN Since ¢ (7) € MY we also have i, (F) o g € M. Because rotations and
P, commute we have P; (y(7) o g) = (P1y1(7)) 0 g = 7 o g. Therefore

Py (F)og =y (0,Py(1(F)og)) = o' (0,F0g) =1y (Fog).

This proves the lemma. O

Now we derive a global existence result for the suction case for N = 2. Like in the
proof of Theorem 5.6, we get this result from energy estimates. The suction case is more
complicated then the injection case, first of all because we need to restrict ourselves
to evolutions in 9} and consider an equivalent problem on H(S') given by equation
(5.34).

The second complication here is that we need to split up the time interval [0, 0o) in
two parts, [0, T] and [T, c0). On the first interval, the norm of the solutions that we find
might grow up to a value &'. On the second interval we need an energy estimate, that is
sharper than the one that we found on the first interval, in order to obtain exponential
decay for solutions to (5.34). For any ratio of |u| to v, a suitable T exists, because for
large time surface tension dominates suction. For the three-dimensional problem (see
Chapter 3) this is not the case, because eigenvalues of the linearisations of the evolution
operators do not change in time.

6y

55

a6 > 0andan M > 0 such that if ry € H*(S') N INT with ||ro||; < 6, then the problem

Theorem 5.8. Let N = 2, u < 0, and take Ay € (0, ) Suppose that s > 5. There exists

g—: = F(r,t), r(0)=r,, (5.31)

has a solution r € C,([0,00), H*(S")) N CL ([0, 00), H* > (S")) that is in 95 for all t and
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((&,7) — r(1)(&)) € C®(S" x (0,00)). Furthermore,
17(7) 52,0 < Me " |Irgly_s- (5.32)

Proof. Again, the symbol C is used for a constant that may vary throughout the proof.

1. Note that —(k’z’li% decreases in k. As a consequence, for k > 2

+1)2
k
- yzpl( L A (5.33)
(K+1) ~ 5V5
Furthermore (;2727“1(;3 is bounded and lim,_,,, a(T) = 0. Therefore there exists a T
+1)2

such that fort > Tand k > 2

—vp1(k) + [p|a(T)pa (k)
(K +1)

< =X

Choose K € N such that for k > K we have —yp;(k) + |u|p,(k) < 0 and let
Py : LA(S') — L*(S") be the orthogonal projection with respect to the L*(S')-
inner product onto the orthoplement of @,Ifzo &7, Define ¢; > 0 and ¢, > 0 by

()~ (g ) yp(6) — e Dpa (k)
k>2,0>1 (kz 4 1)% k>2 (kZ +1)

C1 = > AO

Nlw

and

o im ing PP = la(@pa®) i ()~ ulpa(k)
k>K,t>0 (kz + 1) 2 k>K (kz + 1) 5

The positivity of ¢, follows from the fact that

%‘”E’Z(k) converges to 7y if k goes

to infinity. Define € := min{c; — Ay, ¢, }.

2. Assume for the moment that r satisfies (5.31). Then 7 := P, r satisfies

.
a{ = P, F (g, (7), 7). (5.34)

First we will prove solvability of this equation, finding estimates for
(7, PrF (Y1 (F), T))s_pp for 7 € H;P(S') and |7, < & with 6’ small enough.

3. Introduce on a suitable neighbourhood U of zero in H;(S') the operators F; :
U—H*SYand F, : U — H Y(SY) by Fy :=PyoF oy and F, := P, o Fy 0
1. Since these operators are compositions of analytic operators, they are analytic
themselves. Because 1} (0) is the identity on Hj(S') (see Corollary 2.20) we have
for all 7 € H;(S")

F(0)[7] = F(0)[7,
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for k = 1,2. As a result,

Y(7, F1(0)[])s 2 + pax(7) (7, F5(0)[7]);

)
_ 2 qys-2+d —¥Palk) + [pla ( )Pa(k) o
= Y(¥+1) ! 2

k<K

LY R 41 Vpl(k)+|}"|“§('r)p2(k)?2

S (R +1) &
< ClIFIIE = el PeFll3-s
= ClI7lle + e2ll(Z = P72, — eallFII2-,
< ClIPIE = call?Z - (5.35)

Here we used the fact that 7 — Py : L*(S') — ii: (S") is bounded.

. For the suction problem we have a(7) < 1. Hence, the nonlinear parts can be
estimated in the following way:

(7, Fr(7) = FL(0)[7])sa + pex(7) (7, Fo(F) — F3(0)[])s» < CIIFI_;.  (5.36)

Here we used the analyticity of £, and JF,, as we did for F; and F, in the proof of
Theorem 5.6.

. Because of Lemma 5.7 and the fact that P; commutes with rotations, the chain rule
holds for F; and F, as well:

Y (7 Fi(7))s- 20 + 1 (T)(7, ﬁ2(?))sf2,2
= Y/ Fi(F)s_a + ne(1)(F, Fo(7))s_s

+7/Z(DiDj77/ Fi(7)[D;:D;])s_5 + pex() Z(DiDjf’ F5(7)[DiD;])s—»
ij ij
'H/Z (D;D;7, F{(F)[DiF, Dj7]);_p + pex(t )Z(DiDjf’/ F3(F)[Di7, DiF])s_»-
i,j )
(5.37)

The right-hand side consists of three parts that will be estimated separately on
both intervals [0, T] and [T, c0). We start with [0, T7.

6. From (5.35) and (5.36), we have for the first part

Y(F, Fr(F))sa + na(T)(7, Fo(7)s o

< ClIFI§ = callFlIZ_1 + C8'|I7|12 (5.38)

s—3 s—3°

7. The second part can be treated in the same way as in the proof of Theorem 5.6. We
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use (5.35), the boundedness of a(7), and the analyticity of F; and F, to obtain
y(D;D;F, F{(F)[D;D;7])s— + pax(7)(D;D 7, F5 (7) [D;D;7])5 5
= y(D;Dj, f{(o){DiDjﬂ)sfz + pa(t)(D;Djf, fz/(O)[D,-Djf])s,z
+y(D;DF, { F1(F) — F1(0) }[D;D;7])s—»
+uee(1)(D;D;F, { F5(F) — F5(0) } [D;D;]);»

< ClIDiDj7|§ — eI DiDjF[12_y + C&' | DiDj7 |12 (5.39)

Here, we also used the fact that D;D;7 € Hj (S") if 7 € H;™3(S"). This follows from
Lemma 5.5.

8. The third part is treated in the same way as in the proof of Theorem 5.6 as well.
Using boundedness of «(7) and analyticity of F; and F, we find

v(D;Dj7, F{ (F)[Dif, Dif])s_p + pax(t)(D;D;F, 75 (7)[DiF, Dj7])s_ < C5/||’~’H§+g-

(5.40)

9. Combining (5.38), (5.39), and (5.40) and using equivalence of the norms || - || s+3
and || - [|;_; , we get on the interval [0, T

Y Fi(7))s-20 + pa(1)(F, Fo(F))s-2,
< Cllloa = callFlly-y o + C NIy -
If we take &' < &, then we get
V(7 F1(7))s—20 + 1a(1)(F, Fo(F))s-2
< ClIFlloz < ClIPI-22- (541)

Define 7, := P;1,, take 6 < ¢~ 75" and assume that IFolls—2,, < &. By Theorem A.1
there exists a solution to (5.34) on the interval [0, T] that satisfies

(D)2 < e l7olls20,

such that )
[F(T) |52, < s <.

Smoothness on (0, T] follows again from [60, Prop. 9, 10].

10. Now we treat the interval [T, c0). Again we consider the chain rule and distin-
guish between three parts in (5.37). Because of the boundedness of & we have for
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the first part
V(7 F1(F))s—2 + ue(T) (7, 5 (7))s—
< y(F F(0)[])s 2 + ne(7) (7, F5(0)[7))s > + CIIFI 4
s d — k T k) . -
_ Z(kz + 1) 2+3 Ypl( ) er |“|“3( )Pz( )rl%j + CHng—l
k>2 (k" +1)2 :
< —e|[Fll2, +CEFIZ (5.42)
Note that in the summation we start counting from k = 2 because 7 € Hj (S").
11. For the second part we use the same strategy as for the first time interval to obtain
y(D;D 7, Fi(F)[D;D;7])s_» + nex(t)(D;D 7, F5(F)[D;D;7])s_»
< —o||DiDj7([2_; + C&'| DiDj7(13 s (5.43)
12. For the third part, we get exactly the same result as for the first time interval, cf.
(5.40).
13. Adding (5.42), (5.43), and (5.40) and using equivalence of the norms || - ||,

d
+% an
-1y 0 we get

Y FAD)s 2 + e F FaF))s2p < —arllFIyo + CE 72
Taking &' < & we find

Y(F, Fi(7))s—2n + 1a(7) (7, Fo(F))s_2p < —7\0H7||§—%,2 < =AllFlI3 2

Applying Theorem A.1 again, we extend the solution 7 that we found on [0, T] to
[T, 00), such that for T € [T, 00)

(T ls—a2 < € ™ DNF(T) 522

Combining the results on both intervals, we get existence of an M’ > 0 indepen-
dent of 7(0) such that for any 7 € [0, )

1F(T) |52 < M'e T[[7(0)[|;_s,-
Define
r = 1!)1 (17)

From the smoothness of 1; and the fact that 1, (0) = 0 we see that there exists an
M > 0 such that if r; is small enough, then r is a solution to (5.31) that satisfies
(5.32).

O
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Theorem 5.9.

e If Ay € (0, ) in Theorem 5.6, then the results still hold.

e If Ay € (0,6Y) in Theorem 5.8, then the results still hold.

Proof. Let us introduce the inner product

(r,7); = Y (0K +1)°r 7y (5.44)
ki

in the proof of Theorem 5.6, where 8 > 0 is small. This inner product is equivalent to
(+,)s forall 8 > 0. Instead of (5.19) we have

pa(k) < 1

Vet

for 6 small enough. Therefore, if we replace (-,-), by (-, )5, || - |lo bY || - |5, and 4 by £
in (5.18), (5.22), (5.23), (5.25), and (5.26), then the proof is still correct.
In the proof of Theorem 5.8 we use the inner product

rnrs=Y CerkiThs
k,j

with{y =0 =¢ =1and § = Ok> + 1 for k > 3 where 6 > 0 is small. This allows us
to replace (5.33) by the inequality

_rnk) < -6y, k>2
G

if 8 > 0 is small enough. O

Now we derive a theorem for global existence for the higher-dimensional case. For
injection, we have to deal with the problem that eigenvalues of the linearisation corre-
sponding to spherical harmonics of degree zero and one go to zero for large time. In
order to deal with this, we use the bijection ¢, near the origin between H*(S¥"!) and
R x RN x H; (SN™!) (see Figure 5.2) and consider the evolution of P;r on Hj (SV ') and
the evolution of f;(r), the zeroth and first Richardson moments, separately. We write
down an equation for P;r and find an energy estimate for its evolution operator. This
equation differs from the one that we found in the proof of Theorem 5.8 because we also
allow evolutions that are not in E)ﬁi\] . We use the fact that the zeroth and first Richard-
son moments as function of time are known beforehand. For the suction problem for
N > 4 we do not get any global existence result because when t approaches T (or when
T approaches T,,,), more and more eigenvalues of the linearised evolution equation
become positive. In other words: For large t, F, dominates ;. Suction can no longer
be controlled by surface tension.

Theorem 5.10. Let N > 4 and p > 0. Suppose that s > NE8. There exists a 6 > 0 and an
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P, r constant
L f1(r) constant

Figure 5.2: A sketch of H*(H" ') and the local bijection ¢, near zero. Each element on MY is
mapped to zero by f,. The red lines are manifolds on which f, takes some other values. The blue
lines, that are orthogonal to H; (SN 71), denote subsets on which P;r is constant.

M > 0 such that if ry € HY(SN™Y) with ||ro||s < &, then the problem

or

3= F(r,t), r(0)=r, (5.45)
has a solution r € C,,([0,00), H (SY 1)) N CL([0, 00), H* > (SN™1)). Furthermore,
((&,7) —r(1)(&)) € C®(SN7! % (0, 00)). Ifwe regard r as a function of t (where the relation
between t and T is given by (5.7)), then

uNt
oN

Il < m (430 + 1)1 7ol

Proof. 1. Introduce the number ¢; > 0 by
[ inf 7,)/;?1 (k) 3 -
k22 (K 4-1)2
Choose Aq € (0, 3) and define ¢ := 3 — A,.

2. From the calculations in the proof of Lemma 3.14 we know that if f — Qpg(; solves
(3.1)-(3.4) then the geometric centre of Q) is constant and its volume increases
linearly with rate . From this and (5.28) it follows that solutions r to (5.45) satisfy

T
V. 1
ﬁ, W’”o) =: (Vo mT)T/ (5.46)

filr(1)) = (

where
Vo, mo)T = f1(ro)-

For notational convenience we introduce g, := (V,, m,) T. Assume for the moment
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that r satisfies (5.45). Then 7 := P;r satisfies

i .
= =PF (¢ (3,7), 7). (5.47)

First we prove solvability of this equation, finding estimates for

(17, P F (d)fl (q.,7) ,'r)) > assuming that |qo| is small, 7 € H;"™(SN™") and
5-2,

II7|ls < 6, with & small enough.

3. Since 7 € H; (SN ') we have

y(7, F1(0)[F])s—2
—al[7[15- s (5.48)

V(7 F1(0)[7])smz + nex(7)* N (7, F5(0)[7]): 2

IN

IN

4. Because of (5.29) and local Lipschitz continuity of F; o ¢p; ! fork = 1,2, we have
1717 (91" (4,7)) = PrFiln (7).
= P (01 (42 7) = PrFiler” (0.9)].s
< Clgal. (5.49)
Since ¥} (0) is the identity on HT% (SN1), the restriction of F}(0) to Hsf% (s

is the Fréchet derivative around zero of the analytic mapping P; o F; o i; on

. Sa Consequence,
H‘ 1‘: k(ll( )) v k(:)[ ]HS**Z <— :H ||S—f2 (E'EC)

Combining (5.49) and (5.50) we get the following estimate:

v{(EPF (6" 4 P)) — EFOF) 2}
+ua(0) N { (P (01" (407))) = (FFO)F) 2
< C1ael 17y +oe(e) Nael 17y + 1712y + () NI

< C(IaellFlly + 1712, ). (5.51)

Here we used the fact that a(7)> " < 1.
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5. From the chain rule (5.13) we get

(7P (00" (0e?)7))
= y(F+G +H) +pa(t) N (F,+G,+ H,), (5.52)

where fork =1,2

b = (Vplj:k((l)l %r”))) p

5—2

(DD P (o1 (4, DD (00, P)])

5—2

Z
He = L(DDf A (¢ (n7) [Dtr ' (07), Didi 0 7)] )
L]

s—2
We will estimate the terms containing F;, G, and H, separately.

6. It follows from (5.48) and (5.51) that

YR +ua(0)VE < =7l + Clael |7l s + CIIFI,
< —all?lZy +ClacllIFl—y +ColIFZ,.  (5.53)
7. Now we find an estimate for the terms of G;. Because of (5.29) we have
Gy =Y (D:Di7, Iij+ J;j + Kij)s_2, (5.54)

ij

i = PuF (¢ @ 7)) DD @) = PiF (¢0! (0.7)) DD (0,7)],
Ji = P ) (Wi (PO,
Ki = PuFi (7)) [wi(F)Di7, D7 .

Here we used Lemma 5.7. Because ||7||, is small it follows from interpolation in-
equalities that

IDD(Fll—y < 11 (F)[D;D7ll_y + 11 (A)[Di7, Dif |,

C (Wllorg + 1712.3) < € (IPloag + 17l 17r )
Cli7llsrs, (5.55)

IA

IN

Note that ¢; ' (q,,7) — ¢1'(0,7) € &) @ &Y. Since ¢, is a local analytic bijection
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between H*(S¥ 1) and RN ! x H5 (SY ') we have
161" (92, 7) = 10,7513 < Clld1 (90, 7) = 41 (0, 7)[|s < Clge]- (5.56)

Making use of Lipschitz continuity of F o d)l_l, (5.55), (5.56), and the fact that
(4., 7)" is small in RN*! x H5 (SN ) we get

Iz < [{PA (o @en) - PuA (000 O0) } [DO O]
+ P (o1 7)) [P, (017 (gen) = @A),
< Cla|ID:Djpy ()51 + Clg-|
< ClgclliFllsys + Clael-
As aresult

(DD, Tij)s—2 < ClacllIFI2, 3 + Clacl 7]l 3- (5.57)

Because F;(0) is the Fréchet derivative at zero of the local analytic operator P; o
*F 1 o ll)ll

(D;iDjf, Jij)s-2

')/(DiDj?r ‘7:{ (O) [DiDjf])572

IN

+y(DiD 7, Py (1 (7)) [0 (7) [DiD;7]] — F1(0)[D;D;7]);
< —alDD7lI5y +Cli7ll—y 712 5

< —allDD;Z, +Coll7|2, 5 (5.58)

1
There exists a C > 0, such that for 7 near the origin in ]I-]Ii 2(SN1) we have |P, o

F| (1 (7)) o Wi (F)l|x < Cfor X = L2(H *(SN1) x HY *(SN1), By (V1))
Therefore we have )
IKijllo_z < ClI7]

]Hs s+%'

By an interpolation inequality we have
(DiDji/Kij)572 < CH?Her% ”7“524—% < CH?Hsf% ||77H§+% < C5||?H§+% (559)
Adding (5.57), (5.58), and (5.59) we get
(D;Dj#, Lij + Jij + Kij)s—2

~112 ~(12 ~ ~112
< DDA+ C(8FI + el y + a7, ).
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For the terms of G, we get from similar arguments

(DiDjfr P F (d’fl (G 7’)) {DiDj¢f1(l7rr 7)})

s—2
~112 & ks
< C(8IFIZ,y + 1ael Py + g IFI2,)-

Here, we used the estimate (D;D;f, Plfﬁ(O)[DiDj?])S,z < 0 that follows from
(5.10). Because oc(T)g’*N <1, we have

Y6y + ua(7)* G,

< X —ctlDD7Iy + C (87 + lael 7l + a2 ;). (560

i :
8. Note that
IDicby (0, ) ls—3 = 1D (M)l 1 = I[Wh (MDA sy < CIFls -
Combining this and (5.56) it follows that
1D @)y < € (1Ply + gl ) -
Consequently,
YH, + pa()* " H,

< Y Cll. 107 e Pl 1001 (40P s
L]

< Cllllas (1712, +1acP)
< CollllSs + Clacl Il 5- (5.61)

Again we used an interpolation inequality.

9. Adding (5.53), (5.60), and (5.61) we get for (5.52), taking |q.| < |9o| < 5,

(P F (61 (g7).7))
s—2,2
12 # ks s allis
< =l g0+ C(1ellFll -y o+ SIFIE s o + el I7IZ o + e Py )
112 7 7|%
< el + Iy o+ OFI )
112 2 G2
< (= +C5)||”Hsf%,2+c|%| + Elnr”sf%'z
C ~
< (_Eurca) IFI2 s 5 + Clael*
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10.

11.

Here we used Cauchy’s inequality and the fact that |q.|* < |g.| for small |g,|. If
we choose 6 < &, then by (5.46)

(7P (o' (4e?)i7)) < —AolFlZ g0+ Clacl
2
< ARy, + oL

27 o)

Arguing as in the proof of Theorems 5.6 and 5.8 we get global existence of a so-
lution 7 to (5.47) for fixed g, and for 7(0) = P,r, small enough. Furthermore, we
have ||7(7)||? < y(t) where y : [0, 00) — R satisfies

dy |70/*
Ay} )
dt 0¥+ C(X(T)ZN
with y(0) = ||P;7,||2. This ODE can be solved using the variation of constants
formula:
- c . [T 62)\0(%—1') J
T) = e "y(0) + / B
y(7) y(0) +Claol” | e
We have
T 2A(T—T T T
/ el )d% < /Ze“tﬁ*”d%Jril ZN/ e =T gz
o a()*N 0 a(%) z
1 —AoT —2A0T 1
< - +
27 ( a(3)*N
C
< < ——m
a(3) a(T)

We omitted the exponential terms because they are smaller than a multiple of the
algebraic terms. The result is

C
#(1)||. < Ce M| Pyroll. + —— 40|
17(0)lls < P17l a(T)N|q°|

Now we construct a solution r to the original problem by setting

r(t) == ¢1 "' (4., 7(1)).

From Lipschitz continuity of ¢; ' near the origin we get

ot C
() |ls < Ce 7| Pyrlls + —— |90l (5.62)
(1)
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or
IOl < cﬂof<f>|7>1ro|s+“(f)N|qo|
< “(f)N<|qo+||7>1ro||s>
< “(f)mns.

O

Remark 5.11. Note that because of (5.62), if we restrict ourselves to the case ry € Iy ', which
means qq = 0, then we have faster convergence.

Remark 5.12. Theorems 3.13, 5.9, and 5.10 show that for the injection problems ||r(t) ||, decays
faster than C/t* for ¢ < 1 in all dimensions.

5.4 Almost global existence results for the suction prob-
lems

In this section we find almost global existence results for the suction problems. Both
cases N = 2 and N > 4 will be treated. For almost global existence we do not need to

restrict ourselves to evolutions in ). Remember that

[ o for N =2,
Tmax *= for N > 4.

oN
[u|(N-3)

Theorem 5.13. Let N = 20or N > 4dand p < 0. Let T, € (0, Ty, ) and s > I8

There exists a & > 0 such that if ry € H*(SN™1) with ||ry|ls < 8, then there exists a solution
re Cy([0,Ty), H(SY ) NCy([0,T, ), T (SY)) to

0
a—:_ = F(r,t), r(0)=r,. (5.63)

Furthermore, ((&,7) — r(7)(&)) € C*(SV ' x (0, T,)).

Proof. For the case N = 2, we argue as in the proof of Theorem 5.8. There, we split up
the time interval in two parts. A different approach for the second time interval was
necessary there, because we wanted to show global existence and exponential decay in
T assuming that r € 91;. Here we only consider the first time interval [0, T] and choose
T > T.. In the estimates in steps 3-8 of the proof of Theorem 5.8 we replace 7 by r and
Fi by Fi. All estimates that are found for the evolution operators F; (k = 1,2) on the
first interval hold for the operators F; as well, because up to equation (5.41) we did not
use the fact that 7 € 9. In this way we derive that if ||r|, < &, for & small, then we
have
(71]:(7/ T))572,2 < CH”H@Z,Z'



5.4 Almost global existence results for the suction problems 105

We choose & < 8'e”“"+ and use local existence results as before to prove the theorem for
N=2.

For N > 4, a(1)> N goes to infinity if T approaches T,,,,. However, on the time
interval [0, T, ], a(t)*> " is bounded. Therefore we can use the same strategy as in the
proof of Theorem 5.8 on the first of the two intervals to prove the theorem. O
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Chapter 6

Stokes flow

6.1 Introduction

In this Chapter the Stokes moving boundary problem with surface tension and with
injection or suction is analysed by the methods that we used for the Hele-Shaw problem
in Chapter 5. This Stokes problem is formulated as follows: find a family of domains
t — Q(t) in RY and two functions p(-,t) : Q(t) — R and v(-t) : Q(t) — RY that
satisfy for each time

—Av+Vp = 0 in Q(t), (6.1)
dive = upé inQ(t), (6.2)
(Vv + Vol — pI) n = vykn onT(f):=dQ(f). (6.3)

The family ¢t — Q(t) models a liquid that moves under influence of injection or suction
and surface tension. The functions v and p denote dimensionless velocity and pressure,
respectively, u is the injection rate (1 > 0) or suction rate (u < 0), ¥ > 0 the surface
tension coefficient, k is the mean curvature (taken negative for convex domains),  is the
outer normal on the boundary, I the identity matrix and 6 denotes the delta distribution.
The evolution of the boundary ¢ — TY(t) is specified by the requirement that its normal
velocity v, satisfies

v, =0V-N. (6.4)

The velocity component in the fixed time problem (6.1)-(6.3) is determined only up to
rigid body motions. The problem becomes uniquely solvable after adding two extra
conditions, namely

/ vdx =0, 6.5)
Q)

which implies that the geometric centre of Q(t) is constant in time (see Lemma 6.14)
and

/ roto dx = 0. 6.6)
af
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Here, the operator rot in N dimensions should be interpreted in the following way. Let
w be any bijection between {(i, /) € N*:1 < i < j < N} and {1,2,..., (3) }. We define

au- au.
rotu := —L — e, i (6.7)
1§i§!§N <8xi axj) 20

where ¢, is the k-th unit vector in R@ .

Equations (6.1) and (6.2) can be derived from the Navier-Stokes equations if one
assumes a fluid with low Reynolds number. A closely related model is used to study the
growth of certain tumours, for which the tissue can be modeled as a fluid (see [25], [26],
and [27]). The process of viscous sintering in glass technology is modeled by Stokes
flow as well (see [51]). More industrial applications are given in [68].

Short-time existence of solutions for the problem without injection or suction is
proved in [33]. In the same work, global existence results have been found for the case
that the initial domain is close to a ball. Joint spatial and temporal analyticity of the
moving boundary for the problem without injection or suction has been proved in [19].

For the problem with injection or suction, short-time existence results and smooth-
ness of the boundary have been proved in [60]. Exact solutions for the suction case are
found in [11] from complex variable theory.

We start by identifying the trivial solution, where Q(0) = B := {x e RV : |x| < 1}.
The trivial domain evolution is given by Q(t) = a(t)B", with « defined by (1.12). For
this special solution, the functions v and p will be denoted by v, and p,. From radial
symmetry we obtain

n
X. (6.8)
UN|X|N

Og =

The mean curvature of S¥ ! is 1 — N. Therefore the mean curvature of I'(t) is equal to
% . It follows from (6.1) and (6.3) that
v alt)  Foya(t)"

Note that outside the origin p, only depends on ¢ (not on x).

To investigate the stability of the trivial solution we rescale again by «a(t) ' and
describe perturbations by means of a function r(-,£) : S ' — R.

In Section 6.3 a nonlinear non-local evolution equation for r is derived and linearised
around r = 0.

In Section 6.4 the spectrum of the linearisation is determined. This linearisation
is again characterised in terms of the Dirichlet-to-Neumann operator given by (2.33).
This is done by solving a boundary value problem on B" in terms of (scalar) spherical
harmonics and vector-valued spherical harmonics (see [29], [30], and [38]). For N > 4
calculating the spectrum is more complicated and the problem is less interesting for
applications. Therefore we restrict ourselves to the cases N = 2, 3.

In Section 6.5 global existence in time of solutions r is derived for the case of injection.
We also show that the corresponding moving domain converges to a ball as time goes
to infinity. This is done by finding energy estimates in Sobolev spaces. The first order
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chain rule, that we found in Lemma 5.4, is used to close a regularity gap.

In Section 6.6 we consider the case of suction. Because the eigenvalues of the lineari-
sation go to infinity as t tends to T, we cannot derive global existence results. However,
it is still possible to derive an almost global existence result as in Theorem 5.13.

6.2 Comparison between Stokes flow and Hele-Shaw flow

In this section we compare the Stokes moving boundary problem (6.1)-(6.6) to the corre-
sponding problem for the Hele-Shaw problem that we discussed in the previous chap-
ters.

In both cases we have an elliptic system at each time and the evolution of a moving
boundary that follows from (6.4). The fixed time problem for Hele-Shaw flow is reduced
to one scalar equation and a boundary condition for pressure only in (3.5) and (3.6). The
system (6.1)-(6.3) cannot straightforwardly be decoupled. As a result, the components
JF1 and F; of the evolution equation (6.29) are more complicated than those in equation
(5.8) for Hele-Shaw flow.

The linearisations around the trivial solution to both problems are related to solution
operators for boundary value problems on BN (see (6.38)-(6.42)) and the (scalar) spheri-
cal harmonics (see Section 6.4) are eigenfunctions. This is not surprising since both evo-
lution operators are equivariant with respect to rotations and therefore the eigenspaces
have a corresponding invariance property. In contrast to Hele-Shaw flow, in order to
solve the coupled Stokes system (6.38)-(6.42) we need to introduce vector-valued spher-
ical harmonics as well.

For Stokes flow only the evolution problem for the uninteresting case N = 1 can be
regarded as autonomous. Hence the methods of Chapters 2 and 3 cannot be used for
the more relevant space dimensions 2 and 3. Neither can we apply the methods that
we used in Chapter 4 to find non-trivial self-similar solutions. The existence results for
N = 2,3 (see Theorems 6.15 and 6.18) turn out to be similar to those for Hele-Shaw flow
with N > 4.

The evolution operator in (6.29) is of first order whereas the operator for Hele-Shaw
flow is of order three. Therefore one can apply a first order chain rule of differentiation
(5.12) to obtain useful energy estimates in the existence proofs. For Hele-Shaw flow it
was necessary to work with a second order chain rule.

6.3 The evolution equation and its linearisation

Let H* (SN ™) be the Sobolev space of real order s as defined in Chapter 5 and let the

functions R and r be as defined in Section 1.5. Define for continuous f : SN
(—1,00) the domain Q/ as in (1.14). In contrast to Chapter 5, for Stokes flow we de-

mand that r is a small element of H*(SN~!) with

—

N+5

s> 5

. (6.9)
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Let ® : RN — R be the function defined by (2.10) that satisfies A® = —6 and vanishes
on S¥7!. Define the functions V and P by

Vi=o+uVo =0 -1, (6.10)

and
P:=p—pé.

Since v and p satisfy (6.1)-(6.2) we have

—-AV4+VP = 0 on Qg, (6.11)
divV = 0 on Qg. (6.12)

The boundary condition (6.3) is equivalent to
(VV 4+ VVT — PI)n = ykn + 2uHn on I. (6.13)

Here H : RN — RM*N is the Hessian of ® given by
1 N
H(x):N<_I+2x®x>/
oyl x| |x|

where x ® x denotes the matrix with coefficients x;x j- The extra conditions (6.5) and
(6.6) are equivalent to

Vix= [ uvady, / rotV dx = 0. (6.14)
QR QR QR

Define

o (Vi Plrf)T 1 Qp — RN x R as the solution to (6.11) and (6.12) on the domain Qy
with boundary condition

(VVl,f—f—VVlT/f—Pl,fI)n = Kn on I
and extra conditions

Vigpdx=0, [ otV dx=0,
Qf Qy

o (Vo Pzrf)T 10 — RN x R as the solution to (6.11) and (6.12) on the domain Qy
with boundary condition

(VVos+VVy;—PyI)n=2Hn  onTy
and extra conditions

/Q Vo pdx = A VO dx, /Q rot V, ¢ dx = 0.
v vRef f
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It is known (see e.g. [60, Ch. 3]), that the solutions (V, Pllf)T and (V, Pzrf)T are

uniquely defined for appropriate domains Q. The solution (V, P)T to (6.11)-(6.14) can
be written as follows:

(v, P)T = Y(Vl,prl,R)T + u(Var, P2,R)T- (6.15)

Lemma 6.1. If the relation between R and r is given by (1.15), then

Vi, (x) = Vigla(h)x), (6.16)
P, (x) = alt)P g(a(t)x), (6.17)
Vou(x) = a®)" Vyp(a(t)x), (6.18)
Py, (x) = a(t)VP,p(a(t)x). (6.19)

Proof. Let Vy,(x), P, ,(x), V5,(x), and P, ,(x) be the right-hand sides in (6.16)-(6.19). We
will show that Vl,r =V, \72,, =V, 131,, =P, and 132,, = P,,. Suppressing the time
argument in «(t), we have for x € Q,

—AVL,(x) + Vpl,r(x) = (—AV; g(ax) + VPLR(zxx)) =0.

For Vz,r and 152,, this can be done in a similar way. Let x € T}, such that ax € I'; and
define k, : T, — R and «j : 'x — R as the mean curvature of these boundaries. We have

(VVy,(x) + VL (x) - P (x))n = afVVig(ax)+ VV{g(ax) — Py g(ax))n
= aykg(ax)n =y, (x)n.

The corresponding boundary condition for V2,r and 152,r is checked in a similar way,

using the fact that H(x) = a’VH(ax). From scaling properties of V® we get for the
extra conditions

/Vzly(x) dx = /ocNflVLR(cxx) dx:/ oflerR(x)dx
Q Q, Qp

= / a 'V (x) dx:/ NIV O (ax) dx:/ VO (x)dx.
Qp Q, Q,

r

Verifying the other conditions is straightforward. O

Let the operators Z, 1, k, and z be defined as in Section 5.2. Again we identify Z(r) and
Z(r,-), n(r) and n(r,-), etc.
Combining Lemma 2.1, (6.8), (6.10), and (6.15) we get

OR __ (VigoZ(R)-n(R) [ (VaroZ(R)) n(R) 1
oF ~ 7 a(R)-id n(R)-id NI TR )’
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By (3.14), Lemma 6.1, and n(R) = n(r) we obtain

o _ v Viyo2)nlr) p [ (Va,0%(r) n(r) 1 1+r
ot «aft) n(r)-id a(t)N n(r)-id oy(1+r)N1t oy
(6.20)
From the structure of the evolution equation we expect that the results for Stokes
flow in space dimension two or higher are similar to those for Hele-Shaw flow in di-
mension four or higher.
Now we transform our moving boundary problem to the fixed reference domain B".

Lemma 6.2. Let s > M5, There exists a & > 0 such that if ||r||; < &, then z(r) : BY — Q,is
__\N
bijective and z(r) ™" € (Cz(Qr)) .

Proof. From H'(SN™') — C3(SN™) it follows that r is small in C*(SY ™). The result
follows from Lemmas 2.3 and 2.4. O

- . . (2’) N N
Introduce the bilinear mapping x : R\* x R™ — R" by
N [i-1 N
Uxv = Z Z qu,l‘)’U]' - Z uw(i,j)?)j ei. (621)
i=1 \ j=1 j=i+1

Here w is the bijection that we introduced to define the operator rot in (6.7).
On a neighbourhood U of zero in H*(SY ') with s > NE5 we define the following
mappings:

1 N 5 N
e A:U—L <(H5_2(IB3N)) , (Hs_f (]BN)) ) componentwise by (2.25) and
3 5 N
Q: U — L (Hsz(IBBN), (Hsff(]B%N)> ) by (2.26). Because of (6.9) the space
i (BY) is a Banach algebra. Hence, A(r) and Q(r) are well-defined.
1 N 3 NxN
« 0 UL ((HSZ(IB%N)) (B @) )
1 N 3
i — £ () m i),
N N
andR:Z/I—>£<(HS ®Y)) ", (u BN)()> by
) ou;

ot (nu = (V (uoz - ) P (r )a ke;@el,

b(rju = (div(uoz(r)71)> Z axk

ik

=
~—
~
~—
=
I

(rot (u oz(r)’l)) oz(r)= Y Y (]'l’i(f)g?; - fl'k(r)%> Co(i k)r

1<i<k<N 1
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with /(r) as in Section 5.2.

e S:U— L(X,),), where

% e () x ) <Y b,
y, = (HS-%(BN))N x 3 (BY) x (HS_Z(SN_l))N « RN x R(),
by
—A(r)o+ Q(r)p +
b(r)o
S(r)(@,p,11,12) = | Te(Q7(r)o+ Q7 (r)a" — p)n(r) +fyxn(r) [. (622)
Jgy O det T (r)dx

Jgv (R(r)7) det J (r)dx

o h:U — (HS(SNfl))NXbe

1

h(r,&) = H(Z(r,¢&)) = W

(~1+NE®E). (6.23)

o m:U — RN by

m(r) = /Q VO dx = —;—N r(&)é do. (6.24)

JsN!

Lemma 6.3. The mapping S(0) is an isomorphism between X, and Y,. The same holds for
S(r) if r is small in H* (SN ™). Furthermore, S is analytic near zero.

Proof. For the first statement we refer to [60, Ch. 3 Lemma 11]. Since § is continuous
near zero, the second statement follows from the fact that isomorphisms form an open
subset in £ (X, V,). For the last statement we refer to [60, Ch. 3 Lemma 17]. O

Remark 6.4. In the definition of X,, Y, and S, we included the components 7}, and 71, because
the equation S(r) f = g does not have a solution f € X of the type (9, §,0,0) forall g € Y.

In the sequel we use the notation TT; f for the i-th component of any f. On a suitable
neighbourhood U of zero in H'(S¥™') we define

£ UL ((HSZ(SNl))N <R, H“(SZ“)) by

(s (81 )) - (SO0 g 0) 200 o
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The evolution equation (6.20) can be written in the following way:

0
87: = %-7:1(”) + ﬁfz(ﬂ/ (6.26)

where F : U — H SV Y and F, U — HH(SN ) are given by

and

2h(r)n(r) ) 1 1+7
Fo(r) =E(r ( + - :
20 =€) on(1+r)NT oy
Lemma 6.5. Suppose that s > N2, The mappings Fy and F, are both analytic from a neigh-
bourhood U of zero in H¥ (SN 1) to HE (SN ).
Proof. In [60, Ch. 3 Lemma 19] this is proved for F;. Analyticity of F, can be obtained

in a similar way. The proof is based on local analyticity of S, bijectivity of S(0) (see
Lemma 6.3), and the Implicit Function theorem. O

Lemma 6.6. If ¥, = «(r)n(r) or Yy = 2h(r)n(r) and , is any element of R, then
S(r)(@,p, 71, ,)" = (0,0,1;,1,,0)" implies
ﬁl = ﬂ38(1’)_1 (Or Or ll)ll 1/}2/ O)T = 0/ ﬁZ = I'[4S(r)_1 (0/ Or 1/11, 1/)21 O)T =0.

Proof. We will consider the corresponding boundary value problem on Q,, defining

v=700z(r) 'and p = poz(r) ' Letk, and n, be the mean curvature and the normal
on I,. A variational formulation of

—Av+Vp+1; = 0, onQ,
divo = 0, onQ,
(Vo+ Vol —phn, +f,xn, = Ppoz(r)”, onT,
/]BN vdx = lmeI

/Nrotvdx = 0,
B

is given in [60, eqn. (3.24)]. From this variational formulation it follows that for all
velocity fields w corresponding to rigid body motions in R"

/ (11 - w + 7 - rotw) dx:/(ll)102(1’)71)~wd(r.
Q, T,

Therefore, to prove this lemma it is sufficient to show that for all rigid body motions w
we have

/Krn,-de:/Hn,-wdozo.
rr r}’

Let A, be the Laplace-Beltrami operator on I, as defined in (3.17) and let V, be defined
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by
V.f=Vf- (Vf-n,)nr,

for any differentiable f : O, — R. From (3.19) and Green’s formula for closed surfaces
we derive

/Krnr'wdcr = /A,,id'wdcr:—/.Zvrvarwidcr:—/ZVx,-.V,widU
Jr, Jr & Jr &

= [ (ave-E %0 -e)n, ¢))) do =0,
' i

ax]-

T

In the last step we used anti-symmetry of Vw and divw = 0. Because H is symmetric
and AD = —4 we get

/Hn,'wdzf = /Hw~nrda
T, T,

- /Qdiv(Hw) dx:/Q(AV(D)-w—i—tr(HVw) dx

= / —Vé -w+ tr(HVw) dx = 0.
QV
In the last step we used divw = 0 and the fact that the trace of the product of a sym-
metric matrix and an anti-symmetric matrix is zero. O
We introduce a new time variable T = 7(t) such that 7(0) = 0 and

dt 1

From this we get for N > 2

T(t) = u(z\‘;fil) ((“UT +1> a —1). (6.28)

The injection problems are defined on an infinite time interval and the suction problems
on a finite interval. In terms of the new time variable T this is still the case, because

tlim () = oo, for u >0,
. ON

imt(t) = —W———, for u < 0.
i PTG 8

Regarding r as a function of T we get

aa—; = F(r,7) := yFy(r) + pa(t) " NFp(r). (6.29)

For convenience we write here and in the sequel «(7) instead of a(t(7)).
Now we determine the linearisation of the operators F; and F, around r = 0.
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Lemma 6.7. Define V by (4.30). We have

FO)] = 5(0)("(0)[5]”(0) >
AOW = e(o>< 0N (0) + 2 Vyr ) N,
m(r) oN
Proof. First we show that
n'(0)[r] = —V,r. (6.30)

Fréchet differentiation of the expression n(r) - n(r) = 1 at r = 0 leads to
n'(0)[r] - n(0) = 0. (6.31)

Let = = Z(w) be a regular parametrisation of a part of SN . Note that fori = 1,2,...,N —

1 we have 32(r) id 5
Z(r i ro.
0:7’1(1’)' awi :7’1(1’)' ((1"‘7’)aa)l+aa)lld> .

Fréchet differentiation of this expression at ¥ = 0 yields

0 = #(0)]- gid +n(0)- <raid 4 id> = (0)[r] - gi—d + 9 63

w; aia)l 87(1)1 w; aw,‘
Here we used the fact that gi—wd is orthogonal to n(0) = id. Taking the vector fields %,
i=1,2,...N — 1, pointwise orthogonal we obtain
N did \ [0id | ? aid NS 9r |aid | ? 2id
/ . / | od o _ ad
n(0)r] = l; (n (0)lr] awi) dw;| dw; “ ow; |dw;|  dw; Vor:

This follows from (6.31), (6.32), and the fact that 24 1 1(0).
To shorten notation we introduce

Gi(r)y == 8(r) 1 (0,0,1,,0,0)",  Gy(r)tp, :=S(r) 1 (0,0,0,4,,0)".  (6.33)
Define v, : U — (Hs’%(IB%N))N and p; : U — H°1(BY) by
(01(r), p1(r),0,0)" == Gy (r) (x(r)n(r))
Since v, (0) = 0 and p, (0) = —«(0) it follows that
91(0)[r] = ThG1(0)[r](x(0)n(0)) +T1,G1(0) (' (0)[r]n(0) + &(0)n' (0)[r])
= —TL5(0)7'S8'(0)[1]G,(0) (x(0)n(0)) + 1G4 (0) (' (0)[r]n(0) + k(0)n'(0)[r])

= —T1,8(0)"'8'(0)[r] (0, —«(0),0,0)" 4 T1,G; (0) (' (0) [r]n(0) + x(0)n'(0) [r]).
(6.34)
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Because Q'(0)[h] vanishes on constants we have by (6.22)
S8'(0)[1](0, =x(0),0,0)" = (0,0,x(0)'(0)[1],0,0)".
Thus by (6.34)
91(0)[r] = —THG,(0)(k(0)n’(0)[r]) + 11,6, (0) («'(0)[r]n(0) + x(0)n"(0)[r])
= TG, (0)(<(0)[]n(0)). (6.35)

Since v;(0) =0, n(0) = id, and F;(r) = TrZ;((r’)).'i’;(r) we get
F1(0)[r] = Tro}(0)[r] - n(0). (6.36)
The first part of the lemma follows from (6.25), (6.33), (6.35), and (6.36).
1 N
Now we calculate 5 (0)[r] in a similar way. Define v, : U — (]HIS_E BN )) and

py iU — H 2 (BY) by

(02(r), pa(r),0,0)" := Gy (1) (2h(r)n(r)) + G (r)m(r).

From a simple calculation we obtain v,(0) = 0 and p,(0) = 2%. Because m is linear

we have m(0) = 0 and m'(0)[r] = m(r). Combining this with (6.22), (6.23), and (6.31)
we obtain

0(0)] = ~THhS(0)'S'(0)[1]G:(0) (21(0)n(0))
+11,G1(0) (21'(0) [r]n(0) + 2h(0)n"(0) [r]) + 11, G, (0)m(r)

T
= —T1,8(0)'S'(0)[r] (0,21_1\],0,0)
oN
2N(1—N) 2
—7n
ON ON

+11,G:1(0) (

= —1,G,(0) <2N_1n’(0)[r]>

oN

2N(1—N 2
2N(1-N)

ON oN

= T1,G,(0) (

The lemma follows if we combine this, (6.30), and the Taylor expansion -

14r _ N 2 _
UiNr = —ar—f—O(r ) around r = 0. H
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Define the spherical harmonics of degree one by

| N
Slj = axl‘, (637)

such that (s; j);‘\jzl form an L*-orthonormal basis of &Y.
Lemma 6.8. We have
5(0)( 0 )—1%1’ s
m(r) oy & 1j°1j7
where r; = (1, 5¢j)o-
Proof. Let @ and p be defined by

(8,7,0,0)" := G, (0)m(r),

with G, as in (6.33). Itis easy to check that fj is zero and 7 is constant. Therefore G- 1n(0) =
0 - id can be written as a linear combination of (s; ]»)5-\7:1. Furthermore, by (6.37)

. | N . - N .
/SAH(U%(O))SU do = CTT\]/JB” div(x;0) dx = \/;/EN 3, dx
N 1
= 1/0—Nm(r)]» = —arlj.

In the last step we used (6.24). It follows that

0 _ Tro-n(0) 1 ¥
)_n(())-id_v n(O)——a;rUslj.

Combining Lemmas 6.7 and 6.8 we obtain the following result.

Corollary 6.9. We have

Ao = eo) ( <OFO),
2N(17N)rn 2Ny N
FON = 8(0)( o MOV >_ijvr_;Nzr1jsl,.
j=1

6.4 Explicit solution for the linearised problem

In this section we characterise F;(0) and J(0) in terms of the Dirichlet-to-Neumann
operator \ for the Laplacian on B". The spectrum and the eigenfunctions of F|(0) and
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F5(0) are easily derived from the spectral properties of \. We restrict ourselves to the
cases N = 2and N = 3.

It follows from Corollary 6.9 that we need to solve the following boundary value
problem on BY to find this characterisation. Find for f : S""! — RN functions v and p
such that

—~Av+Vp = 0, onBN (6.38)
divo = 0, onBN (6.39)
(Vo+Vol —pl)n = f, onSN! (6.40)
/ vdx = 0, (6.41)
IBN
/ rotvdx = 0. (6.42)
]BN

6.4.1 The two-dimensional boundary value problem

For the two-dimensional problem we introduce polar coordinates p and 6 and unit vec-
tors e, and ey. Define for all k € Z the functions s; : s' — Cby

1 .
Sy 1= e

Complexifying the spaces &} in Chapter 1, one can identify these functions with the
spherical harmonics s;; in the following way:

Sk1 = Sy Sk2 T Sk

for k > 0 and s5y; = sy. We write

fo= feptfen PO =Y f500), £O =Y fs0)

k=—o00 k=—o00
o = e+ P00 = Y fP)s), p0) = Y ol(p)s(6),
k=—00 k=—c0

for f",fe St S R 7,7 B - R, f,f,f,f' € C,and v,‘(’,vg : [0,1] — C. Because p is
harmonic we have

p= f s (8), (6.43)

k=—o0

for certain p, € C.

Lemma 6.10. For N = 2, the system (6.38)-(6.42) is solvable if and only if f§ = 0, fl=i 1,

and f*, = —iffl. For the components of the normal velocity on S' we have fork ¢ {—1,0,1}
K]

(k=1

isgnk o (6.44)

flf_ Z(kz—l) k

o) = 5
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Fork € {—1,0,1} we have vy = 0.

Proof. Parallel to [30], we write (6.38) in polar coordinates,

1 K +1
o o~ el

2ik
2 Yk

U = |k|pkp‘k|_l/

1 K+1 4 2ik . -
of + ol — %vf + %vf = ikpep .
p P 1Y

For k # 0, the general regular solution to these equations is given by

1 _
of = o+ AT B (6.45)
of =isgnk(— A 4+ B, (6.46)

for some constants A and By. For k = 0 we get

1
o = 5Pop + Aop, (647)

05 = Byp. (6.48)

For each k € Z we have to determine three constants: p;, Ay, and B;. These follow from
boundary condition (6.40), incompressibility condition (6.39) and extra conditions (6.41)
and (6.42). In polar coordinates conditions (6.40) and (6.39) are given by

28875 P (6.49)
0’ 9’ 0
ot 5 - f (6.50)
and
W 1, 100 (6.51)

dp p  poo
We distinguish between three cases: k =0,k = £1,and k ¢ {—1,0,1}.

1. For k =0, (6.43), (6.47), (6.48), and (6.49)-(6.51) give the underdetermined system

(FE)(E)-(2)
00 A | =1 £ |-
2 0 By 0

From this system, B, cannot be determined. However, condition (6.42) implies

/UBdO'Zﬂ:/ rotv dx = 0.
st B?

_ o O
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From (6.48) we get By = 0. We conclude

1
po=—f5, Ay = ifopr By = 0.
Combining this and (6.47) we get v; = 0. There is also a condition on f, namely

fo=o. (6.52)

2. For k = £1, we derive from (6.43), (6.45), (6.46), and (6.49)-(6.51)

1 40 P+1 fi1
+1 0 0 Ag | = —2iff, |- (6.53)
3 80 B, 0

From the first and second equation in the system (6.53) it follows that

. 1 1,
P+1 = :FZZfil, Ap = Zfil + Elfil'
We cannot determine B ; from (6.53). However, (6.39) and (6.41) imply for j = 1,2
/ xjp-ndo = / div(x;v) dx:/ xjdivvdx—i—/ Vx;-vdx
st B> B? B?
- / v dx = 0. (6.54)
]BZ
This yields

1
°.(1) = — X, +ix,)v-ndo =0. 6.55
il( ) \/ﬂ Sl( 1 2) ( )

Combining this and (6.45) it follows that
1 1.,
By = _Zfil + Elf:tl-
From the third equation in (6.53) we derive two more conditions on f:

fo, = +ifd,. (6.56)

3. Fork ¢ {—1,0,1} we get from (6.43), (6.45), (6.46), and (6.49)-(6.51) the following
system of equations:

( k[ 2(k|+1)  2(]k| = 1) ) ( Pk ) ( fE )
k 0 4(k — sgnk) A | = | =2 ). (6.57)
k| +2 4(k[+1) 0 By 0

The matrix on the left-hand side is invertible for k ¢ {—1,0,1} and the solution to
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(6.57) is given by
P = —fi—isgnkf,
L UK+ 2) (7 + isgnkf)
¢ 4(|k] +1) ’
b _ KTk -2)f
K 4(k —sgnk)

We are interested in the normal component of the velocity ” on S'. For k ¢
{—1,0,1} we get from (6.45)

1
u(1) = SPrt Ay + By

and (6.44) follows.

. 2
Since s;,s_; € 6; we have

N, = [klsi, (6.58)

with A as defined in (2.33). Now we write for N = 2 the expressions for F;(0) and
F5(0) that we found in Corollary 6.9 in terms of /.

e Consider (6.38)-(6.42) with f = k'(0)[r]n(0). By Lemma 3.6

o= (=K +1)n,
ka = 0
with 7, = (7,s;)o- Note that the conditions in Lemma 6.10 are satisfied. As a

consequence, fork ¢ {—1,0,1}

1
o (1) = — Ikl

and v5(1) = v, (1) = 0. Corollary 6.9 and (6.58) imply

F1(0)[r] = —%N Pyr, (6.59)

where P, : L*(S') — L*(S') is the orthogonal projection along (s_;,sq,5;) =
Sp @ 67.

Consider (6.38)-(6.42) with f = 2XU=N) (0 + %Vor = —2rn(0) + 2V,r. From

oN

Vosi = %ee = iksye, it follows that
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and oik
0 1
fr = T k-

We see that the conditions in Lemma 6.10 are satisfied. We get for all k € Z

vy (1) = 0.
Corollary 6.9 yields
FAO) = —r— o (151 +r151) 6.60
5(0)|r] = —;r—ﬂ 7181 +7¥_15_1)- (6.60)

6.4.2 The three-dimensional boundary value problem

For the three-dimensional problem we introduce the spherical harmonics Y}, : S? -
C foreach k € Nyand m € {—k,—k+1,...,0,...,k — 1,k} by means of spherical
coordinates in the following way:

where 6 is the polar coordinate, ¢ the azimuthal coordinate and P} the Legendre poly-
nomial given by
" (1 _ xz)’” dk+m 5 .
RC) = g g [~V

Complexifying the spaces &3 in Chapter 1, one can identify Y}, with the spherical har-
monics s;; with j = m +k+ 1.

We introduce the vector spherical harmonics Viwr Xims Wi + S — C° conform [29]
and [38] in the following way:

., k+1 Yy
Vi : = Y e

ke 2k 41 kn T k+1 @k+1) 0 °

- Ykme¢/
(k+1)(2k+1)sin6

— m Z aYk
Xpp: = ———— Y0 "oy

o Vkk+ D)sing T k(k+1) 90 *
- k 1 B im
Wm: = m m + Ymer

k it R K2kt 1) 90 ° " Jk(@k 1 1)sin0

fork € Nyand m € {—k,—k+1,...,0,...,k —1,k}. The functions Y;,, form a com-
plete orthonormal set in L?(S?) and Vy,,, X, Wi, excluding Xoo = Wy = 0, form a

3
complete orthonormal set in (LZ(SZ)) . From [38, eqn. (B-13)] it is easily checked that

the functions W,_;, W,,, and W, are three independent constant vector fields. There-
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fore, if we also take I*(S?)-inner products of the constant vector fields e; = (1,0,0)",
= (0,1, O)T, and e; = (0,0, 1)T with other vector spherical harmonics we find

/SZkado:O, ke N\ {1}, /Szwlmdo;éo (6.61)
/ Vkm do = / ka do=0, kel (6.62)
s? s?

forallme {—k,—k+1,...,0,...,k—1,k}.
We will use the following identities:

[ k+1 5 k
Ykmep - mvkm =+ 2k+ 1ka/ (663)

VoY, = k./%vkmﬂkﬂ) 2k]jr1w"m’ (6.64)

rot (g(0)Vian(6,6)) = it/ 1 (55 + 528 ) Ko (6.65)
1ot (§(0)Xen (0,8) = 14/ 357 (55— 58) Vo 14 e (5 8 )
(6.66)

10t (2(0) W (6,6)) = i ﬁ(ﬁg—k;l )?km, (6.67)

for any g depending on p only (see [29] or [38]). Introduce functions o,,, Bim, Vim
[0,1] — C such that

p/ 0, (;b Z ‘ka Vkm 9 d)) + ﬁkm( )ka (6/ d’) + ’)/km(p)wkm(el ¢) (668)

and introduce fi,, fin, fim € C such that

f(e/ d)) = ka‘f/ﬂvkm(gl d)) +fk)t(ﬂ}2km(9/ d)) +flgvkam(9/ (]5)
k,m

Here and in the sequel summations are over all k € Ny and
me {—k,—k+1,...,0,...,k—1,k}, excluding terms containing )?00 and Woo- Because
p is harmonic, there exist py,, € C such that

p(0,0,0) =Y. Piud Vi (6, $). (6.69)
k,m

Lemma 6.11. For N = 3, the system (6.38)-(6.42) is solvable if and only if fie, = fin, = 0 for
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m € {—1,0,1}. Furthermore

B k k+1
2k + 4k +3V 2k+1

14 1 k w
Jon + 2(k—1) kil

Y,,. (6.70)

v-n(0)= Y [

k#1,m

Proof. From (6.63), (6.64), and (6.69) we get

vp = Zpkmpk_l \/ k(Zk + 1)ka
k,m

This can also be derived from [29, eqn. (3.5)]. Combining (6.68) and [29, eqn. (2.16)] we
obtain . . .
Av =Y (A 1%0m) Vion + (AeBion) Xiow + (A1 Vi) Wi

k,m
where )
oY 20y  k(k+1)
AN Ppr— — + —— — . 6.71
From (6.38) we get
Aet1%m = 0,
ABiw = 0,

AeYim = PP \/k(2k+1).

The general regular solution to these equations is given by

k-
‘ka(p) = Akmp+1/

k
Bkm(p) = Biup',

_ 1/ k
’)/km(p) = Ckmpk 1+§ mpkmkarl'

For each pair (k, m) we have to determine four constants: py,,, Axu, B, and Cy,,,. As in
the two-dimensional case, these constants follow from the boundary conditions (6.40),
the incompressibility condition (6.39), and extra conditions (6.41) and (6.42). In [29,
eqns. (4.3)-(4.6)], conditions (6.40) and (6.39) are written in terms of «y,,, B, and ¥y,
If we substitute the expressions above, then we get for k € Ny and m € {—k,—k +
1,...,0,...,k—1,k}

3 2
O RN
k02k271 \/E\/k?ruzms) ; 2 kO 1 ng’" = f’% . (6.72)
2k+1 2k+1 - 2k+1 (k—1) Ckm fim
0
oy —/ 2k (2k+3) 0 0 o
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Only for k = 1 the matrix on the left-hand side is not invertible. In this case we get

2\3 7

(%) 5 00 Pim fim

0 0 oo tfan ) [

1 5 = 1 . 6.73
i —3vV2 00 || B, [l (6.73)
% -5 § 00 Clm 0

The rank of the matrix in (6.73) is two. Therefore there are six restrictions on f and six
degrees of freedom. From the last three equations in the system (6.73), we obtain the
following conditions:

fim = fin =0, (6.74)
form = —1,0, 1. From the first and the fourth equation in (6.73) we derive
1
=3 fim (6.75)

and

5 2
5 \/;flm' (676)

In order to calculate B;,, and Cy,,,, form = —1,0, 1, we consider (6.41) and (6.42). Writing
condition (6.41) in spherical coordinates and substituting (6.68) we get

O:/vdx

- /z/ 0% 1 (0) Vi + 0 Bion (0) X + 0" Vien (0) Wi dipdr

1
k+3 17 k+2
= Z/SZ/O AkmpJr Vlcrr1—|_Blcn1pJr ka
k,m

1 k -
k+1 k+3
Sy . — W,
+ (Ckmp + 2 2k +1 PkmP > km dde
Akm ” B Ckm 1 k Pim A
— m_% g — Wi, d
Z/szk+4 ot 113 k”’+<k+2+2\/2k+1k+4 fn 0

It follows from (6.61) and (6.62) that

1 1
7cm+7 mzor

for m = —1,0,1. Combining this and (6.76) we get

V2
Cun = == fim (677)
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form = -1,0,1.
Note that rot (et (p) Vi) and rot (Y, (p) Wi, ) have no W,,,-components (see (6.65)
and (6.67)). It follows from (6.62) that

—

[ r0t (@t (0) Vi) = [ r0t (i () Wy ) = 0. (6.78)

Combining (6.42), (6.68), (6.78), and (6.66) we get

. -1 N
0 = ¥ [ | #'rot(Buu(p) Run) dpdo
k,m *

_ / aﬁkm o k 7
- ZV/SZ/ 2k+1 ( ﬁkm) Vkm
o [FHL (3B | k1 R

As a result of (6.61), (6.62), and (6.79) we get forallm € {—,1,0,1}

By, =0. (6.80)
For k # 1 the solution to (6.72) is given by

(2k+3)/ 2k + 1) (k+1) v

Pim = 2k2 —|—4k—|—3 fkm/
k v
A = ————fimr
o T
T x
Bkm - mfkml
o 1 _\/E\/k+1(2k+3)(k—1)fv Yy
o 2(k—1) 2% 1+ 4k + 3 o T T
For the normal component of v on the unit sphere we get
T)'Vl(O) = Z(ka(l)vkm 'ep+ﬁkm(1)5ikm'ep+7/km(1)17vkm 7
km

[k+1 [k
= Z[_“k (1) 2k+1+7/km(1) %l Yim
k1, [k 1k
- kml *+1” 2k+1ck’”+22k+1pk’"]yk’"

_ oy [k FHl oy 1 W
o oy 2k* + 4k +3 2k+1fk’” 2(k—1) 2k+1fkm

Ykm .

In the last step we omitted the terms for k = 1. This is possible because from (6.75),
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(6.76), and (6.77) it follows that

2 1 1
_\/;Alm + \/;Chﬂ + gplm =0,

for m = —1,0, 1. Note that the fact that the terms for k = 1 in (6.70) vanish also follows
if we argue as in (6.54). O

The solution of the boundary value problem (6.38)-(6.42) is given in Appendix B.
Now we write F;(0) and F5(0) in terms of N for space dimension 3, making use of
the formula
NYkm = kYkm' (681)

As for the two-dimensional case, we do this by considering two special cases for f in
the system (6.38)-(6.42).

e Let us consider the case f = k'(0)[r]n(0). By Lemma 3.6

' (0)[r]n(0) = (—Nzr - Nr+ Zr) n(0) = ¥ (=K — k+2)r,, Yine,,

k,m

with 7y, = (7, Yeu)o- It follows from (6.63) that

< (O)11n(0) = ¥(— —k+2) (—\/2",;11% + Zk’;lv*vkm>

k,m
Consequently,
vV _ / k +1 2
fon =0,

wo_o [k el

Note that the condition in Lemma 6.11 is satisfied. From (6.70) we get

k(k+2)(k+1
v-n(0) = _Mrkmykm'
T 24k +3

Corollary 6.9 and (6.81) yield

/ 1 2 -1
FIO)[r] = =N (N +27) (N + EI) (2/\/ FAN + 31) Pyr. (6.82)

2N(1-N)
oN

e Now we consider the case f = rn(0) + 2XVor = —2rn(0) + 55 Vor. From
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formulas (6.63) and (6.64) we get
3 k+1 5 k-
f = Ig—;fkm [—\/ mvkm + ZkHka]
3 k+1 5 kK -
Ky 2k Ven F D) 2k+1wk’"]

+ % Tkm

3 k+1 - 3 k N
= krzmﬂ(k"i_z)\/mrkmvkm'i_z?(k_l)\/mrkmwkm'
v 3 [k+1
fkm - 27‘[(k+2) 2k+1rkml

In this case we have

fin =0,
w3 [k
fkm - 27T(k 1) 2k+1rkm'
From (6.70) we get
3 k
v-n= S — .
,9; 42k 4 4k +3
Corollary 6.9 implies
/ . 71 2 -1 . i
F5(0)[r] = 47{./\/ (2./\/ +4./\/+3I) Pir P
1
——— (r1-1Y1-1 +7r19Y20 + 711 Y1) - (6.83)

47

We summarise the results for the linearisations for N = 2, 3.

Corollary 6.12. For N = 2 we have

) 1
F )] = —ENPm
) 11
F0)[r] = 2 T on (r181 +7_45_1) -

For N = 3 we have

FLO)[r] —N (N +27) (N + %I) (2/\/2 FAN + 31) o,

F(0)[r]

N (NP AN 3T Py

3 1
Py (r121Y121 +110Y10 + 711 Y11) -
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For N = 2 we have
! (6.84)

forj=1,2,k € Zand

k =
1 k1
pa(k) = 7;
o k=1.
For N = 3, we have
(6.85)

(Yews F1(0) Yiwl)o = —p;(k),
forj=1,2,keZ me {-k,—k+1,...,0,...,k—1,k} and

k(k+2)(k+ 1) kA1
prk) =< 2k* +4k+3

0 k=1

1%4,1 k#l
pZ(k>: 47 2k +4k+3 47

1
- k=1.
7T

Lemma 6.13. Let N = 2 or N = 3. There exists a ¢; > 0 such that for all r € H* (SN 1)

(7, F1(0)[F])s—1 < _C1||77||§—%

and
(7, F2(0)[7])s—1 <0,

where 7 := Pyr.

Proof. Define
P yp1(k)

= i -
U renny (K +1)2

All values for p; (k) with integer k > 2 are positive and lim;_ (klz’1<’1<; - is positive. There-
+1)2
O

fore ¢; > 0. Furthermore, p,(k) > 0. This proves the lemma.

6.5 Energy estimates and global existence results for the
injection problems

In this section we find a global existence result and decay properties for solutions to
(6.29) with u > 0. As in the previous chapter this is done by combining the estimates in
Lemma 6.13 for the linearisation and perturbation arguments to obtain a useful estimate



6.5 Energy estimates and global existence results for the injection problems 131

for the nonlinear evolution operator in (6.29). In contrast to the Hele-Shaw problem, it
is sufficient to use the first order chain rule in Lemma 5.4 to close the regularity gap,
because F; and F, are first order operators.

Let for o > 1 the norm || - [|,_;; on H° (SN™!) be induced by the inner product

(1 F)o1 i= (1 7)goq + Z(Dirr Di#)s_1, (6.86)

where the operators D; for i € {1,2,...,(3)} are defined as in (5.11). This norm is

equivalent to the norm || - ||, that we introduced earlier (see [33, Sec. 4]).

Lemma 6.14. If Qg satisfies (6.1)-(6.6), then

M(t) = / x dx
Qg

is constant in t.

Proof. Let M; be the ith component of M. Combining the divergence theorem, (6.2),
(6.4), and (6.5) we get

dMl(t) — / (v.nR)xl. do = / *()idx+ xidivvdx:(),
dt ITre ) IOy

where np, is the normal on Iz (). O

Let 9} be as defined in (2.40) and let H{ (SN™"), f;, P1, ¢; and 1, be as defined in
(5.27)-(5.29). From Lemma 6.14 we see that if  is a solution to (6.29) with r, € MY, then
r(t) e my forall t.

As we have seen before, ¢, is an analytic bijection between a neighbourhood of
zero in H'(SM ') and a neighbourhood of zero in R x RN x Hj (SM ™) (see Figure 5.2).
We use this bijection to obtain a stability result for Stokes flow with injection in space
dimensions 2 and 3 as we did for Hele-Shaw flow for N > 4. It follows from Lemma
6.14 that a solution r to (6.29) satisfies

a(T)

T
V 1
fl(r<T)) = <ON, N_,'_1m0> =: (VT/mT)T/
where .
(Vo,mo)™ = f1(r(0)).
For notational convenience we introduce g, := (V,, m,)".

Theorem 6.15. Let N = 2 or N = 3 and p > 0. Suppose that s > 6. There exista 5 > 0
and an M > 0 such that if ry € H°(SY 1) with ||ry||, < 8, then the problem

0
é = ‘7:(7/ T)/ 1’(0) =Ty, (687)

has a solution r € Cy,([0, 00), H'(SY 1)) N Co([0, 00), HH(SN™Y)). Furthermore,
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re C® (SN x (0, 00)). If we regard r as a function of the original time-variable t, then

uNt -1
0l <M (5 41) ol (6.9

Proof. Choose Aq € (0, 3) and define ¢ := 3 — Ay, with ¢; as defined in Lemma 6.13.

1. If r satisfies (6.29), then 7 := P, r satisfies

or _
TP (617 (4.7).7). 659

First we prove solvability of this equation. Assume that |q,| is small, 7 € H*"' (SN ™),

and ||7||, < &', with &’ small enough. The symbol C is used for a constant that may
vary throughout the proof.

2. Asin the proof of Theorem 5.10 we have by Lemma 6.13

(7, FL(0)[)s-1 + par(r) N (7, F(0)[])s 1 < —arlIFI2 s (6.90)

3. Using a(7)' N < 1 and the fact that F; and F, are first order operators we derive
parallel to (5.49)-(5.51) for ||7||, small

Y{(f’/ PrF (‘Pfl (%rf)))s_l

+ua(m) N (P17 (617 (00,7))) = EFO)F) 1}

— (7 F O] |

< C(IgelliFlyy + 17y ) - (6.91)

Note that s > M} js necessary for analyticity (see Lemma 6.5).

4. From (5.12) we get

(7 PF (¢ (407),7)) . =v(E+G)+ua(0) N(B+ G, (692)

where fork =1,2

E o= (PA (6 (47))

s—1

G = Y (D7 PF (61 (3.7)) [Dir (3., 7))

1

s—1 ’

We will estimate the terms F and G, for k = 1, 2, separately.
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5. From (6.90) and (6.91) it follows that for ||7||, small

vE a0 N < el +C (lallFl oy + 17 )
< (mer + CIFIE g + Clael 17—y (6.93)
6. Now we find an estimate for G;. From y(r) = ¢;'(0,7) and Lemma 5.7 we
obtain
G = Z(Dif’/ Li+Ji)s1 (6.94)
where

o= P (0 (007) Dy (a0 7)) = PuF (611 (0,7)) D (0,7)]
Ji = PuF () [ (7) DA

Making use of the triangular inequality, ¥, (r) = qbl_l (0,7), Lemma 5.7, (5.56), and
Lipschitz continuity of F| o ¢; ' we derive for ||7||, small

Iy < [{PuF (00" Gen) - P (000 0,7) } WA (R)IDA]

3

-2
+||P A (o1 (@) [Di (6 PV =00 0,1)]]
< ClgelllFley +Clacl:
Asa consequence,
(Di#, 1)1 < Clael P2,y + Clael 71l (6.95)

Because 1;(0) = 0 and ¥;(0) is the identity (see Corollary 2.20), F;(0) is the
Fréchet derivative at zero of the local analytic operator P; o F; o i; on a neigh-

bourhood of zero in Hi_% (SN, As a result
YD, J)sn < v(Dif, F1(0)[Di])s
+y (D7, { P11 (w1 (7)) [ () [D17]] — F1(0) } D7),

< —alDll;_y +Cl7ll,—y DI

2 2 5‘%
< —allDFE, +CEIF2, - (6.96)

Combining (6.95) and (6.96) we get from (6.94)

~(12 ~112 ~112 ~
vy < ¥ —aillDrly +C (172, + lacllFAR, + laclIl ) -
1
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We estimate G, in the same way, replacing c; by zero (see Lemma 6.13). Because
a(t)' N < 1 we get

¥Gy + na(t)' NG,
< L-allDAlEy +C (SR + a7 + lalley) - 697)
7. Adding (6.93) and (6.97) and assuming that |g,| < |q,| < &', it follows from (6.92)
that
~ -1 -
(r, P F (d)l (9e,7). T))s—l,l
< (=1 +C8 + ClacDIIFIE g 1 + ClaellIFll,- .0
< (=e+ COIFIIE 1 + ClaelIFlls— 11
~ €15
< (me+ O8I gy + LI+ Clael?
C1 . N
< =PI g+ C (SR, + lae) -
Here we used Cauchy’s inequality. Choosing 6’ < £ we get
. - . oy 2
(1’, Plf (‘pl ! (%r 1’) ’ T))s—l,l < *A0||r||sfl,1 + C|qT|
< Al e 6o
© )
8. Let 7y := Pyr, be small in H; (S¥~'). Arguing as in the proof of Theorem 5.10 we

obtain from (6.98) a solution 7 to (6.89) with 7(0) = #,. This solution is smooth for
positive time by [60, Ch. 6 Prop. 9, 10] and

_c

7 —A ~
172 ls-10 < Ce™ Wolloss +

|90l (6.99)

As in the proof of Theorem 5.10 we construct a solution to the original problem
from

r(1) = 1 (4, 7(7)),
with the desired decay properties.
O

Remark 6.16. In view of (6.99), if we start with a domain Q, for which the zeroth and first
Richardson moments vanish, i.e. gy = (0,0)", then convergence will be faster.

Remark 6.17. In contrast to the problem of Hele-Shaw flow with injection (see [76]), we cannot
treat the case of zero surface tension for Stokes flow by the methods of the proof of Theorem 6.15.
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The order of 75(0) is lower than the order of F,. Therefore, energy estimates of the linearisation,
(r, F5(0)[r])s < —Cl||r||2, for some C > 0, cannot control energy estimates for the nonlinear
part, (r, F>(r) — F3(0)[1])s < €l|r||%. 1, for some € > 0.

s+%’

6.6 Almost global existence results for the suction prob-
lems

In this section we use energy estimates to get an existence result for the suction problems
in 2D and 3D. Starting close enough to the unit ball, an arbitrarily large portion of liquid
can be removed.

Theorem 6.18. Let N = 2or N =3, u < 0, T, € [O,W‘;\Iiﬂl)), and s > %. There
exists a & > 0 such that if ry € H° (SN ) with ||y, < 8, then there exists a solution r €
Co(0,Ty), H(SY 1)) NCy([0, T, ), EH(SY ) to

or
3= F(r,t), r(0)=r,. (6.100)
Furthermore ((&,7) — r(1)(&)) € C(SN ' x (0, T,)).
Proof. We assume that r € H*™ (SY 1) with ||r||; < &' for 6’ small enough.

1. If u < 0, then a(7)' ™V goes to infinity as T approaches M(‘Tﬁ Nevertheless, on

the time interval [0, T, ], a(t)" ™™ < A for some A > 0. Choose K € N such that
fork > K

—yp1(k) + |u|Ap, (k) < 0.
Define ¢, > 0 by

¢, i inf Y21 — |1l Apa (k).
K (1)t

¢ 1201l Apy (k)
1

The positivity of ¢, follows from the fact tha Y
+1)2

converges to ¥ as k
tends to infinity.
2. Let Py : L2(SN™') — L*(SN 1) be the orthogonal projection on the orthoplement

of @ &} with respect to the L* (SN !)-inner product and define 1 = (7, 8kj)o-
Analogously to (5.35) we derive

(1, F1(0)[])sm1 + nax(7)' =N (1, F5(0) [1])s s

B B Cai XU
k<K (K + 1)% !

B 1-N
LY (R 1) m(k)ﬂ;tlrx(? Pz(k)r%j
k>K (k" +1)2

IN

Clirllg = 2 lI7ll3- 5 (6.101)
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3. By analyticity of F; and F, and boundedness of a(7)' " on [0, T, | we have

(1, Fi(r) = FLO) sy + pax()' N (1, For) = F(0)[])ey < Cllr,- (6.102)

2
4. By (6.101) and (6.102) we have

V(1 Fo(r) s + mo(1)' N (1, Fo(1))so1 < (—ep + C)|Ir|l2-y +Crlls.

5. Further,
Y(Dir, F1(r) [Dir])s_1 + pa(1)' " N(Dyr, F5(r)[Dir])s
= y(Dir, F1(0)[Dyr])s—1 + pax(7)' N (Dir, F3(0)[Dyr])s 4
+y(Dir, { Fi(r) = F1(0)}[Dir])s 4
+ua(t)N(Dyr, { Fa(r) — F5(0) }[Dir])s-y

< (=6 +C8)|IDirl:y + ClIDr5.

6. Combining these two results, using (5.12), and taking ' < 2 we get

Y Fi(1)san + () V(1 Fa(r)san < (—e+CE)rllEyy +Clirllo,

IN

Clirllos < Cllrll-10-  (6.103)

Choose 6 < &'e “™ and suppose that ||ry|| < 8. By Theorem A.1 there exists a
solution 7 to (6.100) on [0, T, | that satisfies

||”(T)||s—1,1 < eCT||7’0Hs—1,1~

This solution is smooth on (0, T,) by [60, Ch. 6 Prop. 9, 10].



Chapter 7

Hele-Shaw flow with kinetic
undercooling

7.1 Introduction

In Chapter 2 we proved that the spherical solution to the classical Hele-Shaw problem
with injection is stable. On the other hand, the suction problem turns out to be ill-
posed. However, we showed in Chapters 3 and 5 that if one assumes surface tension
on the boundary, then the suction problem is regularised and the spherical solution is
stable under certain conditions.

In this chapter we consider another type of regularisation besides surface tension,
replacing boundary condition (3.3) by

I _
p+ ﬁ% = —YK. (7.1)

The parameter 3 > 0 is the so-called kinetic undercooling constant.

The Hele-Shaw problem is the formal limit of the Stefan problem, that describes
e.g. melting of ice. The name kinetic undercooling originates from this problem, since
condition (7.1) with ¥ = 0 and 3 > 0 is used there to model certain thermodynamic
effects on the interface between ice and water.

A justification for using (7.1) in a Hele-Shaw setting was given by Romero [65]. He
relates the term [33—5 to the second principal curvature in the Hele-Shaw cell. This is the
curvature of the very thin meniscus of the liquid in the narrow gap between the two
plates.

In this chapter we study the injection problem for N = 2, 3 and the suction problem
for N = 2. For 2D suction with 3 = 0 (surface tension only) it was possible to exclude
positive eigenvalues assuming that the first Richardson moment vanishes for the initial
domain. For § > 0 we have to deal with the problem that Richardson moments are
no longer preserved. Nevertheless, it is still possible to restrict ourselves to domains
that are symmetric with respect to both axes. In this way, the geometric centre stays at
the origin for all time for the evolution leaves our symmetry intact. Suction in higher
dimensions N > 3 is always linearly unstable for large time just as the problem for
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N>4with g =0.

Another problem that we encounter is the time dependence. Instead of a simple
structure as in (5.8), we find an evolution equation in which we distinguish between
three terms that are essentially time-dependent (see (7.16)).

In Section 7.2 we derive this evolution equation and linearise it in terms of the
Dirichlet-to-Neumann operator as we did before. We investigate how the domain of
definition of the evolution operator changes as a function of time and we derive Lemma
7.7, that tells us how to deal with the time dependence when we derive energy estimates
for the nonlinear problem to obtain existence results in Sections 7.3 and 7.4.

7.2 The evolution equation and its linearisation

We reintroduce the Sobolev spaces H' (S¥ ) as in Chapter 5 and we define the functions

r and R, the domains Q, and Qpy, and their boundaries I, and I as in Chapter 1.
We assume that r € H*(S¥ ') with

N-+5
> —0.

5 (7.2)

S

Define the harmonic function
U:=p—uod, (7.3)
with @ asin (2.10). It follows that
ou 0D
U+ﬁ%:_yl<_“q)_ﬁll%, on FR = aQR

Define K2 , LB , 7B . O, — R as the harmonic functions that satisf
R’ LR/ 4R R y

oK
Kﬁ + Ba—nR = —K on Iy,
oLB
ng ‘|‘ /387;’;2 = —CD on FR,
0Zb oD
B oy S et r
Zrx+ B3 5 . on Ig.

It is known that these functions are uniquely defined for appropriate domains. Note
that
U = yK§ + uLf + puzh. (7.4)

In the next lemma we investigate the scaling properties of KE, Lﬁ, and Zg.
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Lemma 7.1. Let 1 > 0and let r := (1 + R) — 1 such that Q, = nQg. We have for x € Qg

Ki(x) = nK"(nx),
LA(x) = nV LM (nx) +c(n),
Zh(x) = 7"z (nx),

where c(n) only depends on 1. We also have

VKE(Y) = mVKP(n),
Vig(x) = "V 'VLP(nx),
VZA) = nVZP(m)

Proof. 1t is sufficient to prove the first part of the lemma, since the second part follows

directly from the first part. It is clear that nKJ® (1x) is an harmonic expression in x. Let
ng be the normal vector field on Ff, where f is either R or 7, and let Kf be the mean
curvature of T'y. Let x € T;. Note that by the scaling of the curvature,

kg (x) = nKk,(nx). (7.5)

Introduce £ = nx € T, and denote the derivatives with respect to x and § by V, and V,.
It follows from (7.5) that

nK® (1) + Brig(x) - Vo (nKP (nx) = n (K +npn, - VeK®) (&)

= 1K(&) = kp(x).

Here we used n,(&) = ni(x). The identities for Lg and Zg are obtained in a similar way,
making use of the scaling behaviour of ® and

oD _ N-10D
%(x) =1 8n,(nx)'

It is easily checked that for Lg one has to include an extra term ¢(n7) as in Lemma 2.2. [

Let the operators Z, 1, k, and z be defined as in Section 5.2.
By (7.3), (7.4), (2.2), and Lemma 2.1

oR B VKE(2(R,&)) -n(R, &)
g(é) = -V n(R,2) &
VLE(2(R,&)) - n(R,&) 1
i <_ : n(R,&)-¢ " aN(1+R(£))N‘1>

(VZRE(RE) n(R,&)

—F n(R,&)-&
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It follows from (3.14) and Lemma 7.1 with 1 = a(t) " that

ar oy (VKoz(r) n(r)
o ) n(r) -id
m (VLYW o 2(r)) - n(r) 1 1+7
+oc(t)N <_ n(r)-id +0N(1+7’)N_1 N )

(7.6)

where 3(t) := %

On a neighbourhood U of zero in H* (S¥™') we define the following mappings:

o« AU — L IBY),H 3(BY)and Q: U — L (HS—%(BN), (HS—S(BN))N)
by (2.25) and (2.26).

e foreach 3 > 0, SpU — E(HS%(BN),H#%(BN) x I (SN ) by

o A(r)u
Sp(rju = ( Tru + Bn(r) - Q(r)u ) ' @.7)

e ¢:U - H SV )by (@28)and [ : U — H' (SN 1) by (5.4).

e w:U—-H SV by

w(r) = n(r) - Q(r) (® 0 2(r)) = n(r) - {— L 1id} .08

on(1+ r)N_

Note that A and Q are well-defined because of (7.2). The operator w is well-defined
1 1 N
because Q maps U to £ (H5+2 (BN), (Hs_7 (]BN)) ) as well.

Lemma 7.2. The operator Sz(0) defines an isomorphism between H° 2 (BN) and i BY) x

H (SN and also between e+ (BN) and He (BN) x BTSN, Foreach B > 0 there
exis.ts a neigkbourhood Uy > 0 of zero in H® (SN such that for r € Uy the mapping Sp(r) is
an isomorphism as well.

Proof. To prove the first part, let (f, ) € H3 (BY) x H°*~2(SY™1). By the Lax-Milgram
Theorem there is a unique a weak solution u to S3(0)u = (f,g). By [79, Thm. 20.4]
we have u € H*(B"). Hence by [72, Sec. 5.4.1] and continuous interpolation we have
u e 2 (BY).

The second statement follows from continuity of S; near zero and the fact that iso-
morphisms form an open subset in the set of bounded linear mappings. O
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From this lemma it follows that for each 3 > 0 there exists a neighbourhood U/ 5 of
zero in H*(S¥™!) on which the operator Ep Uy — LTSN, 2SNV ) given
by
Tr (Q(r)S/g(r)l [ g D n(r)

n(r)-id
is well defined. By Lemma 7.2 £ also defines a mapping between U/; and
L@ (SN, B (SN )). The dependence of Uj on j is investigated in Corollary
74.

Let AV be the Dirichlet-to-Neumann operator defined by (2.33). It is clear that for
each B the operator Z + BN is bounded and invertible from H° "' (SY 1) to H7 (SN 1)
for any o > 0. Furthermore,

Eg(np =

Tro.8(0) ! < 0 ) — T+ BN) .

Since for all k € N,

we have by (2.37)

H (Z+ 3/\/)71” : < Cmax{1,57'}. (7.9)

L(Hzr (SN—l )’H0‘+1 (SN—l)

Lemma 7.3. There exists a C > 0 independent of 3 such that for all B > 0
185(0) Mgy < Cmax {B, 87},
where X == H*2(BY), Y := B3 (BY) x ' 2(SV ).

Proof. In this proof C is a varying constant that is independent of f, g, and . Let (f, ) €
Y. By Lemma 7.2, the problem
Si0wp= (1 )
s =(

is uniquely solvable for ¢ € HE 2 (BY). Introduce the functions 1;; and 1, such that
Y =Yy + 1y with
Ay =0, Ay =f

and
Trpy =Try, Trpy = 0.
Note that 0 30
pY¥YH _ , _ p2%0
Tryy + 3 3 g 3 (7.10)
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and since 1y is harmonic we have
oy — 40
Trpy = (T+BN) (Trt/)H +BH Vi ) (7.11)

From [23, Sec. 6.3 Thm. 5] it follows that for u € H* "2 (BY)

Il 3 v, < € (ITenlles + Al 5 0 ) - (7.12)

Hence

ol 1 gy < CllFllg s o, (7.13)
and therefore 3

152 < ol s gy < €Ul 0 7:14)
It follows from (7.12), (7.11), (7.9), (7.10), and (7.14) that
(12754 N B = ClITryylls—1
o 3
—-C H(I+ BN (Trpo+ﬁ1!:1H>
s—1
. .9
< cmax(1,57) (652 +1sl )
5—2
/\71 A

< Cmax{L,87} (BIfll s v, + l8ll2)

_ A ) A—1

= Cmax{1, B} (|Iflly 5 g0, +B gl 2) -
Combining this with (7.13) one gets

19l s v, < Cmax{L, B} (£l 5 o, + B glls2) -

This proves the lemma. O

It is known (see e.g. [13, Sec. 2.3 Cor. 1]) that S5(r) is invertible if

1S5(r) = S5(0)ll exv) < IS5(0) ™ 2y, x)-

Furthermore,

|ss7) = 8300

L(X,Y)
< ClIAM - Al n(r) - Q(r) — 2
- BN) H577 ]BN Bn ‘C(Hef%(BN),Hs—Z(SN—]))
< C(1+B)|rl, < Cmax{1, B}l
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Combining this with Lemma 7.3 and (7.15) we see that S;(r) is invertible if
Irlls < Cmin{B, 37},
for some C > 0 independent of 3.

Corollary 7.4. There exists an open neighbourhood U of zero in H' (SN~ ") such that for each
B >0, Sy (r) is invertible for all r € Uy with

Uy = min{j, 2 }U.

We rewrite (7.6) for r € U & in the following way:

% = ﬁﬂ (rt) + “(’;‘)Nfzw) + W’I‘Mﬂ(m (7.15)

where

FilT) s Uy — H 2SN,

1) Uy —HT(EYY,

Fa(7) o Uy — NSV,
are defined by

Fint) = &4 (r)x(r),

Font) = &4 (r)e(r) +1(r),

F(rt) = & (raw(r).

aft

In view of Corollary 7.4, to make sure that r stays in the domain of definition of (-, t)

for k = 1,2,3, we need to show in the proof of the existence theorems for injection
that ||r(t)]|; decays at least as fast as a(t) " as t tends to infinity and for suction ||7(t)]|,
decays at least as fast as a(t)* as ¢ tends to % (see also Figure 7.1).

Introduce the time variable T = 7() such that (3.25) holds and 7(0) = 0. As in
Chapter 5, for N = 2 the injection problem is now defined on a finite time interval
whereas the suction problem is defined on an infinite time interval. For N = 3 both
problems are defined on an infinite time interval as in Chapter 3. We get

or

5o = Fn1) = vF 1)+ ua (1) Ny (1, 7) + Bua(t)* N Fy(r, T). (7.16)

For convenience we write here and hereafter F (7, T) instead of Fi(r,t(7)) (k = 1,2,3)
and «(7) instead of a(t(7)). Note that for N = 3, the term with F; scales in the same
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Il

~CB
U

injection - suction

A A

B=B B

Figure 7.1: Sketch of Ug. In our case we have B = % such that for injection r(t) should

decay as o(t) " and for suction r(t) should decay as ou(t)* to make sure that r does not leave the
domain of definition of the evolution operators.

way as the term with F,, while the term with F, is multiplied by a(7)~". For the 2D
case, the terms with F; and F; scale in the same way, whereas the term with F, is
multiplied by & (7). Because of this difference in scaling behaviour, the cases N = 2 and
N = 3 must be treated in a different way.

It follows from (1.12), (3.26), and (5.7) that for N = 2

0= (1-52)

and for N =3 }
a(t) =e¥". (7.17)

Lemma 7.5. There exists a neighbourhood U of zero in H* (SN ") such that for each § > 0 and
T > 0, the operators

Ep 0 Uy — LEH(SN Y, 2SN YY),
S(L . u ([3) N E(Hsjl(SNil),Hsjl(SNil)),
Fil, T Uy —H 2SN,

a(T)

are analytic where

Proof. Ttis clear that S £ is analytic from a fixed neighbourhood U of zero in H*(SV ™)
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to both £(H* 2 (BY), ' (BY) x H*2(S¥")) and

E(HSJ’%(BN),HS_%(BN) x H ' (SM ). Because of Corollary 7.4 the mapping r +—
) £ (1*)71 is analytic on U £ Since Q and #n are analytic, £ £ is analytic from U £
(diminishing U/ if necessary) to both £(H°*(SN™1), H*2(SN" 1)) and

LS, BTSN TY). The lemma follows from this and analyticity of &, @, w
and /. O

Lemma 7.6. Let ' be Fréchet differentiation with respect to the first arqument. We have

Fi(0,7)[h] = N<I+ (X(B"L')N> k'(0)[h]

— (N3+(N—2)N2—(N—l)/\/) <I+ ﬁN)lh,

a(T)
o = (14 En) oo
- 1NN<I+(X(ﬁT)N) 1h—é\ih,
RO = N (T+651) W)
- N‘TN 1N (I (ﬁ"') N> i "

Proof. Defining

we get

A@)u(r) =0 (7.18)

and

(Tr + (X(ﬁT)n(r) - Q(r)) u(r) = k(7). (7.19)

Since u(0) is constant we have A’(0)[#]u(0) = 0 and Q'(0)[h]u(0) = 0. Therefore, after
differentiation of (7.18) and (7.19) we obtain

Au'(0)[h] =0,

B dJ / — <
(Tr+ (X(T)an) W' (0)[h] = &' (0)[].

This implies
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and since Q(0)u(0) = 0 we have

-1
/ _ B /
Fi(0,7)[h] =N (I+ oc(T)N) " (0)[h].
The first part of the lemma follows from this and Lemma 3.6. The expressions for

F5(0,7)[h] and F5(0,T)[h] are obtained in the same way, using (2.31) and the identi-
ties

p _ N / _N-1
IO =~k /O] = =1,
that follow from (5.4), (7.8), and (6.31). O

Define the polynomial
pi(X) =X+ (N-2)X* — (N - 1)X.

For the case N = 2 we rewrite the linearisation of the evolution operator in the following
way:

F(0,1) = N(I+ “fﬂ@_ (v¥'(0) + Buw (0))

+ue(r) {J\/ (I+ P N>1¢’<0)+1’(0)}

a(7)

¢ a(7) { (z+ . (T)N) B (—2171/\/) _ 71?}
= ( +(ﬁ)N)1 < ')/Pl(N)'f‘%./\/ ”‘;‘S)N uelm) /3:/\/>
= <I+ Ofﬂ/\f) N (—Vm(N) - %N— ”‘;E:) (N+21)> : (7.20)
For the case N = 3 we rewrite the linearisation of the evolution operator in this way:
F,1) = N (I + ‘X(ﬁT)N) B (v&'(0) + ue'(0)) + ul'(0)

+O§f)/\/ <z + aﬁyv) ~ W)

- <I+ (xﬁ_)/\/>1 (—ypl(N) — - (W +3T) - 47Tﬁ(XF(LT)N> (7.21)
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The following lemma is crucial in the energy estimates from which we derive existence
results later on.

Lemma 7.7. Let s > M5, There exists a C > 0 independent of r and B, a neighbourhood U of

zero in H'(SN™1), and Uy constructed as in Corollary 7.4, such that for all B>0andre U
we have

el

1€5(r) = Eg(O)l g (v 1) o2 o)) < 7

and
Hgé (1’) [h] — gé (0) [l’l] ||L(H5’1(SN’1),HS’1 (SN 1 S

Proof. See Section 7.5. O

715 1 s-

7.3 Energy estimates and global existence results for the
injection problems

In this section we prove a global existence result for the 2D and the 3D injection case. In
order to apply Lemma 7.7 assume that r is a small element of H* (SN~ ') with

N+7

>
s 2

As in Chapter 6, we use the first order chain rule of differentiation (5.12) and the inner
product (-, )51 1 on H*(SN™1) as defined in (6.86).

Let us first discuss the 3D case. To obtain global existence of a solution r to (7.16)
that decays as T goes to infinity, assume that the parameters ¥y > 0, u > 0,and 8 > 0

satisfy the condition
e

< .
<G, (7.22)

where
R+ (k)
w1+ k) (1+K)

This condition is satisfied if

47;7(k +K—2k) > B +k) + K —k—2. (7.23)

Vk e Ny :
Let us first show that there are y > 0, u > 0, and 3 > 0 that satisfy (7.23). Substituting
k = 1 we see that 3 must be smaller than 1. If one takes 3 € (0,1) and y and p such that

4y

Vk>2: m L+ =2k) > Kk —

which is equivalent to
lém

<5

<RI=E

then (7.22) is satisfied.
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Theorem 7.8. Let N =3 and let u > 0,y > 0, and > 0 satisfy (7.22). Suppose that s > 5.
There exists a & > 0 and an M > 0 such that if ry € H*(S?) with ||ry||s < 6, then the problem

or
g = .7:(7’, T)/ 1’(0) =Ty, (724)

has a solution r € Cy ([0, 00), H' (S?)) N Co([0, 00), H'2(S?)) that satisfies
()l < Me™ S lrg|l,- (7.25)

Proof. Let r € H™"?(S?) with ||r||; < & for 6 small. In this proof C denotes a positive
constant that does not depend on r and 7. We will prove the theorem making use of the
same methods as in Chapters 5 and 6 and Lemma 7.7.

Note that we have to check whether (1) stays in i/ L, as T goes to infinity. According

to Lemma 7.4 this is the case if ||7(7)||; decays faster than (7).

1. Because of (7.21) and (2.37) we have the following estimate for the linearisation:

, —ypi(k) — 5 (k+3) — 2ok
7’,7 O/T r s—1 =
(70Dl )k:; (1+ f”T)k) (1+K%)

af

(1 + kz)sr,%j

—yp1(k) — £ (k+3) 2\s 2
< us 1+k :
= kZ]l (1+Bk) (1 +K) (L+E)r;
< =Grl3. (7.26)

2. Now we find an estimate for the nonlinear terms. We assume that ||7||; < 26/«(7)
for small 6 > 0, to make sure that 7 is in the domain of definition of F (-, 7). Note
that

1€ Ol = IV (24 La) | <@ 7.27)
atg e NX T (1) - B’ '

X
with X = L(H2(SV 1), H*2(SM™)). Since k(0) is constant we have 5% (r)k(0) =
0. Combining this, (7.27), Lemma 7.7 (with s replaced by s — 1), and analyticity of

« we get
17:0,0) = F OOl 2 = [ (k) =€ @K O
< (e, -€4 @) (xr) =0
[0 ()~ <) = @) |
< Ca(n)|rl?. (7.28)

Note that here the demand s > 5 is crucial. Let us now estimate the nonlinear



7.3 Energy estimates and global existence results for the injection problems 149

terms of F,(r,7) = & a (r)o(r) +1(r). We have

lE(r) =1 (0)[r]lls—1 < ClirllSa. (7.29)
The other nonlinear terms of F, can be estimated in the same way as the terms of

Fi (as in (7.28)) because they are of lower order. Making use of analyticity of w
we find

1707) = A0,y < || (€

53
+]|€ 4, 0) () = w(0) — ' 1) |,
< C(X(T)HI”HZ_%. (7.30)
Adding the results and using «(7) > 1 we get from (7.16)
(r, F(r,7) = F(0,7)[r])s
< Ca(n)|r|2 +Clrlli + Ca(m)a(r) " rl2, < Ca(r)|r[lS.  (7:31)
3. We conclude from (7.26) and (7.31) that
(r, F(r,1))s-1 < —CiI7ll2 + Ca(o) |72 (7.32)

4. Define the operators D; by (5.11). It follows from (7.26) that

(Dir, 7'(0,7)[Dir])s—1 < —Cyl| Dy (7.33)

5. Define u £ and w £ as in (7.67) and (7.68) such that

a(n) n(r)-id = (r).

and therefore by (7.93)

|

for o > % From (7.27), (7.34), Lemma 7.7, analyticity of «, and the fact that

(1)

&'y (O)[n] < Ca()[[llg11,

(7.34)
L7 (S H (V)
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&'y (r)[h]k(0) = 0 we get for ||r||; < 26/a(T) for & > 0 small

a(T)

171 (r, T) 1] = F1 (0, 7) (1] s

= ‘5% (M)[Hlk(r) + & 5 (1)K (r)[1] = € 5 (0)K'(0)[]

a(T) a(T) a(T)

5—2

< ||, () — £ O)1H]) (x(r) — (o)) -+ &L @) ((r) — k()|
i [GPRORIRO) PGIDI I OGO R OGN
S C‘X(T)Hr”slehHsfl ||7Hs + C“(T)Hh”sfl”rns
+Cac() [rll s 1], + Cac() Il
< Ca(n)|lrll |l (7.35)
and
17 ()] = 1) ]I+ < Clirlle- s
It also follows that
|75 (r, ) 1] = 50, ) ]l
< (e, 0 — € O)H) (w(r) ~ w(O)]|
] @)~ won| |+ (60 - Ep @) I
] @@ - o' Om)]_,
< Cal(n) -y ]y (7.36)

Here we used the estimate ||w’(r)[k] ||S_% < CHhHS_% that holds for small ||7||,.

Since a(T) > 1 we see from (7.16) that

(D, {F(r,) - F(0, 1)} D), ,

IN

2

Co ()|l IDyr 12 + Clill—y D2

IN

Ca(7)|rls| D3
Combining this with (7.33) we obtain

(D, F'(1,7)[Dir])s 1 < —Cyl|Dir || + Cax(t) |l || Dir 13- (7.37)

6. It follows from (7.32) and (7.37) that for T > 0 and ||r||s_;; < 26/«(T) (taking &
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small enough)

(nF(r))san < —Cillrl3s + Ca()rllslIr2s

IN

—CylI7llZs + Ca()lrlls-a 71121

On some finite time interval [0, T] we have —C; 4+ 2Ca(71)é < 0. Take 6 small
enough such that T can be chosen to satisfy

e(H-C)T < % (7.38)
Fort € [0,T] and ||r|[s_1; < 26/a(T) we have
(nF(r,1)s1n < (=Co+Calt)|rlls1,0) 7122
< (=Cy A+ Cal()[Irllsmr,) 171311
< =Gllrli + Ca()lrl3 a4 (7.39)

Theorem A.1 implies existence of a solution  to (7.24) on [0, T] that satisfies

()51, < (1), 9(0) = yo := |70/l where y : [0,00) — R satisfies the
ODE

dy Mt 3

Fr —2Cy +2Ce* " y2. (7.40)

Here we used (7.17). We solve (7.40) to show that solutions y converge to zero as
2C T

T tends to infinity. Introducing Y = e”" y we get
Y o ce(t-c)ryd
dar

from which it follows that

C sy )
o) = (- g S (1)

Since condition (7.22) is satisfied and y is small it follows that for T € [0, c0)

Cit -2
e! C CT o
T = — el —ein
y(7) (70 Cl_ﬁ( ))

_ (eCITC(i\/@ (ecneﬁﬂ)>—2yo

T im

C\/y -2

C 0 C

= Gﬂ_q—ﬁ“j Yo
< M2e_2C1TyO,
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for some M < 2 that is independent of . Consequently, for 7 € [0, T
(051, < Me™ g1, (7.41)

We see that ||7(7)||;_11 < Me_ﬁTHrOHS,M < 26/a(t) for all T € [0, T|. Further-
more,

—C+ Ca(D)|H(D)leq < —Cr+ M|y

A\

< =G +CM|rolls10 <0 (7.42)
on the interval [0, T]. Note that ||r(7)||;_; ; decays fast enough to make sure that
(7.39) also holds for T > T (with r replaced by r(7)). In fact, all calculations on
[0, T] can be extended to [0, 0o). To prove this formally by contradiction, let T* > 0
be the supremum of all T such that there exists a solution r to (7.24) on [0, T] and
—Cy 4 Ca(1)||r(7)|ls-11 < Oforall T € [0, T]. Suppose that T* < cc. In view of
(7.42) we have T* > T such that by (7.38)

oG < (7.43)

W~

By the definition of T%, (7.39) holds for 7 € [0, T") (with r replaced by r(7)) and

so does (7.41). For small n > 0 it follows from (7.43) that e(ﬁfcl)”**”) < %
Consequently,

—Ci+ CUT =T =msrs < —Cp+CMelET =1y
1
< -G+ ECM””oHsfm
1
< —-C+ ECM(S =: A <O0.

Since A < 0 is independent of 11 and « is continuous, there exists an 77 > 0 such
that for € [T" —n, T" 4 7j] we have —C; + Ca(7)||7(T" — n)|s_1,1 < 0. Appar-
ently we can extend our solution to an interval that is larger than [0, T"]. This
contradicts the definition of T".

We get global existence of a solution r on [0, o) that satisfies (7.25). The condition
in Corollary 7.4 is satisfied because of (7.25) and ;- < C;.

O

Since a(T) = ein" (7.25) is equivalent to

ey
[r(T)lls < Mex()™ 7 [Iro -

Regarding r as a function of the original time variable ¢,

4nCy

3ut B
ol <M (1) ol (749
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Theorem 7.9. Lety > 0, u > 0,and 3 € (0,1). Define

= o yplk) + 42 (k+3)
€= jnf T . (7.45)

The following two statements are true:

o C, and u satisfy (7.22), with C; replaced by C,.

e The result of Theorem 7.8 and (7.44) still hold, with C, replaced by C,.

Proof. The first statement is obvious. To prove the second statement, we argue as in the
proof of Theorem 5.9. Note that it is possible to show (7.26) for this C; in terms of the
equivalent norm induced by the inner product

(r,7)s = Y G
k,j

with § = 1 for k small and ¢, = 0k* +1 for k large. Here 8 > 0 needs to be a small
number. The nonlinear terms can be estimated in exactly the same way as in the proof
of Theorem 7.8. O

Now we discuss the two-dimensional problem. This case is more complicated than
the 3D case, since lower order terms are multiplied by a factor (7).

Theorem 7.10. Let N =2, 1> 0,7 > 0, B € (0,3), and Ay € (0,2). Suppose that s > 3.
There exists a 6 > 0 and an M > 0 such that if ry € H*(S") with ||r, |5 < 8, then the problem

3—; = F(r,t), r(0)=r,, (7.46)

. 27 S 1 1 27 s—2 1 . [
has a solution r € C, ([0, <), H(S7)) N Cy, ([0, 5F), H™7(S")) that satisfies
pt -3
ol <M (£ +1) ol

where we regard r as a function of the original time variable t.

Proof. As is the proof of Theorem 7.8 we take r € H*"2(SN ™) with ||r||, < 26/a(t) for
6 small.

1. Let n be a small positive number that satisfies Ay < 2(1 — 17) and define the posi-
tive constant

k) + Bk 4 D8 (k42
C, := inf '}/pl( )+27-[ +271(2 +2)
keNo (14 Bk)(1+K%)
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2. For the linearisation it follows that

(r, F(0,7)[1])s-1

—ypy (k) — Bk — 20 (k4 2
Z ypa (k) — 55 . 5 (k+ )(1+k2)s 12]
k,j 1+Wk

_ k) — Buj _ qe(®) (f 4 o
y ypi(k) — 55 ,377 2 (k+ )(1+k2)s 1 %]
k,j 1+(X(T)k

poe(T) k+2
—(1—
(I-n=, ;u%k

(1 —l—kz)sflrij

y —ypi(k) — B4k — ngs(k+2)

< 1 k2 s—1 2‘
>~ & 1—|—ﬁk ( + ) T’k]
k+2 2\s—1 2
- 27r Zl+[3k 1+K)
pa(t
< G- @- Dz, (7.47)

Note that in the last step we used g < 1.

The qualitative properties of the nonlinear parts of F;, for k = 1, 2, 3, are the same
in all space dimensions. Therefore, to estimate the nonlinear part we use (7.28),
(7.30), and

[ F2(r, T) = F2(0, T)[r]]]

; < Ca(o)|lr? (7.48)

5— s—17

which can be derived in the same way as (7.30), replacing w by ¢. Note that by
(7.29), the term ||I(r) — 1'(0)[r]||s_1 plays no role because a(t) > 1. Multiplying
(7.48) by «(7) and adding the results it follows from (7.16) that

(1, F(r,1) = F 0,0 )t < Calr) 1+ CalrP 2, (749
From (7.47) and (7.49) we get
no(T
(Fr)es < Gl (- P g
() + Cale Iy 750

In the same way it follows from (7.35), (7.36), and a similar estimate for the F,-
terms that

(Dir, F' (1, 7) [Dir] = F'(0, 7)[Dyr])s 1
< Ca()|rllIDllf + Ca()*rll,—y D2y (7.51)
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6. Note that (7.47) yields

x\(T
(D, 70,1 [Dir])or < ~Co Dl — (1 - D o

Combining this with (7.51) we obtain

(Dir, F'(r, 1) [Dir])5 1

puo(T
< Gl - 1D pyz,
+Ca() Dl + Calr Pl DAy @52)
7. It follows from (7.50) and (7.52) that
ot
(Fr )y < Gl - (- Dz,

2 2 2
+Ca(T)[IrllslI7llsx + CoclT)[Irlls— g 7[5 1

From an interpolation inequality and Cauchy’s inequality it follows that

CaltP Il Iy, < CalePlrllylirlcaa il
4 2 2 CZ 2
< ol Irl2 Il + 2l

4 4 CZ 2

< Cale)Irlldrs + 2Ry,

such that

(r, F(r,7))s-11

C ua(T
< (- Catelrll ) Itk - (- mE LD 2+ o)
On some interval [0, T] C [0, 27”) we have —$ + 2Ca(1)6 < 0. As in the proof
of Theorem 7.8 we show that there exists a solution r that decays fast enough to
make sure that —% + Ca(7)||r(7)|ls < Oforall T € [0, 27”) For T € [0, T| we have

pa(T)

(r, F(r,7)s-10 < —(1—n) 71310 + Ca() 7l

By Theorem A.1 there exists a solution  to (7.46) on [0, T] with ||r(7)||> < y(t),
where y : [0, 27”) — R satisfies

dy _ 20 —mu 42
0= 1)y +2Ca(T)7y",
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with y(0) = y, := |r5]|Z. To solve this ODE we introduce

o:=—-4(1-n)In(1-£) = —4(1-n)Ina(r) " such that

dy aC s 5 5
— = — —  p4(l-n)
o~ YT = .

Substituting y = ¢ °Y we get

dl _nC
do (1-nu

from which it follows that

-1
1 C 3 1o
v = (i~ g 2o ()

which is equivalent to

y(o) = <ea _ (e" — emg)) : Yo-

e(ﬁ71)0Y2

(-
Since 17 and y, are small there exists an M > 0 such that
y(1) < Me™7yy = Ma(r) "y,
As a consequence, for T € [0, T]

()5 < Max(r) "> lrg |, < Max() ™ Iro -

Because r decays fast enough to make sure that —% + Ca(1)||r(1)]ls < 0 for all
time, all calculations on [0, T] can be extended to [0, 27”), as in the proof of Theorem
7.8. This completes the proof.

O

Remark 7.11. Since /() goes to zero as T tends to T,,,,, the restrictions on 3 in Theorems
7.8 — 7.10 can be omitted. This can be proved by arguing as in the proof of Theorem 5.8 where
the time interval is split up in two parts. For any 3 > 0 thereisa T' > 0 such that (7.26) and
(7.47) hold on [T', 00).

Moreover, this allows us to substitute a small positive number for 3 in (7.45) to get C; = %,
such that for N = 3 ||r(t)||, decays as C/t°||r,||s where ¢ < 1.

7.4 Energy estimates and global existence results for a suc-
tion problem

The linearisation of the evolution operator given by (7.20) has positive eigenvalues for
the suction problem. In Chapters 3 and 5 this problem was solved by restricting our-
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selves to perturbations on an invariant manifold.

For classical Hele-Shaw flow we found in Chapter 2 that Richardson moments are
conserved. For Hele-Shaw flow with surface tension only (no kinetic undercooling) we
proved in Chapter 3 that the geometric centre is conserved if the geometric centre is
located at the suction point. If one includes kinetic undercooling regularisation, then
the geometric centre may change.

In other words, the manifold 93?{\] defined by (2.40) is no longer invariant for 3 > 0.
Nevertheless, there are subsets of sm{“ such that solutions to the evolution problem,
that are initially in this subset, stay in it until vanishing time. Define H(SV ") as the
set of functions in H*(SN™') that are even in all variables. These are the functions r

for which the corresponding domains (), are symmetric with respect to all coordinate
planes. Define

my = {r e HE(SN ) /Q dx = C;\I}I} . (7.53)

It is clear that this subset of 9} has the desired invariance property. For the two-
dimensional case HE (S') consists of those functions in H'(S') that can be written as

r= Z a; cos 2k,
k=0

where 0 is the polar variable. We have dim (HE (S') N &;) = 0 for k odd and
dim(H(S') N &) = 1 for k even. Introduce

A = {r e (SN : /SAH rdx = 0} .

The subspace HL ; (SN is the tangent space at zero of the manifold omN in 1S (SN).
Introduce on a neighbourhood U, of zero in H; (SN_l) the operator ¢, : U, — R x
(8" by
¢, (7’) = (f* (7‘), 7317’) T/

where P, is L2(S¥~!)-orthogonal projection on H (sN"!) and

fulr) = /Q dx — %N (7.54)

Arguing as in previous chapters we see that ¢, defines an analytic bijection between
a neighbourhood of zero in H3(S" ') and a neighbourhood of zero in R x H; (S¥™").
Now we introduce on a neighbourhood U, of zero in H, ; (SN™1) the analytic bijection
Y, U, — sz by

. (r) = ¢, (0,7). (7.55)

Define for 7 near zero in H ; (sN

F(7,1) == P1F(.(F), 7)
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and introduce .7:"]-(7, 7) := P F;(.(7), 7) for j = 1,2,3. By methods that we have seen
before, we have

Fi(0,7) = PrFj(0,7) lygs ov-1)= Fj(0,T) lggs g1y - (7.56)

In the following theorem we assume that

|
= 7.57
— <G, (7.57)

VVllel'e ﬁ‘ ‘ ‘ |
k) — B8 — (k42
C3: ; fypl() 2T 2271( )
22 (140K +1)

This condition is satisfied if

vk > 2 ﬁ(k K >p <k3+;k) +k2+%k+2.

Take for instance 3 < 1 and let ¥ > 0 and p < 0 satisfy

3 2
Vk>2: > k—i_kgjﬂ (7.58)
|u| Kk

Note that (7.58) holds when % < 3.

Theorem 7.12. Suppose that N = 2, un < 0, s > 2, and suppose that (7.57) holds. Let

Ay € (l—i‘,CB). There exists a & > 0 and an M > 0 such that if ry € 2 with ||ry||s < 6, then

the problem

or
3 = F(r,7), r(0)=r,,

has a solution r € Cy,([0, 00), H'(S")) N Cyy([0, 00), H'2(S")) that satisfies

IOl < M( lult 1) 1l

where we regard r as a function of the original time-variable t.

Proof. Note that we have to show that r(7) stays in U £ as T goes to infinity. According

to Corollary 7.4 this is the case if ||7(7)||; decays faster than a(7)?.

1. Let 7 := Pyrand 7, = 7(0). The following evolution equation holds for 7:
= F(#,1). (7.59)

First we prove solvability of this equation for 7 € H ; (S') with ||7, ||, small enough.
Let 7 € HI{*(S") with |7, < & a(7)? for small §' > 0.
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2. Since (1) < 1 it follows from (7.57) that

EFOOM = B ey © D
< oy @ gkt R kD) o

—ypr (k) + B+ Be+2) 5
< oc(’r)kg2 (1+[j’k)(k2+1) (k" +1) P
< —Cya(T)||7|2. (7.60)

Note that C; is positive because of (7.57).
3. By Lemma 7.7, (7.27), and (7.56)
1F1.(7, T) = F1(0, ) [7] 52
= 1P A7), 7) = F1(0, D)2

[{Pies .00~ P& s (0} (k(0. 7))~ x(0))

IN

5—2

+ | Pré s (0) {k(w. (1) = x(0) = < (0) 7]}

5—2
< Ca()|7l:.

Here and in the sequel we make use of local analyticity of i, and 1, (0) = 0. For
JF, and F3 we get similar estimates in lower norms. Adding the results and using
a(t) < 1in (7.16) (while replacing 7 by F and F; by 7, for j = 1,2, 3) we get

IF (7, 7) = F'(0, ) [Al]ls—2 < Cax() |72
Combining this and (7.60) we get

(7, F(F,7))s-1 < (—=C5 + CI[7[|s)ex(T)||7]]3- (7.61)
4. Tt follows from

vpilk) = Bk — B e+ 2)

ps (1 + %k) (1+K%)

k>2

k) — Bluly ) (4 o
< LX(T)SUp Ypl() 27 2271 ( + )
k>2 Bk(1+ k%)

< Caf(r1)
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that
1P (0, ) e 51 e sty < Caxl(T). (7.62)

For the 2D suction problem (7.35) holds as well. Estimating the lower order terms
F, and F; in the same way and using «(7) < 1, we obtain from (7.62)

17 (7, T) [Dif] = f’(O/ ) [Dif] s
< H{PF W (7),7) = PLF(0,7) } [ (F)[DiF]lls
+HIP1F (0, ) [ (F) [Di] — .. (0)[DiF] [
< Co(7) |7 [ Di7 - (7.63)

In the last step we used ||, (7)[D;7]||; < C||D;7||; which holds for small ||7||,. By
(7.60) we have y )
(Di7, F'(0,7)[Di7])s 1 < —Csa(T)|IDi7;.

Combining this and (7.63) one gets

(DiF, F' (7, 1) [Di])s-1 < (=C5 + Cl|7||)ox(7) | Di7 - (7.64)

. Adding (7.61) and (7.64) we get for ||7||, small

(7 F(F,7))s 11 < (—C3+CH’~’||5)“(T)||T’H§1 < —Apex(T) |7 ||51

By Theorem A.1 there exists a solution 7 to (7.59) with ||[7(7)||? < y(7), where
y : [0,00) — R satisfies

dy _ —2A0(7T)
dr oMY

with y(0) = ||F(0)]|; = ||P17]|s- We have seen in the proof of Theorem 5.6 that this

with
implies N "
5 pit .
ol < (<1 +1) " il

where we reintroduced the original time variable t. Now we construct
r:= 1, (7).

There exists a 6 > 0 and an M > 0 such that if ||7||, < 6 then

o
u t ul
ol <M (< 1) T )

or -
Ir(®)lls < Mex(t) = 7o -

The condition in Corollary 7.4 is satisfied since Ay > £
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In contrast to the two-dimensional suction problem in Theorem 5.8 there is a bound
on the suction speed. If the suction speed is too large, then some eigenvalues of F' (0, T)
are positive for all values of time.

We do not treat the three-dimensional suction problem because it is linearly unstable
for long time. From the linearisation we see that as t tends to the vanishing time, more
and more eigenvalues become positive like in the suction problem with only surface
tension for N > 4.

7.5 Proof of Lemma 7.7

We assume that r is small in H*(SV ") and C is a positive varying constant that does not
depend on r and f. Let for 0 > 0 the mapping P, : H’(SY ') — H’(SV™!) be defined
as the projection along the spherical harmonic of degree zero,

Po:r—r—*,

where 7 € R is defined by
F=— rdx. (7.65)

1. First we show that there exists a C > 0, independent of A and 1, such that

cien) 069

forany A > Oand ¢ € H° 2 (BY). To prove (7.66) we write ¢ = Py + 1P, where

Ay =0, Athy= A

d
[PoTrpllsy < C (H (ATr+ Bn) Y

+ 1Ay
2

S—

and
Trpy =Tryp, Trpy =0.
Introduce 1
1!) = O‘iN Jon- ll)dx

It follows from

Trpy — P = Y (Tripy, s¢j) o,

k>1

that
| Tryp — 1/A)||s71 = || Trpy — @Hsfl < V2 ||(7\I+N)TI'IPHH572 :

Here we used the fact that for k > 1

/ 2
17—'_k<\/§.

A+k —
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We get
. d
ITew— ., < V2 ()\Tr+ a) W
n 5—2
d d
< V2 (ATr+ = || +V2|[[ATr+ =— ) ¥
on s—2 on 5—2
= V2 ()\Tr+a>ll) +ﬁHa% :
an s—2 an s—2
Combining this with (7.14) we obtain (7.66).
2. Define uy : Uy — LSV, B (BY)) by
1( 0
)= 5500 (7)) 7.67)
and introduce wp : Uy — cE SN, SN TY) by
wy(r) == n(r) - Q(r)upg(r). (7.68)

Since 14(0) f is harmonic we get from (7.12)
130)ll -3 vy < ClITrug(0) flls—y = CINZ + BN) " fllso < Cliflls—r (7:69)
and

a 1
g (0)flls1 = IN(Z + BN) " fllsn < E”f”H' (7.70)

3. Introduce

R(r) :=n(r)- Q(r) —n(0) - Q(0). (7.71)
It is clear from the definition of S;; (see (7.7)) that

Tr(up(r) —ug(0)) = —B(wﬁ(r) —wp(0)). (7.72)

As aresult, for any f € H* '(S¥ ") and r € U

=

Tr(ug(r)f —ug(0)f) = =B (n(r)- Q)us(r)f —n(0) - Q0)us(0)f)
= B (RMus(r)f +n(0)- Q0 (us(r)f ~ up0)f)) .
We rewrite this as follows:
(Tr+ Bn(0) - Q(0)) (up(r)f —us(0)f ) = —BR(uy(r)f
= —BR(r) (up(r)f = up(0)f +u(0)f) - (7.73)
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The mapping R is analytic from a neighbourhood of zero in H*(S¥ ") to
L2 (BY), H2(SV ). It follows from (7.73) and (7.69) that

| (Te+ Bn(0) - ©(0)) (us(r)f — u(0)F)

5—2

< CBIrll (lup(r)f = wp(O)f gy g, + IFa) - (778

Setting 1 = uy(r)f —uz(0)f and A = A7 in (7.66) we get from (7.74) and
% the estimate

n(0)- Q(0) =
[Py Teup(r)f = 05(0)F) s
< C(lIrlllup(r)f = us ()l s
Ll + 1A (f = 45Oy 5 50) - O75)
Since Auy(0)f = 0and A(r)uy(r)f = 0 we have

Alug(r)f —ug(0)f) = (A= A())us(r)f
= (A= A)(up(r)f —ug(0)f) + (A — A(r))ug(0)f.
It follows from (7.69) that

1A 1t5 (1) f = 4 (O 3,
14 = A g g g (N7 = 3O fll 3 g+ ClF )

ClirllsClug(r)f = ug(O)fll gy vy + 1flls-1)- (7.76)

IN

IN

Here we used Lipschitz continuity of r — A(r) from a neighbourhood of zero in
H (SN 1) to E(Hsf% (BY), He (BY)) and the fact that .A(0) = A. From (7.75) and
(7.76) we conclude

1PoTr(ug(r)f = ug(0)f)lls—1 < ClirllsCllug(r)f = ug(0)fll gy gy + 1flls-1)-
(7.77)
It follows from (7.12) and (7.76) that

it (r)f = 450 fll 4

ClITr(ug(r)f —ug(0)f)lls—1 + CllA(ug(r)f — ”3<0)f)HHS’%(IBN)

IN

IN

CIITe(up(r)f = 145 () ) s + Clirll, (g r)f = 13 (O)f 1y g + 17 ) -
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Consequently, for ||7||; small
lug(r)f = ug(O) fllge g gy = ClTe(ug(r)f —ug(O))llsa + Cllrlls[Iflls2 (778)
Combining this with (7.77) we get
1P Te(ats (1) = up(0) )l < Clirlls (ITe(atg (1)f = up(0) )l + 1 icr)
(7.79)
It follows from (7.72) and (7.79) that
C
[Po(wp(r)f = wp(0)f)lls—1 < Clirllsllwg(r)f = wg (0) flls—1 + EII?HSIIJ‘IIH-
(7.80)
4. Define for ||r||, small j(r) := % 027!, with g and Z as in Section 3.2, such that

forally: SV SR
/SN’l Yi(r)dx = /r Ppoz(r) tdx.

Since u;(0) f is harmonic on BY and (ug(r)f) o z(r)~! is harmonic on Q, we have

«/SN71 wB(O)fdx = ./SN—l au/ga(n())fdx = O

and

./SNq(%(f)f)J(r)dx = /r n, - V((ug(r)f) o z(r) " )dx =0,

where 1, is the normal vector field on T;. It follows that

/SN . wp(r)f —wp(0) fdx

[ s - )

lwp(r) fllolI1 = 7(r)llo
lwp(r) f = wg(0) fllolI1 = j(r)llo + w0z (0) fllolIL = () lo
Cllrlsllws (r) f = wg(0) fllo + Clirllsllwg(0)fllo

IN A

IN

IN

C
Clirllsllwp(r) f = wp(0) fllo + E”r”s”f”sfl‘ (7.81)

We used j(0) = 1, Lipschitz continuity of j near zero from H*(S" ') to L*(S¥ 1)
and (7.70).
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5. Since
|wg(r)f —wg(0)flls—1

< ¢ <||730(w/3(7)f—w/;(o)f)Hs—l +

/SN*l wp(r)f —wz(0)fdx

)

l[wp(r)f = wp(0)flls—1 < Cllrllsllwg(r)f — wg(0)flls—1 + EIITIISIIfls_l-

we get from adding (7.80) and (7.81)

For ||7||s small it follows that

lwa(r)f —wg(0)flls—1 < g|r|s|f||sl (7.82)
and (7.72) yields
I Tr(ug(r)f —ug(0)f)lls—1 < Cllrllsllflls—1- (7.83)
Combining (7.78) and (7.83) we get
g (r)f = 1 (0)fll ey g < Cllrlls I Nl (7.84)

From (7.70) and (7.82) it follows that for ||7||, small

1€5(r)f = E5(0) flls-1

_ | wef  wa(0)f

©||n()-id - n(0)-id|[

_ “Zﬁ)”f; ~up0f]

< [ws(r)f - wp(0)f sﬁ‘ (s —1) w7
<

C
E”r”stHs—l Flrllsliwg () flls—

< g”r||s|f||sl +lrllsllwg(r) f = wg (0) flls—1 + [I71sllws (0) fls-1

C
< E”rHst”s—l

This proves the first part of the lemma.
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6. For the second part, we first differentiate the identity

Lo @) N)tr)dx = 0

to obtain

Lo @) + @y f)] () dx = 0. 7.85)
In particular, since j(0) = 1, it follows that
Lo wh@mifax == [ (w;(0)) (0)

and therefore by (7.70)

/stl wi(0) [ fex| < [lwa(0)fllolI7 (0)[H][lo < g||h||s|f||sl' (7.86)

Now we differentiate
A(r)ug(r)f =0

to obtain

A (r)[Wug (r) f + A(r)ug(r)[h]f = 0 (7.87)

and in particular
A'(0)[1]ug(0) f + Aug(0)[h]f = O. (7.88)

In the same way it follows from

(Tr + n(r)Q(r))ug(r)f = f

that
(104 B3 ) ws(Olhlf = ~B (' Olh]- ¥+ 1(0)- SO} p0)f.  7:89)
From (7.66), (7.69), (7.88), and (7.89) we get
I PyTeuly ).

< ¢
E

(10-+ By ) w@)s| -+ CIAUOBIFI, 3 0
< ClhlLIfl
and since (7.72) implies
Truy (r) (1] f = —Buwj(r)[h]f (7.90)

it follows that c
| Powyz (0) [h] flls—1 < EHhHstHsfl' (7.91)
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Adding (7.86) and (7.91) we get

Iy @)1l < AL 7.92)
and therefore by (7.90)
T ()11 1 < ClllL I 7.93)
From (7.12), (7.69), (7.88), and (7.93) we derive
Iy Ol s g, < C (ITruO)BLF L+ + A BIfll 5 )

Cllls|l flls=1- (7.94)

IN

7. From (7.70), (7.82), (7.85), (7.92), the identity j(0) = 1, and analyticity of j, we

obtain

Lo wh(nnf = 0) Il fx

= | [ @A) (1 = ) = (og(r))] (r) ] = ) (0) ] fx

= | [ @B = ) = (sr)f — w0 )] (1]
~(ws(0)f)(7 ()] = ] (0) [A])dx

< Clrls (llwp(r)rlf — wp(O) ] fllo + ()] f o)
+QhMW%®fWM®ﬂb+EWMWM1Wm

< CMhmMHWf—WﬂWWﬂb+gthm1MM~ (7.95)

We also used || (r)[1]|ly < C|/k||s which holds since ||7||; is small and j is analytic
near zero.

8. Differentiating (7.73) we obtain
(Tr + Bn(0) - Q(0)) up(r)[nlf = —BR(r)[Mlug(r)f — BR(r)up(r)[h]f.
Since R(0) = 0 we get
(Tr + Bn(0) - Q(0)) up (0)[nlf = —BR'(0)[H]uz(0)f
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and therefore
(Tr+ Bn(0) - Q(0)) (u(r) ) — w3 (0)[I] )
= =B (R ()[Hug(r)f = R'(0)Hug(0)f ) — BR(r)uj(r)[h)f
= =B ((R'([H] = R (0) 1)) (ug(r)f = u5(0)f + ug(0))
+R'(0) 1] (u5(r)f = u5(0)f))

—BR(r) (u(r) [k f — u(0) [B]f + u(0) [A]f).

From (7.69), (7.84), (7.94), analyticity of R from a neighbourhood of zero in
HE(SN1) to £(H° 2 (BY), HE2(SY™")), and the fact that R(0) = 0, it follows that
for ||r||; small

| (T4 Bn(0) - ©(0)) (wpr)lf — s O)If)|
< CAUPNF e Wl + CBIrlap () RLF = iy O) B f L g v

From (7.66) we get
[PoTr (1 (r) (1) f = u(0)[A]F)lls—
< Cllrllslf ls=allBlls + Clirlls () f = g (O) Il fl gy v,
+Cl|A(up(r)[A]f = uwpO) LAl v (7.96)
Using (7.87) and (7.88) we deduce
Aup(r) [l f = uz(0)[H]f)
= (A= A)up(n[h)f + Alr)up(r) (B f + A'(0) [R]uy (0)f
= (A= AM)up(r)hlf — A'(r)[Rlug(r) f + A/(0) [B]ug(0)f
= (A= AW)(up(r)[hlf — uz(O)[h1f +u(0) [H]f)
A (r) [ (ug(r) f = ug(0)f) + (A'(0) [1] — A'(r) [1])up(0)
From (7.69), (7.84), (7.94) and analyticity of A we derive
G () [ f =y ) o,

< Cllrlls () [pLf = ugO) B fllyey gy + ClrllslLflls—i s (7:97)
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It follows from (7.12) and (7.97) that
1 (r) () = g (O)[ALf ey o,
< ClTr(up(r) 1) f — u(0) 1))l
+Cllrllsllwp (r) [PLf = ug Q) fll ey g, + ClrllslLflls—a 1Bl
and therefore as [|r||, is small
g (r) (1] f = w3 OV Il fl gy o,

< ClITr(up(r) 1) f —ug ) F)lls—1 + Clirllsl fllsa Il (7.98)

Combining (7.96), (7.97), and (7.98) we get
1PoTe (u (r) (1] f — 1 (0) (M) f)[ls -1
< CllrllslITe(up (r) (1] f = u(O) [ f)|ls—1 + ClirlllLflls-a [l

Hence (7.72) implies
1Po (@ (r) (1] f — w (0) ] F) s
< Clirllsli(wy (r) (] f = wi(0)[A] )]s

C
+E”r||s||f||sfl||h‘|5'

Combining this estimate and (7.95) we find
(i () [1)f —wzO)[R)llss < Clirllsll(ws(r) [A)f — w5 (0)[A]f) |l
C
J’_EH””stHsfl”hHs

and therefore as |||, is small

[ (r) [l f — wi(0) 1] f) |1 < glIrIISIIfls_thlls- (7.99)

9. Using analyticity of n, n(0) = id, (6.31), (7.99), (7.92), (7.82), (7.70), and the identity
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we derive
Ep(nnf — EO)MS|
wHf Wi
= n(r)-id wﬁ(O)[h]f - (n(r) .id)2 ws(n)f 1
< | (bt —wpoms) |+ (1) whoms|
n'(r)[h]-id NF— w0s n'(r)[H] -ide
" (n(r) -id) (wﬂ( /f ﬁm)f) |l (n(r)-id)? p(0)f -

<

C
EHr”s”stlehHS'

This proves the second statement in the lemma.



Appendix A

Existence results from energy
estimates

Theorem A.1. (Kato and Lai) Let V — H — X be densely injected Hilbert spaces for which
there exists a continuous bilinear form (-,-) : V. x X — R that satisfies

(r1,12) = (r,12)m

forr, € Vand ry, € H. Let F be a weakly continuous map on H x [0, T] into X and on
V x [0, T] into H such that forall t € [0, T] andr € V

(r, F(r, ) < f(IrlF b, (A1)

where the function f is a differentiable function on [0, 00) x [0, T] . Let ry € V and let the
function y : [0, T") — R be defined as the solution to

d
L=2f(y,0), y(0) = lrolli,

where T' is the maximal time value for which a solution to this ODE can be defined. If the
solution to the ODE is not unique, then one has to take the maximal solution. Suppose that y is

bounded on [0, T'). Then, there is a solution r € C,,([0,T'), H) N Cy([0,T"), X) to

ar

T F(r,t), r(0)=r,.

Here C,, indicates weak continuity. Moreover, one has for t € [0, T')

Ir(8)1 < w(b).

Proof. The difference between this theorem and the one in [50, Thm. A] is that f in (A.1)
may depend on ¢ here. However, the arguments in the proof, that is based on Galerkin
approximations, of the original theorem still hold. O

In Chapters 5-7 we apply Theorem A.1 to obtain existence results on open time in-
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tervals. This can be achieved by applying the theorem infinite times.

Moreover, to apply this theorem we need to show that the evolution operators F
in Chapters 5-7 that are continuous from let us say V = H° (SN ") to H = H(SV ™)
are also weakly continuous. There exists an € > 0 such that F is still well-defined and
continuous from V, = H ¢(SN!) to H, = H¢(SM™"). We have V. << V and
H, —<— H. Take a weakly convergent sequence r, — rin V. Thenr, — rin V..
Hence F(r,) — F(r) in H.. On the other hand, since (r,),~; is bounded in V, the
sequence (F(r,)),—; is bounded in H. Let (]—'(rnk));il be a subsequence of (F(r,)),—;
for which there exists an f € H such that F(r, ) — f in H. We have F(r, ) — fin
H,.. As a consequence, f = F(r). We conclude that all weakly convergent subsequences
of (F(r,));—; have the same weak limit in H, namely F(r). From [80, Prop. 10.13] it
follows that F(r,) — F(r) in H.

Another problem is that the evolution operators F in Chapters 5, 6, and 7 are only
defined on a neighbourhood of zero. Therefore we apply the above theorem to an oper-
ator that is equal to F on some neighbourhood of zero and extend it smoothly outside
this neighbourhood. The energy estimates that we find force r to stay in the region
where F is equal to the operator on which we apply the theorem.



Appendix B
Solution to the Stokes BVP

f vl 4
Vi k2 2 s Vo T
X, k > 2 ﬁikm ﬁpkikm
Wi, k > 2 2(;(,1)ka 2(k1,1)0k_1wkm
Voo 0 0
Vim % Vi + 72 . %szm + (—% + 517\?02) Wi
Xy Wiy - -
f p v-n
k22 | CONEIE | i
K k > 2 0 0
Wi, k > 2 0 sy 7 Yion
Voo Yoo 0
Vlm g\/nglm 0
X Wi - -

Table B.1: This table shows the explicit solution to the boundary value problem (6.38)-(6.42) in
three dimensions in terms of the eigenfunctions. An expression like 0" Yy, should be interpreted
as the function that maps an element of B® characterised by spherical coordinates to p*Y,,, (6, ).
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Nomenclature

A(r) u— A (u o z(r)fl) oz(r)

w A, (u oZ(r)_l) o 5(r)

) Holder spaces on domain K

C**(K)N  vectors with components in Holder spaces

C* (K)N*N matrices with components in Holder spaces

C*(X,Y) analytic mappings from X to Y

) weakly continuous mappings from X to Y

) weakly continuously differentiable mappings from X to Y
D(F) domain of definition of F

E for Hele-Shaw flow see (5.3), for Stokes flow see (6.25)

F evolution operator (different in each chapter)

F PjoFoyjorP;joF(,,T)op;often for j =1

F restriction of F to a subspace of finite codimension orthogonal to
spherical harmonics up to a certain degree (often 1)
restriction of F to functions with axial symmetry

Xh
X, 7Dl O:Fx,poll)l

Fi term in evolution operator (different in each chapter)
I, term in evolution operator (different in each chapter)
F; term in evolution operator in Chapter 7
F(p) linearisation of F around p
g Gramm matrix, see (3.16)
Gx restriction of F to the orthoplement of uk el

H(X,Y)  operators A for which —A generate analytic semigroups
on Y with dense domain of definition X

7z identity operator

J(r) derivative of z(r)

L(X) bounded linear mappings on X

L(X,Y)  bounded linear mappings from X to Y

Mg multiplication with f from the left: M : ¢ — fg

N Dirichlet-to-Neumann operator on unit ball, see Section 1.5 or (2.33)
Px projection on the ]Lz—orthoplement of UK ;&Y

Q(r) u— Vv (u oz(r)fl) oz(r)
R(r) in Chapter 6: u +— rot (u o z(r)%) oz(r)



in Chapter 7: n(r) - Q(r) — n(0) - Q(0)

resolvent operator (AZ — F) !

for Hele-Shaw flow see (2.27), for Stokes flow see (6.22)
see (7.7)

neighbourhood of zero in some function space

unit ball in RY

set of complex numbers

Fourier transform

Sobolev spaces (Spaces with vector/matrix-valued functions are indicated

in the same way as the Holder spaces.)

orthoplement of &3 @ &; in H’

subspace of H’ consisting of functions with z-axial symmetry
orthoplement of & @ &3 in H,

subspace of H’ consisting of functions that are even in all variables
orthoplement of &3 @ &3 in H

an index set

Lebesgue spaces

set of natural numbers without 0

set of natural numbers including 0

set of rational numbers

set of real numbers

unit sphere in R

set of integers

space of harmonic homogeneous polynomials of degree k in N variables
see (2.40)

see (4.5)

see (7.53)

set of spherical harmonics of degree k on SV

shorter notation for &}’

volume of the domain

varying constant

differential operators on the unit sphere, see Section 5.3
extension operator of functions on the sphere to the ball
Hessian of ®

identity matrix

harmonic function on Q, meeting —« on the boundary

harmonic function on Q, satisfying K” + ﬁ% = —k, on the boundary
harmonic function on Q, meeting —® on the boundary

harmonic function on Q, satisfying L’ + 3 aaLj = —® on the boundary
dimension

function that parameterises the moving boundary

range of F

trace operator
tangent space of manifold M at x
vector spherical harmonic V},, (see Chapter 6)
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€, €9, g
fx(r)
fx,l(r)

sgn

Vo
vector spherical harmonic W, (see Chapter 6)
Wio

orthoplement of (Y;) in H, (S?)

orthoplement of (Y;) in H, ;(S?)

vector spherical harmonic ka (see Chapter 6)
spherical harmonics in 3D

zonal harmonics Y} := Y}

azf I

harmonic function on Q, satisfying Z* + f azn, = —9,, on the boundary

u — div (u o z(r)*) oz(r)

ith unit vector in cartesian coordinates

unit vectors in spherical coordinates

Richardson moments of ), up to order K, see (2.42)

see (4.6)

see (7.54)

Hoz(r)

little Holder spaces (Spaces with vector/matrix-valued functions are
indicated in the same way as the Holder spaces.)
orthoplement in WP of spherical harmonics s,@ with k <K
the identity (idx = x)

components of J (r) !

kernel of F
1 14
oy (14N oN
see (6.24)

suction speed for bifurcation solution (taken negative), see Theorem 4.1
normal vector field on the boundary

(This could be the unit sphere or a perturbation)

normal vector field on the boundary T,

n,oz(r)

pressure

function that parameterises the rescaled moving boundary
(r, Skj)o

order of the Sobolev space

spherical harmonics in N dimensions

shorter notation for s,i\;

sign-function: sgnx = 1 for x > 0, sgnx = —1 for x < 0, and sgn0 = 0
spectrum of F

time

velocity

spacial variable

ith component of x

(1+r)id

the moving boundary parameterised by f

the moving boundary

Laplacian



Laplace-Beltrami operator on I,

see (6.71)

the ith component of f

see (2.10)

the moving domain parameterised by f

the moving domain

value of « at time ¢ corresponding to T

kinetic undercooling coefficient in Chapter 7
surface tension coefficient

small positive number

Dirac delta distribution

Kronecker delta, equal to zero if k # j and equal to one if k = §
small positive number

polar coordinate in polar and spherical coordinate system
curvature of the boundary

curvature of the boundary parameterised by r
K, 0 z(r)

injection or suction speed

see Theorem 4.1

dimension of &}

spacial variable

point spectrum of operator F

radial coordinate in polar and spherical coordinate system
curve of bifurcation solutions, see Theorem 4.1
resolvent set of operator F

area of SV

time variable defined in (3.26), (5.7), or (6.28)
azimuthal coordinate in polar and spherical coordinate system
the pair (fi(r), Pe(r))

the pair (f, 1(r), Pyr)"

the pair (f,(r), Pyr)"

@ oz(r)

i (0,7)

see (4.7)

see (7.55)

see (7.8)

norm in C*# (SM 1)

norm in C*# (BY)

norm in C*(S¥™!) (in Chapter 2 and 3)

norm in H® (SNfl) (in Chapter 4, 5, 6, and 7)
norm in L*(SN™1)

see (6.86)

see (5.14)

norm in H¥ (BV)
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inner product in H(S¥™1)
inner product in L*(S¥ 1)
see (6.86)
see (5.14)

inner product in H* (BV)

X is continuously embedded in Y.

X is compactly embedded in Y.
restriction of f to X
see (6.21)
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almost global existence, 104, 135
analytic operator, 11

Banach algebra, 12
bifurcation solutions, 63

chain rule, 15, 87

cigar-like shapes, 61

classical Hele-Shaw flow, 19

Darcy’s law, 2

Dirichlet-to-Neumann operator, 13, 31
disk-like shapes, 61

energy estimates, 86

global existence, 33, 38, 48, 49, 86, 130, 147, 156

Hele-Shaw cell, 2
Hele-Shaw flow, 2

implicit function theorem, 12

kinematic boundary condition, 3
kinetic undercooling, 5, 137

Laplace-Beltrami operator, 43
Richardson moments, 34
semiflow, 50

spherical harmonics, 13
Stokes flow, 7, 107

surface tension, 5, 39

vector spherical harmonics, 123
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zonal harmonics, 14, 63



Summary

Qualitative aspects of mathematical models for the dynamics of liquids with a moving
boundary are studied. These models describe for instance groundwater flow, extraction
of oil, the growth of tumours and viscous sintering in the production of glass.

Stability of radially symmetric solutions and decay properties of perturbations are
studied for the case that in a single point fluid is injected or extracted. For the motion
of the moving boundary a nonlinear non-local evolution equation is derived. The do-
main is rescaled in such a way that the spherical solution is represented by a stationary
solution. Because of this rescaling, the evolution operator is time dependent. The non-
linear stability results are based on linearisation, energy estimates and the principle of
linearised stability.

The Hele-Shaw model is studied for several boundary conditions, describing various
physical situations. In the case of zero pressure on the boundary, it is proved for the
injection problem that balls around the injection point are asymptotically stable with
respect to small star-shaped perturbations. If surface tension regularisation is included,
then balls are stable even for the case of suction under additional assumptions on the
initial geometry, suction speed and dimension. Moreover, perturbations turn out to
decay algebraically fast.

For two dimensional suction, the influence of surface tension dominates the influ-
ence of the sink for large time. As a consequence, no condition on the suction speed is
necessary. In contrast to the two dimensional problem there is a bound on the suction
speed for the 3D problem. In dimensions higher or equal to four the influence of the
sink dominates the influence of surface tension. This leads to linear instability for the
spherical solution for any suction speed.

Making use of the autonomous character of the evolution equation, existence of non-
trivial self-similarly vanishing solutions to the three dimensional suction problem with
surface tension is proved. These solutions are found as bifurcation solutions from the
trivial spherical solution. The suction speed plays the role of bifurcation parameter.
Moreover, one branch of bifurcation solutions turns out to be stable with respect to a
certain class of perturbations.

For the closely related Stokes flow stability of the spherical solution in the case of
injection has been proved for dimensions two and three. For the suction problem for
these dimensions the spherical solution is linearly unstable.
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Samenvatting

Kwalitatieve aspecten van wiskundige modellen voor de dynamica van vloeistoffen met
een bewegende rand worden bestudeerd. Deze modellen worden gebruikt om bijvoor-
beeld de stroming van grondwater, de extractie van olie, de groei van tumoren en het
sinteren van glas te beschrijven.

Voor het geval dat in één punt vloeistof wordt geinjecteerd of geéxtraheerd, wordt
stabiliteit van oplossingen met radiale symmetrie onderzocht en de snelheid waarmee
verstoringen uitdoven wordt bepaald. Voor de evolutie van de bewegende rand wordt
een niet-lineaire niet-lokale evolutievergelijking afgeleid. Het bewegende gebied wordt
herschaald op een dusdanige wijze dat de bolvormige oplossing een stationaire oploss-
ing is. De evolutie-operator is tijdsathankelijk vanwege deze herschaling. De niet-
lineaire stabiliteitsresultaten zijn gebaseerd op enerzijds linearisering en anderzijds
energie-afschattingen of het principe van gelineariseerde stabiliteit.

Het Hele-Shaw model wordt bestudeerd in combinatie met verschillende randvoor-
waarden, die veschillende natuurkundige en biologische situaties beschrijven. Voor het
geval met injectie waarin de druk op de rand gelijk aan nul wordt verondersteld, wordt
bewezen dat bollen, waarvan het middelpunt overeenkomt met de bron, asymptotisch
stabiel zijn met betrekking tot kleine stervormige verstoringen. Wanneer oppervlak-
tespanning aanwezig is, zijn bollen ook stabiel in het geval van suctie onder bepaalde
voorwaarden aangaande de aanvankelijke geometrie, suctie-snelheid en de dimensie
waarin we het probleem beschouwen. Het blijkt dat verstoringen algebraisch snel uit-
doven.

In het tweedimensionale probleem met suctie domineert de invloed van de opper-
vlaktespanning de invloed van de suctie op den duur. Hierdoor hoeft geen restrictie
opgelegd te worden op de suctie-snelheid. In tegenstelling tot het tweedimensionale
geval is er wel een bovengrens voor deze suctie-snelheid in het driedimensionale geval.
In dimensies vier of hoger is de invloed van de suctie dominant. Dit leidt tot lineaire
instabiliteit voor de bolvormige oplossing voor elke suctie-snelheid.

Door gebruik te maken van het autonome karakter van de evolutievergelijking wordt
existentie van niet-triviale gelijkvormig verdwijnende oplossingen bewezen voor het
driedimensionale probleem met suctie en oppervlaktespanning. Deze oplossingen wor-
den gevonden als bifurcatie-oplossingen van de triviale bolvormige oplossing. De suctie-
snelheid speelt de rol van bifurcatieparameter. Verder blijkt een tak van bifurcatie-
oplossingen stabiel te zijn met betrekking tot een bepaalde klasse van verstoringen.

Voor de sterk gerelateerde Stokes flow wordt stabiliteit van de bolvormige oplossing
bewezen voor het geval van injectie in dimensies twee en drie. Voor het suctieprobleem
is de bolvormige oplossing lineair onstabiel.
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