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CONDITIONS AND CONDITIONING,
STABILITY AND STABILIZATION

R.M.M. Mattheij
Department of Mathematics and Computing Science
Eindhoven University of Technology
P.O. Box 513
5600 MB Eindhoven
The Netherlands

ABSTRACT

An overview is given of several concepts that are useful when dealing with numerical BVP.
In particular a generalisation of the well-conditioning concept for nonlinear problems is con-
sidered. This is done to be able to investigate a class of second order scalar nonlinear problems. A
detailed study of the solution structure is made for this class. The results are applied to two
specific problems (Korteweg-de Vries and Burgers) and a way is indicated to stabilize these (ill-
posed) BVP.

1. INTRODUCTION

For a long time research on numerical aspects of boundary value problems (BVP) has been
concentrated mostly on finding better and more sophisticated methods for solving them. It seems,
however, that the subject has grown up now, as understanding of some fundamental aspects gets
more and more attention. One such basic achievement is the knowledge that the presence of
boundary conditions (BC) does not so much make a BVP more complicated than an initial value
problem (IVP), as the former is necessary global in character, but rather that BC provide condi-
tions that are crucially intertwined with the structure of the underlying ODE.

Consider

1) This paper is in final form and will not be submitted for publication elsewhere.



(1.1) %:f(r,x), oa<t<B

and the BC

(1.2) g(x(oy), x(02), * -+, X(0n)) =0,

where f is an appropriate n-vector field and the switch points o;, *** , o, are such that oy = q,

o, =pB and a; <oy, 1 <j<m~1. In the literature one usually takes m =2 (or in principle
reduces the considerations to this case). In case the vector field is linear various authors cf. [3,6,8]
have shown that the two point BC effectively control the modes of (1.1); more specifically, if we
assume a dichotomy, then decaying modes are controlled by initial conditions and increasing
modes by terminal conditions, that is, assuming the problem is not sensitive to perturbations.
Recently this idea was extended for the multipoint case, giving rise to a nontrivial generalisation
of the dichotomy aspect [4,5].

In this paper we like to deal, more generally, with nonlinear problems and to investigate the
sensitivity of the solution. To be not over-ambitious we shall only make an attempt to discuss a
particular class of second order scalar ODE, which nevertheless contains many relevant problems
from practice.

Our approach is based on quasi linearization and examining the solution space of the linear-
ized problem. As will become clear in section 5 the underlying structure can be quite whimsical
and sometimes appropriate analytical transformations or additional BC must be provided to "sta-
bilize" the problem. In section 4 it is defined what we mean by stability. Before that we first
introduce a more general concept of conditioning (section 2) and recall the notions of dichotomy
and polychotomy in section 3.

2. CONDITIONING

An important practical question in dealing with BVP is the sensitivity of the solution with
respect to perturbations in the data. From a numerical point of view the most important errors are
those due to the discretisation of the ODE and the consequently imprecise solution of the BC
(note that the latter fact makes BVP essentially more difficult than IVP). Hence it makes sense to
consider the "perturbed” ODE

2.1 % =f(,x)+d@), a<t<P

(where d may depend on x) and the BC
2.2) gx(oy), -+, X(am) =b

where the "source term"” d and the "residual” b are sufficiently small, to ensure X to be an isolated
solution of (2.1), (2.2), as we assume x is of (1.1) and (1.2).
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Definition 2.3. Let g; sufficiently small such that for all d, b with Il dO)IT< g, IBIL g, 2.1),
(2.2) has an isolated solution, then CN, defined as the infimum of positive numbers x for which
Ix¢)—%C)I< xe foralld and b with 1 d(¢) 1< €< gy, I bII< €< g, is called the condition number.

If CNe is small we may use linearization in order to assess this conditioning. We obtain
g . “
2.4) a x—x)=J(Ex-x)+d@),

where J denotes the Jacobian at a suitable point not being far from (z,x)

2.5) 3 M; [%(0) —x(@) 1= b ,
i=1
__9dg
where M; e

A theory for dealing with this linear(ized) problem can be found in [4.9] and in particular for the
multipoint case in [5]. We only need some relevant conclusions, which can be stated in terms of
fundamental solutions. So, let @ be a fundamental solution of (2.4), i.e.

d
2, —O=J,
2.6) 2=/

It is not restrictive to assume that

2.7) 3 M; O(ap) =1.

i=]

This induces a Green’s function G (¢,s) satisfying

(2.8a) Gt,s)=®() ¥, M; Do) D7 (s), oy <5 <@y, >
Jj=1

Q280)  Gts)=-0() 3 M;®() P (s), o <5 < 0ay, 1 <.

Jj=i+l

So the "error" X — x can be written as
g
2.9) (1) - x(t)= D) b + j G(t,s) d(s)ds.

Therefore we expect a sharp bound for CN to be given by
(2.10) CN<IDEOIN+B-a) I1G(, ).

Remark: Note that the factor (B — ) naturally disappears if d(s) is an appropriately scaled local
discretisation error.

T Here Il Il denotes a Hélder norm and d(-) 1l an associated function space norm.



3. POLYCHOTOMY

Although nonlinear BC do occur in practice, linear BC are more common. Even more com-
mon are so called separated BC, a situation we shall study in this section. In such a case we have
effectively the BC

G gk, - x@@))= Y Mix(o)—b,

i=]

m
where b is some n-vector, M; are some n X n matrices, such that ¥ rank(M;) = n and moreover
i=1

such that M; has systematically zero rows but for precisely rank(M;).
This BC naturally induces projections P; by

(3.2) P; :=M; ®o;)

(where @ is normalized as in (2.7)). In particular, given a bound CN on the Green’s function
G(t,s), we derive from (2.8)

(3.3a) ID() Y P O (SIS CN, oy <s<0yyy, t>5,
j=1
m

(3.3b) Dty ¥ PO UISCN, oy <5 <oy, <5,
Jj=i+l

i
Because of the nice form of the matrices P;, we see that ), P; is a projection and so is
j=1

m i
>, Pij=I1-3 P;. Apparently for each i, (3.3) describes a suitable partitioning of the funda-
j=i+l j=1

mental solution with respect to the growth. If m =2, we call ® dichotomic (with dichotomy con-
stant CN), otherwise polychotomic (with a polychotomic constant CN).

Remark: Dichotomy means that we can find suitable fundamental modes that either do not grow
or do not decay. Polychotomy is more complicated. Either a fundamental mode grows, or it
decays, or it grows first and decays then (only after passing a switch point o;!).

Given a dichotomic (or polychotomic) fundamental solution and a well-posed problem (i.e.
such that | ©¢)Il is not unacceptably large), well-conditioning can easily be shown. Conversely,
given well-conditioning (i.e. CN is "not large"), we apparently show dichotomy or polychotomy
with a "not large" constant.

Using the linearization, carried out in section 2, it only seems reasonable to expect well-
conditioning of a nonlinear problem (i.e. with f nonlinear) to be related to the growth properties
of the fundamental solution of the linear system. (2.6). In dealing with a process for computing
the solution x of (1.1), (1.2) one necessarily linearizes the problem, thus solving a set of linear
problems in an iterative setting. At each iteration step one should hope the linear problem under
consideration to be fairly well-conditioned (say such that rounding errors do not blur the result
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more than an amount allowed by the required tolerance). From the foregoing it follows that this
can only be the case if there is an appropriate dichotomy or polychotomy (where the constant is
related to the well-conditioning as in (3.3)). In other words lack of sufficient dichotomy say,
implies a nearly singular Jacobian in a Newton process. The next, somewhat artificial, example
shows that such a phenomenon can occur quit unexpectedly.

Example 3.4. Consider the ODE
(3.52) u”+u? =0, 0<t <o

(3.5b) u@ =1, u()=0.

By writing x = (u,u’)T = (4,v)", we obtain

dx

v
(3.62) E=f(x)={—2uv} :

10 00 1
(3.6b) [0 0} x(0)+{l 0] x(oo):{o]

(the latter being a separated two point BC).
It can simply be checked that the solution of (3.5), i say, is given by

3.7) i) = Tlﬁ ,

1

A+2)?
Hence if we linearize (3.6b) we find the ODE

S0 V(t) = % ut)y=-

i .
Gs  SL=Jy,
with

. [ o 1 0 1
380 J= g5 04 T 1 1

(1+n?  1+¢
Simple calculation shows that (3.8) has a fundamental solution

1
(1+1)?
2
A+2)?

+1

(3.9) &) =

Hence, defining (3.8) on the interval (0, L), we see that we have a dichotomic solution space with
one increasing and one decreasing mode and with a dichotomy constant O (1), if L — oo. This in
in agreement with the (well-) conditioning of the problem with ODE (3.8) and BC (3.6b).
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Given the BC (3.6) the following solution would be a very acceptable candidate as a first
approximation (for starting a Newton process say):

o1
T+t 147
3t + 612 1
A+ (1+23)  Q+1)?

b

(3.10) =

<

Note that (i#(0),7(0))7 = (i1(0),9(0))” and (ii(e0),7(o0))T = (fi(e0),v(e=))T. If we linearize (3.6a) at
(it,%)T we find an ODE similar to (3.8), i.e.

d

(3.11a) =Jy,

a8

t

with

- 0 1

where it , v are defined by (3.10). Straightforward calculation shows that (3.11) has a fundamental
solution

1+1¢ 1

1+ A+0)? (1+13)

1-3t2-313  2-3:2-5¢3
A+32 A+ Q+13)?

(3.12) d@) =

Therefore we see that (3.11) has decaying modes only. In order to have a well-posed "BVP" we
need to specify two independent initial conditions! Thus we can conclude that a linearization of
(3.6) at (3.10) leads to an ill-conditioned problem. In fact it is not difficult to see that a sharp
bound for the Green’s function on the interval (0, L ] is O(L?).

4. STABILITY AND STABILIZATION

Like the notion of well-conditioning, usage of the word stability enjoys a widespread popu-
larity among numerical analysts. The concepts are in fact related, and, having defined a condition
number in section 2, we can precisely define what we mean by stability. Intuitively, stability of a
process indicates that we can trust the results, only if we have been willing to invest sufficiently.
The two control parameters to measure this are the required accuracy tolerance, TOL, and the
(given) machine constant, €. If we associate with this process (e.g. an algorithm) a condition
number CN then we can say

Definition 4.1. Given a positive number gy, a process is called G-acceptable if CN gy < G.

Definition 4.2. Given a tolerance TOL for the required accuracy, a process is called stable if it is



G-acceptable with G < TOL.

Returning to the example in the previous section we see that linearization of (3.6) in the
neighbourhood of the exact solution and truncating the interval to [0, L] is G-acceptable with
G = gy only if this neighbourhood is small enough. If we e.g. linearize at (ﬁ,i)T, see (3.10), then
this together with the BC (3.6b) will be = L? ¢, acceptable. For any finite tolerance however, we
can find an L such that we may call this linearization unstable.

If we examine Example 3.4 with the choices (i,9)” and (iZ,7)7 more closely then it appears
that the afore mentioned instability is caused by the lack of appropriate BC. This leads us to try to
stabilize the linearization by providing a sufficient BC. There may be various possibilities, but a
very simple one is the following: Consider

10 01 1
“4.3) [O 1] )((0)+{1 0} x(oo)=[_1}

Note that we have just added information about the derivative of the solution u of (3.5a) and that
(4.3) contains a full rank set of initial conditions for an "initial value stable" problem (and like-
wise for a "terminal value stable problem", though this is a less likely situation to occur).

In order to assess the stability of this choice we first compute the solution y satisfying (3.8) and

10| . 01| 1
(4.4) {0 ; y<0)+[1 0} y<L>=H
. R . 1 1
4.52) y(t)=<D(t)QZ‘[1 = @, (1) J
where
[ 1
-1+ 2
a+L)}
(4.5b) L=
2+4L 24—
L (1+L) |
Hence:

(4.5¢) (1) = d(r)

00 .
10| TRO}, IR®I=0 -

which shows that I @, (¢)Il = O(1), uniformly intand L, t< L.

Since we have a dichotomic solution space a similar bound on 1 G(., .)Il follows from [4,
Thm 5.2].

Let us now consider the linearization using the choice (ﬁ,i)T and the BC (4.4) m.m. We
then obtain
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L 1 1
@6  §(=d0 0r' [_1 = @, (1) _1},
where
1-302-3L%  2+3L%+5L°
(1 +L3y? (%L +L3?
(4.6b) Q=
1+L 1
1+ -2+
| 1+L3 (1+L)2(1+L3)J
Hence

11

@6 G =d@ (| - | +5@)), wherel S(ll=0 [ﬁ]
1 1
4

4

which gives that | ®,(2)ll = O(1), uniformly in ¢ and L, ¢ < L. Since the terminal condition does
not play a role at all, we conclude that we can effectively say that G(z,s) = O(t) @ 1(s), which is
easily seen to be uniformly bounded for ¢ > s.

For both linearizations we thus have shown that the condition numbers when considering
(4.3) are O(1) and so they are G-acceptable for G up to =gy, the machine accuracy; i.e. for
TOL 2 ¢y, we have a stable problem.

We are not aware of any general recipe for stabilizing a process. However, for two point
BVP it is likely that providing a BC consisting of full rank matrices is definitely a way to explore.
We like to emphasize that this kind of stabilization only makes sense when there is a dichotomy
(which includes the cases Py =0and P, =71, m =2 in (3.3)).

In the next section we consider a class of problems with a more difficult solution structure.

5. A CLASS OF NONDICHOTOMIC PROBLEMS
Consider the second order scalar ODE

(5.1 u”"=ptuu’), —eo <t <oo,

where the solution u is such that

(5.2) u(teo)=0.

For clarity of notation let us again denote the exact solution of (5.1), (5.2) by & and its derivative
by v. By linearizing (5.1) at this solution we find the ODE

(5.3) e =2E g iyur+ 2L gadia.
ou du
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We like to estimate suitable fundamental modes of (5.3) in order to assess conditioning etc.
of the resulting linearized BVP as we did in section 3. First we give some preliminary results
dealing with growth properties on a semi-infinite interval. Let us denote

(5.42) a(t) = 32 (1.4.5)
ou

(5.4b) be)=2L (...

ou
Since our results are related to and/or based on positivity we shall assume the following
Assumption 5.5. Let b(z) >O0forz<t;<0and 21,2 0.

We can associate to (5.3) the equation
(5.6) A2 =a(@) A+ b().

Because of assumption 5.5 both roots of (5.6) are real and nonzero for t< ¢, 2 t,. Hence we
may assume that there is a continuous A;(z), with A;(¢) > 0 and a continuous A,(¢), with A,(#) <0
for all ¢ < ¢, and likewise for > 7,. We shall refer to A;(¢) and A, (¢) as the local eigenvalues of
(5.3).

Let us now recall a well-known monotonicity result (cf. [12, CH I])

Lemma 5.7. Let u be a solution of (5.3) and let w be such that w” —aw’ — bw < 0 on (v, 8) for
somey, 8 (y<8). If u(y)< w(y) and u(8)< w(d) then u(t)< w(t), fort € (y, 9). 1]

Then we can show:

Property 5.8. Let t, be as before. Define Ay = inf A\(t) and Ly = sup A (D).
121, 21,
Then (5.3) has solutions z , z, defined on (t,, o) such thatfort,s2t,

z1(t)
0
< z1(s)

<exp[M(=s5)], t<s

< z5(2)
z2(5)

Proof: Define w,(y,8,1) :==exp[A,(t—12)].

Thenw,” —aw;’ —bw, =[A? —ak;—b 1 exp[A (t—12) 1.

Since A, () < Ay < Ay(r) we thus have w” —aw;’ — bw; < 0. If we define a solution u (v,5,¢) of
(5.3) by u1(%.5,)=w1(%:,5,Y), u;(1.8,8)=w;(y,5,8), then we find from Lemma 5.7 that
u1(1,8,0)<wi(v,8,t), t € (v,6). Hence

<exp[A(E-5)], t>s
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s 0D e G=5)]
' u(5,8) P
By taking y=1t, and letting 8 — oo we obtain the existence of a solution z(z) with z,(t3) =1,

which is bounded away from zero. At any point s, consider the scaled solutions

; w1(22,8,5) . .
41(2,8,t) =2;() —————,8>s. From the monotonicity it follows that
i1(22,9,5)

1(27,8,8) <zy(), t <s. Alimit argument then gives the estimate for z;.

The proof for z, is analogous and will be omitted. I

Corollary 5.9. For the solutions z, , z, in Property 5.8 we also have

d
ar z1(O2 A z1(8)

d
ar z2(1) < Ap z2(2).

z1(t+h)—z,(¢ z4(t o
Proof: Let A > 0. il ) l()= —LZI—e M2+th. Letting & — 0 shows
z2:(t+h z1(t+h)
Zo(t)—2z(t+h zo(t+h
the first estimate. Moreover 2() = 22 ) =1- 2 ) Blwg s —Ap h.
z2(1) z2(1) I

There also exists a natural counter part of Lemma 5.7, Property 5.8 and Corollary 5.9, of
which we only give the result
Corollary 5.10. Define Xl(s) = sup M) and Xs(t) and 7_»2 ()= inf A (o).
1,185 1,St<s
Then % 21 < M () 21(8)

2 02 %0 20, "

u
If we now associate to (5.3) a matrix vector ODE via the dependent variable x := { u,} , say

(cf. section 3)

(5.11) ditx=1(u)x,

then we can show
Theorem 5.12. Let (5.3) be such that for somep >0, p <b(t) <oo,t21tp,t< ty. Letl Il =1-1;.

Then both on the interval [t; , o] and on (—oo, t ] there exists a dichotomic fundamental solu-
tion of (5.11), with dichotomy constant
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1+X,() T+ 1501 1+ 1021
bl TP R T W v v

where \y (¢) etc. is now also defined for relevant negative t-values.

Proof: For
21 ||z 1+7—\1(t) bz(2) | 1+X1(t)
25, ‘ ’ < A(t—35)].
P25 1200 216 144 lzy(5) 1+ exp [Ay(z1—s)]
Similarly, for
220 [ |226) [V 141001 Tz 14100 ]
» L ’ s x _ .
SRR EPXOIRERXO) Tl Tz - 1ring1 PRl

From [4] we deduce that the dichotomy constant bounds the cotg of the angle 6 between the two
subspaces induced by the projection P. In [7] it is shown that this quantity, together with the
growth as above gives an estimate of the dichotomy constant.

Now we have, using the inner product definition

1T+ 1x 21
cos 06< ;
V(1 +22) (1+22)
Hence
o B 1+|7\1 7»2'
PR T

I

The intriguing question now arises whether both dichotomic parts of the solution space join
up to a globally dichotomic solution or not. The answer is negative as is shown by

Theorem 5.13. The ODE (5.11) has a fundamental solution ® = (&' ®?), with
IO O)I=1, 1D ()l = o0, +7 300
NP2 =1, 1D >0, £t~ oo,

Proof: Let u be the solution of (5.1) and let w, be defined by w.(¢) := u(t +¢). Then w, satisfies

u We
the same ODE and the same BC as u. If € is small enough, then x := [u’} - [w ,] satisfies
£

% = J(u)x, with J(u) = J(u) as in (5.11).

Since for € small enough the assumption for the coéffici€nt b in J will also hold for its counterpart
in J, we see that it is not restrictive to identify J and J. Hence we conclude that (5.11) must have
a solution ®! say, that disappears for £ —» oo, Consequently it follows from Theorem 5.12 that

there must exist a complementary solution that grows unbounded for ¢ — oo. I
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The result of the preceding analysis thus far is rather disappointing. Apparently we do not
have dichotomy but also no "polychotomy".

5.2. A stabilization of the ODE: Kortweg-de Vries

The system (5.1), (5.2) plays an important role in the study of solitary waves, cf. [11]. Nor-
mally (5.1) appears in an eigenvalue formulation, where the unknown eigenvalue ¢ is (a normal-
ized form of) the wave speed; in particular consider

(5.14a) u”=q(uu’)+cu.
We can augment the ODE to a third order system by adding
(5.14b) ¢’ =0.

Accordingly, we need a third relation to have a full set of BC. In order to find out how to choose
this, let us consider a special ODE,

(5.15) u"=cu—%u2,

which is a dimensionless formulation for the solitary wave of the Kortweg-de Vries equation, cf.
[13]. We have chosen this equation because we happen to know "the" solution; in fact, there
exists a family of solutions

(5.16) (1) = ¢ cosh™® (6VEr), &> 0.

This then enables to analyze the linearized version of the augmented system in some detail. We
find for Jin (5.11)

0 10
(5.17) J=|¢c-3u0a|,
0 00

where we have introduced x = (u,u’,c)’.
In order to analyze the solution space of (5.11), (5.17) we concentrate on the ODE

(5.18) u”=(C-3a)u+iuc.

Note that for ¢ =0 we obtain an ODE like (5.3), (5.4) with b(t) > ¢. Hence we can apply
Theorem 5.13, which gives us a characterization for two fundamental modes, viz ®!, ®? with an
additional zero third coordinate. To be more specific, let ¢ = 1, then one can easily deduce that
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(5.19a) 0} =
2
(5.19b) { 0

e
Sl -
e
e
L P
e
L
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We have used a routine from BOUNDPAK [10], to compute the fundamental modes of (5.18).
The graphs below were derived using an absolute error tolerance of 107'2 and with L = 15 (that is

the interval was truncated to [-15,15], see Figs. 5.1, 5.2, 5.3.

.

o
K
G
o

Fig. 5.2.1| @2l different

scale on [-u, 0]



Fig. 5.3. 1 &' Il different
scale on [—u, 0]
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In order to find a third fundamental mode we compute a particular solution of (5.18), e.g.

(5200 D) =c [ D)@ (s)
0

0
12(5) ds, ¢c#0.

Property 5.21. | &> (1)1l is uniformly bounded.

Proof. Let t > 0. We can write
t e—l

€
o) = (@' O P (D)]= { J _gnt| UHRD1, £,

where | [/ +R(¢) 17" Il is uniformly bounded on [0, o) and Il R(¢)Il = O for # — e. Hence
e~ e—s
o —e":| [I+S(s), where | S(s)Il > 0, 5 — oo,

o l(s)=-% {

It can be shown that j IS(s)ll ds < oo, O
0

. 0 e 2s(1+0(1))
D7 (s) i(s) | <

1+¢(s)

L with [ 1 e(s) I ds < oo,
0

!

From this it can simply be checked that j (1) D7 ()
0

0
ﬁ(s)} ds |l < oo forall t.

A similar estimate can be given for ¢t < 0. 0

We thus conclude that a third fundamental mode of (5.11), (5.17) is given by
3 iy (1)
(5.19¢) [ ] } =y~ | m@|, @1, () | <ooforallit.
b
We therefore see that (5.11), (5.17) can not have a dichotomic solution space and not even a
polychotomic one. That means that it is impossible to stabilize the eigenvalue problem (5.14),
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(5.15) by choosing appropriate {(multipoint) BC.

However, for this problem, and quite a few other similar situations, often some analytic
behaviour of the desired solution is available, like its asymptotic growth. Here we know, with
c=1,that u(t) ~e™", t = o and ii(t) — e', t — — oo, Therefore we may try to reformulate (5.15)
via the transformation

(5.22a) v) =u()e™,

which gives

(5.22b) v"=(c—1)v—%v2e’—2v'.
By adding

5.22) ¢'=0

we obtain a linearized system with Jacobian (at the solution v :=de™, ¢ = 1)

0 1 O
(5.23) J=| -3 -2 de™|.
0 0 O

As before it is clear that the behaviour of the fundamental modes can be deduced from
(5.24) u’==2u"=3uu.

Although Theorem 5.12 is not applicable here ("b(z) — 0") it is not difficult to see, using Lemma
5.7, that there exists a solution z(¢) with z;(0) =1 and on [0, o) uniformly bounded, and at the
same time a solution z, (), with z,(0) = 1, that "grows" at most like e . On (=, 0] there exist
likewise solutions being uniformly bounded.

Hence, in whatever way the fundamental modes to the left are linked up with those to the right,
we have two initial value stable modes! In a similar way as Property 5.21 we can show that
(5.11), (5.23) also has an independent mode that is uniformly bounded. Thus we conclude that the
eigenvalue problem (5.22b), (5.22¢) is well-conditioned if we impose a BC like

(5.24) V(=) =1, v(-e0)=0, v(0)=1.
Note that we effectively have a problem on the half interval (-~oo, 0) only; not surprisingly in

view of the symmetric character of the original ODE with respect to O.

5.3. Stabilization of the BC: Burgers equation
As a final example, consider the ODE (shock form for Burgers equation)

(5.25a) w’ =uu +cu

where u satisfies
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(5.25b) u(=)=1, u(ee)=-1.

With ¢ =0, an exact solution is given by

(5.26) u)=-1+ 2 :
1+e¢!

The linearized ODE is

(5.27) w’'=auw+a'u,

which can be shown to have, for ¢t >0, solutions z(z), z,(t), with z(¢)~e™, t = o and
z5(t) ~1,t — oo, and similarly, for ¢ <0, solutions z¥ (¢), z} (¢) with zf (1) ~e’, t = o and
ZZ@)~1,t— 00,

The proof is similar to that of Theorem 5.13 but has to employ a different version of Property 5.8
since assumption 5.5 does not hold.

As for KAV we can argue that the linearized system should be such that (5.27) has a funda-
mental mode that goes to zero when ¢ — oo, Consequently, we find that there is a fundamental
mode u(¢), such that

z1(t), t > oo,

(), t > —o0,

(5.28a) uy(t) ~{

and a fundamental mode u,(¢), such that
z5(2), t > oo,

2§ (1), t = —oo.

(5.280)  u,y(2) ~{

Hence we have polychotomy. Therefore we can stabilize the eigenvalue BVP (5.25) by choosing
an additional BC at ¢t =0, e.g.

(5.25¢) u(0)=0.

If we would choose any other value for u(0), as long as it is between -1 and 1, we have a well-
conditioned BVP with a solution i(z +p), p being some suitable shift.
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