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0.INTRODUCTION

It is not uncommon to design a programming language by regarding the kind of computations one
would like to perform and to decide on a style of notation. Thus one arrives at a syntactic definition of
the language which in general contains a large number of constructs and which, for the purpose of
expressing ones computations, is usually very satisfying. However, when it comes to assigning a precise
meaning to the syntactic constructs thus arrived at, the problems soon become tremendous. Therefore it
seems more appropriate to investigate what the proper mathematical abstractions are to model ones
computations with and to see in which way they should be manipulated. Thus a carefully chosen
(preferably small) number of semantic constructs should dictate the basic syntactic ingredients of a
kernel language. Ease of programming can be obtained by adding an additional layer of syntactic sugar
to this kernel language. Since the latter is defined in terms of the basic syntactic constructs, it is not
hard to define its semantics. Our ultimate goal is to design a language along these lines. Our interest is
not so much in the resulting langnage, however, but rather in the design process itself. As the kemel for
our language we have opted for the lambda—calculus, because of its simple nature, extended with a rich
type structure, that should allow for instance polymorphism and recursively defined types. There are
several approaches known in the literature such as languages with implicit types like ML [HMcQM8§6]
or languages with explicit types as described in [Re85]. In this report we make a start towards the latter
in the sense that the language we define does contain recursive types and what is known as a
polymorphic let—construct. It does not contain, however, expressions which are 'type—abstractions'. We
have chosen this cautious approach, since the semantics of second order lambda calculi with recursive
types i1s not yet well understood, although various results are known [McQPS86,McC79,Me86,Mi71].
Therefore we study this relatively simple case in great detail before we turn our attention towards 'full’
polymorphism. Moreover, we have included both strict and non—strict versions of our type constructors.
Investigation of their semantic properties will enable us to make the proper choice in a latter stage

when we design the actual language.
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The structure of this report is as follows. In chapter 1 the language is given and the meaning of
its constructs is briefly explained. A comprehensive and formal semantics is given in chapters 4 and 5
for the type expressions and expressions proper respectively. In chapter 2 a type deduction system is
given that enables us to keep the type information within expressions to a minimum. Chapter 3 states a
set of reduction rules whose soundness is proven in chapter 6. These rules can be viewed as an
operational semantics of our language. Finally, in chapter 7, it is shown that a typed version of the

Curry fixed point combinator [Ba81,HiSe86] can be defined in the language.
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1.SYNTAX OF TYPE EXPRESSIONS AND EXPRESSIONS

The language we consider consists of expressions that contain type information. Its formal syntax is
given by two kinds of expressions, type expressions and expressions proper. Let Tvar be a countable
infinite set of variables. Elements of Tvar will be called type variables. Type expressions are

generated by the following rules.

T1. Texp 1= Qe
T2. Texp 1= Tvars
T3. Texp ::= TTexp-

T4.1. Texp ::= (Texp + Texp)»

T4.2. Texp ::= (Texp ® Texp)-

TS5.1. Texp ::= (Texp x Texp)-

TS.2. Texp ::= (Texp ® Texp)-

T6.1. Texp ::= (Texp — Texp)=

T6.2. Texp ::= (Texp & Texp)-

T7. Texp ::= V(A Tvar| Texp)-

A formal semantics, which associates a domain (c.p.0.) to every type expression, will be defined in
section 4. We now give an informal description of the domains corresponding to type expressions
generated by T1 — T7. The type expression Q corresponds to the one point domain, The symbol T
is used to denote lifting of the domain, i.e. appending a fresh bottom element. Further +,x,—
correspond to the disjoint sum, cartesian product and function space domain constructors, whereas
®, ®, O correspond to their strict versions, i.e. thc coalesced sum, smash product and space of strict
functions. A type expression of the form V(A tfte) describes a recursively defined type. For instance
the type expression V(A t|(t+1t)) corresponds to a domain D such that D is isomorphic to the
disjoint sum of D and D ; the type expression V(A t|(TQ @t)) describes the flat domain of natural
numbers. Whether an actual programming language should contain all the type constructors above

remains to be seen. However, it is precisely the intention of this paper to investigate the properties of
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the various constructs in order to allow a deliberate choice.

Let Var be a countable infinite set of variables such that Var n Tvar = ¢ . The syntax of

expressions is given by the following rules.

El. Exp ::= (btm| Texp)-

E2. Exp ::= Vars

E3.1. Exp ::= (up Exp)-

E3.2. Exp ::= (down Exp).

E4.1.1. Exp ::= (inl Exp | Texp)-
E4.1.2. Exp ::= (inr Texp | Exp)-
E4.1.3. Exp ::= (sum Exp Exp)-
E4.2.1. Exp ::= (inls Exp | Texp)=
E4.2.2. Exp ::= (inrs Texp | Exp)-
E4.2.3. Exp ::= (sums Exp Exp)s
E5.1.1. Exp ::= (prol Exp)s

E5.1.2. Exp ::= (pror Exp).

E5.1.3. Exp ::= (prod Exp Exp)-
E5.2.1. Exp ::= (prols Exp)-=

E5.2.2. Exp ::= (prors Exp)-

E5.2.3. Exp ::= (prods Exp Exp)«
E6.1.1. Exp ::= (A Var:Texp | Exp)=
E6.1.2. Exp ::= (appl Exp Exp)»
E6.2.1. Exp ::= (As Var:Texp | Exp)=
E6.2.2. Exp ::= (appls Exp Exp)-
E7.1. Exp ::= (intro v(A Tvar| Texp) | Exp)-
E7.2. Exp ::= (elim v(A Tvar|Texp) | Exp)=
E8. Exp ::= (A Tvar|Exp) Texp-=
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In chapter 2 we give a type deduction system that defines the well typed expressions. Furthermore it
will be shown that every well typed expression has exactly one type (up to o—conversion). In chapter"
5 we define the semantics of a well typed expression and show that the value of an expression is an
element of the domain corresponding to its type. An operational semantics in terms of reduction rules

is given in section 3.

In the rest of this chapter we give an informal description of the expressions introduced above.
Let te be a type expression. The expression (btm|te) stands for a nonterminating computation
which does not yield any information. The expressions generated by E3 are used in connection with
the lifting of domains. In particular the (up €) construct is used to postpone reductions inside the
expression ¢ (see also chapter 3). The expressions defined by E4.1 are related to the disjoint sum of
domains: (inle | te) and (inrte | e) denote the injection of e in the left respectively right part of a
sum domain. If el and e2 denote two functions with the same range, then (sum el e2) denotes a
function whose domain is the disjoint sum of the domains of €l and €2 and whose range is the
common range of el and e2. The expressions defined by E4.2 are the strict versions of those given
in E4.1, they correspond to the strict sum of domains ( @ ). E5.1 generates expressions which are
related to the product of domains. The first two rules correspond to the left and right projection,
whereas E5.1.3 corresponds to the pair construction. Again ES5.2 gives the strict versions. E6.1 (and
E6.2) describe (strict) lambda abstraction and application. To understand E7 consider a recursively
defined type expression, for instance V(A t|t +1) . The domain D which will be associated to this
type expression (see chapter 4) is isomorphic to the disjoint sum of D and D . The two expressions
given by E7 are the syntactic representants of these kinds of isomorphism and its inverse. Finally E8

gives the possibility of building a context of type variables which are bound to type expressions.

Next we introduce some notations which will be used frequently in this report. The mapping

FV : Exp — Var yields the free variables of an expression, The mapping FTV : Exp U Texp — Tvar
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gives the free type variables of an expression or a type expression. Recursive definitions of FV and
FTV can easily be given, but we shall not do so here. In the sequel we shall encounter three kinds of
substitution. The substitution of type expressions for type variables can be performed in type
expressions and in expressions. The substitution of expressions for variables can only take place in
expressions. Apart from the case of (type) expressions with bounded (type) variables the definition of
substitution is straightforward. In case of substitution for a type variable in a (type) expression with a
bounded type variable or substitution for a variable in an expression with a bounded variable name
clashes may occur. In that case the bounded (type) variable is always replaced by the first appropriate
free (type) variable. We list the instances where this happens. Let s,t € Tvar, x,y € Var, te,tel,te2 ¢
Texp and e,el,e2 e Exp. Then
- (At = vAu|el) 3, ),

where u is the first type variable such that u # s and u ¢ FTV(tel) u FTV(te2).
- (A x:te |e1)33’2 = (L zte |(e1’z‘) ?3’2 ),

where z is the first variable such that z#y and z ¢ FV(el) U FV(e2).
- (el ), = (AulEeh] ) el

where u is the first type variable such that u #s and u ¢ FTV(e) u FTV(te) u FTV(te2) .

Here te is the type expression which will be associated to e by the type inference system

given in the next chapter (hence substitution is only defined for well—typed expressions).
Note that our definition of substitution implies that bound variables will also be renamed in cases
where this is in fact not necessary. The reason for choosing this definition, instead of a more usual
one which considers several cases [Ba81], is to reduce the case analysis in the proofs further on.
Finally we mention that the symbol = will be used to denote the syntactic equality of (type)
expressions, whereas =y will be used for the equality of (type) expressions up to renaming of the

bound variables (¢t—conversion).
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2. TYPE INFERENCE
2.1.Introduction.
In this chapter we demonstrate that the kernel language introduced in the previous chapter is
an explicitly typed language in the sense of Reynolds[Re85]. That is, given an expression and a
sequence of assumptions regarding the free variables and free type variables occurring in that
expression it is possible to assert at most one type for that expression. By a type we mean a class of
type expressions that are equal up to c—conversion. In chapter 4 it is shown that all type expressions

in such a class denote the same domain.

2.2.Formal type inference system.

Formula's of the type inference system will be called typings and they are constructed

according to the following grammar rules:

I1. Typing ::= Assumptions » Consequences =
I2.1. Assumptions REN

12.2. Assumptions ::= Assumption Rest =

I3.1. Assumption = Type assignment =

13.2. Assumption = Tvar »

I4.1. Rest SR

14.2. Rest = ; Assumption Rest -

Is.1. Consequences ::= Consequences , Consequences =
I5.2, Consequences ::= Type assertion =

15.3. Consequences 1= Texp =

I6. Type assignment :i= Var : Texp »

I7. Type assertion = Exp: Texp =
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For instance, the typing tx:t» (inl x | t) : t+t states that under the assumptions that (there exists a
context in which) first of all a type t is introduced and secondly a variable x of type t, one may
assert that the expression (inl x | t) is of type t+t . As usual we prefix a typing with the symbol

to indicate that it is derivable.

Let A e Assumptions. The set FTV(A) of free type variables of A 1is the set of type
variables that occur as subassumptions in A (cf. 13.2). Hence for x:t an assumption t¢ FTV(x:t) !
The set FV(A) of free variables of A is the set of variables that occur in any left—hand side of any

type assignment in A (cf. I3.1 and 16).

Let C e Consequences . The set FTV(C) is the set of type
variables occurring free in any expression or type expression contained in C (cf. I5.3 and I7). In
particular FT'V(e:te) = FTV{e) u FTV(te) . Hence if x:t is a consequence then t € FITV(x:t) (cf.
above)! Similarly, FV(C) is the set of free variables occurring in any expression contained in C (cf.

I7). In particular FV(e:te) = FV(e) .

Let A,A;A; € Assumptions ; C;,C; € Consequences ; t € Tvar ; tx,te,tel,te2 € Texp; x €

Var and e,el,e2,f,f1,f2 e Exp. Then the inference rules for type deduction are :

TRI. TR2, — TR3. A > t€
Ar Q AptiAs » t A» Tte
TR4. A » tel,te2 TRS. A » tel,te2 TR, A" tel,te2
A » tel+ te2 A » tel x te2 A » tel — te2
A tel @ te2 A»r tel ® te2 A » el te2
TR7. At » te
Ar» V(A t|te)
ER1.], Arte

A » (btm | te) : te
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ER2. Arrtx , provided x ¢ FV(A) and FTV(tx) n FTV(Ay) = ¢
Apxitx;Az » XiX '

ER3.1. Apr e te

A (upe): T
ER3.2. Are: Te

A » (downe) : te
ER4.1. Ar el :tel | te2

A » (inlel | te2) : tel + te2

A » (inls el | te2) : tel @ te2
ER4.2. A tel ,e2 : te2

A» (inrtel | e2) : tel + te2

A » (inrstel | €2) : tel @ te2
ER4.3.1 Ar»r fl : tel — te, f2 :te2 — te

A » (sum f1 £f2) : (tel +te2) — te

A» fl : tel te ,f2 : te2 te
ER4.3.2 S S

A » (sumsfl f2): (tel & te2) Ste
ER5.1. Ar» e :tel xte2

A » (prol e) : tel

A » (pror e) : te2
ER5.2. Ar e:tel ® te2

A » (prols e) : tel

A » (prors e) : te2
ER5.3. Avroel:tel , e2 : te2

A » (prod el €2) : tel x te2

A » (prods el e2) : tel ® te2

Artx , te

ER6.1. Axitx » e & te

Ar(Axitx | €) :tx — te
Ar(ds xitx | ) : x D te

ER6.2. Ar f:ite—tel, e : te
A» (appl f e) : tel

Arfrte Qtel ,e:te

ERG6.3.

A » (appls f e) : tel
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ER7.1. A» e:Vv(A t|te)
A » (intro v(At|te) | e) : te\t,(A t|te)
t
: , V(A
ER72. Are tey(A t[te) V(A t|te)
A » (elim V(A t]te) | e) :v(At|te)
A» tel
ERS. At » e te
Ar (At] eel : te:cl
ER9. Ave:tel , provided tel = te2
Ar e :te2
A>» C1
ER10.1. A*C ER102. A > C1 . ©
A»r G, G Ar» G
A C2

Notice that to each T— and E—rule of chapter 1 there corresponds exactly one inference rule.
The additional rule ER9 signifies that we are only interested in type expressions up to 0t—conversion.
The reason for this is that type expressions that are equal up to o—conversion denote the same
domain. Rules ER10 are not essential. They merely allow us the notational convenience of typings
containing more than one consequence. Therefore we shall leave applications of these rules implicit in

the derivation of typings.

Most proofs given below rely on the fact that given a typing we are able to determine the last
inference rule of its derivation. In the absence of rule ERY9 this last rule would be uniquely
identifiable from the structure of the expression. Derivations of typings in which the expressions
contain bound type variables, however, can always end with one or more applications of rule ER9 .
In order to avoid these trivial but cumbersome details we assume in all proofs, and without loss of

generality, that no derivation ends with an application of rule ER9 .

10
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2.3 Explicit typing.

Our type inference system has been designed to ensure that under any given sequence of
assumptions each expression has at most one type, which is, if it exists, derivable from the types of its
constituting parts (Recall that a type is an equivalence class of type expressions under et—conversion.)

In Reynolds[Re85] this property is called explicit typing.

Theorem 2.3.1.[Explicit typing theorem]
Let A e Assumptions ; tel,te2 € Texp and e € Exp.Ifboth FA»e:tel and F A»e:te2 then

tel = e .

Sketch of proof. By induction on the structure of expression e . Note that to each of the rules E1.1
thru E8 to construct expressions there corresponds exactly one inference rule that enables us to assert
a type for the expressions produced by that rule. Therefore the induction is straightforward.

O

As stated above it is necessary to provide expressions with a certain amount of type
information to obtain an explicitly typed language. The need for additional type information in
expressions produced by E4.1, E4.2 and E6.1 is rather obvious (see p.e. [Re85]). The reader may
wonder, however, about the necessity of the type information contained in rules E7.1 and E7.2.
Therefore let us assume, for the sake of the argument, that rule E7.2 is simplified to

Exp ::= (elim Exp) and that inference rule ER7.2 is accordingly modified to

Lot
Are: teV(AtIte) , V(A t|te)

A » (elim e) : V(A t|te)

(*)

Let A e Assumptions be such that F A » ¢ : t\t’( A t[o) ° V(A t|t) . Then we may assert on

i1
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account of (*) that (elim|e) is of type Vv(At|t) . However, since t\t’( Aty =
s . .

V(A t|t)v( A s|VA t]D) we may apply rule ER9 before applying (*) and assert that (elim e) has

type V(A s|V(A t|1)) as well. Therefore the type information V(A Tvar|Texp) is absolutely essential

in rule E7.2 to obtain explicit typing. For reasons of symmetry the same type information has been

added to rule E7.1, although one can show that explicit typing can be obtained without it.

Given an assumption A we define the set WTV(A) ( WTE(A) ) of well-typed variables

(expressions) under A by

WTV(A) {xeVar | (Qtec Texp |FArx:te)} (2.3.2)

WTE(A)

{eeExp | QteeTexp |FAre:te)} (2.3.3)

On account of the explicit typing theorem one can also define for each assumption A a function < A
that assigns to each expression € € WTE(A) an arbitrary, but fixed, type expression te such that
F A»e:te. We shall take care that whenever T A is used, the particular te chosen for <t A(e) is

irrelevant, i.e. may be replaced by any type expression tel such that tel =y e
2.4 .Elementary properties.
Before we state the fundamental properties of our type inference system, viz. inference rules
for substitution and o.—conversion, we first list some elementary properties of typings.
Property 2.4.1.[Introduction of type variables]

For A e Assumptions and te € Texp :

FAw»te iff FTV(te)c FTV(A)

This property expresses that all free type variables of a type expression should be properly introduced.

12
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Property 2.4.2.[Additional inference rules]
The following additional inference rules are derivable from the ones given in section 2.2 :

Rules to extend assumptions

ER11.1. &> C provided t ¢ FTV(C)
At » C

ER112 At . C provided x ¢ FV(C)
Axitx » C

Rules to reorder assumptions

Aits;Ay » C

ER122, Apxixy:tyiAg » C
Ajyity;xitx;Ay » C

provided x#y V tx =g

ER12.3. AuxitxitiAy » C
AjptxitxiAy » C

ER12.4. ALtiX:txiAy » C
Apxitxit;Ag » C

provided t ¢ FTV(ix)

2.5. Substitution and a—conversion.

As indicated in chapter 1 three kinds of substitution can be performed. For each kind we
present a corresponding inference rule. Likewise three kinds of a—conversion can be performed.
Three additional inference rules state that each kind of a—conversion leaves the types of expressions
invariant. In chapters 4 and 5 we shall demonstrate that a—conversion neither changes the meaning op

type expressions nor the meaning of expressions.

13
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Theorem 2.5.1.[Substitution of type expressions for type variables in type expressions]
Let Aj,A) € Assumptions ; t € Tvar and te,tel € Texp . Then the following inference rule can be
derived.

Al » tel

ER13, AntiAyrte provided t ¢ FTV(A,)
t e
AAg o » T8

Proof. By induction on the structure of type expression te . All other cases being trivial we only

consider the case te = v(A s|tf) .

Assume F Ay tel (*)
F ApGA; » te (¥%)
te FTV(Ay) (%)

L. Let te = v(A s|tf)
2. F At Ags e tf [(*#),TR7]
3. Let u be the first type variable such that

uZt A ue FTV(D) A ue FTV(tel)

4, F At Agsiu » tf [(2),(3),ER11.1]
5. FAptAyu»u [TR2]
6. FAptAus» of [(4).ER12.1]
7. FAgtAgus [(5)(6)1H]
8. te FTV(Agyu) = FTV(Ay) U {u} [(rx),(3)]
9. F Al;(Az;u):el > (tflsl): .1 [(*),(7),(8),IH]
10, FAgAg sus () [(3),(9)]
L. FApAg, » V(A |G ) [(10), TR7]
2. FApAg > V(A S|t [(3),(11),subst.]
13, FApAg, > tere) [(1),(12)]

14
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Theorem 2.5.2.[Substitution of type expressions for type variables in expressions)
Let Aj;A; € Assumptions ; t € Tvar ; te,tel € Texp and e € Exp. Then the following inference rule

can be derived

Al » tel
ER14, AntiAz v c:te , provided FTV(Apt) n FTV(Ag) = ¢
. t { . t
ABA2ie1 * Cre1 © ®req

Proof. By induction on the structure of expression e . We prove only a few cases. The remaining

cases are trivial.

Assume FA;»tel (*)
FAptAsre:te (¥%)
FTV(Az0) n FTV(Ay) = ¢ (ke¥)

1.1. Let e=x and x ¢ FV(Ajy), hence x e FV(A))
1.2. Let As;,A4 € Assumptions be such that [(+*),ER2]
a) Ay = Agxite; Ay
by Az» te
c) x ¢ FV(A A%
d) FTV(te) n FTV(A4tA) = ¢

13.  x¢ FV(A4;A2:81) = FV(A4t;Ag) [(1.2¢)]
1.4.  FTV(te) n FI'V(A4;A2:61) =4 [(++%),(1.2d)]
1.5, = A3;XItC;A4;A2tel P X:te [(1.2b),(1.3),(1.4),ER2]
1.6. te FTV(te) [(1.2d)]
7. tes, te:el [(1.6)]
18, FApAgy, >xite [(1.2a),(1.5)]
L9, FApAg, > X tery [(1.7).(1.8),ER9]
L10.  FApAg, el tel ) [(1.1),(1.9)]

15
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2.2,

2.3,

24.
2.5.
2.6.

2.7.
2.8.
29.

3.1.
3.2.

3.3.
3.4,

CHAPTER 2

Let e=x and x e FV(Aj)

Let As,A4 € Assumptions be such that

a) Ay = Ag;xite; Ay

b) F Ajt Az v te

c) x ¢ FV(Ay)

d) FTV(te) n FTV(Aq) = ¢

a) t € FTV(A3)

b)te FTV(A

F Al;A3:e,1 > te:el

x ¢ FV(Ag 1) = FV(Ag)
FTV(te,, ) n FTV(A,

t
tel)
FTV(tey, ) N FTV(Ay)

((FTV(te) \ {t}) U FTV(tel)) n FTV(Ay)

FTV(tel) n FTV(Ay)

n

FTV(A) n FTV(Ay)
=¢

Al ol at A !
- AI’A3te1’x'tctel’A4tel > X180
t .t

tel - tetel

ot t ot
FALA > €eq ey

F Al;A2:31 > X

Let e=(Ayity | f)

Let tf € Texp be such that
a) F AptAg » ty,tf

b) F At Ayyity » £ tf
c)Hte =V — tf

FTV(A; ) n FTV(Agy:ty) = ¢

t
- Ap(Agyty)ig) > fiop g

16

[(++),ER2]

[(++%),(2.22)]
[(+*+),(2.22)]
[(¥),(2.2b),(2.3),thm.2.5.1]

[(2.2¢)]

[(2.3b)]

[(2.2d)]

[prop.2.4.1]
[(*#+),(2.22)]
[(2.4),(2.5),(2.6),ER2]
[(2.2a),(2.7),subst.]
[(2.1).(2.8)]

[(++),ER6.1]

[(+52)]
[(*+).(3.2b),(3.3),IH]



3.5.
3.6.
3.7.
3.8.

4.1.
4.2,
4.3,
4.4,

4.5.
4.6.

4.7.

4.8.
4.9.

4.10.
4.11.
4.12.
4.13.

5.1.
5.2
5.3.
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ot t
- Al’Aztel > Wie1 » tftel
L |
FALAYN 1Y W1 * f:el tfyeg
At . ot
a Al’Aztel »(hy: tytf:l | f:el) *Wier — tf:el

t
tel ot

F Al;Azicl >e e el

Let e= (climv(A s|tf) | £)

- Al?A%el > i1 Cya s|tf))tel

Let r be the first type variable such that
rZt A re FTV() A re¢ FTV(tel)
V(A s,|tf)tcl = v(A | (tfs)

(Conn

tel)

(tfya s|tf))tel =u tel)v(Ar|(tfs)

tcl)
F iAo > fier P (e DiA £ )
F AlsAZt 1 » V(A S|tf)

te1)
tel

F Al,Azt 1” v(A r|( tel)

- ApAgy, > (elim V(AT [, ) | fiep) t VA T| A, )
F AgAgy » (elim V(A s|t) | D : V(A s|tD]

te =, V(A s|tf)

2 Al’A""tel > etel te, tel

Let e=(As| Hifl
FA;GA, » tfl

Let tf € Texp be such that
a) F At Ags » fuf

b) te = rfi)fl
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[(*),(**#*),(3.2a),thm2.5.1]
[(3.4)]

[(3.5),(3.6),ER6.1]
[(3.1),(3.2¢),(3.1]

[(+#),ER7.2]
[(%),(4.2),(+*+),IH]

[(4.4),5ubst]
[(4.4)]

[(4.3),(4.6),ER9]

[(*),(4.2),(***),thm2.5.1]
[(4.4),(4.8),subst]
[(4.7),(4.9),ER7.2]
{(4.10),subst]
[(+*),ER7.2]
[(4.1),(4.11),(4.12)]

[(++),ER8]
[(**),ER8]
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5.5.
5.6.
57.
5.8.
5.9.

5.10.
5.11.
5.12.
5.13.

5.14.

5.15.
5.16.
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Let r be the first type variable such that
a)r ¢ FTV(f:tf)
b)yr£t A re¢ FTV(tel)

F At Agst» fitf [(5.3a),(5.4a),ER11.1]
F AitAgns » fitf [(5.5),ER12.1]
FAsGAur» T [TR2]
F AgtAgrs £ [(5.6),(5.7),1H]
t ¢ FTV(AyD) [(**+),(5.4b)]
FAL(AZT; » (g | EDreg [(),(5.8).(5.9),1H]
F Al,Aztel,r > (fs)t of : (tfs)tel [(5.10)]
- Al;Aztcl > tfl:el [(%),(5.2),(*%*),thm?2.5.1]
F ApAg g > (AT|(EDE L | - ((tt‘s)tel)tﬂt [(5.11),(5.12),E8]
((tfs)tel)tfl tel
(ﬁsfl)tel
=, el [(5.3b)]
F ApAg > Ar|ED il el [(5.13),(5.14),ER9]
F ApAg, > e tte [(5.1),(5.15)]

Theorem 2.5.3.[renaming bound type variables]

Let A e Assumptions ; s,t € Tvar ; te,tel,te2 € Texp and e € Exp. Then the following inference rules

can be derived:

>
v

v(A tlte)
t
V(A s| tes)

ER15.1. provided s ¢ FTV(te)

=
v

ER15.2. Ar (At eyel :te2 . provided s ¢ FIV(e:‘l:A,t(e))

(A s| c;)tel : te2

>
v

18



Proof.

Assume s ¢ FTV(te)
FA» v(At|te)

L FAst» te

2 FAt;s» te

3 F Assit» te

4, FAsSs» s

5 FAs» te;

6 A V(A slte)

Hence rule ER15.1 is derivable.
Assume s¢ FTV(e:te)
FA» (At]| e)el : te2

1. FA»tel
2, Let te ¢ Texp be such that

aAFAtre:te

_ ot
b) te2 =a tetcl
3 FAtsee:te
4 FAste e te
5 FAs»s
i ..t
6. I-A,s»es.te:S
t . 1.8
7 FA» (As] es)tel : (teS)tel
t
8 F A (As] edtel tep
9 FA (As| eDtel : te2

Hence rule ER15.2 is derivable.

8]
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(*)

(*¥)

[(**),TR7]
[(%),(1),ER11.1]
[(2),ER12.1]
[TR2]
[(3),(4),thm2.5.1]
[(5),TR7]

*)

(*¥*)
[(**),ER8]
[(**),ER8]

[(*),(22),ER11.1]
{(3),ER12.1]
[TR2]
[(4),(5),thm2.5.2]
[(1),(6),ERS]
[(*),(7),ER9,subst]
[(2b).(8).ER9]
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Theorem 2.5.4.[Substitution of expressions for variables in expressions]

Let A e Assumptions ; te,tel € Texp ; x € Var and e,el € Exp. Then the following inference rule is

derivable :
Arel :tel
ER16. A;x:t)c(l beE ;e
Ar €1 te

Proof. By induction on the structure of expression e. We consider only a few cases. The other cases

are trivial.

Assume FA»el:tel (*)

FAxitel we:te (%)

1.1. Let e=x

1.2. FA»tel [(*)]
13.  FAxtelre:tel [(1.1),(1.2),ER2]
1.4 te =, tel [(##),(1.3),thm2.3.1]
15, FA»x, :tel [(*),subst]
16.  FA»x] it [(1.4),(1.5),ER9]
1.7. FA» e:I : te [(1.1),(1.6)]

2.1. let e=y A y£X
2.2, Let A;, Ay € Assumptions be such that [(2.1),(**),ER2]
a) A = Apyite; Ay
b)Aj»te
c)y ¢ FV(Ayx:itel)
d) FTV(te) n FTV(Ayx:tel) = ¢

2.3, a)y ¢ FV(A,y) [(2.1),(2.2c)1
b) FTV(te) nFTV(A3) = ¢ [(2.2d)]
2.4, FAry:te [(2.2a),(2.3),ER2]
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2.5.
2.6.

3.1.
3.2.

3.3.

3.4.
3.5.
3.6.
3.7.
3.8.
3.9.

3.10.
3.1
3.12.
3.13.
3.14,
3.15.

4.1.
4.2.
4.3.
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FA» y:l i te

FA» eél tte

Let e=s(Ayite2 | )

Let tf € Texp be such that

a) F A;xitel » te2 , tf

b) F Axitel;yite2 » f 0 tf

c) te =y te2 — tf

Let z be the first variable such that
zZx A ze FV() A ze¢ FV(el)
F Ajx:tel;y:te2 » te2

F Ax:itel;y:te2;z:ite2 » f: tf
FAzite2;x:itel;yite2 » £ 0 tf

F Axitel;z:te2 » z : te2
FAzite2;x:itel » z 2 te2
FAzite2;x:itel » fi tf
FA»te2,tf

FA;z:te2 » el : tel

FAz:ite2 » (fZ)gl t tf

FA» hzte2 | (), 12— if
FA» (Ay:te2 | f):l s te2 — tf

}-Abezlzte

Let e =(As| Hifl

F A;x:tel » tfl

Let tf € Texp be such that
a)F Asx:itel;so o tf

b) te = tt\:f 1
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[(2.1),2.4)]
{(2.1),2.9)]

[(*+),ER6.1]

[(3.22),ER11,2]
[(3.2b),(3.4),(3.3),ER11.2]
[(3.5),ER12.2]
[(3.2a),ER2]
[(3.3),(3.7),ER12.2]
[(3.6),(3.8),JH]

[(3.2a)]
[(%),(3.10),(3.3),ER11.2]
[(3.9),(3.11),IH]
[(3.10),(3.12),ER6.1]
[(3.3),(3.13)]
[(3.1),(3.2¢)(3.14),ER9]

[(¥+),ERS]
[(*+*).ER8]
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4.6.
4.7.
4.8.
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4.10.
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Assume without loss of generality that [thm?2.5.3]

s¢ FTV(el:tel)

FAs» el : tel [(*),(4.4),ER11.1]
FAs;x:tel » f:tf [(4.32),ER12,3]
A £ cif [(4.5),(4.6),H]
F A tfl [(4.2)]
FA» (As| f’él):ﬂ : tf:ﬂ [(4.7),(4.8),ER8]
FArel it [(4.1),(4.3b),(4.9),ER9]

Theorem 2.5.5.[renaming bound variables]

Let A e Assumptions ; tel,te2 € Texp ; x,y € Var and e € Exp. Then the following inference rules

can be derived:

Proof.

Assume

1.

ER17.1. A» (A xitel | e))(:th , provided y ¢ FV(e)
A (A yitel | cy):teZ

ER17.. A Qs xitel | o) :te2 provided y ¢ EV(e)
A > (As yiel | e;):tez

y € FV(e) (*)

FA» (Axtel | e):te2 (*%)

Let te € Texp be such that f(*%),ER6.1]

aAFArtel,te

b)F Ajxitel » e 1 te

c).te2 = tel —te

FAx:tel » tel [(1a),ER11.2]
F Asyitel » y: tel [(1a),ER2]

22
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F Ax:tel;y:itel » e @ te

F Ajyitelixitel w e s te

F Asy:tel » e; e

FA» (Ay:itel | e;) ttel — te
FA» (Ay:tel | c;) D te2

[(2).(1b),ER11.2]
[(4),ER12.2]
[(3),(5),thm2.5.4]
[(12),(6),ER6.1]
[(1c),(7),ER9]

Hence rule ER17.1 is derivable. Similarly it can be shown that rule ER17.2 is derivable.

O
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3.REDUCTION

3.1. Introduction.

In this chapter a reduction relation » on expressions is defined that provides an operational
semantics for our kernel language. We shall present this reduction relation in the form of a formal
theory (cf. Hindley and Seldin [HiSe86]). Besides reduction rules that deal with expressions having
function types, which are familiar from the lambda calculus, the theory contains reduction rules for

expressions having sum, product or recursive types.

In order to present this theory we need the notion of a context. Suppose we take an expression
and replace some of its subexpressions by the fresh symbol $ . The resulting term is called a context.
Actually we think of a context as an expression with some holes in it. The symbol $ merely enables
us to give a proper syntactic definition. To that end replace in rules El — E8 of chapter 1 the
nonterminal Exp by C_and_E and add the rule C_and E ::=$ . Let Exp be the subset of
sentences of C_and_E that contain zero occurrences of the symbol $ , and let Context be the
subset of sentences that contain at least one occurrence of $ . Notice that substituting an expression

for $ describes the process of filling in the holes of a context.

3.2. The theory of reduction.

The theory of reduction consists of formula's of the form Exp » Exp and the following rules :

) (btm | te) » (btm | te)

(®)  (down (upe)) » e

(6y)  (appl (sum 1 £2) (inl el | te2)) » (appl fl el)
(o)  (appl (sum f1 2) (inr tel | €2)) » (appl f2 e2)
(o3)  (appls (sums f1 £2) (inls el | te2)) » (appls f1 el)
(c4)  (appls (sums f1 £2) (inrs tel | €2)) » (appls f2 €2)
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B2
(Bs)
M
(N2
)

)
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(sums (As x:tel | (appls f (inls x | te2)))
(As x:te2 | (appls f (inrs tel | x)))) » f,

(prol (prod el ¢€2)) » el

(pror (prod el €2)) » €2

(prod (prol ¢) (prore)) » e

(prols (prods ¢l €2)) » el

(prors (prods el €2)) » e2,

(prods (prols ¢) (prors €)) » ¢

(elim v(A t|te) | (intro V(A t|te) | €)) » e

(intro V(A t|te) | (eim V(A t|te) | €)) » e

(appl (A x:tx | e) el) » cil

(appls (As x:tx | e) €1) » egl ,

t
(At]| etel » €l

x ¢ FV()

provided €2 in normal form

provided el in normal form

provided €l in normal form

(Ax:tx | (applfx)) » f, x ¢ FV(f)
(As x:tx | (applsfx)) » f, x ¢ FV(f)
e »e reflexivity
el » ¢e2
€2 » €3 transitivity
el » €3
el » e2 : . = $
= provided there exist no contexts ¢l and c2 such that ¢ =_ ¢l

$ o upc2
Ce1 ” %e2

Rule Wy expresses the substitutivity property (or compatibility property as it is called in Barendregt

[Ba81]) of » . It states, however, one exception, viz. subexpressions appearing in an up—context can

not be reduced. Hence » is the reflexive, transitive and (almost) substitutive closure of the one—step

reduction relation defined by rules v thru 1 . The left—hand side of any of these rules is called a

redex. An expression in which all redices, if any, appear inside an up—context is called a normal form.

25



CHAPTER 3

Notice that the notions redex and normal form are actually defined by mutual recursion, on account of
the constraints in rules ®, , ©5 and [ . In particular (btm | te) is not a normal form. This is
proper, since it corresponds to a nonterminating computation that yields no information at all. On the

other hand, any up—expression is in normal form.

Up—expressions can be used to enforce lazy evaluation. Consider the two expressions
(appl (A x:tx | (inl x | te2)) e)

and
(appl (A x:Ttx | (inl (down x) | te2)) (up €)

If e»el then (appl (A x:tx | (inl x | te2)) €) » (inl €1 | te2) in two distinct ways, viz. applying rule
By before rule w, which is called lazy evaluation or applying rule W and then rule B, which is
called eager evaluation. Likewise (appl (A x:Ttx | (inl (down x) | te2)) (up e) » (inl el | te2) , but

the order in which the rules are applied has to be first B; then & and finally v .

One would expect that reduction does not change the type of an expression. This is indeed the
case, if renaming of bound variables is ignored. Of course type expressions that differ only in the
names of their bound variables have the same semantics. Hence, if we are a little more liberal and
consider a type to be a class of type expressions that are equal up to a—conversion then we can say

that types are invariant under reduction.,

Theorem 3.2.1.

Let A e Assumptions and el,e2 e Exp.

If el e WTE(A) and el »e2

Then €2 e WTE(A) and <t A(cl) =T A(eZ).

26
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Proof. With the exception of the B—rules this follows for each of the remaining rules v thru M by a
straightforward calculation. Rules P; and P, preserve types on account of theorem 2.5.3. Rule f3;
preserves types on account of theorem 2.5.4.

]

Remark. For reductions el » e2 that do not comprise rule B3 one can prove that © A(el) =1 A(c:2).

1]
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CHAPTER 4

4.SEMANTICS OF TYPE EXPRESSIONS

4.1 Introduction.

In this chapter we show how a complete partial order (c.p.0.) can be associated to every type
expression. The c.p.o.'s corresponding to recursively defined types, i.e. type expressions of the form
V(A t|te) , are found using the inverse limit construction. The use of this technique to solve recursive
domain equations has been described by Smyth & Plotkin [SP82], Lehmann & Smyth [LS81] and
others. A detailed description (for the case of the category of ¢.p.o.’s with embedding—projection pairs
as morphisms) can be found in Bos & Hemerik [BH88]. For general aspects of category theory we
refer to Herrlich & Strecker [HeStr73] or Maclane[McL71].

In this section we introduce some notations and conventions. Some elementary properties of
the concepts introduced in this section are given in section 4.2. The actual semantics of type
expressions is given in section 4.3. We first associate a certain functor with every type expression.
The c.p.o. corresponding to a type expression is then found by applying that functor to an object,

called the type environment. Finally in section 4.4. some elementary properties of the semantics of

type expressions are given.

Let st e Tvar. In the sequel we shall use the following notations,

C =CPO PR ° the category of ¢.p.o.'s with embedding/projection pairs as morphisms

- = 11 CPO .
te Tvar PR

Pt : IIC + C, the projection functor on component t.

- If A e obj(IIC), then A, =P(A).

- If fe mor(TIC), then ft = Pt(ﬂ‘

- If A e obj(IIC), B € obj(C) , then A[B/t] € obj(IIC) is defined by

28
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A ifs#t
A[B/t]s= B i
ISs=t

If fe mor(IIC), g € mor(C), then f[g/t] € mor(IIC) is defined by

fg ifsZt
f[g/t]s={

g ifs=t

Consider the functors F: I1IC — IIC and G : IIC — C. Then the functor
F{G/t] : TIC — IIC is defined by

PoF ifsZt
P o FIG/] =
G

ifs=t

Id : IIC — TIC , the identity functor.
id A A — A , the identity morphism on object A.
Consider the functor F : IIC — C . The functor abstr[F : TIC — (C — C) is defined in the
following way:
1) For A e obj(IIC) is abst:rtF(A) the object in the category C — C (i.e. the functor
C — C) defined by
abstr F(A) (B) = F(A[B/t]) for be obj(C),
abstr[F(A) (g) = Fad A[g/t]) for g e mor(C).
i1) For f e mor(IIC) is abstrtF(f) the morphism in the category C — C (i.e. the natural
transformation) defined by
(abstrtF(f))B = F(f[idB/t]) for B e obj(C)
Suppose D is an arbitrary category. A functor F: IIC — D will be called independent of t if
¥ =F o Id[G/ft] for all functors G: IIC — C.

We shall use the following functors.
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CONST A IIC — C, the constant functor corresponding to an object A € obj(C) ,
LIFT : C — C, the lifting functor,

DS : C x C— C, the disjoint sum functor,

CP: C x C— C, the cartesian product functor,

FS : Cx C— C, the function space functor,

CS: Cx C— C, the coalesced sum functor,

SP: C x C— C, the smash product functor,

SF: C x C— C, the strict function space functor,

IFP : [C — C] — C, the initial fixed point functor.

The formal definition of these functors can be found in Bos & Hemerik [BH88] or Smyth and

Plotkin [SP82].

4.2 Elementary properties.

The following properties of the concepts introduced in the preceding section can easily be

shown. Let F,G:IIC - C,H:C —D and tue Tvar. Then

- F=P oId[FA],

- if t#u then P isindependent of t,

- abstruF is independent of u,

- if F is independent of t, then abstruF is independent of t,
- if F is independent of u, then abst:ru(F o Id[Pu/t]) = abstrtF,
- if G is independent of u and t £ u , then

abstru(F o Id[G/t]) = (abstruF) o 1d[G/t].

30
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4.3 .Definition of semantics of type expression.
We first show that with every type expression an ® — continuous functor IIC — C can be

associated. Define F: Texp — [IIC — C] by

- FIQ] = CONST, , where A is the one—point ¢.p.o.
- FLe] =P,

- F[Tte] = LIFT o Fte] ,

- Fltel +1e2] =DS o < Fltel] , Flte2] >,

= Fltel x te2] = CP o < Ftel] , F[te2] >,

- Fltel — te2] =FS o < Ftel] , ¥ [te2] >,

- Fltel @te2] =CS o < Fltel] , F [te2] >,

- Fltel ®te2] =8P o < Fltel] , F [te2] >,

- Fltel O te2] =SF o < F[tel] , 7 [te2] >,

- FIv(A t]te)] =TFP o ( abstrt’f [te]) .

The constant and projection functors are trivially @ — continuous. The ® — continuity of the functors

DS,CP,FS,CS,SP and SF follows from the local continuity of the corresponding functors on

CPO x CPO respectively CPO x @l , see for instance Smyth & Plotkin [SP82] or Bos &
Hemerik [BH88]. The ® continuity of the functor LIFT follows from the local continuity of the
corresponding functor CPO — C_PQL , see also [SP82] or [BH88]. Further if F : [IIC — C] , then
also abstrtF : [TIC — [C — C]] , see for instance Herrlich & Strecker [HeStr73, th.15.9]. The ® —
continuity of the initial fixed point functor IFP is shown in Lehmann & Smyth [LS81]. Now using
the property that the composition of two ®w — continuous functors is again ® — continuous (see Mac
Lane [McL71}), it is easily shown by induction on the structure of te that F[te] is an © —

continuous functor for every type expression te.

Define Tenv = obj(IIC) . Elements of Tenv will be called type environments. If p € Tenv ,

then p, = P(p) is the c.p.o. associated to t € Tvar by the type environment p. The c.p.o.
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corresponding to a type expression te in the environment p is given by Fte]p .

4.4 Properties of the type semantics.
We now describe some properties of the semantics of type expressions. Theorem 4.4.4. shows
that the functor associated to a type expression te depends only on the type variables which appear

freely in te . Hence the c.p.o. which corresponds to te in an environment p depends only on the values

of pon FTV(te) .

Theorem 4.4.1.

Let te e Texp and te Tvar. If t¢ FTV(te) then F[te] isindependent of t.

Proof. The theorem is easily proved using induction on the structure of te.

i) te = Q , then F[te] = CONST A » Where A is the one—point c.p.o. Clearly this functor is
independent of t.

il)te =ue Tvar with u#t. Then Fte] = P . which by property (4.4.2) is independent of .

iii) te = Ttel , te = tel + te2 ,te=tel xte2 te =tel — te2 ,te =tel ®te2 , te = tel ®te2 and
te=tel &) te2 . These cases are easily handled using the induction hypothesis that F[tel]
respectively F[tel] and F[te2] are independent of t.

iv) te = V(A u|te) . Then F[v(A u|te)] = IFP o (abstru?[te]]) . If t =u the result follows from
property (4.2.3). If t#Z u then t ¢ FTV(tel) and the theorem follows from the induction assumption
and property (4.2.4).

o

The next theorem gives the behaviour of F[te] under substitution in te .
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Theorem 4.4.2. [substitution in type expressions]
Let tel ,te2 € Texp and te Tvar. Then ?[[telicz]l = Fte1] o Id[Fte2] / 1] .

Proof. The proof is done by induction on the structure of tel .

i)tel =Q or tel =s withse Tvar and s # t. In these cases t ¢ FIV(tel) and the theorem
follows from theorem 4.4.1.

ii) tel =t . A simple calculation yields that

jl.[[t:tﬁ]]

Flte2]

P, o Id[F [te2] /1] [property 4.2.1]
FIt] o 1d[F[te2] /1] .

iii) tel = Tte . Then we have

FI(Tte)y, ]

F [T(te:ez)]

B t
= LIFT o T][tetez]]

= LIFT o F[te] o Id[F[te2] / t] [induction hypothesis]
FITte] o 1a[F[te2] / 1] .

iv)tel =te3 & ted where & =+,x, —, & & 9 corresponds to respectively FU = DS, CP, FS, CS,
SP, SF. The result follows from the following computation.
t
Fl(te3 & ted), e2]
t t
Flte3, , & tc4tez]]

I}

te2
= t t
= FUo <T[[tc3te2 , T][te4t62]| >
= FU o < F[te3] o Id[F[te2] / t] , Fted] o Id[F[te2] / t] > [induction hypothesis]
= FU o < F[te3] , F[ted] > o Wd[F[te2] / 1] [ <FloF , F20F> = <F1,F2>0F |

Flte3 & ted] o Id[F[te2] / 1]
v) tel = V(A s|te) . Let u be the first variable such that u # t and u ¢ FTV(te) u FTV(te2) . The result

now follows from the following calculation.
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FLOVA s]te)] ]

FIVEA u] (ted): ] [def. of substitution]
IFP o (abstr F[(te});,, 1)

IFP o (abstr ( F[te]] o 1d[F[te2] /1] ) ) [induction hypothesis]
IFP o (abstr, 7 [[telsl]] ) o Id[F[te2] / t] [#[te2] is independent of u , property (4.2.6) ]
IFP o (abstru(T[[te]] o Id[Pu/s]) ) o Id[F[te2] / t] [induction hypothesis, F[u] = Pu]
IFP o (abstr 7 [teD o Id[F[te2] / 1] [F[te] is independent of u , property (4.2.5) |

FLv(A s|te)] o Id[F[te2] /1] .

As a consequence of theorem 4.4.2 we have

Fltels 5] p = Fltel] (pl[FLte2]p /1) (4.4.3)

for all teljte2 € Texp ,t € Tvar and p e Tenv . This relation shows that substitution in a type

expressions can be replaced by substitution in the type environment.

As expected, the semantics of a recursively defined type does not depend on the name of the

bound variable,

Theorem 4.4.4.

Let te € Texp and tue Tvar.If u¢ FTV(te), then

FIV(A t]te)] = FIV(A ulte ).

Proof. Using the previous theorem this result can be proved by a straightforward calculation,

FIv(A | teltl)]]
t
IFP o abstr, 7 [[teu]l

IFP o abstr, ( Flte] o Id[P /1) [theorem 4.4.2.]
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IFP o abstr 7 [te] [F[te] is independent of u , property 4.2.5.)]
FlviA t|te)] .

Finally we mention a technical result which will be used in section 5. From part v) of the

proof of theorem 4.4.2. we infer that if uZt and t ¢ FTV(te) U FTV(te2) , then
Syt
abstr 7 |[(tcu)t e2]| = ( abstrsfl[te]] ) o Id[F[te2] / t].
Hence we see that under the same assumptions

(abstr F[(te®) ] ) p = abstr F[te] ) (pIF[te2]p / 1)) (4.4.5)

for every type assignment p.
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S.SEMANTICS OF EXPRESSIONS

5.1.States.

The value of an expression e e WTE(A) depends on the values of the free variables
occurring in it. The function that defines these values is called a state. Hence a state maps each free
variable of an expression to an element of a specific c.p.o. . Which c.p.o. that is depends on the
assumption A and the type environment p . Therefore we define for A e Assumptions and

p € Tenv

STy A =T FLT,]p | x € WTV(A) ) (5.1.1)

i.e. the set of functions & such that o(x) € [t A(x)]]p for all x € WTV(A) . Elements of STp A

are called states .

Definition 5.1.2.
Let A e Assumptions and p e Tenv . Moreover, let x € Var and tx € Texp such that F A » tx

and let d € F[tx]p . Then for o e ST 0.A we define the function o[d/x] € ST by :

P, A;x X
old/xl(y) = ifysx—d[JyZx— o i
Moreover, for A; € Assumptions and p;e Tenv such that WTV(A;) ¢ WTV(A) and F[t Al(x)]l P

=Flz A(x)]]p for all x € WTV(A,) we define the restriction ¢ ' WTV(A,) e ST by :

PLAY
(o ' WTV(A)) x) = 6(x)
Note that if also + A; » tx then

old/x] I (WTV(Apxix)) = (6 | WTV(AY) [dfx] (5.1.3)
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5.2.Semantic mappings

The meaning of an expression e is given by a family of mappings £ = <€ 0,A | pe Tenv,
A e Assumptions> such that for p and A the domain of £ 0,A is WTE(A) and for all expressions
e € WTE(A) we have Ep’AI[e]I € STp,A — f]['tA(e)]lp . Hence given a state © € STp,A ,
£ 5 A[[e]lc indeed yields a value in the domain Ff=z A(e)]!p .

Definition 5.2.1.[Semantic mapping £ b al
Let pe Tenv and A e Assumptions . For all titx € Tvar; te,tel € Texp; x € Var; e,el,e2,f1,f2 ¢ Exp

and o € STp,A the mapping 5p,A e I1 {STp,A — T[['I:A(c)]]p | € € WTE(A)} is defined by :

1. Ep,Aﬂ:(btm | teY]o = p
where D = Flte]p

2, Ep,A[[x]]o = 6(x)

3.1. Sp, A[(up e)]Jo =<0, 0, Al[e]]c>TD
where D = F[t A(x)]]p

3.2. £ 0, Al(down e)]o =
£& alelo=11p  —1p
(] EP,A[C]IG =<0d>pp —d
fi
where D = Ft A(x)]]p

4.1. Ep,AI[(inl el | e2)]o = <1’gp,A[el]]6>D1+D2

Sp,A[(inls el | te2)]o = <1,.1‘,"),A[t31]|cs>D1 oD,
where D; = .’F|[1A(cl)]]p , D = Fte2]p
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42. & 5. AlGnr tel | e2)]o = <2’8p, A[[GZ]](DDI +D,

Ep,A[(inrs tel | e2)]o = <2,£p,AE:62]|0'>D1 &D,
where Dy =F[tel]p , Dy =7F[t,(e2)]p

note that <1,¢Dl>Dl ®D, = ‘D, ®D, = <2,¢D 2>D1 ®D,"

43. £ \[(sumf1 )]0 =

(xde D+Ds

ifd=1pp, —ip

[d= <1,d1>Dl +D, — (5p, alfl}o)dp
0 d=<2dp>p — (€, Alf210)(d)

fi
)
where D — D = :F[['EA(fl)]Ip ., Dy— D =7F[t,()]p

Sp,A[(sums fl 2)]Jo =
(k de Dl @Dz
lifd = <1’d1>D1 oD, (Ep,Al[fl]Ic)(dl)
[Jda= <2’d2>D1 ®D, — (Ep,A[[fZ:ﬂO')(dz)
fi
)
where D; — D = T[['cA(fl)]Ip , D,— D= ?[['tA(fZ)]]p

5.1. SP,AI[(prol e)YJo = nl(Ep,A[[c]lc)

&, altpror e)]o = Ez(fp, alelo)
where m= (x <d1,d2>D1XD2 e DixD, ] dyp

and %y = (X <dp,d> € DxD; | dy)

DIXDz
and DpdD, = Flz, (@]p
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£, Altprols ©)Jo = yi(£; s[e]0)

Ep, alprors e)]o = Wz(gp, alelo)
where Y= (\ <didp>p gp €D1®D; | ifdy =1y — upy (dr#up — dif)
and Yy = (X <d1’d2>D1 ®D, € D;®D; | ifdy= ip, lD2[| d; # ip, — d, fi)
and D;eD; =7F[t A(c)]lp

note that <d1,¢D2>D1 ®D, = J_Dl 8D, = <4.D1,d2>D1 ®D,
gp,A[[(Pmd el e2)]o = <£p,A[[°1]]°’£p,A[[°2]]G>D1xD2
SP’AI[(prods el e2)]o = <¢‘,'pA|[~el](5,8p",_,&[[32]|c5>D1 ®D,
SP’A[(X xix | e)Jo=(deD| Ep,Al[e]o'[d!x])

EP’AI[(XS x:tx | e)Jo =
(kdeD
|lifd =+

_’_L

D E

(] d= i — p,All[e]lo{d/x]

fi

)

where Aj=Axxitx , D=F[ix]p , E= TI[‘cAl(e)]Ip

fp’A[(appls fe)lo= gp,A[f]]G (EP,A[[e]G)
. R

£p,A[[(1ntm V(A t[te) | e)lo=a (Ep’Ai[e]]o)

&, Altimvat]te) | 9l = a (€, s[e]o)
where (D,(aL,aR)) is the initial fixed point of the endofunctor F = (abstrt FleDp
on the category C = CPOPR obtained by applying the inverse limit construction to

the @ — chain <Fh~, Flu | 0<n>with u the unique morphism from Lo to

F(1) - Note that D = F[v(A t|te)]p , F(D) = Fltet

VA (| i}P » & € Hom(FD).D)
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and o € Hom(D,F(D)), cf(BH88,SP82]

8. Ep,A[(A t| etel]o = £p1,A1|[e]](orWTV(A1))
where py = p[F[tel]p/t] , A;=Ast

Remark. All clauses of definition 2.5.2 are of the form

gp,AI]:C:HO' = ¢( 5p1,A1|[61]|01, ’gpn,An[c“J]O“) ,0=n

where e€q,....6, are the constituting subexpressions of e, and ¢ 1is some function. This is a proper

definition iff

— if e € WTE(A) then e € WTE(Ai) ,for 1€i<n
- o: Tﬂ:tAl(cl)]pl XX ﬂ[tAn(en)]!pn — f[’tA(e)]]P

For all clauses but 7 and 8 this is trivial. For clause 7 we consider the case (elim v(A t|te) | e)
only. The case (intro v(A t|te) | e) will then be evident. For all A ¢ Assumptions such that

(elim v(A t|te) | ) e WTE(A) :

(i) Flep(elim v(A t]te) | e)]p

Flviatite)]p

(IFP o (abstr, F[te]))p

IFP((abstr, 7| [teDhp)

IFP(F)

By rule ER7.2 it follows that e € WTE(A) and, moreover,

(ii) Flz @]1p

= 7:[[t‘a'\tz(A t]te)}P
FlrelplFIvA tlte)]p / 8]
FltelplIFP(F) / 1
((abstr, F[te])p)IFP(F)
FAIFP(E))

i
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Since aL is an embedding from F(IFP(F)) into IFP(F) it follows that clause 7 is a proper
definition. From rule ERS8 it follows that if (A t| e)tel € WTE(A) then e € WTE(A). Since the
introduction of the rightmost type variable t in A; invalidates type assignments for variables in
which the type expression depends on t and that occur to the left of it (see rule ER2), it follows that
WTV(A) ¢ WTV(A) . Moreover, for x € WTV(A) it holds that T Al(x) = T A(x) and that
te FTV{(t AI(x)) . Hence

Hrp ey

Tty (0lpFltel]p /] [thm.4.4.1]
Flry 0Ip

Flrp e

and therefore ¢ ! WTV(A) € ST OLA; is properly defined.

O

In the sequel we shall frequently need to compare the meanings (values) of a single
expression under similar assumptions and in similar states. The following property indicates that if

these similarities are strong enough the respective values are equal.

Property 5.2.2.

For all A;,Aj; € Assumptions ; pe Tenv; ee Exp; 6y¢ ST Al and Op € STp A, :

P
If FArpe:te

FAype:te
1 ) WTV(AQ) = Oy ) WTV(AI)

Then gp,All[c]Gl = gp,Azﬂ:c]le
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5.3.Substitution and o—conversion.
In order to prove the soundness of the B-reduction rules (see chapter 6) we have to
determine the meaning of expressions containing substitutions. For each of the two kinds of

substitutions in expressions (see chapter 1) we present a substitution theorem,

Theorem 35.3.1.[Modification of type environment]
For all A € Assumptions ; pe Tenv ; t € Tvar ; te € Texp; e e Exp; D ¢ Obj(CPOPR) and

Ce STp’A:

If FA»eite (*)
t ¢ FTV(e:te) (*%)

Then Ep, alelo= Spl, All[e]l o1
where p1=p[DN] , Aj=A;t and 61=0 | WTV(A))

Proof. By induction on the structure of expression e¢ ., We prove only a limited number of difficult

cases. Assume (*) and (**).

1.1 Let e=x
1.2. x € WTV(A)) [(*),(x*),ER11.1]
1.3. gp,Al[c]IG = 0(X) = Gi(X) = £P1,A1|[x]]61 [(1.2),def.£]
2.1 Let e=(Ay:ity | )
2.2, Let d € Flty]p . Moreover, let A, ¢ Assumptions and o5 € STp, Ay be such that
Ag = Ajy:ty oy = o[d/y]
2.3. Let tf e Texp be such that [(*),(2.2),ER6.1]
a)FAw»ty,tf
by F Ag» £ tf
c)te Sty — tf

2.4.  FTV(e:te) = FTV(ty) u FTV(f) v FTV(tf) [(2.1),(2.3¢)]
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2.6.
2.7.
2.8.
2.9.

2.10.

3.1
3.2.

33

34.
3.5.
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a)te FTV(ty)
b) t ¢ FTV(f:tf)
FAyute £ tf
FAgysty» £otf
WTV(Ayt) = WTV(Ayy:ty)

(62 I WTV(Ayt) I WIV(Ayy:ty)
= (old/y] | WTV(Azt) | WTV(Agy:ty)
= (old/y] 1 (WTV(Apy:ty)) F WTV(AgD)
= (o | WTV(Ap)[d/y]l } WTV(Azt)
= oild/y] } WIV(Az0

o alhyy | Dlo
= (kde Fltylp | £ o [flo2)
= (RdeTlylp | £, A 4[fI02IWTV(AzD)
= (deZlylp [ &5, A yylflouldiy])
= & A [Ryty|Dlon

Let e = (elim v(A s|tf) | f)

a)i—A»f:tfz(Aslﬁ-)

b) te = V(A s|tf)
FI'V(f:tf\S,( As| i

FTV({f) v (FTV(H)\ {s}) U FTV(v(A s|tD)

H

FTV(f) U FTV(V(A s|tD)

il

FTV((elim v(A s|t)) | £) : V(A s|tf))
= FTV(e:te)
te FTV(f:tfi(Asltf)) A te V(A s|th)

[(*%),(2.4)]

[(2.3b),(2.5b),ER11.1]
[(2.6),ER12.3]
[ER12.3]

[(2.8)]
[(5.1.3)]

[def.£]

[(2.3b),(2.5b),IH]
[(2.6),(2.7),(2.9),prop.5.2.2]

[def.£]

[(*),ER7.2]

[(++),(3.2).(3.3)]

Let (A,(aL,aR)) be the unique IFP resulting from the inverse limit construction with

functor (abstr_ 7 [te)]p
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3.7.

3.8.
3.9.

4.1.
4.2,

4.3.

4.4.

4.5.
4.6.
4.7.
4.8.
4.9.
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Let (B,(BL,BR)) be the unique IFP resulting from the inverse limit construction with
functor (abstrS Flte)p[D/]

Since t ¢ FTV(V(A s|t)) , by (3.4), it follows that the functor (abstrS F[HPp is indepen-
dentof t,i.e. (abstrS FHhp = (abstrs FiaHDHp[D/t]

ol = gl [(3.5),(3.6),(3.7)]
£, Alelim VA s|th) | D]o

= o €, Alflo) [def.£]

= B €, A[fl0) G.8)]

= B (€, 4 [flov ((3:2).3.4)1H]

= 891,A1|[(dim v(As|tf) | Hloy [def.£]

Let e={(As| Dfl A s#t

Let Ay e Assumptions ; pp € Tenv and o€ ST be such that

P2.Az
Az = A;s pz = pF[if1]p / s] o, =0 | WIV(Ag)

Let tf € Texp be such that [(*),ER8]
a)F Ay» fotf

b) te “a d\:f 1
FTV(e:te)

FTV(e) v FTV(tf:

)
fl
(FTVH {s}) v FTV(fl) v (FTV(H\s})

(FTV(f:th)\ {s}) v FTV(tf1)

t ¢ FTV(f:tf) [(+*),(4.1),(4.4)]
pa[D/t] = py[F{tf1]p / 5] [s#t,def.p1,p2]
FAutef:of [(4.3a),(4.5),ER11.1]

FAgs» £tf [(4.7),ER12.1]
Since WTV(Ayt) = WTV(Ay:s) it follows that
(G, | WTV(AzD) ! WTV(Agps) = (07 | WTV(Ags)) | WTV(Ag0)
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5.1.
5.2

5.3.
5.4.

5.5.
3.6.

5.7.
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£, AlAs| ifi]o

B gpz[D/t],Az;t[[f] o2 TWTV(Agst)

i} 8[31[7[&'1]] p/ S],A2;t[[f:|| 2 fWTV(Aq;t)

i} Spl[ﬂ[tﬂ]p /s8] ,Al;s[f]cl tWTV(A;s)

£, 4,14 s| Dif1]oy

i

Let e = (At| Hifl
Let tf € Texp be such that
kA »f:tf
b) te =ty
FAjts £ tf
Since WTV(Ay = WTV(A;t) it follows that
o) | WIV(Agt) =(o; P WTV(AgD) | WTV(A)
t ¢ FTV(tfl)
plF[tf1]p /1]
= pIDAIAtf1]p / 1]
= plF[tl]p /1]
= piF[1]p{D/] / 1]
= pilF[f1]p,/ 1]
£, ALA ] Dtf1]o
= &irreet]p 7 0,4, L0
= Eo,AiLIp, / 0,4, L1

€0 ALt ]p, / 1, At T1O1 T WTV(Agt)
- gp],Alﬂ:(At| f)tfl]]o'l
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[def.£]

[(4.3a),(4.5),IH]

[(4.6)]
[(4.7),(4.8),(4.9),prop.5.2.2]
[def.£]

[(*),ER8.1]

[(5.2a)]

[(+#)]

[(5.5),thm4.4.1]

[def.£]

[(5.6)]
[(5.22),(5.3),(5.4),prop.5.2.2]

[def.£]
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Theorem 5.3.2.[Substitution of type expressions for type variables in expressions]

For all p e Tenv ; A;,A; € Assumptions ; t € Tvar ; te,tel € Texp; e € Exp and o€ ST

If FA;»tel
FAtA; » eite

FTV(A;t) n FTV(Ag) = ¢

t —
Then Ep,Al;A?‘:ﬂ[[etel]lc = gpl,Al;t;Agl[e]]Gl

where p1=plFtel]p/t] and o;=cIWTV(A;Ay)

t

()
(**)

{#*x*)

Proof. By induction on the structure of expression e . We prove only a limited number of difficult

cases .Assume (*),(¥*) and (*¥*),

1.1. lete=x

12. xe WTV(A;tAy)
t
1.3. EP,A1;A2:el[xtcl]G

= 8P’A1;A2:el|[x:ﬂo

o(x)

It

a1(x)

EPLAﬁt;Az[[x] %
2.1. Let e=(Ay:ty | )
2.2. Let tf € Texp be such that
a)F At Ay ety , tf
b) F AptiAgyity » £ tf
2.3. te FTV(Agy:ty) = FTV(Ay)
24 T e = Flylps

[(+%)]

[subst]

[def.£]
[(1.2)]
[def.£]

[(**),ER6.1]

[(++5)]
[(4.4.3)]

2.5. Let d e F{ty]lp; . Moreover let A3 € Assumptions and O3 € STpl AgtAs be such that

Az = Agyity o3 = o1ld/y]
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3.5.

3.6.

3.7.
3.8
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old/y] t WTV(A;tA3)
(o ! WTV(A5A0[d/y]
o1[d/y]

O3

&

p.AAsL [fic101d]

tel
€ o Ast A, LHOIAY] T WTV(ALEAS)

gpl,Alit;A3[f]]c3
t
fomsag [0y | Diglo
ot
gp,Al;Az,Ecl[(l Y1 | ftel)]]o
t
xdeFlty,Ip | £, 4. A3;d[fieﬂ°[d/ﬂ )
(xde Flty]p: | Spl,Al;t;A3|]:f]]G3 )
'SPl#"H;t;Azl[(l yity | Dloy

Let e = (elim v(A s|tf) | )

(A s|tf)

Let r be the first type variable such that
r#t A re FTV(f) A re FTV(tel)

with functor (abstr, T[(tfi);el]])p

with functor (abst:rS FItpq

(abstr, WD, 1Dp = (abstrg F])py
o = pL

. t
EP,A1;A2:cl [(elim V(A s]tf) | Dre 1]0

= gp,Al;Ag,tel[(eﬁm V(Arl(ﬁi):cl | t.:el)]]c
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[(5.1.3)]

[(%),(2.2b),(2.3),]H]
[2.6)]

[subst.]

[def.£]

((2.4),2.7)]
[def.£]

[ER7.2]

Let (A,(aL,aR)) be the unique initial fixed point resulting from the inverse limit construction

Let (B,(BL,BR)) be the unique initial fixed point resulting from the inverse limit construction

[(4.5.2)]
[(3.4)—(3.6)]

[(3.1),subst]
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4.3.

4.4.

4.5.
4.6.
4.17.
4.8.
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4.10.
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H

L
o (Sp,Al;AZECI I[f:caljc)

L
aL(SplsAl;t;AZ[f]Gl)
B (£P1,A1;I;A2[f]cl)
= £P1,A1;I;A2|{(elim v(Asith | H]oy

Let €= (As| Difl

Let tf € Texp be such that
a)F AptiAgse £ tf

b) te o tf:fl

Let r be the first type variable such that
r#t A re FTV(tel) A re FTV({f:tf)

Let p, € Tenv and A, € Assumptions and o, € ST

p2 = pafF[tf1]py / s}

PrAn

Az = (Az;r)tel ps3 = p[?[tfltel]lp /1]
Ag = Agir pa = p3lFltel]ps / 1]
As = Ags ps = pa[Flrlp4 / 5]
FAptAygsrs £ tf

FAGAg» T

FAGAs» £otf

FAptA,» fsr : tfsr

te FTV(AqyT)

P4

psl#ltellps /]
pslFLtelIpF[tf1;, Ip /1] / 1]
p3[Flellp / 1]

pIFLtEL 1 Ip /xiF[tel]p / 1
pIFLtf1]py / 11[F{tel]p / 1]

i

48

[def.£]

[(*),(3.2),(***),IH]
[(3.7)]
[def.£]

[ER8]

,2<n<5, be such that

Gy = 07 | WTV(Ay;t;Ags)
03 =0 | WTV(Ap:A3)
64 =03 [ WIV(AjAy)
05 = 04 | WTV(AptAs5)
[(4.22),(4.3),ER11.1]
[TR2]
[(4.5),ER12.1]
[(4.6),(4.7),ER14]

[(+++),(4.3)]

[def.pal

{def.ps]
[(4.3),thm.4.4.1]
[def.ps3]
[(4.4.3),def.p(]
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= p[F[tellp / tl[F{tf1]p; /1] [4.3)]
= p1[F[tf1]py /] [def.p1)
4.11. Ps
= patFlr]pa /] [def.ps]
= Palpa(r) /5] [def.F]
= pal(p1[FTtf1]py / 1])(x) / 5] [(4.10)]
= pg[F[tf1]p1 /s]
= puF[tE1]py / I[F[tf1]py / 5] [(4.10)]
= pi[F[f1]p, / sUF[tF1]p1 /1]
= palFldllp) /1] [def.p]
412, os5=0! WIV(A;tAxns) = 03 | WTV(A;5;Ag;8,1)
M3 6t [CAS] DD o
= & ApA 2:61[(1\ r| (€)1 ;1o [subst.,(3.1)]
= &, AL As[(t‘:)tel]lq [def.o3,def.£]
= £ Apealflos [(),(4.8),(4.9),[H]
= &35 AptA,lTlos [(4.6),(4.7).IH]
= &g AptAysrT102TWTV(ALLAzs) [(4.5),(4.7),(4.12),prop.5.2.2]
= £, AutAyslflo2 [(4.2),(4.3),(4.11),thm5.3.1]
= £ Aua,L(As| Dfl]o; [def.c,,def .£]

Theorem 5.3.3 [Renaming a bound type variable]

For all p e Tenv; A € Assumptions ; s,t € Tvar; te,tel € Texp; e € Exp and G ¢ STp Al

If FA»tel (*)
F Ast» eite ()
s ¢ FTV(e:te) (¥¥%)
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Then e, Al exello =& ,[(As] eotel]o

Proof. Assume (*),(¥#%) and (*#%%),

1. Let p1.pse Tenv; Ay,Ay ¢ Assumptions and oy e ST PLA; oy € ST p2,As be such that
A=At p1 = plFtel]p /1] o1 =olWTV(A)
A; = A;s pa = plFtellp / s] Gy = 6 WTV(A,)
2. FAy»s [(1),TR2]
3. FApsre:te [(1),(%*),(**%),ER11.1]
4, Since FTV(A) c FTV(A,) it follows from (*) and prop.2.4.1 that
F Ay e tel
5. FAxjtre:te [(3),ER12.1]
6. (o I WTV(Axt) F WTV(Ag;s)

= (6 | WTV(AgD) | WTV(Ays)
= (6 | WTV(Ags) | WTV(Axt)
= (61  WTV(Ay;s)) I WTV(Az

7. poAFLs]p2 / t]
= palpa(s) /1] [def.7]
= pa[FAtet]p /1) (D]
= p[Fltellp / sl[F[tel]p /1] [(D]
= p{Fltel]p / tl[Fltel]p / s]
= pilFltellp /5] (V)]
8. gp,A[[(A 5| c;)tel][O'
= £, alelon [def.€]
= Epz[T][S]] 03/ thAy t[[e]l G FWTV(Ag;t) [(2),(5),thm5.3.2]
= sz[;'[s]] P2/ tLAL [e]o1IWTV(Ays) [(3),(5),(6),prop.5.2.2]
= & [Flte1lp / 51, As[E101 T WTV(ALS) @
= gpl,Al[c]GI [(#),(**%),thm5.3.1]
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= gp,A[(A t| exel]o [def.£]

Theorem 5.3.4.[State modification]
For all A € Assumptions ; pe Tenv ; tejtel € Texp ; x € Var ; eeExp ; © € STpA and

d; e Fltellp :

If FA»tel (*)
FAre:te (*¥)
x ¢ FV(e) (k%)

Then Ep,A[[e]]G = Ep,Al[c]]ol
where Aj;=A;xitel and 6 = o[dy/x]
Proof. By induction to the structure of expression e . We prove only a limited number of difficult

cases, Assume (*) and (¥%).

1.1, Let e=y

1.2. Y#X [(*%),(1.1)]
13. & \ylo=oy) =0y =&, 4 [¥lon 1(1.2)]
2.1. Let e=Ayite2 | ) A xZy
2.2, Let dj e F[te2]p and let A, € Assumptions and o3 € ST 0,As be such that
Ay = Ajy:te2 G, = O[dy/y]
2.3. Let tf € Texp be such that [(**),ER6.1]
AFAwte2 , tf
by Ag» fitf
c)te =y te2 — tf
2.4. F Ag» tel [(*),ER11.2]
2.5. x ¢ FV(f) [(x*%),(2.1)]
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2.7.
2.8.
2.9,
2.10.

3.1.
3.2

3.3.
3.4.
3.5.

4.1.
4.2,

43.

4.4.
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WL RN 13 L
F Ayxitel » £ tf

FApyite2 e fotf

o,[dy/x] | WTV(A;yite2) = o1[do/y] } WTV(Agx:tel)
Ep,Al]:(l yite2 | Dlo

dy ¢ 7 e2lp | £ 5 [fl02)

(R dy e FIe2lp | £ 5 oq [FlO2ldVR)

(xdy e FLe2lp | £, 5 eplfloilds])

= SP»All[(l y:te2 | HH]oy

Let e=(Ax:te2 | f)

Let tf € Texp be such that

aykFAwrte2, tf

b) F Ajx:ite2 » £ tf

c) te =, ty — tf

FApx:ite2 e f:tf

old/x] I WTV(A;;x:te2) = o4[d/x] ' WTV(A;x:te2)
8P,A|[(l yity | Hlo

(rdeFltylp | £

P A Yty

(k de f[ty:ﬂp I gp,Al;y:ty

= & A [ yity | Dloy

(flold/yl)
[f]oild/y])

Let e=(As| fifl
Assume without loss of generality that
s ¢ FTV(tel)

Let Aj € Assumptions and o e ST p

Ay =Ass p2 = plF[if1]p / s]

F Ay » tel

52

Ay be such that

[(2.4),(2.3b),(2.5),IH]
[(2.3),(2.4),ER11.2]
[(2.5),ER12.2]

(x £yl

[def.£]

[(2.6)]
[(2.7).(2.8),(2.9),prop.5.2.2]

[def.£]

[(**),ER6.1]

[(3.2b)]

[def.£]
{(3.3),(3.4),prop5.2.2]
[def.£]

[thm.5.3.3]

0, =0 | WTV(Ay)

[(*),(4.2),ER11.1]
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4.5. Let tf € Texp be such that {ER8]
FAy e fiotf

46. xeFV() [(4.1),(+%)]

4.7. F Axpxitel » £ tf [(4.5),(4.6),ER11.2]

4.8. FApse fotf [(4.2),(4.7),ER12.4]

4.9, o,[dy/x] | WTV(Ays)

= (6 I WIV(A))ldyx] I WTV(Ays)
= (o[dyx] | WTV(Ayx:tel)) I WTV(Ay;s) [(5.1.3)}
= (07 I WTV(Agx:itel)) I WTV(Ay;s)
= (o] } WTV({A;s8)) F WTV(Agyx:tel)

4.10. &, Al s| Dif1]o
= &,8,L100 [def.£]
= &5, Agxite1 [f10210Vx] [(4.4).(4.5),(4.6),TH]
= &o, Ags [flo]ITWTV(Ay;s) [(4.7),(4.8),(4.9),prop5.2.2]
= &.a,lAs] Dfl]oy [def.€)
O

Theorem 5.3.5.[Substitution of expressions for variables in expressions]

For all p e Tenv; A € Assumptions ; tel € Texp; x € Var;e,el e Exp and G ¢ STp Al

If FA»el:tel (*)
FAj»e:te (**)
X —
where A;=Axitel and o= 0[5p A[el]]c / x]
Proof. By induction on the structure of expression € . We prove only a few difficult cases.

Assume (*) and (¥%),
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1.1.
1.2,

2.1.
2.2,

3.1.
3.2.

3.3.
3.4.

3.5.
3.6.
3.7.
3.8.
3.9.

3.10.
3.11.

CHAPTER 5

Let e=x

£, alxci1o
Ep’Al[cl]]c

= G[&'p’A[el]]c / X] (x)
= gp,All[x]lol

Let e=y A y#x

&, aAlve1lo = £ ADvlo = o) = oiy) = £ , [vloy
Let e=(Ay:ite2 | D)

Let z be the first variable such that

z#x A ze FV() A ze¢ FV(el)

Let D =Fte2]p and de D

Let A, ¢ Assumptions and o, ¢ ST PA, 2<n <5, be such that
i in

Ay = Agyite2 Gy = o1[d/y]

Az = Ajzite2 o3 = o[d/z]

Ag = Agxitel O4 = c3[£p,A3[61]|G3 / x]
As = Ayy:te2 Os = 64[5'), A4IEZ]IG4 /'yl
FAjz»rel:tel

b A £ tf

FAg»z:te2

FAs» f:tf

£p’A3|[e1]|<53 = EP,A[el]lc
FAqyzite2w f:tf
Os
= 0al€; p,[2104 /Y]
04l 04(2) / y]
64[(0[d/Z][5p, A3[€1]03 /x1)(2) 1yl

I
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[(3.10) in thm.2.5.4]
{(3.8) in thm.2.5.4]
[(3.7) in thm.2.5.4]
[(3.6) in thm.2.5.4]
[(*),(3.2),thm.5.3.4]

[(3.5) in thm.2.5.4]

[def.0'5]
[def.£]
[(3.4)]
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= o4ld/y] [z # x]
= old/zl[€; 5 [ellos /xDid/y] [3.9]
= o€, 5 [e1]os / xlidiylId/z] [z # x]
= o[£, ALello / x1[d/ylld/z] (3.9
= oy[d/y][d/z]

= oyld/z]

3.12. £y AL y:te2 | f),Jo

= £p, Al zite2 |(f>z’)§1)jgc [(3.1)]
= (deD | £, , [E)]05) [def.]
= (kdeD | £, A4[f32’]]o4) [(*),(3.6),1H]
= (&deD | £ 4 (f]os) [(3.7),(3.8).1H]
= ®deD [ £ 5 ., erlfloald/z]) [(3.8),(3.10),(3.11),prop.5.2.2]
= (xdeD | Sp, Az[[f]]cg) fthm5.3.4]
= Sp, AII[OL yite2 | Hloy [def.£]

4.1. Let e=(As| Hifl
4.2. Assume without loss of generality that [thm5.3.3]
s¢ FTV(el:tel)

4.3. Let A, e Assumptions p; € Tenv and o5 € ST 0.A; be such that
Ay =A;s pa = plFLtf1]p / s] o, =0 [ WIV(Ap
4.4.  Let tf e Texp be such that [(**),ER8]
FAgsef:tf
4.5, FA»el:tel [(4.5) in thm.2.5.4]
4.6. FAgyx:itel » £ tf [(4.6) in thm.2.5.4]
4.7. o | WTV(A,)

(6 | WTV(Ap) t WTV(A)

o, | WTV(A)
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4.8.
4.9.

4.10.
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WTV(Ay;s) ¢ WIV(Agxitel)

(GAE, o [e1]02/xD) T WTV(As)

(Gol€ plel]o/x) P WIV(Azs)

(o I WIV(AIIE, plello/xD) T WTV(Ags)
(G[Sp, A[[cl]]G /x] P WIV(Ayx:tx) ) P WTV(Ays)
(01 | WIV(Azx:tx) ) | WTV(Ays)

o1 I WTV(As;s)

&, AL 5| ﬂtfl):l]lcr

£, Alas] fgl)tﬂ]]o

€, A2[[f:1]| G2

€0, Ayxite1 [102LE, Ale1]0 /%]

gpz,Al;Sl[f]]Glr W'T U(AI;S)

&, 4,1 5| Dift]oy

[ER12.3]

[(*),(4.5),(4.7),prop.5.2.2]

[(4.8)]

[subst]
[def.£]

[(4.5),(4.6),1H]
[(4.4),(4.6),(4.9),prop5.2.2]

Renaming bound variables should and indeed does not alter the meaning of an expression.

Theorem 5.3.6.[Renaming a bound variable]

For all p € Tenv; A € Assumptions ; G € STp Al te,tel € Texp ; x,y € Var and ee Exp:

If

Then

and

FA»tel
FAxitel»e:te

y ¢ FV(e)
0 — * X
EP’A[(?L xitel | e)Jo = SP,A[OL yitel | ey)]IG

i - ) X
EP,A[{(Z.S x:itel | e)]o = £p,A[[(Z.s yitel | ey)]]c

Proof. Assume (¥),(**) and (**%),
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Let D=F[tel]p and de D
Let A, ¢ Assumptions and Gp € STP, Ay’ 0£n<4, be such that
A= Axiel 6, = old/x]
Ay = Asyitel G, = o[d/y]
Az = Agxitel O3 = Gz[fp’ Az[y]o'z / x]
Ay = Apy:tel o4 = O1[d/y]
FA;»tel
FAy» ytel
FAgwre:te
FAsre:te
o3 |
= 02l&, p,ly1o2 /%]
= 03[0a(y) / X]
= Ozld/x]
= oy(dfy]
= o4
gp,Ag[e;:ﬂGz
= EP,ABI]:CJ]Gg,
= Ep,A4|[c]|G4
= Ep, Al[e]]cl
Ep,A[(l yitel | e;)]io
= (xdeD| £, Azl[e;]o'z)
= (xdeD | gp,Alﬂ:e]IGl)
= f,'p,A[[(l x:tel | e)]o

The case of strict A—abstraction is proved similarly,

O
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[(*),ER11.2]

[(*).ER2]
[(*+),(***),(4),ER11.2}
[(5),ER12.2]

[(4),(5),thm.5.3.5]
[(5),(6),(7),prop.5.2.2]
[(3),(**),(*#**),thm.5.3.4]

[def.£]
[(8)]
[(2),def .£]



CHAPTER 6

6.SOUNDNESS OF REDUCTION
6.1.Introduction.

In chapter 3 we have introduced a set of reduction rules for expressions. Furthermore, we have
shown that for expressions el and €2 such that el » e2 their values Ep, Al[el]]c and 8p’ A[eZ]]O‘
are members of the same domain F[t A(el)]]p = Flz A(e2)]|p . In this chapter we prove that the
reduction rules of chapter 3 are sound, i.e. reducing an expression yields an expression with the same

value. In order to prove this result we need some elementary properties.

Property 6.1.1.[strictness]
For all A € Assumptions; pe Tenv; G e STp A te,tel € Texpand f € Exp :

If FA»fite O tel

Then (Ep,A[f]G) CUrle]p’ = *7[tel]p

Property 6.1.2.[normal form]

For all A e Assumptions ; p € Tenv ; 6 € ST 0.A and ee Exp:

If e is in normal form
d v WTV(A
an ( XE V( ) | G(X) # J-T[TA(X)]IP )
Then Sp,AI[c]IG # l}'[TA(C)]P .
3]
6.2.Soundness.

Theorem 6.2.1.[soundness]

For all A € Assumptions ; pe Tenv; g e ST 0.A and el,e2 e WTE(A) :

>
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If el »e2
and (Vxe WIV(A) | o(x) # LT[[TA(X)]] 0 )
Then Sp,Al[el]lc = gp’AI[BZ]O'

Proof. It is sufficient to prove the soundness of each of the rules v thru 1 . Apart from rules ©s, 74,

Tts, By, Bo and Ps this is a trivial exercise using definition 5.2.1.

Rule o5: (sums f1 £2) » f, provided x ¢ FV(f)
where  fl = (As x:tel | (appls f (inls x | te2))) (*)
and 2 = (As x:te2 | (appls f (inrs tel | x))) (+*)
Assume x ¢ FV({) (*xx)

1. The lefthandside of o5 is an element of WTE(A) iff
a)F A» tel,te2
b) there exists a type expression te € Texp such that F A» f:tel @te2 Gte
2. Let Dy = Fltel]p , D, = Fte2]p and D = Fte]p . Moreover, let
Ap=A;xitel and Ay = Ajxite2
3. Since x ¢ FV(f) it follows by (1), (**#*) and rule ER11.2
thatk Ay» f: (tel ®@te2) Ote and F Ay » f: (tel @te2) D te.
Hence F[ty (O]p = Fltp Dlp = F[1,0]p -
4. For de Dy :
Ep’ Al[[(appls f (inls x | te2))]old/x]
&, A, Lf]old/x] (&5, [Gnls x | 1€2)]old/x])
= gp,Al[[f]]U[d/X] (<1’£P,A1[[x]6[d/x]>D1 GBDz)
Sp, Al[[f]]U[d,/x] (<1,d>Dl GBDz)
= gp,A[f]lG (<1,d>D1 @Dz) [(1a),(1b),(***),thm5.3.4]
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Similarly one proves for d e Dy :

Ep, Az[[(.'alppls f (inrs tel | x))]o[d/x]
= £p,A[f]]0 (<2,d>Dl GBD;»)

Sp, A[fl][o'
= (k de Dl

lifd = J_Dl — 1p
[]d= ip, — £ 5, Al[|:(appls f Gnls x | te2))]old/x]
fi

)
(kdE Dl

lifd = tp, — EP,A[f]G (<1,1Dl>Dl EBDz)

[Jjd= tp, SP,A[f]]O' (<1,d>Dl GBDZ)
fi

)

= (kdeDy | Sp’AI[f]]o (<1,d>Dl @Dg))

Similarly one proves that
£y al2do=(xde Dy | £ ,[flo (2> o1 ))
Ep,AI[(sums fl 2)]o

= &deD;®D,
lif d = <1’d1>D1 oD, (gp,Al[ﬂ]]G) (dp

0 d=<2d>p op, — (€, Alf210) @)
fi

)

60
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H

(kdeDyeD,
lif d = <1,d>
—_

[] d=<2,dy> flo (<2,dy>

D@D, — épal

fi
)
=(kdeD; @D, | 5p,A|[f]|G(d) )
= Ep’Al[f]Ic
Rule 7y : (prols (prods el €2)) » el

Assume e2 isin normal form.

(Vx e WIV(A) | 00 # 1570 37

1. Let D, = ?I[tA(el)]Ip and D; = T[['l:A(eZ)]]p
2. £ o Al(prols (prods el e2))]o
= (< EP,A[[cl]]o , £p,A[e2]]0 >D, ®D, )
= if Ep’A[e2]|0 =ip, — ‘p,

f Ep’A[GZ]]U #ip, — EP,A[eI]]G
fi

Similarly one proves the soundness of rule 75 .

Rules By, B2, Ps:

Dy®Dy - gp,A[f]G (<1’d1>D1 @DZ)

D& Dg)

[(5)]
[(5)]

provided e2 in normal form

(*)
(*%)

[(*),(**),prop.6.1.2]

The soundness of rules By and B, follows from a simple computation using theorem 35.3.2.

The soundness of rule B3 follows from theorem 5.3.1.
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7.A TYPED FIXED POINT COMBINATOR
7.1.Syntax.
In the type free lambda calculus every term can be considered as a function. Moreover, every
term (function) has a fixed point which can be computed using a fixed point combinator. The most

well known fixed point combinator in the type free lambda calculus is the Curry combinator
p=@Af| Ax | f(xx)) Ax | f(xx)))

A simple calculation shows that for every term g the terms pg and g(ug) are convertible; so pg
can be considered as a fixed point of g . It can be shown that in the D_ model of the type free

lambda calculus W corresponds to the least fixed point operator, see for instance Wadsworth [Wa76].

In this chapter we show that similar results hold for the typed language described in this
report. Let te be an arbitrary type expression. In this section we shall describe an expression (u|te)
with type (te — te) — te ,which can be considered as a typed version of the Curry combinator. In
(u{te) a recursively defined type will be used. Some properties associated with the corresponding
domain (found by the inverse limit construction) are given in section 7.2. Finally in section 7.3 we

show that in the appropriate domain (i |te) corresponds to the least fixed point operator.

In this chapter we use the following abbreviations

w = V(At|t —te) (7.1.1)
where t is the first type variable such that t ¢ FTV(te) and

g = (Ax:w | (appl f (appl (intro w|x) x) ) . (7.1.2)
A typed version of the Curry combinator is then given by

((te) = (f:te — te | (appl g (elim w|g)) ). (7.1.3)

It is an elementary exercise to show that the following type inference rule holds
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A » te

A» (ufte) : (te — te) — te

The following theorem states that (p|te) is a syntactic fixed point combinator.

Theorem 7.1.4.
Let f:te— te.Then (appl (it|te) f) and (appl f (appl (u|te) f) ) have a common reduct.

Proof. The theorem is easily proved by the following computations.

(appl (1 |te) f)

» (appl g (elim wig)) [B1]
» (appl (A x:w | (appl f (appl (intro w|x) x)) ) (elim w|g) ) [(7.1.2)]
= (appl f (appl (intro w| (elim w|g)) (elim w|g)) ) (B
» (appl f (appl g (elim w|g)) ) [e2]

Also
(appl f (appl (1 |te) f) )
» (appl f (appl g (elim w|g)) ) (Bl

which proves the theorem.

]

Note that, although (appl (u|te) f) and (appl f (appl (u|te) f)) have a common reduct, it is not
possible to reduce one of these terms to the other. The same property holds for the untyped Curry
combinator. For the untyped lambda calculus there exists another fixed point combinator, the Turing
combinator ', such that p'f reduces to f(u'f) . A typed version of the Turing combinator, with

similar properties as described in this report, can also be given, see for instance Struik[St88].
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7.2.Technical results.
In the construction of (u|te) we used the recursive type w = V(A t|t — te) . In a type
environment p the corresponding domain W is obtained in the following way. Let the functor F:

C — C be given by

F = (abstrt Flt — tel)(p)
Then, following the semantics of type expressions as described in section 4, we get

W = F[v(At|t — te)]p = IFP(F). (7.2.1)
A simple computation (using the definition of abstrt given in section 4.1) yields that

F = FSo<I,CB> :C—=C

where LCp : C — C are respectively the identity functor and the constant functor corresponding to
the domain B = F[te]p. Recall that in the category C ( = CPOPR ) a morphism « € Hom(A,Ay) is
apar o =(C(.L,0'.R) , Where aL : Ay — Ay is an embedding and aR : Ap — A, is a projection, i.e.

L R _. R L _.
oo gldA2 and o o —1dA1 (7.2.2)

If o is an isomorphism, then in the first relation equality holds and

R

@hHt =o® | @R =«

The composition of the morphisms o = (aL,aR) e Hom(A,A;) and B = (BL,BR) € Hom(Aj,Az) is
given by

Boo = (BLoaL,aRoaL).
From the definition of the function space functor FS (see for instance [BH88], where this functor is
called A) it follows that (recall B = F[te]p )
- if A e obj(C), then F(A) = [A — B],
- if oo e Hom(A,Ay) , then F(o) € Hom( [A; — B],[A; — B] ) is defined by

Fl®) = £oo® for £c[A,— BI, (7.2.3)
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Fo)Ra) = no ol for 1 e [Ay— B].

The object W is constructed in the following way. Let Dy be the initial object in the
category C , i.e. Dy is the one point c.p.o. Let Dk = Fk(DO) for k=1. Since Dy is initial, there
exists a unique morphism Wy € Hom(Dy,Dy) . Let Vv, = Fk(lpo) for k21 .Then A =
< (Di’wi) >°i° -0 is an w—chain in C. Since C is an ®w—category this (0—chain has a colimit (W,x) .
This defines the (an) object W . To see that W is a fixed point of the functor F, we consider the

w——chain A' = <(F(Di),F(\pi))>°.1° 9 = <

=] . . .
. .. St !
i+ 1Yie1) Zi=0 Since F is an w—continuous functor

it preserves colimits. So (F(W),F(@)) ( where F(o) stands for < F(ar) >i°=°0) is a colimit of the
w—chain A' . Apart from the first element of A, the chains A and A’ are identical. Thus (W,o)
and (F(W),F(a)) are both colimits of the same w—chain, which implies that there exists an

isomorphism [ e Hom(F(W),W) . The situation may be elucidated by the following figure.

Yo Vi Yk
A . DO ————h Dl ¥ ree » Dk \ /: Dk+1
W
B I [ !
/ F(W)'\
A" F(Dp) F(D,) + F(D,) > ED, )
F (o) F(yy) K By e+l

Now the following properties hold (see for instance Smyth and Plotkin[SP82] or Bos and Hemerik
{BHER]).

ofoay  Cidy (7.2.4)
aooN T idp (7.2.5)
B o 0,1 = Floy) (7.2.6)
BoFly) = oy 4 (7.2.7)
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* L R _.
kgo oy 0 0y = idy, (7.2.8)

Define the mapping P:W—WbyP = ocll'(‘ o OLE . Then (7.2.4) and (7.2.8) can be written as
P L idy (7.2.9)

and

oo
u

P, = id (7.2.10)
oo k W

Since Dy is the one—point ¢.p.o. and a% is strict, we have
Po(x) = 1y forall xe W (7.2.11)

In the remainder of this section we give some technical lemmas, which will be used in section 7.3.

Lemma 7.2.12.

If {>k20then a{:on = (XE and Pgoai' = a}(‘.

Proof. We prove the first relation for fixed ¢ by induction with respect to k. If k =/ the result
follows from (7.2.5). Next suppose al; ) Pg = aI; and {2k2>1. Since (W,x) is a cocone for A,

R R . . . .
wehave o ; = ooy 4,50 o , = qfﬁ_l o o . Then using the induction hypothesis, we
get

R _ R p _ R _ R
Op_1°Pp = “’11)2-1”‘1(01’;? = ‘1‘11)2—1"“1( S

The second part of the lemma can be proved in a similar way.

A

Lemma 7.2.13.
If X220 and £20 then PkoPg = Pmin(k,t’)'

Proof. The lemma follows immediately from the definition of Py and lemma 7 2.12.

mj
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Note that if ye W , then BR(y) € F(W) =[W — B] . In the case that y ¢ Pk +1(W) the mapping

BR(y) : [W — B] has a special property.

Lemma 7.2.14.
Let xe W and £2k20. Then

BR®P 1) = BB, 6 0 P,.

Proof. The lemma follows from the following computation.

BR®,, 100
= Fy)" (@100 [L. component of (7.2.6) , (B )L = B¥y
= (aﬁﬂ(x)) o aﬁ [(7.2.3)]

i]: oP ! [lemma.7.2.12]

(o, () 0 @

7.3. Semantics.

We now show that the semantics of (ufte) is the least fixed point operator in the appropriate
c.p-0. The computation given here, is similar to the computation of the semantics of the untyped Curry

fixed point combinator as given in Wadsworth [Wa76].

Suppose that - A » te and let p € Tenv. We introduce the following abbreviations :
w = V(At|t—te),

g = (Ax:w | (appl f (appl (intro w|x) X)) ),

W = FlviAt|t—te)lp,

B = Fte]p.,

y o= o, Al[g]]o[(blf] where A; = A;fite—ite
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From the definition of the semantics of expressions, see [def. 5.2.1 case 7], it follows that
X = &, 5 [elolof] = Ade W | o(BY@) D)
where [3 is the isomorfism between F(W) =[W — B] and W . From (7.1.3) we get

£, alli]o = AoeB— Bl | xB“0))

The following theorem shows that £ 0 ali|te)]o is a fixed point operator for the domain B.

Theorem 7.3.3.
Let ¢ € [B — B] . Then for all states G e STp A

( SP’A[(““e)]c Yo = o (( gp’A[(UHG)]c Yo)

Proof. The theorem follows from the following computation,

(&, Al1|©]0) 0

= 2 B )
= o (BRe 00 Bha)
= o o Bho)
= ¢ (€5 Alu]te)]0) @)
O
Since

g = AocB—Bl| U ¢5up)
k=0
is the least fixed point operator in the c.p.o. B, we now have

Hg C EP,A[[(ulte)]lo :

The following theorem shows that in (7.3.5) equality holds.
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Theorem 7.3.6.

For all states G € STp, A
& al@fedo = pg .
Proof. We first show by induction with respect to k that for k>0

% ® B ) € o up) (7.3.7)

— Induction basis, k = 0. Then

% ®o (B“()))
= % Gy [(7.2.11)]
R
= 0 (B Gy 1y ) ((7.3.1)]
= ¢ (p). [[3R is strict]

— Induction step. Suppose (7.3.7) holds. Then

% @1 B-00)

R L L
o (PR e, oy @, BEa)) [(7.3.1)]
6 (BR @, B 0 P (B, ; BUX))) lemma 7.2.14 with £=k and x = B(0)]
o (BR @, B @ Yo )) [lemma 7.2.13]
¢ O (P (l3L(X)) )) [(7.2.9), ﬁR and ¢ are monotonic, (7.2.2)]
C ¢ @<

Il

(J_B) ) [induction hypothesis (7.3.7), ¢ is monotonic]

This proves (7.3.7) for all k=0. The theorem now follows from (7.3.5) and the following

computation.

gp,Al[(u' |te)]o

= 9e[B—BI| X(( U POB ) [(7.3.2)(7.2.10)]
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= MocB—BI| U x®E W) [x i continuous]
L (A¢e[B—B]| U ¢ g [(737)]
= Mg [(73.4)

Thus we have shown that the semantics of (u|te) is the least fixed point operator in the domain B
corresponding to the type expression te. This result means that it is not necessary to add recursion
explicitly to the language given in chapters 1 and 2. Recursion can be performed using the typed fixed
point combinator (i |te) , which can be written in terms of the already defined language. Note that

the presence of recursively defined types is essential for the construction of (u|te) .
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