
 

On the construction of a (0,2)-interpolating deficient quintic
spline function
Citation for published version (APA):
Morsche, ter, H. G. (1974). On the construction of a (0,2)-interpolating deficient quintic spline function. (EUT
report. WSK, Dept. of Mathematics and Computing Science; Vol. 74-WSK-03). Technische Hogeschool
Eindhoven.

Document status and date:
Published: 01/01/1974

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023

https://research.tue.nl/en/publications/18914219-e8f8-4165-9dba-74eaf1f70fe1


TECHNISCHE HOGESCHOOL EINDHOVEN

NEDERLAND

ONDERAFDELING DER WISKUNDE

TECHNOLOGICAL UNIVERSITY EINDHOVEN

THE NETHE RLANDS

DEPARTMENT OF MATHEMATI CS

On the construction of a (O,2)-interpolating

deficient quintic spline function

by

H.G. ter Morsche

T.H.-Report 74-WSK-03

July 1974



Abstract

y" ,

°give a simple construction

Given an arbitrary odd positive integer n and arbitrary data {Yv}~=o'

{y"}n y'" yl" Meir and Sharma [2J proved that there exists a unique
v \1=0' 0' n'

deficient quintic spline function s E c3[0,nJ, with nodes at 0,1,2, ••• ,n,

such that s(\I) = y (v = O,l, ••• ,n), s"(v) = y" (\I = O,l, ••• ,n), s'''(O) =
v v

and s'" (n) = y"'. Using generating functions we
n

of this deficient quintic spline.



- 1 -

I. Introduction

Let there be given an arbitrary positive integer n. A deficient quintic

spline function sex), defined on the interval [O,nJ, is a function satisfy

ing the following conditions:

3a) SEC [O,nJ;

b) In each interval [v,v+1J (v = 0,1, ••• ,n-1) s is a polynomial of degree

at most five.

In [2J Meir and Sharma proved that under various boundary conditions there

exists a unique deficient quintic spline function, that interpolates a given

function f and its second derivative at the nodes O,l, ••• ,n. This kind of

interpolation is called (0,2)-interpolation. The method of proof in [2J can

be used to derive an algorithm for the evaluation of the deficient spline

on the basis of the given data. This algorithm involves the solution of a

(2n) x (2n) system of linear equations.

The calculation of the deficient quintic spline we propose in this note is

based on a method due to Greville [IJ, who uses generating functions for

the construction of a natural cubic spline function interpolating a given

function at equidistant nodes. We remark that Greville's method is also

used by Metz [3J for the calculation of an interpolating spline function of

arbitrary odd degree. The advantage of the method prescribed in this note,

as compared to the one suggested in [2J, is that the deficient quintic

spline can be obtained explicitly, without the necessity of solving a

(2n) x (2n) system of linear equations.

2. The Euler-Frobenius polynomials

In what follows we will need a class of polynomials that is well known in

the theory of spline approximation. These polynimials, denoted by IT (t),
P

can be defined by the expansion

(2. I) IT (t) = (1 - t)P+1
p

00

L
j=O

(It I < 1; P = 0,1,2, ••• ) •
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It is easy to verify that they satisfy the recurrence relation

(2.2)

with TIO(t) = I.

From this relation one deduces that

TIo(t) TI 3 (t) 2
+ 4t += t

TI I (t) = TI 4 (t) = t 3
+ IltZ

+ lit + I ,
TI Z(t) = t + I , TIS (t) = t 4

+ Z6t 3
+ 66t2

+ 26t + 1 .
The polynomials TI (t) are called the Euler-Frobenius polynomials (cf. [4J,p
p. 22).

3. Statement of the problem

C' f Z 41mb "" '" '" h~ven a set 0 n + rea nu ers YO'YI' ••• 'Yn'YO' ••• 'Yn' Yo ' Yn ' t e
problem is to determine a deficient quintic spline function s in such a way

that

i) s (v) = Yv (v = 0, I , ••• ,n) ,

ii) s"(v) = y" (v = o , I , ••• ,n) ,
(3.1) v

iii) s'" (0) = y" ,
0

iv) s'" (n) = yIlt
n

Assuming that n is an odd positive integer, it is established in [2J that

the above problem (3. I) has a unique solution. As is remarked in [2J, the

boundary conditions iii) and iv) can be replaced by similar ones, without

destroying the existence and uniqueness of the solution. Our method of con

struction as will be developed in section 4, also applies to these cases.

4. Construction of the deficient quintic spline function

s (x)(4. I)

It is clear that every deficient quintic spline function satisfying s (0) =YO'

s"(O) y" and s"'(O) = Y"' can be represented in the formo 0

1 2 I 3 n-I 4 S
= Yo + 2'Yox + '6Yo' x + yx + L (a. ° (x - j) + BJo (x - j) +)

j=O J +
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m
where. as usual. the truncated power function z+ is defined by

(z ~ 0)

(z < 0) •

Using (4.1) the second derivative of sex) is given by

(4.2) s"(x) = y"+ y"'x + 12a a
n-I n-I
I Ct

J
" (x - j ): + 20 L Bj (x - j) ~ •

j=O j=O

Now our problem is to determine the parameters y, Cto, ••• ,Ctn_I,BO, ••• ,Bn_I

in such a way that

rV

) •

y (v = 1, ••• , n)v
s"(v) = y" (v = 1, ••• , n)

s'" (n) = ;~"

Substituting x = k+ 1 (k = 0,1,2, ••• ) in (4.1) and (4.2), we obtain

s (k + 1) = YO + ..!. y" (k + 1) 2 + ..!. y'" (k + 1) 3 + y (k + 1) +
2 a 6 0

min(k~n-l) 4 5
+ 1. (Ct" (k + 1 - j ) + S " (k + 1 - j) )

j=O J J
(4.3)

s"(k+I)
min (k ~n- 1) 2

= y" + y'" (k + 1) + 12 L Ct" (k + 1 - j) +
o a j=O J

min(k n-I) 3
+ 20 2 S" (k + 1 - j) •

j=O J

Let H (t) denote the infinite seriesp

00

(4.4) H (t) = I (k+I)Ptk
(p 0,1, ••• ) ,

P k=O

that converges in the interior of the unit circle.
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We further introduce

00

lJ (t) I
(4.5) k=O

00

p (t) = I
k=O

(s(k+ I) -y -1. y"(k+ 1)2_1. y'''(k+ 1)3)tk
·02 0 6 0

(s"(k+ I) -y" -y'" (k+ I»tk
o 0

Since sex) is a polynomial of degree at most five for x ~ n, these series

also converge inside the unit circle.

Moreover, we denote by A(t) and B(t) the polynomials

(4.6) A(t) = B (t) =

As a consequenceof (4.3), (4.4), (4.5) and (4.6) one has the identities

In view of (4. I) there follows

s"' (x) =
n-I n-I

yo' + 24 La. (x - j )+ + 60 L 8
J
• (x - j):

j=O J j=O

(4.8)

Substituting x = n in this equation we obtain

n-I n-I
y~' - yO' = 24 L a.(n-j) + 60 L 8.(n-j)2.

j=O J j=O J

In this connection we note that the coefficient of tn-I in the expansion of

24H 1(t)A(t) + 60H2 (t)B(t)

is also equal to the right-hand side of (4.8).

From (4.7) if follows that

where

A(t)
wI (t)

wet)
B (t)
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20H3 (t) (0 (t) - yH I (t» - ~! (t)H
S

(t)

Taking into account formula (2.1) one gets

(4.9)

In order to calculate the parameter y in the representation (4.1), it turns

out to be convenient to write

(4.10)

where

WI (t) 240 (1 -8 2 2IT IIT
3

) 240(1 - t)-6 ,= - t) (3IT - =2

w2 (t) 240 (l -
-6 2 -4

= t) (2IT 1IT 3 - 3IT2) = -240(1 - t) ,

w
3

(t) = 12(1 - t)-8(SJI
Z

JI
4

- 2JI
I

JI
S

) = I2(I-t)-6(3t2 +I4t+3)

In view of this and formulae (4.9), (4.10) it folLows that

(4. 11) 24H
I
(t)A(t) + 60H

Z
(t)B(t) = 30 zy- 30~I - t) cr(t) +

1 - t + t

9tZ + 4Zt + 9
+ p (t) •

Z(I - t
Z)

As a consequence of formula (4.8) and the remark immediately following (4.8),

the coefficient of t n- I in the expansion of the right-hand side of (4.11)

must be equal to y~' - Yo'. Assuming that n is an odd positive int~ger, one

thus obtains an equation for the parameter y. Hence, in this case, y is uni-
n-I .quely determined. If, however, n is even, then the coefficient of t ~n the

expansion of (1 - t Z) is equal to zero and y cannot be evaluated. We note

that this phenomemen is completely in agreement with the existence theorem

as given in [2J. SO, from now on we will assume that n is an odd positive

integer.
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Putting

1 - t
00

9t2
+\' ~ 42t + 9--= i a~t ,1 + t L _ t 2)R.=O 2(1

we easily obtain that

00

L
t=O

b tt
t

(4.12)

t
= 2(-1) , (R, = 1,2, •.• ) ,

9, b l = 42, b2 = 18, b
t

= b
t
- 2 , (t = 3,4, ••• ) •

By our above remarks and taking into account formulae (4.11), (4.12) and

the conditions (3.1), a simple calculation yields

(4. 13) y'" - y'"
n 0

n-l (n _ k) 2 (n _ k) 3
= 30y - 30 L (Yn-k -Yo - 2 y" - 6 YO')~ +

k=O 0

n-l
+ ~ L (y" . - y" - (n - k)y'O" )bk '

k=O n-k 0

which enables us to give an explicit expression for the parameter y. What

remains is the calculation of the parameters aO,al, ••• ,an-l,80, ••• ,8n-l'

Substituting x = 1 in (4.1) and (4.2), we get two equations for the two pa

rameters aO and 80 , from which these parameters can be easily determined.

Next we substitute x = 2 in (4.1) and (4.2) to calculate the parameters a l
and 81, We continue this procedure up to and including x = n. This completes

the construction of the deficient quintic spline function.
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