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Synopsis

A thennodynamic theory for dielectric and magnetic relaxation phenomena in polarizable

and magnetizable fluid mixtures consisting of n chemical components among which r chemical

reactions are possible is developed. Using the general methods of non-equilibrium thennodynam­

ics a polar and an axial vector field are introduced as internal thennodynamic degrees of freedom

in the entropy in order to investigate the possibility of cross effects among dielectric and mag­

netic relaxation and heat conduction, electric conduction, diffusion flow, viscous flow and chemi­

cal reactions. The phenomenological equations for these irreversible processes are fonnulated.

The symmetry relations and the Onsager-Casimir reciprocity relations for the phenomenological

coefficients are derived. The Curie principle is stated and among other things it is seen that, if the

fluid mixture under consideration is isotropic with respect to all rotations and to reflections of the

frame of axes (isotropy under all orthogonal transfonnations), there are no contributions in the

expression for the entropy production due to the cross effects among magnetic relaxation

phenomena and the other irreversible phenomena.

(i) This work is supported by the Gruppo Nazionale per la Fisica Matematica of the Consiglio Nazionale
delle Ricerche (C.N.R.), by the Nederlandse Organisatie Voor ZuiverWetenschappelijk Ondenoek (Z.W.O.)
IJld by the Department of Mathematics and Computing Science of the Eindhoven University ofTecbnology.
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Sornmario

Utilizzando i principi ed i metodi generali della tennodinamica dei processi irreversibili si

sviluppa una teoria tennodinamica per i fenomeni di rilassamento dielettrico e magnetico che

avvengono in miscele fiuide polarizzabili e magnetizzabili, costituite da n componenti chimici fra

cui sono possibili r reazioni chimiche. Introducendo un campo vettoriale polare ed uno assiale,

come gradi interni tennodinamici di liberta, nell'espressione della entropia si studia la possibilita

di interazione fra fenomeni di rilassamento dielettrico e magnetico e conduzione del calOJ'e, con­

duzione elettrica. flusso diffusivo della materia, fiusso viscoso e reazioni chimiche. Si fomulano

Ie equazioni fenomenologiche per questi fenomeni irreversibili. Si derivano Ie relazioni di sim­

metria e Ie relazioni di reciprocitA di Onsager-Casimir per i coefficienti fenomenologici. Si for­

mula il principio di Curie e tra I'altro si osserva che, se il sistema ftuido considerato presenta

proprietA di simmetria invarianti rispetto a tutte Ie rotazioni e Ie rifiessioni del sistema di rifer­

imento (isotropia sono tutte Ie trasfonnazioni ortogonali), nell'espressione della produzione di

entropia non sono presenti contributi dovuti alIa interazione fra i fenomeni di rilassamento mag­

netico e gli altri fenomeni irreversibili.
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1. Introduction

Studies on dielectric and magnetic phenomena have been developed in 1.6) with the help of

the thennodynamics of irreversible processes (see references I, 6-9). Furthennore, in 10) a thenno­

dynamic theory for some types of dielectric and magnetic relaxation phenomena in polarizable

and magnetizable media is fonnulated by assuming that a polar and an axial vector field occur as

internal thermodynamic degrees of freedom and that these fields influence the polarization and

the magnetization, respectively. Snoek's equation for magnetic after-effects is derived and

Debye's theory for dielectric relaxation phenomena in polar fluids is obtained as a special case of

the developed theory.

In reference 11 it is shown that if Z is a vectorial internal degree of freedom which

influences the polarization, a new internal degree of freedom p(W) may be defined, which may

replace Z as internal variable, which is a function of Z only and which is introduced in such a

way that it is a part of the total polarization p. The remaining part p(er) is given by

p(el) = p _ p(W). (1.1)

The vector p(el) has the property that it vanishes for all values of p(w) if the medium is in states

where the temperature equals some reference temperature and the mechanical elastic stress and

the electric field vanish. Furthennore, p(el) is proportional to the electric field E and it is called

the elastic part of the polarization because a sudden change in the electric field E leads to a sud­

den change in p(el). Sudden changes in p(inl) are impossible and for this reason p(illl) may be

called the inelastic part of the polarization. Furthennore, from (1.1) p(w) is a measurable quan­

tity in contradistinction to an arbitrary "hidden" vectorial internal degree of freedom. If p(W) is

chosen as internal variable, in the linear approximation and in the isotropic case, the Debye equa­

tion is obtained.

Analogous results are obtained for magnetic relaxation phenomena.

A different formulation of the theory developed in references 10 and 11 is given in refer­

ence 12, where it is assumed that all changes in the polarization and magnetization are irreversi­

ble phenomena since they are connected with the motion of any kind of microscopic particles,

which cannot be infinitely fast (see also reference 13).

In this paper, using the general methods of non-equilibrium thermodynamics, we study

dielectric and magnetic relaxation phenomena in fluid mixtures.

By introducing a polar and an axial vector field, which play the role of thermodynamic

internal degrees of freedom, we investigate the possibility of cross effects among dielectric and

magnetic relaxation, heat conduction, electric conduction, diffusion, viscous flow and chemical

reactions.

Some phenomena of the type "cross effects" have already been studied. In particular the

cross effects between heat conduction and electric conduction have been discussed (see for

instance chapter XIII of reference 1). The relativistic theory of heat conduction and electric con­

duction has been studied in references 3-6. The relativistic theory of polarizable and magnetizable
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media has been fonnulated in references 14-16. Furthennore one of us investigated the influence
of tensorial internal degrees of freedom on the mechanical behaviour of materials and the possi­
bility of cross effects among the mechanical phenomena connected with these tensor fields and
heat conduction. electric conduction. viscous flow. dielectric and magnetic relaxation.

In this paper. in section 2 we consider a polarizable and magnetizable fluid mixture consist­
ing of n chemical components among which r chemical reactions are possible and we give the
first law of thermodynamics.

In section 3 the physical assumption is introduced that the entropy depends not only on the
internal energy. the specific volume. the polarization vector. the magnetization vector and the
concentrations of the n components but also on two internal variables: a polar and an axial vector
field. The entropy balance is obtained and it is seen that the entropy production is composed of a
sum of tenns. where each tenn is the inner product of two factors of which one is a flux and the
other is the thermodynamic force. or affinity. conjugate to the flux.

In section 4 the phenomenological equations for the irreversible processes of heat conduc­
tion. diffusion of matter. viscous flow. changes in the vectorial internal degrees of freedom and
chemical reactions are formulated and the possible cross effects among these irreversible
processes are explicitly obtained. Some symmetry relations and the Onsager-Casimir reciprocity
relations for the phenomenological coefficients are derived.

In section 5 it is seen that symmetry properties of the fluid mixture under consideration may
have the effect that the Cartesian components of the fluxes do not depend on all Cartesian com­
ponents of the thennodynamic forces (Curie principle) and in the case of isotropy with respect to
all rotations of the frame of axes the phenomenological equations and the expression of the
entropy production are derived.

Finally. in section 6 it is shown that if the fluid mixture has symmetry properties invariant
with respect to all rotations and to reflections of the frame of axes. fluxes and thermodynamic
forces of different tensorial character (polar or axial) do not couple. Therefore. there are no con­
tributions due to the cross effects among magnetic relaxation phenomena and the other irreversi­
ble phenomena in the expression for the entropy production.

2. The law of conservation of mass, Maxwell's equations and the first law of thermodynam­

ics

Let us consider a fluid mixture consisting of n chemical components. among which r chemi­
cal reactions are possible (see reference 1). Let this mixture be influenced by an electromagnetic
field.

The conservation of mass is expressed by the relation

~~ =-div pv t

where p is the total mass density

(2.1)
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(2.2)

where p(k) is the mass density of chemical component k and v is the barycentric velocity given by

In the preceding relation V(k) is the velocity of component k.

Using the equation (2.2), the relation (2.1) can also be written in the fonn

an /I
~ = -div (1: p(k) v(k}).
at k=1

We define the specific volume v by

v = p-I.

(2.3)

(2.4)

(2.5)

The substantial (material) derivative with respect to time is the linear operator defined by

d a 3 a- =- + 1: v y - , (2.6)
dt at 'FI axy

where ;t is the local derivative with respect to time, which appears on the left-hand side of

equation (2.1), x I , X 2 and x3 are the coordinates of a point in space with respect to an orthogonal
Cartesian frame of axes fixed in space and VI, V2 and V3 are the components of the velocity field
with respect to this frame.

With the aid of the equations (2.5) and (2.6), the conservation law (2.1) may also be written
as

dv d'P lit = IVV.

The mass fraclions C(k) are defined by

c (k) =p(k) I P (k =1, 2, ... , n).

From this definition and (2.2) we obtain

/I

1: C(k) = 1.
k=1

The diffusion flow ofsubstance k with respect to the barycentric motion is defined by

Using (2.2) and (2.3) we obtain from this definition

(2.7)

(2.8)

(2.9)

(2.10)
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(2.11)

(2.12)

(which means that only n -1 of the n diffusion flows are independent).

The following balance equations hold for the c(A:) (see reference 1)

de (A:) r
p -- =-divJ~~) + L v(kh) J~~km) (k = 1,2, ... , n),

dt "=1

where v(kh) ~~Lm) is the production of component 1per unit volume and per unit time by the h-th

chemical reaction, the quantity v(kJI) divided by the molecular mass M(A:) of component k is pro­

portional to the stoichiometric coefficient with which the component k appears in the chemical

reaction h and J~~km) is the chemical reaction rate of reaction h.

Maxwell's equations for the electric and magnetic fields read (in the rationalized Gauss sys­

tem)

rot H _1. dD =1. I,
c dt c

div D = p(el) ,

1 dB
rotE+- -=0,

c dt

div B =0,

(2.13)

(2.14)

(2.15)

(2.16)

where p(el) is the electric charge per unit volume (electric charge density), I is the density of the

total electric current, c is the velocity of light, E and B are the electric and magnetic field

strengths respectively, D and H are the electric and magnetic displacement vectors.

We indicate by e(A:) the charge per unit of mass of component k, the total charge e per unit

of mass of the system is given by

(2.17)

where we have used the equation (2.8).

In the equation (2.13) I is defined by

(2.18)

In the equation (2.14) p(el) is given by

(2.19)

and satisfies the law of conseIVation of charge (see for example reference 1)
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(2.20)

By applying the definition (2.10) and the equation (2.19), (2.18) can be written in the fonn

"1= p(el) v + L e(t) J{~ ,
t",}

(2.21)

where on the right-hand side the first tenn p(el) v is the electric current due to convection, the
second tenn is the electric current due to the relative motion of the various components, which is
called the conduction current j(") , Le.

Finally, we define the polarization vector P and the magnetization vector M by

P=D-E,

M=B-H

and the vectors of the specific polarization p and the specific magnetization m by

p=vP.

m=vM

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.28)

(with v given by (2.5».

The first law of thennodynamics for polarizable and magnetizable fluid mixtures in an elec­
tromagnetic field reads (see reference 1)

du 3 dear, dn dm
p - = -div J(q) + L t~ -- + j(") • E +PE· ..::...J:.. +P B· -. (2.27)

dt a,p= 1 dt dt dt

In (2.27) u is the specific internal energy of the system, j<q) is the heat flow, taP is the mechanical

stress tensor and fop is the strain tensor defined by

F_D=1.[dUa+ au,,]
-up ':'l ':'l (a, ~ =1, 2, 3) •

2 oXp oXa

if we suppose that the defonnations and the rotations of the medium are small from a kinematical

point of view. In (2.28) u is the displacement field of the medium. In a first approximation ~ £.ajs

is given by

JL F ...... =1.[ dVa + dVP]
-up ':'l ':'l (a. ~ =1• 2. 3).

dt 2 oXp oXa
(2.29)

as may be shown from (2.28).

In the equation (2.27) all the quantities are per unit of volume and per unit of time. On the right-
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hand side the first tenn is the heat supply, the second tenn is the work done by mechanical stress

the third tenn is the Joule heat, p E· ~~ is the work done by the electric field to change the

polarization, p B· d:- is the work done by the magnetic field to change the magnetization.

Now, letA~ be an arbitrary tensor field of order two. The deviatorA~ and the scalar part

A ofAa' are defined by

_ 1 3

A~ =A~ - 3" (L An) S~
y= 1

and

(2.31)

Hence,

and

3 _

L An=O.
y= 1

(2.32)

(2.33)

Moreover, ifAa , is symmetric alsoA~ is symmetric and reversely.

From the definition (2.28), it is obvious that £~ is a symmetric tensor field.

Furthennore, from the equations (2.28), (2.30) and (2.31) it follows that the scalar part £ and

the deviator Eap of~ are given by

and

1 d'E= - IV U
3

With the aid of (2.34) the equation (2.7) may also be written as

dv -3 dE
Pdt- dr'

(2.34)

(2.35)

(2.36)

In a first approximation, if we replace in (2.36) P by lIvo, with Vo the specific volume in the

reference state (Le. the state of the medium with respect to which the diplacements of the medium

are measured), we obtain

v =vo(l +3 E). (2.37)
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3. The balance equation for the entropy

Let us introduce the physical assumption that the specific entropy s (Le. the entropy per unit

of mass) for polarizable and magnetizable fluid mixtures is a function of the specific internal

energy u, the specific volume v, the specific polarization p, the specific magnetization m, the con­

centrations c (k) of n components (k =I , 2, '" , n) and a polar vector field p(illt) and an axial

vector field m(iIIt) which represent thermodynamic internal degrees of freedom and which give

rise to dielectric and magnetic relaxation phenomena, respectively

s =s(u , v, p, m, p(iIIt) , m(illt) , c(1) , c(2) , ••. , C(II». (3.1)

We shall define the temperature T, the scalar field p(eq). the vector fields
E(eq) • B(eq) • E(iIIt) , B(iIIt) and the scalar fields u(k) (k =I, 2, ... , n) by

T-l = ;u s(u, v, p, m, p(iIIt) , m(iIIt) , c(1) , c(2) , ..• , C(II» , (3.2)

p(eq) =T ;v s(u, v, p, m, p(iIIt) , m(iIIt) , c(1) , c(2) , .•. , C(II» , (3.3)

E(eq) =-T dd
p

s(u, v, p, m, p(illt) , m(iIIt) , c(1) • c(2) , ••• , C(II» , (3.4)

B(eq) =-T d: s(u, v, p, m, p(iIIt) , m(iIIt) , c(l) , c(2) , ... , C(II» , (3.5)

E(iIIt) = T d s(u v p m p(iIIt) m(illt) c(1) c(2) C(II» (3.6)dp(iIIt) "" , , , , ... , ,

B(iIIt) = T d s(u v p m p(iIIt) m(iIIt) C(I) c(2) C(II» (3.7)dm(iIIt) "" , , , , ... , ,

J.l(k) = -T d :(k) s(u, v, p, m, p(iIIt) , m(iIIt) , c(1) , c (2) , ••• , C(II» , (3.8)

(k = I, 2, ... , n).

From (3.1) we obtain for the differential of s

T tis =d u +p(eq) dv _E(eq). dp - B(eq). dm +

+ E(illt). d p(iIIt) + B(iIIt) • d m(iIIt) - ±J.1(k) d C(k) ,

k..l
(3.9)

where we used the equations (3.2) - (3.8).

An expression of the type (3.9) for tis is called Gibbs relation. In (3.3) - (3.7) p(eq) is the

equilibrium pressure, E(eq) is the equilibrium electric field, B(eq) is the equilibrium magnetic

field, E(iIIt) and B(illt) are the vectorial thermodynamic affinities conjugate to the internal vari­

ables p(iIIt) and m(iIIt), respectively. E(iIIt) is a polar vector field, B(iIIt) is an axial vector field. In

(3.8) J.l(k) is the thermodynamic or chemical potential of component k.
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If we neglect in (3.9) the tenns E(iIII). d p(illl) and B(iIII). d m(illl) the equation reduces to

equation (5.5) on pag. 386 of reference 1.

Now. we define (see for instance reference 19) the mechanical pressure tensor P oj! by

Paf>=-'taf> (a.p=1.2.3). (3.10)

where 'taf> is the mechanical stress tensor which occurs in the equation of motion and in the first

law of thennodynamics.

The viscous stress tensor 't~) is defined by

't~) ='taf> - 't~) (a. p=1, 2, 3) ,

where 't~) is the equilibrium stress tensor.

Hence,

For a fluid we have

't~) =-P (eq) 5ap (fluid) (a, p=I , 2, 3).

From (3.9) it follows that

T ds = du + p(eq) dv _ E(eq). dp _B(eq). dm +
dt dt dt dt dt

(illl) dp(iIII) (iIII) dm(iIII) II (1) de (1)
+E· +B· - :£ ~ --.

~ ~ 1~ ~

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

By eliminating the internal energy u from (3.14) and (2.27) we obtain the following equa-

tion

ds 3 . dtap
P - =1 1 {-div J<q) + :£ 't~) -- + j(el). E +

dt a.lFl dt

+ P E(ir) • .4.P.. +P B(ir). dm + p E(iIIt). dp(iIIt) +
dt dt dt

dm(iIII) II dc(l)
+ PB(int). _ p :£ ~(1) --I.

~ lsI tIt

In (3.15) we have introduced the definitions of the irreversible electric field E(ir) and of the

irreversible magnetic field B(ir), given by

(3.16)

and
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(3.17)

and we have used the equations (2.7), (2.34), (2.36), (3.11) and (3.13).
(k)

We multiply both sides of (2.12) by !!:..- and sum over k. Introducing the so-called chemi­
T

cal affinity of the reaction h, defined by (see reference 1)

/I

A .(h) =L I-l(k) v(kh) (h =1 , 2, ... ,r),
k=l

we obtain

n II dC(k) II

L... L lJ.(k) --=-div (T-1 L lJ.(k) J~~!ff)} +
T 1=1 dt k=1

,. [ (k) ] r+ L J~~ff) • grad !!:..- +T-1 L A .(11) ~~km).
k=l T h=1

Moreover. we introduce the notations

A(II)=-A·(h) (h=1.2.···.r).

(3.18)

(3.19)

(3.20)

we define the thennodynamic force '!:.(k) conjugate to the diffusion flow ofmatter J~~!ff)' by

1I;(k) = - (T grad [ ~;)] - .(k) E) (k = 1. 2•...• n) (3.21)

and we write the following equality (obtained with the aid of the equation (2.11»

If we define the vector X(k) by

X(k) ='!:.(k) _ '!:.(f1) • (k = 1• 2. '" • n - 1),

the equation (3.22) becomes

(3.22)

(3.23)

(3.24)

Using in (3.15) the definition (2.22) of j(d) and the equations (3.19) - (3.24), it is easy to

write the equation (3.15) in the fonn of a balance equation. i.e.

P ds =-div i.l') +0(.1'),
dt

where i.l') is defined by

(3.25)
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(3.26)

and a(s) is the entropy production per unit volume and per unit time, given by

It-I
a(s) =T-1 (_T-1 i q)· grad T + L J~~ff)· X(k) +

k=1

+ ~ 't~) de~ + p E(ir). !!i. + P B(ir). dm +
a,~1 dt dt dt

+PE(illl). dp(iItI) +PB(illl). dm(illl) + ~ A (Ia) J(Ia)", }.
dt dt ~ (c m)

11=1
(3.27)

In (3.26) J(s) is the entropy flow which is additively composed of two parts: the "reduced"

heat flow J(q) I T and the part connected with the diffusion flows of matter J~~ff)

(k = 1, 2, ... , n).

In (3.27) the entropy source strength a(s) (a non-negative quantity) is zero if the system is in

thermodynamic equilibrium.

From (3.27) it is seen that the entropy production is additively composed of eight different

contributions: the first term arises from heat conduction, the second from diffusion of matter, the

third is connected with the gradient of the velocity field giving rise to viscous effects, the terms

·th!!i. d dp(illl) ed ·th d . d di 1 . 1 . thWI d an d are connect WI entropy pro uctlon ue to e ectrtc re axatlon, e
t t·
. dm dm(iItI) . . ..

terms WIth -;Jt and dt are connected WIth entropy production due to magnetIc relaxatIon,

the last term is due to chemical reactions.

4. Phenomenological equations, symmetry relations and Onsager-Casimir reciprocity rela­
tions

It is seen from (3.27) that the expression of a<s) is a bilinear form composed of a sum of

terms, where each term is the inner product of two factors of which one is a flux and the other is

the thermodynamic force or "affinity" conjugate to the flux.

According to the usual procedure of non-equilibrium thermodynamics (see references 1 and

19) we have for polarizable and magnetizable fluid mixtures the following phenomenological

equations in which the irreversible flows are linear functions of the thermodynamic forces:

. 3 dp 3 tim
E~) =p L L~~~k -p +p LL~~ -p +

~1 dt ~1 dt
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+ r, LfPP-A EgPlt
) + r, L~~i!~ BgPlt

) -

~1 ~1

3 aT 11-1 3
- T-1 L L~~~ - + L L L~~~ X~k) +

~1 ax~ k..ll1=l

r 3 defty
+ 1: L~~~ A (II) + L L~~ - •

11=1 P.'F1 dl

. 3 dPr> 3 dm~
B~) =P L Ltij~\a~ dt + P L Ltijll)aP -;jt +

~1 11=1

+ r, L~hi'~ E&Utl) + r, L~hXf1p B&Utl) -
~1 11=1

3 aT 11-1 3
- T-1 L L~h~~ - + L L L~h~)aP X&k) +

~1 iJ X ~ *=1 Il=l

r 3 dF.<o_
+ L L~h~ A (II) + L L~h~ _ITI_ ,

"=1 P.'FI dt

d (iPlt) 3 d 3 dm
P~ =P ~ L(injJO) ....E.!. + P ~ L(i~l) --~ +

dt ~ (P)li~ dt ~ (P ~ dt
~1 ~1

3 3
+ L L~"jJ~ E~inI) + L L~~k~~ B~Utl) -
~1 ~I

3 aT II-I 3
- T-1 L L~~~) - + L L L~i'h~p X&k) +

~1 aXp k=11I=1

+ i L~~~~ A (II) + r, L~r)ixlU d£Jty ,
h~ ~'FI dl

3 3
+ L L~i1p~ E~Utl) + L L~~ B~Utl) -
~1 11=1

3 aT 11-1 3
- r 1 L LmJefd - + L L LfM"i}1p X,*) +

11=1 iJ XP k-l 11=1

(4.1)

(4.2)

(4.3)
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+ ±L~b~')l A (h) + i: L~b'~ dep., ,
h=1 11..,..1 dt

.faq) = p ~ L~~~ dPII + P ~ L~XtIJp dm ll +
11=1 dt 11=1 dt

3 3
+ 1: L~~~) E~iIlI} + 1: L~Xt~ B~iIlI} -

1F1 11=1

3 aT 11-1 3
_T-1 L L~q) - + L L L~1J~ X'k) +

11=1 ax II k=1 11=1

r 3 dF.I>._
+ L L~1:~ A(h) + 1: Li'Wi) _-_ITT ,

h=1 11..,..1 dt

(4.4)

(4.5)

- T-1 ±L~~ aT +"i ~ L~~)all X'k) +
11=1 axII k=1 11=1

+ ±L~)a A (h) + ±Lfb~ dfitr u=1,2, ... , n-1), (4.6)
h=1 11..,..1 dt

J~~~m) = p ~ L~~~~I! ddrpt
ll + p i: L~~l1~ dm

d
II +

11=1 11=1 t

+ i: L~~r~ E'iIlI} + i: L~~TI~ B'iIlI} -
11=1 11=1

3 aT 11-1 3
- r 1 L Lf~>a - + L L L~~~)ll X'k) +

11=1 axII k=1 11=1

r 3. dep.,
+ L L~~~) A(h) + L L~~>Wr - (/ =1,2, ... , r), (4.7)

h=1 11..,..1 dt

t~P=P i:L~~~ dpy +p~L~ dm
y

+
pI & ~ &

+ i:LW~ E~iIlI} + i: L~~~ B~iIlI} -
1"'1 pI
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3 aT 11-1 3 .
- r 1 L L~yq) - + 1: 1: L~D~ X~Ic) +

,..1 axy 1e=1 ,..1

+ ~ L(vi,h) A (h) + i. L(vi,vi) de."
LI (C~ LI a~'K d'

11=1 y.t=1 t
(4.8)

The equations (4.1) and (4.3) are connected with irreversible changes in the polarization and

(4.2) and (4.4) with irreversible changes in the magnetization. Moreover, the phenomenological

equations (4.5) - (4.7) are connected with the irreversible processes of heat flow, diffusion and

chemical reactions. respectively. The equation (4.8) is a generalization of Newton's law for

viscous fluid flow.

The quantities L~U~, LrP);Pp ,LrJ.~rJr. etc. which occur in (4.1) - (4.8) are called

phenomenological tensors. For instance, L~;t) is the viscosity tensor of order four,

L~t))af3 U, k =1 , 2, ... , n -1) is a polar tensor of order two connected with the diffusion flow

of substance k, L~~i» is a scalar connected with the chemical affinity of the reaction

h(l , h = 1 , 2, ... , r), L~~~ is a pseudo tensor of order three connected with the influence of

the viscous flow on the magnetic relaxation. In principle. all irreversible phenomena described by

(4.1) - (4.8) can influence each other. For instance, the second, fourth, fifth, sixth, seventh and

eight term on the right-hand sides of (4.1) and (4.3) describe the influences of magnetic relaxa­

tion, heat flow, diffusion flow, chemical reactions and viscous flow on dielectric relaxation.

Phenomena of this type are called cross effects (see references 1 and 19).

By virtue of (2.28) the strain tensor Eap is symmetric and from (3.13) and (3.3) the equili­

brium stress tensor t~) is also symmetric. Furthermore, we suppose that the mechanical stress

tensor, which occurs in the first law (2.27) and in the equations of motion, is symmetric. Hence, it

follows from (3.11) that the viscous stress t~) is also a symmetric tensor.

Because of the symmetry of £ap and t~) we can choose the phenomenological tensors

LrJ.)i" L~M~, L~~~iU ' L~xr~Wt ' L~i) ,

L~~ (j = 1, 2, ... , n -1), L~~~ (I = 1, 2, ... , r),

L (Yi I) (I - 1 2 ) L(vi yi)(CpP -" ..• , r, ~ty

so that they satisfy the following symmetry relations

L~=LrJ.~ ,

L~M~py =L~M~ ,
L (w.yi) _ L(i1l1.yO

(P)izI'y - (P)a')f5'

L~pi~=L~~,

L~Xhlk=L~ ,

(4.9)

(4.10)

(4.11)
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L~i1~=L~i1~ • L~~~ =L~~ •

L~i) =L<:$i) , L~q) =L~q) ,

L~~=L~~, L~'Ar=L~;J~ (j=1.2 •... , n-1),

L(~'i2.. =L(~vi) , L(vi I) L(vi,/) (I 1 2 )
{1.JUt' (l.}/Xl {C~ = (C)pa =" ...• r •

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(iT) (iIlJ) dm dm{inl) (II) _ 1
E ,E ,p tit ,p dl ' A (h -1, 2, ... , r), r grad T,

XCi) (k =1 , 2 •..• , n -1) and 't~1 are even functions of the microscopic particle velocities
(inl)

while P ~~ ,p d~t ' B{ir) , B(inl). i q) • J~~!ff) (k =1, 2, ... , n -1),

J~~l.em) (I =1, 2, ... ,r), dr; are odd functions of these velocities. (see references 1 and 19).

Hence, according to the usual procedure of non-equilibrium thennodynamics, we have for the
cross effects, which occur in (4.1) - (4.8), the following Onsager-Casimir reciprocity relations

L~~:9~~ =L~~:9~, L~Jill)a~ =L~M'u)pa , (4.17)

L~~p~ =L~~~, L~i1M~ =L~i1~~ ' (4.18)

L~q) =L~q) • L~~ =-L~M~)pa , (4.19)

L~t)~ =L~hB)fia U,k=l,2, ... ,n-1), L~~i» =L~N}) (/,h=l,2, ... , r), (4.20)

L~~~)l~ =-L~~p~, L~~g>ck =L~i1~~ ' (4.21)

L~~'>U =-L~~ ' L~M~>ck =L~~~ ' (4.22)

L~M1~ =-LaTM~ ,L~M~ =L~f/Ya ' (4.23)

L~~~ =-L~bP~ ' L~Mt)~ =L~hll)Pa (k =1, 2, , n -1) , (4.24)

L~~~ =-L~~;~, L~M~ =L~~Ma (h =1, 2, , r) , (4.25)

LWli~ =-L~i1j>iJ ' L~~~Y =L~ • (4.26)

L~i15U =-L~f/~, LPt/8)a =L~~i}p (j =1, 2, ... , n -1; h =1, 2, ... , r), (4.27)

L~~h~ =L~~1Ja, LOOb~ =-L~i'Y1xx (k =1, 2, ... , n -1). (4.28)

L~~ =L~h1da ' L~hB~ =-L~;J~ (k =1, 2 •... , n -1) , (4.29)

LW~~ =L~~~ ' L~')l =-L~~k~ (h =I, 2, , r) , (4.30)

L~~~ =L~~~L L~~~ =-L~~~ (h =1,2, , r), (4.31)



L~r~ =-LWrJ., L~~'~=L~X}~ '

L~~Yi) =-L~q) , L~t) =L~~i) .
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(4.32)

(4.33)

(4.34)

The relations (4.9) - (4.34) reduce the number of independent components of the

phenomenological coefficients.

s. Phenomenological equations and entropy production for media which are isotropic (with

respect to all rotations of the frame of axes)

The existence of spatial symmetry properties in a system may simplify the form of the

phenomenological equations in such a way that the Cartesian components of the fluxes do not

depend on all the Cartesian components of the thermodynamic forces. This statement is called the

Curie symmetry principle (see chapter VI of reference 1).

First, we shall suppose that the considered fluid system has symmetry properties such that it

is isotropic with respect to all rotations of the frame of axes. In this case (see for instance refer­

ences 1 and 20) the phenomenological tensorL~i) of order four must have the following form

where the scalars 1ls and Tlv are the shear viscosity and the volume viscosity, respectively.

A polar or pseudo tensor of order three Laftr must have the form

Laftr = L £~y ,

(5.1)

(5.2)

where EaJtr is the Levi-Civita tensor and L is a scalar. The right-hand side of (5.2) is invariant with

respect to all rotations of the frame of axes. Since Laftr is a symmetric tensor (see the symmetry

relations (4.9)-(4.14» one has from (5.2) in our case

Laftr =O.

HLot> is a polar or pseudo tensor of order two, it must have the form

where L is a scalar.

H a tensor Lot> has zero trace one has from (5.4)

(5.3)

(5.4)

(if the trace is zero) . (5.5)

H La is a polar or axial vector, it has the form



La=O.
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(5.6)

Using the symmetry relations (4.9) - (4.16), the Onsager-Casimir relations (4.17) - (4.34),

the propenies of isotropy (5.1), (5.3) - (5.6) and the equations (2.30) - (2.33), the phenomenologi­

cal equations (4.1) - (4.8) read in the case of media which are isotropic with respect to all rota­
tions of the frame of axes

E(iT) =PL(o.O) dpa + p L(o,n dma + L(Q.int) E(int) +
a (PP) dt (PM) dt (PP) a

(5.7)

B(iT) =-1'1 L(lk1} dpa + p LO.n dma +LO.UIl ) E(UIl) +
a t" (r'M) dt v.tM) dt v.tP) a

P
dp~N) =p(_L(lkint) dpa +LO.UIl) dma)+L(in!lUll) E(irll) +

dt (r'P) tIt v.tP) dt (Pr) a

+ L~ipJJ~N) B~int) - T-1 L~~.q) : T +IIi: L~ipM) X~k) ,
uXa k=1

P
dm~N) =p(L(O.il'lt) dpa _L(!.il'lt) dma)_L(UIl,UIl)E(iN) +

dt (PM) dt (MM) dt (PM) a

+ L(intif't) B(int) _ T-1 L(int.q) aT + 1I~1 L(irll....k) X(k)
(MM) a (M) ~ .Li (Mu) a ,

uXa k=1

J~q) =P (-L~~)q) d=t
a +L~h) m;a + L~ip~·q) E~UIl) ­

aT 11-1
- L~5q) B~rIl) - r 1 L (q,q) -- + L L~b~) X~) ,

aXa k-l

(5.8)

(5.9)

(5.10)

(5.11)

m (0') dp a 0.1) dm a (Ull') (0)
Jcd'ifJ)a = p (-L(flD) "dt +L(MD) dt) +L(pD1 Ea

llll
-

- LfA'til B~rIl) - r 1 L~j) : T +I: L~t) X~k) (j=1, 2, ... , 11 -1) , (5.12)
uXa k=1
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J(/) - ~ L(l;.h) A (h) + 3 L(l;.vi) dE
(chem) - ~ (I..C) (I..) dt'

h..l

(vi) ~ L(h vi) A (h) s: d~ dE s:
'tcXj3 = - ~ (C) ua~ +TIs ---;jf + Tlv -;Jt ua/i'

h..l

(5.13)

(5.14)

If one substirotes the phenomenological laws (5.7) - (5.14) in the expression (3.27) for the

entropy production one obtains

r/') =,' {p2 L~l [ 'Zr+ p2 Lg,J) [ d;J-
11-1

- 2 r 1 L~~,·q) E(illt). grad T +2 L L~Wh~) X(k). E(iIIJ) +
1..1

11-1 r
+ L L~1i) X(k). XU) + L L~~i» A (h) A (I) +

j.k ..l I,h ..l

3 [d- ] 2 [] 2 .. 1+ TIs L ~ + 3 Tlv de - 2 T-1 i L~M) X(k). grad T +
a,r.=1 dt dt k..l

drn .. -I drn
- 2 P T-1 L~h~) -. grad T + 2 P L L~h1i) -. X(k)} ,

dt 1=1 tit
(5.15)

where we have used the equations (2.30) - (2.33).

From (5.15) it is seen that the entropy production is a nonnegative bilinear quadratic fom
in the components of the time derivative of the specific total polarization vector, the components
of the time derivative of the specific total magnetization vector, the components of the thel1l1o­
dynamic forces conjugate to the vectorial internal degrees of freedom, the components of the gra­
dient of the temperature, the components of the thel1l1odynamic forces conjugate to the diffusion
flows of matter, the chemical affinities, the components of the time derivative of the deviator of
the strain tensor and the time derivative of the scalar part of this tensor.

Because of the nonnegative character of the entropy production, it follows from (5.15) that
the phenomenological coefficients satisfy inequalities as

L~~.p~ ~ 0, LwPr) ~ 0, L~Mll) ~ 0 ,

Lm'M~t) ~ 0, L(q,q) ~ 0, TIs ~ 0, Tlv ~ 0 ,

(5.16)

(5.17)
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Lfhj) ~ 0 (j =1 , 2, ... , n -1), L~~~~ (h =1 , 2, ... , r). (5.18)

6. Phenomenological equations and entropy production for perfect isotropic systems

In this section we consider perfect isotropic systems for which the symmetry properties are

invariant with respect to all rotations and to inversion of the frame of axes (under orthogonal
transformations). In this case it can be shown that fluxes and tbermodynamic forces of different

tensorial character (polar or axial) do not couple (see references 1 and 20).

The phenomenological polar tensorL~i) oforder four has the form (5.1).

The polar tensors of order three vanish, i.e.

Lafrr =O.

The pseudo tensors of order three keep the form

L afrt = L £afrt '

but, because of the symmetry properties ofLafrt (see (4.9)-(4.16», one has

Lafrt =O.

The polar tensors of order two keep the form

which reduces to

(6.1)

(6.2)

(6.3)

(6.4)

Lof> =0 (with zero trace) , (6.5)

if Lof> has zero trace.

The axial tensors of order two must have the form

Laf> =0.

The polar and axial vectors La vanish, i.e.

La=O.

(6.6)

(6.7)

With the aid of (5.1), (6.1), (6.3) - (6.7), the phenomenological equations (4.1) - (4.8)

become (see also the equations (4.9)-(4.16) and (4.17)-(4.34»

E~) =pL~fl~ d~ta +L~~r) E~iIIt) _T-1 L~q) :~ +
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B(;') -pL(}~n dm a +L(}~int) B(inl)
a - (;w.M) dt (MM) a ,

dp~ d 3
a (0 011I) r.p a ('-III inl) (inl) 1 (inl) aTp = -p L(p~) -- + LVP) E - r L(p),q -- +
dt dt a Clx a

11-1

+ L L~~M) X~) ,
1=1

11-1
+ L Lfb~) X~) (j =1, 2, ... , n -1) ,

1=1

J(l) = .f. L(~h) A (h) _ 3 L(vi\/) de (1 1 2 )
(chem) ~ (I.e) (C) dt =" ... ,r •

11=1

t(vi) = .f. L (vi\h) A (h) S +,,_ dea~ +" de S
~ ~ (C) ~ 'IS dt 'IV dt a~'

11=1

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

Introducing the phenomenological equations (6.8) - (6.15) in the expression (3.27) we

obtain for the entropy production the fom

a~)=r' {p' L~Pl [1:r+LW'J'}"") (EC"")' - 2 r l LW!") E'w). grad T +

+ p' L9Ilh [ d;]' +Lfjl'Jif) (B'w)' + T-' L(q,q) (gradTf +

11-1 r
+ L Lfb~) X(k). XV) + L L~bi» A (I) A (II) +

j,t=1 1,11=1

[
d- ] 2 [] 2 II 1+11" ea~ + 3Tly de - 2 T-1 i: L~b~) X(k). grad T +

dt dt k=1



11-1
+ 2 L L~~~~) X(k). E(iIIt)}.

k=1
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(6.16)

From (6.16) it is seen that there are no contributions due to the cross effects among mag­

netic relaxation phenomena and the other irreversible phenomena, because fluxes and thenno­

dynamic forces of different tensorial character (polar or axial) do not couple and from (6.6) the

phenomenological coefficients L~~it>, L~ipJif), L~jq), L~jk) (k =1, 2 •... , n -1) vanish.

In (6.16) the terms with [ ~~ ] 2 and (Fi'"")' are connected with entropy production due to

dielectric'relaxation, the tenn with E(iIIt). grad T arises from the cross effects among dielectric

relaxation and heat conduction. the teons with [ d:]2 and (8('"")' are connected with entropy

production due to magnetic relaxation, the tenns with (gradn2, X(k) • XU)

[
d- ] 2 [ ] 2• (/) (h) eaP de(k,J =I, 2, ... , n -I), A A (I, h =1,2, ... , r) and --;Jt , dt are due to the

affinities conjugate to heat conduction, diffusion flows of maner, chemical reaction rates and

viscous flow, respectively. Finally, the tenns with X(k). grad T and X(k). E(iIIt)

(k= 1,2, ... , n-l) arise from the cross effects among diffusion of matter and heat conduction

and among diffusion of matter and dielectric relaxation.

Because of the nonnegative character of the entropy production it is seen from (6.16) that

the phenomenological coefficients satisfy inequalities as (5.16) - (5.18).
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