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Scale dependence of the entropy production in
stochastic dynamics

F. Redig *M. Verschuere |

2nd July 2002

Abstract: We study the value of the mean entropy production as a function of the level of
description. We prove that by coarsening the system, we obtain a lower entropy production.
As main example we consider the Lorentz lattice gas and prove that the microscopic entropy
production is strictly larger than the one predicted by the Boltzmann equation.

1 Introduction

The value of the entropy production of a physical system depends on the level of description
and the choice of macro-variables. E.g. in [5] a reversible dynamics for fluctuations on a
macroscopic scale is derived from an asymmetric exclusion process, i.e., from an irreversible
stochastic dynamics (i.e., zero macroscopic entropy production and non-zero microscopic one).

Within the space-time Gibbsian formalism developed in [8],[9],[12], the mean entropy pro-
duction is the relative entropy density of the distributions of the forward and the backward
process. Consequently, the entropy production vanishes if the process is reversible, and the
converse can be proved for various stochastic dynamics, see [11], [13].

From the convexity of the relative entropy density, we have as a general inequality
S(QoT|PoT) < 5(Q|P), (11)

where T' is any stochastic kernel. The transition from a microscopic description towards a
more macroscopic description can be viewed in many cases as such a stochastic kernel (e.g.,
from actual positions of particles towards densities). We thus expect that going to a more
macroscopic description of a system implies a decrease in entropy production.

In this paper, we give three examples illustrating this phenomenon, and we show that the
inequality can be strict. Our first example is a 'fuzzy’ stochastic process that can be obtained
when we observe a stochastic process with “goggles” that cannot distinguish between certain
states. Secondly, we consider an effective uncoupled Markovian dynamics obtained as a ‘kinetic
limit’ of a coupled system. The stochastic Lorentz lattice gas is studied as a third example. We
compute the entropy production for the environment process (the configuration of scatterers
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as seen from a particle starting at the origin), and prove that it is zero if and only if the
scattering rule is such that forward and backward scatterings have the same probability. Next
we consider the kinetic limit which is a linear Boltzmann equation. This equation corresponds
to a Markov process of velocities, of which the entropy production can be computed. If the
scattering rule depends in a non-trivial way on the configuration of scatterers, then the entropy
production associated with the Boltzmann equation is strictly smaller than the microscopic
one.

2 Entropy production for Markov processes

2.1 Setting

In this section we briefly review some definitions and results from [12]. Let £ be a compact
metric space, and {0y : t > 0} a pure jump Markov process on 2, with generator, acting on
bounded Borel measurable functions, of the type

Lf(o) =) clo,m)(f(n) = (o)) (2.1)

7€l
where ¢(o,7) is non-negative and for each o, the set
{n:clo,n) > 0}

is finite. A probability measure u on the Borel-o-field of € is stationary for the process if for
all f:

/Lfdyz().

This implies that started with o distributed according to u, {oy,t > 0} is a stationary process.
Trajectories of the process will be denoted by w = wo<i<r, and P, denotes the path space
measure of the process started with o( distributed according to y

2.2 Time reversal
For
7:—=Q
a homeomorphism such that = o 7 = id, we define the #-time reversal ©, of a trajectory w:
(Or(w))(t) = m(w(T — 1)) (2.2)

For = the identity, this is the ordinary time reversal. However, if 2 contains variables such as
velocities, then it is natural to combine the time-reversal with an involution which reverses
the velocities.

Definition 2.3 A probability measure p on § invariant under « is called w-reversible if

P,oO, =P, (2.4)



For a given m-invariant probability measure u, let I denote the L?(u1) generator of the reversed
process {m(Xp_4): 0 <t <T}.

Lemma 2.5 For any w-invariant measure (i we have:
1. Let L* be the adjoint of L in L*(u), then
L=nLl*r (2.6)
2. u is w-reversible if and only if
L't =1L (2.7)
3. If u is w-reversible, then u is stationary

Proof. The first two statements follow immediately from definition 2.3. For the third state-
ment, let f: Q@ — R, then

/Lf d,ux'/fl;*l du:/f(er(frl))d,uzﬂ | (2.8)

where in the last step we used 7l =1 and L1 = 0. n

2.3 Entropy production

For a given involution 7, and a w-invariant stationary measure y, the random variable entropy
production is defined as a function on path space by

570 = (10 T4 ) o) 29)

Clearly, this is a priori not well-defined. However, we will restrict ourselves to the case
where 7 is such that ¢(z,y) > 0 if and only if ¢(ny, 7z) > 0 (this is usually called “dynamic
reversibility”). In that case, with generator of the type (2.1), the Radon Nikodym derivative
[7] in (2.9) can be spelled out as

T
log $T(w) = /0 log ;:—-C—(—ws—_Mng(w)

("Tws'hﬂ-ws“)
T
- / (clwy-,wet) — c(Twg+, Tw,-)) ds (2.10)
0

where N;(w) denotes the number of jumps of the trajectory w in the time interval [0,%]. The
mean entropy production (MEP,(u)) is defined as

.1
MEP;(p,L) = lim =F,(S) | (2.11)
which in our set-up reads
_ c(o,n)
MEP:(u,L) = ) p(o)e(o,n)log o)’ (2.12)

e



From (2.11) one sees that M EP, (1, L) is equal to the relative entropy density of the path
space measure [P, o ©, with respect to the path space measure P,,. Therefore MEP,(u, L) is
non-negative and equal to zero if and only if P, 0 @, = P,. In what follows we will often omit
the dependence on L and simply write M EP, (u).

For a discrete time stochastic process {X, : n € N}, with Xy distributed according to u, a
m-invariant probability measure on {2, the random variable entropy production is defined as
follows

P(X1 2-‘»'3}'1,X2 B ) SO ,Xn =$n)

S = 2.13
7((5517 ,:L'n) P(,Xl zvrmn,ngﬂxn..h... ,.Xn 27(:21) ( )
The mean entropy production is
HD[X}_ =X, ..,Xn = SC,;,]
MEP(X lim — PX; = = Zn)l 2.14
(X T i 7 z;z::c 1 =21, Xn = Zn]log P[Xy = 72y, .., Xn = 721] ( )

provided this limit exists.

3 Example 1: fuzzy processes

Let w = {1,.,N} be the state space of a discrete time process {X, : n € Z}. Consider a
function F : {1,..,N} — {1, .., K} for some K < N. The F-fuzzy version of the X process is
denoted {Y, : n € Z} defined via Y, = F(X,,). In case K < N and X,, a Markov chain, Y, is
in general not Markovian. For the entropy production to both the processes X,, and Y,,, we
now prove the following theorem:

Theorem 3.1

MEP(Y)< MEP(X) (3.2)
with equality if and only if F is a bijection.
Proof. By definition

IP)[Yl = Yy ey Y, = yn]
MEP(Y) = PlYy =y,... Y, =
( ) :mZyﬂ [ 1 Yig s Im yn} 10g P[Yl = Y, ”,Yn — yl]

= Z Z . Z PlY) =y1,.,Yn = Yn] X

Yisoln 21 €F~1(y1) zn€F~}(yn)
s €F-1(y1) - 2oaneF-1(yn) FIY1 = Y1, Y = Un]
ZanF"l{‘yn) - EmléF—l(yl} P[ya = Yns o Yy = yl]

P[Xl = Sl,..,Xn = xn]
< PIX) =z1,.,.Xn =251 :
— ml.zex [ 1 L1ses e 33%} Og ]P)in — xn;--an — -{El]

= MEP(X)

The third step results from the concavity of z — 1ogx from which we obtain the inequality

(b /az)a,
Zazlogz b == Zallog S

log(b;
e “Z Zfog}: ({:3 ;“’k’gb

x log




4 Example 2: effective Markovian dynamics

We consider a Markov process on a state space of the form @ = § x A where S and A are
finite sets. The generator of the process is of the form

Lef(a,0) = Y kalo,0')(£(0 @) ~ +e Y (S flo,a)) (4.1
o'es o'c€A

In words, this means that the o evolves with rates depending on « and the state o itself
changes at rate e~!. To avoid trivialities, we assume that ko(0,0") # ko (0,0') for at least
one pair a # o', 0,0’. For simplicity we suppose that the rates satisfy

Zka(aa OJ) = Z ka(o, Oj) =1, (4.2)

which implies that the stationary measure is uniform on S x A. For the involution 7 we take
the identity. The prefactor ¢! indicates that the time-scale on which « varies (i.e., time
between successive jumps of the a-process) is of order €. Therefore we expect that in the limit
¢ — 0 the a-process decouples from the o-process and the latter becomes Markovian with
rates

k(o,a') A| Zk o,0') (4.3)

More precisely, on the time scale of the jumps of ¢ component, the & component is in equi-
librium in the limit ¢ — 0. This is proved in the following lemma

Lemma 4.4 In the limit ¢ — 0, the process {o; : t > 0} becomes a Markov process with
generator

Lespflo) = Zk (0,0") = fo)) (4.5)

Proof. Let us denote EY , expectation in the Markov process with generator L., and E,
expectation in the Markov process with generator L.ss. Pick f : § — R and denote {a; : t >
0} the Markov process with generator

a!

on g : A— R Then we have, using the definition of the generator (4.1):
B (00) - Byaflon) = o [ o, o0 ?)(0) = o (46)

The distribution of «; converges in total variation norm to the uniform measure pgq =
ﬁ 2 aca Oa, for every initial ag = a. Therefore,

t
lim (B f(00) — By o f(05)) = /0 R(00,0)(f(0") — f(os))ds. (47)



At this stage, we have to prove that every limiting process of {of : t € [0,T]} as ¢ — 0} is
Markovian. Indeed, in that case we derive from (4.7) that the generator of this limiting Markov
process is Less and finally the existence of a limit of the distributions of {of : 0 <t < T}
follows from the tightness criterion, [4] Theorem 1.3, p. 51. To prove the Markov property,
we need some more notation:

F} = o{os:0<s<t}
FY = o{as:0<s <t}
Fr o= G{(USaas) :0<s< t} (48)

We have to prove that for 0 < s < &

&%Efx,a [F(0)|FS] = Es [f(04)|os] | (4.9)

where [, denotes expectation in the Markov process with generator Ly started from o. By
the Markov property of {{oy, o) : ¢ > 0}, we have

Boo (FO)IF7) = Bro (B (/007 177)

E o (Efa (flon)los, 0e) 177) (4.10)
Hence, it suffices to prove that
UmE; , (f(od)los = € 05 = B) = By (f(0r)los =€) (4.11)
The left hand side of (4.11) equals
Um B 5 (f(01-s)) = B¢ (f(01-3)) = Bo (flon)los =€) (4.12)
where we used (4.7). N

Let pg denote uniform measure on S and p4 uniform measure on A. MEP*(ug X pi4)
denotes the entropy production of the process {(ot, ;) : t > 0} and MEP(us) denotes the
entropy production for the limiting process with generator L.;s. We obtain the following
proposition as a direct consequence of (2.11) the strict convexity of £ — zlog(z) and the
previous lemma.

Proposition 4.13 1. For every e > 0:

MEP(us x pa, L S 3 kalo,0") ) log Fal®7) o(9,7) (4.14)
AHS] anAoa’ES k ( )

2. The entropy production of the limilting process is given by

f
MEP(ug, Lejs) = I Z k(o,0') log ch % (4.15)
0,0’ €S
8. For every € > 0 we have the inequality:
MEP(us) < MEP(us x pa) (4.16)



5 Example 3: the stochastic Lorentz lattice gas

In this section we compare the microscopic entropy production of a stochastic Lorentz lattice
gas with the entropy production of its kinetic limit given by a linear Boltzmann equation, and
show strict inequality in the non-reversible case.

5.1 The process

Let X : Z¢ — {0,1} denote a configuration of scatterers on the regular lattice Z¢ and write
Q) for the set of all such configurations. For z € Z% A(z) = 0,1 is respectively interpreted
as the absence and presence of a scatterer at site z. For A\ € Q, and z € Z% we denote
Tz My) = A(y + x). We suppose that A are randomly distributed according to a translation
invariant and ergodic probability measure u on Q Let Sy = {e € Z¢: |e| = 1} be the set of
unit vectors in Z¢. By means of any A € Q and z € Z¢, a ’scattering law’ py ; : Sgx Sqg — [0,1]
is introduced. The scattering law py , depends locally on the scatterer configuration around
z € Z% and this dependency is assumed to be translation invariant, i.e. pxz = Pr.x,0-

The discrete time scattering process {(X,,,V,) : n € N} on K = Z¢ x S, is defined by
means of the transition operator

(Paf)(z,v) = E[f(zg,ve)|(Zr—1,v%-1) = (z,v)] (5.1)
= (1-A(z)flz+v,0)+ Mz) Zp,\xve)f(x—%-e e)
ecSd

In words this means the following: a particle, moving in a scatterer configuration A arrives
at site z € Z% with a unit velocity v. If A(z) = 0, then the particle moves one step in the
direction of its incoming velocity v. If A(z) = 1, then the particle is scattered according to
the probability law p, ;, i.e., the particle gets a new velocity e with probability pj z(v,e) and
moves one step in the direction of e. We assume that the probability law p(v,e) is doubly
stochastic, i.e., for all A € , 2 € Z¢

Z P,\,,,-(U,e) = Z P)\,;n('l}, e) =1

eESy vESy

The case py ;(v,e) = 1/2d is denoted as ’isotropic scattering’.

5.2 The environment process

The environment process {(7x,A, V) : n € N} is a Markov process defined by the transition
operator

(PHAv) = Elf(mx, A Vil (7x, 1)\ Vk 1) = (n, )] (5.2)
= (1=n(0))f(run,9) +n(0) >_ prole,v)f(7en,e)
e€Sy

In words this means that we follow the configuration of scatterers as seen from the scattered
particle, and keep track of the velocity.

The continuous time version of the environment process is defined via the generator

Lf(A0) = (1= X0)(f(ruA,v) = F(A,0)) = A0) D pao(v,e)(F(red,e) — F(Av)  (5.3)

e€Sy



In this process the particle jumps on the event times of an independent mean one Poisson
process.

The following lemma characterizes the scattering laws for which the environment process
(EP) {(rx,,Vi) : t € [0,T]} is w-reversible. The proof, a straightforward computation, can be
found in appendix A. Define i = p x ;}&- Y ec Sy d.. The natural time reversal in our context is
given by

T: XSy~ QxSyg:(n,v) = (T-yn, —v) (5.4)

Lemma 5.5 1. For every translation invariant doubly stochastic scattering rule py o, fi is
a stationary measure for the EP.

2. [ is a w-reversible measure for the EP iff
pao(v,w) = pao(—w, —v) (5.6)

Remark 5.7 1. The fact that [ is stationary for the EP is a conseguence of the assumption
of a doubly stochastic scattering law pyp(v,e) i.e.

Y paolv,e) = paglv,e) =1
[ v
for any A € (2.
2. m-reversibility is established for the particular involution n defined by (5.4) as
m(n,v) = (7-um, —0).

Thais is easily understood as v denotes the incoming velocity becomes an outgoing velocity
and changes sign under time-reversal.

3. The condition pyo(v,w) = pro(—w, —v) means that probabilities of forward and back-
woerd scattering are equal.

5.3 The random variable entropy production

The random variable entropy production is defined on all trajectories w = {(As,vs) : s € [0,T]}
by means of the time reversal involution ©,:

(evr(w)(t) = AWt = (T—vT..t)\T—ta "’UT»t)

To compute the random variable entropy production SI(w) (cf. (2.9)), we introduce the
reference process P}, corresponding to the 7-reversible stochastic Lorentz gas where p(v,e) =
1/2d. The random walk is assumed to be started from z = 0, at unit speed vg. We have

dP, T
log pe@) = [ logl2dp,_o(ve-, 01N, ()
m [¢]

T .
- /0 >‘s— (0)[}9)\3_,0(‘03—,’03) - l/zd]ds.



from a straigtforward application of Girsanovs theorem [7]. The process Ny(w) = 3 gcscs L (04~ #
v) counts all scattering events that ocurred in w before time s. The random variable entropy
production is now found as a difference of two such expressions,

dP dp
S7(w) = log 2 (Ow) —log 2 (w) (5.8)
1 L
T
Px, 0(Vs-,Vs)
= I 8T dN, 5.9

From this expression, we see that the random variable entropy production vanishes in the
reversible case, where py (v, e) = pyo(—e, —v). However, ST does not have a fixed sign for
all trajectories w.

5.4 Mean entropy production

By taking the steady state expectation of (5.8), we obtain the mean entropy production
MEPy (1) of the EP.

Proposition 5.10

p(d)) (5.11)

5.5 Kinetic limit: the Boltzmann equation

In this subsection we pass to the kinetic limit of the stochastic Lorentz gas which gives a linear
Boltzmann equation. The limiting equation can then be interpreted as the master equation
of a Markovian velocity process of which we can again compute the entropy production.

The kinetic limit is obtained as the € — 0-limit of the processes {(X§, V) : 0 <t < T}
defined by the generator

5= Lo+ €[l ~ L] (5.12)

where L is given in 5.3 and L, is obtained from the same expression, putting A =0, i.e., L,
corresponds to the free motion (no scattering). The introduction of the scaling parameter e
in the generator (5.12) makes the lapse of time between two successive scattering events of
the order ¢!, Afterwards, we have to consider this process on the time scale e !¢ in order to
obtain a non-trivial “kinetic” limit. More details on the derivation of the Boltzmann equation
as a kinetic limit can be found in [2], [15].

Theorem 5.13 1. There exists a Markov process (z,v;) on R x Sy, such that
(€XE,, V) B (zr,0r).
2. The limiting process satisfies

dﬂ:‘g = ’Utdt (514)



where v; 1s the Markov process on Sy with generator

Lif(v) = Y Blv,€)[f(e) = F(v)] (5.15)

e€Sy
for functions f: 854 — R.

3. The master equation of the limiting process (xy,v;) is the linear Boltzmann equation

zg(m v,t) — 'u——-(cc v,t) = Zp v 8) oz, e, t) — p(z,v,t)], (5.16)
with
p(v.e) = [ AOprale, ()
Proof. For the proof the reader is referred to appendix B. |

The mean entropy production MEP,(u) in the kinetic limit thus is the entropy production
corresponding to the limiting velocity process with generator L. This yields, using (2.12),
and strict convexity of z — zlogz:

Theorem 5.17 The entropy praduction of the limiting velocity process is given by

_Plv,e)
MEP,(u) = 5 d uze:sd B(v, €) log ————— pri— (5.18)

Moreover, MEP,(u) is less than or equal to the entropy production of the EP in (5.11), with
strict equality if and only if pyo depends non-trivially on X end (5.6) is not fulfilled.

A Proof of lemma (5.5)

Proof.
It is sufficent to show that [ gPfdj = [ fPgfi. Observe that

/ (1= M0))f (ruh, v)g (A v)a(d, do)
= / (1= M=0))F (A v)g (s, v)ji(dA, dv)

and

/ AO) S r oo )l ) )
= 57 [ O X paoe )1 (7eh, edgOn ¢l

e.e

/ZP?—eAO e, e)h(—e)f(\ e)g(r_eX, e )u(d)

e,e

= [ A(_'U) Zp'r-vz\,l)(e,a v)f(}\, U)Q(T-'v)‘: 6’);}((1)\, d’”)

10



Hence,

(P*g)(A\v) = (1 = A(=0))g(r-sA,0) + A(=2) D_ pr_yr0le, v)g(r-v) ) (A1)

On the other hand,

(mPm)(g)(Av) = (P(rg))(r-vA, —v) = (I) + (II) (A.2)
(I):
(1) = (1= 720 (mg)T-pT-0A, —v)
(1 - ')\(””))Q(Tv?'—?v)‘a 'U)
= (1=A(=v))g{r-oAv)
(I1):

ID) = 7-M0) Y pr_r0(—v,€)(19)(Te7_v) )
= A(-v) Zepr_v)s,()(“”: e)g(T—eTeT—n, ~€)
= A(-v) ipr-u/\,o(“-v, e)g(T-vA, ~€)
= )\(-‘v)i:pf_vxgo(-evv)g(mk, —e) (%)

= A=0) Y prnole,v)g(r-urie)

which is the same as (A.1). In (x) we used the m-reversibility condition: pjo(-v,e) =
ro(—e,v). u

B Appendix B: Sketch of proof of the Boltzmann equation

Since we did not find a proof of the linear Boltzmann equation in our context, we give here
a sketch of the proof. Proofs of the linear Boltzmann equation in other more complicated
deterministic Lorentz gases can be found in [1], [3]. For the sake of notational simplicity we
restrict to the one-dimensional case.

Let us denote by ES , expectation in the process with generator
L§ = Lo+ (L - L) (B.1)

Consider f,p: R x Sg — R such that for any v € Sy f(-,v) and p(-,v) are Schwarz functions.
We define

Y(v, f,p) pr ez, v)E; , feX 14, Vem1y) (B.2)
z€Z

11




The aim is to prove that in the limit e = 0, Y(v, f, p) converges to [ p(z,v)f(z,v,t)dz, where
J(z,v,t) solves the linear Boltzmann equation with initial condition f{z,v,0) = f(z,v). Using
(B.1) we have

d
= (V£ (v, £, )
= Z(l - 6)\(2’)));@(63}, 'U) (Egt,vf(exe'lt + v, ‘/;_lt) - E;,uf(EXe“ltv Vre“‘”:))
2€Z
+ Z GA(:C)}?)\”@(U, *w)p(ea:, U) (Eg,wf(exe"lt + ew, Ve“lt) - Efft,’uf(exf"lt? Ve—lt)) (33)

Now we perform a Taylor expansion, and collect only the terms which will not vanish in the
limit € — 0, which gives

& (0, £,0)

= o + Y02 )
+ YD eM@)paa(v, wpler,v) (B, f(€Xem1g, Virry) — B, f(€X -1, Vimry)) (B.4)

e w

The first term corresponds to the free motion, the second term to the scattering. The second
term has still to be cast into the form of a Y field. This can be done by performing an extra
average over z. Let B.(z) be a lattice interval containing = with a length of [¢~1/2], then we
write

DD eM@)paa(v,w)p(ez, v) (BS o, f(€Xem1g, Vemry) — BS , f(€Xem1, Verry))

el w

il

ZEQ(&T’U)( Z 'I'B"%;l')‘(y)pTyA,O(v’w)) (Efn,wf(eXe'lta ‘1t) E; f 6X -1ty ”1t))+0(€)

Y€ Be(x)

= ) eplez,v) ( / A)paolv, w) u(dA)) (B o feXem1t, Verry) = BS , f (X emy, Vem1)) + 0(€) (B.5)

T

where in the first step we used translation invariance of the scattering rule and in the last step
we used ergodicity of the distribution of scatterers. Combination of (B.3), (B.4) and (B.5)
gives

£ (¥, £,00)
= YeloSl o)+ Y pw ) (V. f0) ~ Y L) Hold) (BS)

which is exactly the weak form of the linear Boltzmann equation.
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