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On the volume of the intersection
of two Wiener sausages

By M. vAN DEN BERG, E. BOLTHAUSEN, and F. DEN HOLLANDER

Abstract

For a > 0, let W{(t) and Wi (t) be the a-neighbourhoods of two indepen-
dent standard Brownian motions in R¢ starting at 0 and observed until time
t. We prove that, for d > 3 and ¢ > 0,

Jim W 1ogP(\Wf(ct) NW3(ct)| > t) = —I%(c)
and derive a variational representation for the rate constant I*(c). Here, K,
is the Newtonian capacity of the ball with radius a. We show that the optimal
strategy to realise the above large deviation is for W{*(ct) and W4 (ct) to “form
a Swiss cheese”: the two Wiener sausages cover part of the space, leaving
random holes whose sizes are of order 1 and whose density varies on scale /¢
according to a certain optimal profile.

We study in detail the function ¢ — Ij*(c). It turns out that I)*(c) =
O4(KaC)/Kq, where ©4 has the following properties: (1) For d > 3: ©4(u) < oo
if and only if u € (uo, 00), with u, a universal constant; (2) For d = 3: Q4 is
strictly decreasing on (ue,00) with a zero limit; (3) For d = 4: @, is strictly
decreasing on (u,,00) with a nonzero limit; (4) For d > 5: Oy is strictly
decreasing on (u,,uq) and a nonzero constant on [ug, 00), with ug a constant
depending on d that comes from a variational problem exhibiting “leakage”.
This leakage is interpreted as saying that the two Wiener sausages form their
intersection until time ¢*t, with ¢* = ug/k,, and then wander off to infinity in
different directions. Thus, ¢* plays the role of a critical time horizon in d > 5.

We also derive the analogous result for d = 2, namely,

o )
_— a a > = — n
Jim Tog 10gP<|”1 (ct) NWy'(ct)| = t/log t) 2" (c),

* Key words and phrases. Wiener sausages, intersection volume, large deviations, vari-
ational problems, Sobolev inequalities.
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where the rate constant has the same variational representation as in d > 3
after K, is replaced by 27. In this case I37(c) = O2(27c)/2m with Og(u) < oo
if and only if u € (u,,00) and Oq is strictly decreasing on (ue,00) with a zero
limit.
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Stiftung through the RiP-program at the Mathematisches Forschungsinstitut
Oberwolfach, Germany. MvdB was supported by the London Mathematical
Society. EB was supported by the Swiss National Science Foundation, Contract
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1. Introduction and main results: Theorems 1-6

1.1.  Motivation. In a paper that appeared in “The 1994 Dynkin
Festschrift”, Khanin, Mazel, Shlosman and Sinai [9] considered the following
problem. Let S(n),n € Ny, be the simple random walk on Z% and let

(1.1) R={ze€Z S(n) =z for some n € Ny}

be its infinite-time range. Let R; and Ry be two independent copies of R and
let P denote their joint probability law. It is well known (see Erdés and Taylor
[7]) that

0 ifl1<d<4,

(1.2) P(RlﬂR2|<o°):{ 1 ifd>5.

What is the tail of the distribution of |Rq N Rs| in the high-dimensional case?
In [9] it is shown that for every d > 5 and 6 > 0 there exists a ty = to(d,0)
such that

(1.3)  exp [— tdff”] < P<|R1 N Ry| > t) < exp [— t%—ﬂ Vit > .

Noteworthy about this result is the subexponential decay. The following prob-
lems remained open:

(1) Close the é-gap and compute the rate constant.
(2) Identify the “optimal strategy” behind the large deviation.

(3) Explain where the exponent (d—2)/d comes from (which seems to suggest
that d = 2, rather than d = 4, is a critical dimension).

In the present paper we solve these problems for the continuous space-time
setting in which the simple random walks are replaced by Brownian motions
and the ranges by Wiener sausages, but only after restricting the time horizon
to a multiple of t. Under this restriction we are able to fully describe the
large deviations for d > 2. The large deviations beyond this time horizon will
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remain open, although we will formulate a conjecture for d > 5 (which we plan
to address elsewhere).

Our results will draw heavily on some ideas and techniques that were
developed in van den Berg, Bolthausen and den Hollander [3] to handle the
large deviations for the volume of a single Wiener sausage. The present paper
can be read independently.

Self-intersections of random walks and Brownian motions have been stud-
ied intensively over the past fifteen years (Lawler [10]). They play a key role
e.g. in the description of polymer chains (Madras and Slade [13]) and in renor-
malisation group methods for quantum field theory (Fernandez, Frohlich and
Sokal [8]).

1.2. Wiener sausages. Let (3(t), t > 0, be the standard Brownian motion
in R? — the Markov process with generator A/2 — starting at 0. The Wiener
sausage with radius a > 0 is the random process defined by

(1'4) Wa(t) - U Ba(ﬂ(s))v t >0,

0<s<t

where B,(z) is the open ball with radius a around x € R¢.
Let W{(t), t > 0, and Wg(t), t > 0, be two independent copies of (1.4),
let P denote their joint probability law, let

(1.5) VEE) = W) NWE®), =0,

be their intersection up to time ¢, and let

(1.6) Ve = tlim Ve(t)

be their infinite-time intersection. It is well known (see e.g. Le Gall [11]) that
. [0 ifl<d<d4,

(1.7) P(|V |<oo)—{ | ifd>s,

in complete analogy with (1.2). The aim of the present paper is to study the
tail of the distribution of |V*(ct)| for ¢ > 0 arbitrary. This is done in Sections
1.3 and 1.4 and applies for d > 2. We describe in detail the large deviation
behaviour of |V%(ct)|, including a precise analysis of the rate constant as a
function of ¢. In Section 1.5 we formulate a conjecture about the large deviation
behaviour of |V*| for d > 5. In Section 1.6 we briefly look at the intersection
volume of three or more Wiener sausages. In Section 1.7 we discuss the discrete
space-time setting considered in [9]. In Section 1.8 we give the outline of the
rest of the paper.

1.3. Large deviations for finite-time intersection volume. For d > 3, let
ke = a®227%2/T(%52) denote the Newtonian capacity of B,(0) associated
with the Green’s function of (—A/2)~!. Our main results for the intersection
volume of two Wiener sausages over a finite time horizon read as follows:
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THEOREM 1. Let d > 3 and a > 0. Then, for every ¢ > 0,

: 1 a _ Ka
(1.8) E&ngp(w (ct)] Zt) = 1% (c),
where
1.9 I (¢)=c¢ inf Vol?(z)d
(19) re=c, it [ [ [voP@s]
with
(1.10)

Dl (c) = {¢ e H'RY: | ¢*(z)dz =1, / (1 - e_“ac¢2(x)>2dx > 1}.
R4 R

THEOREM 2. Let d =2 and a > 0. Then, for every ¢ > 0,

1 )
. —_— a > = _J5T
(1.11) Jim o logP<|V (ct)] > t/logt) 27 (),

where 127 (c) is given by (1.9) and (1.10) with (d, k4) replaced by (2,27).

Note that we are picking a time horizon of length ct and are letting t — oo
for fixed ¢ > 0. The sizes of the large deviation, ¢ respectively ¢/logt, come
from the expected volume of a single Wiener sausage as t — 0o, namely,

Kat if d > 3,

(1.12) E[W(®)] N{ ort/logt if d =2,

as shown in Spitzer [14]. So the two Wiener sausages in Theorems 1 and 2 are
doing a large deviation on the scale of their mean.

The idea behind Theorem 1 is that the optimal strategy for the two Brow-
nian motions to realise the large deviation event {|V%(ct)| > t} is to behave
like Brownian motions in a drift field zt'/? — (V¢/¢)(x) for some smooth
¢: R? — [0, 00) during the given time window [0, ct]. Conditioned on adopting
this drift:

— Each Brownian motion spends time c¢?(x) per unit volume in the neigh-
bourhood of zt'/¢, thus using up a total time ¢ Jga c¢?(x)dx. This time
must equal ct, hence the first constraint in (1.10).

— Each corresponding Wiener sausage covers a fraction 1 — e #a¢¢*(*) of
the space in the neighbourhood of z¢!/?, thus making a total intersection
volume ¢ [, (1 — e~ ac®*(@))2dg This volume must exceed t, hence the
second constraint in (1.10).

The cost for adopting the drift during time ct is t(4=2)/4 Jga €IV @|*(z)dz. The
best choice of the drift field is therefore given by minimisers of the variational
problem in (1.9) and (1.10), or by minimising sequences.
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Note that the optimal strategy for the two Wiener sausages is to “form a
Swiss cheese”: they cover only part of the space, leaving random holes whose
sizes are of order 1 and whose density varies on space scale t'/¢ (see [3]). The
local structure of this Swiss cheese depends on a. Also note that the two
Wiener sausages follow the optimal strategy independently. Apparently, under
the joint optimal strategy the two Brownian motions are independent on space
scales smaller than ¢1/¢.1

A similar optimal strategy applies for Theorem 2, except that the space
scale is \/t/logt. This is only slightly below the diffusive scale, which explains
why the large deviation event has a polynomial rather than an exponential cost.
Clearly, the case d = 2 is critical for a finite time horizon. Incidentally, note
that I3™(c) does not depend on a. This can be traced back to the recurrence
of Brownian motion in d = 2. Apparently, the Swiss cheese has random holes
that grow with time, washing out the dependence on a (see [3]).

There is no result analogous to Theorems 1 and 2 for d = 1: the variational
problem in (1.9) and (1.10) certainly continues to make sense for d = 1, but it
does not describe the Wiener sausages: holes are impossible in d = 1.

1.4. Analysis of the wvariational problem. We proceed with a closer
analysis of (1.9) and (1.10). First we scale out the dependence on a and c.
Recall from Theorem 2 that k, = 27 for d = 2.

THEOREM 3. Letd > 2 and a > 0.

(i) For every ¢ > 0,
1
(1.13) I'}*(c) = —Oq(kac),

a

where ©4: (0,00) — [0, 00] is given by
(114) Ou(w) =inf {|Vel3: v € B'RY, [} =u, [(L-e )21},

(i) Define u, = mingsq (1 — e™¢)™2 = 2.45541... Then ©4 = oo on
(0, us] and 0 < B4 < 00 on (Ug,00).

(iii) ©4 is nonincreasing on (Ue, 00).
(iv) ©4 is continuous on (ue, 0).

(v) Og(u) < (u—us)™t as u | ue.

Next we exhibit the main quantitative properties of ©,.

'To prove that the Brownian motions conditioned on the large deviation event {|V“(ct)|
> t} actually follow the “Swiss cheese strategy” requires substantial extra work. We will not
address this issue here.
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THEOREM 4. Let 2 < d < 4. Then u — u4=d/d Oq4(u) is strictly decreas-
ing on (us,0) and

(1.15) uh—{go w4 (u) = pg,
where
(1.16)

inf {7013 ¥ € H'RY), Jollo =1, s =1} ifd=23
Hd =
inf {[Ve[3: v € DIRY), vl =1} ifd=1,
satisfying 0 < pg < 00.2
THEOREM 5. Let d > 5 and define
(1.17) na = f{||V|3: ¥ € D'RY), [(1—e ") =1}

(i) There exists a radially symmetric, nonincreasing, strictly positive min-
imiser g of the variational problem in (1.17), which is unique up to transla-
tions. Moreover, ||4]|3 < oo.

(ii) Define ug = ||tgl|3. Then u— 04(u) is strictly decreasing on (ue,uq)

and
(1.18) O4(u) = nq on [ug, 00).
@, (i) (i)
i oy

Figure 1 Qualitative picture of O4 for: (i) d = 2,3; (ii) d = 4; (iii) d > 5.

THEOREM 6. (i) Let2 < d <4 andu € (uy,00) ord > 5 and u € (ue, ug).
Then the variational problem in (1.14) has a minimiser that is strictly positive,
radially symmetric (modulo translations) and strictly decreasing in the radial
component. Any other minimiser is of the same type.

(ii)) Let d > 5 and u € (ug,00). Then the variational problem in (1.14)
does not have a minimiser.

*We will see in Section 5 that pa = Si, the Sobolev constant in (4.3) and (4.4).
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We expect that in case (i) the minimiser is unique (modulo translations).
In case (ii) the critical point uy is associated with “leakage” in (1.14); namely,
L?-mass u — ug leaks away to infinity.

1.5. Large deviations for infinite-time intersection volume. Intuitively,
by letting ¢ — oo in (1.8) we might expect to be able to get the rate constant
for an infinite time horizon. However, it is not at all obvious that the limits
t — oo and ¢ — oo can be interchanged. Indeed, the intersection volume might
prefer to exceed the value t on a time scale of order larger than ¢, which is not
seen by Theorems 1 and 2. The large deviations on this larger time scale are
a whole new issue, which we will not address in the present paper.

Nevertheless, Figure 1(iii) clearly suggests that for d > 5 the limits can
be interchanged:

CONJECTURE. Let d > 5 and a > 0. Then

. 1 a — Ra
(1.19) tlggomlogp(yv | > t) = I,
where
(1.20) I = inf I (¢) = Ifo (c*) = 24
' d c>0 d d Ka

with ¢* = ugq/kq.

The idea behind this conjecture is that the optimal strategy for the two
Wiener sausages is time-inhomogeneous: they follow the Swiss cheese strategy
until time ¢*t and then wander off to infinity in different directions. The
critical time horizon ¢* comes from (1.13) and (1.18) as the value above which
c — I}*(c) is constant (see Fig. 1(iii)). During the time window [0, c*t] the
Wiener sausages make a Swiss cheese parametrised by the 1, in Theorem
5; namely, (1.9) and (1.10) have a minimising sequence (¢;) converging to
¢ = (¢" k)~ /?epg in L*(RY).

We see from Figure 1(ii) that d = 4 is critical for an infinite time horizon.
In this case the limits ¢t — oo and ¢ — oo apparently cannot be interchanged.

Theorem 4 shows that for 2 < d < 4 the time horizon in the optimal
strategy is ¢ = oo, because ¢ — IJ*(c) is strictly decreasing as soon as it
is finite (see Fig. 1(i-ii)). Apparently, even though lim; . |[V*(t)| = oo P-
almost surely (recall (1.7)), the rate of divergence is so small that a time of
order larger than t is needed for the intersection volume to exceed the value
t with a probability exp[—o(t(?=2/4)] respectively exp[—o(logt)]. So an even
larger time is needed to exceed the value ¢t with a probability of order 1.

1.6. Three or more Wiener sausages. Consider k£ > 3 independent
Wiener sausages, let V,*(t) denote their intersection up to time ¢, and let
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V¢ = limy—o V¥(t). Then the analogue of (1.7) reads (see e.g. Le Gall [11])
(1.21) Pve <ooy = 0 1SS E
1.21 ! < o0) =

: 1ifd> 2

The critical dimension 2k/(k — 1) comes from the following calculation:

(1.22) E\V¥ = /Rd P(O‘Ba(x) < oo)kdx = /Rd [1 A (%)d_zrdl‘,

where op, () = inf{t > 0: B(t) € Bu(v)}. The integral converges if and only
if (d—2)k > d.

It is possible to extend the analysis in Sections 1.3 and 1.4 in a straight-
forward manner, leading to the following modifications (not proved in this

paper):
(1) Theorems 1 and 2 carry over with:

— V% replaced by Vi
— c replaced by kc/2 in (1.9);
— Jra(1 = e~ ac®*(@))2(z: replaced by Jpa(1— e~ Hec®* @)k g in (1.10).

(2) Theorems 3, 4 and 5 carry over with:

~ [(1 —e7¥*)2 replaced by [(1 — e ¥*)* in (1.14) and (1.17);

~ U =mingso((1— e ¢)7H

— ||1]|4 replaced by ||¢||2x in (1.16).

For k = 3, the critical dimension is d = 3, and a behaviour similar to that
in Figure 1 shows up for: (i) d = 2; (ii) d = 3; (iii) d > 4, respectively. For
k > 4 the critical dimension lies strictly between 2 and 3, so that Figure 1(ii)
drops out.

1.7. Back to simple random walks. We expect the results in Theorems 1
and 2 to carry over to the discrete space-time setting as introduced in Section
1.1. (A similar relation is proved in Donsker and Varadhan [6] for a single
random walk, respectively, Brownian motion.) The only change should be
that for d > 3 the constant k, needs to be replaced by its analogue in discrete
space and time:

(1.23) k=P(S(n)#0VneN),

the escape probability of the simple random walk. The global structure of the
Swiss cheese should be the same as before; the local structure should depend
on the underlying lattice via the number k.
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1.8. OQutline. Theorem 1 is proved in Section 2. The idea is to wrap
the Wiener sausages around a torus of size Nt'/¢, to show that the error com-
mitted by doing so is negligible in the limit as ¢ — oo followed by N — oo,
and to use the results in [3] to compute the large deviations of the intersection
volume on the torus as t — oo for fixed N. The wrapping is rather delicate
because typically the intersection volume neither increases nor decreases under
the wrapping. Therefore we have to go through an elaborate clumping and re-
flection argument. In contrast, the volume of a single Wiener sausage decreases
under the wrapping, a fact that is very important to the analysis in [3].

Theorem 2 is proved in Section 3. The necessary modifications of the
argument in Section 2 are minor and involve a change in scaling only.

Theorems 3—6 are proved in Sections 4—7. The tools used here are scaling
and Sobolev inequalities. Here we also analyse the minimers of the variational
problems in (1.14) and (1.17).

2. Proof of Theorem 1

By Brownian scaling, V% (ct) has the same distribution as tV® "/ (¢¢(d-2)/d),
Hence, putting

(2.1) 7 =td-2/d
we have
(2.2) P(ve(et) = t) = P(Iver " (en) 2 1).

The right-hand side of (2.2) involves the Wiener sausages with a radius that
shrinks with 7. The claim in Theorem 1 is therefore equivalent to

(er) 2 1) = 15 (c).

We will prove (2.3) by deriving a lower bound (§2.2) and an upper bound
(§2.3). To do so, we first deal with the problem on a finite torus (§2.1) and
afterwards let the torus size tend to infinity. This is the standard compactifi-
cation approach. On the torus we can use some results obtained in [3].

—1/(d—2)

. 1 ar
(2.3) T11—>II;O ;logP(\V

2.1. Brownian motion wrapped around a torus. Let Ay be the torus

of size N > 0, i.e., [—%, %)d with periodic boundary conditions. Let Gx(s),

s > 0, be the Brownian motion wrapped around Ay, and let Wﬁfﬁlmiz)(s),
s > 0, denote its Wiener sausage with radius ar /(42
PROPOSITION 1. (|W& "7 (¢7)|),»0 satisfies the large deviation prin-

ciple on Ry with rate 7 and with rate function

(2.4) T (boe) = %cibeqlig%f(b’c) [ Jan [V (2)dz ],
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where
(2.5)

Whey (b c) = {q,z) e H'(Ay): A A(x)dr =1, /A (1 - e‘““c¢2(w))dm > b}.

Proof. See Proposition 3 in [3]. The function 1) parametrises the optimal
strategy behind the large deviation: (Vi /v¢)(z) is the drift of the Brownian
motion at site x, cy?(x) is the density for the time the Brownian motion spends
at site z, while 1 — e #+¥*(#) ig the density of the Wiener sausage at site x.
The factor ¢ enters (2.4) and (2.5) because the Wiener sausage is observed over
a time cr. O

Proposition 1 gives us good control over the volume |Wﬁ,771/(d72) (7)|. In
order to get good control over the intersection volume

—1/(d—2) 1/(d—2)

(2.6) Ve )| = e ey n s er)
of two independent shrinking Wiener sausages, observed until time c7, we need
the analogue of Proposition 1 for this quantity, which reads as follows.

PROPOSITION 2. ([VZ™ " (¢1))rs0 satisfies the large deviation prin-
ciple on Ry with rate 7 and with rate function

(2.7) Tivtbe = nt [ [ [VoP(s].
’ PPy (be) Ay

where

(2.8)

@Z?N(b, c) = {<J5 € H'(An): /A ¢*(x)dr = 1, /A (1 - e‘““c¢2(x))2da: > b}.

Proof. The extra power 2 in the second constraint (compare (2.5) with
(2.8)) enters because (1—e~%=?*())2 is the density of the intersection of the two
Wiener sausages at site z. The extra factor 2 in the rate function (compare
(2.4) with (2.7)) comes from the fact that both Brownian motions have to
follow the drift field V¢/¢. The proof is a straightforward adaptation and
generalization of the proof of Proposition 3 in [3]. We outline the main steps,
while skipping the details.

Step 1. One of the basic ingredients in the proof in [3] is to approximate the
volume of the Wiener sausage by its conditional expectation given a discrete
skeleton. We do the same here. Abbreviate

(2.9) Wiler)=Wix """ er),  i=12
V(er) =Wy (er) N Wa (eT) .
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Set

(210) Xi,CT,E = {ﬂl (jg)}lﬁjSCT/aa 1= 17 27

where f3; (s), s > 0, is the Brownian motion on the torus Ay that generates
the Wiener sausage W; (cr). Write E ., . for the conditional expectation given
X eres @ = 1,2. Then, analogously to Proposition 4 in [3], we have:

LEMMA 1. For all 6 > 0,

(2.11) limlimsupllogP(‘ |V (e1)| = E¢re (JV (e7)]) ‘ > 5) = —00.

€l0 T—00 T

Proof. The crucial step is to apply a concentration inequality of Talagrand
twice, as follows. First note that, conditioned on X - ., W; (¢7) is a union of
L = c7 /e independent random sets. Call these sets C; 5, 1 < k < L, and write

L L
(2.12) V(er) = (U Cl,k> N <U Cg,k> .
k=1 k=1

Next note that, for any measurable set D C Ay, the function

(@ck) mD‘

k=1

(2.13) {Crhi<k<r —

is Lipschitz-continuous in the sense of equation (2.26) in [3], uniformly in D.
From the proof of Proposition 4 in [3], we therefore get
(2.14)

limlimsupllogP(‘ |V (e1)| — E( WV (er)| | Xiere, 52)‘ >4 | 52) = —09,

€l0 T—o00 T

uniformly in the realisation of #5. On the other hand, the above holds true
with (7 and [ interchanged, and so we easily get
(2.15)

leiﬁ]llimsup%logPQE(\V(m'ﬂ | X1,cre 62) —ECT7E(’V(CT)D‘ > 5) = —00,

T—00

uniformly in the realisation of fa. Clearly, (2.14) and (2.15) imply (2.11). O
Step 2. We fix € > 0 and prove an LDP for E ., . (|V (c7)|), as follows. As
in equation (2.43) in [3], define 12, M (Ax x Ay) — [0,0] by

@y el p@me) if p = po,
(2.16) 127 (w) {oo otherwise,

where h(:|-) denotes relative entropy between measures, p1,us are the two
marginals of g on Ay, and 7. (x, dy) = p:(y—x)dy with p. the Brownian transi-
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tion kernel on Ay. For > 0, define ®,: M{ (Ay x Ay)x M7 (Ax x Ay) —
[0, 00) by
(2.17)
Dy (1, p2) = [y, dz {1 — exp [—n/@a Sawxay Pe(y— 2,2 —2) 1 (dy, dZ)} }

X {1 — €Xp [_77/’% fANXAN 0 (y—x,2 — ) P2 (dyvdz)]}v

where @, is defined by

2) — foe dsps (_y) Pe—s (2)

LEMMA 2. (E¢rc (|V (¢7)]))r>0 satisfies the LDP on Ry with rate T and
with rate function

(2.19)
J= (b)
i c
= inf { (1 () + 1 () 1, 2 € M (A % Aw), @ (i, 12) = b}
Proof. The proof is a straightforward extension of the proof of Proposi-

tion 5 in [3]. The basis is the observation that

(2.20)
Ecre (IV (er)])

= dxPer o (x € W1 (c7)) Pere (x € Wa (1))
An

= / dz {1 — exp [C—T / log <1 —Gre(y—z,2— 1) >L1,cr,e (dy, dz)] }
AN € JANXAN

X {1 — exp [z / log (1 —Gre(y—o,2 — ) >L2ycm (dy, dz)] } ,
€ ANXAN
where
221)  qre(y,2) =P, (30 < s < ewith By € By, 1ias (0) | B = z),

and L; ;. is the bivariate empirical measure

et /e

3 .
(2.22) Liere=— Y et ik, =12
k=1

Through a number of approximation steps we prove that

(2.23) lim |Ecre (IV (en)]) = @cse (Lieres Laere)|| =0 Ve >0,
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This then proves our claim, since we can apply a standard LDP for @/, (L1,cre; L2,ere)-
The proof of (2.23) runs as in the proof of Proposition 5 in [3] via the following
telescoping. Set

cT
(2.24) fi(z)=exp [— / log (1 —Gre (y—z,2—1x) )Li,cm (dy, dz)] )
€ AN XAN
Chq
gi (1’) = €xXp |:_— / Pe (y — T,z — IL') Li,CT,E (dy7 dZ):| .
€ JAnxAx
Then
(2.25)

ECT,E (’V (CT) D - (I>c/€ (Ll,cr,aa L2,cr,a)

- / dx [1— fr @)1 - fo (@) - / dx [1— gy (2)][1 - g2 (1)
AN AN

- / dx gy () — fi @] [L— fo (@) + / dz [1 - g1 (2)] [92 (2) — fa ()]
AN

An
and hence

(226) ‘ECT,E (‘V (CT)D - cI)c/a (Ll,c‘l',£7 L2,CT7E)‘

g/ANda: Igl(x)—f1($)l+/ANdm 192 (2) — fa ().

We can therefore do the approximations on L1 .- and Lo . separately, which
is exactly what is done in [3]. In fact, the various approximations on pp. 371—
377 in [3] have all been done by taking absolute values under the integral sign,
and so the argument carries over. O

Step 3. The last step is a combination of the two previous steps to obtain
the limit € | 0 in the LDP. If f: Ry — R is bounded and continuous, then
from the two previous steps we get

(2.27) hm log E (exp [T|V (eT)])

. c 2 2
= léﬁ)lfuﬁ’ {f (®cse (11, 12)) — B (Ie( ) () + 1 )(m))}-
Now set, for v,y € M; (AN),

(2.28)

\Ifc/a(yl,m):/ANdx {1—exp[ . /Ods/ANps y)yl(dy)]}
{1—exp[ - /Ods/ANps w(dy)]}
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and, for f1, fo € LT (An),

229)  T(hh)= [

. dx <1 — e_C““fl(z)) (1 — e‘““h(z)) .

Then, repeating the approximation arguments on pp. 379-381 in [3], we get
from (2.27) that

(2.30)
Jim ~log B (exp 7]V () ) = Jim lim
x sup { (e r2)) = (L () + L () ) },

V17V2Z§IE(V1)§K, iIE(Vz)SK

where I, is the rate function of the discrete-time Markov chain on Ay with
transition kernel p., i.e.,

(2.31) I. (v) = inf {IE(Z) (1) : pp = 1/} .

The right-hand side of (2.30) equals (see equation (2.96) in [3])

(2:32) sup {£(0(0}.63) =5 (IVorll3 + V213 ) } -

i=1,2: ¢ €H (An),|I¢:]5=1
(Line 3 on p. 381 in [3] contains a typo: f (F ((152)) should appear instead
of f(¢?).) Using the lemma by Bryc [5], we see from (2.30) and (2.32) that
(V (e7))r>0 satisfies the LDP with rate 7 and with rate function

(2.33)
Ty =inf {< (16113 + V63 -

i = 2l =1, [ e (1= et (1 emenil) > )

N

2 T 2
—inf {cIIV¢>||§ . ||¢||§ =1, / dr <1 _ e~ Cchad?( )) > b}.
AN

The last equality, showing that the variational problem reduces to the diagonal
$1 = ¢, holds because if ¢ = %((Z)% + #3), then

(234) 24P < [Voi3+[Voal3,  (1—eomb)(1—emombd) < (1—emom’)?,

This completes the proof of Proposition 2. O
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2.2. The lower bound in Theorem 1. In this section we prove:
PROPOSITION 3. Let d > 3 and a > 0. Then, for every ¢ > 0,

(er)| 2 1) = 13" (c),

1 —1/(d—2
(2.35) lim inf - log P<|V‘” S

T—00 T

where 17 (c) is given by (1.9) and (1.10).

Proof. Let Cny(ct) denote the event that neither of the two Brownian
motions comes within a distance a7 ~'/(%=2) of the boundary of [—%, %)d until
time c7. Clearly,

(2.36)
F—1/(d—2)

P(\V””“d’” (er)] > 1) > P(;Vﬁv (er)| > 1, CN(CT)) YN > 0.

We can now simply repeat the argument that led to Proposition 2, but re-
stricted to the event Cn(c7). The result is that

(2.37) lim logP<| Ve e > 1 ‘ Cn(cr ) iv(L o),

where Jd o (1,¢) is given by the same formulas as in (2.7) and (2.8), except

that ¢ satisfies the extra restriction supp(¢) N o{[—%,5)?} =0 (and b = 1).
We have

1
(2.38) lim —log P(Cn(cT)) = —2cAN
T—00 T
with Ay the principal Dirichlet eigenvalue of —A/2 on [— 4, £)4. Hence (2.36)-
(2.38) give
(2.39)
N
lim inf — log P <\V“T

T—00 T

—1/(d—2)

(er)| > 1) > —Jha (l,c) —2cAy YN >0,
Let N — oo and use that limy_.o, Ay = 0 and

(2.40) lim Tiae(1,6) = Jhe(1,¢) = I§(c),

to complete the proof. Here, :]:’;“(1, ¢) is given by the same formulas as in (2.7)
and (2.8), except that ¢ lives on R? (and b = 1). The convergence in (2.40)
can be proved by the same argument as in [3, §2.6]. O
2.3. The upper bound in Theorem 1. In this section we prove:
PROPOSITION 4. Let d > 3 and a > 0. Then, for every ¢ > 0,
1 —1 —2
(2.41) lim sup — logP<|VaT " )| = 1) < —Ij(c),
T

T—00
where 17 (c) is as given by (1.9) and (1.10).
Propositions 3 and 4 combine to yield Theorem 1 by means of (2.1) and (2.2).
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The proof of Proposition 4 will require quite a bit of work. The hard part
is to show that the intersection volume of the Wiener sausages on R¢ is close to
the intersection volume of the Wiener sausages wrapped around Ay when N is
large. Note that the intersection volume may either increase or decrease when
the Wiener sausages are wrapped around Ay, so there is no simple comparison
available.

Proof. The proof is based on a clumping and reflection argument , which
we decompose into 14 steps. Throughout the proof a > 0 and ¢ > 0 are fixed.

1. Partition R? into N-boxes as
(2.42) RY = U,ezaAn(2),

where Ay (z) = Ay+Nz. For0 <n < %, let S, n denote the %n—neighborhood
of the faces of the boxes, i.e., the set that when wrapped around Ay becomes
AN\ An_y. For convenience let us take N/n as an integer. If we shift .S, x by
n exactly N/n times in each of the d directions, then we obtain dN/n copies
of Sy N

(243) S£7N7 j:17--'a77

and each point of R? is contained in exactly d copies.

2. We are going to look at how often the two Brownian motions cross the
slices of width n that make up all of the SJ s To that end, consider all the
hyperplanes that he at the center of these shces and all the hyperplanes that
lie at a distance 277 from the center (making up the boundary of the slices).
Define an n-crossing to be a piece of the Brownian motion path that crosses
a slice and lies fully inside this slice. Define the entrance-point (exit-point) of
an 7-crossing to be the point at which the crossing hits the central hyperplane
for the first (last) time. We are going to reflect the Brownian motion paths in
various central hyperplanes with the objective of moving them inside a large
box. We will do the reflections only on those excursions that begin with an
exit-point at a given central hyperplane and end with the next entrance-point
at the same central hyperplane, thus leaving unreflected those parts of the path
that begin with an entrance-point and end with the next exit-point. This is
done because the latter cross the central hyperplane too often and therefore
would give rise to an entropy associated with the reflection that is too large.
In order to control the entropy we need the estimates in Lemmas 3-5 below.

3. Abbreviate
(2.44) Opr = {5,( e -2l Vs e [0,er], i = 1,2}.

LEMMA 3. lim; . 1 log P([O.,]¢) = —o0.
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Proof. The claim is an elementary large deviation estimate. O

4. Let C* (n), k = 1,...,d, be the total number of 7-crossings made by the
two Brownian motions up to time c7 accross those slices that are perpendicular
to direction k, and let Cer(n) = Zizl C* (n). (These random variables do not
depend on N because we consider crossings of all the slices.) We begin by
deriving a large deviation upper bound showing that the latter sum cannot be
too large.

LEMMA 4. For every M > 0,

1 dM
(2.45) lim sup lim sup —10gP<C’CT(77) > —CT) < -C(M),

n—00 T—oo T n

with lim s C (M) = oo.
Proof. Since

dM M
(2.46) P(CCT(n) > TCT) < dP(CclT(n) > 707'),
it suffices to estimate the n-crossings perpendicular to direction 1. Let 17,75, . ..
denote the independent and identically distributed times taken by these
n-crossings for the first Brownian motion. Since for both Brownian motions
the crossings must occur prior to time c7, we have

M
2 T

(2.47) P(C;(n) > %@ < 2P< ; T, < CT).

By Brownian scaling, 7} has the same distribution as n2¢; with o the crossing
time of a slice of width 1. Moreover, by a standard large deviation estimate
for o1, 09,... corresponding to 17,75, ..., we have

(2.48) lim 1 log P (i o < Cn) = —1(¢)

n—oo n
i=1
with

(2.49) I(¢) > 0 for 0 < ¢ < E(0y), lgﬂ)lg[(g): %,

where the limit 1/2 comes from the fact that P(oy € dt) = exp{—[1+0(1)]} dt
as t | 0. It follows from (2.46)—(2.48) that

1 M 2M 1
. I - or —c7) < —e—— I~ )
(2.50) hITILSonglogP<C (n) > ; c7'> c ; I<2M77)

By (2.49), as  — oo the right-hand side of (2.50) tends to —2cM?2. Hence we
get the claim in (2.45) with C(M) = 2cM?. O
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Abbreviate

dM
(2.51) Corty = {C’CT(n) < TCT}.

5. We next derive a large deviation estimate showing that the total inter-
section volume cannot be too large.

LEMMA 5. lim; .o %bgP(\V“Tﬂ/(d*z) (eT)] > 20/%) = —oo for all ¢ > 0.

Proof. After undoing the scaling we did in (2.1), we get

—1/(d—2)

(2.52) P<|V‘” (er)| > 2%) — P([Ve(ct)| > 2crat).

We have [V®(ct)| < |W{(ct)|]. It is known that E|W{(ct)| ~ ckqt as t — o0

(recall (1.12)) and that P(|W{(ct)| > 2ckqt) decays exponentially fast in ¢t =

73/(4=2) > 7 (see van den Berg and Té6th [4] or van den Berg and Bolthausen

[2])- O
Abbreviate

(2.53) Ver = {|IV

6. Forjzl,...,dTN, define

1/(d—2)

(e1)] < 2¢kq}-

2.54 C..(S% ) =number of 7-crossings in SJ up to time cr,
n,N N

i ar—1/(d—2) i
VCT(S,]%N) =V (eT) N Sf%N.

Because the copies in (2.43) cover R4 exactly d times, on the event Cer a7, N Ver
defined by (2.51) and (2.53) we have

- : d2M
(2.55) D Cer(S ) < —CT
j=1

D Ver (87 )| < 2derig.
j=1

Hence there exists a J (which depends on the two Brownian motions) such
that

(2.56)
|VCT(S;7]7N)| < Adcka gt

These two bounds will play a crucial role in the sequel. We will pick n = vV N
and M = log N, do our reflections with respect to the central hyperplanes in
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S \J/— v and use the fact that for large N both the number of crossings and the

intersection volume in § \J/N  are small because of (2.56). This fact will allow

us to control both the entré)py associated with the reflections and the change
in the intersection volume caused by the reflections.

J
7. Let :c\/N’N

Syn.y (recall (2.43)). For z € 7%, we define

denote the shift through which S VNN is obtained from

(2.57) VIn() =V er) A% (),
VY mvont(®) =V 2)(67)05’\/—]\[( ),
VY mnin@ =V er) n AR () \ S5 v ()],

WhereA]‘{,(z):AN—l—:L"\/ﬁN andS‘] N2 = AN\ Ay \/—)+Nz+:n\/—N
The rest of the proof of Proposmon 4 Wlll be based on Propositions 5 and 6
below. Proposition 5 states that the intersection volume has a tendency to
clump: the blocks where the intersection volume is below a certain threshold
have a negligible total contribution as this threshold tends to zero. Proposition
6 states that, at a negligible cost as N — oo, the Brownian motions can be

reflected in the central hyperplanes of .S \J/N N and then be wrapped around the

torus Agace, /<y in such a way that almost no intersection volume is gained nor
lost.

Define
(2.58) 77y = {z € Z4: (Wi n(2)] > € or Wi, n(2)] > e},
where
(2.59) Win(z) =W ey nAf(z),  i=1,2.
Abbreviate

(2.60) Wer = {\ WP ()] < 2ekia, [WET T ()| < zma} C Ver.

Note that on the event W, we have |Z, 6‘] ~| < 4ckg /e, while

1
(2.61) lim —log P([Wer]°) = —00 Ve >0,

T—00 T

as shown in the proof of Lemma 5 above.

PROPOSITION 5. There exists an Ng such that for every 0 < e < 1 and
6 >0,

(2.62)

limsup sup Llog P { > |1/01N(z)|>5}u{ S VY en t(z)|>5}

T—00 N>Np €20zl zez7, TV
S_K(675)7

with lim, | K (€, ) = oo for any § > 0.
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PROPOSITION 6. Fiz N > 1 and €,6 > 0.

(i) After at most |Z;{N| — 1 reflections in the central hyperplanes of S\J/N

N
the Brownian motions are such that, when wrapped around the torus
Az‘ZiN‘N’ all the intersection volumes |VC‘;\/N’N7in(z)|, z € Z;{N, end up

in disjoint N-bozes inside A2‘Z;1N‘N.

(ii) On the event O, NC,_ log N./N Wer, the reflections have a probabilistic
cost at most explynT + O(log7)] as T — 0o, with limy_,o vy = 0.3

An important point to note is that on the complement of the event on the
left-hand side of (2.62) we have

ar—1/(d=2)
(2:63) 0< |V (el = > IV ymwin(2)] <20,

2€Z7
The sum on the right-hand side is invariant under the reflections (because the
|‘/;{',\/N,N,in(z)| with z € ZG‘{N end up in disjoint N-boxes), and therefore the

estimate in (2.63) implies that most of the intersection volume is unaffected
by the reflections.

8. Before giving the proof of Propositions 5 and 6, we complete the proof
of Proposition 4. By (2.61), (2.63), Lemmas 3 and 4 and Proposition 5 we
have, for 7, N large enough, 0 < e¢ <1 and § > 0,

(2.64) P(|V”’”(d’”(m)l > 1) < e 3K (o)
J
+P( S WV ywin®) 2120, 0 0C, 1y 0 w)
2€Z!

while by Proposition 6 we have, for any N > 1,0 < e <1 and § > 0,
(2.65)

P( Z |VC{_\/NNin(Z)| >1- 25, OCT N Cc’r log NoV/N N WCT> < e'YNT"rO(logT)
ZEZé{N 9 k) b
xP 1% - (2)] >1-26, O, NC NWer 0D
¢r,V/N,N,in - ’ eT cr,Jog N,vVN cT
2€Z!

with D the disjointness property stated in Proposition 6(i). However, subject
to this disjointness property we have

(2.66)

—1/(d—2) J
Vaitearn (D)= D7 VL o v,

2€Z!

3This statement means that if R denotes the reflection transformation, then dP/dP <
exp[ynT + O(log 7)] with P the path measure for the two Brownian motions defined by
P(A) = P(R™'A) for any event A.
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where we use the fact that |Z ;] ~N| < 4ckg/e on Wer, and the left-hand side is
the intersection volume after the two Brownian motions are wrapped around
the 24°%a/¢ N-torus. Combining (2.64)-(2.66) we obtain that, for 7, N large
enough, 0 < e <1and§ >0,

(cr) = 1)
1/(d—2)

< e 3K(Ed)T | GwT+0(logT) P<|V2[Z;a/e N (en)]=1- 25)-

—1/(d—2)

(2.67) P(\V‘”

We are now in a position to invoke Proposition 2 to obtain that, for IV large
enough, 0 < e <1andd§ >0,

1 -1 -2
(2.68) lim sup — log P<|V‘” e
T

T—00

(er)] > 1)

< max{ — %K(e,é), YN — JZ‘QWG/EN(l — 26, c)}

-~

Next, let N — oo and use the facts that vy — 0 and Jg‘ém&/éN(l—%, c) —

jc’;"(l — 26, ¢) (similarly as in (2.40)), to obtain that, for any 0 < € < 1 and
6 >0,
(2.69)
1 —1/(d—2 ~
limsup = log P(|[V* "“?(cr)| > 1) < max{ — 1K(€,0), —J5 (1 — 26, c)}
T

Next, let € | 0 and hence K(e,d) — oo, to obtain that, for any ¢ > 0,

1 —1/(d—2
(2.70) limsup;logP(H/“T e

T—00

(er) 2 1) < =J5+(1 - 25,0).
Finally, note from (2.7) and (2.8) that

Sn B o B % T C _ _ 0%2 K C
(2.71) Jre(1—20,¢) = (1—20)"T " (1, — = 25) (1-20)7 1 (—1 . 25),
where the first equality uses scaling (see also (4.1) and (4.2)). Let ¢ | 0 and
use Theorems 3(i) and (iv), to see that the right-hand side converges to I*(c).

This proves the claim in Proposition 4. In the remaining six steps we prove
Propositions 5 and 6.

9. We proceed with the proof of Proposition 6(i).

Proof. For k = 1,...,d carry out the following reflection procedure. A
k-slice consists of all boxes A% (2), 2 = (21,...,24), for which zj is fixed and
the z’s with [ # k are running. Label all the k-slices in Z? that contain one
or more elements of Z. The number R of such slices is at most |Z|. Now:

(1) Look for the right-most central hyperplane Hy, (perpendicular to the di-
rection k) such that all the labelled k-slices lie to the right of Hj. Number
the labelled k-slices to the right of Hy by 1,..., Randlet d1N,...,drp_1 N
denote the successive distances between them.
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(2) If dy > 1, then look for the left-most central hyperplane Hj, to the right
of slice 1 such that, when the two Brownian motions are reflected in Hy,
slice 2 lands to the left of Hj, at a distance either 0 or N (depending on
whether d; is odd, respectively, even). If dy = 0, then do not reflect. (As
already emphasized in part 2, we reflect only those excursions moving a
distance 3/N away from H}, that begin with an exit-point at H}, and end
with the next entrance-point at Hj . After the reflection, both Brownian
motions lie entirely on one side of the hyperplane at distance %\/N from

The effect of (1) and (2) is that slices 1 and 2 fall inside a 3N-box. Repeat. If
do > 3, then again reflect, this time making slice 3 land to the right of slices
1 and 2 at a distance either 0 or V. If do < 2, then do not reflect. The effect
is that slices 1, 2 and 3 fall inside a 6/N-box, etc. After we are through, the
R slices fit inside a box of size 3 x 272N (< 2BN). After we have done the
reflections in all the directions k = 1,...,d, all the labelled slices fit inside a
box of size 2%/~ N. O

10. Next we proceed with the proof of Proposition 6(ii).

Proof . Each reflection of an excursion beginning with an exit-point and
ending with an entrance-point costs a factor 2 in probability. On the event
Ccﬂ10 o NN the total number of excursions of the two Brownian motions is

bounded above by dl(%v cr. Moreover, on the event O, the number of central
hyperplanes available for the reflection is bounded above by 272/N, on the

event W, the total number of reflections is bounded above by |Z ;] Nl < 4drqc/e,
while the total number of shifted copies of S VNN available is dv/N. Therefore
we indeed get Proposition 6(ii) with vy given by 2418 N/ VN — ¢ and the
error term given by (272/N)*¢/¢d\/N = ¢9U°e7)  Note that the reflections
preserve the intersection volume in the N-boxes without the v/N-slices, i.e.,
the “/c{',\/ﬁ,logN,in(Z)‘ with z € ZE{N (recall the remark below (2.63)). O

11. Finally, we prove Proposition 5, which requires four more steps.

Proof . First note that the second event on the left-hand side of (2.62)
is redundant for N > Ny = (4ckq/d)? because of (2.56) with n = v/N and
M =log N. Indeed, recall that
(272) H/CT(S\J/NJ\[N = Z |‘/;(7]—7\/N’N7out(z)|‘

z€Z4

Thus, we need to show that there exists an Ny such that for every 0 < € < 1
and § > 0,

1
(2.73) limsup sup —log P Z ]VciN(z)\ >0 | <—K(e9),
7m0 N2No T 2€Z0\Z7



ON THE VOLUME OF THE INTERSECTION OF TWO WIENER SAUSAGES 763
with lim,jo K (€,0) = oo for any § > 0. To that end, for N > 1 and € > 0, let
(2.74) Ay = {A c R? Borel : inf sup [(A+z)NAx(2)] < 6} .

z€R? ze74

This class of sets is closed under translations and its elements become ever
more sparse as € | 0. The key to the proof of Proposition 5 is the following
clumping property for a single Wiener sausage. Recall that

(2.75) W,y = WaT (7).

—1/(d—2)

LEMMA 6. For every 0<e<1andd>D0,

(2.76) lim lim sup — log sup sup P(|JANW, | >0)=—K(e9),
el 7500 T N>1A€A. N

with lim, | K (€, 8) = oo for any § > 0.

Let us see how to get Proposition 5 from Lemma 6. Consider the random
set

(2.77) AF = U {(Wier N AL (2)}.
2€Z%: |Wh,erNAL (2)]<e

Clearly, A* € A, ny and (recall (2.57) and (2.58))
(2.78) Yo WVaNGI= Y Wie NWaer NAL(2)]

2€ZNZ! 2€ZNZ!

<Y AT AW N AL (2)]

z€7Z4
=|A" N Wy crl.
Therefore
(2.79) Pl > [Vin@I>6]< sup PANWae|>0).
2€Z4\27 A€Ae N

This bound together with Lemma 6 yields (2.73) and completes the proof of
Proposition 5. U
12. Thus it remains to prove Lemma 6.

Proof. We will show that

(2.80) lim lim sup — log sup sup E(exp { ~1/3dr140 WCT\]) =0
€l 7500 T N>1AeA. n

Together with the exponential Chebyshev inequality
(2.81) P(|JANW,,| >6) < 6_6671/3d7—E<eXp [6_1/3dT|AﬂWCT|:|) VA C RY,
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(2.80) will prove Lemma 6.

13. To prove (2.80), we use the subadditivity of s — [A N W /"7 (s)]
in the following estimate:

(282)sup E ((exp [6—1/3d7_| AN WCTI])

= sup E(exp [e_l/3dT|A nwer (CT)|D
A€A. N

o e~ Vder
< { sup  sup EJ;(eXp |:6_1/3dT’Aﬂ wer 1/(d 2)(61/d)’}>} .
A€A. N zeR4

Here, the lower index x refers to the starting point of the Brownian motion
(E = Ep), and we use the Markov property at times jeld j=1,... e Yier,
together with the fact that A. n is closed under translations. Next, scale space
by 71/(@=2) and time by 72/(4=2) and put T = ¢V/472/(d=2) {0 get

(2.83)
E, ( exp [6_1/3d7'|A A er e (el/d)|] )

1 — a
- E(E,I/Zdﬁ)x(exp [62/3%\(6 V2 TYANW (T)]D VA CRY z € RY

14. Abbreviate
(2.84) T, = V2T,

Use the inequality e < 14+ u + %uze“, u > 0, in combination with Cauchy-
Schwarz, to obtain

(2.85)

1 1 1
(2.83) <1+ 62/3dTETJyT6A NWT)| + 564/3d\/ﬁETex We(T)|*

x\/ETém <exp [252/3d%|W“(T)|]> V Ac R z e RY,

where in the last term we overestimate by removing the intersection with 7. A.
The two expectations under the square roots are independent of z and are
bounded uniformly in 77> 1 and 0 < € < 1 (see van den Berg and Téth [4] or
van den Berg and Bolthausen [2]). Hence

1
(2.86) (2.83) <1+ 62/3dTET€x\TEA NWT)| + Cpe*/3
VACRY, zeR*, T>1,0<e<1.
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The remaining expectation can be estimated as follows. First write

(2.87)  Era|T.ANW(T)|

= Z ET€w|T€A N Wa(T) N ATéN(Z)|
z€Z4

x Br(ITANWT) N Ary(2)] | WHT) 0 Agn(2) #0).
Then note that
(2.88)

sup sup sup Ex<\TEA NWHUT)NArn(2)] | WHT) N Ar.n(2) # @)
A€A. y z€RY z€Z4

< sup sup E|T.ANW(T) N Ar.n(0)]
A€R?: |[ANAN (0)|<e x€R4

= sup sup / Py(op, ) < T)dy,
AER?: |ANA x (0)|<e z€R? JT. ANAr, v (0)

with op,(,) the first hitting time of B,(y). Since the integrand is a decreas-
ing function of |y — z|, the integral on the right-hand side is bounded above,
uniformly in A € A,y and = € R?, by

(2.89) / P(UBa(y) <T)dy
LB/ gy174(0)

(wq is the volume of the ball with unit radius). Since

d—2 d—2
(290)  Plop.) <T) < Plog,) <o) =1A <ﬁ> < (ﬁ) :

we find that (recall (2.84))

(2.91) (2.89) < Cae'/?T.
Consequently,
(2.92) (2.87) < CoeT E |{z € Z%: W*(T) N Ap.n(2) # 0}

But the last expectation is bounded above by C5 uniformly in z € R%, N > 1
and 0 < € < 1. Hence (recall (2.86))

(2.93) sup sup (2.83) < 1+ CoCse”/3¢ 4 ¢y /3¢ VO <e<l.

z€RI T>1
Substitution into (2.82) yields the claim in (2.80). This completes the proof of
Lemma 6. O

This completes the proof of Proposition 4 and hence of Theorem 1. O
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3. Proof of Theorem 2

In this section we indicate how the arguments given in Section 2 for the
Wiener sausages in d > 3 can be carried over to d = 2. The necessary mod-
ifications are minor and only involve a change in the choice of the scaling
parameters.

log t

t

By Brownian scaling, V%(ct) has the same distribution as @V“
X (clogt), t > 1. Hence, putting

(3.1) T =logt,

we have

(3.2) P([Ve(ct)| = t/logt) = P(JV™™ 7 (cr)] = 1),
The claim in Theorem 2 is therefore equivalent to

(3.3) Tlingo%logp<|Vam(CT)| >1) = ~I"(c).

Both the argument for the lower bound (§2.2) and for the upper bound
(§2.3) carry over, with the shrinking rate v/7e~7 for d = 2 replacing the shrink-
ing rate 7= Y(@=2) for d > 3 (and 27 for d = 2 replacing r, for d > 3). The
necessary ingredients can be found in [3, §4].

The only part that needs some consideration is the proof of Lemma 6. Af-
ter the scaling we find that in (2.83) the factor 1/7" gets replaced by (logT')/T.
This can be accommodated in (2.85). The analogue of (2.89) for d = 2 reads

(3.4) P(UBa(y) S T) dy.

/(\61/4\/T)B(6/7r)1/2 (0)
To estimate this integral, we argue as follows. According to Spitzer [14], equa-
tion (3.3),

& Ko(v2A
(3.5) )\/ e_’\tP(aBa(y) <t)dt=1A M vy e R A >0,

0 K 0 (\/ 2)\ CL)
where K is the Bessel function of the second kind with imaginary argument
of order 0. Consequently,
Ko(V2Alyl)

3.6 P <1\ <e 22U yyeRY N> 0.
(3.6) (0B, (y) S 1/A) < Ko(V2ha) y

Hence

2me p
3.7 / P(op, Sl)\dygi/ rKo(V2Ar)dr
(3.7) P (0B, () S1/A) Ko(V2xa) s 0(V2Ar)

e V2o
T rKo(r)dr  Yp > 0.
)\KO(\/2)\a)/0 olr) g
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Put A = 1/T and p = €'/*\/T /7. Then

(3.8)

e/\/2/m
mel / rKo(r)dr.

U= KT b
Since Ko(r) = (1 + o(1))log(1/r) as r | 0, we obtain from (3.8) that

e/\/2/m
(3.9) lim sup €'/ (3.4) < €'/3 27re/
T—o0 0

log T
3 _Oi rKo(r)dr.
Here we multiply by €/3(log T') /T, which is the factor in the second term on
the right-hand side of the analogue of (2.86). The integral on the right-hand
side of (3.9) is of order €'/2 log(1/€). Hence we get C'e®/%log(1/€) for the second
term on the right-hand side of the analogue of (2.93).

4. Proof of Theorem 3

In Sections 4-6 we prove Theorems 3-5. The proof follows the same line
of reasoning as in [3, §5], but there are some subtle differences.

We will repeatedly make use of the following scaling relations. Let ¢ €
H'(R?). For p,q > 0, define v € H'(R?) by

(4.1) Y(x) = qp(x/p).
Then
(4.2) VYl =21Vl  I1el5 = pllels,  lvli = q'p?lelli,

Ja-ewp—pt [a—erep

We will also repeatedly make use of the following Sobolev inequalities (see
Lieb and Loss [12, pp. 186 and 190]):

(4.3) SalfllZ <IVfI3,  d=>3, fe DY(RY)NLARY,
with

2 o ovo—2(d—1)/d_(d+1)/d [ (4 + 1172/
(44)  r=-=5  Si=d(d-2) w [r(—z )} ,
and
(4.5) I£lla < Soa(IVFIZ+ 1 £13)2, d=2, f € H(R?),

with 3274 = (4/277‘(‘)1/4

Finally, we will use the fact that the variational problem in (1.14) reduces
to radially symmetric nonincreasing (RSNI) functions (see [3, Lemma 10 and
its proof]).
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We now start the proof of Theorem 3, numbered in parts (i-v).

(i) Picking p = 1 and ¢ = (cra)~ "2 in (4.1) and (4.2) and inserting this
into (1.9) and (1.10), we see that (1.9) and (1.10) transform into (1.13) and
(1.14).

(ii) Let K = max¢=o¢ 1 (1—e7¢)% The maximum is attained at ¢ = ¢, =
1.25643 ... . We have, for any ¢ € H'(R9),

(4.6) JA—e )P <K [42
Therefore the set over which the infimum in (1.14) is taken is empty when

Ku < 1, implying that ©4(u) = oo for u € (0,1/K). Next, let 1, be defined
by

(47) o = V/Colppuc.)
where Blu/(,] is the ball with volume u/(s. Then
(4.8) [¢2= (o =u, J(l—e¥)2=(1- 6—40)24% - Ku.

Therefore when Ku > 1 there exists a ¢ € H'(RY), playing the role of a
smooth approximation of v, such that

(4.9) [l =u, [(1—e¥)?>1,

implying that ©4(u) < oo for u € (1/K,00). Finally, ©4(1/K) = oo because
Y, ¢ H'(R?) and any smooth perturbation of v, violates (4.9) when u =
1/K. This proves the claim with u, = 1/K. The fact that O is strictly
positive everywhere follows from part (iii) in combination with the asymptotics
in Theorems 4 and 5.

(iii) To prove that ©, is nonincreasing, we need the following identity.

LEMMA 7. Let
(4.10) Oa(u) =inf{|[V|3: |93 =u, [(1—e¥")2=1},

Oa(u) =t {|VY[3: Y13 <u, [1—e¥)?=1}.
Then
(4.11) Oalu) = Og(u) = O4(u)  Yu > us.
Since O, is obviously nonincreasing, the claim follows from (4.11). Thus, it
remains to prove Lemma 7.

Proof. The proof proceeds in four steps.

1. Tt is clear that ©4(u) > ©4(u). To prove the converse, let (¢j) be a
minimising sequence of ©4(u), i.e., [|1;]|3 = w and [(1 — e %2 > 1 for all j
and [|[V1;]3 — ©4(u) as j — oo. Define

(4.12) gy(a) = ad/ <1 — e‘“id¢2>2, a>0.
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Then gy (1) > 1. In part 2 we will prove that lim,—. gy (a) = 0. Hence, by the
intermediate value theorem, there exists a sequence (a;) such that a; > 1 and

gy(a;) = 1 for all j. Let ¢; € H'(R?) be defined by ¢;j(z) = aj_d/2¢j(x/aj).
Then, by (4.1) and (4.2), we have

(4.13) IV65ll5 = o 2IVesli5, lleslis = w3 =,

/(1 —e %) = gylaj) =1 Vj.
Recalling (4.10), we therefore have
(4.14) Ou(u) < |IV;l13 = a; I Vus13 < Vo5l Vi

Let j — oo and use the fact that |[V;[|3 — ©4(u), to get (:)d(u) < O4(u).

2. Next we prove that lim, .o gy(a) = 0. For d > 4 we have e™* >
1 — z¥2d=2) 3 >0, so it follows from (4.3) and (4.4) that

(4.15) gu(a) < q—2d/(d-2) /w2d/(d—2) < a—2d/(d—2)5d—1”leugd/(d—Q)'
For d = 3 we have, by Cauchy-Schwarz and (4.3) and (4.4), that

(4.16) gyla) <a” / Pt < a B llallwll} < a”But2s R V)3,

For d = 2 we have, by (4.5), that
(4.17) gp(a) = a~? / W< a1SE (V)2 + w2,

3. It is clear that ©g(u) < Og(u). To prove the converse, we begin with
the following observation.

LEMMA 8. The set
(418) {we H'®R?Y: ¥ RSNL |[Vo|3 < C, 4]} < w, / (1-e)? =1}
is compact for all u > u, and C' < oo.

Before proving Lemma 8 we first complete the proof of Lemma 7. Since
Y = |[[V)[|2 is lower semi-continuous, it follows from Lemma 8 that the varia-
tional problem for ©4(u) has a minimiser, say ¥*. Define

1

_ —|z]? /n? d
p"(x)_ﬂdﬂnde ) re€R* neN,

(4.19)

and note that [ p, =1 and ||[V\/pall3 = 2d/n* for all n. Define ¢, by

(4.20) W= (= W D)pe,  neEN.
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Then [[1% |2 = u for all n. Moreover, since x — (1 —e~%)? is nondecreasing on
[0,00), we have

(4.21) /(1 —e V)2 > /(1 —e V)2 >1 v
So v satisfies the constraints in the variational problem for © 4(u). Hence
(4.22) Oa(u) <[[VYyl3  ¥n.

By the convexity inequality for gradients (Lieb and Loss [12, Theorem 7.8]),
we have

~ 2d
(4.23) [VUrnllz < [IVe"I3 + (u = [0 DIV V/Ballz = Oalw) + (u = [0"[2) 5.

Let n — oo to conclude that ©g4(u) < éd(g). But we already know from
part 1 that O4(u) = O4(u), and so O4(u) < O4(u). This completes the proof
of Lemma 7. O

4. Tt remains to prove Lemma 8.

Proof. The key point is to show that the contribution to the integral in
(4.18) coming from large = and from small z is uniformly small. Indeed, since
1 is RSNI, we have

(429)  w> [yl > / 6> waRA(z) Yo > R >0,
Br

and so
(4.25) / (1-e¥)< < L g2 < w? VR>0

' Bg ~Jp;, T waR?Jp, = T waR4 ’
while
(4.26) / (1—e¥)< / L=wer?  Yr>o.

BT BT

So the last two integrals tend to zero when R — oo, respectively, r | 0. Next
we note that any sequence (1;) in H(R?) has a subsequence that converges
to some 1 € H'(R?) such that the convergence is uniform on every annulus
Bg \ B, (since 1; is RSNI and ||¢;||3 < u for all j). Clearly, 1 inherits the

first three constraints in (4.18) from ;. Moreover, since

(4.27) /(1 —eVi)2=1 vj

lim (1—e )2 :/ (1—e¥)2,
J—00 BR\BT BR\BT

lim (1—e %)= /(1 —e V)2,

R—>OO,T‘lO BR\Br
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we have that ¢ also inherits the fourth constraint in (4.18) from 1);. Therefore
1) belongs to the set. This completes the proof of Lemma 8 and hence of part
(iii). O

(iv) To prove that O is continuous on (ue, 00), we argue as follows.

1. Suppose that the variational problem for ©4(u) in (4.10) does not have
a minimiser. By Lemma 8, the variational problem for (:)d(u) does have a
minimiser 1. Therefore [|¢||3 < u, otherwise 1) would also be a minimiser
for ©4(u). Let v = ||[1]|2. Then ¢ is a minimiser for both ©4(v) and O4(v).
So, by Lemma 7, we have ©4(v) = Og(v) = O4(u) = Og(u). Since Oy is
right-continuous, it follows that it is continuous at u, and therefore so is ©4.
Suppose next that the variational problem for (:)d(u) does have a minimiser .
Then 9 is radially symmetric, continuous and strictly decreasing (see Lemma
10 in Section 5). Without loss of generality we may assume that 1 is centered
at 0. Fix d,u and let § > 0 be arbitrary. We will construct a 1) (depending on
d,u,1,d) that is radially symmetric and nonincreasing such that

@) Vi< w s iB-u<u  [0-e TRz
Since B4 is nonincreasing, it follows from (4.28) that

(4.29) Ou(u) < O4(v) < O4(@) < Ou(u) +6 Y € (G, u).

Since ¢ is arbitrary, this implies the claim.
2. For € > 0, define

(4.30) re = min{|z|: P(x) < €}.

For 0 < a < 1, define

1 if |z <7,
(4.31) ge(z) = 1—allre if r < Ja| < 2r,
l-«a if |z| > 2r..
Then
(4.32) 0<q <1, Vel = waa?(2¢ — 1)rd=2,
Let

(4.33) ¥(2) = qe(x)ip(z),  zeR™
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Then
s [a-ePp=ts fla-e PR -a- ey
—14+ /(e—w2 — e TV (2 — eV — YY)
>1- /(1 — gV (1 + @)y

>1-22 (- @t
where we use that 12 < € on the set {x € R?: ¢?(z) < 1}. Moreover,

(4.35) 1913 = u - / (1 @)
and

(4.36)
VI3 = / ¥V + 4.V

< [0+ [@veP+2 [ ai9a. vl

=/ wQ\VqE\%/q?er +2/ 0| Va. - Vol
{r-<|z|<2r.}

{r-<|z|<2r.}

§e2/|qu|2+/|w|2+2e/|qu||vw|

<[ Vael3 + Oalu) + 2¢[|Vaell2 [ Ve |-
3. Next choose
(4.37) a=min{d, (24 — 1)"V2 272y
Then, by (4.32), (4.36) and (4.37),
(4.38) VI3 < (vOalu) +¢)*.
Finally, let
(439) () = qi(z/p)

with

(4.40) p= (1 - 2¢° /(1 - qez)"t/Jz)_l/d, q=1,
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and e small enough so that the right-hand side of (4.34) is strictly positive.
Then (4.1) and (4.2) in combination with (4.34), (4.35) and (4.38) imply that
1) satisfies

(1.4 Ivolg< (1-2¢ [ - g

w2 u— [(1=g2)y?
]2 = =2 [(1 = 2)02

/(1 —e V2> 1.

It follows from (4.41) that for any § > 0 there exists an ¢ > 0 such that 1)
satisfies (4.28).

) (eutw + o

(v) The divergence of ©4(u) as u | u, comes from the following bounds.

LEMMA 9. There exist constants c1,co (depending only on d) such that

(4.42) o1 < (u—uo)O4(u) < e for us < u < uomin{g, 14279}

Proof. Recall the definition of K = 1/u, and (, from part (ii). The
variational problem in (1.14) may be rewritten as

(143) @) —inf {|Vu[3: [0 =u, [ FW?) < Ku-1, 4 RSN},
where
(4.44) Fit)=Kt—(1—-e 9% t>0.

1. First we derive the lower bound. By the definition of K and the
inequality et > 1 —t, ¢t > 0, we have F(t) > max{0, Kt — t?}. Let

(4.45) p(t) = {z: ¢* (@) >},  t>0.
Suppose that 1) satisfies the constraints in (4.43). Then we have
(4.46) Ku—1> / F(y?)

{K/3<¢?<2K/3}

5 4. 2K?
> (K4 — ) > 2L /3) — p(2K3)]

{K/3<¢?<2K/3}
Moreover,
(4.47) 1< /(1 — e 2 < u(2K/3) + / (1—e )2

{2 <2K/3}
<ueK/3)+ | U < p2K/3) + 2Kuf3,
{y2<2K/3}
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implying that 4(2K/3) > 1/4 for us < u < Ju,. This in turn implies that

(4.48) Ry = min{|z|: ¢?(z) < 2K/3} > (dwg) V4.
Using (4.48) and Cauchy-Schwarz, we get
dy
@) Kjo=- [ 90r) 2 (1)
{K/3<y?<2K/3} r
e

< [0y @072 (g 2]
dwq J{K/3<y2<2K/3}

x[ dﬂ/)( Yr(@=D/2 (g, )1/2}61

dr
Ry 2\1/2
< \%
= dwg (/{K/3<w2<2K/3}w) IVl
R
< dw (QK/3)1/2[ (K/3) — p(2K/3)]2| V3|2

It follows from (4.46), (4.48) and (4.49) that the lower bound in (4.42) holds
with ¢ = 2_8+4/d3d2wc2l/d.

2. Next we derive the upper bound. For Ry > R; > 0, consider the test
function 9g, gr, defined by

/2 if 0 < |2| < Ry,
(4.50) VR (2) = PR i Ry < o] < Ry,
0 if |£L’| > Ro.

A straightforward calculation gives
(4.51) [Vor, 15 S waB5 (B2 — Ra) ™' Co,

1
¥R, R, I3 = waR{Co + dwaCo(Ry — R1)/ [R1 + (Ry — Ry o] "o d.
0
From (4.44) we have

" 1 + 12 1
. - ) <= > 0.
(4.52) F'(t) = 4(e 4) <7 20
Since F'((,) = 0, it follows that
1
(4.53) Fﬁ)gza—ggi t>0.
By the definition of (,
(4.54)
[ Phn= [ P,z
{Ri<[z|<R»}

1 1

<1/ (Vb — G < a3 (B — RRE

B
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Let Ry = Ry(R1) be the unique positive root of
4(Ku—1)
dwy R
It follows from (4.54) that g, g, satisfies the second constraint in (4.43).
The choice Ry = (u/wqCs)"® yields that the second expression in (4.51) is
strictly larger than u. On the other hand, the choice Ry = 0 gives RY =
4(Ku —1)/dwyC? and yields, by the constraint on u in (4.42),

1
@30)  lonmoli =" a0t vt <

<>

Hence there exists a pair (R1(u), Ra(u)) such that vpg () r,(u) satisfies the
constraints in (4.43). Finally, from the first expression in (4.51) in combination
with (4.55) we get

(4.55) R=Ry+

1 _ _
(4.57) Oa(u) < VR, (), ro(u) 13 < Zgﬁdwﬁ(Ku — 1) Ry ().
3. It remains to find an upper bound on Ry (u). Since Ry (u) < (u/wqCo)'/?
we have, by (4.55),

(4.58)  Ro(u) < Ry(u) +

4(Ku—1) u \1/d 4(Ku—1)
< ()T
dwaRo(u)?=1¢2 wdaGo dwa R (u)4=1¢2
Moreover, by the expression in (4.51) we have
(4.59) u < wgRo(w)¥Co + dwaCoRo(1)? /3 < 2dwaCoRa ().
Combining (4.58) and (4.59), we obtain the required upper bound on Ra(u):
u \Vd  4(Ku-—1) u (1=d)/d
)"+ e () '
wyCo WdCo waCo
For u satisfying the constraint in (4.42), there exists a constant c3 (depending

only on d) such that Rs(u) < c3. Hence the upper bound in (4.42) holds with
cy = (BdwiK i, O

(4.60) Ro(u) < (

5. Proof of Theorem 4

1. Let ¢ € H'(R?) and pick p = u*?¢, ¢ = u~/2 in (4.1) and (4.2). Then
(recall (1.14))
(5.1)

W0, () = inf {IVol3: 6 € H'RY), ||6]3 =1, / W1-e 2 =1
Since u — u?(1 — e~* '9*)2 is nondecreasing on [0,00), we see that u —

u*=9/4 @ (u) is nonincreasing on [0,00). In part 4 we will prove that it is
strictly decreasing on (u, 00).

2. Since u?(1 —e™* )2 < ¢*, we have

(5.2) u Ve (u) > pg,  d=2,3,4.
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Note that the constraint ||¢|l4 = 1 in (1.16) may be replaced by ||¢[/4 > 1 via
an argument similar to the one in the proof of Lemma 7. On the other hand,
w1 —e " )2 > ¢ — $8/2u, and hence
(5.3)

w0y (u) < f{[|Vo[5: &€ H'RY, |65 =1, [¢ll7 > 1+ 518/}

In [3, §5.5] it was shown that

(5.4) 1iH;lsoup nf{[|Vo|3: ¢ € H'(RY), [l13 =1, [¢ll5 = 1+ F o8} < pa-

Replacing ¢ by 3/4u in (5.4), we get from (5.3) that

(5.5) lim sup w4~ 91 Q,4(u) < pg.

U— 00

3. To settle the claim made in part 1 we need the following fact.

LEMMA 10. Let2 < d < 4. Then for every u > u, the variational problem
for ©4(u) has a minimiser.

Proof. By Lemma 8, the variational problem for (:)d(u) has a minimiser,
say ¢*. There are two cases. Either [|[¢*||3 = u, in which case 9* is also a
minimiser of (:)d(u) and we are done, or |[¢)*||3 < u. We will show that the
latter is impossible. This goes as follows.

d = 2,3: Suppose that ||[¢*||3 = v/ < u. Then

(5.6) Oa(u) = [|[Ve*|3 > 04(u).

But it follows from part 1 that u — ©4(u) is strictly decreasing on (., 00) for
d = 2,3. Hence we have a contradiction.

d =3,4: Perturbing ¢* inside the set {¢y € DYR?Y): |¢|} < u,
[(1 —e™¥")? = 1} with smooth perturbations, we have that ¢* must satisfy
the Euler-Lagrange equation associated with the variational problem

(5.7) it (Vo3 v e DURY, (- =1,
which reads
(5.8) AY = —Aghe V" (1 — e,

where Ay > 0 is a Lagrange multiplier. The formal derivation of (5.8) uses the
results in Berestycki and Lions [1, §5b]. Without loss of generality we may
consider only RSNI-solutions of (5.8):

d

(5.9) ar <7’d_1(jl—2f> = —)\[ﬂ/Je_W(I — e‘¢2)rd_1.
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We have fli—r(O) = 0 (see the same reference). Integrating (5.9) over [0,7], we
get

(5.10) Td_lili—¢ = —)\d/ Ye ¥ (1 — e V)t Ly
r 0

1
< —)\d/ Ye (1 — eV )ty = —cy Vr>13dc¢y >0.
0

Hence %(T) < —cd,rl_d. Integrating this inequality over [r, 00) and using the

fact that lim,_ ¥ (r) = 0, we get

(5.11) W(r) > dcf2r2—d Vr > 1.

Hence v € L?(RY) for d = 3, 4. O

4. We are now ready to prove the strict monotonicity of u — u(*—=4/d Oq4(u)
on (ue,00). Pick u > u,. Lemma 10 guarantees the existence of a minimiser
¢* for the variational problem
(5.12)

W8, ) = int {[[Vol: & € H®Y, [6lf =1 [uP1-e 0P < 1)

(recall (5.1) and Lemma 7). Pick v > u. Since u — u2(1—e~% '#")2 is strictly
increasing on [0, 00) when ¢* > 0, there exists a d,, > 0 such that

(5.13) /v2(1 — e )2 =14 6,

Hence we have

(5.14)
W=D/ Gy (u) = ||Ve* 3

> inf{[Vo|2: [6]3 = 1, / B = e =145,

_ _ . v _ 2
= (1 8,) D it (VB 61 = 5 [ - P = 1)

)

_ (d-2)/d (4-dy/d & (__ Y
(1+ 6u0) v @d(l - %)

() S

where the second equality uses (4.1) and (4.2). But, by part 1 and Lemma 7,
the right-hand side is > (1 + Suw) Y= D/1Q 4 (v), and so u*=D/1Q4(u) >
v=d/1 9 4(v) because 8, > 0.
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5. The proof that pg > 0 for 2 < d < 4 is given in [3, Lemma 15]. There
it is also shown that p4 = S4, the Sobolev constant in (4.3). It is easy to see
that ug < oo for 2 < d < 4.

6. Proof of Theorem 5

(i) The proof again relies on the Sobolev inequality in (4.3).

1. Since e~ ¥* >1 - ¢d/(d_2) for d > 5, we have

(6.1) na=inf{|Vy|2: e D'(RY), / (1-e ¥ =1

> f{[|Ve[3: ¢ e D'(RY), / RI-2) > 1

:Sd7

by the Sobolev inequality (4.3). To prove that 7y < oo, we simply note that
¥ given by 1, (z) = e~ 171" is in DY(RY). Adjusting a such that 1, satisfies
the integral constraint in (1.17), we see that ng < ||V ||3.

2. To prove that (1.17) has a minimiser, let (1/;) be a minimising sequence
for ng, i.e., 1j is RSNI and [(1 —e ¥)2 =1 for all j and lim;_« || V(|3 = 74
We can extract a subsequence, again denoted by (1;), such that 1; — ¢*
weakly in D'(R?) and almost everywhere in R? as j — oo for some ¢* €
DY (RY). Clearly, 1* is RSNT and ng > ||Ve)*||2. Tt therefore suffices to show
that ¢* satisfies the integral constraint in (1.17), since this implies that 7y <
|V4*||3 and hence that ¥* is a minimiser.

3. Estimate
2 d—2)/d
(62) 0< fa-evps [y o (1)
Sa
Fix € > 0. Then there exists an Rj(e) > 0 such that
(6.3) 0< / (1—e¥") <e
Ble?l(é)
Let C = sup; ||V |3 and define Ry(e) by
C\2 a-aya_d 4-d
4 hl _° —e
(64) (Sd) wa g ele) ‘

Since t; is RSNI, ¥; € DY(RY) and ||V1;]|3 < C for all j, it follows from the
Sobolev inequality in (4.3) that

(6.5) C=Sallvjl34/(a-2) = Sal¥ilp.©)l2d/a—2)

> S0 (r)?| B, (0)4=D/4 = S (r) 2P 492 v > 04
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Combining (6.4) and (6.5), we find
(6.6)

2 2 —
[ [ wis(g) [ e v

10%2(6) R (e) Blc?z(e)

Now put R(e) = max{R;(e), Ra(€)}. Then, since [(1 —e )2 =1 for all j, we
get from (6.6) that

(6.7) 1—e< / (1—e %) <1 Vi
Bre

Since 1; — 1¢* almost everywhere, it follows from the dominated convergence
theorem that

(6.8) 1—¢e< / (1—e "2 <1,
Bree)
Combining this inequality with (6.3), we obtain
(6.9) 1—e§/(1—e—¢*2)2§1+e.
Since € was arbitrary, we conclude that * satisfies the integral constraint in

(1.17) and therefore is a minimiser of (1.17).

4. It remains to show that * is unique up to translations and that
|o*]|2 < oo. Once this is done, we can identify ¢4 in Theorem 5 with *. To
prove uniqueness, we recall that ¢* satisfies (5.8), the Euler-Lagrange equation
associated with (1.17):

(6.10) AY* = —Agde V(1 — ™),

where the Lagrange multiplier A4 is uniquely determined by Pohozaev’s identity
(see Berestycki and Lions [1, §5b]). The resolvent (—A)~! has K(x,y) =
L F(% — 1|z — y|7(?=?) as integral kernel. Hence

Ard/2
(6.11) )\d/K z, ) (y)e VW (1 — e VW) gy,
It follows from the arguments in [3, §5.6(I11)2], that
(6.12) ¢*(z) < min{y*(0), C|z| =@~} for some C' < o0.
Combining (6.11) and (6.12), we obtain
(6.13)
im_[ol?20* (@) = AT < )/¢ (1 = W) gy,

where the right-hand side is strictly positive and finite. Thus, we see that
¥* is a “fast decay solution” of (6.10). We can now apply Tang [15, Theo-
rem 2] to conclude that 1* is the unique minimiser of (1.17) up to translations.
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Hypotheses (H1) and (H2) in [15] (with p = 1, ¢ = 3 and m = 2), which need
to be satisfied by the right-hand side of (6.10), are easily verified. Finally,
(6.12) implies that [[¢*||2 < oo.

(ii) The proof is based on leakage of L?(R?)-mass.

1. By dropping the constraint ||[%||3 = u in (1.14) we obtain the lower
bound ©4(u) > ng in (1.18). To prove the upper bound, let u € (ug4,00) and
define

(6.14) mow = Y + (u = [[all)pn
with py given by (4.19). Then |[¢}; ,[|3 = u and

(6.15) /(1 2 > /(1 L)

Hence 1y, , satisfies the constraints in (1.14). Moreover, by the convexity
inequality for gradients we have

N 2d(u — ug
(616) IVl < IVl + (o [Wal DIV Bl = ma + 20 0)

Let n — oo to obtain ©4(u) < ng for u € (ug,00), which proves the upper
bound in (1.18).

2. To prove that u +— ©g4(u) is strictly decreasing on (ue,ug) we argue as
follows. The following result, which is an analogue of Lemma 10, is valid for
d > 2, though we will need it only for d > 5.

LEMMA 11. Let d > 2. Suppose that u_ > u, and that ©4(v) > Og(u_)
for allv € (us,u_). Then the variational problem for © 4(u—) has a minimiser.

Proof. By Lemma 8, O4(u_) has a minimiser, say . Let [|¢||2 = v. Then,
by (4.10), v < u_ and 1 is a minimiser also for ©4(v). Hence, ©4(v) = Og(u_).
Therefore, by Lemma 7, ©4(v) = ©4(u_). Hence v = u_ (by the assumption
in the lemma), so that ||¢||3 = u_. Consequently, ¢ is a minimiser also for

@d(u_). [l

The rest of the proof is via contradiction. Suppose that u_ € (uq,uq) is
such that ©4(v) > ©4(u_) for v in a left neighbourhood of u_ and O4(v) =
Og4(u_) for v in a right neighbourhood of u_. By Lemma 8, O4(v) has a
minimiser for v in a right neighbourhood of u_. By taking smooth variations
of this minimiser under the constraint u_ < [|%||3 < u_ + € for some € > 0, we
obtain that ©4(v) has a minimiser v satisfying the Euler-Lagrange equation
(recall (5.8))

(6.17) Ay = —A_pe ¥ (1 —e ¥,

where \_ = %@d(u_) by Pohozaev’s identity. The minimiser ¢ _ for ©4(u_),
which exists by Lemma 11, also satisfies (6.17). Now, let 14 be the unique “fast
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decay solution” of the variational problem for O 4(u4) (according to Tang [15]).
Then ¥4(- (A_/Aq)"/?) is a fast decay solution of (6.17), which by uniqueness
equals 1_(+). By scaling we have

(6.18) w =l = (32) v
and
—_ _d}— 2 — _d _ —% 2 — _d
(6.19) /(1 ) (A_> /(1 %) (A_> .
Since v¥_ is a minimiser for ©4(u_), we have \_ = Ay by (6.19). Hence
u_ = ug by (6.18), leading to a contradiction. Consequently, u — © 4(u) is

strictly decreasing on (e, ug).

7. Proof of Theorem 6

(i) By Theorems 4 and 5(ii), we have that u — ©4(u) is strictly decreasing
for 2<d <4 and u € (u,,00) or d > 5 and u € (u,,uyg]. Hence ©4(u) has a
minimiser by Lemma 11. The proof that this minimiser is RSNI is similar to
the proof of Theorem 5(i) (see also the proof of Theorems 4 and 5 in [3]).

(ii) The proof runs via contradiction. Let d > 5 and u € (ug,00). Suppose
that ©4(u) has a minimiser, say 1. Let

(7.1) a = inf{|V[3: ¥ € D'(RY), / (1— e ¥ > 1),

Then, clearly, ¢ is a minimiser of 74 as well. It is easy to see that ng = 74
(compare (1.17) and (7.1)). Moreover, by Theorem 5(ii), nq = ©4(u) for
u € (uq,00). Hence 1 is a minimiser of 74 also. By Theorem 5(i), all minimisers
of ng have L?-norm wugy. This contradicts the constraint |[1[|3 = w in the
variational problem for ©4(u) for u € (ug,00). Hence ©4(u) does not have a
minimiser for u € (uq, 00).
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