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Abstract

We introduce estimators for the entropy production of a Gibbsian pro-
cess based on the observation of a single or two typical trajectories. These
estimators are built with adequate hitting and return times. We then
study their convergence and fluctuation properties. This provides statis-
ticals test for the irreversibility of Gibbsian processes.
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1 Introduction

In the theory of non-equilibrium statistical mechanics, the entropy production is
a crucial quantity. Typical for non-equilibrium steady states is the (strict) pos-
itivity of the entropy production which is accompanied by presence of currents
and hence breakage of time-reversal symmetry. In [I3] the entropy production
was introduced at the level of trajectories. The idea is that even for a non-
equilibrium system in the steady state, the space-time measure is still a Gibbs
measure and the asymmetric part under time reversal of the Hamiltonian of
the space-time Gibbs measure is the entropy production. Hence, in this for-
malism, the entropy production is a trajectory-valued function which measures
the degree of irreversibility. The relative entropy density between the forward
and the backward process is then the mean entropy production, which is strictly
positive if and only if the process is reversible (i.e., in “detailed balance”, or
“equilibrium”). See also [9] and [I4] for the relation between strictly positive
mean entropy production and reversibility.

In this point of view, in order to estimate the entropy production, e.g., in
order to test the reversibility of the process, one needs the measure on trajecto-
ries. This is quite similar to the problem of estimating the entropy of a process.
A basic approach consists in approximating the measure by its empirical ver-
sion [T9]. Another particularly useful and simple way of estimating entropy is
via the Ornstein-Weiss theorem [I9, 21]. The entropy is approximated by the
logarithm of the return time of the first n symbols, divided by n. Similarly,
relative entropy density can be estimated using waiting times, see e.g. [I1].
In this paper we consider Gibbsian processes with values in a finite alphabet,
and with summable modulus of continuity. We introduce an estimator of the
entropy production based on a single trajectory (we call it the hitting-time esti-
mator) and an estimator based on two independent trajectories (which we call
the waiting-time estimator). For both estimators we obtain consistency and
asymptotic normality, with an asymptotic variance coinciding with that of the
entropy production. Moreover, for the waiting-time estimator we obtain a large
deviation principle. It turns out that its large deviation function has the same
symmetry as in the so-called fluctuation theorem [6, 12, 3], and in fact coin-
cides with the large deviation function of the entropy production itself in the
region where it is finite. This shows that the estimator has also nice properties
from the physical point of view. The basic technique we use is the exponential
law with good control of the error for hitting and waiting times [I, 2]. This
provides us with a precise control of the difference between the estimators and
the entropy production.

The rest of the paper is organized as follows. In section 2 we introduce the
entropy production in the spirit of [I3], see also [9]. In section 3 we introduce
the estimators, in section 4 we state their fluctuation properties and section 5
is devoted to proofs.



2 Context

We will consider a stationary process {X,, : n € Z} taking values in a finite set
A. A trajectory of this process, i.e., an element of A% will be denoted by w.
The space of all trajectories is denoted by Q = AZ. For w € Q, and n € Z, 6w
is the trajectory defined by (0,w)r := wkin. A function f : Q — R is called
local if it depends only on finitely many coordinates of the trajectory. A block
of length n is a sequence z} := x;---x, of elements of A. The cylinder [z}]
based on 27 is the set of w € Q such that w; = z; for j =1,...,n.

The distribution P of the process {X,, : n € Z} is supposed to be a trans-
lation invariant Gibbs measure with translation invariant potential U. The
associated “energy per site” fy is defined as usual:

o) = 30 L)

e

where the sum runs over all finite subsets of Z (containing the origin).
It is well-known that under mild assumptions [7] there exists a constant
K > 0 such that for all 27, all w € [z7], we have the uniform estimate

L P(z)
~ exp(nP(fv) + Z;L:_& fu(Ojw)) —

where P(fy) is the “pressure” associated to U.

For a block z7, its time reverse is denoted by x,ll = TpTp_1---T1. Similarly,
X7 denotes the random block Xj - -- X,, whereas X,ll denotes the random block
X, - Xi.

For the definition of the entropy production of the process {X,, : n € Z}, we
follow [I3, 15]. We denote by P* the distribution of the time-reversed process,
i.e., the distribution of {X_,, : n € Z}. The entropy production of the process
up to time n is defined as

(1)

PXT])
PR ([X7) @

Sn(Xl, oo, Xp) i=log ﬁ(([[))?ll]]i = log

n

This random variable is a measure of the irreversibility of the process up to
time n.
We recall that the relative entropy density h(Q|P) between a translation
invariant probability measure Q on 2 and P is the limit
H P
h(Q|P) = lim 7"(@ )

n—~o0 n

where

Q([=1])
P(27])

Ho(QP) := > Q([z}))log

P EeAn

We have the following well-known properties [[7]:
WQIP) = P(fu) - [ fu 4@+ 5(@)
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where s(Q) is the entropy density of Q. Moreover, h(Q|P) > 0, with equality if
and only if Q is an equilibrium state for U (variational principle).
Using () and the Ergodic Theorem, it follows immediately that

S,(X1,..., X,
tim SntXue o Xn) g

n—00 n

(P|P*) := MEP P — almost surely . (3)

This quantity is called the mean entropy production. It is equal to 0 if and only
if the process is reversible, i.e., the potential U* associated to P¥ is physically
equivalent to the potential U.

We now precise the classes of potentials for which our results hold.

A first restriction is to assume that fiy has a summable modulus of conti-
nuity, i.e.,

Z vary, fu < oo (4)

n>1

where
vary, fu := sup{|fu(w) — fu(W)| : wi = wj,V]i| < n}.

In particular this implies that P is the unique Gibbs measure (equilibrium state)
with potential U. It is convenient to work with an fyy which depends only on
“future” coordinates, that is, only on wy,ws,.... It is indeed proved in [3] that
if f satisfies (@), then there exists a function fif(w) := fif (w1, wa,...) which
is physically equivalent to fr7, i.e., which gives the same Gibbs measure as fy,
and which has also summable variations. “Physically equivalent” means there
exists a measurable function k = ky and a real constant C' = Cp such that
fif = fu+r—ro0+C. It is easy to check that () holds with f;} in place of fy
by suitably modifying the constant K. Moreover, we can simplify the notations
by assuming that P( ffj ) = 0. If it is not the case, replace f;]r by the physically
equivalent potential ffj — P( ffj ). Recapitulating, we obtain that there exists a
constant K’ > 0 such that for all 27, all w € [z]], we have the uniform estimate

K1 < P([gj?]) < K'.
~exp(T)5 fi (0w) T

Of course, the same estimate holds for P® with the obvious modifications. This
immediately gives that there exists some constant K > 0 such that

()

n—1

SR <8-S - fr) o0 < K (6)

Jj=0

for all n > 1. Using (Bl) and the Ergodic Theorem, we deduce immediately that

MEP — / (f = fifa) dP.

The possibility of working with a “one-sided” potential physically equivalent
to the “two-sided” one is very important because it will allow us to apply known
results obtained by transfer-operator techniques.



The assumption (@) also implies a “strong mixing” property which is needed
to prove our results. When dealing with central limit asymptotics, we will re-
strict ourselves to potentials having exponentially decreasing modulus of conti-
nuity, i.e.,

3C > 0,0 <n <1 suchthat var,fy <Cn"™ Vn>1. (7)

This will allow us to use a result proved in [I7]. We will precise further these
points at the appropriate places.

REMARK 1. If we assume that
Z diam(A)var(U(A,-)) < oo
A:min A=0
where var(U(A,-)) := max(U(A,-)) —min(U(A,-)) this implies @), see [3].

3 Estimators of entropy production based on hitting
and return times

In this section we introduce two estimators based on a single trajectory or
on two independent trajectories. To define them we have to introduce hitting
times.

The hitting time of a cylinder [z7] is defined as

Tyn(w) :=inf{k > 1: 0w € [27]}.
For the sake of convenience, we introduce the notations
TS (w):=Tur(w) and T, (w):= T, (w)-
The hitting-time estimator S¥(w) of the entropy production is defined as

. T (w
S (w) :=log T?{Ew;
In words, this is the difference of the logarithms of the first time at which
we observe the first n symbols in reversed order in the trajectory and the first
return time of the first n symbols. It will follow from our analysis that typically,
T, > T, if the process is not reversible. Hence our hitting-time estimator of
the entropy production will be typically positive.
The waiting-time estimator S (w, w') of the entropy production is based on
two trajectories w,w’ chosen independently of one another according to P. We
introduce the following convenient notations:

W (w,w) =Ty (w) and W, (w,u) =T, («).

The waiting-time estimator is then defined as

: W, (w,w')
SV (w,w) :=log —2~" 2.
n (W,w) Wi (0.0
The main motivation to introduce this alternative estimator is that we will
obtain a better control of its large deviation properties.



REMARK 2. We can define two other estimators based on the so-called match-
ing times [I1)]. They are in some sense the “duals” of the above estimators. To
introduce the “dual” of the hitting-time estimator, consider the first n x1,... T,
symbols of the process and define

L} = min{k < n : the word z¥ does not reappear in =7}
and

L, = min{k < n : the reversed word x}, does not reappear in x7}

Then the estimator of the entropy production dual to the hitting-time estimator
is given by log(L; /LT).

The advantage of these estimators is that they are based on a trajectory
of finite length n. However, all the asymptotic fluctuation properties of these
estimators can be derived from the ones of the present paper by the duality
relations. So we do not study them in detail in this paper.

4 Convergence and fluctuations of the estimators

We now state our results on consistency and asymptotic normality for the esti-
mators we just introduced, as well as large deviation properties for estimators
based on two independent trajectories. Recall that MEP is the mean entropy
production, see ().

4.1 Almost-sure approximation and consistency

The following theorem provides an almost-sure approximation of S,,, the en-
tropy production up to time n (see (B)), by both the return-time and the
waiting-time estimators.

THEOREM 1. Assume that ([Jll) holds. Then there exists a constant C = C'(P) >
0 such that

1. Eventually P-almost surely

—Clogn <87 —8, <Clogn;

2. Fventually PxP-almost surely
—Clogn <8” -8, <Clogn.
Using the previous theorem and (), we immediately obtain the following
corollary establishing the consistency of our entropy production estimators.
COROLLARY 1. We have the following almost-sure convergences:

1. P-almost surely

SH
lim = = MEP;
n—oo nn
2. PxP-almost surely
S‘W
lim 2%+ = MEP.
n—oo n



4.2 Asymptotic normality
The expectation with respect to IP is denoted by E. Let

o= Y [B(SE — fin) - (Ff = fiw) 0 00) = (B(FE = f7))] - (8)

£>1

It can be showed that 02 < oo if (@) holds. It is well-known that o2 > 0 unless
U is physically equivalent to U”, i.e., f;]r — f;]r » is a co-boundary, which in turn
is equivalent with P = P#, i.e., the process is reversible. For more details on
this, we refer to [I7].

THEOREM 2. Assume that () holds. Then we have the following central limit
asymptotics:

1. For the hitting-time estimator

S} — nMEP
N

— N(0,02),as n — oo

in P-distribution.

2. For the waiting-time estimator

S — nMEP
N

— N(0,0?),as n — oo

in PxP-distribution.

Moreover,

SH w
lim M — lim M — g2 (9)
n—oo n n—oo n

where Var denotes the variance.

REMARK 3. Using the results of [10], we could extend the previous theorem to
potentials with a modulus of continuity decreasing polynomially, i.e., like 1/n®
for a > 0 large enough.

4.3 Large deviations

Our goal is to analyze the deviations of order one of S /n around the mean
entropy production MEP. To this end, we introduce the following “free-energy-
like” function, which is nothing but the scaled-cumulant generating function for
the process (S'):

1 .
Wy (p) := lim — log Epp <eps7‘{‘/) , peR

n—oo N

provided the limit exists. On another hand, define the scaled cumulant gener-

ating function for the process (S,,) as:

1 .
Eu(p) := lim —logEp <eps”> ,pER.

n—oo N



It is easy to deduce from (H) that

Eu(p) = P(—pfir+ (1 +p)f7) , VR,
From this formula one immediately sees that
Eu(—1—p)=Eyr(p).
On another hand, it is obvious from the definition of S,, that

Eu(p) = Eyr(p)-

Hence
Ey(=1—-p) =&u(p)
which is a version of the Gallavotti-Cohen fluctuation theorem, see [6], [12],
[m3].
Notice that & = 0 if U is physically equivalent to U R,
We now state a large deviation result for S,,. Let Zy be the Legendre
transform of &y, i.e.,

Zu(q) = Sup (rq — Eu(p)) -

Then we have

PROPOSITION 1. Assume that @) holds and that the process (X,) is not re-
versible (i.e., that U is not physically equivalent to U"). Then the function
p — Eu(p) is continuously differentiable and strictly convex. Moreover, there
exists an open interval (q,q) such that, for every interval J with J N (q,q) # 0

lim llog]P’{Sn(Xl"”’Xn) € J} =— inf Zy(q)

n—oo N n q€JN(g,9)

A similar result appears in, e.g., [I6], but it is convenient to formulate the
main result of this section:

THEOREM 3. If assumption ) holds then we have

Eulp) if —1<p<l1

+o00 otherwise. (10)

W) = {
In particular, if the process (Xp) is not reversible (i.e., U is not physically
equivalent to U ) then S} and S,, have the same large deviations in the open
interval (c—,cy), with c— := lim,._1 &;(p) < 0 and cy := lim,_1 &/ (p) > O:
For every interval J with J N (c_,cq) # 0

1 S .
lim —logPs " e€J,=— inf Zy(q). (11)
n—oo N n geJN(c—,c4)

It is easy to check that MEP € (c_,c; ). Indeed &;(0) = MEP (one uses
differentiability and convexity to prove that).

The next proposition highlights the symmetry properties of W. We write
explicitely the dependence of W on the potential U.



PROPOSITION 2. Under assumption [Hll) we have the following identities

1. For all =1 < p <0, we have
WU(—l —p) = WUR(p) = WU(p) = WUR(—l —p) .
2. For allp € (—1,1), we have

Wy (p) = Wyr(p) -

REMARK 4. One may ask why we did not study the large deviations of Sf,
the hitting-time estimator. Indeed, the analysis of the corresponding scaled cu-
mulant generating function is made more complicated due to the effect of “too
soon” recurrent cylinders. We shall not detail more on this. Following the ap-
proach of [J], we can obtain a partial counterpart of Theorem [ for Sf :its
scaled cumulant generating function coincides with Ey(p) but only in an implicit
interval [¢_,¢4], where ¢— < 0 and ¢4 > 0.

5 Proofs

5.1 Key lemmas
The following results are the main tools to derive our results.

KEY-LEMMA 5.1. Assume that P is a translation invariant Gibbs measure such
that @) holds. Then there exist strictly positive constants ¢, C, p1, pa, with py <
p2, such that for all n € N, all cylinders [a}] and all t > 0 there exists p(al) €
[p1,p2] such that

P{TaP([a}]) > t} — e #D)] < Cemmemrlod)t, (12)

PROOF. In [I], the author proved this result under the assumption that the
process is ¢-mixing. But in [20] it is proved that if f;j has summable variations,
then the process (X,,) is ¢-mixing. (This can be read off the proof of Theorem
3.2in 20].) O

The next lemma will be crucial to control certain moments. This is a rewrit-
ing of Lemma 9 in [T].
LEMMA 1. For all cylinder [a}], all t such that tP([a}]) < 1/2, we have
1—ePt< P{TP([a}]) <t} <1 - e Pt
where pi1, py are the constants of Key-Lemma B

We now state the analog to Key-Lemma Bl for return times. To do so, we
need to define the set of n-cylinders with “internal periodicity” k& < n:

Sk(n) := {[a}] : min{j € {1,...,n} : [a7] N O [a}] # 0} = k}.

Notice that the set of n-cylinders can be written as (J;<,<,, Sk(n).

9



KEY-LEMMA 5.2. Assume that P is a translation invariant Gibbs measure such
that (@) holds. Then there exist strictly positive constants ¢, ,C such that for
anyn € N, any k € {1,...,n}, any cylinder [a}'] € Sk(n), one has for all t > k

[Pl Tug (@)P([a]) > ¢] [o]} — C(al) exp(~C(af)t)| < C e e (13)

where ((al) is such that | {(a}) — p(a})| < De=", for some D > 0. The
parameter p(al) is defined in Key-Lemma [2. Moreover,

Plw: Top(w) >t | [af]} =1 forall t<k.

PrROOF. This Key-Lemma is a rewriting of [2, Section 6]. As for the previous
Key-Lemma, the assumption is that the process is ¥-mixing. O

5.2 Proof of Theorem [

Let us start with the proof of the second statement of the theorem. We shall
prove that eventually P xP-almost surely

—Cylogn < log(W,H (w,w)P([w}]) < log Cy + loglog n (14)

for some C'y > 0. It will be clear that by the same reasoning we will also have
that eventually P xP-almost surely

—Cylogn < log(W, (w,w)P(Jwl]) < log Cy + loglogn (15)

for some Cy > 0. Putting together these two results immediately gives the
statement 2 of the theorem.
We first prove the upper bound in ([[). We want to find a summable
upper-bound to
Px P{log(W, P([z1])) > logt} =

Z]P’ ([z7]) P {log(TenP([z]])) > logt} (16)

where ¢t will be a suitable function of n. We apply Key-lemma BTl to get for all
t>0
P xP{log(WP([z}])) > logt} < Ce " + e P,

Take t = t, = logn®', a1 > 0, to get

P x P{log(WP([z}])) > loglogn®} < Ce™ " —rar
By the Borel-Cantelli Lemma we get
log(W; P([af])) < loglogn™

eventually P xP-almost surely provided that aip; > 1.

10



To obtain the lower bound in ([I4l), we have, by Key-lemma BTl
P x P{log(W, P([z7])) <logt} < Ce™™ +1—e " < Ce™ + pat

for all t > 0. Choose t = t, = n7*2, as > 1 and apply the Borel-Cantelli
Lemma to get

log(WP([z]])) > —aslogn

eventually P xP-almost surely.

Let us now turn to the proof of the first statement of the theorem. The proof
is very similar except we have to deal with “bad” cylinders and use Key-Lemma
We will only establish that eventually P-almost surely the inequality

—C1logn < log(T;! (w)P([w]]) < logCy + loglogn (17)

for some C7 > 0. The analogous inequality for T~ (w) is obtained as above (i.e.,
using Key-Lemma B). We have the decomposition

P{w : log(T} (w)P([w]])) > logt} =

> > P(af]) P{w: log(Tuy (w)P(2f]) > logt | [27]}
k=1z7€S)(n)
where S (n) is defined just before we state Key-LemmaBE2 For all ¢ > kP([z]])
and n large enough, we get using Key-Lemma

P {log(To P((2]]) > logt|[z}])} < (p2 + D)e 4 Ce"

where we used the fact that if n is large enough, p1/2 < p; — De™" < ((al') <
p2 + D. We now choose t = t, = logn®, a3 > 0. If n is large enough, then
t, > kP([a}]). This is because we have the uniform estimate P([a}]) < e~",
for some G > 0, since P is a Gibbs measure. Hence we obtain

p2+ D

+ n @ —
P{log(T;P([wf]) > loglogn™} < 2

_|_ Ce—cn
which is summable provided that aqp;/2 > 1. The Borel-Cantelli Lemma then
gives the upper-bound in (). The lower-bound is obtained as for the waiting-
time estimator but using Key-Lemma

The proof of the theorem is now finished.

5.3 Proof of Theorem

Let us prove the second statement of the theorem and that lim,, .. Var(;fxv ) —
o2. For this it is enough to prove that
1 . . N2
lim —/(sgv—sn) dPxP = 0. (18)
n—oo n

Indeed, proving (I8) implies, on one hand, that
Var(S,) Var(S)")

lim ——= = lim ——*~.
n—oo n n—oo n

11



On the other hand, it also implies that (S}” — nMEP)/\/n converges in law to
the normal N (0,02) if, and only, (S,, — nMEP)/\/n converges in law to the
same law.

Now it is obvious from (@) that

Sn— 2520 [(f = fr) 065
vn
By applying a result of [I7], we obtain that
SIS lfE = fiw) © 0;] = nMEP |
NLD

Since we have the formula (see [I7])

— 0 P — almost-surely .

WN(O,UQ).

n—1
0? = lim 1/(2[(1‘5 — fir) 065 —nMEP)2 dP

n—oo n -
j=0

it is obvious by (@) that

- Var(S,) o2

li

n—oo n
Therefore we have reduced the statements of the theorem about S} to
proving ([[8). By definition we have

2

[ (8 =8.) aexp = S B(a) [ [lop(T; P(la})) o (TR (lat]))) P

We will show that the integral in the rhs is bounded above by a positive number
independent of n, implying immediately ([8). To prove this assertion, it is
sufficient to prove that

/ [log(T;P([«7]))]” dP < D1, / [log(T;, P([z3]))]” dP < D (19)

where Dy, D5 > 0 are independent of n. We only prove the first inequality since
the other one is proved in exactly the same way.
We have the following identities:

/[log(TIP([$?]))}2dP = /OOOIP’([log(TIIP’([$?]))]2>t) dt

° n logt
_ 2/1 P (TR(at)) > 1) 2L dt

_ 2/OO]P’(TI?]P([x?])>t) lngtdt. (20)

Now we use Key-lemma Bl and get
P (ToanP([z}]) >t) < (1+C)e ™', Vn > 1.
Therefore

o0
108t —pt g . p, .

(IZDD§2(1+C)/1

This finishes the proof for the waiting-time estimator. Concerning the hitting-
time estimator, we leave the proof to the reader. It is very similar to the
previous one except that one has to use Key-Lemma

12



5.4 Proof of Proposition [

The proof is an application of Gértner-Ellis theorem [5]. In particular we have
to check that the function p — Ey(p) is continuously differentiable and strictly
convex under assumption (). The strict convexity follows from the assumption
that the process is not reversible. As already mentioned above, this amounts to
requiring that U is not physically equivalent to U*, i.e., that ffj — f[}rR is not a
co-boundary. The open interval (g¢,q) is defined by ¢ = infger = limp—._ £/,(p)
and g = supyeg = limy 40 & (p_) These limits exist by convexity arguments.
We refer to [8] from which one can deduce these classical facts on differentiability
and convexity of the pressure function.

5.5 Proof of Theorem

We prove formula ([I). We first deal with 0 < p < 1. The case —1 < p < 0 is
obtained by a similar reasoning, so we omit the proof. The case p = 0 is trivial.
We observe that

Ere () = Z]P’ DPHE ([ ])pEPK%)p]

where Y, := Tm}LIP’([:EiL]), Zp, = TypP([z7]). We then have

Y, \? 0 o Y\P
Ep [<Z_n> } _/0 dy/o dz (;) P{Y, € dy, Z, € dz}

1 1 00 e’}
:/ dy/ dz <g>p P{Y, € dy, Z, € dz}+/ dy/ dz <g>p P{Y, € dy, Z, € dz}
0 0 z 1 1 z
(21)
We obtain the obvious upper bound

&I

IN

1 1 1 oo 0o
/ dy/ dz > P{Y, € dy, Z, € dz} +/ dy/ dz y? P{Y, € dy, Z,, € dz}
0 0 1 1

IN

Er <%> (V). (22)
We get easily the lower bound

em > /loody/loodz zip P{Y, € dy, Z, € dz}
Es (Zigj[{zn > 1}> (23)

v

where 7{-} denotes the indicator function.

Proving Theorem B for 0 < p < 1 is thus reduced to proving that the rhs in
(22) is bounded above by a positive number independent of n, and that the rhs
in (23) is bounded below by a positive number independent of n.
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Let us start with an upper bound for Ep(Y;}). We have
Be(V)) =p [ " BT P(al]) > 0} dy.
0

By using Key-Lemma BTl with af' = 2, we obviously have P{T,1P([z;]) >
y} < Ae=PY for some A, B > 0.
Let us now upper-bound Ep (%) We have

Es <Zi£> — Ip| (/0 +/;°> S IIPIT, L P((af]) < 2} de .

The integral from % to oo is bounded above by [ > 27IP1dz < c0. To bound
2

the other integral we use Lemma [Tk

1
2] — e P22

1
2
—|p|-1 n n s
/0 z P{T»P([z}]) < 2} dz < /0 RS, dz < 00.

We now estimate from below Ep(Y,) 1{Y,, > 1}). We have
o0
Be(V2I(Y, 2 1) = ol [ s P BT P(at]) < o) .
1
By Key-Lemma Bl with af = 2] we have
P{T, P([z,]) <y} 21— (14 Ce)e Y.

Observe that 1 — (1 4+ Ce “")e P¥ > 1 — (1 4+ Ce “")e " for all y > 1 and for
all n > 1. Therefore

Ep(YPI{Y, >1}) > 1— (14 Ce e " >0

provided that n is large enough.
Recapitulating, we proved that for all 0 < p < 1 and all n large enough

p
s (2]

for some W > 0 independent of n and 7. Hence, for all 0 < p < 1, we get

1 SN\ _ g 1 n\p+1 11y—p _

Jim_ —log Ep.e <ep ) = Jgngoglogz;ﬂ”([xl])p P([z)) " = Eu(p).
Ty

The last equality follows obsviously from () and (@).

We now turn to the case [p| > 1. We only deal with the case p > 1 since
the case p < —1 is obtained by the same reasoning. We have

p 1
EPKE—H > p [ BT P(at]) < o} dy (24)
1
> p /0 ypﬂl(l—(uce-c")e—pw) By (25)
= 40 (26)

14



for n large enough and where we used Key-Lemma BTl to get the second in-
equality.

To prove ([[Il), we apply a variant of Gértner-Ellis theorem found in [I8].

To this end, we use formula ([[) and the differentiability/convexity properties
of the function p — Ey(p). We have to restrict to the interval (c_,cy) where
Wy is finite and coincides with &y.

The proof of the theorem is finished.

References

[1]

2]

[11]

[12]

M. Abadi, Sharp error terms and necessary conditions for exponential hit-
ting times in mixing processes, Ann. Probab. 32, 243-264 (2004).

M. Abadi, Statistics and error terms of occurrence times in mixing pro-
cesses, preprint (2003).

Z. Coelho, A. Quas, Criteria for d-continuity, Trans. Amer. Math. Soc.
350, 32573268 (1998).

P. Collet, A. Galves, B. Schmitt, Repetition times for Gibbsian sources,
Nonlinearity 12, 1225-1237 (1999).

R.S. Ellis, Entropy, large deviations, and statistical mechanics, Springer-
Verlag, New York (1985).

G. Gallavotti, E. Cohen, Dynamical ensembles in stationary states, J.
Statist. Phys. 85, 931-970 (1995).

H.-O. Georgii, Gibbs measures and phase transitions, de Gruyter Studies
in Mathematics 9, Walter de Gruyter & Co., Berlin (1988).

R.B. Israel, Convezity in the theory of lattice gases, Princeton Series in
Physics, Princeton University Press, Princeton, N.J., (1979).

D.Q. Jiang, M. Qian, M.P. Qian, Entropy production and information gain
in Axiom-A systems, Comm. Math Phys. 214, 389-409 (2000).

A. Kondah, V. Maume, B. Schmitt, Vitesse de convergence vers 'état
d’équilibre pour des dynamiques markoviennes non holdériennes, Ann.
Inst. H. Poincaré Probab. Statist. 33, 675695 (1997).

I. Kontoyiannis, Asymptotic recurrence and waiting times for stationary
processes, J. Theoret. Probab. 11, 795-811 (1998).

J.L. Lebowitz, H. Spohn, A Gallavotti-Cohen-type symmetry in the large
deviation functional for stochastic dynamics. J. Statist. Phys. 95, 333-365
(1999).

C. Maes, The fluctuation theorem as a Gibbs property, J. Statist. Phys.
95, 367-392 (1999).

15



[14]

[15]

[16]

[17]

[18]

[19]

C. Maes, F. Redig, Positivity of entropy production, J. Statist. Phys. 101,
3-15 (2000).

C. Maes, F. Redig, A. Van Moffaert, On the definition of entropy produc-
tion, via examples, J. Math. Phys. 41 1528-1554. (2000).

C. Maes, E. Verbitskiy, Large deviations and a fluctuation symmetry for
chaotic homeomorphisms, Commun. Math. Phys. 233, 137-151 (2003).

W. Parry, M. Pollicott, Zeta functions and the periodic orbit structure of
hyperbolic dynamics, Astérisque 187-188 (1990).

D. Plachky, J. Steinebach, A theorem about probabilities of large devia-
tions with an application to queuing theory, Periodica Mathematica Hun-
garica 6, 343-345 (1975).

P.C. Shields, The ergodic theory of discrete sample paths, Graduate Studies
in Mathematics 13, American Mathematical Society, Providence, RI, 1996.

P. Walters, Ruelle’s operator theorem and g-measures, Trans. Amer. Math.
Soc. 214, 375-387 (1975).

B. Weiss, Single orbit dynamics. CBMS Regional Conference Series in
Mathematics 95, American Mathematical Society, Providence, RI (2000).

16



	Introduction
	Context
	Estimators of entropy production based on hitting and return times
	Convergence and fluctuations of the estimators
	Almost-sure approximation and consistency
	Asymptotic normality
	Large deviations

	Proofs
	Key lemmas
	Proof of Theorem ??
	Proof of Theorem ??
	Proof of Proposition ??
	Proof of Theorem ??


