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Linear quadratic problems with indefinite cost for discrete time
systems

A.C.M. Ran™ H.L. Trentelman'
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Abstract

This paper deals with the discrete-time infinite-horizon linear quadratic problem with
indefinite cost criterion. Given a discrete-time linear system, an indefinite cost- functional
and a linear subspace of the state space, we consider the problem of minimizing the cost-
functional over all inputs that force the state trajectory to converge to the given subspace.
We give a geometric characterization of the set of all hermitian solutions of the discrete-
time algebraic Riccati equation. This characterization forms the discrete-time counterpart
of the well-known geometric characterization of the set of all real symmetric solutions of
the continuous-time algebraic Riccati equation as developed by Willems [IEEE Trans.
Automat. Control, 16 (1971), pp. 621- 634] and Coppel [Bull. Austral. Math. Soc.,
10 (1974), pp. 877-401]. In the set of all hermitian solutions of the Riccati equation
we identify the solution that leads to the optimal cost for the above mentioned linear
quadratic problem. Finally, we give necessary and sufficient conditions for the existence
of optimal controls.

Keywords: Discrete time optimal control, indefinite cost, algebraic Riccati equation, linear
endpoint constraints.

AMS subject classification: 93C05, 93C35, 93C55, 93C45.

1 Introduction

This paper has two main goals. Firstly, we want to establish the discrete-time counterpart
of the by now ‘classical’ geometric characterization of the lattice of real symmetric solutions
of the continuous-time algebraic Riccati equation as given in [1] and [8]. Subsequently, we
want to apply these results to the discrete-time linear quadratic optimization problem with
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linear endpoint-constraints. Given a discrete-time linear system, the latter problem counsists
of minimizing a general indefinite quadratic cost-functional over the class of input functions
that force the state trajectory to converge to an a priori given subspace of the state-space (or,
equivalently, that force a given linear function of the state to converge to zero). A complete
treatment of this optimization problem for the continuous-time case was given only very
recently in [5] and [6].

With respect to our first goal, it will be shown that like in the continuous- time case, if the
algebraic Riccati equation has at least one hermitian solution, then it has a smallest one and
a largest one. Furthermore, any hermitian solution of the algebraic Riccati equation can be
written as a ‘linear combination’ of these extremal solutions. In order to derive these results
we will make use of the characterization of all hermitian solutions of the discrete-time Riccati
equation in terms of certain invariant Lagrangian subspaces, as established in [4] (see also
[2]).

With respect to our second goal, we want to note that compared to usual discrete-time
linear quadratic optimal control problems, our problem formulation introduces generalizations
into two independent directions. Firstly, in contrast to the existing literature on this subject,
we do not require the quadratic form in the cost-functional to be positive semi-definite (the
‘linear-quadratic regulator problem’). Instead, the quadratic form is allowed to be indefinite.
Secondly, our problem formulation includes a fixed, but arbitrary, linear endpoint constraint,
in the sense that the optimization is performed over the class of all input functions that
force the state trajectory to converge to an a priori given subspace. A solution to the usual
zero-endpoint problem (in which the optimal state trajectory is required to converge to the
origin) can thus be obtained from our results by setting this subspace to be equal to the
zero-subspace. On the other hand, a solution to the free-endpoint problem (no constraint on
the optimal state-trajectory) can be obtained from our results by taking the subspace to be
equal to the entire state space.

The outline of this paper is as follows. In section 2 we shall formulate the optimization
problem that we want to consider. This section also contains a statement of the main result of
this paper, that is, a characterization of the optimal cost, necessary and sufficient conditions
for the existence of optimal controls and an expression for the optimal state feedback control
law. In section 3 we shall establish the characterization of the set of all hermitian solutions
of the discrete-time algebraic Riccati equation as announced above. Finally, in section 4 we
shall give a proof of the main result as stated in section 2.

2 Problem statement and main results

In this paper we will consider the discrete time system
Tht1 = Azp + Bug, (2.1)

where the state variable z) takes its values in C™ and the input variable u; takes its values
in C™. In 2.1 we have A € C™*™ and B € C™*™. As a standing assumption we take (A, B)
to be a controllable pair. We will consider optimization problems of the type
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Here, R, @ and C are complex matrices of appropriate dimensions and R > 0, Q = @*. The
expression 2.2 of course needs some explanation. For any 2o € C™ and any control sequence
u = {ur}2, we define

£ (£ 5
me= 3 (3) (2 9) (%), e

Let
U(zo) := {u | lim Jr(zo,u)exists in R U {-oo,+oo}}
T—oo
and for any control sequence u € U(z¢) define the associated cost by
J(zo,u) := lim Jr(zg,u). (2.4)
T—oo

The optimization problem of minimizing the cost functional 2.4 over the class of inputs U(zo)
is called the free-endpoint linear quadratic problem. The optimal cost associated with this
problem is equal to

Vi(zo) := uéig(i;o) J(zo,u). (2.5)

Compare this problem with the usual zero-endpoint problem, where instead of U(ze) the
cost functional is minimized over the class of all inputs that force the corresponding state
trajectory to converge to the origin, i.e. over

Us(zg) := {u € U(zo)| lim z(zo,u) = 0} . (2.6)
k—co
The associated optimal cost is given by

V+(l‘o) = uE}Jn{:co) J(l‘o, u)



In the present paper we will study a generalization of the above two linear quadratic problems,
the linear quadratic problem with linear endpoint constraints. Given a linear subspace £ of
the state space C™, the latter problem consists of minimizing the cost functional 2.4 over all
inputs u that force the state trajectory to converge to the subspace L:

Up(zo) := {u € U(zo)| kl_i_gnoo d(z(zo, u)k, L) = 0} . (2.7)

In the above, for a given point z € C*, d(z, L) denotes the usual distance from the point
to the subspace £. The optimal cost for the latter problem is given by

Vi(zo) = ueljfzf(zo) J(zo,u). (2.8)

Obviously, both the free-endpoint problem as well as the fixed endpoint problem are special
cases of the latter problem formulation: take £ = C™ and £ = 0, respectively.

An important role will be played by the set of hermitian solutions of the discrete time
algebraic Riccati equation

P=A"PA+ Q- (C+ B*PA)*(R+ B*PB)™}(C + B*PA). (2.9)

Besides controllability of (A4, B) we shall assume throughout that A~ BR™1C is nonsingular
and that ¥(n) > 0 for some n € 7, where

o= (&) (47

Here, 7 denotes the unit circle. In that case the set of hermitian solutions of 2.9 will turn
out to have a maximal element Py and a minimal element P_ (see Theorem 3.4 below). Put
A= Py — P_. Let us denote by A; and A_ the matrices

Ay = A= B(R+ B*P,B)"Y(C + B*P, A),
A_:= A- B(R+ B*P_B)"Y(C + B*P_A).

It will be seen that o(44+) C D and o(A4-) C D¢ (here D denotes the open unit disk, D*

denotes the exterior of the closed unit disc). Given a subspace £ of C* we introduce the
subspace



V(L) :=< LNker P_ | A_ >N A (AL). (2.10)

(Here, for a matrix A, X, (A) denotes the spectral subspace of A corresponding to its eigenval-
ues in D¢, likewise we shall denote Xp(A), X_(A) the spectral subspaces of A corresponding
to its eigenvalues in 7, respectively, D). As usual, the notation < W | A >, where W is a
subspace of C™ and A an n X n matrix, denotes the largest A-invariant subspace in W. If H
is a matrix such that ker H = £Nker P_ then V(L) is the undetectable subspace of the pair
(H, A_) with respect to the the stability set D. Now, let

Pri= P—"V(l:) + Pu(I - WV(C))’ (2.11)

where myy r) is the projection onto V(£) along (AV(L))t. It will turn out that Pp is a
solution of 2.9. Finally, if £ is a subspace of C™ and if P is a hermitian » X n matrix then we
will say that P is negative semi-definite on L if the following conditions hold:

e Vg€ L: z3Pxo <0,
o Vzp e L: 2z5P29g=0¢& Pzg=0.

According to this definition, a hermitian matrix P is negative semi-definite on C™ if and
only if it is negative semi-definite in the usual sense. Furthermore, any hermitian matrix is
negative semi-definite on the zero-subspace {0}. The main result of this paper can now be
formulated as follows:

Theorem 2.1 Suppose (A, B) is controllable, A — BR~1C is nonsingular and ¥(n) > 0 for
some n € T. Assume further 2.9 has at least one hermitian solution and assume P_ is
negative semi-definite on L. Then we have:

(i) Vi(=o) is finite for all zo, and Vi (zo) = z§PrTo,

(éi) for all zo there is an input u* such that Vp(zo) = J(zo,ut) if and only if ker A C
L Nnker P_; in that case ut is unique and is given by the state feedback control law

uf = —(R+ B*P;B)™}(C + B*Pp A)zy.

This result is the discrete time analogue of [6, Theorem 4.1]. We stress that the above
theorem also provides information on the free-endpoint problem and on the zero-endpoint
problem. Indeed, for the free-endpoint problem we set £ = C™. The corresponding subspace
V(L) is then equal to V =< ker P | A. > N X4 (A-). Define

Ps:= P_my + P (I - 7y),

where, again, 7y, is the projection onto V along (AV)L. Py is a solution of 2.9 and we find:



Corollary 2.2 Suppose (A, B) is controllable, A — BR™1C is nonsingular and ¥(n) > 0 for
somen € T. Assume further 2.9 has at least one hermitian solution and assume that P_ <0,
Then we have:

(1) Vi(zo) is finite for all o, and Vy(zo) = 25Ps %0,

(ii) for all zo there is an input u* such that Vi(zo) = J(zo.u™") if and only if ker A C
ker P_; in that case ut is unique and is given by the statc feedback control law

uf = —(R+ B*P;B)~}(C + B*PsA)zs.

The above corrolary is the discrete time analogue of [5, Theorem 5.1]. In order to get
the corresponding result on the zero-endpoint problem we set £ = {0}. The corresponding
subspace V(L) is then equal to V = {0} and we find that the relevant solution of 2.9 is equal
to Py. Thus we find the following discrete time version of [8, Theorem 7].

Corollary 2.3 Suppose (A, B) is controllable, A— BR™1C is nonsingular and ¥(n) > 0 for
some nn € T. Assume further 2.9 has at least one hermitian solution. Then we have:

(1) Vi(zo) is finite for all 2o, and Vi(z¢) = z§Py 2o,

(it) for all o there is an input uy such that Vi(zo) = J(zo,u4) if and only if A > 0; in
that case uy is unique and is given by the state feedback control law

u}f = —(R + B*P_B)"Y(C + B*P, A)xy.

In this paper we shall give a proof of 2.1. The proof that we shall give basically follows
the line of [6]; the details will be provided in Section 4. In Section 3 we give a description of
all solutions of 2.9 in terms of P_ and Py. The continuous time analogue of this description
is due to Coppel [1]. The argument here is somewhat more complicated and uses ideas from

[2] and [4].

3 Description of solutions of the algebraic Riccati equation

Consider the discrete time algebraic Riccati equation 2.9. In addition to the controllability of
(A, B) and the assumption R > 0, we assume throughout that A— BR~!C is nonsingular and
¥(n) > 0 for some 7 on the unit circle. We are then in a position to apply [4, Theorem 4.1]
(see also [2, Theorem 4.4]), which gives a description of solutions of the algebraic Riccati
equation in terms of certain invariant subspaces. To be precise, put

r_ ( A-BR!C+BR'B* (A~ BR™!C)""}(Q-C'R™!C) -BR™'B*(A-BR™'C)y!
- —-(4-BR-1C)*"}(Q - C*R™1C) (A- BR-1C)*-! '

(3.1)

Then we have the following theorem:



Theorem 3.1 Assume (A, B) is controllable, A — BR='C is nonsingular and ¥(n) > 0 for
some n € T. Then the following statements are equivalent:

(1) There ezists a hermitian solution of 2.9,
(77) T has an invariant subspace M such that

( _OI g ) M= ML, (3.2)

(ii1) the partial multiplicities of T (i.e., the sizes of the Jordan blocks in the Jordan normal
form of T} corresponding to its eigenvalues on the unit circle 7 are all even,

(iv) ¥(z) > 0 for all z on the unit circle T .

In that case any T-invariant subspace M for which 3.2 holds is of the form

M =im (;) (3.3)

for some hermitian solution P of 2.9, and, conversely, if P = P* solves 2.9 then M given by
3.3 is T -invariant and satisfies 3.2.

Furthermore, in case (i) to (iv) hold, for every T-invariant subspace N with the property
that o(T | N') C D¢ there is a unique solution P = P* of 2.9 with

im ( ; ) N Xy (T) = A. (3.4)

Conversely, for every hermitian solution P of 2.9 the subspace N given by 3.4 is T-invariant
and has the property that o(T | N') C D¢. Here X4 (T) denotes the sum of the generalized
eigenspaces of T with respect to its eigenvalues in D°. O

Now let P be any hermitian solution of 2.9. Then it is a straightforward calculation to
see that

U(z) = AGFY) (R + B PB)A(2),
where

A(z)=I+(R+ B*PB)"'(C+ B*PA)(Iz - A)'B.



(see e.g. [2]). So, if (i) - (iv) in the above hold then we have R + B*PB > 0 {or any solution
P = P* of 2.9 (see also Theorem 2.5 in [2]).

Let P, and P- be the unique solutions for which

im ( zi ) N X, (T) = {0}, im ( If_ ) N Ay (T) = Xo(T). (3.5)

respectively. We shall show that P, is the maximal solution and P. the minimal solution of
the equation 2.9. First we prove a lemma.

Lemma 3.2 Let P_ be the solution introduced above, and suppose P is an arbitrary hermitian
solution. Introduce

A_=A-B(R+ B*P_B)"}C + B*P_A),
S_ =R+ B*P_B.
Then X := P — P_ satisfies the algebraic Riccati equation
X =A"XA_ - A"XB(5_ + B°XB)"'B*X A_. (3.6)

Conversely, any hermitian solution X of 3.6 gives a solution of 2.9 via P = X + P_.

Proof: Introduce the following matrices

S_:=R+B*P_B, §:=R+ B*PB,
E_:=C+B*P_A, E:=C + B*PA,
L_:=S7'E_, L:= S-1E.

To prove 3.6, compute

X—-A*XA. = X-(A-BL_)"X(A-BL_)
= (P-P.)— A*(P-P_)A+ A*(P - P_)BL_
+L2B"(P-P.)A- L*B*(P- P.)BL_. (3.7)

Since P and P- solve 2.9 we have



X - A"XA=E*S-'E_ - E*S-1E. (3.8)

Furthermore,

A*(P - P_)BL_

and

(A*PB — A*P_B)L_
= (E*-E*)L_
(E* - E*)ST'E_

L*B*(P- P_)BL_ = E*S-'B*(P- P.)BS_'E_.

Using these equalities and 3.8 in 3.7 we obtain

X-AZXA_

E*S'E_~E*ST'E+(E*-E*)S'E_
+E*SYE-E_)- E*SZ'B*(P~ P_)BSZ'E_
~E*S'E_ - E*ST'E+ E*SZ'E_+ E*ST'E
- E*S7'B*(P - P_)BS_'E_
*S-YS. + B*(P- P_)B)SZ'E_ - E*S7'E
+E*SZ'E_+ E*STE
~E*S7'SST'E_ - E*ST'E+ E*SI'E. + E*ST'E
~(E* - E*SZ'S)S Y (E - SST'E). (3.9)

Here we used that S_ + B*X B = S. Moreover,

$5=' = (R+ B*PB)(R+ B*P_B)™' = I + B*XBS™,

SO

E-SS71E_

il

E—-E_-B*XBSZ'E_
B*XA- B*XBS-'E_
B*X(A-BSZ'E.)
B*XA_.

Hence, from 3.9 we see



X - A*XA_=-A"XB(S_+B*XB)"'B*XA_,

which proves 3.6. The converse follows by a similar computation. O

According to Theorem 3.1 the subspaces im (PI) and im (PI ) are T-invariant. The
+ -

following lemma states that the restrictions of T to these subspaces are semi-stable and
semi-antistable, respectively.

Lemma 3.3

o(T | im (},’J)c@, o(T | im (P’_))ci)‘.

Proof: The first statement is an immediate consequence of 3.5. To prove the second state-
ment, define

e(n).

Note that T is J-unitary, i.e., T*JT = J. This implies that T is invertible and that 7-! =
—JT*J. Now, assume that z € im (PI ), Tz = Az and A € D. Then T-1z = A~1z whence

T=Jz = A~YJz. This implies that Jz € X', (T*), since A~! € D*. We also have

Jz €Jim (pI_) = (im (PI..) )t

Using 3.5 the latter implies Jz € X4 (T)*. Since X (T)*+ = Xo(T*) ® X_(T*) we obtain
Jr=0soz=0. O

It is a straightforward, but tedious, calculation to show that

T |im (’) T |im (’)
Py P_

are similar to A, and A_ respectively. Consequently, 0(A+) C D and 0(A_) C D*. Introduce

Ap = A—- B(R+ B*PB)™Y(C + B*PA). (3.10)

10



The following theorem states that P_ is the smallest hermitian solution of 2.9. Likewise, P,
is the largest hermitian solution of 2.9. Furthermore, P = P_ is the only hermitian solution
with the property that ¢(4p) C D° and P = Py is the only hermitian solution with the
property that o(A4p) C D.

Theorem 3.4 Assume (A, B) is controllable, A — BR™'C is nonsingular and ¥(n) > 0 for
some n € T. Assume that 2.9 has at least one hermitian solution. Let P_ and Py be the

solutions determined by 3.5. Then a(A4) C D and o(A-) C D°. Furhermore, for any
hermitian solution of 2.9 we have

P_<P<P,.

In addition, if P is a hermitian solution with the property that oc(Ap) C D, then P = P_.
If P is a hermitian solution with the property that o(Ap) C D, then P = P,.

Proof: Let P be a hermitian solution. Then X = P — P_ solves 3.6 and S_ + B*XB =
R + B*PB > 0. We shall prove that X > 0. First we shall prove that Xg(A_) C ker X.

In order to prove this, choose a basis of Xo(A_) ¢ sting of eigenvectors and generalized
eigenvectors. Such a basis consists of chains of veciors rq,..., 2, with the property that
A...T] = )\1,'1
A_rs = Az + 1,
A_z)e = AT+ Ti-a,
where |A| = 1. We will show by induction that Xz; = ... = Xz} = 0. Assume A_r; = Az;.

Using 3.6 we obtain
1 Xz; = |M®2} Xz — |A|%2]XB(S- + B*XB)"'B*X1z,.

This yields £} X B(S- + B*X B)~"!B*Xz; = 0, from which we obtain 3 X B = 0. Again using
3.6 this implies z;X = Az} X A_ whence

2 X(A-~ 3 B)=0

11



By controllability of (A, B) the latter implies that Xz; = 0. Now, assume that A_z, =
ZTr-1 + Az, and Xz,_; = 0. Using 3.6 we find

Xz, = (zi_;+Az2)X(2r-1 + A2,)
(2% + Ae)XB(S— + B*XB)" B X (2,1 + Atn)

The latter implies that (z*_; + Az2)X B = 0 and hence z;X B = 0. Also, ;X = Az} X A_.
Again, by controllability of (A, B) this yields Xz, = 0. This proves our claim that Xo(A_) C
ker X.

To proceed, let U be a unitary matrix such that

U*A_U = ( All A12 ) ,

0 A22

with 0(A411) C 7 and o(A32) C D¢. Let Y = U*XU. Obviously, since Xp(A-) C ker X, we

have

v [0 0
0 Yy /

Furthermore if follows from 3.6 that Y3, — A3,Y22 422 < 0. Since the eigenvalues of Ay lie
strictly outside the unit disc the latter can be shown to imply Y35 > 0. Thus we have proven
X > 0.

A completely similar argument can be used to show that any hermitian solution P satisfies
P < P;. Finally, note that in the above proof we only used the facts that o(A.) C D° and
0(A4+) C D. Hence, if P is a hermitian solution with the property that o(Ap) C D¢, then we
must have P < @ for any hermitian solution @, in particular for @ = P_. This shows that
P = P_. The statement on P, is proven similarly. ]

Next we prove an analogue for the discrete time case of a theorem first proved by Coppel
[1] for the continuous time case.

Theorem 3.5 Assume that (A, B) is controllable, that A — BR™1C is nonsingular and that
¥(n) > 0 for some 1 on the unit circle. Let P_ and P, be the minimal and mazimal hermitian
solution of 2.9, respectively. Put A := P, — P_ and

A_:= A— B(R+ B*P_B)™Y(C + B*P_A).

Then for every A_-invariant subspace V of X4 (A_) we have

12



Ct =V (AV)*. (3.11)

Let wy denote the projection onto V along (AV)*. For evcry A_-invariant subspace ¥V C
X+ (AZ) the matriz P defined by

P = P_my+ Py(I - 7y) (3.12)

is a hermitian solution of 2.9. Conversely, for every hermitian solution P of 2.9 there erists
a unique A_-invariant subspace V of Xy (A_) such that 3.12 holds. This subspace V is equal
toV=X,(Ap), where Ap is defined by

Ap=A- B(R+ B*PB)™Y(C + B*PA).
In addition, Xo(Ap) = ker A and X_(Ap) = (AV)L n XY_(A4).

It will become clear in the proof that this result is actually little more than a reformulation
of the last part of Theorem 2.1

Proof: First we show that it suffices to prove the theorem for equation 3.6. Note that X_ =0
is the minimal solution of 3.6 and X, = P, — P_ is the maximal solution. Moreover, by
straightforward computation,

(A-)x = A_-B(S_.+B*XB)"'B*XA_
= Axip.. (3.13)

In particular this means that (A_)x_ = A_ and (A_)x, = A4, i.e., the A_ and A, matrices
remain the same. Because of Lemma 3.2 P is a solution of 2.9 if and only if P = X + P_
for some solution of 3.6. Now assume the theorem is true for equation 3.6. Let V be an
A_-invariant subspace of X' (A_). As the A_ matrix remains the same, we conclude that
3.11 holds. Furthermore, the matrix X := X, (I — my) is a hermitian solution of 3.6. This
implies that P := P_ + X = P_7y) + Py(I — 7)) is a hermitian solution of 2.9. Conversely,
let P is a solution of 2.9. Define X := P — P_. There cxists an A_-invariant subspace of
X (A_-) such that X = X, (I — 7y,). This however yields /> = P_my, — Py (I — 7). Finally,
since (A-)x = Ap and (A_)x, = A4, we also find V = X (Ap), ker A = Xo(Ap) and
X_(Ap)n(AV)t = X_(Ap).

It remains to prove the statements of the theorem for equation 3.6. The matrix T given
by 3.1 looks particularly simple in the case of equation 3.6:

_ -1 px gx—-1
T= A BS-*B*A* ’
0 Al

13



with S_ > 0. Note that A_ has all its eigenvalues on or outside the unit circle. Hence we
have X4 (T) C im ((I)) , ore precisely,

X4(T) = X4 (A=) x {0}.
So, T-invariant subspaces A" with o(T" | ) C D*® are precisely the subspaces of the form
N =V x {0},

where V is A_-invariant and V C X (A_).

Now, let V be an A_-invariant subspace of X' (A-). We will prove 3.11 and that X (I -
Ty ) is a hermitian solution of 3.6. According to Theorem 3.1, there is a unique solution X
of 3.6 such that

im (;{) N (Xp(A2) x {0}) = V x {0}).
From [3], Sections 2 and 7 and Theorem 3.1 we have

in (1) =vx@hem (1) nn@e@@n( 5 5w,

and moreover im (}I() N Ao(T) is the same subspace for any hermitian solution X (here we

also use the fact that the signs in the sign characteristic of (T, ( _(; z ) ) are all the same,
see Theorem 1.2 in [4]). Then

|
E

im (;)nA’o(T) = im (I)n.x’o(T)
(

Il

B
N
o ~
~——
]

&
3

C ker X, x {0}.
Conversely, for z € ker X; we have from 3.6

(A*_XyA_z,2)= ((Xy —A"_ X A )z,2) < 0.
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On the other hand X, > 0, by Lemma 3.4 so (A*_ X A_z,7) = 0. le.. XyA 2 =0. It
follows that ker X is A_-invariant. We claim that

ker X4 C Xo(A-). (3.14)

Indeed, assume z € ker X4, 2 # 0, and A_z = Az. Then T (;) = A (Z) Since (:) €

im (XI , by Lemma 3.3 we have A € D. On the other hand, since A € o(A_), A € D°.
+

Thus A € 7, which proves the claim. It follows from 3.14 that
im ()’r) N Xo(T) = ker X4 x {0}

Next,
X_(T)=X_(T)Nim (’ )

Xy

so

X.(T)n(( 0 I )N)l Cim (’ ) n(Cc™ x V).
-1 o X,

Now (Xi:) € C™ x V% implies X,z € V4, ie, z € (X4 V)1 So

a5 oIt () 1ee ).
Since obviously also ker Xy C (X4V)4, we find
im (1) cwxi+{(,2,) 1e e, (3.19)

Using the previous inclusion it is easy to see that C* = V+ (X V)*. We claim that the latter
is, in fact, a direct sum. Indeed, z € V N (X4 V)* implies (z,X4z) = 0 whence X z = 0.
Thus VN (X3 V)* C ker X, NV = 0 (recall that V C X, (A_) while ker X, C X%(4_)).
Now, if 7y, is the projection onto V along (X4 V)71, it can be seen that 3.15 implies

X = X+(I - FV)a

15



Next, conversely, let X be a hermitian solution of 3.6. Define
./V ‘= im (;) n /Y+(T)

Then N is a T-invariant subspace and o(T | A”) C D¢. Thus A" has the form A = V x {0}
for some A_-invariant subspace V of X', (A_). By repeating the argument in the first part
of this proof it is then shown that we must have X = X (I - 7).

Finally, we will show that if V C X4(A_) is A—-invariant and X = X (I — 7)), then
V= X4 ((A2)x), ker Xy = Xo((A-)x) and (X4 V)= NA_(44) = X ((A-)x).

As in the proof of Theorem 3.4 one shows that Xo(A-) C ker X;. Combined with 3.14
this yields ker X4 = Xo(A-). Since 0 < X < X4, ker X1 C ker X. Hence (A_)x | ker X} =
A_ | ker X . This yields

ker X} = Xo((A-)x),
as desired. We will now show that
V€ X4((A-)x) (3.16)

Indeed, note that V C ker X. Hence (A_)x | V = A_ | V, which yields 3.16. Next, we show
that

(X4V)* C Xo((A-)x) & X -((A-)x)- (3.17)

In order to prove this, first note that A_Y = V, since V is A_-invariant and since A_ is
invertible. Now, the Riccati equation 3.6 with X = X, can be written as X4 = AX X A,.
We claim that (X4 V)t is A -invariant. Let w € (X;V)+. Then forall v e V

0=v"X,w=0v"AT X A, w.
Hence Ayw € (X4 A_V)* = (X, V)L, Next, by straightforward caculation, one shows that
(A)x = Ay — B(R+ B* (X + P.)B)'B*(X — X4 )Ay4. (3.18)

Since X | (X4V)r = Xy | (X4V)4, 3.18 yields (A-)x | (X4 V) = Ay | (X3V)L. Since
o(A4+) C D, this implies o((A-)x | (X+V)*) C D, which yields 3.17.

By combining 3.16, 3.17 and the fact that V & (X V)+ = C™ we find that the inclusions
3.16 and 3.17 are, in fact, equalities. Finally, since (A_)x | (X:V)! = A4 | (X3V)*, we find
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(X4V): N X_(A4) = X_((A2)x). 0

4 A proof of Theorem 2.1

The proof is split up into several lemmas, which are all discrete time counterparts of results
in [6]. In this section, let £ be an arbitrary but fixed subspace of C™. We will first study the
finiteness of the optimal cost V(zg¢). Note that our assumption that (A, B) is controllable
is sufficient to guarantee that V(zo) < +oo for all zo. In the sequel we shall establish a
sufficient condition to gnarantee Vi, (zo) > —oo for all zo. From section 2 recall the definition
of negative semi-definiteness on £ of a given hermitian matrix P. It turns out that if the
smallest solution P_ of the Riccati equation 2.9 is negative semi-definite on £, then the
optimal cost is finite:

Lemma 4.1 Assume that (A, B) is controllable, A — BR™1C is non-singular and ¥(n) > 0
for some n € T. Furthermore, assume that 2.9 has at least one hermitian solution. Then we
have: if P_ is negative semi-definite on L then Vp(zo) € R for all z¢ € C"

Our proof of Lemma 4.1 uses the following two lemmas:

Lemma 4.2 Let £ be a subspace of C™ and let H be a matriz such that L = ker H. Let
P € C™*™ be hermitian. Then P is negative semi-definite on L if and only if there exists
A € R such that P — AH*H is negative semi-definite. o

For a proof of the above lemma we refer to [6].
Lemma 4.3 For any z9 € C*, any sequence u and any hermitian solution P of 2.9 we have

Jr(zo,u) = z5Pxo— 2%y P2rrys
+ Sicolluk + (R + B*PB)™*(C + B"PA)zi||%45-p-

Here, ||v||% := v*Swv. i

Giving a proof of this lemma is just a matter of standard computation.

Proof of Lemma 4.1 : Let 2o € C*. Since (A, B) is controllable there is an input sequence
u € Up(zo) such that J(zo,u) < 400 (in fact, one can steer from z¢ to the origin in finite
time). Thus V(z0) € RU {-00}. Now let u € Up(zo) be arbitrary. Let H be such that
L = ker H and let A € R be such that P_ — AH*H is negative semi-definite. According to
Lemma 4.3, for all T we have

Jr(zo,u) = zgP-zo—27iq(P- = AH*H)z741 — | Hor41|?
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+ Zizolluk + (R + B"PB)™(C + B PA)zi|hyp-p5-
Thus, for all T > 0,
Jr(zo,%) > z5P_zo — M| HzT41]|%
Since z7 converges to £ as T — oo, we have Hzryq — 0. It follows that
J(zg,u) = Ilgnw Jr(zo,u) > zgP-zp.

Since the latter holds for all u € U (zo) this proves our claim. O

The next few lemmas give some general properties of linear systems.
Lemma 4.4 Consider the system
Tht1 = AT + ks Y = Czi

and suppose that (C, A) is observable. Then if {vk}2o € €2 and {yr}i2o € £e necessarily

Proof: Since (C, A) is observable there exists a matrix L such that ¢(A + LC) C D. Obvi-
ously, {z}32, satisfies the difference equation

Tty = (A+ LC)xp — Lyr + .

Using some straightforward estimates we see that v € £, and y € £, imply z € £ a

In the following, if C4 is a subset of C, then A';(A) will denote the spectral subspace of A
associated with its eigenvaluesin Cg, i.e., the largest A-invariant subspace V with the property
that o(A | V) C C,4. Using the previous lemma we can now prove the following:

Lemma 4.5 Consider the system
Tht1 = AZk + Uk, Yk = Cap.

Assume that (C, A) is detectable (relative to Cg). Let the state space C™ be decomposed into
C" =X, 0 Xy, where X'y is A-invariant. In this decomposition, let
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z = Ty A= Al % .
T 0 A2

Assume that 0(A | X1) C Cq and a(A;) C C/C4. Then for every initial condition r9 we have:
if {’Uk}z‘_’_:o € £y and {yk},;";o € Lo then {zZ,k}l?;O € (-

Proof: Clearly X; = X, (A). By the fact that (C, A) is detectable with respect to Cg
we may now conclude that < ker C | A >C X;. Decompose Xy = A'13 & A1z, with

X11 :=< ker C | A > and Xy, arbitrary. Accordingly, partition z = (”“). We then have

Z12

C" = X1 @ X12 ® X with £ = (27}, 2T,,27)T. In this decomposition let

Ay Az Ags v11
A= 0 Az A3z ,C=(0 Co CS)vv:' V12
0 0 Azz (%]

Obviously, the system

(e e) (i)

is observable. Moreover,

( T12,k+1 ) _ ( Az Azs ) ( T2,k ) + ( V12,k ) e = ( Cs C ) ( v12,k )
T2 k41 0 Ass T2k vag ) U2,k

It now follows from the previous lemma that (“’”) € Lo, which implies that z, € {o,. O
T2

The next lemma tells us that a semi-stable controllable system has the property that all
initial states can be steered to the origin with arbitrary small controls (in £,-sense).
Lemma 4.6 Consider the controllable system

Tht+1 = ATk + Bug, o given.

Assume that 0(A) C D. Then for all € > 0 there ezists a w € £ such that ||u|lz < € and
z(zg,u)r — 0 as k — oo.
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Proof: We will first show that it suffices to prove the statement of the lemma with D replaced
by 7. Indeed, we can always choose a basis in C™ such that A and B have the form

A= A1 0 , B = Bl T = 1 ’
0 A, B, T2

with 0(A;) C D and 0(A4;) C T. Consider the subsystem 7 %41 = A121% + Bug, with 210
given. Obviously, for any input sequence u € {, we automatically have that z; € {3 and
hence 1 — 0 as k — oo.

Assume therefore that ¢(4) C 7. For any § > 0, any initial state zo and any input
sequence u define the quadratic cost

Js(wo,u) = 3 lluxll? + 6%la(z0, wlal]? (4.1)
k=0

and consider the optimization problem
inf Js(zo, u). (4.2)

Note that 4.2 can be considered as a ‘standard’ discrete time linear quadratic problem of
minimizing Y 32q uj Ruk + 3 D*Dxy, with R = I and D = éI (see for example [7]). Since
(A, B) is controllable and (61, A) is observable, the infimum 4.2 is equal to z3P(6)ze, With
P(§) the unique positive semi-definite solution of the Riccati equation

P = A*PA+ 61— A*PB(I + B"PB)~'B*PA.

(In fact, P(8) > 0). Furthermore, for any 24 there exists a unique optimal input 4% which is
given by the state feedback control law

ut = —(I + B*P(§)B)"1B*P(6)Axt,
and the corresponding optimal closed loop matrix
A - B(I+ B*P(6)B)"'B*P(§)A

is stable, i.e., has all its eigenvalues in D. Now, we shall analyse what happens if § | 0. We
claim that P(§) | 0. Indeed, P(§) > 0 and P(§) is monotonically decreasing as § | 0. Hence
there exists a hermitian matrix P > 0 such that P(§) | P. Clearly, P satisfies the Riccati
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equation.
P=A"PA-A"PB(I + B*PB)"'B*PA (4.3)

Now, by applying Theorem 3.4 we find that the latter Riccati equation has a largest hermitian
solution, say, P,. We contend that Py = 0. Indeed, P = 0 is a solution of 4.3 and it has the
property that o(Ap) C D (since Ap = A and ¢(A) C 7). Thus, we must have P < 0. Our
conclusion is that P = 0.

In order to complete the proof, let ¢ > 0. Choose § > 0 such that z5gP(6)ze < €. Choose
the input sequence given by ut = —(I + B*P(6§)B)B*P(6)Az*. Then we have

lut]|® < Js(zo,ut) = 25 P(8)zo < €.

Since the corresponding closed loop matrix is stable, the corresponding state trajectory con-
verges to zero as k — oo. u|

We proceed by decomposing C™ as follows. Let
Xy:=<Lnker P_|A_ > NX(A) = V(L),
and let P, be the solution corresponding to V(£) according to Theorem 3.5. Put
Ap:= A—- B(R+ B*P;B)™'(C + B*Pp A).
According to Theorem 3.5 we have X'y (Ay) = A'1. In addition, we define
Xg = Xo(Ap) = Xo(A_) = ker A,
X3:=X_(Ag) = (AV(L) N X_(A;).

With respect to the decomposition C™ = X'y @ X3 @ X3 we have

Ann 0 A An 0 0
A_= 0 Az Al |, AL = 0 Ay O ’
0 0 A33 0 0 133

Here, we have used that A_ | Xy = Ay | X'y and that A_ | &', = A | X'5. This follows most
easily by combining 3.13 and the facts that P, [ V(£) = P- | V(£) and Pp | (AV(L) =
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P, | (AV(L))*. We zlso have

0 o0 0 Ap 0 0
P.=10 P Pupl|,A=] 0 0 0
0 P* Py 0 0 Ags
and
Ay, O 0 0 0 0
Pp=P_ +A=| 0 P; Py |, Pc=|0 Py Py |,
0o Py P 0 P P

where Pég := Pgy + Aas.
The next lemma states that P, yields a lower bound for the linear quadratic problem 2.8
under consideration.

Lemma 4.7 Suppose (A, B) is controllable, A — BR™*C 1is nonsingular and ¥(n) > 0 for
some n € T. Assume further 2.9 has at least one hermitian solution and assume P_ is
negative semi-definite on L. Then for all zo and for all u € Up(zo) we have:

J(zo,u) 2 20Prxo + Lgollur + (R + B'P[,B)‘I(C + B*PLA)'Tk”%H—B'PLB'

Proof: Let H be a matrix such that L = ker H. Let A € R be such that P_ —AH*H <0
(see Lemma 4.2). Take an arbitrary u € Ug(zo). It follows from Lemma 4.1 that J(zo,u) €
R U {+oo}. If it is equal to +oco then the inequality trivially holds. Assume therefore that
J(zp,u) is finite. Put

Ve = Ug + (R + B*P_B)“l(C + B*P._A)(l:k.
From Lemma 4.3 we have

Ti—ollvelkp-p_B
= Jr(zo,u) — 2gP_zo + 2741(P- — AH*H)zr41 + M| Hzr41|?
< Jr(zo,u) — 2§ P-zo + A||Hzr41]|2 (4.4)

Since Jr(zo,u) — J(zo,u) and Hzp — 0 we find that {v;} € £2. Again using 4.4 this implies
that
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Ilim e3(P- — AH™H)ar

exists and is finite. Thus limg_,o 23 P-zr exists and is finite. Also. since P_ — AH*H is
semi-definite, (P — AH*H )zj, and hence P_z; are bounded functions of k. Denote

Y = H k-
Then {yx} € feo. Since zg41 = Az + Bug, we have that {zx}, {yx} and {v;} are related by

P_
Thy1 = A_z + Bog, yp = ( " ) Tk

Now decompose C™ as above: C™* = X; @ X3 @& X'3. Since

Xlgker(P_),
H

we have

(Z‘):(o D, D) (4.5)

for given matrices Dy and D3. With respect to the given decomposition, let
By
B = B2
B;

Since X is the undetectable subspace (relative to D) of the system

((’;;) AL),

it is easily verified that the pair
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Agy Az
Dy, D ,
(( D2 Ds) ( . Asa))
is detectable (relative to D). Since 0(A_) C D and X'y = V(). we have 0(Aj2) C T and

a(( Ajr Ajs ) c Do

0 Az

Hence o(As3) C D¢. Also we have

A A B
($2,k+1)=( 22 23)(132,k)+( z)l’k,’yk:(Dz D3)(x2'k).
T3 k+1 0 Ass T3k B; T3k

Since {vk} € £2 and {yx} € fo, by Lemma 4.5 (applied with Cg = D) we have {z3} € {.
Now consider Lemma 4.3. We have

Jr(zo,u) = 2gPrxo — 2111 Prorir + Ef:o”wkH?uB'PﬁB’
where

wi = uk + (R+ B*P;B)™Y(C + B*Pr A)ay
Then

Jr(zo,u) = xc’;PLCCO + Ef:o||"f‘le|l?°t+B"1r>£19

3,741 P PR Z3k
= zoPpx0+ Ef=o||wk||§z+3~PLB
— T3 7+1033237+1 — T4 P-zT41. (4.6)

Now 23, P-zr41, Jr(Zo,u) are bounded as T — oo, and likewise z3 741 is bounded as
T — oo. It follows that

Z311'10”wk||§z+}3~1=£z; < 00,
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and as R+ B*P;B > R+ B*P_B > 0 we have {wi} € £5. Now considering
Tr41 = Az + Bug = Apx + Bug,

one sees T3 k41 = AjsTak + Bawk. As 0(Aj3) C D (because of the fact that X3 = X'_(Ap))
we obtain {z3k} € £3. Hence limj— o0 234 = 0. Now from 4.6 we have

Jr(zo,u) = z5Ppro— 274 (P-—AH " H)zry

~ M Hez4a|* + Ef=o||wk||§z+3'P£B — 23 74103323,T+1

v

25 Przo + A||Haria|? + Ez‘:O”wk||§2+B‘PLB — 23 74+1033%3,T41-

The desired result then follows by taking the limit as T — oo in the above inequality. O

Our next lemma states that V(o) = 25P, %0, taking into account the previous lemma.

Lemma 4.8 Suppose (A, B) is controllable, A — BR™1C is nonsingular and ¥(n) > 0 for
some n € T. Assume further 2.9 has at least one hermitian solution and assume P. is
negative semi-definite on L. Then for all zo and for all € > 0 there is a u € Up(xo) such
that J(zo,u) < 5P, 20 + €.

Proof: Put wi = ux+(R+B*P;B)"'(C+B* Py A)zi. From 4.6 we havefor all u € Ug(zo):

Jr(zo,u) = zgPrzo+ Ef:o“wk”?zw-PEB
T3,T+1 oy P:;:; T3,k
Moreover zp41 = Apzk + Bwy, so
T A 0
( 2,k+1)=( 22 , )(-’tz,k + B .
T3 k+1 0 Aj z3k B3
Now 0(A22) C T, 0(ALs) C D. By Lemma 4.8 there is w € €3 such that

Ez?:o‘lwk||§2+B'P£B <e
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and (:’) (2o, w)r — 0 as k — oo. Introduce
3

Up = Wk — (R + B*P[’B)—l(c + B*PLA)CL‘k.

Then

J(zo,u) T}gr;o Jr(zo,u)

i

zoPrzo+ Ef—.ouwk”%uB-PEB

< e+ zPrxo.

We now turn to the proof of Theorem 2.1.

Proof of Theorem 2.1: (i) is proved in Lemmas 4.1, 4.7 and 4.4. It remains to prove (ii).

(ii) First assume that for all z¢ there is an optimal control, i.e., u* € Up(zo) for which
Vp(zo) = J(zo,ut). Choose zo and let u* be the corresponding optimal control. Put
z7 = (2o, u*). By Lemma 4.7

25 Przo = J(zo,ut) > a5 Prao + E/?:o||wk||fa+BtpﬁBa
where w = uf + (R + B*P,B)~1(C + B*P,A)z;. Hence wy =0, i.e.,
k L L k
uf = —~(R+ B*P;B)"}(C + B*PpA)t. (4.7)

Since zx41 = Apzi + Bwy this yields o}, = A e}, in particular

23 k41 0 Ajs a3y
As 0(Aj3) C D we have x:,'f',k — 0 as kK — oo. From 4.6 we see that

Jr(zo,ut) = 25 Ppzo ~ m:’t}+1A33x;T+1 — 233, (P- = AH*H)zF ., - | Hzz41]%.

As Jr(zo,u*) — 25Ppz0 — 0, Hzr41 — 0 and z;}+1A33w§’T+1 — 0as T — oo, we get
et (P- — AH*H)z} , — 0. As P_ — AH*H < 0 this gives (P_ — AH*H)zf,, — 0 and
hence P_zg — 0. In turn this implies that Dz:t;k + Dsz;k — 0 (see 4.5). As 231 — 0 we

26



obtain sz;'k — 0. Using zg‘k_ﬂ = Azzm;k together with the fact that o(Ay) C 7, this
yields Dy = 0 (note that zo, so z3 g, is arbitrary). We conclude that

ker A = X3 C ker ( ];'_' ) = L Nker P_.

Conversely, suppose that ker A C £ nker P_. Then we have Py, = 0 and Pp3 = 0. Also
D, = 0. Put u = {ux}, where uy is given by

uk = —(R + B*P;B)™Y(C + B" Py A)zy.
Then by 4.6
JT(IL’O, U) = Itapﬁ.’[o - 1‘3,T+1P$173,T+1.

Since z3 k41 = Ajsz3k and o(Asz)’ C D, we have 3741 — 0. Hence Jr(zo,u) — 5P, 7o

P

so J(xo,u) = 5P, 2o. Also note that 2, = Dsz3p — 0 and hence Hzzy — 0. Thus

u € Up(zo) and we can conclude that u is optimal.
The second part of (ii) was already proved (c.f. 4.7). O
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motion for rigid systems
M50-28  August A.W.]. Kolen Combinatorics in Operations Research
J.K. Lenstra
M90-29  August R. Doornbos Verdeling en onafhankelijkheid van kwadratensommen in dc
variantie-analyse
MO0-30  August M.W.1L van Kraaij Support for problem solving in manpower planning problems
W.Z. Venema
. J. Wessels
M90-31  August I. Adan Mean value approximation for closed queueing networks with multi
A. Dekkers server statons
M90-32  August F.P.A. Coolen A Bayes-Competing Risk Model for the Use of Expert Judgment in
P.R. Mernens Reliability Estimation

M.J. Newby



Ed

Number. Month Author Tide
M 90-33 | September  B. Veltman Multiprocessor Scheduling with Commurucation Delays
B.J. Lageweg
J.K. Lenstra
M9Y0-34  Scptember LI1B.F. Adan Flexible assembly and shornest queue problems
J. Wessels
W.HM. Zijm
M 90-35 Sepiember F.P.A. Coolen A note on the use of the product of spacings in Bayesian inference
M.J. Newby
MS0-36 Scptember  A.A. Stoorvogel Robust stabilization of systems with multiplicative perturbations
M50-37  Ociober A.A. Stoorvogel The singular minimum entropy H .. control problem
M90-38  Octlober Jan H. van Geldrop General equilibrium and intemational trade with natural exhaustible
Cees AL AM. resources
Withagen
MY0-39  October LJ.B.F. Adan Analysis of the shortest queue problem
J. Wessels ' (Revised version)
W.HM. Zijm
M90-40  October M.W.P. Savelsbergh  An Algorithm for the Vehicle Routng Problem with Stochastic
M. Goetschalckx Demands
M 9041 November  Gerard Kindervater  Sequential and parallel local search for the time-constrained traveling
Jan Karel Lenstra salesman problem
Martin Saveisbergh
M90-42 November F.W. Steutel The sct of geometrically infinitely divisible distributions
M 90-43 November A.A. Stoorvogel The singular linear quadratic Gaussian control problem

M 90-44 November

M 90-45

November

H.L. Trentelman

J.C. Willems

A.C.M.Ran

H.L. Trentelman

The dissipation inequality and the algebraic

Riccati equation

Linear quadratic problems with indefinite cost for

discrete time systems



