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SUI4MARY 

A spout-fluid bed is a type of fluid bed in which an orifice has been 
installed, at the center of the flat distributor plate. Spout gas is 
introduced into the bed through the nozzle. Fluidisation gas can be 
introduced into the bed through the remainder of the distributor 
plate. 
This type of reactor has a broad potential applicability to processes 
in which solid/gas dispersions are treated that either show a wide 
spread in the distribution of the particle sizes or contain material 
which cannot be fluidised as such. 
The investigation described in this thesis had two aims: 
1. Measuring and modelling the pressure and flow distributions of the 

gas in the spout-fluid bed. 
2. Measuring and modelling the mixing of the solids in the spout­

fluid bed. 

Several flow regimes can be generated in the bed by varying the spout 
and fluidisation gas flow rates: 

1. the packed bed flow regime 
2. the fluctuating spouted bed flow regime 
3. the stable spouted bed flow regime. 
The possibility of obtaining the several flow regimes, that is the 
possibility of contacting gas and solids in different ways by simply 
changing the rates of spout and fluidisation gas, is held to be a mature 
advantage of the spout-fluid bed. 

Models were developed that describe the pressure and flow distributions 
in spout-fluid beds in the packed bed and stable spouted bed flow regimes 
fairly well. 
Both pressure distribution models predict the bed pressures from the 
spout- and fluidisation gas flow rates and besides from variables that 
represent the geometrical properties of the bed and of the bed material 
only. This way of modelling differs from that used by many authors who 

have included in their analysis the maximum spoutable bed height which 
cannot be easily measured. 

First a simple model was developed for a bed in the stable spouted bed 
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flow regime. In this model it is assumed that pressure and fri:ction 
forces only determine the gas flow in the spout channel. Simple expres­
sions for the pressure and flow distribution were obtained from this 

model. 
Next, an extended model was developed that in addition includes the 
effects of inertial forces and interaction forces between the gas and 
the bed particles in the spout channel. 
Calculated results of the simple model do not agree with pressures that 
were measured near the spout channel. The reason is that the influences 
of the inertial and interaction forces that occur in the gas flow 
through the spout channel are ignored. 
Pressures that were calculated by means of the extended model agree 
better with the measured pressures than those that were calculated from 
the simple model. 

The mixing behaviour of spout-fluid beds in the fluctuating spouted bed 
regime was investigated by measuring the circulation times of single 
tracer particles in these beds. 
Mixing results from the variance in the circulation times of the bed 
particles. For this reason a mathematical description was derived of 
the variance in the circulation times and of the mixing rate in an 
apparatus in which a circulation flow occurs. 
In the model that is described the variance in the circulation times is 
established by exchange of bed material between the separate particle 
trajectories. 
In the model this exchange takes place as the bed particles that are 
entrained upward through the spout channel are deposited in random 
positions on the top surface of the annulus, subsequently move back 
towards various points on the spout channel wall along trajectories 
of different length, whence the particles again pass into the spout 
channel. The particles are dispersed through following these traject­
ories of different lengths. The dispersion is expressed in terms of a 
dispersion coefficient. 
The mixing in the spout-fluid beds was investigated by means of a 
tracer particle with high magnetic permeability. Circulation times of 
this particle were measured by noting the periods of time that elapsed 
between each two successive passages of the tracer particle between 
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the two poles of an inductive coil. The coil was placed around the bed 
at the position of the top of the annulus. 
Circulation time distributions are shown for several v.alues of the spout 
and fluidisation gas velocities and for two bed heights. 
The mixing model appears to describe the mixing behaviour of spout-fluid 
beds reasonably well. The dispersion coefficient and the downward par­
ticle velocity appear to depend on the bed height and on the spout and 
fluidisation gas velocities. 
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SAMENVATTING 

Een spout-fluid bed is een soort fluid bed waarin een uitstroompijpje 
is geplaatst dat uitmondt in het midden van de verdeelplaat. Door dit 
pijpje wordt spoutgas aan het bed toegevoerd. Fluidisatiegas wordt via 
het overgebleven deel van de verdeelplaat aan het bed toegevoerd. 
Dit type reactor heeft toepassingsmogelijkheden die een breed terrein 
beslaan op het gebied van processen aangaande mengsels van gas en 
vaste stof, waarbij de deeltjes van de vaste stof een grote spreiding 
vertonen in de deeltjesgrootte-verdeling of materiaal bevatten dat 
zelf niet als zodanig gefluidiseerd kan worden. 
Het onderzoek dat beschreven is in dit proefschrift had twee doelen: 
1. Het meten en het modelleren van de druk- en snelheidsverdeling van 

het gas in het spout-fluid bed. 
2. Het meten en het modelleren van de menging van de vaste stof in 

het spout-fluid bed. 

Verscheidene st:"omingsregimes kunnen in het bed verkregen worden door 
de spout- en fluidisatiegasdebieten te varieren: 
1. het gepakte bed stromingsregime 
2. het fluctuerend spouted bed stromingsregime 
3. het stabiel spouted bed stromingsregime. 
De mogelijkheid om de verschillende stromingsregimes te verkrijgen, dat 
is de mogelijkheid om gas en vaste stof op verschillende manieren met 
elkaar in contact te brengen door eenvoudigweg de spout- en fluidisatie­
gasdebieten te veranderen, wordt als een groot voordeel beschouwd van 
het spout-fluid bed. 

Modellen werden ontwikkeld die de druk- en snelheidsverdeling van gas 
in spout-fluid bedden in het gepakte bed en het stabiel spouted bed 
stromingsregime redelijk goed beschrijven. 
Beide modellen geven de drukken in het bed uit de spout- en fluidisatie­
gasdebieten en uit variabelen die de geometrische eigenschappen van het 
bed en van het bedmateriaal representeren. Deze wijze van modelleren 
verschilt van wat gebruikelijk is bij vele auteurs die in hun analyses 
de maximale hoogte van een te spouten bed gebruiken, welke niet gemakke­
lijk gemeten kan worden. 
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Voor een bed in het stabiel spouted bed regime werd eerst een eenvoudig 
model ontwikkeld. In dit model wordt aangenomen dat alleen de druk- en 
weerstandskrachten de gasstroming in het spoutkanaal bepalen. Eenvoudige 
uitdrukkingen voor de druk- en snelheidsverdeling van het gas werden 
hieruit verkregen. 
Een uitgebreid model werd daarna ontwikkeld dat bovendien de effecten 
van traagheids- en interactiekrachten tussen gas en beddeeltjes in het 
spoutkanaal in rekening bracht. 
Berekende resultaten van het eenvoudige model komen niet overeen met 
de drukken die in de buurt van het spoutkanaal werden gemeten. De oor­
zaak hiervan is het feit dat de invloeden van de traagheid- en 
interactiekrachten, die de gasstroming in het spoutkanaal mede bepalen, 
verwaarloosd werden. Drukken die werden berekend met het uitgebreide 
model komen beter met de gemeten drukken overeen dan de drukken die 
werdeD berekend met het eenvoudige model. 

Het menggedrag van spout-fluid bedden in het fluctuerend spouted bed 
regime werd onderzocht door de circulatietijden van een enkel tracer­
deeltje in deze bedden te meten. 
Menging is het gevolg van spreiding in de circulatietijden van het bed­
materiaal. Daarvoor werd een wiskundige formulering afgeleid van de 
spreiding in de circulatietijden en van de snelheid waarmee de menging 
verloopt in een apparaat waarin een circulatiestroming plaatsvindt. 

In het beschreven model komt de spreiding in de circulatietijden van 
het bedmateriaal tot stand door uitwisseling van het bedmateriaal tussen 
de afzonderlijke stroombanen. Deze uitwisseling heeft plaats als de 
beddeeltjes, die naar boven meegevoerd worden in het spoutkanaal, wille­
keurig verspreid worden over de top van de annulus en vervolgens terug­
stromen naar de verschillende punten van de wand van het spoutkanaal 
langs stroombanen van verschillende lengte, waar de deeltjes het spout­
kanaal weer ingaan. De deeltjes ondergaan dispersie bij het volgen van 
deze stroombanen van verschillende lengte. De dispersie wordt uitgedrukt 
in termen van een dispersiecoefficient. 
De menging in de spout-fluid bedden werd onderzocht door middel van een 
tracerdeeltje met een hoge magnetische permeabiliteit. Circulatietijden 
van dit tracerdeeltje werden gemeten door de tijd vast te stellen die 
verstreek tussen e"lke twee achtereenvolgende passages van het tracer-

xi 



deeltje tussen de twee polen van een spoel. De spoel was rond het bed 
geplaatst op de hoogte van de top van de annulus. 
Circulatietijden worden getoond voor enkele waarden van de spout- en 
fluidisatiegassnelheden en voor twee bedhoogten. 
Het mengmodel blijkt het menggedrag van fluctuerende spout-fluid bedden 
redelijk goed te beschrijven. De dispersiecoefficient en de neerwaartse 
deeltjessnelheid blijken van de bedhoogte en van de spout- en 
fluidisatiegassnelheden af te hangen. 
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1. INTRODUCTION 

A spout-fluid bed is a type of fluidised bed in which an. orifice 
through which spout gas is introduced has been placed at the center of 
the flat gas distributor plate at the bottom of the bed. 
Fluidisation gas is introduced through the gas distributor plate 
(figure 1.1). The. fluidisation gas causes an increasingly loosely 
packed bed structure with increasing gas velocity. 
Spout gas is introduced in order to induce an overall circulation of 

the bed material. 

gas 

fountain region with 
bed solids 

annulus 

spout channel 

==~,..!:;:=-- fluidisation gas 

tpout gas 
Figure 1.1. Sehematia view of a spout-fZuid bed. 

The present investigation of spout-fluid bed reactors was prompted by 
an interest in the possible technical applicability of spout-fluid beds 
to operations for use in chemical engineering and physical technology [1]. 

The apparatus can be regarded as a combination of a spouted bed and a 
fluidised bed. It was therefore supposed at the outset of this invest­
igation that the spout-fluid bed might combine some of the valuable 
properties of fluidised and spouted beds. 
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Fluidised beds are highly suitable for handling finely dispersed solid 
materials or for contacting a gas with such materials (figure 1.2). 
Baeyens and Geldart [5] have characterised powders according to their 
fluidisation, bubbling, slugging and spouting behaviour. The powders 
were classified as A, B, C and D powders according to their sizes and 
densities. Figure 1.3 shows a table that summarizes some fluidisation 
characteristics of the 4 powder groups. Figure 1.4 gives a powder clas­
sification diagram for fluidisation in air at ambient conditions. 

fluidisation gas 

bed of solid particles 

Figure 1.2. Sahematia view of a fluid bed. 

Group c A B 

Approx 

size/density 
' 30/any 

30/5 to 50/4 to 

ranges 200/0.S 1000/1 

um/g cm- 3 

Bed expansion very small large small 

Bed collapse rate very slow slow fast 

Bubble shap€ channels e e 
Solids mixing rate very low very high high 

Gas back mixing none very high moderate 

Mode of slugging channels axi-symmetric a xi -symmetr lc 
slua~ break ~?wn -+ a-symmetric at 
at h1.gh gas flowe high gas flows 

Spouting channels only in very only in shallow 
shallow beds beds 

Wall/bed heat very low high high to moderately 

transfer coefficient high 

Figure 1.3. Summary of some fluidisation aharaateristias 

powder groups. (from [5]) 
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> 400/4 to 

> 1200/1 

very small 

fast 

0 
moderate 

low 

a-symmetric 

yes 

low 

the four 



20 SO 'lOG UO soo 1000 2080 

d' pm 

Figure 1.4. Powder ciassification diagram for fluidisation on air 

(ambient conditions). (from [5]) 

The behaviour of fine particles in a fluidised bed differs in some ways 
from the behaviour of coarse particles. When a fluidised bed of part­
icles smaller than 100 micrometer (A and C powders) is operated at the 
minimum fluidisation condition the cohesion forces are of great im­
portance when compared to the gravitational and fluid drag forces that 
are acting on the individual particles. For this reason a fluidised 
bed that contains finely dispersed material is stable when it is 
operated below the minimum bubbling velocity. The individual particles 
have little mobility due to the influence of cohesion forces. The 
fluidised bed is then operated in a homogeneous fluidisation reqime. 
With increasing f1uidisation gas velocity the fluid drag forces begin 
to dominate. Indi vi dua 1 particles in the bed obtain the poss ibi 1 i ty of 
moving in the bed in a similar way· as do molecules in a liquid as a 
result of Brownian movement. The bed becomes unstable and part of the 
fluidisation gas now flows through the bed as gas bubbles. 

In a fluidised bed that contains coarse particles (B or 0 powders) the 

cohesion forces between the individual particles can be neglected with 
respect to the gravitational and fluid drag forces. A bed of coarse 
particles is therefore unstable at the minimum fluidisation condition. 
Spouted beds are highly suitable for handling coarse particles (figure 
1.5) as opposed to fluidised beds. When spout gas is introduced into a 
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A B c D 

Figure 1.5. View of the several flow in a spouted bed. 

0.. 
0 
s... 
-o 
(1) 
s... 
::s 

"' Vl 

~ 
0.. 

---------- -.........- -----------
8 ·"' 

spout gas flow rate 

, -----opout pressure drop 
/ ...... pressure drop over bed 

if bed were fluidised 
at gas rate equal to 
the spout gas rate 

Figure 1.6. Example of a pressure drop over a spouted bed. Letters in 

the figure correspond to figure 1.5. 
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spouted bed several flow regimes can be obtained by adjusting the 
spout gas rate. When the gas rate is increased from zero an internal 
cavity is formed (figure 1.5A and B). A pressure drop exists between the 
orifice and the top of the bed that is high with respect to the fluidi­
sation pressure drop when fluidisation gas only should be introduced at 
a rate equal to the spout gas rate (figure 1.6). The internal cavity 
becomes unstable at increasing spout gas rate. 
A spout channel is then formed between the orifice and the top of the 
bed (figure 1.5C and D). The pressure drop over the bed becomes relat­
ively low (figure 1.6). 
At still higher spout gas rates an overall circulation of the solid 
bed material is maintained. The annulus solids are partly flowing into 
the spout channel at the bottom and are partly entrained from the spout 
channel wall along the whole length of the spout channel and blown up 
into the fountain. From this fountain region the solids are spread out 
over the upper surface of the annulus. The circulation flow pattern 
thus consists of an upwards flow of so 1 ids in the spout channe 1 and a 
downward flow of solids in the annulus. The downward solids flow in the 
annulus can be regarded as having a certain degree of axial dispersion 
and moving countercurrently to the spout gas that has penetrated into 
the annulus. 

Good mixing of the solids in a spouted bed reactor is established when 
a large variation exists in the circulation times of the solids together 
with a sufficient degree of transversal exchange between the individual 
particle trajectories. Transversal exchange is pronounced in the 
fountain region of the spouted bed. 

An unfavourable situation occurs when bed materials are used that show 
a large variation in shape and size: 
Under these circumstances segregation can be expected to take place in 
both fluidised and spouted b.eds. Segregation in a spouted bed is 
suppressed to a certain extent because of the dynamic circulation 
behaviour. 

The advantages of the use of a fluidised bed and a spouted bed for 
handling fine and coarse particles respectively seem to suggest that 
a combination of both might be suitable for handling dispersions that 
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contain both fine and coarse solid bed material. It might also be pos­

sible to use the spout-fluid bed for handling mixed dispersions which 

contain material that cannot be fluidised as such. 

Moreover the spout-fluid bed is also more flexible because the spout 

and fluidisation gas rate can of course be adjusted independently. 

The different flow regimes that can be generated in a spout-fluid bed 

by varying the ratio of the rates of spout gas and fluidisation gas 

have already been discussed above. The possibility of obtaining several 

flow regimes, that is a possibility of contacting gas and solids in 

different ways by simply changing the rates of spout and fluidisation 

gas, is held to be a mature advantage of the spout-fluid bed. 

Spout-fluid beds were first described by Chatterjee [2]. He pointed out 

that spout-fluid beds provide a possibility to overcome both some 

limitations that are inherent to fluidised beds and a number of limit­

ations that are characteristic of spouted beds. Other useful properties 

of spout-fluid beds are, in the opinion of Chatterjee, the high rate of 

circulation and the thorough mixing of the solid particles, the accuracy 

with which both spouting and fluidisation phenomena can be controlled 
and the fact that the minimum flow rates that are required to maintain 

spouting and fluidisation conditions are lower than those needed in 
spouted and fluidised beds. 

At the first International Symposium on Spouted Beds two papers on 

spout-fluid beds were presented by Nagarkatti and Chatterjee [3] and by 

Littman, Vukovic, Zdanski and Grbavcic [4]. 

Nagarkatti et al. studied bed properties at several values of the 

flow rate, particle diameter, orifice diameter and bed height. Littman 
et al. measured the minimum value of the total rate of spout and 

fluidisation gas as a function of bed height and orifice diameter for 

a bed that was spout-fluidised with water. 

A large number of publications deal with the fluid dynamic behaviour 

of spouted and fluidised beds. Publications on circulation systems 

behaviour in general and on the mixing and circulation properties of 

spouted beds in particular are also available. 

Some of these articles will be discussed in the appropriate chapters 

of this thesis. 
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This work first presents the different flow regimes of a spout-fluid 
bed (chapter 2). A description is given of the apparatus that were 
used for the investigation into these flow regimes. The experimental 
results are presented by means of pressure drop characteristics and 
by means of a diagram that shows which flow regime occurs in a given 
spout-fluid bed as a function of the spout and-fluidisation gas velo­
city. Some photographs that show some flow regimes in a flat model of 
a spout-fluid bed are also presented in chapter 2. A theoretical model 
from which the pressure distribution in spout-fluid beds can be cal­
culated is presented in chapter 3. The model applies to beds in the 
packed bed regime (without spout channel) as well as in the stable 
spouted bed regime. 
First a simple model is considered that assumes a linear relationship 
between pressure drop and gas velocity in the spout channel. Calculated 
results of this models are shown in plots of isobars and plots with 
lines of equal vertical velocity. An extension of the flow model that 
includes the effect of inertial forces in the gas flow and the effect 
of interaction with entrained bed particles in the spout channel is 
considered also. The equation of motion of the bed solids in the spout 
channel is applied to obtain a relation between the hold-up in the 
spout channel and the circulation rate of the spout-fluid bed. 
Experiments on the determination of the pressure distribution in some 
spout-fluid beds are discussed in chapter 4. The measured data are com­
pared to the model results and are discussed. 

Experimental and theoretical results on the mixing and circulation 
behaviour of the spout-fluid bed are presented in the chapters 5 and 6. 
Chapter 5 describes the solids circulation flow and the dispersion in 
that flow in a spout-fluid bed that is being operated in the fluctuating 
spouting regime in terms of circulation time distribution functions. 
The experimental determination of the circulation time distribution 
under various conditions is described in chapter 6. 

7 



Literature 

[1] Ginneken, C.P.M. van 
Ph.D.Thesis, Eindhoven University of Technology, 1982 

[2] Chatterjee, A. 
Ind.Eng.Chem.Process.Des.Develop. ~. 340 (1970) 

[3] Nag~rkatti, A. and Chatterjee, A. 
Can.J.Chem.Eng. 185 (1974) 

[4] Littman, H., Vukovic, D.V., Zdanski, F.K., Grbavcic, Z.B. 

Can.J.Chem.Eng. ~. 174 (1974) 
[5] Baeyens, J. and Geldart, D. 

Proceedings of the International Symposium "Fluidisation and its 
Applications", Toulouse, October 1-5, 1973 

8 



2. FLOW REGIMES IN SPOUT-FLUID BEDS 

2.1 Introduction 

When both spout and fluidisation gas ratesare varied various flow 
regimes occur. each of which is marked by definite characteristics. The 
occurence of these flow regimes appears to depend not only on the 
fluidisation and spout gas rates. but also on the geometric proportions 
of the bed, on the properties of the bed solids and on the properties 
of the spout and fluidisation gases. 
These flow regimes will be discussed in the following paragraphs on the 
basis of our experiments in which two different solids were used to 
make up the beds. These solids were two kinds of river-sand, here in­
dicated by "P" and "Q" respectively, which differ only slightly in 
their particle size distributions {figure 2.1) and in their gas velocity 
to pressure drop relation {figure 2.2). It is seen from figure 2.2 that 
the solids P and Q have values of the minimum fluidisation velocity of 
about 20 cm/s and about 32 cm/s respectively. 
Air is supplied as both spout and fluidisation gas. No state of 
homogeneous fluidisation for the bed solids P and Q used in the expe­
riments exists. This is the case for all materials that consist of 
coarse particles. At the minimum fluidisation condition the interaction 
forces between the particles can be neglected with respect to the 
gravitational and fluid drag forces. An instability then exists in the 
bed and the fluidised bed shows rising gas bubbles. This is the so­
called heterogeneous fluidisation state. 

2.2 The flow regimes 

The various flow regimes were investigated in two experimental spout­
fluid beds: 
I. A 15.2 em diameter bed the main part of which was a Quick-fit 

Visible Flow gas column {figure 2.3). 
Fluidisation gas was introduced through a sintered copper distrib­
utor plate at the bottom. Spout gas was introduced through a nozzle 
at the center of the distributor plate. Different bed heights and 
nozzle diameters were applied in these experiments. Bed solid P 
only was used in this spout-fluid bed apparatus. 
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1. glass column 
(diameter = 15.2 em) 

2. disengagement zone 
3. outlet of spout-

fluidisation gas to 
dust bag 

4. inlet of spout gas 
5. inlet of fluidisation 

gas 
6. s i ntered copper 

distributor plate 
7. fluidisation gas buffer 
8. pressure probe {moveable) 8 
9. pressure tap 

10. sand bed 

5 

Figure 2.3. View of the 15.2 em diameter 

spout-fZuid bed and the 

pressure probes. 

II. A 45 em diameter spout-fluid bed which consisted of a stainless 
steel section and some Quick-fit Visible Flow glass sections {figure 
2.4). 

As in the case of apparatus I, different bed heights were aoplied in 
the experiments that were carried out in this apparatus. Bed solid 
Q only was used in this apparatus. 
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1. Stainless steel 
measurement section 

2. glass column 
(diameter = 45 em) 

3. outlet of spout­
fluidisation gas to 
dust bag 

4. inlet of spout gas 
5. inlet of fluidisation 

gas 
6. fluidisation gas 

buffer 
7. pressure taps 

2.4. View of the 45 em diam­

eter spout-fluid bed 

and the pressure 

The occurence of the various flow regimes can be deduced from the way 
in which the pressure drop over the bed varies when varying spout gas 
rate at constant fluidisation gas velocity. This spout pressure drop 
was measured by means of a pressure probe that is inserted in the spout 
orifice of apparatus I and is placed near the spout orifice of apparatus 
II. Also a pressure probe is placed at the top of the bed. The pressure 
drop over the bed was recorded in this way while the spout gas flow rate 
was increased and decreased respectively at constant fluidisation gas 
velocity. 
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Several flow regimes were found to exist (figs. 2.5 and 2.6), viz. the 
packed bed regime (A), the bubbling (B), the fluctuating spouting (C) 
and the stable spouting (D) regimes. 
Figure 2.5 shows examples of the plots of the time average of the 
pressure drop versus the spout gas flow rate and superficial spout gas 
velocity as measured in the 15.2 em spout-fluid bed. 

0.03 
bed diameter = 15.2 em 
orifice diameter = 1 em 
bed height = 20 em 

A.P fl max 
/ .......... 
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v fl 
--- vfl 
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';: 0.02 
"' ..0 ........ 
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0 
~ 
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OJ 
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V'! 
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0. 
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1 2 3 4 5 6 7 8 
spout gas flow rate [t/s] 

Figure 2.5. EwampZe of a time average spout pressure drop measured 

during increase reap. decrease of spout gas fi(}l;) rate. 

Transitions are marked with an arrow. Spout gas fiow 

rate = 4 t/s corresponds to superficiaZ spout gas veZo­

eity = 22.0 cm/s. 
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The packed bed regime does not show a spout channel. At sufficiently 
high spout gas flow rates the spout gas forms an internal cavity that 
is quite stable and does not easily collapse (figure 2.6A). Spout gas 
percolates through the arch into the bed. This results in a pressure 
drop over the bed that is relatively high compared to the pressure drop 
that would exist over the bed when the bed was aerated with a gas rate 
equal to the sum of the rates of the spout and fluidisation gas that 
were introduced. 

13 



packed 
bed 

bubbling 
bed 

fluctuating 
spouting 

stab 1 e 
spouting 

Figure 2.6. Schematic view of flow regimes in a spout-fluid bed. 

The bubbling regime is characterised by individual. well defined bubbles 
that rise from the orifice to the top of the bed (figure 2.6B). In this 
flow regime the pressure drop shows irregular fluctuations \'lith a 
frequency between 5 and 10 t'z. These fluctuations correspond to the 
formation of the bubbles at the orifice. 
The fluctuating spouting regime is to be regarded as a regime that is 
intermediate between the bubbling and the stable spouting regimes. The 
pressure drop here shows periodic fluctuations of higher frequency 
(higher than 10 Hertz) than is the case in the bubbling regime. These 
fluctuations reflect a pulsating upwards flow of mixtures of the spout 
gas and the bed material. One might say that in this regime the bed is 
attempting to form a continuous spout channel between the orifice and 
the top of the bed. However, these attempts are not yet successful 
because parts of the channel wall keep collapsing and inject bed mate­
rial into the spout channel (figure 2.6C). These frequent collapses of 
parts of the channel wall cause the periodic fluctuations in the pres­
sure drop with time. 
When the spout gas flow rate is increased further the channel wall 
becomes stable. The system then has entered the stable spouted bed 
regime (figure 2.60). In this regime the pressure drop over the bed is 
lower than in any of the other regimes that have been discussed so far. 
The pressure drop shows no variation with time. 
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The pressure drop characteristic in figure 2.5 gives rise to the exist­
ence of some hysteresis in the transition between the stable spouted 
and fluctuating spouting bed regime (see D in figure 2.5). It can be 
seen that this hysteresis effect is larger when more fluidisation gas is 
introduced. This hysteresis is caused by the fact that there is a dif­
ference in the pressure over the bed that is needed to maintain a stable 
spout channel wall. This difference in pressures becomes larger when 
fluidisation gas is introduced also and is inherent to the stability or 
rigidity of the annulus region and to the amount of spout gas that 
crosses the spout-annulus interface. This hysteresis effect will be 
treated in section 4.4 also. 

Some photographs of the flow regimes that have been mentioned above are 
shown in figure 2.8 (1]. These photographs were taken in a two­
dimensional model of a spout-fluid bed which is shown in figure 2.7. 

1. perspex plates 
2. gas outlet to 

dust bag 
3. inlet of spout gas 
4. inlet of fluidisation 

gas 
5, fluidisation gas 

buffer 

Figure 2.7. View of the two­

dimensional (flat) 

model of the spout­

fluid bed. 

15 

2 
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c D 
Figure 2.8. PhotogPaphs of the fZow pegimes in a two-dimensional modeZ 

of the spout-fZuid bed. 
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It can be seen from the pictures that the high speed photograph A in 
figure 2.8 shows the bubbling character of the fluctuating spouting 
regime in the form of a fast rising bubble. 
The low speed photograph B shows the spouting character of this regime 
in the form of a spout channel with a collapsing spout wall and a puls­
ating upwards flow of solids. 
The bubbling and spouting characters are two ways to express the same 
flow regime. This can be explained by considering the flow of the solid 
material around a fast rising bubble in the bed (figure 2.9). The spout 
channel is blown up above the rising bubble while the spout channel is 
collapsing beneath the bubble. 

Figu:t'e 2.9. The f'lOlil of so~id$ around a rising bubb~e. 

Photograph C shows an internal cavity that is formed at a sufficiently 
high spout gas rate when the bed is being operated in the packed bed 
regime. Photograph D gives a view of the fountain and the spout 
channel when the bed is being operated in the stable spouted bed regime. 

Capacity probes were used to measure the variations in bed porosity at 
some points in the spout-fluid bed. Figure 2.10 gives a sketch of the 
capacity probes and of the capacitance bridge that was used to measure 
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wall electrode 

isolation 
materia 1 

point electrode 

Figure 2.10. Sketch of the capacity probe and the measuring bridge. 

its signal. When positioned near the spout orifice the probe can be 
used to determine the frequency with which bubbles are formed at the 
orifice in the bubbling regime. 
When used in the fluctuating spouting regime the capacity probe indicat­
es the frequency with which the wall of the spout channel is collapsing. 
An example of the measured signals of the capacity probe is shown in 
figure 2.11. 

Pressure drop measurements were obtai ned in the 15.2 <::m diameter bed 
with a 1 em and a 2 em diameter nozzle. The bed was filled with sand "P" 
(figs. 2.1A and 2.2A). Bed depths between 20 em and 40 em were applied. 
The bed depth was measured in the packed bed regime. The bed depths 
measured in the spouting regime were slightly larger than that in the 
packed bed regime because of the occurence of gas bubbles or a spout 
channel inside the bed. 

Results of.some pressure drop measurements carried out with a 1 em 
diameter nozzle and while increasing and decreasing spout gas rate 
at different fluidisation gas rates are given in figure 2.12. The 
superficial spout gas velocity that corresponds to each value of the 
spout gas rate is shown in this figure. For reasons of comparison 
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Figure 2.11. E~ample of a measured signal of the capacity probe. The 

probe is placed near the spout orifice. 

A: in bubbling bed. 

B: in fluctuating spouting bed. · 

figure 2.12 also shows the pressure drop over the bed that occurs at 
minimum fluidisation velocity (8Pfl max). 
The measurements described in figure 2.12 were started with the bed in 
the packed bed regime. The spout gas flow rate was first increased 
slowly until the stable spouted bed regime had been reached. The spout 
gas rate was then decreased slowly until the packed bed regime had 
become established again. 
It is seen from this figure that the pressure drop over the bed in­
creases with increasing fluidisation gas velocity in all fl~ regimes. 
It should also be noted from figure 2.12 that the spout gas rate at· 
which the transition occurs from the packed bed regime to the bubbling 
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Figure 2.12. Pressure drop over the spout-fluid bed for various 

fluidisation gas velocities. The pressure drop (~fl ) max 
o1Jer the bed that occurs at minimum fluidisation velocity. 

Spout gas flow rate = 4 ~/s corresponds to superficial 

spout gas velocity= 22.0 cm/s. 

or fluctuating spouting regimes decreases with increasing fluidisation 
gas rate. 

In the transition from the bubbling or fluctuating spouting regime to 
stable spouted bed regime, on the other hand, the spout gas rate at 
which this transition occurs increases with increasing fluidisation gas 
rate. 
Figure 2.13 gives some plots of the pressure drop over the bed versus 
spout gas flow rate and superficial spout gas velocity for zero fluidis­
ation gas flow rate for various bed heights and a nozzle diameter of 
1 em (purely spouted bed). 
Figure 2.13 like figure 2.12 also shows the pressure drop that would 

occur in the different beds at minimum fluidisation velocity (~Pfl max). 
As already mentioned earlier figure 2.13 gives time average pressure 
drops over the bed. The occurence of the several flow regimes can be 

obtained from the time average pressure over the bed in dependence on 

20 



0.04 

0.03 

0.. 

~ 
"0 

~ 0.02 
:::1 

"' "' Q) 
s... 
0.. 

0.01 

t.P fl max 

t.P 
__ _f_LF!~-~----- ----------

30 em R = 7.62 em, a = 0.5 em, 
H = 10, 20 and 30 em 
vfl = o 

20 em 

em 

spout gas flow rate [t/sec] 

FigUPe 2.13. PressUPe drop over the bed for various bed heights 

at zero fLuidisation gas vetoaity. The pressure drop 

over the different bed ( 6.P fL max) at minimum fLuidisation 

vetoaity. Spout gas fLow rate = 4 t/s aorresponds to 

superfiaiat spout gas vetoaity = 22.0 am/s. 

the spout and fluidisation gas rates and from.the dynamic part of the 
pressure signal. It was already indicated that no fluctuation exist$ 
in the pressure drop over the bed when the bed is in the packed bed and 
in the stable spouted bed regime. It can be found from figure 2.13 and 
from the dynamic part of the measured pressure. that the transition from 
the packed bed regime to bubbling or fluctuating spouting regime are 
shifted to a higher value of the spout gas rate when the bed height 
increases. 
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There is a difference in the ways the pressure drop reacts to increas­
ing spout gas rate on the one hand, and to decreasing spout gas rate on 
the other hand. This hysteresis has already been mentioned in many 
publications on spouted beds (see for example [2]). 
The difference in the reaction of the bed is caused by the way the 
particles are packed in the bed (the microstructure of the bed) and on 
whether an internal cavity or spout exists in the bed (the macrostruc­
ture of the bed). 
In the increasing spout gas rate branches of the curves in the figures 
2.12 and 2.13 the pressure drop depends on the initial structure of the 
bed while in the decreasing spout gas branches of the pressure drop 
curves that start from the stable spouting regime the pressure drop is 
dependent on the structure of the stable spouted bed. 
In the stable spouted bed the particles are thoroughly mixed so that 
no differences can exist in the way the bed is packed at the various 
points in the space between the spout channel and the bed wall. 
It follows that when one wishes to measure well defined bed properties, 
such measurements are best carried out by first bringing the bed in the 
stable spouting regime and then reducing the spout gas rate. In this 
way a uniform microstructure of the bed is obtained with a measured 
local porosity of about 0.42. 
It also follows that when one wishes to investigate the transition line 
between the stable spouting regime and the bubbling or fluctuating 
spouting regime, the measurements are best carried out at decreasing 
spout gas rate. The transition between the packed bed. regime and the 
bubbling or fluctuating spouting regime, however, is best measured 
at increasing spout gas rate, after decreasing the spout gas rate from 
the stable spouted bed regime until near zero in order to obtain a bed 
without internal cavity and with a uniform structure of the bed material 
with known porosity of about 0.42. 

Figure 2.14 presents a diagram that shows which flow regime exists in 
a spout-fluid bed with given bed diameterofl5.2 ern, spout orifice 
diameterof 1 em and particles sizes between 0.4 and 0.8 mm as a funct­
ion of the flow rates of both spout and fluidisation gas and of the 
bed height. The left hand curves represent the transition 1 ines between 
the packed bed regime and the bubbling or fluctuating spouting regimes. 
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The right hand curves represent the transition lines between the last 
called regimes and the stable spouted flow regime. It is seen that the 
left hand curves are straight for bed heights H = 10, 20, 25 and 30 em 
and that all left hand curves intersect the vertical axis at the bubble 
point of the bed material, that is equal to the minimum fluidisation 
velocity of the bed material in this case. Figure 2.14 also shows some 
straight transition lines for the transition to the stable spouting 
regime for H = 25, 30 and 35 em. 
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Figure 2.15 presents a flow regime diagram for the case of a spout­
fluid bed that is fitted with a 2 em diameter spout orifice. No stable 
spouted bed regime exists in this bed. There is a critical orifice dia­
meter to bed diameter ratio above with no stable spout channel can 
exist [2]. When a 2 em diameter orifice is used the critical value of 
this ratio is exceeded. 
Figure 2.15 therefore only shows transition lines between the packed bed 
regime and the fluctuating or bubbling flow regime. It is again seen 
that all transition lines are almost straight and intersect the vertical 
axis at the bubbling point of the bed material. The high value of the 
bubbling velocity (25 cm/s) is explained by the fact that some bed 
material Q has been mixed up in the bed material P. 
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Figu:I'e 2.16. Measu:I'ed limits of floll! regimes for the 45 em diameter 

spout-fluid bed for various bed heights (orifice diameter 

= 3 ~). Spout gas flow rate = 40 ~Is corresponds to 

superficial spout gas velocity 25. 2 am/s. 

Transition lines between the packed bed regime and the bubbling or 
fluctuating spouting regimes were determined in the 45 em spout-fluid 
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bed that was fitted with a 3 em diameter spout orifice. Transitions to 

the stable spouted bed regime were not measured because of the high 

rate of spout gas that had to be introduced into the bed and the bad 

controllability of the high spout and fluidisation gas rates. Figure 
2.16 shows a diagram of the measured transition lines. These lines 
intersect the vertical axis at the bubbling velocity of material Q 
(32 cm/s), and are straight for all bed heights. 

100 

90 

80 

ON 70 
::r: 
E 
u 

s:: 60 
0 

:;::; 
<n 50 
!:: 
m 
l-
.;..> 

.;..> 40 
m 
0.. 
0 

30 l-
"0 

(I) 
l-
:::> 

20 <n 
<n 
(I) 
l-
0.. 

10 

0 

--------- ---.,..,. 
.,...JJ-,.,-r H = 70 em 

~ .... . .,. .,. . 

------ spout pressure drop 
at transition 

--- pressure drop when only 
fluidisaton gas is 
applied 

fluidisation gas velocity [cm/s] 
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Figure 2.17 presents the spout pressure drop at the transition between 
the packed bed regime and the bubbling regime as a function of the 
superficial fluidisation gas velocity. Figure 2.17 also shows the pres­
sure drop that would result if fluidisation gas only were passed 
through the bed as a function of the superficial fluidisation gas 
velocity. It should be noted that the spout pressure drop becomes equal 
to the fluidisation pressure drop at the point where the superficial 
fluidisation gas velocity reaches the minimum fluidisation velocity. 
This fact is readily understood: It was mentioned above that no homo­
geneous fluidisation occurs in beds that consist of coarse sand that 
was used in the experiments. Thus bubbles must begin to occur in the 
bed at the minimum fluidisation velocity. The point in figure 2.17 
that indicates the fluidisation pressure drop at minimum fluidisation 
velocity must therefore lie on the curve that shows the spout pressure 
drop at the transition between the packed bed regime and the bubbling 
regimes. 
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3. MODEl FOR THE PRESSURE DISTRIBUTION IN SPOUT-FlUID BED REACTORS 

3.1 Introduction 

~~!~!-~~~~rt 

This chapter presents a calculation model that predicts the pressure 
and flow distributions in spout-fluid beds for two flow regimes, the 
packed bed flow regime and the stable spouted bed flow regime. The 
model is applicable both to two-dimensional and cylindrical spout­
fluid beds. 
The calculated pressure distribution in the annulus of a spout-fluid 
bed that is being operated in the stable spouted bed regime depends 
to a large extent on the assumptions that have been made concerning 
the spout gas flow through the channel. 
To derive a flow model of the spouted bed flow regime we first assume 
a flow in the spout channel that is determined by pressure and 
friction forces only. It is also assumed that a linear relationship 
exists between the friction force and the local gas velocity in the 

spout channel. 
These assumptions result in a simple expression for the pressure and 
flow distribution in the spout-fluid bed. 
Some examples of results that can be obtained from this model are 
given. Calculated pressures are presented by plots of isobars for beds 
of different height under several conditions in the two flow regimes. 
Calculated flow distributions are given by plots of curves which 
represent sets of points where the vertical components of the local 
gas velocity are the same. 
An extension of this simplified flow model for the spouted bed regime 
is given at the end of this chapter. 
It is now assumed that the gas flow in the spout channel is not only 
determined by pressure and friction forces but also by inertial forces 
and by forces that result from the interaction between the gas flow 
and bed particles. The bed particles are entrained from the spout chan­
nel wall and are then accelerated upwards. 
The extended model describes the influences that all of the above types 
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of forces, i.e. inertial forces, pressure forces, wall friction forces 
and interaction forces between gas flow and entrained particles have 
on the flow. The extended model also assumes that a quadratic relation­
ship exists between the wall friction and interaction forces and the 
local gas velocity in the spout channel. Results of this model are 
shown and are compared to the former model that somewhat unrealistic­
ally assumes a linear relationship between pressure drop and local 
gas velocity in the spout channel. 

~!!!g_b1!~r~!~r~-~~rY~X 

Several authors have previously investigated the pressure distribution 
in a spouted bed. 
Most of the models these authors have published deal with the pressure 
and velocity profile as a function of the bed height while the radial 
dependence of the pressure and flow profiles in the annulus is neglect­
ed. The authors assume boundary conditions that they suppose.exist at 
the top of the bed. These boundary conditions are applicable only when 
the bed height is equal to the maximum spoutable bed height, that is 
the maximum height of a bed in which a stable spout channel can be 
formed. 
A spouted bed model that is based on more fundamental assumptions is 
discussed in more detail in this section. This model is believed to be 
more fundamental than the spouted bed models published sofar. It will 

be used as a starting point for the model that is developed in section 
3.3 and 3.4. In addition some publications are discussed that deal with 
the changes that occur in the physical characteristics of a spout-fluid 
bed when the fluid flow. particle diameter and bed height are varied. 
Some physical characteristics of interest are the maximum flow rates 
for fluidisation. spouting and spout-fluidisation, and the bed pressure 
drop at minimum spout-fluidisation. 
Literature is also available that reviews theories concerning pressure 
drop and flow in the annulus of a spouted bed (for example [2] and [6]). 

Mamuro and Hattori [1] considered a segment of the annulus of a bed in 
the stable spouting regime and the forces that act on this segment. 
From mass and force balances over the spout-annulus interface they 
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derived a differential equation that defines the spout to annulus cross 
flow along the spout channel. They solved this differential equation 
using a boundary condition which postulates that at the top of the bed 
the fl0\'1 velocity is equal to the minimum fluidisation velocity when 
the bed is equal to the maximum spoutable bed height. 

For this special case the solution of the differential equation re­
sults in 

where Vz = vertical flow velocity in the annulus at height z 
vmf = minimum fluidisation velocity 
Hm = maximum spoutable bed height, and 
z = vertical coordinate (height) in the bed. 

For the cases where the bed height H is smaller than Hm, and thus 
V z < Vmf at the top of the bed where z=H, Mamuro and Hattori propose 
the equation 

where Vz=H = vertical flow velocity at the top of the bed, and 
H = bed height. 

With this equation the vertical flow velocity and pressure drop over a 
spouted bed can be calculated, using Darcy's law, provided that Vz=H 
is known. 

Epstein et al. [2] have shown experimentally that at z=H when H=Hm Vz 
is normally less than Vmf· To make the model of Mamuro and Hattori more 
acceptable they propose replacing the boundary condition at z=H and 
H=Hm by 

and 
dV z 
Oz = 0 

The Mamuro-Hattori equation then changes to 
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where Vz=H 
m 

vertical flow velocity at the top of the bed z=H when 
H=Hm. 

Grbavcic et al. [3] found that for a given solid material and spouting 
fluid in a column of fixed geometry, that is with constant Hm' the 
measured upward fluid flow velocity Vz and pressure gradient at any 
given height z in the annulus are independent of the bed height H. This 
observation which was first reported by Thorley et al. [4] yields an 
extension of the Mamuro-Hattori equation 

VZ 1 - (1 - Z/Hm) 3 

vz=H 1 - (1 - H/Hm) 3 

The authors found that this equation better describes the experimental 
results than the original equation of Mamuro and Hattori. 

In a study by Epstein and Levine [51 the particle Reynolds number at 
the top of the annulus was found to range from 38 to 285, that is almost 
two orders of magnitude in excess of Re for which Darcy's law is nor­
mally applicable. A rederivation of the Mamuro-Hattori model in which 
Darcy's law was not assumed to be valid was therefore in order. Epstein 
and Levine modified the theory of Mamuro and Hattori using the quadratic 
relationship 

where the constants K1 and K2 were evaluated from ex~eriments. 
This .extension of the Mamuro-Hattori model to cover the flow with high 
particle Reynolds number outside the range where Darcy's law is appli­

cable proved to give no better results than the original model. 

Mathur and Epstein [61 have argued that the poor sensibility of the 
solution of the equation of Epstein and Levine to the characteristic 

parameter K1;K2Vmf causes the original solution of Mamuro-Hattori 
to be valid even for flow with high particle Reynolds number. 
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However, Mathur and Epstein based their argument on empirical grounds 
only [6]. 

Yokogawa et al. [7] used a flow model that includes the shear stress 
at the spout channel - annulus interface and at the bed wall respect­
ively. Unlike the Mamuro and Hattori model, the Yokogawa model employs 
Darcy's law to calculate the horizontal pressure at the spout channel 
wall that counteracts the radial stresses of the solids in the bed. 
In addition he used the boundary condition dVz/dz = 0 at z=H. The 
correctness of several elements of Yokogawa's model are open to doubt: 
1. The boundary condition dVz/dz = 0 at z=H may not be applicable 

when H < Hm. 
2. Darcy's law may not apply. 

Lefroy and Davidson [8] have found empirically that at mimimum spouting 
velocity the pressure profile in the spout channel could be approxima­
ted by a quarter cosine function of the height z in the bed (figure 
3 .1}. 
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Figure 3.1. Pressure P at the spout ~all as a function of height z. a 
(Kale seeds. Dc = 30.5 em, a 1.27 em). 

(from [8]). 
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where Psp = pressure in the spout channel at height z 
PH =pressure above the bed, and 
t. Ps = pressure drop over the spouted bed. 

Their theory starts from the assumption that Darcy's law is valid and 
from the conservation of the gas mass in the bed. They used the quarter 
cosine function as a boundary condition for the differential equation 
that describes a harmonic pressure distribution in the annulus of the 
bed. The pressure distribution in the annulus is thus found to be: 

I0(mr)K1(mR) + K0(mr)I 1(mR) 
P(r,z) - PH = t.Ps cos mz ----------­

I0(ma)K1(mR) + K0(ma)I 1(mR) 

where m = rr/2H 
a = spout channel radius, and 
R = bed radius. 

10, r1, K0 and K1 are the usual symbols for Bessel functions of 
different kinds. 
When H/R > 4 the pressure is assumed to be independent of the radi a 1 

position r. It is then found that when H=Hm 

P(z) - PH = (t.Ps)H . cos(rrz/2Hm) 
m m 

and 

dP 

When the pressure gradient at the top of the bed is assumed to corres­
pond to that for minimum fluidisation at z=H=Hm it follows that 
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where (~Ps)Hm = pressure drop over a spouted bed at maximum spoutable 
bed height {H=Hm) 

{~Pfl )Hm = pressure drop over a fl ui di zed bed with height H=Hm 
at minimum fluidisation condition. 

This equation does not cover the experimental data as well as do 
either the Mamuro model or its modification. Lefroy and Davidson have 
generalized this equation to all values of H lower than Hm by inr.lud­
ing a factor B in such a way that B=l when H=Hm. 

where B = a multiplication factor, and 
(~Pfl)H = pressure drop over fluidized bed with bed height H 

at minimum fluidisation condition. 

Lefroy and Davidson also used fluid and particle momentum balances in 
the spout channel to describe the interaction forces between spout gas 
and entrained bed particles. They derived approximate values of Hm and 
of the spout channel radius using an analysis of the entrainment and 
of the equilibdum conditions at the spout channel - annulus interface. 

At the First International Symposium on Spouted Beds two papers were 
presented [9,10] that discuss the pressure drop and flow characteristics 
of a spout-fluid bed at the minimum spout-fluidisation condition. 
Nagarkatti and Chatterjee [9) studied spout-fluid beds with conical and 
flat gas distributors. They investigated the physical characteristics 
of the bed at different values of the flow of fluid, particle diameter. 
orifice diameter and of the bed height. Nagarkatti and Chatterjee used 
the Mamuro-Hattori model which yields a simple equation for fluid flow 
in the annulus of a spouted bed as already mentioned: 

3 
vz = vmf(l - (1 - z/Hm) ) 

3 Vz = Vz=H(1 - (1 - z/H) ) 

for high beds and 

for shallow beds. 

Fluidising the annulus would be possible by increasing the fluid flow 
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through the annulus. The minimum external flow for fluidisation, 
supplied through the gas distributor plate, of a spouted bed system 

where a flow of fluid through the annulus already takes place would 
therefore be given by the difference of Vmf and Vz: 

where Vext,f = minimum external flow for fluidisation supplied 
through the sieve plate to the annulus 

Vz vertical flow velocity in the annulus of the spouted 
bed at height z. 

The right hand side of the above equation may be written as a fraction 

of vmf: 

where ¢ = a function of the bed height, spout orifice diameter and 
of the particle size. 

Nagarkatti and Chatterjee have determined the exact minimum spout­
fluid flow rate from a phase diagram they measured (figure 3.2). The 
minimum spout-fluid flow rate is obtained from the straight transition 
line between the unstable spouting regime (U.S. in figure 3.2) and 
the unstable spout~fluidisation regime (U.S.F.) by adding the spout 
and fluidising flows that correspond to any point of this line. 

A correlation which these authors derived to calculate minimum spout­
fluid flow rate from the equations of Mathur and Gishler and Mamuro 
and Hattori was found to give values that agree reasonably well with 
the experimentally found minimum spout-fluid flow rate. 

Littman et al. [10) studied the properties of a liquid phase spout­
fluid bed. They presented data on the minimum spouting velocity, the 
minimum spout-fluid flow rate and the spout pressure drop at minimum 
spouting. 
The liquid phase spout-fluid bed shows some characteristics that are 
a blend of both spouting and fluidisation. Littman et al. also suggest 
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that spout-fluid beds provide an important link between spouting and 
fluidisation and permit the design of beds that possess the characteris­
tics of both in varying proportions. 
The failure of the correlations developed by Mathur and Gishler [16] and 
by Malek and Lu [11] to predict the spouting data of Littman indicates 
that gas phase,and liquid phase systems do not behave in the same 
manner. 

~~!~~-£Q~~lY!iQ~!_frQ~_!i!~r~!Yr~ 

Many authors have discussed the ways in which the gas pressure and 
velocity vary in the annulus as functions of the bed height in the 
bed, but they neglect the radial variations in the gas pressure and 
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the gas flow distribution. The behaviour of the flowing solids in the 
spouted bed depends, however, to a large extent on the radial variations 
in the vertical component of the gas velocity. The stability of a 
spout-fluid bed in the stable spouted bed regime, on the other hand, 
depends on the behaviour of these flowing solids. 
In literature boundary conditions are taken at the top of the bed. 
These boundary conditions are applicable only to beds that are operated 
at their maximum spoutable bed height. It is obvious, however, that the 
spouting behaviour of a bed is not determined by the fluid flow at the 
top of the bed only. It is to be noted also that a theoretical and 
experimental verification of the maximum spoutable bed height is not 
available in those cases where hysteresis occurs in the bed. Hysteresis 

is found to occur in beds that consist of relatively small particles. 
This is due to the high internal friction of such bed material. 
dVz/dz = 0 is most often used as boundary condition at the top of the 
bed. This condition follows directly from the law of conservation of 
fluid mass and from the assumption that the pressure above the bed is 
uniform. This b0undary condition therefore applies to all spouted beds. 

lefroy and Davi~sun have developed a model from basic principles (har­
monic pressure distribution). It is again noted that these authors first 
develop their model for beds that are operated at their maximum spout­
able bed height and subsequently generalise the model to include beds 
that are less high. 
However, the multiplication factor B in their generalised model cannot 
cover the fluid and solids behaviour in a bed that is less high than the 
maximum spoutable bed height because of the complex equilibrium at the 
wall of the spout channel. 
It therefore seems useful to develop a pressure distribution model 
that takes into account the influence of the bed geometry and the in­
fluence of the spout channel and bed material properties. 
The pressure distribution model then can be used as a means to analyse 
the relation between the pressure and fluid flow velocity inside the 
spout channel on the one hand and the relation between the pressure and 
flow distribution in the annulus on the other hand. 

38 



3.2 Basic assumptions 

~~g~!-~~~n!~~-~g~~!!Qn~_fQr_!~~-g~~-~n~_§Qli~-~~~2~ 

The Navier-Stokes' equations can be applied to describe both the flow 
of the gas and the movements of the so 1 i d phase in the bed [ 12,13]. 
The equation of motion of the gas phase in the annulus reads 

(3-1) 

and the equation of motion of the solid phase in the annulus is 

.... 
DVd .... = .... = .... -+ .... 

(1-E)pd Dt = -(1-E)V.Tc - V.(1-E)Td - (1-E)Vp + (1-E)pdg - FS (3-2) 

The symbols that are used in these equations are defined in the list of 
symbols. 
It follows from equation (3-1) that the flow of the gas phase is in­
fluenced by shear stresses, T , by the space averaged Reynolds = c 
stresses, Rc•}Y a pressure gradient, by gravitational, forces and by 
a slip force Fs, that acts between the solid phase and the gas phase . 

.... 
The velocity Vd of the solid phase in equation (3-2) is determined by 
shear stresses in the gas phase, by shear stresses du~ to interaction 
between the separate particles themselves which are represented by 
the stress tensor Td, ~Y a pressure gradient, gravitational forces 
and by the slip force Fs. Equation (3-1) will be used in sections 
3.2.2 and 3.2.4 to describe the gas flow in the annulus and in the 
spout channel respectively. 

~~g~g_@2~_fl~_in_!~~-2DD~lY2 

The flows of gas and solids are assumed to be stationary while 
inertial forces, gravitational forces, forces due to the Reynolds' 
stresses and forces due to internal stresses are neglected in the 
equation of motion for the gas flow in the annulus. 
Equation (3-1) can thus be reduced to 

.... .... 
E vp = Fs (3-3) 
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It will be assumed in accordance with the propositions advanced by 
-+ 

Lefroy and Davidson [8] that Darcy's law determines the slip force Fs 

between the gas phase and the solids 

_,. n_,. _,. 
F = - - (V - V ) s K d 

( 3-4) 

Equation (3-4) applies when a laminar interstitial gas flow regime is 
assumed to exist between the solids of the annulus. Equation (3-4) is 
a good approximation for most bed materials which are not too coarse 

(A and B powders in figure 1.4) and for flow velocities below the 
minimum fluidisation velocity. 

The law of conservation of mass applied to the flows of the gas and 

solid phase: 

3£p -+ 
atg + div £pg V = 0 (3-5) 

(3-6) 

The porosity£, the gas density Pg and the solid phase density Pd are 
assumed to be constant. Equations (3-5) and (3-6) then reduce to: 

-+ 
div V = 0 

-+ 
div vd = o 

(3-7) 

( 3-8) 

Combining the equations (3-3), (3-4), (3-7) and (3-8) and assuming a 
t t . •t d d h *) b.,. . cons an gas v1scos1 y an ense p ase permea 1 1ty 1n the annulus of 

the bed yields a harmonic pressure distribution in the porous part of 
the bed: 

div grad P 
n _,. _,. 

- K (div V - div Vd) 0 (3-9) 

For cylindrical beds equation (3-9) is represented by: 

(3-10) 

*) dense phase: mixture of gas and bed particles 
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where P is assumed to have an axial symmetric distribution. 
For two-dimensional beds equation (3-9) can be written as: 

(3-11) 

where P is assumed to be independent of the y-coordinate, that is in 
the direction of the depth of the bed. 

~!~!~-I~~-9~~-~i~!ri~~!Qr_e!~!~ 

The pressure distribution in a spout-fluid bed depends to a great extent 
on the flow of fluidisation gas that is introduced through the gas 
distributor plate. In general the introduction of fluidisation gas 
results in a constant. pressure gradient and a homogeneous velocity 
distribution in the bed. A pressure gradient in vertical direction 
exists in the vicinity of the gas distributor plate. This gradient 
depends on the local velocity of the gas that is penetrating through 
the gas distributor plate. Two cases can be distinguished: 
a. The permeability of the distributor plate (Kz) is c~mparable to or 

much greater than the permeability of the dense phase (K1). 
b. The permeability of the plate is much smaller than that of the 

dense phase. 
In the last case the local velocity of the gas that is penetrating the 
sieve plate only depends on the pressure Pfl beneath the plate and is 
independent of the radial coordinate r. In this case the boundary con­
dition becomes 

(aP) n - az z=O = K
1 

V fl (3-12) 

In case a. there is a complex_boundary condition at the plate. The local 
gas velocity now depends also on the local pressure just above the 
distributor plate at z=O. The boundary condition then becomes 

Kz 
K o (Pfl - P(r,o)) 
1 

( 3-13) 

where vf1(r) is the local velocity of the fluidisation gas that is 
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penetrati'ng the plate at z=O and in this case depends 
on r. 

K1 and 6 are the permeability and thickness of the distributor 
plate respectively, and 

Pfl is the pressure beneath the plate. 

A recursion relation exists in equation (3-13) because both Vfl (r) and 
P(r,o) follow from the pressure distribution just above the plate at 

z=O and are dependent on the radial position. 

~.&:.1_@~~-f!2~_i!!_~~~-~1?2~!- £~~!!!!~! 

The calculated pressure distribution in the annulus of a bed at stable 
spouting depends to a large extent on the boundary condition at the 

wall of the spout channel and thus on the assumptions that have been 
made concerning the flow of spout gas in the channel. The gas flow is 
defined by inertia 1 forces, forces due to shear stresses, forces due 
to Reynolds' stresses, by pressure forces and by slip forces according 
to {3-1). 

Assuming the ga· flow to be stationary and neglecting gravitational 

forces equation (3-1) reduces to (appendix 3-V) 

-+ ++ + 
EPg V.'i/V = - (3-14) 

Mean values of the spout gas velocity and of the forces in the spout 
channel are obtained by integrating equation (3-14) over the transverse 
section of the spout channel. 

(3-15) 

It is seen that the internal stress contribution of (3-14) results 
after integration in a spout gas to channel wall interaction term that 
is related to Vsp by a quadratic relationship. The slip force contri­
bution in equation (3-14) results in a gas to particle interaction 
force term that is proportional to the square of their slip velocities. 
From the continuity equation for the gas mass at the spout channel to 
annulus interface it follows that 
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~ = _£v 
dZ a ra ( 3-16) 

where Vra is the radial component of the gas velocity at the spout 
channel wall. 

The ho 1 d-up in the spout channe 1 is assumed to be sma 11 (thus E f\J 1) so 
that the effect of the presence of particles in the spout channel is 
expressed by the interaction drag term 8(Vsp-Vd) 2 only. It is also 
assumed that the velocity Vd of the entrained particles in the spout 
channel is small with respect to the gas velocity Vsp" This assumption 
will be verified from results of measurements that are discussed later. 
A relationship proposed by Barnea and Mizrahi [15] is used to find the 
factor 8 in equation (3-15). This leads to 

where c0 = drag coefficient of one particle 
1-E =hold-up in the spout ,channel. and 
dp = particle diameter. 

( 3-17} 

This relation for 8 is valid for turbulent flow of fluid through dis­
perse media of high porosity. 
For the value of c0 the drag coefficient of a sphere in a turbulent 
flow has been taken, thus c0 = 0.42. 
Equation (3-17} is linearized in the interval 0<(1-E)<0.01. 

2 It follows that the gas to particle interaction term B(Vsp-V d) can 

be approximated by the relation 

(3-18) 

Bed particles are entrained from the spout channel wall at an entra.in­
ment rate that depends on the shear stress that is caused by the gas 
flow in the spout channel, the normal pressure due to spout to annu­
lus cross flow, and on the strength of the bed material (cohesion, 
angle of internal friction). The strength of the bed material in the 
annulus in turn depends on the fluid velocity in the annulus near the 
spout channel. 
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In general one can assume that bed particles are entrained from the 
spout channel wall over the whole length of the channel. The particle 
hold-up of the spout channel thus increases from zero at the bottom to 
a value at the top of the bed. To include the effect of this in­
crease of the number of particles it is assumed that the hold-up is a 
linear function of the height z: 

z 1-E = ( 1-E ) -s H ( 3-19) 

Here 1-Es is the hold-up at the top of the spout channel and is assumed 
to have a small value. 
It will be shown in section 3.4.5 that this assumption is a fair approxi­
mation of the spout channel hold-up when the entrainment rate is assumed 
to be constant over the length of the spout channel. 

The interaction forces between the gas flow and the particles in the 
spout channel are used to increase the kinetic and gravitational 
energy of the entrained particles. The interaction forces between the 
gas flow and th~ spout channel wall lead to the existence of a shear 
stress at the ~hannel wall and cause particles to be entrained. 

3.3 Packed bed gas flow in spout-fluid beds 

~;~;!_~~!i~Qri£~!-~~9§ 

Differential equation (3-10) is applied to the calculation of the gas 
flow patterns in cylindrical beds, when it is assumed that Darcy's law 
is valid in the dense phase. 
Assume that 

Substitution of (3-20) into (3-10) yields 

d2P 
P 1 d dP p z = O 
z · rdrrar+ r 

The solutions of (3-21) are 

Pr = linear combination of I0 (ar) and K
0

(ar) 
Pz = linear combination of sin az and cos az 
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or the equivalent solution 

Pr = linear combination of J
0

(ar) and Y0 (ar) 
Pz linear combination of sinh(az) and cosh(az) 

where a is a non-zero constant. 
When a=O the solution of (3-21) is 

P = linear function of ln r r 
Pz = linear function of z 

(3-23) 

(3-24) 

J
0

(ar) and Y
0

(ar) are Bessel functions of zero order and of the first 
and second kind respecti.vely while I

0
(ar} and K

0
(ar) are modified 

Bessel functions of the first and second kind respectively and of 
zero order (Abramowitz and Stegun [14]). 
There are some specific solutions of equation (3-21) for the pressure 
distribution that obey the boundary conditions 

(3-25) 

and because P is the pressure relative to that above the bed 

P(z=H) "' 0 (3-26) 

The general solution of equation (3-21) can be written as 

( 3-27) 

where Pr,n(r) and Pz,n(z) are the nth solution of the differential 
equation (3-21) in the r and z respectively that obeys the boundary 
conditions (3-25) and (3-26) for Pr,n(r) and Pz,n(z): 

(
dPr,n\ -or--; - 0 

r=R 
(3-28) 

The gas flow in a bed that is operated in the packed bed flow regime 
is now described in this section. Solution (3-23) will be used because 
of the boundary conditions at the bottom (z=O). 
The following solutions are valid in the packed bed flow regime: 
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Pr,n(r) 1 (n=O) 

Jo(anr) (n=1,2,3 ... ) 

Pz,n(z) H-z (n=O) 
sinh an{H-z) (n=1,2,3 ... ) 

The general solution becomes (using {3-23) and {3-24)) 

P(r,z) = A0 {H-z) + L An J0 {anr)sinh an{H-z) 
n=1 

{3-29) 

( 3-30) 

In this cylindrical case an must satisfy boundary condition (3-28), so 
that 

{3-31) 

The roots of J1{anR) = 0 are available from Abramowitz and Stegun [14] 
where numerical values of the roots are given. An approximation equation 
for calculation of the roots is also given. 

A
0

,A1, ... ,An, . are to be determined from the boundary condition at the 
height of the cl',fice and at the gas distributor plate (z=O): 
Gas flows through the orifice (r<a) and through the sieve plate {a<r<R) 
at a velocity that is inrlependent of r: 

~p n Qo 
(

0 ) _ 'I v - 11 - az z=O - KI sp - KI na2 for r<a 

for a<r<R {3-32) 

where Vsp = local spout gas velocity at the orifice (z=O) 
Vfl local fluidisation gas velocity at the sieve plate (z=O) 
Q

0 
spout gas flow rate, and 

01 fluidisation gas flow rate. 

It is assumed that Darcy's law applies to the gas flow through the 
orifice even at the relative high velocities near the orifice. 
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Boundary condition (3-32) can be decomposed by means of Fourier series 
development in terms of J 0 (anr), n=0,1,2, .. , ... (Appendix 3-11). 
This leads to an expression for the pressure distribution that applies 
in the case where a cylindrical bed is operated in the packed bed flow 
regime: 

(3-33) 

where an is the nth root of J 1(anR) = 0 as was stated above. 

~~~~~-!~Q:9!~~~~!2~~!_{f!~!l_~~9~ 

Differential equation (3-11) is applied to the calculation of the gas 
flow patterns in two-dimensional beds when it is again assumed that 
Darcy's law applies in the dense phase. 
Assume that 

Substitution of (3-34) into (3-11) yields 

d2P d2P 
p X + p Z = O 

Z d;2 X "dz"2 

The solutions of (3-35) are 

Px = linear combination of sinh ax and cosh ax 

Pz = linear combination of sin az and cos az 

or the equivalent solution 

Px linear combination of sin ax and cos ax 

Pz linear combination of sinh az and cosh az 

where a is a non-zero constant. 
When a=O the solution of (3-35) is 

Px = linear function of x 
Pz = linear function of z 
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( 3-35) 

( 3-36) 

( 3-37) 

(3-38) 



Solutions (3-37) and (3-38) are used to describe the gas flow in a two­
dimensional spout-fluid bed that is operated in the packed bed flow 
regime. 
A solution of (3-35) can be obtained in a manner similar to that which 
was used in the case of the cylindrical bed by applying Fourier series 
development of the boundary conditions at the orifice and at the sieve 
plate (z=O) to the general solution of P(x,z) (Appendix 3-I). It is 
again assumed that Darcy's law applies at the orifice and at the sieve 
plate while gas flows through the orifice (lxl<a) and through the sieve 
plate (a<lxi<R) at a velocity that is independent of x. 
The result is 

(3-39) 

where in this case an= nn/R, n = 1,2, .... 

~~~~~-B~~~l!~-~2~2i~~2_f~~~-!~~-~29~!~_fgr_!~~-Q~s~~2-~~2_f!2~-r~si~~ 

Calculations were carried out. by means of the models that were described 
in the sections 3.3.1 and 3.3.2. Use was made of dimensionless forms of 
the equations (3-33) and (3-39). The dimensionless variables that were 
chosen are (appendi~ 3-III): 

H* = H/R dimensionless bed height 
* a/R dimensionless radius of orifice a 
* z/H dimensionless vertical position in bed z 
* r/R dimensionless radial position in cylindrical bed r 
* x/R dimensionless horizontal position in flat bed X 

o* = 
0 Oof<Oo+Ql) dimensionless spout gas flow rate. 

It should be noted that in the case of the two-dimensional beds the 
variables Rand a denote one half of the bed and one half of the orifice 
width respectively. 

The dimension 1 ess pressure p* is derived by dividing the actua 1 pressure 
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drop, P, by the pressure drop that would exist over a bed of identical 
height, H, if this bed were aerated at a gas rate equal to the sum of 
the fluidisation and spout gas rates that is used in the experiment 
that is being considered under circumstances where Darcy's law applies. 
Thus 

Q +Q 
p* = PI(%- ~R21 H) for cylindrical beds (3-40A) 

and 

for two-dimensional beds (3-408) 

*' The dimensionless vertical gas velocity Vz is derived in the same manner: 

Q +Q 
v*=v;fo 1) 

Z . Z\~ 
for cylindrical beds 

for two-dimensional beds 

( 3-40C) 

(3-400) 

The local linear gas velocity in the vertical direction in the bed can 
be found from the pressure distribution by 

K1 ()P v =- --z n ()Z 
(3-40E) 

as it is assumed here that Darcy's law applies. From (3-40E). (3-33) and 
(3-39) it follows for Vz that: 

Q +Q1 2 oo J1{a a) 
V = 0 + (V -v ) -! E n 
z ~ sp fl R2 n= 1 J 2( R) n .o .an 

J0 (anr) cosh an(H-z) 

an cosh anH 

for cylindrical beds 

and 

for two-dimensional beds 
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Plots of isobars calculated from equations (3-33) and (3-39) are given 
in figures3.3and 3.4 for some beds where no fluidisation gas is intro· 
duced. ln addition figures 3.5 and 3.6 show plots of the flow distri­
bution in these beds. The curves in these figures represent the co llec­
tion of points with equal vertical components of the local linear gas 
velocity. Figures 3.3 and 3.5 give results calculated for a cylindrical 
bed while figures 3.4 and 3.6 show similar results for a two-dimensional 
bed. 

It is seen from the figures 3.3 and 3.4 that the pressure distribution 
tends to be flat at the top of the bed and to be spherical or cylindri­
cal near the orifice. It can easily be seen that in the cylindrical bed 
the pressure P near the orifice is approximated by a spherical distri­
butions, which is a harmonic distribution in a three-dimensional·space. 
The pressure is then related to the distance s to the orifice by 

The pressure near the orifice of a two-dimensional bed, on the other 
hand, is apprP"imated by a cylindrical distribution, which is a harmonic 
distribution if' a two-.dimensional space. 
In this case the pressure P is related to the distance s to the orifice 
by 

P 'V 1/S 

It follows from above that the dimensionless pressure near the 

orifice of a cylindrical bed is considerably higher than the dimension­

less pressure near the orifice in a comparable two-dimensional bed. 
The flow distributions that are presented in figures 3.5 and 3.6 show 
that the region with the highest vertical velocity in the bed is loca­
ted just around the spout orifice. 

Figure 3.7 presents results of calculations that were carried out for 
cylindrical beds into which both fluidisation gas and spout gas are 
introduced. The figure shows a pattern of isobars that is more hori­
zontal near the sieve plate than in the case when spout gas only is 
introduced. 
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H/R = 1 ; a/R = 0.05 ; 

Q'J( "' 1 
0 

packed bed flow 

H/R = 2 ; a/R = 0.05 ; 

Q'J(" 1 
0 

packed bed flow 

Figure 3.3. Calculated distribution of the dimensionless pressure P* in 

some cylindrical beds. Introduction of spout gas only. P* 

calculated from eq. (3-33) and (3-40A) (packed bed flow 

regime assuming Darcy's law). 

Q* = 1; a* = 0.05; H* = 1 and 2 respectively. 
0 
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0.1 

0.2 

0.3 

3. 4. Calculated distr>ibution of the dimensionless pr•essUPe P* in 

a two-dimensional bed. Tntr>oduction of spout gas only. P* is 

calculated fr>om eq. (3-3.9) and (3-40B) (packed bed flow 

assuming Dar>cy's lm~). 

1; a*= 0.05; H* = 2. 
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H/R = l ; a/R = 0.05 ; 

Q~ .. 1 

FiguPe 3.5. Calculated distPibution of the dimensionless vePtical velocity 

V* in some cylindrical beds. IntPoduction of spout gas only. z 
V* is calculated fPom eq. (3-41) and (3-40C). (Packed bed flow z 
Pegime assuming DaPcy's law). 

Qb 1; a* 0.05; H* = 1 and 2 Pespectively. 
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0 

Figure 3.6. Calculated distribuUon the dimensionless vertical velocity 

in a two-dimensional bed. Introduction of spout gas only. 

is calculated from eq. (3-42) and (3-40D). (Packed bed flow 

regime Darcy's law). 

Q~ = 1; a* 0.05; H* = 2. 
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J.?. CaZculated distribution of the dimensionless pressure P* in 

some cylindricaZ beds, with introduction of fluidisation gas. 

(Packed bed flow regime assuming Darcy's law). 

Q~ = 0.10; a* 0.05; H* = 1 and 2 respectively. 
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3.4 Stable bed flow in 

~~~~1-~~lingrj~~l-~~g~ 

~~1~!~!_§~§_fl~_!n_!~~-~nn~l~§ 

The gas flow in a bed that is being operated in the stable spouted bed 
regime is determined in this section. 
There are some specific solutions of equation (3-21) for the pressure 
distribution in this regime, that obey the boundary condition 

(aP) 0 ar r=R 

{3-43) 

P(z=H) 0 

Using (3-22) and {3-24) the general solution of {3-21) can be written 
as equation {3-27) {section 3. 3.1). The following solutions are now 
valid: 

p 
r,n 1 Cl. 0 

p Ko(a.nr)Il(a.nR) + Io(a.nr)Kl(a.nR) a. = a.n F 0 r,n 
p H-z Cl. = 0 z,n 
p cos a.nz a. = a.n F 0 z,n 

a. can take only discrete values according to boundary condition 
P{z=H) = 0 of (3-43). It follows from {3-44) that 

in the case of the stable spouted bed regime. 

(3-44) 

The solution for the pressure distribution in the annulus of the bed 
therefore is 
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P(r,z} = E An cos ~nz 
n=O 

+ r . Vfl (H-z} 
1 

(3-45) 

It should again be noted that it is assumed that Darcy's law applies 
to the gas flow in the annulus while a uniform flow of fluidisation 
gas takes place through the sieve plate (z=O} and that this flow is 
independent of the radius r. It is also seen that the scaling term 
that is added as the nominator in equation (3-45) yields a simple 
expression for the pressure Psp(z) in the spout channel 

Psp(z) = P(r=a,z) = E A cos ~nz + n_K Vfl(H-z) 
n=O n 1 

(3-46) 

~~1~1~f_@~~-f!Q~-!~_!b~-~2Q~!-~b2~~~1 

It follows from a mass balance over the gas contained in, a volume­
element that includes the interface between spout channel and annulus 
that 

(3-47} 

From equations (3-45) and (3-47) it follows for the gas velocity Vsp 
in the spout channel that 

dV s p _ 2 Kl aP 2 Kl oo 
--- (-) = - -- E AnBna._ cos ~nz dz a n ~r r=a a n --n 

a n=O 

where Bn 
Kl(~na)Il(~nR} - Il(~na)Kl(~nR) 

K0 (ana)I 1(anR) + I0 (ana)K1(anR) 

Integrating equation (3-48) yields 

2 Kl oo • 

Vsp(z) = Vspo- a- E AnBn s1n anz 
n n=O 

(3-48) 

{3-49) 



where Vspo is the spout gas velocity at the orifice at z=O given by 

vspo = Oohra2. 

This section now first presents a simple procedure for the gas flow 
computation in the spout channel. It is assumed in the simole model 

that the pressure gradient is linearly proportional to the local spout 
gas velocity so that 

dP 
_2R=_!Lv 

dz K
0 

sp (3-50) 

A spout channel permeability K0 is thus assigned to the spout channel 
in this simple approximation. It describes the effect of interactions 
between the spout channel gas and the spout channel wall and entrained 
bed particles in the spout channel. 

The coefficients A
0

, A1, ... , An•··· can be determined by combining 
equation (3-46) for P

5
P(z), equation (3-49) for Vsp(z) and equation 

(3-50) that provides a relationship between pressure and gas velocity 
in the spout channel. 

Substituting (3-49) into (3-50) and integrating equation (3-50) yields 

an expression for Psp(z): 

2 K1 "" A B 
P (z) =!LV (H-z)---- E ~cos a z 
sp K0 spo a K0 n=O an n 

(3-51) 

Equation (3-51) satisfies the boundary condition at z=H: Psp(z=H) = 0. 
Equation (3-51) for Psp(z) must be identical to equation (3-46) that 
was derived earlier from expression (3-45) for the pressure distribution 
in the annulus. Therefore 

( 3-52) 
so that 

{!L V - !L V } • (H-z) K spo K fl 
0 1 

(3-53) 
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To determine An (n=0,1,2, .•. ) the right hand side of equation (3-53) 
can be decomposed in terms of cos anz by Fourier series development 
(see Appendix 3-I). The result is 

(3-54) 

Thus 

oo K1 2 Bn 
E A ( 1 + - - -)cos a z 

0 n K aa n n= o n 

(3-55} 

It follows from equation (3-55) that for each coefficient of cos anz: 

(3-56) 

As was stated above the'pressure distribution in a cylindrical spout­
fluid bed in the stable spouted bed regime can be written in accordance 
with equation (3-45). with a simple calculation model us in~ Bn \'lhich is 
defined by (3-48} and An that,is defined by. (3-56} while an= (n+~}1f/H. 
P sp(z) is defined by equation (3-46}. 

~~~~~-!~~:9i~~~i2~~l-~~9~ 

The calculation of the pressure distribution in two-dimensional beds 
that are operated in the stable spouted bed regime is very similar to 
the calculation procedure that was described in section 3.4.1. 
It is noted again that it is assumed in the calculations that Darcy's 

law applies to the gas flow in the annulus. 

The solutions (3-36} and (3-38) that were derived in section 3.3.2 
are applied in this section. 
The general solution becomes 

P(x,z) ( 3-5 7) 
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where a.n 

and V fl 

( n+! )n /H 
Q1/2{r-a)D 

A mass balance over the gas contained ina volume-element that includes 
the interphase between spout channel and annulus now yields 

(3-58) 

Application of the simple relationship {3-50) that assumes a linear 
proportionality between pressure gradient and local gas velocity in 
the spout channel leads to an expression for An (n=0,1,2, ... ) in a 
manner similar to the derivat· that was given for the cylindrical 
bed in section 3.4.1.: 

(3-59) 

The pressure distribution in a two-dimensional spout-fluid bed that is 
operated in the stable spouted bed regime can thus be written according 
to (3-57) with a simple calculation model using An that is defined by 
(3-59) while 

sinh a.n(R-a) 
cosh a.n(R-a) and 

The pressure in the spout channel is again equal to the pressure at 
the spout channel-annulus interface: 
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~~~~~--~Q~~l_r~~~l!~_fQr_!~~-~!2el~-~gQ~!§~_Q§~_fl~_r§gi~~ 

Plots of isobars calculated from equations (3-45) and (3-57) are given 
in figures 3.8 and 3.9 for some beds where no fluidisation gas was 

introduced. In addition figures 3.10 and 3.11 show plots of the flow 
distribution in these beds. Figures 3.8 and 3.10 give results calcula­
ted for a cylindrical bed while figures 3.9 and 3.11 show similar 

results for a two-dimensional bed. It is seen in these figures that the 
pressure distribution also tends to be flat at the top when the bed is 
operated in the stable spouted bed regime. The flow distributions that 
are presented in figures 3.10 and 3.11 show that the region with the 
highest vertical velocity is located just around the bottom section of 
the spout channel. Figure 3.12 presents results of calculations that 
were carried out for cylindrical beds in the stable spouted bed regime 
into which both fluidisation gas and spout gas are introduced. The 
figure shows a pattern of isobars that is more horizontal than in the 
case when spout gas is introduced only, as was the case for the packed 
bed regime. 

~~1~1-~~!~~~~~-~Q~~!_f2r-~!~el~-~e2~!~~-e§~_fl2~ 

It was stated in section 3.2.4 that the calculated press~re distribution 
in a spout-fluid bed that is operated in the stable spouted bed regime 
depends to a large extent on the assumptions that have been made con­
cerning the pressure distribution in the spout channel. It was pointed 
out that spout gas flow is determined by inertial forces, pressure 
forces, by interaction forces between the gas and entrained bed parti­
cles and by friction forces between the gas and the channel wall. 
Sections 3.4.1 and 3.4.2 present a simple model that assumes the exis­
tence of a linear relationship between pressure gradient and local gas 
velocity in the spout channel while inertial forces and interaction 
forces with bed particles are neglected. This model gives a fair des­
cription of the pressure distribution in the annulus, as will be shown 
in chapter 4, except for the region near the spout channel. This was to 
be expected because a high rate of spout gas crosses the spout channel­
annulus interface causing a sharp decrease of the gas velocity in the 
spout channel. This is illustrated in figure 3.13 which shows the cal-
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stably spouted bed f1ow 

H/R = 2 ; a/R = 0.05 ; 

Q~ = 1 ; K/Ko = 0.01 
stably spouted beet flow 

Figure 3.8. Calculated distribution the dimensionless pressure P* in 

some ayUndrieal beds with introduction of spout gas only. 

(Stable spouted bed assuming Darcy's law}. 

Q* = 1; K1/K = 0.01; a* 0.05; H* = 1 and 2 respectively. 
0 0 

P* calculated from eq. (3.45}, (3-56} and (3-40A}. 
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0 

Figure 3.9. Calculated distribution of the dimensionless pressure. P* in 

a two-dimensional bed with introduction spout gas only. 

(Stable spouted bed regime assuming Darcy's law). 

Q* 1; K1/K = 0.01; a*= 0.05; H* 2. 
0 0 

P* calculated from eq. (3-57)~ (3-59) and (3-40B). 

63 



0.01 stably spouted bed flow 

H/R "' 2 ;. a/R "' 0.05 ; 

Q~ l ; K1/K0 {L01 
stably spouted bed flow 

3.10.CaLcu.2ted distribution the dimensionless vertical velocity 

V* in ),?me cylindricaL beds hlith introduction of spout gas z 
only. 

Q~ 1; K1/K
0 

= 0.01; a* 0.05; H* 1 and 2 respectively. 
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FiguPe 3.11.Calculated distPibution of the dimensionless VePtical velocity 

V* in a two-dimensional bed with intPoduction of spout gas only. 
z 

(Stable spouted bed Pegime assuming DaPcy's law). 

Q~ = 1; K1/K
0 

= 0.01; a*= 0.05; H* = 2. 
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H/R" 1 > a/R ""0.05 ; 

Q~ .. 0.30; t::
1
/K

0 
"'0.01 stably spouted bed flow 

I' I 
'' 

0. '! 

0.2 

s.taoly spouted' Md' flow 

i:"l'gure 3.12.Calculat;ed d{dtr1:bution of the dimensionless pressure P in some 

some beds with introduction of f1uidisation gas. 

(Stable bed assuming Darcy's law). 

Q* 0.30 and 0.50 respectively; a*= 0.05; K1/K
0 

= 0.01; 

H* 1 and 2 respetively. 
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culated pressure distribution in a spout fluid bed with 
bed height H = 20 em 
bed radius R = 7.6 em 
spout channel radius a 
spout gas flow rate Q0 
No fluidisation gas was 
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l.f) 
l.f) 

~ 
Q. 
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introduced. 

calculated pressure 
profile 

--------measured pressure 
profile 
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...... , 

' ' ' ' ' ' ' ' \ 
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10 15 20 

z (em) 

FiguPe 3.13.Example of a compaPison be~een the calculated and measuPed 

pPessuPe pPofile in the spout channel and at the bed wall in 

a bed at stable spouting while only spout gas is introduced. 

Calculated pPessures were obtained with the simple pressure 

distPibution model, using H 20 em; R = ?.6 em; a 0.5 em; 

Q
0 

= 4 'l/s. 
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The minimum fluidisation velocity vmf of the bed material was 22 cm/s. 
Figure 3.13 also shows an example of a measured pressure profile at the 

·bed wall and in the spout channel {dotted lines). 
It is seen that the measured pressure profile at the bed wall can be 
fitted fairly well by means of the simple flow model. The measured 
pressure profile in the spout channel shows, however, a negligible 
pressure gradient at the bottom of the bed. This pressure gradient 
increases in the direction towards the top of the bed. This can be 
understood from the momentum equation (3-14) or (3-15): 

Inertial forces cause a positive pressure gradient due to deceleration 
of the gas flow. 
Interaction forces cause a negative pressure gradient due to momen­
tum transfer to the entrained bed particles and momentum transfer 
to the spout channel wall. 

At the bottom section of the spout channel the inertial forces compen­
sate the interaction forces between the gas flow and the entrained bed 
particles and the interaction forces between the gas flow and the spout 
channel wall. The inertial forces decrease with increasing height above 
the orifice because the rate of gas transfer to the annulus region 
and thus the deceleration of the gas in the spout channel decreases. 
The interaction forces rapidly increase because the number of entrained 
particles increases. 
This causes an increase of the absolute value of the pressure gradient 
in the direction towards the top of the bed although the gas velocity 
in the spout channel slightly decreases in the same direction. 
The interaction forces between the gas flow in the spout channel and 
the particles were neglected in the model on which the calculated curve 
in figure 3.13 is based, while the calculated curve did not account 
for the deceleration of the gas and the inertial forces caused by this 
deceleration either (compare figure 3.14). The interaction forces 
between the gas flow and the wall of the spout channel were assumed to 
be linearly proportional to the gas velocity. 

To obtain insight into the magnitude of the inertial forces and of the 
interaction forces in the spout channel the above model now will be 
extended to provide an improved description of the gas flow in the 
spout channe 1. 
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Figure 3.14.CaZauZated gas veloaity in the spout ahannel using the simple 

pressure distribution model for the stabZe ;;pouted bed regure, 

using H = 20 am, R = 7.6 CJm, a= 0.5 CJm, Q
0 

4 9-/s. 

No [Zuidisation gas is introduaed. 

We start from equation {3-15) and assume that s%1. The momentum equation 
that is integrated over the cross section of the spout channel reads 

{3-:60) 

where A is the friction factor for turbulent flow in rough pipes. This 
friction factor is discussed in more detail in Appendix 3-IV. 
It is assumed that the hold-up of bed particles in the spout channel 
can be approximated by a linear relationship with respect to the height 
z: 

1-s { 3-61) 
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This linear approximation results from the assumption of a constant 
particle entrainment rate at the spout channel wall. It will be shown 
later that the hold-up in the spout channel can indeed be a~proximated 
by this linear relationship (h::: is the hold-up at height z, 1-~::s is 
the hold-up at the top of the spout channel). 

Equation (3-60) can be rewritten using (3-18) and (3-61) and the 
assumption that V >>Vd to obtain sp 

1 d 2 d p s p :\ 1-E: V 2 
7 Pg dz Vsp = - ----az-- (4a + 0· 384 cr:--)Pg sp 

p 
(3-62) 

The interaction term now has the form (C + D ~)Vsp 2 where C = A.pg/4a and 
0 = 0.384 Pg(1-~::s)/dp. 

The pressure distribution in the annulus is given by equation (3-45) 
while the pressure Psp(z) and the gas velocity Vsp(z) are described by 
equation (3-46) and (3-49) respectively. Thus 

00 

P(r,z) = E An cos anz 
n=O 

K0 (anr)I 1(anR) + I 0 (anr)K1(anR) n 
K

0
(ana)I 1 (anR) + I

0
(ana)K1 {anR) +K Vfl (H-z) 

( 3-63) 

with ~ = (n+~)n/H. 
Equation (3-63) is thus valid in the annulus (a~r~R) 

"" Psp(z) = P(a,z) = E An cos anz + R vf1(H-z) 
n=O 1 

(3-64) 

2 Kl "' V (z) = V ---- E A B sin a z sp spo a n n=O n n n (3-65) 

where Vspo =spout gas velocity at the orifice (z=O), and 
Vfl = fluidisation gas velocity at the sieve plate (z=O). 

From (3-65) it follows that 

(3-66) 
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Integrating momentum equation (3-62) from height z to the top of the 
bed z=H yields 

where VspH = gas velocity in the spout channel at z=H. 

The left hand term of equation (3-67) is equal to 

2 
1 4 K1 oo oo k ~ 

""2" Pg 2-2- E ":O AkA~BkB~{{-1) + - sin ~z sin a~z} 
a n k=O """ 

1 4 K1 oo k . 
- "2'. an Vspo k!O AkBk {(-1) - Sln ~z} 

where ak = (k+l)n/H, and 
Bk is defined by equation (3-48). 

( 3-67) 

The first right hand term of equation {3-67) equals (compare eq.(3-64)): 

00 

E An cos ~z + ~ Vf1{H-z) 
n=O 1 

The second right hand term of equation (3-67) becomes 

2 1 H2-i 4 K1
2 k~~ sin(ak-a~)z sin(ak+a~)z 

-vspo {C(H-z) +-zD-r} + 7 z- i: t AkAi\J;l.~C{ 2(ak-a~) - 2(a.k+a~-

2 
4 K1 2 2 1 1 . - -z z- E Am Bm C{2(H-z) +4 s1n 20mz} + 
a n m Om 

4 K1
2 k~~ D sin(ak-a~)z sin(a,k+a;~)z 

+ -.,. z- E E A A B B rr{Z - z + 
a' n k ~ k ~ k ~ n 2(a.k-a~) 2(a;k+a;~). 

71 



on the condition that a; = (i+~)n/H according tot (3.65). 

In order to determine An (n=0,1,2, •.. ) by means of the momentum equa­
tion (3-64) the successive terms of (3-63) have to be developed in 
terms of the functions cos anz with an= (n+i)n/H and n=O,l,2, ... by 
Fourier series development (Appendix 3-I). 

After Fourier series development and placing the coefficients of the 
terms of (3-67) back in (3-67) An (n=0,1,2, ... ) can be found from 

2 
1 4 Kl ( -l{+~+n an an 
7 P -z -2- 2: 2: AkAR- BkBi H { 2 2 + 2 2 + a 

9 a n k i (ak-ai) -an (a.k+ai) -an n 

(3-68) 

72 



Rearranging equation {3-68) results in a shorter expression: 

2 2 2 2 
20 k 1 {ak+a ) +a (ak+a.) +an 

+ (- 1) +l+n _ { l n + 1<- )} ,- 2 ij 2 2 2 2 ., -
n an ({ffi.-N.)~-Nn ) (( ) )' -.._ "'x. .... ak +al -an 

ak2 - { -1) n-k 2akan + an2' 
+ _HD 1 ( _1) n- k • } 

a.... ( 2 2)2 
·11 ~-an 

>..p 
where C =?a 

and 
D = 0.384(1-E)Pg 

p 

(3-69) 

A procedure to calculate An (n=0,1,2,.; .) ·from the recursion relation 

(3-69) can be deduced as follows : 

The first approximation is 

· ' n 2 · 
(1) _ 2 1 (C + D.(-1) /anH)Vspo - n/K1.Vfl An - H 2 _______ _,__ ____ _ 

an 1 + 4/a. Vsp0 .C.B.n/,an 
(3-69A) 

Each subsequent .appl"()X imat5 on for An {n=J), 1, 2, ••• ) can be obtai ne.d from 

the previous one by means of the relationship 

73 



2 
A (p} A (1} + 4 ~ ~ ~ A (p-l)A (p-l}B B ..!_ {term lt 
n n 7 n2 k=O t=O k t k t H 1+ 4/a. Vspo' .B/an 

(3-69B) 

where 

1 
2 z> 

(3-690) 

with C = :>..pl4a 

and D = 0.384(1-£s)p
9
/dp. 

It is seen from the extended equation (3-69) and from the calculation· 
procedure (3-69A,B,C,D) that the first approximation An(l), letting 
1-£s=O i.e. no bed particles in the spout channel, is identical to the 
An that resulted from the simple calculation model that is derived in 
section 3.4.1. In the case of a turbulent spout channel flow the apparent 
permeability K

0 
of the spout channel is written as 

(3-70) 

where this spout channel permeability is related to the spout gas velo­
city at the orifice in accordance with Appendix 3-IV. 
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Figure 3.15 shows the results of calculations obtained with the exten­
ded model that has been developed in the present section for a bed with 

H = 20 em, R = 7.6 em, dp = 0.56 mm, vmf = 22 cm/s, Q0 = 4 ll/s, 
a = 0.5 em while no fluidisation gas is introduced. 

The results that are presented in this figure can be compared to 
figure 3.13 wllich snows an example of measured pressure profiles at 
the bed wa 11 and in the spout channel . It can be seen that the cal-

s.. 
ttl 

..a 
<"") 

I 
C) ..... 

0 

A 
-----. A: calculated in 

.................. ' spout channe 1 
~. B: calculated at 

' bed wall 

' 
1-e,=O~ ,, \ 

,, ' ' 1' 

' ', '· . \ .'\.x .,: \ 

' \\ 
~ 

5 10 15 20 
z --+(em) 

Figu:r>e 3.15. Calculated pressure profiles in the spout channel and at 

the bed UJall in a bed in the stable spouted bed regime 

UJhile only spout gas is introduced. Calculated pressures 

UJere obtained UJith the simple p~ssure distribution model 

(---) and UJi th the extended model ( -----J, using 

H = 20 em, R = 7,6 em, a = 0,5 em, Q
0 

4 !1./s UJhile 

1-£s is set to o.o and 0.008 respectively. 
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culated results of the extended model show good agreement with the 
measured curves, provided that suitable values of the spout channel 
radius a and of the hold-up in the spout channel have been found to 
fit the extended model to the experimental pressure profile. The 
results presented in figure 3·.15 are compared to similar results for 
the same bed under the same conditions that were obtained by means of 
the simple calculation model (section 3.4.3). It is seen that when 
the presence of entrained particles in the spout channel is ignored 
{1-Es=O) the pressures that are calculated from the extended model 
are much lower than those that are obtained from the simple model. 
Taking the effect of entrained bed particles into account leads to a 
higher pressure gradient in the spout channel. This causes the pressure 
in the bed to be higher than when the presence of entrained particles 
in the spout channel is neglected (see the dotted curves for the case 
1-Es = 0.008 in figure 3.15). 

Figures 3.16A and B show the contribution of each of the terms of the 
Navier-Stokes' equation {3-15) both for the case where no particles 
are assumed to be present in the spout channe 1 (no interaction forces 
between gas and particles, figure 3.16A) and for the case where a 
linear relationship is assumed to exist between the hold-up and the 
height in the bed {figu)".e 3.16B). 

The hold-up·of entrained bed particles can be obtained from the equa­
tion of motion of the solid phase in the spout channel and will be 
discussed in the next section 3.4.5. 
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0 5 10 15 20 

z --+(em) 

Figure 3.16A The aontribition of eaah of the terms of the Navier-Stokes' 

equation (3-15) for the gas flow in the spout ahannel (no 

interaation foraes between gas and entrained bed partiales). 

H = 20 am, a= 0.7 am, R = 7.6 am, Q
0 

5 t/s, 1-£
8 

= 0.0. 
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Figure 3.16B The contribution of each of the terms the Navier-Stokes' 

equation (3-15) for the gas fLow in the spout channeL. 

H 20 am, a= 0.7 am, R = 7.6 am, Q
0 

= 5 ~/s, 1-£
8 

= 0.001. 
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~~~:~-I~~-2i~~~r~~2-~~e~~-i~-!~~-~~Q~!-~be~~~l 
Bed particles are entrained from the spout channel wall and are accele­

rated upwards in the spout channel (figure 3.17). 

The equation of motion (momentum balance) can be applied to the flow of 

the solids in the spout channel (append1x 3-V). 

d .. 2 
pd dz (1-e:) v d {3-71) 

The solids motion is thus defined by inertial forces. pressure forces. 

gravitational forces and by interaction forces with the gas flow. 

The interaction force is again represented by a modified form of the 

relation proposed by Barnea and r:lizrahi [15], The particle velocity is 

ln 
·~' 

<., 

., 

Fig~,ire J.l?. View of tbe flow of solids. in tl;le spout.,.fluid bed at stable 

spouting. 

79 



assumed to be negligible with respect to the gas velocity in the same 
manner as in equation (3-18). 
It follows from equation (3-71) that 

1 d 2 _ d: s
2
p _ P g + 0. 384 P v 2 

M Oz (1-E) Vd = d ----a;- 9 Sp (3-72) 

A mass balance can be set up over a volume-element of the spout channel 
that includes the interface between spout channel and annulus. This 
mass balance provides a relation between the particle flow rate 
(1-E)Vd in the spout channel and the solids circulation rate W of the 
spout-fluid bed. 
The mass balance can be written as 

( 3-73) 

where Vda (= entrqinmentvelodty (m/s)) and a (spout channel radius) 
are assumed to be constant over the whole length of the spout channel 
and W is the ci rtul at ion 'rate thit is· i nduc~d in the bed (m3ts). 
Integrating (3-7J) yields . .. . 

' 
2 

Pd (1-t::)V d =a pd V da z (3-74) 

Combining equation (3-7~) and (3-74) leads• to a differential equation 

in Vd: 

V 2 dP 
d + 1 ·i_ v 2) = _ 1L .a + 0. 384 v 2 

'2' dz d OZ' P aJ ~ sp . p 
(3-75) 

where the ri.ght·hand side of equation (3-75) can be calculated from 
the pressure p.rofile in the spout channel. 
Figure 3.18 shows the calculated particle velocity in the spout channel 
for two cases of the assumed maximum hold-up 1-Es at the top of the 
spout channel for which the pressure profile and gas velocity in the 
spout channel is calculated. A mean circulation time of 100 seconds 
has been taken in order to calculate the hold-up in the spout channel. 
This value is a reasonable value for a bed of a height of 20 em that 
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is operated in the stable spouted bed regime. When the circulation 
flow includes the whole bed volume the circulation rate can be obtain­
ed from the mean circulation time tm by the relationship 

2 2 W = ~(R -a ).H/tm ( 3-76) 

The hold-up in the spout channel can be derived from the particle velo­
city Vd and the circulation rate W by means of equations (3-73) and 
(3-74): 

1-e: ( 3-77) 

where Vda = W/2TiaH and W according to equation (3-76). 

Figure 3.18 shows the calculated results of the particle hold-up in 
the spout channel for two cases of the assumed maximum hold:up 1-e:s 
at the top of the spout channel; for which the pressure profile and 
gas ve 1 oci ty in the spout channe 1 were computed ( 1-e:s =0 and 0 ·.~08 
respectively). 
It is seen that the assum~tion which was made earlier in this chapter, 
according to which the,hold-up ~,;creases Hnearly. witi •• increasing 
height z, agrees reasonably well with the calculated hold-up in the 
spout channel. It will be recalled that this calculation was carried 
out under the assumption that the entrainment velocity Vda is nearly 
constant over the spout channel. 

It is noted that the hold-up increases linearly with constant entrain­
ment velocity Vda over the length of the channel. only when Vd is con­
stant in the spout channel. Figure 3.18 shows ·that the dotted curves 
obey this condition at z/H >0.5. 
In cases where a high particle velocity occurs in the spout channel the 
slip velocity Vsp-Vd rather than the gas velocity Vsp should be used 
to calculate the interaction forces between gas and particles. The use 
of the gas velocity Vsp rather than the slip velocity Vsp-Vd in the 
calculations causes the calculated pressure drop to be too high and' the 
calculated gas velocity to be too low in the upper oart of the spout 
channel. 
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Figure 3.18. Cal-culated pa:r>tiele vel-ocity Vd and the particle hold-up 

1-e: in the spout channel. H = 20 em, a= 0.5 em, 

R ?.6 em, Q
0 

= 4 ~/a. No fl.uidisation gas is introduced. 

The maximum hold-up 1-£s for the calculation of the 

pressure profile and gas vel-ocity in thf" spout channel 

has been set to 0 and 0. 008 while the assumed mean cir­

culation time tm of the bed particles was 100 see. 
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APPENDIX 3.1 

The functions cos mrx/R = cos a.nx in equation (3-39) are orthogonal 

functions on the interval -R:;:x:;:R. This means that 

R m~x nnx 
f cos ~ cos ~ dx = 0 

-R R 

2R 

for m ~ n = 0 

for m n ~ 0 

for m = n = 0 

An even function f(x) can thus be expressed in terms of cos nnx/R, 

n=0,1,2, ... : 

00 

f(x) = ~a0 + L an cos ~x 
n=1 

1 R mx 2 R nn x 
with an = R J f(x) cos dx = R J f(x) cos R dx 

-R 0 

The functions cos cos anz in the equations (3-45) and .(3.57) 

are orthogonal functions on the interval O~z~H so that 

H 
J cos a z cos anz dz = 0 
0 m 

= ~H 
for m ~ n 

for m = n 

under the condition that an = (n+~)n/H. 

A function f(z) with property f(z=H) = 0 can thus be expressed in terms 
of cos a.nz =cos (n+~)n z, n=0,1,2,3, ... by 

f(z) = L an cos a.nz 
n=O 
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APPENDIX 3.II 

The functions J
0

(anr) in the equations (3.30) and (3.32) are orthogonal 
functions on the surface of the circle with radius R, so that 

R 
f J

0
(amr) J

0 
(~r) r dr = 0 for m # n 

0 iR2
.J0

2(anR) form=n 

A function f(r) can thus be expressed in terms of J0 (anr) n=0,1,2,3, ... 
by: 

00 

APPENDIX 3.III 

The expressions for the pressure distributions have to be made in 
dimensionless form in order to obtain general results from the theore­
tical model. 
Consider the expressions (3-33), (3-39), (3-45), (3-56), (3-57) and 
(3-59) and assume 

* H H/R 
* a a/R 
* z z/R 
* X x/R 
* r r/R 

* Qo 
Qo = Oo+Ql 

The pressure P is related to the pressure drop over the bed that would 
result if the spout gas and fluidisation gas were introduced together 
into the bed homogeneously as fluidisation gas. 

85 



Therefore 

in the two-dimensional bed 

or 

p 
p* in the cylindrical bed. 

Equation (3-39) can be rewritten in dimensionless form as 

Equations (3-57) and (3-59) can be rewritten as 

K o* 1-o* "" 
p* ( * *) 2{ 1 o o} l:: 

x ,z = K * - --* 2 Kl H* Bn 
o a 1-a n=O a* {1 +- -} 

n K * * 

1-Q* 
+ --0 (1-z*) · 

1-a* 

P* ( x* ,z*) p* ( * *) = a ,z for I x*l <a* 

assuming that a~ = an.H 

From equation (3-33) it follows that: 
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o a an 

* R* -x* 
cosh an--*­

H 

a* cosh a* H n n 

+ 



Equations (3-45) and (3-56} can be. rewritten to obtain 

P*(x*,z*) = P*(a*,z*) for r*< a* 

assuming that a~ = an.H (n+~)n. 

APPENDIX 3.IV 

The spout channe 1 friction factor and permeability 

The spout channel flow can be regarded as a turbulent flow in a tube 
with a porous wall through which spout gas percolates into the annular 
region. 
The relation between the pressure drop and the flow velocity in a long 
cylindrical tube can be expressed by 

1 2 
· 2 P vsp 

where the friction factor A is dependent on the Reynolds number of the 
tube and on the relative wall roughness. 
Figure 3.IV.l shows friction factors A as a function of the Reynolds 
number for several values of the relative wall roughness. 
The Reynolds number of the flow in the tube is defined by 

p vsp 2a Re = _g,._____,__ 
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Figure J.IV-1. FPiction factors smooth and rough against Reynolds 

number and relative roughness x/Di. 

A = friction factor of the pipe. 

Re = Reynolds number ~f the flow in the pipe. 

x = mean height of the pipe wall roughness. 

Di = diame~er of the pipe. 

Figure is from H.Schlichting, "Grenzschichttheorie", 
Karlsruhe, 5th printing 1965. 

The wall roughness of the spout channel is defined as the mean height 
of the wall roughness divided by the diameter of the channel. The mean 
height of the roughness is set equal to the mean radius ~dp of the bed 
particles. 
The relative roughness is thus set equal to !dp/2a. 
At high values of the Reynolds number the friction factor is independent 
of the Reynolds number. Figure 3.IV.2 shows a plot of the relation 
between the relative wall roughness and the friction factor at high 
values of Re that can be read from figure 3.IV.l. 
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Figure 3.IV-2. Friction factors at high values of Re as a function of 

the hlall roughness~ obtained from figure 3.IV-1. The 

minimum value of Re above hlhich A is independent of Re 

as a function of the hlall roughness. 

It is found that the friction factor A can be approximated by 

-2 -A = 3.2.10 + 0.815 dp/4a 

Figure 3.IV.2 also shows the Reynolds number Remin above which the 
friction factor A is inde9endent of the Reynolds number as a function 
of the wall roughness. 
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Appendix 3.V Gas and particle flow in the spout channel 

The momentum equation that can be applied to the gas flow in the 
spout channel reads: 

(3. V-1) 

The left hand side of eq.(3.V-1) can be rewritten to obtain: 

++ -+ ~ _.,... ...,. 
div EPg VV = V div EPg V + EPg V.grad V (3.V-2) 

+ 
In the case where div EPg V = 0 and when the gravitational forces are 
neglected eq. (3.V-1) simplifies to: 

-+ + -.+= -r= + + 
EPg V . grad V = -~ ~.Tc - ~.Rc -E~P + FS (3.V-3) 

which is identital with equation (3-14). 

When the Reynolds stresses are neglected the z-component of equation 
(3.V-3) can be written as: 

(3.V-4) 

which is equivalent to 

(3.V-5) 

Equation (3.V-5) will now be integrated over the cross section of the 
spout channel. 
Assume that 

(3.V-6) 

where a is the spout channel radius. 

It can be verified that 
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2 a 1 -z r­a 0 r 

where 'w is the shear stress at the spout channel wall. 

(3.V-7) 

It then follows from equations (3.V-5), (3.V-6) and (3.V-7) that 

(3.V-8) 

The first term of the right hand side of equation (3.V-8) is related 
to the gas velocity Vsp by 

(3.V-9) 

The third term of the right hand side of equation (3.V-8) is related 
to the spout gas velocity relative to that of the bed particles in 
the spout channel by 

where S is a multiplication factor that has been proposed by 
Barnea and Mizrahi [15]. 

(3. V-10) 

The momentum equation that can be applied to the particle flow in the 
spout channel reads: 

-+--+ -+= -+ = -+ 
div (1-E:)pd vdvd = -(1-£)17.Tc- \1.(1-E:)Td- (1-£)17p 

(3.V-11) 

When the shear stresses and the interparticle forces are neglected the 
z-component of equation (3.V-11) can be written as (Vr = V~ = 0): 

(3.V-12) 
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.... 
It is noted that it is assumed that the particle velocity Vd has no 
radial component over the whole cross section of the spout channel • .... 
This assumption implies that div(l-E}Vd must have a defined non-zero 
value over that whole cross section of the spout channel: 

.... d 
div(l-E)Vd = az (1-E)Vdz =source term 

= 21Ta vda (3.V-13) 

where Vda is the entrainment velocity of the bed particles at the 
spout channel wall. 

Equation (3.V-12) will now be integrated over the cross section of the 
spout channe 1 . 
Assume that 

2 2 a 2 
{1-E)Vd = -:-z f (1-E)Vd r dr 

a 0 z 

or when the hold-up is constant over the cross section: 

a 
V 2 = 2 f V 2 r dr d 7 0 dz 

It then follows from equations (3.V-12) and {3.V-15) that 

(3.V-14) 

{3. V-15) 

(3. V-16) 

When the relationship that Barnea and Mizrahi [15] have proposed for 
the interaction force Fs is substituted into equation (3.V-16), 
equation {3-71) is obtai~ed. 
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List of symbols 

coefficient defined by eq. {3-27) (n=0,1,2, .. ) 
a orifice radius {packed bed regime) 

a* 

c 

spout channel radius {stable spouted bed regime) 
dimensionless orifice or spout channel radius {a/R) 
coefficient defined by eq.{3-48) or {3-59) 
multiplication factor {Lefroy and Davidson [8]) 
constant defined by eq. { 3-62) · 
drag coefficient of one particle 
bed depth {thickness) 
constant defined by eq.(3-62) 

[m] 
[-] 

[-] 

[-] 

[kg/m4J 
[- J 
[mJ 
[kg/m4l 

column diameter [m] 
particle diameter [m] 
interaction force per unit volume dense phase between 
gas and solid phase [N/m3 ] 

bed height [m] 
dimensionless bed height (H/R) [-] 
maximum spoutable bed height 
zero order modified Bessel function of the first 
kind 

110 first order modified Bessel function of the first 
kind 

J
0

{) zero order Bessel function of the first kind 
J 1{) first order Bessel function of the first kind 
K

0 
() zero order modified Besse 1 function of the second 

kind 
K1{) first order modified Bessel function of the 

second kind 
K 

m 

n 

permeability {general) 
permeability of the spout channel 
permeability of the dense phase 
su11111ation variable 
summation variable 
n/2H (Lefroy and Davidson [8]) 
summation variable 
pressure in the bed 
pressure above the bed (Lefroy and Davidson [8]) 
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[m] 

[m2] 
[m2] 
[m2] 

[-] 

[-] 

[-] 

[-] 

[N/m2] 

[N/m2] 



Px 
Pr 
Pz 
p* 

Psp 
p fl 
~p s 
~pfl 

Qo 
Ql 
Q* 

0 

R 

r 

r* 

s 

vmf 
vx 
Vz 

vspo 
vspH 
v 

da .. 
w 

x-dependent solution of diff.eq.(3-35) 
r-dependent solution of diff.eq.(3-21) 
z-dependent solution of diff.eq.(3-21) or (3-35) 
dimensionless pressure, defined by eq. (3-40A or B) 
pressure in the spout channel 
pressure beneath the sieve p'late 
pressure drop over a spouted bed 
pressure drop over a fluidised bed 
spout gas flow rate 
fluidisation gas flow rate 
dimensionless spout gas flow rate (9

0
/(Q

0
+Q1)) 

bed radius 

space averaged Reynolds stresses in the gas phase 

radial distance 
dimensionless radial distance (r/R) 
distance to the orifice (section 3.3.3) 
stress tensor in the dense phase 
time 
mean circu1ation <time 
linear gas velocity 
vertical gas velocity at the sieve plate 
vertical gas velocity at the orifice 
radial component of gas velocity' at the spout·, 
channe 1 wa 11 

dispe'rsed phase velbcity 
linear gas velocity at the top of a bed with 
height H 
linear gas velocity at the top of a bed with 
maximum spoutable bed height 
minimum fluidisation velocity 
component of the gas ve 1 oCi ty in the x-di recti on 
component of gas velocity in the z-direction 
gas velocity in the spout channel at z=O 
gas velocity in the spout channel at z=H 
particle entrainment velocity 
circulation rate of the bed material 

,- '! 

' [ -] 

[N/m2 

[N/m2 

[N/m2 

[N/m2 

[m3;s 
[m3;s 
[-] 

[m] 

[ N/11)2] 

[m] 

[ -] 

[m] 

[N/m2J 
[s] 

[s] 

[m/s] 
[m/s] 
[m/s] 

[m/s] 

[m/s] 

[m/s] 

[m/s] 
[m/s] 
[m/s] 
[m/s] 
[m/s] .• 
[m/s] 
[m/s] 
[m3/s] 



X 

* X 

horizontal coordinate in the plane of the flat bed 
dimensionless horizontal coordinate (x/R) 

Y
0

() zero order Bessel function of the second kind 

y 

z 
Z* 

horizontal coordinate perpendicular to the plane 
of the flat bed 
vertical coordinate 
dimensionless vertical coordinate 
constant in eq.(3-22) and (3-23) or eq.{3-36) and 
(3-37) 
coefficient in pressure distribution model 
dimensionless coefficient in pressure distribution 
model 

6 factor defined by eq.(3-17) 
E porosity (in the annulus or in the spout channel) 

spout channel porosity at z=H 
dynamic viscosity of the gas phase 
friction factor of the spout channel 

density of the gas phase 
density of the dispersed ~hase 
shear stresses in the gas rhase 
function (Nagarkatti and Chatterjee [9]) 
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[m] 

[-] 

[m] 

[mJ 
[-) 

[-] 

[-] 

[Ns/m2] 
[-] 

[kg;m3] 
[kg/m3] 

[N/m2J 
[-] 
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4. EXPERIMENTAL PRESSURE DISTRIBUTIONS IN SPOUT-FLUID BEDS 

4.1 The 15.2 em diameter spout-fluid bed 

~.:.!.:.LI~~-~9~!~~~! . 
The 15.2 em diameter spout-fluid bed was fitted with a pressure probe 
that could be placed in any position in the bed .. The probe was mounted 
on the top cover of the bed and could be rotated and ~oved in vertical 
direction (figure 4.1). 
The pressure drop was measured between the probe tip and the top of the 
bed when the bed was operated in a given flow regime at constant flow 
rates of fluidisation and spouting gas. 
The probe was designed in such a way that it would affect the bed 
structure as little as possible (figure 4.2). The pressures thc;~t were 

Figure 4.1. The pressure probe 

mounted at the top 

cover ofthe bed. 

Figure 4. 2. The round tip of the 

pressure probe 
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(diameter probe = 3 mm, 

diameter holes= 0.3 mm). 



measured by means of the probe proved to be most reliable when the 
probe was fitted with a round tip {diameter 3 mm}. 
The probe was mounted excentrically on the top cover to make it possible 
to place the probe tip in any point of the annulus by turning the probe 
(figure 4. 3) . 
The radial positions of the probe could be read from a gra,duat~d scale. 
The vertical positions of the probe was read from measuring marks made 
on the stem of the probe. The probe tip was fitted with some holes of 
0.3 mm diameter to permit the pressure measurement to be made. . . . 
Pressures were measured by means of an inductive difference pressure 
transducer (type Hottinger-Baldwin PDl/0.1). The inductive transducer 
was connected with a Hottinger-Baldwin KWS 6A-5 measuring bridge and 
amplifier. The output signal was recorded. It was calibrated with a 
water manometer. 

~! !! ~-~~~~~!:i ~9.}~~~~2~-~~~- !:~~ ~!!~ 
As pressure distributions tend to be flat when fluidisation gas is also 
introduced the pressure data were obtained at zero fluidisation gas 
velocity. 
The results of the pressure measurements are greatly influenced by the 

' I 

,-...... , 
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I / .. · ' •.. ·· ) 
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\ 

' ...... 

Figure 4.3. The exaentrical 

mounting of; the . ·· 

pPessure at the .,top 

COVel' (top Vi@u}. 
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difficulty of obtaining a reproducible bed structure. It was not pos­
sible to obtain sufficiently reproducible measurements with the bed in 
the packed bed flow regime in the 15.2 em diameter spout-fluid bed. 
The probe did disturb the static bed structure in the packed bed regime 
when the probe was inserted from above. The reason probably is that 
vertical channels of high permeability are formed near the stem of the 
probe (figure 4.4). 
Pressure measurements were reasonably reproducible when the bed was in 
the spouted bed flow regime except at locations close to the spout 
channel. In the stable spouted bed regime the probe hardly disturbed 
the bed structure. The reason is that the dynamic behaviour of the bed 
in the stable spouted bed regime prevents channeling. 

FiguPe 4.4. Assumed formation of 

venical flow ahannels 

neaP the stem of the 

pPessUPe pPobe. 
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Measurements were carried out at spout gas rates that varied from 
4.53 t/s to 7.25 t/s. 
Measurements were carried out at a fixed position of the probe while 
the spout gas flow was varied. This was done to reduce the errors that 
result from the poor reproducibility of the bed structure. Fluctuations 
in the measurements were smoothed out by plotting the measured pressure 
data against spout gas rate for each position in the bed and fitting a 
smooth curve to these data points. 
Pressures read from such curves are shown in figure 4.5 for 25 positions 
in the bed at spout gas rates of 5, 6 and 7 9vjs. 

4.2 The 45 em diameter spout-fluid bed 

1~~~!_1~~-~g~ie~~~! 

The 45 em ~iameter bed was fitted at the bed wall with four sets of 
27 holes placed in a vertical line at regular distances. Pressure probes 
can be introduced into the bed through these holes. At every level 
4 holes were positioned in a horizontal plane at 90 degrees intervals 
(figure 4.6). A pressure probe that was inserted into the bed throu.gh 
a hole could be moved in radial direction only. 
Pressure differences were measured between the probe tip at a given '\ 
position in the bed and the,free space above the bed. , 
As in the. case of the 15.2 em bed the probe tip had a diameter of<3 mm\ 
and was fitted with pressure taps of 0.3 mm diameter. The probe was 
found to have little effect on the bed structure. 
Pressures .were measured by means of the Hotti nger-Ba 1 dwi n i nduc.ti ve ~' ~ 
difference pressure transducer' and the measi,Jring bridge that were 
mentioned above. 

~ ~ ~ ~ ~-~~~~ ~!:i~~L ~~ !~29-~~9 _ !:~~ ~ !!~ 
Sufficiently reproducible measurement~ .with the bed in the stable 
spouted bed regime could not be obtain'ed in this spout-fluid bed. 
Pressure measurements with the bed in the packed bed flow regime were 
reasonably reproducible. The probe tip did not affect the bed to any 
marked degree. This is probably due to the fact that in this regime 
horizontally inserted probes do not lead to the formation of long ver­
tical channels in the bed that show high permeability (figure 4;7). 
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pressure probe 

Figure 4.6. Cross section of 4 

measurement holes in the 

bed ~aZZ. Vi~ of the 

pressure probe that is 

inserted into the bed. 

Figure 4.7. Assumed vertiaaZ fl~ 

ehanneZs near a 

horizontal probe (cross 

section). 

Measurements were carried out at spout gas rates that varied from 
3.96 ~/s to 17.84 ~/s, corresponding to superficial gas velocities 
ranging from 2.5 m/s to 11.2 m/s, while no fluidisation gas was intro­
duced. In order to reduce errors that might result from poor repro­
ducibility the measurements were carried out by keeoing the probe 
point in a given fixed position while the spout gas rate was varied 
in the range that was specified above. 
Figure 4.8 presents graphs of the measured dimensionless pressures that 
were measured at several radial positions and at a height of 5.5 em 
and 15.5 em above the sieve plate as a function of the superficial 
spout gas velocity with zero fluidisation gas velocity. The dimension­
less pressures were obtained by dividing the experimental results by 
the pressure drop over the bed that would exist if the bed were 
fluidised at a gas rate equal to the spout gas flow rate t~at was used 
in the actual experiment. 
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It can be seen that at all positions the dimensionless pressure varies 
with the gas rate at all radial positions where measurements were 
carried out. This does not agree with the prediction from the flow 

model. 

4.3 Comparison of the experiments with the flow models 

The results of the pressure measurements carried out in the 45 em dia­
meter bed and in the 15.2 em diameter bed were compared to calculated 
pressures, using the model for the packed bed and for the stable spouted 
bed regime. 
The properties of the bed material (fluidisation pressure drop curve 
and particle size distribution) are given in figures 2.1 and 2.2 of 
chapter 2. 

4.3.1 The 45 em diameter bed 
----------------------------
The pressure measurements in the packed bed regime are compared to the 
results of the theoretical model. The bed used for this comparison had 
the following properties: 

H = 60 em, R = 22.5 em, a = 1.5 em 
No fluidisation gas was introduced, so that Q1=0. 
Figure 4.9 presents a comparison of dimensionless pressures that were 
measured at various positions in the bed which was operated in the 
packed bed regime to the corresponding dimensionless pressures that 
were calculated from the model described in chapter 3. 

It is seen that the agreement between the model and most of the measured 
pressures is reasonable. The measurements that were carried out near 
the orifice were subject to very considerable errors. There was a consi­
derable increase of the dimensionless pressure near the orifice when 
the spout gas rate increases {figure 4.8A). 

This may be due to the following reasons: 
1. The formation of a strong and densely packed region above the ori­

fice that is formed under the influence of a high pressure gradient 
at that position, the diameter of which increases with the gas rate. 

2. The influence of the·quadratic part of the Ergun relation for the 
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Figure 4.9. Measured dimensionless pressures at several places in the 

bed (H 60 em, R = 22.5 em, a 1.5 em) and the calculated 

distribution of the dimensionless pressure when the bed is 

in the packed bed flow regime (H/R = 1.33, a/R = 0.0667). 

No fluidisation gas is introduced. 
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bed material probably cannot be neglected near the orifice. 
3. The permeability of the gas distributor plate influences the pres-

sure distribution near the plate and the orifice. 
The first and second point would lead to a measured pressure drop that 
is higher than the one that is calculated from the model. 
The third point should cause the measured pressure profile near the 
distributor plate to be flatter than the one that is calculated from 
the model. 

4.3.2 The 15.2 em diameter bed ------------------------------
The pressure measurements in the stable spouted bed regime cannot be 
compared directly to the results from the models because several para­
meters such as the spout channel diameter and the hold-up of entrained 
particles in the spout channel are not known. 
As was already pointed out earlier the calculated pressure distribution 
in the spouted bed depends to a large extent on the assumptions that 
have been made concerning the flow of gas in the spout channel. 
Calculations have been carried out using the models for stable spouted 
bed flow. The following parameter values were applied; 

R = 7.62 em, H = 20.5 em. 
The bed porosity was assumed to be 0.42, the mean particle diameter was 
set at 0.56 mm. The spout gas flow rates were taken to be 5, 6 and 
7 2/s in accordance with the conditions used during the actual measure­
ments. The mean particle diameter is employed as a measure of the 
roughness of the spout channel wall which is required to compute the 
friction factor of the spout channel (see Appendix 3-IV). It is also 
used to compute the gas to particle interaction forces in the spout 
channel (see section 3.2.3). 

1~~~g~!_I~~-~i~Ql~_pr~~~~r~_2i~~ri2Y~i2~-m22~l 

The simple model that only takes pressure and wall friction forces 
into account is considered first. The simp 1 e mode 1 is based on the 
assumption that a linear relationship exists between the wall friction 
in the spout channel and the local gas velocity in the spout channel. 
The value of the unknown spout channel radius is obtained by a curve 
fitting procedure of the calculated values of the bed wall pressures to 
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the experimentally measured bed wall pressures. 
Bed wall pressures were computed for this purpose for several values of 
the spout channel radius and compared to the measured data. The compa­
rison is shown in figure 4.10. It is seen from this figure that the 
measured and computed values of the pressure at the bed wall show the 
closest agreement for a spout channel radius of a = 0.59 em when 
Q0 = 5 t/s. For Q0 = 6 t/s the best agreement is obtained when the 
spout channel radius is a = 0.65 em. At Q0 = 7 t/s a spout radius 
a = 0.73 em gives the best fit. 
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using the simpZe pressure distribution modeZ. 
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as indiaated). 

Figure 4.11 presents the experimentally determined values of the pres­
sure tpgether with the pressures that were calculated from the model, 
using the above best fit values of the channel radius. 
It follows from the comparisons in figures 4.10 and 4.11 that the cal­
culated values of the pressure are too high in the bottom and too low 
in the top section of the bed. This discrepancy between experimental 
and calculated values was to be expected, because of the linear relation­
ship that was assumed to exist between wall friction and local spout gas 
velocity and because the inertial forces and interaction forces in the 
gas. flow were neglected. 
The simple model can be used for a first approximation. However, this 
model is too much of an oversimplification to give reliable pressure 
data. 

~~2~g~g_!~~-~~~~~~~g-~g9~! 

The more extensive model that also takes inertial and interaction forces 

into account is now compared to the pressure distributions that were 
measured in the stable spouted bed regime. 
The same curve fitting procedure that was described above was again 
applied to obtain the best values of the spout channel radius at 
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assumed maximum hold-ups of bed particles in the spout channel of 
0.001, 0.002, 0.003 and 0.004. 
Table 4-1 summarizes the results of the curve fitting procedure. 

1-E s Q0 = 5 'l/s Q
0 

= 6 Us Qo 7 'l/S 

0 a = 0.51 em a = 0.59 ern a = 0.68 em 
0.001 a = 0.54 ern a = 0.62 em a= 0.72 em 
0.002 a = 0.57 ern a = 0.65 em a 0. 76 ern 
0.003 a = 0.59 ern a 0.68 ern a= 0.79 ern 
0.004 a 0.62 em a= 0.72 em a = 0.82 em 

Table 4-1. Results of the curve fitting procedure to the pressure 
distribution at the bed wall r=R 
1-t:s = assumed hold-up of bed particles at the top of the 

spout channel 
Q0 spout gas flow rate 
a assumed spout channel radius 

Figures 4.12A, B and C show some comparisons of the measured pressures 
at the bed wall r=R and at the position r 0.2 R to computed values. 
The hold-up 1-t:s is seen to have only a negligible influence on the 
bed wall pressures (curve 2 in figures 4.12A, Band C that represent 
the pressures for the values of the spout channel hold-up that were 
considered). 
The curves which were obtained by calculation at a value of 1-Es = 0.004 
(curve 5) fit the experimental data at r = 0.2 R better than the curve 
that was obtained by calculation at 1-t:s = 0 (curve 4). 
It can thus be concluded that the pressure distribution in the annulus 
of the spout-fluid bed is reasonably well described by the extended 
flow model when some degree of particle to gas interaction is assumed 

to exist in the spout channel, while the particle hold-up in the 
spout channel is held to depend linearly on the height in the bed. 
It is found that the agreement between measured and calculated pres-
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Figure 4.12C. Comparison of measured pressures at r=R and r=0.2R to 

pressures ea~eu~ated from the extended f~ow mode~ for 

spouted beds. 

sure values is reasonably good when a maximum hold-up 1-£s = 0.004 is 
assumed to exist in the s~out channel together with a value of the 
spout channel radius which is obtained form the curve fitting procedure. 

The figures 4.13A and 4.138 show pressures measured at r = 0.2R and 
r = R respectively as functions of height z for a spout gas flow rate 
Q0 = 5 1/s. These profiles are compared to the longitudinal pressure 
profiles at the same radial distances that were calculated by means of 
the simple model and of the extended model assuming 1-£s = 0.004. 
It is clear from the comparisons that the extended model fits the 
measured pressure profile better than the simple model. The differences 
between the results of the two models diminish with increasing radial 
distance from the bed axis (compare figure 4.13A (r =0.2R) and 
4.138 (r=R)). 

In judging the value of the resemblances between the measured and cal­
culated pressure profiles it should of course be recalled that the spout 
channel radius has been selected such that the calculated pressure 
profile fits the measured pressure profile best. The spout channel radii 
that produced the closest pressure profile fit were different for the 
two models (compare figure 4.10, figure 4.12 and table 4-I). 
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4.4 Conclusions 

1!1!!-I~~-122£~~g-~~9_fl2~-r~g!~~ 

The pressures that were measured in the packed bed regime by means of a 
probe that was horizontally inserted into the bed were reasonably 
reproducible. The relationship between the pressures obtained in this 
manner and the spout gas rate was not linear. This does not agree with 
what the pressure distribution model for the packed bed flow regime 
predicts. 
This non-linearity is probably caused by the occurence of a region near 
the spout orifice that has a more densely packed structure than the 
remaining part of the bed. This region of relatively low porosity 
expands slightly at increasing spout gas flow rate due to the reaction 
of the bed solids to the pressure gradients that exists in the bed 
structure. The model, however, assumes a bed porosity that is constant 
over the bed and independent of the gas rate. 
The influence of this non-uniformity in the packing of the solids dimin­

ishes at low spout gas rates. The measured pressure distribution is 

then well described by the model for the packed bed flow regime (see 

the comparison in figure 4.9). 

1.d!g_rt!~_§!!!~l~_§J.?2!:!!!:!9_~~9_r~9i!!!~ 

-The pressures which were measured in a bed that shows a stable spout 
channel by means of a probe that was inserted vertically into the bed 
were reasonably reproducible. These pressures were found to depend on 
the spout gas rate. 
Pressure measurements that were carried out near the spout channel 
showed irregularities and fluctuations which are due to the fact that 
the pressure probe interferes with the flow of the bed solids near the 
wall of the spout channel and disturbs the spout channel wall itself. 

-An equilibrium exists at each point on the spout channel wall between 
the local gas pressure in the spout channel and the hydrostatic pres­
sure which is caused by the weight of the bed solids in the annulus 
above that point. 
The diameter of the spout channel is determined by the spout gas flow 
rate. When the spout gas rate is increased the spout channel is widen­
ed until a new equilibrium has been established at the spout channel 
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wall. This can even result in a decrease of the gas pressure in the 
spout channel at increasing spout gas flow rate (figure 4.10). 

-In the limiting case where no fluidisation gas is introduced into the 
bed the longitudinal pressure profile can be approximated by a quarter 
cosine curve. Lefroy and Davidson have found that this cosine relation 
applies under minimum spouting condition and at maximum spoutable bed 
height. The pressure distribution model presented here is, however, 
generally valid. Its applicability is not limited to specific spouting 
conditions or to beds of special heights. In addition the present model 
not only holds for spouted beds but also for spout-fluid beds. 

-In the limiting case where a relatively large amount of fluidisation 
gas is introduced into the spout-fluid bed the longitudinal pressure 
profi 1 e can be approximated by a straight line. This can be understood 
as follows: 
1. When the fluidisation gas rate is increased the hydrostatic pressure 

due to the weight of the bed solids in the annulus approximates a 
straight line. This fact is explained by the influence that the gas 
flow in the interstitial space has on the stresses between the 

annulus solids. These stresses diminish as the interstitial gas 
velocities increase. The fraction of the weight of the bed that the 
vertical bed wall can carry therefore decreases. The hydrostatic 
pressure profile thus becomes more nearly linear. 

2. It may be assumed that the pressure profile in the spout ,channel 
also approximates a straight line more closely as the fluidisation 
gas rate is increased. 
This is explained by the decrease of the dissipation of the kinetic 
energy of the gas flow in the spout channel at the bottom of the 
bed. As the fluidisation gas rate increases the cross flow of 
gas from the spout channel into the annulus must decrease. There­
fore the diameter of the spout channel must decrease so that it 
becomes more nearly equal to the diameter of the spout orifice. The 
dissipation that is required for channel wall maintenance must thus 
diminish. 



List of symbols 

a orifice radius (packed be~ regime) 
spout channel radius (stable spouted bed regime) 

a* dimensionless orifice or spout channel radius 

r 

vsp sup 
z 

(a/R) 

bed height 
dimensionless bed height (H/R) 
permeability of the dense phase 
pressure in the bed relative to that above the bed 
dimensionless pressure 
spout gas flow rate 
fluidisation gas flow rate 
dimensionless spout gas flow rate (Q

0
/(Q

0
+Q1)) 

bed radius 
radial distance from bed axis 
superficial spout gas velocity 
vertical coordinate 
porosity of the spout channel at z=H 
dynamic viscosity of the gas phase 
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5. SOLIDS CIRCULATION IN A SPOUT-FLUID BED 

5.1 Introduction 

It was stated in chapter 1 that the spout-fluid bed is suitable for 
handling dispersions that contain both fine and coarse solid particles. 
It can also be used for handling mixed dispersions which contain 
material that cannot be fluidised as such in addition to material that 
can be fluidised. Good mixing is established in the same way as in a 
spouted bed, i.e. by a well developed overall circulation of the bed 
material, comprising the total volume of the bed, a large variation in 
the circulation times of the bed particles, and a sufficient degree of 
particle exchange between the circulation paths. 
The overall circulation is induced by an upwards flow of bed material 
in the spout channe.l. The exchange of particles between the circulation 
paths mainly occurs in the fountain region. 

Several publications are available that deal with properties of circul­
ating systems or continuous flow systems with recycle in general and the 
mixing and circulation behaviour of solids in spouted beds in particu­
lar. 
Chatterjee [1] studied the internal solid circulation rate in a spouted 
bed. He obtained data on unsteady state mixing by letting spouting air 
flow for limited periods of time through beds that contain two sorts 
of particles that had dt.fferent colours. 
The circulation rates of the solid particles were correlated with fluid 
flow rate, particle diameter and particle density. The circulation rate 
appeared to depend much more on the spout gas flow rate than on the 
other factors. This author also found that the circulation rate of the 
solid particles increases with increasing gas flow rate and with in­
creasing particle diameter while it decreases with increasing particle 
density. 
Mann and Crosby [2] determined the circulation time distribution of a 
maqnetic particle by means of a coil that was located around the spout 
channel just inside the fountain region above the bed. They concluded 
that both their own technique and the one that was used by van Velsen 
et al. [7] who used a radioactive particle are suitable for measuring 
circulation time distributions in spouted beds. The method that employs 
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a radioactive particle provides detailed information on the particle 
trajectories and axial velocities not only in the fountain but also in 
the bed. It can be applied to any spouted bed the particles of which 
can contain a traceable amount of radioactive material. However, elab­
orate monitoring equipment is required. The technique in which a mag­
netic tracer particle is used is, in the opinion of Mann and Crosby, 
relatively simple and does not require very expensive monitoring ap­
paratus. Its application is, however, limited to spouted beds with 
relatively large and heavy particles. 
Takeda and Yamanoto [3] analysed the mixing of particles in a spouted 
bed. They proposed a mixing model in which the spout is assumed to be a 
perfect mixer while piston flow with decreasing downward velocity is 
assumed to occur in the annulus. The bed material is entrained from the 
spout channel wall into the spout channel below a certain height. Tracer 
particles were injected into a bed that was being operated under con­
stant flow conditions. The concentration of tracer particles in the 
spout was then measured. The above model proposed by Takeda and Yamanoto 
was found to describe the mixing in the bed satisfactory when the par­
ticle concentration in the spout is corrected to take a certain amount 
of mixing in the annulus into account. Increasing the flow rate of the 
spout gas shortened the cycle time but did not significantly affect the 
mixing rate. 
Vadja [4] calculated the residence time distributions of solids in a 
spouted bed. He developed a model in which a spouted bed is represented 
as a continuous flow system with a recirculation flow, Solids flow into 
the spouted bed at the top of the annulus and out of the bed at the 
bottom. The author calculated the response to a step signal assuming 
the existence of two extreme mixing patterns. 
In the first pattern plug flow occurs in all regions of the spouted bed 
apparatus. In the second pattern mixing is ideal in the spout channel 
and fountain region while plug flow occurs in the annulus region. 
It was found that the model did not yield significantly different 
results for these two extremes. 
Robinson and Waldie [5] describe an experimental study on the circulat­
ion behaviour of solids in a spouted bed of particles that shov1 a par­
ticle size distribution. The circulation of the solids were determined 
by means of optical techniques in which coloured tracer particles were 
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used that were observed at the flat face of a half-cylindrical column. 
They found that in the same bed large particles more often follow short 
cycle paths in short cycle times whereas small particles more often 
follow long cycle paths that they complete in longer cycle times. They 
explained this observation on the basis of two mechanisms: In the first 
place the radial component of the gas velocity in the annulus prevents 
smaller particles from reaching the spout channel. In the second place 
smaller particles may percolate through layers of larger ones under the 
influence of strains that occur in the annulus and of vibrations that 
are due to minor pulsations. ·Another feature of the trajectories that 
they observed was the tendency that medium and small size particles 
showed to travel nearly vertically downwards in the annulus just before 
they reached the sDout channel. 
Suciu and Patrascu [6] investigated particle circulation in a half­
cylindrical column by means of a high speed camera. They found from 
characteristic pictures that show the particle trajectories in the spout 
channel and in the annulus that the particle velocity in the annulus 
depends on the radial position of the particle in the annulus. 
Van Velzen et al. [7] determined the movements of the solid particles 
in a spouted bed by means of a radioactive tracer particle. These 
authors found that the circulation rate of the soli·d particles was pro­
portional to the gas flow rate. The circulation rate also was a function 
of the bed geometry, the gas density and the particle diameter. 
Mann and Crosby [8] studied the circulation time distribution of solid 
particles in closed, steady state circulating systems and related them 
to the residence time distributions in the regions which make up these 
systems. The theory that these authors propose applies only to systems 
that consist of regions that have closed boundaries through which no 
diffusion can take place. The analysis that these authors have publish­
ed is discussed in section 5.2. 

5.2 Model of circulation flow 

§~~~J_J~~r99~s~J9~ 

A model is developed which describes circulating systems. The model is 
analogous to many models that describe continuous flow systems. 
A circulating system is defined as a closed system in which all fluid 
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elements pass periodically through at least one specified cross section. 

In circulating systems no tracer material leaves the system. In general 
such a system can be represented schematically by figure 5.1 where the 
system is symbolized by the rectangle and by the circulation path. The 
circulation path denotes the passage of the material in the system 
through that specified cross section where all fluid passes periodical­
ly. Each cycle of an element of material is assumed to be independent 
of each previous cycle of that element of material. 
In general the material may be composed of different kinds of elements 
that have different properties, for example particles which have dif­
ferent sizes or densities. Since the flow characteristics may vary 
between the elements of the material the flow of each element should be 
considered separately. 

The cycle time or circulation time is defined as the time that elapses 
between two consecutive passages of a certain element of the material 
past the cross section through which all material passes. 
Because elements of the flowing material follow different paths or 
because fluctuations in the flow occur the cycle time is a random 
variable with the probability density function h{t}. Therefore 
h{t}.6t is the probability that the random variable representing the 

~ 

, 

Figure 5.1. Schematic presentation 

of a circulating 

system. 

122 



cycle time of an element of material lies within the interval between 

t and t+M. 

The mean circulation time 8 of the material element and its variance 

a2 can be found from the probability density function h(t) of the 

cycle time (appendix 5.1). The circulation time distribution of an 

element of the flowing material depends on the geometry of the system 

and on the flow <:;ondition of the material in the system. 

Some relationships that have to do with cirwlation flow are introduced 

in section 5.2.2. 

Section 5.2.3 deals with a circulation flow model that is applied to 

spout-fluid beds. The model proposes that the mixing of the bed solids 

in the annulus occurs because particles in different radial positions 

follow different trajectories and because the bed particles while 

flowing over an individual trajectory undergo mixing by fluctuations 

in the flow. 

Results obtained from the model are shown at the end of this chapter. 

~..:~.::~c.~9~~11!~9-~2rE~l2-E!9!:l_!!!!:l~-~!~!!'1~!!!1~~ 

5.2.2.1 Systems with purely convective recirculation 
----------------------------------------------------
General relationships which hold for circulating systems can be develop­

ed in analogy with continuous flow systems. The circulation time dis­

tribution depends on the flow pattern of the material in the system. 

When the circulating system consists of several separate flow regions 

the circulation time distribution depends on 'the residence time distrib­

utions of the individual regions. 

When the circulating system consists of several flow regions that are 

connected in series the random cycle time is the sum of the times a 

particle has spent in those regions. The resulting circulation time dis­

tribution is then a convolution of the distribution functions of the 

residence times of the separate flow regions. For example when the 

residence times of 2 regions in series (denoted as "1" and "2" in 

figure 5.2) are assumed to be independent random variables with distrib­

ution function f 1(t) and f 2(t) respectively then the distribution 

function h(t) of the cycle time is expressed by 

(5-1) 
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I 

Figure 5.2. Circulating system 

with two 1'egions in 

series. 

Equation (5-l) can be understood as follows: The probability that a 
particle resides in region 1 for a time between t 1 and t 1+dt1 is equal 
to f1(t1)dt1 while the probability that a particle resides in region 2 
for a time between t 2 and t 2+dt is equal to f2(t)dt2. The probability 
that a particle completes a cycle in a time between t and t+dt is 
equal to the conditional probability that having spent a time t'<t in 
region 1 it will spend a time t-t' in region 2. 
When the circulating system consists of several flow regions that are 
connected in parallel the circulation time distribution h(t) can be 
expressed in terms of the distribution functions fi(t) of the flow 
regions by: 

n 
h(t) = r q. fi(t) 

i=1 , 
(5-2) 

wh~re qi is the fraction of the material that passes the ith region 

(i~1 qi = 1). 
For example when the residence times of 2 regions "1" and "2" in 
parallel are independent random variables with distribution functions 
f1(t) and f2(t) respectively (figure 5.3). then the distribution 
function h(t) can be expressed by 

(5-3) 
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Figure 5.3. Circulating system with two regions in parallel. 

It follows that whenever the residence time distribution of each of 
the flow regions is known the circulation time distribution of the 
material in the system can be evaluated. 

The experimental investigation into the circulation time distribution 
can be achieved either by·use of a single tagged particle or by in­
jection of a certain amo11nt qf tracer material t9 which a concentration 
can be assigned. Use of a single tagged particle allows direct measure­
ment of the time elapsed between two consecutive passages of the par­

ticle past the detection point. Measurements are continued until enough 
data have been collected for the determination of a rel iab1e circulat­
ion time distribution. It should be noted, however, that the measured 
circulation time distrib~tion generallydepends on the proberties of 
the tagged particle. When the circulation properties of a rluid are to 
be determined the tagged particle shou19 have a ne9liqible slip 
velocity with respect to the surrounding material. The tag'ged particle 
then must have the same density and size as the elements of the 
material in the system. When, in general, the circulation behaviour 
of the different elements of a non-homogeneous material are to be 
determined the experiments have to be repeated with a series of tagged 
particles. This method is simple and yields the circulation time dis­
tribution directly. It is, however, time consuming. 
A second experimental method is the injection of an amount of tracer 

material, that is injected into the system at the point where all the 
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material in the system passes. The tracer concentration is !lleasured at 
that point as a function of time. However, the response differs from 
that which is obtained in a continuous flO\'J system since the tracer 
material remains in the system. 

A relationship between the measured concentration of the tracer C(t), 
the injection rate T(t) of the tracer material and the probability 
density function h(t) of the circulation time can easily be derived 
for systems where convective recirculation flow only occurs along the 
recirculation path (figure 5.4). 

When a tracer is injected into the recirculation path the tracer con­
centration downstream the injection point, C'(t), can be expressed by: 

C'(t) = C(t) + ~ T(t) (5-4) 

where Q is defined as the circulation rate of the material in the 
system and C(t) is the tracer concentration in the recirculation path 
upstream the injection point. The amount of injected tracer material 
is assumed to be negligible with respect to the total amount of 

,, 

, II' 

Q ... ... 

•• 
..~~~~rC'(t) .... 

~ • • • • • • T(t) 

Ai" 

~· 

Figure 5.4. The points of traaer injeation and detection at the air­

euZating system. 
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material in the system. 
After passage through the system the concentration is as follows: 

t 
C(t) J C'(t-y) h(y) dy 

0 
(5-5) 

where h(t) is the circulation time distribution of the circulating 
system under consideration and is indicated in figure 5.4. 
Combination of equation (5-4) and equation {5-5) gives 

t 1 t 
C(t) = f C(t-y) h(y) dy + Q f T(t-y) h(y) dy 

0 0 
{5-6) 

which shows a recurrence relationship in the expression for C{t). 
When the tracer injection is an ideal pulse, i.e. 

T(t) = A.o{t) 

equation(5-6) then reduces to 

t A 
C(t) = f C(t-y) h(y) dy + Q h(t) 

0 

(5-7) 

(5-8) 

where A is the total amount of tracer that was injected into the system. 
system. 

Equation (5-8) yields a stationary concentration Cstat in the limit t~. 
Cstat depends on the amount of tracer, A, and on the volume, V, of the 
system: 

A A 
cstat = V = Qt (5-9) 

where t is the characteristic circulation time of the material in the 
system. 

The stationary concentration C{t)=Cstat for t~ can be understood on 
the basis of the equation (5-8) as follows: 

1. h(t)->-0 when t--

2. C(t)->-Cstat when t~ 
C(t-y)->-Cstat when t-- and when y<t 
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For the case t~ equation (5-8) can then be written as 

cstat = cstat f h(y) dy 
0 

(5-10) 

Equation (5-10) is in accordance with the definition of the probability 
density function h(t) that states 

f h(t) dt = 1 
0 

(5-11) 

Equation (5-8) shows that a stationary concentration Cstat is reached 
at the limit t~ but the value of Cstat cannot be deduced directly from 
that equation. 

It can be found from equation (5-8) that when the recirculated system 
is an ideal mixer the stationary value of C(t) is reached immediately 
after the tracer injection has taken place at t=O: 
When the residence time distribution of an ideal mixer 

h(t) = 1 e -t/T 
T 

is substituted into equation (5-8). it then follows from equation 
(5-8) that: 

t 
C(t) = f C(t-y).! e-y/Tdy + ~.! e-t/T 

O T ~ T 

the only solution for C(t) that obeys equation (5-13) reads 

A A C(t) = C(t-y) = ~ = V for t+O 

This can be shown by substituting (5-14) into equation (5-13): 

(5-12) 

(5-13) 

(5-14) 

( 5-15) 

from which the equivalence with equation (5-14) is immediately apparent. 
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The theory of Laplace transforms can be applied to calculate the mean 
and the variance of the probability distribution of the circulation 
times. Assume that the Laplace transform of h(t) is denoted as G(s): 

00 

G(s) = 1 h(t) e-st.dt 
0 

and that 

1 
00 

t h(t) = ~2 1 G(s) es ds 
7rl '""" 

where G(s) is a complex function of a complex variable s. 

(5-16) 

(5-17) 

It can be found from equation (5-16) and from the definitions of the 
mean circulation time e and its variance 0

2 (appendix 5.I): 

e = 1 im (- dG) 
s-+0 ds 

2 1 . 1d
2
G (dG)2) 

0 = 1m \--:-2 - ds 
s-+0 ds 

(5-18) 

( 5-19) 

Assume I(s) and C(s) to be the Laplace transforms of T(t) and C(t) 
respectively: 

00 

I ( s) = I T ( t) e-st dt 
0 

00 

C( s) = I C ( t) e-st dt 
0 

Equation (5-6) and (5-8) then become respectively: 

C(s) = C(s) G(s) + ~ I(s) . G(s) 

C(s) = C(s) • G(s) + ~ G(s) 

It follows from equation (5-22) that 
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(5-23) 



1 _§_(s) C(s} = Q I(s} . 1=GTST (5-24) 

which provides an explicit expression in the Laplace transform of C(t} 
when the injection rate T(t} is an arbitrary function. The relationship 
between the Laplace transform.G(s) of the circulation time distribution 
h(t} and the Laplace transforms of the response concentration C(t} and 
the injection rate T(t} is given by 

C(s t G(s) = C(s) + I s)/Q 

Equation (5-23} leads to 

C(s} = ~~ 

and 

C(s) 
G(s) = C(s) + A/Q 

(5-25) 

(5:-26} 

(5-27} 

The equations (5-26) and (5-27) provide relations between the Laplace 
transforms of C(t} and h(t}, when C(t} is the response of a tracer 
injection that is a a-pulse at t=O (T(t} according to equation (5-7}}. 

Equation (5-26} can be approximated by means of a Taylor series develop­
ment of G(s) around s=O: 

(5-28} 

Using equation (5-16) for s~ together with equation (5-11} and equations 
(5-18} and (5-19), equation (5-28) can be rewritten to yield 

1 2 2 2 1 3 G(s) = 1 - e . s +~(a + e ).s - 0 M3s + (5-29) 

where M3 is the third moment of the probability function of the circulat­
ion time distribution. 
~lith equation (5-29) equation (5-26) becomes 

C(s) = A 1-e.s + E{s} = ~ 1-e.s + E(s} 
TJ e.s «e s (5-30) 
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Figure 5. 5 A-B Response of a pureZy convective fZow system to a 

puZse injection at t=O. 

a. continuous fiow system with no recircuZation 

b. circuZating system 

The fiow system was modeZZed by a cascade of ideaZ 

mixers of equaZ voZume. 
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Figure 5.5 C Response of a purely convective flow system to a pulse 

injection at t=O. 

a. continuous flow system with no ~circulation 

b. circulating system 

The flow system was modelled by a cascade of ideal 

mixers of equal volume. 

where e(s) is a rest function (e(s)+O when s+O). 

It should be noted again that the relationship that is given by equation 
(5-4) is valid only when the recirculation flow is purely convective. 
The mean circulation time e is then equal to the characteristic circulat­
ion time of the material in the system, i.e. 6=T. In that case the 
application of Laplace transform theory to equation (5-30) shows that 

lim C(t) lim C(s) = A = ~ = Cstat 
t -><X> t -><X> \{ L 

(5-31) 

which is again in accordance with equation {5-9). 
Figure 5.5 shows a typical response of a circulating system to a 
pulse injection. It also shows the response of the circulating system 
to that pulse injection when the tracer material resides only one 
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Fig~ 5.5 D Response of a purely convective flow system to a pulse 

injection at t=O. 

a. continuous flow system with no r-ecirculation 

b. circulating system 

The flow system was modBUed by a cascadE of idEal 

mixers of equal volume. 

time in that system. 
Note the damped fluctuating curve in the. figures 5.5C and 5.50. The tops 
of these fluctuating curve are due to the occurence of a region of high 
concentration of tracer material which passes the detection point each 
cycle at the moment that a maximum of C(t) is measured. This region is 

spread out over the whole volume of the circulating system when a 
certain period of time has elapsed after the moment of the pulse 
injection. 
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A circulation flow channel where both convective and diffusive flow 
can occur will now be considered. Tracer particles can at any time 
show motions relative to that of the average flow. This is not pos­
sible in the case where purely convective recirculation flow only is 
assumed to occur. In comparison to what occurs in purely convective 
recirculation an additional response is observed at t=O at the 
detection point. that is located just upstream the point of injection 
(figure 5.6). This additional response is the result of backmixing. 
i.e. movement of particles in the direction opposite to that of the 
average flow due to diffusion. No discontinuity in the tracer concen­
tration can occur in the recirculation path at the injection point. 
Such a discontinuity must necessarily occur in the case of purely 
convective recirculation (compare equation (5-4)). 
Materia 1 is ci rcu 1 a ti ng in the flow channe 1 , while the mixing coeffi­
cient is constant over the length of the channel. The injection point 
is located at x=O (= x=L) The differential equation that governs the 
transport of tracer material in the channel is well known and reads 

ac ac a2c 
d"tt + v axx - E -----,- = 0 

ax"' 

Figure 5.6. Schematic view of a circuLation fLow channeL. 

(5-32) 

Linear coordinate x; fLow veLocity v; channeL Length L; 

system voLume V; dispersion coefficient E; amount of 

injected tracer A. 
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in which E stands for a dispersion or mixing coefficient of the 
tracer material in the circulating system. Boundary conditions at 

x=O and x=L are 

C(x=O,t) C(x=L,t} 

The initial condition (at t=O and O;:;x<L) reads 

. v 
C(x,O} = A.o(x}/(r) 

(5-33} 

(5-34) 

where A is the total amount of injected tracer while V/L denotes the 
area of the cross section of the flow channel that is assumed to be 
constant for reason of simplicity of the calculations. 
It can be shown that the solution of the differential equation which 
meets the boundary conditions (5-33} and the initial condition (5-34) 
reads (appendix 5.11): 

( 
00 2 2 

~ = 1+2 l: exp(- 41TP~ !).cos(21Tn([- !)) 
stat n=1 ' ' 

(5-35) 

where Cstat = A/V 
Pe = vl/E 

< = L/v. 

The tracer concentration C{x,t) in the flow channel which results from 
the o-injection approaches a stationary value Cstat A/V for large 
values of t. The rate of attenuation of the fluctuations around 
C(x,t) Cstat depends on the Peclet number that exists in the channel. 
The rate of attenuation increases when the Peclet number decreases. 
Figure 5.7 shows some typical responses of the circulation flow chan­
nel. The tracer concentration is measured just upstream from the 
point where the tracer injection has been carried out (C C{O,t)). 

The pulse responses of figure 5.5, where circulation occurs through a 
cascade of 5, 10 and 20 ideal mixers correspond to the pulse responses 
of figure 5.7, where circulation takes place through a flow channel at 
Peclet numbers of 10, 20 and 40 respectively (figure 5.8). This agrees 
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with the fact that the response of a system that consists of a cascade 
of N ideal mixers is similar to the response of a flow channel with a 
Peclet number that is equal to 2 x N. if the residence time of the fluid 
in the channel is equal to that in the cascade and if N is high enough. 
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A model is proposed in this section that deals with the flow behaviour 
of particles in the annulus of a bed which is operated in the fluctuating 
spouted bed regime (fluctuating spout-fluid bed). The model features 
solids flow along different paths in the annulus and the dispersion in 
the solids flow over each path (figure 5.9). 
It is assumed that the flow of the solids in a fluctuating spouted bed 
prcceeds as follows: Gas bubbles that form a bubble train rise from 
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the spout orifice to the top of the bed. At the bottom of each bubble 
the bubble wall collapses inward so that solid material bridges are 
formed that separate the bubbles from each other. As a bubbles rises 
it transports part of the solid material bridge above it upwards. 
Another part of this bridge above the rising gas bubble that is being 
considered is moved outwards out of the path of the bubble train. The 
bridge on top of the rising bubble remains intact, however, as bed 
material also collapses into the lower part of the gas bul:_lble above 
the one we have considered. 

Figure 5. 9. Assumed panicle 

trajectories in a 

bed that is being 

operated in the 

f!uetuating spouted 

bed regime. 
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The bubble train is thus regarded as an unstable spout channel, inter­
rupted by solid material bridges. These bridges rise together with the 
gas in the unstable spout channel as solids continually flow into the 
bubbles onto the tops of the bridges. At the same time solids are con­
tinually removed from the bottoms of the bridges and moved outward out 
of the spout channel. 
It is pointed out here that in this model solids can move both into the 
spout channel and out of it. This will prove to be of some importance 
in a later part of this thesis. 
Figure 5.9 shows circulation paths in a spout-fluid bed that is being 
operated in the fluctuating spouted bed regime. This figure is to be 
compared to figure 3.17 which shows paths the bed material follows when 
the bed is in the stable spouted bed regime. It should be noted that 
the solids flow in the two flow regimes differ in nature. 
The solids flow in a stable spouted bed is determined by the entrainment 
of the bed solids at the wall of the spout channel. 
The upward flow of the solids in a fluctuating spout channel, on the 
other hand, is defined by the velocity at which a bubble train that con­
tains both bubbles of spout gas and bridges that contain bed solids 
transports the solids to the top of the bed. This velocity is lower 
than the velocity with which spout gas transports entrained bed solids 
when the bed is being operated in the stable spouted bed regime. 
It will be shown, however, that the mass of bed solids that is being 
transported upwards per unit time in a fluctuating spouted bed is much 
larger than that which is being entrained and transported per unit 
time in a comparable stable·spouted bed that is being operated at the 
same rates of spout and flui di sati on gas. 

It is assumed that the annulus consists of a number of solid flow 
channels that are arranged in parallel with respect to each other. The 
lengths of the channels vary approximately linearly between 0 near the 
wall of the spout channel to almost the bed height Hat the bed wall. 
A loose structure of the solids in the annulus and a uniform downwards 
flow of the bed solids are established when fluidisation gas is intro­
duced into the bed at a sufficient rate. It is assumed that the same 
loose structure exists at each place in the annulus. This causes the 
fluctuations that may occur in. the flow of the solids to have inten-
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sities that are nearly independent of the position in the annulus. 
The dispersion coefficient, which will be used to express the longi­
tudinal dispersion in the solids flow, has thus the same value at any 
position in the annulus. Transversal dispersion in the annulus 
(exchange of solids between the separate paths) is neglected. 
Transversal dispersion only occurs in the fountain region where the 
solids are spread out at random over the top surface of the bed. Each 
solid particle then enters a new path at a position that is entirely 
independent of previous cycles. The residence times of the solid par~ 
ticles in the spout and fountain region is neglected in comparison to 
the residence time in the annulus region. 
The model for circulation flow is thus reduced to a description of the 
residence time distribution of the bed material in the annulus (figure 
5 .10). 

top 
of 
bed 

Figure 5.10.Schematic vie~,, of the parallel sets of vrLl·[,~.-.r:~>e: 

in the annulus. 

bottom 
of 

The transport of bed solids from the annulus into the spout channel 
region includes contributions of both a convective transport and a 
transport by dispersion due to fluctuations in the movement of the bed 
materia 1 . These fluctuating movements are associ a ted with the transport 
of solids into and out of the spout channel which was described above. 
Bed solids are dropped onto the top surface of the annulus. There is no 
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possibility of backmixing at this fountain-annulus interface. A closed 
boundary\with convective transport only is therefore assumed to exist 
at the entrance of each trajectory at the top of the annul us. 
The fraction of the total circulating bed material that passes the set 
of trajectories that begin between r and r+6r at the bed surface is 
equal to 2nr6r/n(R2-a2) (figure 5.11). It follows that the contribution 
of that set of trajectories to the residence time distribution of solid 
particles in the annulus is equal to the residence time distribution in 
that set trajectories multiplied by the factor 2r6r/ (R2-a2). 

Figure 5.11. View of the top of the annulus. 

A single set of trajectories is now considered. The dispersion that 
occurs in this set of trajectories must obey the conditions that a 
closed boundary must exist at the entry at the top of the annulus while 
an open boundary must exist at the exit to the spout channel. 
Van der Laan [9] derived an expression for the Laplace transform of the 
residence time distribution of tracer material that is injected at x=O 
and measured at x = 1 i, where 1 i is the length of the set of trajectories 
that is denoted by "i". The mean residence time 8i of the solids in the 
ith set of trajectories and the variance oi 2 of the residence time of 
the solids can be derived from this Laplace transform of the residence 
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time distribution. 
In analogy with equations (5-18) and (5-19) that apply to circulation 
time distributions it can be found that 

[ 
dF.] 1 + Pei 

ei = 1im - ~ = 'i 
s-+0 

(5-36) 

and 

2 2 [d Fil 
o · = 1 i m -..,.,-J 

1 s-+0 ds L 

(5-37) 

where Fi the Laplace transform of the residence time distribution in 
the ;th set of trajectories fi(t) 

-(pi-~) .Pe; 
= T i .e I ( Pi + ~ ) 

Pi = Vs/Pe; + ! 
Pei = the Peclet number of the flow in the ith set of trajectories 

vl ;fE 
'i = the residence time of the solids in the ith set of trajec­

tories 
= li/V 

No analytical solution of the residence time distribution fi(t) is 
available. Computed values of the distribution are presented in figure 
5.12 for some values of the Peclet number. 

The residence time distribution in the entire annul us is approximated 
by the summation of the contributions of each of the sets of trajector­
ies in the annulus: 

f(t) 
R 
Jf.(t) 2rdr 
a 1 ~ 

(5-38) 

where f(t) residence time distribution of the entire annulus 
f;(t) = residence time distribution of a single set of trajectories 

in the annulus with the entry at radial distance r at 
the top surface of the bed 
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Figure 5.12.Residence time distributions (R.T.D.) of so~ids in individ­

ua~ sets of trajectories with a c~osed and an open boundary 

for some values of the P2clet number Pei ~ vli/E as a 
function of the reduced time t/ti vt/~i' 

The mean residence time in the entire annulus 9 is obtained from the 
mean residence times 8· of the individual sets of trajectories by means 

1 

of a weighted integration of equation (5-36): 

R 
J 2r d 

8 = a 8; ~ r (5- 39) 

which is analogous to equation (5-38). 

Assume that t; ~ tR with tR = H/v and that Pe; = ~ PeH with 
PeH = vH/E. tR is the residence time for the set of trajectories that 
are closest to the bed wall, while PeH is the Peclet number that belongs 
to the set of trajectories that begin at r=R. It can then be found from 
equation (5-39) using equation (5-36) that 

R R 2r 2 R3-a3 R 1 
e = ! 'R ~ (1 + ""P"er) :-z--7 dr = 'R (3 :r-z + ~) "R 

a H" R -a R -a H 
(5-40) 
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When a<<R equation (5-40) reduces to 

e (5-41) 

The second moment M2 of the residence time distribution in the annulus 
which is equa 1 to o2+e 2 is derived from the second moments M2i of the 
individual sets of trajectories by 

R 2r 
M2 = J M2i :z--z dr 

a R -a 
(5-42) 

which is also analogous to equation (5-38) while M2i = oi 2 + ei 2. 
It is found from equation (5-42) using equations (5-36) and (5-37) 
that 

which yields 

2r dr :z--z R -a 

When a<<R equation (5-44) reduces to 

2 2( 3 4/3 1 ) 
0 = TR -;;;-z + ~ + 18 

H 

Combination of equation (5-41) and equation(5-45) gives 

(5-43) 

(5-44) 

(5-45) 

(5-46) 

The equations (5-41), (5-45) and (5-46) characterise the flow of the 
bed material in the annulus of the bed in terms of the Peclet number PeH 
and the residence time TR that are related to the set of trajectories 
that are. closest to the bed wall (r=R, li%H). 
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The residence time distribution for the entire annulus is computed by 
summing the contributions of each of the individual sets of trajectories 
in the annulus according tot equation (5-38). The trajectories in the 
annulus have a different length li and thus a different residence time 
Ti and Peclet number Pe1. The summation according to equation (5-38) 
should thus be carried out using residence time distribution functions 
f; (t) that are to be found from the reduced residence time distribution 
by the relationship 

f. ( t) = .!___ f.* ( th. , Pe. ) 
1 Ti 1 1 1 

(5-47) 

where f;*(t*,Pe) is the reduced residence time distribution that is a 
function of the reduced time T* = t/T and of the 
Peclet number Pe = vl/E. 

The values of Ti and Pei can be found from the Peclet number PeH and 
from the residence time TR for the set of trajectories that are closest 
to the bed wall, as was indicated above. 

~~g~~~-~~!~~l~!~~-r~~~l!~_gf_!~~-21~e~r~!g~_mg2~! 

Figure 5.13A and 5.136 show plots of calculated residence time distrib­
utions for the entire annulus for some values of PeH and for given mean 
residence times e of 5 and 10 seconds respectively. 
Note the limiting residence time distribution for PeH = oo for the case 
that piston flow occurs in the particle trajectories in the annulus: 

f{t) = 0 
f(t) = (2/TR2)t 

for t > TR 
for t < TR 

( 5-48) 

The circulation time distributions in cases where roughly PeH < 4 show 
a high maximum at low circulation times and a long tail section at 
higher values of the circulation time. The maximum becomes lower and 
shifts to longer circulation times when the Peclet number PeH increases, 
while the tailing effect diminishes. The maximum of the circulation time 
distribution passes a minimum with respect to PeH when PeH% 6 while the 
maximum at high PeH is limited by the case where PeH = oo which corres­
ponds to piston flow in the annulus, as described above (equation 5-48). 
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Appendix 5.I 

Circulation time distributions 

The circulation time is a random variable having a probability density 
function h(t). h(t).~t is the probability that the random variable T, 
representing the circulation time lies within the interval between t 
and t+M: 

h(t).~t = Pr{t < T < t+~t} (5. I-1) 

Because h(t) is a density function of the probability it follows that 

00 

J h(t)dt 1 
0 

(5.1-2) 

The mean or first moment of the circulation time distribution is 

00 

e = J t h ( t) dt 
0 

and its variance 

which also can be written as 

(5.!-2) 

(5.!-4) 

(5. I-5) 

The first term of the right hand side of eq. (5.!-5) is the second 
moment of the circulation time distribution. 
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Appendix 5.11 

Response to a pulse injection in a circulation flow channel 

The differential equation that governs the diffusive and convective 
transport of tracer material in the flow channel (equation (5-32)) can 
be written in dimensionless form as: 

where t* = t/'t = t ·v/L 
X* = x/L 
Pe = vL/E 

C* = C/Cstat = C·V/A 

The conditions (5-33) and (5-34) then read: 

C*(O,t*) = C(l,t*) 

aC* ac* 
<ax*)x*=O= (ax*)x*=l 

C*(x*,O) = o(x*) 

Because of the periodicity in x*, C* can be written as: 

C*(x*,t*) _ r C ikx* _ ~ C e2ninx* - kt e - kt 
k n=O 

k = 2nn, n=0,1,2,3, •••.. 

Combination of (5.11-2) in (5.11-1) gives: 

the solution of which is Ckt = ck e-(k
2
/Pe + i)t* 

thus 
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{5.II-2) 

(5.1I-3} 
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c*(x*,t*) = E ck e~k2/Pe)t*eik(x*-t*) 
k 

its real part being: 

00 

C* ( X* , t* ) = I C e 
n=O n 

cos (2nn(x*-t*)) 

At t*=O the initial condition reads: 

00 

C*(x*,O) = I en cos(2nnx*) = o(x*) 
n=O 

It then follows for Cn (n=0,1,2, ... ): 

1 1/2 
c = Tn f o(x*) cos(2nnx*)dx* = 2 nFO 
n -112 

1/2 
c0 = r o(x*) dx* = 1 

-1/2 

Equation (5.II-6) then becomes 
2 2 

oo _ 4n n · t* 
C*(x*,t*) 1 + 2 E e ~ cos(2nn(x*-t*)) 

n=1 

which results in solution (5-35} in section 5.2.2. 
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List of symbols 

A 

a 

C(s) 
C(t) 

C' (t) 

cstat 
E 

F(s) 

F;(s) 
f(t) 

f;(t) 
f* (t* ,Pe) 
G(s) 

H 

h(t) 
I(s) 

L 

1 i 
~12 

M3 

Pi 
Pe 

Pei 
PeH 
Q 

qi 
R 

r 

s 
T(t) 
t 

total amount of injected tracer 
spout channel radius 
Laplace transform of tracer concentration C(t} 
tracer concentration (upstream the injection 
point) 
tracer concentration (downstream the injection 
point) 
stationary tracer concentration 
diffusion (dispersion) coefficient 
Laplace transform of residence time distribution 
(R.T.D.) 
Laplace transform of R.T.D. of the ;th trajectory 
residence time distribution (R.T.D.) of entire 
annul us 
R.T.D. of the ith trajectory 
reduced residence time distribution 
Laplace transform of circulation time distribution 
bed height 
circulation time distribution 
Laplace transform of tracer injection rate 
length of circulation flow channel 
length of the ith trajectory 
second moment of R.T.D. 
third moment of R.T.D. 
variable defined in eq. (5-37) 

Peclet number 
Peclet number of ith trajectory 
Peclet number of the trajectory near r=R 
circulation rate of material in system 
fraction of material passing through the ith region 
bed radius 
radial distance in the bed 
Laplace transform variable 
tracer injection rate 
time 
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[ kmol] 
[m] 

[ kmo 1 . s/m3] 
[kmol/m3] 

[kmol/m3] 
[m2/s] 

[-] 

[-] 

[ 1/s] 

[1/s] 

[-] 

[-] 

[m) 

[1/s] 
[kmol] 
[m] 
[m] 
[s2] 

[S 31 

[-] 

[-] 

[-] 

[-) 

[m3/s] 
[-] 

[m] 
[m] 
[1/s] 

[kmol/s] 
[s] 



t' integration variable in equation (5-1) [s] 
t* reduced time [-] 
V capacity of the circulating system [m3] 
v fluid velocity in the flow channel and trajectories [m/s] 
x linear coordinate [m] 
y integration variable in equations (5-6), (5-8), 

(5-10), (5-13), (5-14) 
o{t) 

o(x) 

delta-function in time domain 
delta function in x domain 

s(s) rest function in equation (5-30) 

e 
a 

T 

mean residence {circulation) time of tracer 
standard deviation of the residence (circulation) 
time 
fluid residence {circulation) time 
fluid residence time in channel "i" 
fluid residence time in channel at r=R 
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[1/s] 

[1/m] 

[s] 
[s] 

[s] 

[s] 

[s] 
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6. THE CIRCULATION BEHAVIOUR OF TRACER PARTICLES IN A SPOUT-FLUID BED 

6.1 Introduction 

The mixing of particles in a spout-fluid bed can be described either by 
considering the time-average concentration distribution of the par­
ticles or by considering the period of time the bed smooths out concen­
tration gradients that occur in the bed when a large amount of tracer 
particles has been injected into the bed. The time-average concentrat­
ion distribution of the particles results from an equilibrium between a 
segregation mechanism and a mechanism that tends to disperse the par­
ticles throughout the annulus. If it acted alone, the segregation mecha­
nism would result in an inhomogeneous distribution of the particles in 
the annulus when they do not have the same size, shape and density as 
the surrounding bed material. 
Large and heavy particles tend to be concentrated in the lower part of 
the bed, while the smaller and lighter particles predominate more in 
the upper part. 

Mixing results from the variance in the circulation times of the bed 
particles. This variance in the circulation times is established by 
the exchange of the bed particles between the separate trajectories in 
the annulus. The exchange between the trajectories takes place in the 
spout channel and fountain region only. 

It was mentioned in section 5.1 that the circulation behaviour of par­
ticles in the bed is best studied by measuring the circulation times of 
these particles. The distribution of the circulation times can be ob­
tained either by a pulse injection of an amount of tracer material or by 
measuring the time that elapses between consecutive passages of one 
tracer particle. The last method is rather time consuming when one 
wishes to obtain a reliable histogram of the measured circulation times. 
The first method is fast but does not result in the determination of a 
direct circulation time distribution for the system when the responses 
of tracer particles that have completed different numbers of cycles 
overlap (figure 5.5). This method is therefore less suitable. 

This chapter presents a method for determining the circulation behaviour 
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of a tracer particle that has been put into the bed. This way of studying 
the mixing behaviour has been selected because it provides the possi­
bility to carry out measurements continuously while the bed is in 
stationary operation. This method is also suitable for automatic regis­
tration of the tracer particle circulation. 
The circulation time distribution of a tracer particle is determined by 
measuring the consecutive passages of the tracer particle through the 
horizontal plane at the top of the annulus through which all circulating 
bed material must pass. Sufficient data must be collected to construct a 
reliable histogram. 
figure 6.1 shows an example of a comparison between the result of cir­
culation time measurements with one tracer particle, the response to a 
pulse injection of a unit mass of tracer material and the actual cir­
culation time distribution of the system. 

0 
time t/'r ---• 

Figure 6.1 Example of a compa:r>ison between a result of cycLe time 

measurements (histogram 1), a response to a puls injection 

of a unit mass of tracer material (curve 2) and the actual 

cycLe time distribution of a mrcuZ.ating system (curve 3). 

Pulse response measurements require accurate and reliable measuring 
equipment. The mean concentration of tracer material should be determin­
ed at any time in the cross section of that part of the bed through 
which all bed material passes. Examples of types of equipment that allow 
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such measurements over an entire cross section are chromatographs and 
conductivity cell devices. 
The registration of one tracer particle, however, only requires an 
apparatus that is equiped with a simple threshold mechanism which con­
trols a counter or timer. 
Because of the reasons indicated above the second measurement method 

was chosen. 

When one wishes to measure circulation properties of the bed material 
one requires tracer particles that have zero slip velocity with respect 
to the bed material. The tracer particles thus must show the same sizes, 
shapes and densities as the bed particles. When tracer particles are to 
be used that are large with respect to the bed particles then a density 
is required that is equal to the bulk density of the bed material. 

6.2 The experimental apparatus 

A flat ferroxcube core with two poles was mounted around a 15.2 em spout­
fluid bed wound with two inductive coils in series to measure the 

passage of a tracer particle with a high magnetic permeability. The 

measured cycle times were used to compute the histogram of the density 
function of the circulation time distribution of that tracer particle. 
Figure 6.2 shows a sketch of the inductive coil. The measuring coil was 
placed around the glass column at the top of the annulus. A reference 
coil was placed outside the equipment and is a reference in comparison 
to which changes in the induction of the measuring coil were determined. 
The measuring coil and the reference coil form one half of a Wheatstone 
inductive bridge. The other half of the bridge is part of a Hottinger­
Baldwin KWS-6A-5 device. 
The presence of a tracer particle in the magnetic field between the 
poles of the core causes the self-induction of the measuring coil to 
increase. The passage of the tracer particle past the coil is thus 
denoted by a pulse in the output signal of the bridge. 
The bed material has a magnetic permeability that is negligible in com­
parison to the permeability of the tracer particle. It can be shown 
that the extra induction generated in the coil is roughly proportional 
to the volume of that tracer particle. It can also be shown that when 
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Figure 6.2 Sketah of the measuring aoPe at the spout-ftuid bed. 

a 4 mm diameter tracer particle is used the increment of the self­
induction of the coil relative to its original self-induction amounts 
to approximately 4.1o-5. 
The time that elapsed between two consecutive passages of the particle 
through the plane of the coil was measured by means of a Hewlett Packard 
5233 L counter. 
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Figure 6.3 shows a scheme of the experimental equipment. It indicates 
the way in which the measuring and reference coil are connected to the 
peripheral devices. Effects of noise and bed vibrations are reduced by 
filtering the frequency components higher than roughly 50 Hz of the out­
put signal of the inductive measuring bridge. 
The threshold value of the counter mechanism must be adjusted in order 
to register a reliable signal that results from the passage of the 
tracer particle. 

measuring coil 

I 
recorder/asci 11 oscope 

inductive 
measuring bridge 
+ amplifier 

filter 

reference coi 1 

I 
timer/counter 

I 
printer/puncher 

• I I •• 0 

--- -1. __ c•o-mp_u_te_r _ __.l 
Figure 6.3 Boheme of the aonneation of the measuPing aoil to the 

periphePaZ deviaes. 
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Figure 6.4 shows the experimentally determined relation between the 
amount of registered pulses per minute at the output of the bridge and 
the adjusted threshold value of the counter. This experimental relation 
was obtained at constant spout and fluidisation gas flow rates while 
the bed was being operated in the fluctuating spouted bed regime. A 
large number of pulses were registered per unit time at a low value of 

the threshold. This is due to noise and bed vibrations. The number of 
pulses measured per unit time decreases as the threshold value is in­
creased. At a sufficient high threshold value the number of pulses that 
are measured per unit time becomes nearly independent of the threshold 
value. Circulation time measurements are best carried out when the 
value of the threshold is adjusted in such a way that the frequency 
with which the counter detects pulses <toes not depend too strongly on 

the threshold value. 

........ 
'7 60 

W· ...., 
::s 
s:: 
·E 50 
....... 

~ 
~ 40 
::s 
0" 
w s.. 

'+- 30 

20 

10 

flow rates: 

Qsp=8.16 9.-/s 
Qfl = 1. 88 R-/S 

superficial velocities: 

Vsp sup = 44.8 cm/s 
vfl = 10.5 cm/s 

H = 20 em 

0;---~--~--,---,---~--~--~~~~~~ 
0 0.10 0.20 0.30 0.40 0.50 

threshold [volt] 

Figure 6.4 Example of a measured relation between the frequenay of 

registered pulses and the threshold value of the aounter. 
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Four different tracer particles have been used in the circulation time 
measurements in order to investigate the effect of the size and density 
of the tracer particles that were applied. The sizes and densities of 
these tracer particles, that were identified by "A", "B", "C" and "D", 
are summarized in table 6-I. 

Table 6-I Summary of the sizes and densities of the used tracer 
particles 

A B c D 

size 3.5 mm 6.2 mm 5.5 mm 7.0 mm 
density 4;74 g/cm3 1.98 g/cm3 3.85 g/cm3 4.74 g/cm3 

Figures 6.5 through 6.8 show experimentally determined circulation time 
distributions of the 4 tracer particles. The cycle time distribution of 
the small particle with high density (particle A) and that of the large 
particle with very low density (particle B) are similar (compare figures 
6.5 and 6.6). It is seen, however, that the large particles with high 
densities (the particles C and D) in their cycles tend to follow circul­
ation paths of greater length than do the smaller and 1 ighter particles 
(figures 6.7 and 6.8). 
This can be explained by assuming, as seems reasonable, that large par­
ticles tend to move more frequently through the bottom section of the 
bed than the small particles. The large particles do not follow the same 

trajectories as the bed material because they have a higher density than 

the bed material (figure 6.9). 

It was already mentioned that the circulation properties of the bed 
material are best studied by using tracer particles that have densities 
near to that of the bed material. Particle B, of which the cycle time 
distribution is given in figure 6.6, approximates this condition most 
closely. On the basis of the similarity between the figures 6.5 and 
6.6 it is assumed that the circulation time distributions of the par­
ticles A (size 3.5 mm, density 4.7 g/cm3) and B (size 6.2 mm, density 
1.98 g/cm3) both roughly describe the circulation behaviour of the bed 
material. 
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Figure 6. 9. Scheme of the imagined trajectories of the bed material 

(----) and of the relatively heavy and large tracer 

particles (--) in a spout-fluid bed. 

The circulation time measurements described in this thesis were carried 
out with tracer particle A. 

6.3 Experimental results 

Circulation time measurements were carried out in the bed at.different 
values of the spout and fluidisation gas flow rates. The bed heights 
employed in these measurements were 20 and 35 em respectively, while 
the 3.5 mm diameter tracer particle that had a density of 4.7 g/cm3 

(particle A) was used in the experiments. 
The circulation paths that the bed oarticles follow should include a 
plane through which all bed material passes at each cycle to obtain a 
reliable cycle time distribution. 
Circulation times in a bed that is being operated in the stable spouted 
bed regime tend to be relatively long. The tracer particles show a 
tendency to stay a relatively long time in the bottom section of the 
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bed in that regime. Bed material is entrained from the spout channel 
wall at a much lower rate than in a bed that is being operated in the 
fluctuating spouted bed regime as was stated earlier. 
An example is shown in figure 6.10 of a comparison between the circu­
lation time distributions that are measured in beds in the fluctuating 
and stable spouted bed flow regimes respectively and at the same rates 
of spout and fluidisation gas. 
The results shown in figure 6.10 indicate that the soout-fluid bed is 
being operated in the fluctuating spouted bed regime at increasing 
spout gas rate, while the bed is being operated in the stable spouted 
bed regime at decreasing spout gas rate. The mean circulation times in 
the fluctuating spouted bed regime were in the range between 2 and 7 
seconds. The mean circulation times in the bed at stable spouted bed 
condition, however, appear to be at least one order of magnitude 
longer. 
Because of the interest in the high rate of mixing in spout-fluid beds 
measurements have only been carried out when the bed was being operated 
in the fluctuating spouted bed regime. 
Figure 6.11 shows measured circulation time distributions for different 
values of the fluidisation and spout gas rate. The histograms show a 
number of maxima and minima. These maxima and minima are caused by the 
stochastic variation due to the finite number of cycle time measure­
ments that have been used for computing the histograms. It is well known 

that a large number of measurements results in a histogram that has a 
low relative error in the value of each class of the histogram. Assume 

for example that the number of measurements in a certain class is n. 
The absolute and relative error in the number of measurements in that 
class are represented by its standard deviation a= In and its relative 
deviation o/n 1//n respectively. 
Most histograms have been computed from a total of over 1000 measure­
ments. The maximum relative errors in the values for each class of the 
middle section of the histograms were less than 20%. The relative 
error for each class of the tail section, however, amounts to almost 
50%. 

The dispersion model that was discussed in chapter 5 has been applied 
to the measured cycle time distributions. The dispersion coefficient 
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and the rate of solids circulation in the spout-fluid bed were computed 
from this model. 
The solids circulation rate is described by the residence time TR of 
the bed material that is flowing along the bed wall: 

(6-1) 

where H is the bed height 
and vis the downward flow velocity of the bed material. 

The dispersion coefficient is described by the Peclet number PeH that 
applies to the flow of the bed material along the bed wall: 

PeH v.H/E (6-2) 

The dispersion coefficient E represents the effect that fluctuations 
in the movement of the bed particles have on the downward flow of 

the bed material. 

The parameters TR and PeH were obtained by successive application of 
equation (5-46) and of either equation (5-41) or equation (5-45) to 
the measured circulation time distribution. The dispersion model was 
checked by calculating the circulation time distribution according to 
that model using the values of TR and PeH which had been found from 
the histograms that were measured. 
Figure 6.12 and 6.13 show some experimentally determined histograms 
of the cycle times together with cycle time distributions that were 
calculated from the dispersion model. Figure 6.12 shows cycle time 
distributions in the spout-fluid bed with a bed height 35 em and with 
spout gas rates of 8.15 ~/s and 4.53 £/s (varying fluidisation gas 
velocity). Figure 6.13 shows distributions in the bed with a bed height 
of 20 em and with a spout gas rate of 8.15 £/s while the fluidisation 
gas velocity was also varied. 
It is seen that the correspondence between the experimental distri­
bution and the dispersion model is reasonable. 
The circulation time distribution of the bed material in the spout­
fluid bed can thus be described reasonably well by the dispersion 
model in most cases. 
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Results of circulation time measurements in the spout-fluid beds with 
bed heights of 35 em and 20 em are summarized in table 6-II and table 
6-III respectively. The computed mean cycle time e, its standard de­
viation a, the residence time 'R and the Peclet number PeH are given as 
functions of spout and fluidisation gas flow rates. The bed and 
orifice diameter were 15.2 and 1 em respectively. 

The dispersion coefficient E and the downward velocity v of the bed 
material are derived from 'R and PeH by the simple relations 

(6-3) 

and 

(6-4) 

Numerical values of the downward solids flow velocity and the dispers­
ion coefficient are given in the tab 1 es 6. IV and 6. V for the gas 
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vfl 4.2 cm/s 6. 3 cm/s 8.4 cm/s 10.5 cmfs 12.6 cm/s 

Qsp = e 2.60 s 5.61 s 4.80 s 
9.06 9.,/s a 3.67 s 5. 76 s 5.23 s 

TR 1.05 s 4.90 s 3.83 s 
PeH 0.55 2.09 1.71 

Qsp e 4.39 s 4.87 s 5.29 s 
8.15 R,fs a 4.43 s 5.15 s 5.35 s 

TR 3.92 s 4.09 s 4. 72 s 
PeH 2.21 1.90 2.20 

Qsp = e 4.36 s 3.46 s 3.61 s 2.99 s 2.62 s 
7.25 9.,/s a 4.99 s 3.98 s 4.02 s 3.63 s 3.18 s 

TR 3.21 s 2.53 s 2.78 s 1.96 s 1. 72 s 
PeH 1.45 1.43 1.59 1.17 1.17 

Qsp = e 4.10 s 2.33 s 3.23 s 2.19 s 2.07 s 
6.34 11/s a 4.32 s 3.06 s 3.66 s 2.46 s 2.88 s 

TR 3.46 s 1.24 s 2.42 s 1.67 s 0.91 s 
PeH 1.92 0.83 1.50 1.54 0.62 

Qsp e 4.46 s 4.80 s 4.60 s 
5. 44 9.,fs a 4.44 s 4.11 s .. 3.58 s 

TR 4.06 s 3.65 s 5.26 s 
PeH 2.31 2.22 4.81 

Qsp e 5.17 s 4.75 s 3.51 s 
4.53 R,fs a 4.64 s 4.99 s 3. 70 s 

TR 5.26 s 4.59 s 2.95 s 
PeH 3.17 2. 71 1.92 

Table 6-II Results of measured circulation time distributions in a 
spout-fluid bed (D = 15.2 em, a = 0,5 em, H = 35 em). 
Tracer particle: dp mm. 
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vfl 4.2 cm/s 6. 3 cm/s 8.4 cm/s 10.5 cm/s 12.6 cm/s 

Qsp = 8 4.16 s 4.16 s 2.63 s 

8.15 9)S cr 3.18 s 4.00 s 2.57 s 

TR 4.82 s 3.94 s 2.45 s 

PeH 5.08 2.58 2.46 

Qsp = e 4.86 s 4.08 s 3.56 s 4.33 s 4.90 s 

6.34 t/s cr 5.04 s 4.43 s 2.94 s 3. 36 s 3.59 s 

TR 4.19 s 3.30 s 3.90 s 4.95 s 5.83 s 

PeH 2.02 1. 75 4.04 4.83 5.74 

Qsp = e 6.68 s 5.41 s 3.64 s 3.75 s 
4.53 t/s cr 5.62 s 5.05 s 2. 77 s 3.14 s 

TR 7.20 s 5.29 s 4.23 s 4.07 s 

PeH 3.83 2.81 5.14 3.92 

vfl 14.7cm/s 16.8 cm/s 19.0 cm/s 21.1 cm/s 

Qsp = e 5.91 s 5.24 s 5. 70 s 5.27 s 
8. 15 t/s a 4.36 s 3.65 s 3.95 s 3.62 s 

TR 7.00 s 6.42 s 7.00 s 6.52 s 

PeH 5.63 6.69 6. 76 7.01 

Qsp = e 6.30 s 6.12 s 6.37 s 6.80 s 
6.34 t/s (J 4.50 s 4.11 s 4.37 s 4.40 s 

TR 7.60 s 7.64 s 7.86 s 8.65 s 

PeH 6.17 7.47 6.98 8.34 

QSP = e 4.87 s 4.99 s 6.23 s 
4.53 t/s a 3.87 s 4.01 s 4.64 s 

TR 5.48 s 5.59 s 7.33 s 

PeH 4.51 4.40 5.46 

Table 6-IIJ Results of measured circulation time distributions in a 

spout-fluid bed (D = 15.2 em, a = 0.5 em, H = 20 em). 
Tracer particle: dp = mm. 
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vfl 4.2 cm/s .6.3 cm/s 8.4 cm/s 10.5 cm/s 12.5 cm/s 

Qsp = v 33 cm/s 7.1 cm/s 9.1 cm/s 

9.06 9)S E 0.21 m2;s 0.014 m2;s 0.019 m2;s 

Qsp = v 8.9 cm/s 8.6 cm/s 7.4 cm/s 

8.15 9)S E 0.014 m2/s 0.016 m2;s 0.012 m2;s 

Qsp = v 10.9 cm/s 13.8 cm/s 12;6 cm/s 17.9 cm/s 20.3 cm/s 

7. 25 9._/S E 0.026 m2;s 0.034 m2;s 0.028 m2;s 0.053 m2;s 0.061 m2;s 

Qsp = v 10.1 cm/s 28.2 cm/s 14.5 cm/s 21.0 cm/s 38 cm/s 

6.34 9._/s E 0.018 m2;s 0.119 m2;s 0.034 m2;s 0.048 m2/s 0.217 m2;s 

Qsp = v 8.6 cm/s 9.6 cm/s 6.7 cm/s 

5.44 Us E 0.013 m2ts 0.015 m2;s 0.005 m2;s 

Qsp = v 6.7 cm/s 7.6 cm/s 11.9 cm/s 

4.53 £/S E 0.007 m2/s 0.010 m2;s 0.022 m2/s 

Table 6-IV Measured downward particle velocity and dispersion in the 

annulus (D = 15.2 em, a= 0.5 em, H = 35 em). Results are 

obtained from table 6-I. 
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v fl 4.2 em/s 6.3 cmjs 8.4 em/s 10.5 em/s 12.6 em/s 

Qsp = 4.1 em/s 5.1 em/s 8.2 cm/s 

8.15 R-/s 0.0016 m2/s 0.0039 m2/s 0.0066 m2/s 

Qsp v 4.8 em/s 6.1 em/s 5.1 em/s 4.0 cm/s 3.4 em/s 

6.34 'i./s E 0.0047 m2/s 0.0069 m2 /s 0.0025 m2/s 0.0017 m2/s 0.0012 m2/s 

Qsp v 2.8 em/s 3.8 em/s 5.5 cm/s 4.9 em/s 
4.53 R-/s E 0.0015 m2/s 0.0027 m2/s 0.0018 m2/s 0.0025 m2/s 

v fl 14.7 em/s 16.8 em/s 19.0 em/s. 21.1 cm/s 

Qsp = v 2.9 em/s 3.1 em/s 2.9 cm/s 6.1 em/s 
8.15 Ms E 0.0010 m2/s 0.0009 m2/s 0.0008 m2/s 0.0009 m2/s 

Qsp = v 2.6 cm/s 2.6 em/s 2.5 cm/s 2.3 em/s 
6.34 R-/s E 0.0009 m2/s 0.0007 m2/s 0.0007 m2/s 0.0006 m2/s 

Qsp = v 3.6 em/s 3.6 cm/s 2.7 em/s 
4.53 9./S E 0.0016 m2/s 0.0016 m2/s 0.0010 m2/s 

Table 6-V Measured downward particle velocity and dispersion in 
the annulus (D = 15.2 em, a= 0.5 em, H = 20 em). 
Results are obtained from table 6-II. 
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rates and bed heights that were used in this investigation. Figure 
6.14 shows a diagram where the solids flow velocity vis plotted 
against the spout gas flow rate Qsp for the spout-fluid bed with bed 
height 35 em. Figure 6.15 shows a plot of the solids flow velocity v 
versus the superficial fluidisation gas velocity Vfl that was measured 
in the bed with bed height 20 em. 
Figure 6.14 shows that the circulation rate increases at increasing 
spout gas rate when the rates of both spout and fluidisation gas are 
low. This might perhaps be explained as follows: Increasing the spout 
gas rate results in a higher gas velocity in the spout channel region 
and therefore in a higher circulation rate of the bed solids. 
Increasing the local gas velocity in the spout channel thus means 
increasing the circulation rate of the bed solids as long as the gas 
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Figure 6.14A. SoLids f1ow veLocity obtained from measured histograms 

as a fwwtion of the spout gas f1ow rate. 
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FigUT'e 6.14B. Bed height= 35 am, Vfi 6.3 (JI71/s. 

Data from 3rd aolurrm of table 6-IV. 

9 

0-+------~------~------~------~------~-
4 5 6 7 8 9 

Qsp (.R./s) 

Figure 6.14C. Bed height= 35 am, V fi = 8.4 (JI71/s. 

181 



( cm/s) 

v 

20 

15 

10 

5 

,e--, 
/ ' 

I ' I ~ 
I ', 

I \ 
I \ 

I ' ' I ' G 
I 

......... __ 
0 

0 

Data fPOm 4th column of table 6-IV. 

0-+------~------~------~-------p------~ 
4 5 6 7 8 9 

Qsp (t/s) 

6.14D. SoZide flow velocity obtained from measured histograms 

as a function of the spout gas flow rate. 

Bed height= 35 em, VfZ = 10.5 cm/s. 

182 



( cm/s) 

v 
6 

5 

4 

3 

2 

1 

0 5 

Data from 1st row of table 6-V. 

10 15 20 25 

V fl ( cm/s) 

Figure 6.15A. Solids flow velocity obtained from measured histograms 

as a function of the superficial fluidisation gas 

velocity. 

7 

(cm/s}
6 

v 
5 

4 

3 

2 

1 

0 

0 

Bed height = 20 em, Q = 4.53 .Q,/s. 
sp 

5 

Figure 6.15B. 

Data from 2nd row of table 6-V. 

10 15 20 

V fl ( cm/s) 

Bed height= 20 em, Q = 6.34 ~/s. sp 

183 

25 



9 

8 

7 

(cm/s) 
6 

v ' a 
" 5 

...... 

""" 
0 

" 4 ' 0 ...... 
...... ...... 

3 
..... 

"" ... Q 
(;) ............ 0 ..... 

2 ---
1 Data from 3rd row of table 6-V. 

0 

0 5 10 15 20 25 

v fl (cm/s) 

Figure 6.15C. Solids flow velocity obtained from measured histograms 

as a function of the superficial fZuidisation gas 

velocity. 

Bed height = 20 em, Qsp = 8.15 ''9-/s. 

184 



t l 
A B 

Figure 6.16. Saheme of a spout-fluid bed ~ith a ]luatuating spout 

ahannel {A) and a region ~ith large bubbles (B) in the 

aenter of the bed. 

Case A for relatively l~ values of Q and V m· 
sp J" 

Case B for relatively high values of Q and V m· 
sp J" 

velocity in the spout channel region is low. 
The gas velocity in the spout channel increases when either the spout 
gas rate or the fluidisation gas rate _is increased. 
When the spout and fluidisation gas flow rates are increased beyond 
the values that correspond to the maxima of the downward solids flow 
velocity that are shown in figure 6.14, the circulation rate seems to 
decrease. This might be caused by relatively large bubbles that ascend 
from the spout orifice to the top of the bed under these conditions. 
Large bubbles have only few bridges from which bed material flows into 
the upward gas flow in the central region of the bed (figure 6.16). 
The occurrence of large bubbles also diminish the volume of the annulus 
region. Large bubbles therefore interfere with the downward solids 
flow in the annulus and slow it down. The .formation of large bubbles 
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therefore might result in a lower solids circulation rate. 
It is to be ~oted that-at high values of the gas rates the intro­
duction of both spout ga~ and fluidisation gas results in the form­
ation of large bubbles. In the top section of the bed it is then no 
longer possible to distinguish between the gas that originated from 
the spout orifice and gas that originated from the sieve plate. 

A relationship was found to exist between the rate of dispersion and 
the downward flow of the solids in the spout-fluid bed. This relat)on-
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Figu:Pe 6.1?A. DiapePsion c:oeffiaient as a' function of the solids 

flow veloaity (H 20 am and 35 am). 
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ship is shown in figure 6.17 which is a plot of the dispersion coef­
ficient E versus the solids flow velocity v. 
The dispersion is related to the solids flow velocity by a power 
function. The power of the function is found to be equal to 1.65 for a 
bed height H 35 em while a power equal to 1.9 resulted from the best 
fit for H = 20 em. 
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6 . 4. Cone 1 us i ons 

-Because of the short.circulation times in spout-fluid beds in the 
fluctuating spouted bed regime the mixing behaviour in these. beds 

. can ~est be investigat~d by measuring the circulation time dis-
tribution of a single tracer particle, rather than by measuring 
the response of a pulse injection of an amount of tracer material. 

-The technique of measuring the circulation behaviour of the bed 
material by means of a tracer particle with a high magnetic per­
meability requires relatively inexpensive and relatively simple 
equipment for the detection of the particle. 
This technique has the. disadvantage that it is very dtfficult to 
produce a particle with high m~gnetic permeability tn~t has;.a 
density that is comparable to ~hat of the bed particles or to the 
bulk density of the bed. 

-Bed solids that are present in .. a bed in the fluctuati~g spo~ted 
bed regime•under~o a much hi~her rate of mixing than the.solids 
that are present. in a bed that is being operated in the stable 
spouted bed regime and at the. same rates of spout and 'fluidisation 
gas. 

-It was found that the dispersion model of a spout~fluid bed which 
assumes the exister.1ce of a series of particle trajectories of 
different length is able to p_rovide a rough description of the 
circulation flow rate distribution of the bed solids in a fluctuating 
spouted bed. 

-The rate of solids circulation in the fluctuating spout-fluid beds 
increases with increasing bed height. This rate also increases at 
increasing spout and fluidisation gas flow rates when these gas 
rates are 1 ow. 

-Relatively high values of the spout and fluidisation gas rates do not 
result in a high circulation rate because of limitations which are 
due to the formation of large bubbles in the bed. 
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List of symbols 

R 

0 

dispersion coefficient 
bed height 
fluidisation gas flow rate 
spout gas flow rate 
Peclet number that applies to the trajectory 
along the bed wall 
bed radius 
downward solids flow velocity 
superficial fluidisation gas velocity 
mean circulation time 
standard deviation of the circulation time 
residence time of the bed material in the 
trajectory a 1 ong the bed wa 11 
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STELLINGEN 

1. De maximale hoogte van een nog te spouten bed is een grootheid, 
die onvoldoende eenduidig bepaald kan worden. Deze grootheid kan 
daarom beter niet betrokken worden bij een analyse van het gedrag 
van een spouted bed. 

Mamuro, T., Hattori, H.~ J.Chem.Eng.Japan !:_, 1 (1968) 

N. et at.~ Can.J.Chem.Eng. !!.§_;, 436 (1978) 

Grbavcic, Z.B. et at., Can.J.Chem.Eng. 54~ 33 (1976) 

2. De drukverdeling in een spout-fluid bed met een stabiel spoutkanaal 
hangt grotendeels af van de condities, die geschapen worden op de 
grens tussen het spoutkanaal en de annulus alsmede in de onmiddellijke 
nabijheid van die grens. 

Dit proefschrift~ hoofdstuk 4 

Mamuro~ T.~ Hattori~ H.~ J.Chem.Eng.Japan 1 (1968) 

Yokogawa, A. et al., Trans.Jap.Soc.Mech.Eng. 38, 148 (1972) 

3. Het gebruik van een tracerdeeltje met een hoge magnetische permea­
biliteit voor circulatietijdmetingen is te verkiezen boven het gebruik 
van een magnetisch tracerdeeltje. 

Mann, U., Crosby, E.J., Can.J.Chem.Eng. ~ 579 (1975) 

Dit proefschrift, hoofdstuk 6 

4. De vorming van een of meer bellen in het zoggebied van een grotere op­
stijgende bel onder omstandigheden waarbij een bellentrein in het 
centrum van het bed overgaat in een fluctuerend spoutkanaal, verklaart, 
dat verschillende auteurs onder ruwweg dezelfde bedomstandigheden 
verschillende belfrequenties meten. 

Rowe, P.N. et al., Trans.Inst.Chem.Eng. 194 (1979) 

Harrison, D., Lueng, L.S., Trans.Inst.Chem.Eng. 39, 407 (1961) 

Payne~ G.J., Prince, R., Tz>ans.Inst.Chem.Eng. 209 (1975) 

Dit proefschrift, hoofdstuk 2 



5. De door Tsubaki en Jimbo gevonden relatie tussen de adhesie tussen 
poederdeeltjes en de grootte van de voordruk in een poederstapeling 
berust niet op experimenten, maar op het veronderstelde zuiver 
theoretische verband tussen de adhesiekrachten in, en de porositeit 
en cohesie van een poederstapeling. 

Tsubaki, J., Jimbo, G., Intern.Symp. EFChE., Eindhoven, August 

29-31, 1983, EFChE Publication Series no. 28. 

6. Het weergeven van resultaten van warmteoverdrachtsexperimenten in 
gefluidiseerde bedden in de vorm van correlaties is niet zinvol zolang 

het stromingsgedrag van het poeder aan het warmteoverdragend oppervlak 
niet afdoende beschreven kan worden. 

Gupta, S.N. et al., Chem.Eng.Sci. 839 (1974) 

Gutfinger, C., Abuaf, N., Heat transfer in fiuidisedbeds, in: 

Advances in Heat Transfer, Vol.10, 1974, Ac.Press, New York, 

p.167-214. 

7. Het verdient aanbeveling bij de analyse van de energie-degradatie bij 
voorgestelde thermodynamische processen gebruik te maken van het 
exergiebegrip, daar dit begrip het mogelijk maakt op aanschouwelijke 
wijze met de tweede hoofdwet van de thermodynamica te werken. 
Discussies over voorgestelde processen zullen daardoor meer inhoud 
kri j gen. 

van Lier, J.J.C., Brennst.-Wa~-Kraft 30, 475 (1978) 

8. De huidige methode ter berekening van de kWh-prijs mag niet zonder meer 
toegepast worden op de grootschalige electriciteitsopwekking zoals die 
met behulp van windturbines in de toekomst plaats zou kunnen vinden. 

Halberg, N., Electrotechniek 61, 250 (1983) 

9. Het afremmen van de ontwikkeling van commerciele kolenvergassings­
systemen wanneer de brandstofprijzen relatief lager worden getuigt van 
een grote kortzichtigheid. Het gevolg hiervan zal zijn, dat bij het 



weer stijgen van de brandstofprijzen of bij het steeds verder toe­
nemen van de milieuhinder door kolenstokers, de benodigde tijd zal 
ontbreken om de research uit te voeren die nodig is om de dan 
noodzakelijk geworden beslissingen te nemen omtrent de optimalisatie 
van de Nederlandse energievoorziening. 

10. De door de Minister van Onderwijs en Wetenschappen voorgenomen 
wijziging van de naam "Technische Hogeschool" in "Universiteit" 
miskent zowel het wezen van de universiteit als dat van de 
Technische Hogeschool. 




