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1 Introduction

The theory of functions plays an important role in the classical theory of harmonic analysis.
Because of this certain function spaces, the Hardy spaces, denoted by H?, have been studied
extensively on R" (see [AuR], [CoW], [Ste| and the references therein for details). When
p > 1 the spaces H? and L, are essentially the same. When p < 1, however, the space
H? is much better adapted to problems arising in the theory of Fourier series, PDE etc.
In this note we discuss the characterization of Hardy spaces on Lie groups of polynomial
growth.

Let G be a connected Lie group with Lie algebra g. One can associate with each
fixed algebraic basis aq,...,as of g a subelliptic distance (g,h) — d'(g;h). For all i €
{1,2,...,d'}, let A; = dL(a;) denote the generator of left translations in the direction a;.
This distance has the characterization

d'(g:h) = sup{[v(g) — P(h)| : ¥ € CZ(G), Z (AP <1},

(cf. [Rob], Lemma IV.2.3). Let g — |g| = d'(g;€), where e is the identity element of G,
denote the corresponding modulus. Moreover, denote by |B(g;r)| the Haar measure of
the subelliptic ball B(g;r) ={h € G : |gh™*| < r} and set V(r) = |B(e;r)|. We assume
throughout that G has polynomial growth, and is not compact, i.e., one has bounds

P < V(r) < er?

for some ¢ > 0 and integer D > 1, uniformly for all » > 1. These bounds automatically
imply that G is unimodular and that V(r) = |B(g;r)| is independent of g. For all j € N
let g’ denote the span of the multiple commutators of order less than or equal to j in the
basis elements ay,...,ap. Then g) C ... C g, = g, where 7 is the rank of the algebraic
basis. This gives a corresponding direct sum decomposition g = V/ @ ... @ V! of the Lie
algebra. The local dimension D’ is defined as

D'=Y " jdim(V})
j=1

Then V(r) < "’ for all 0 < r < 1 (see, for example, [NSW], Theorem 1).

It is easy to verify that the Lie group G with the distance d'( - ; - ) and bi-invariant Haar
measure dg is a space of homogeneous type in the sense of Coifman and Weiss [CoW]. The
measure has the doubling property. More specifically, there exists a ¢ > 0 such that

V(Ar) < eXPV(r)

for all 7 > 0 and A > 1 where D = max(D, D’).
Consider the second order subelliptic operator H = — Zf =1 CijAiAj, where C' = (c;j)
is a d’ x d’ matrix of complex coefficients. Assume

27N C+C*) >l (1)

for some 1 > 0. Then it follows from [EIR2] that the closure of the subelliptic operator H
generates a holomorphic contraction semigroup S which has a smooth kernel K. Moreover
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there exist a,b > 0, such that

[Ku(g)l + Y #2I(A)(9)] < aV(e) e ol (2)

i=1

for all £ > 0 and all g € G (see [DER] for details or [Dun] for a simpler derivation).

The operator H gives rise to various natural notions of Hardy space on G. First, for
each tempered distribution ¢ over GG one can define S;p pointwise by convolution with the
kernel Ky, i.e., Syp = K * . Secondly, for all & > 0 one may define the (nontangential)
maximal function ¢, 5: G — [0, 0o] by

Pou(9) = sup [(Sep) (h)|
{(h,t)EG % (0,00) : |gh—1|<atl/2}

For simplicity we set p}; = ¢] . Thirdly, for all p € (0, 0o) one defines the maximal Hardy
space Hi.. (G) = {¢: ¢} € Ly(G) } with norm [[o[lmr ) = €% lp-

Similarly if v € (0,1) then one may define the fractional power H” of H by various
standard algorithms (see, for example, [Yos]). Then H” generates a holomorphic contrac-
tion semigroup S” and this semigroup has an L;(G)-kernel K7. But one can extend the
definition of S} to the bounded tempered distributions ¢ over G (see [Ste], page 89) and
for all v > 0 define ¢, y.: G — [0, 00] by

Pt (9) = sup (57 @) (h)]
{(h,t)EGx(0,00) : |gh—|<atl/(2M}
We set @3, = @] v Then define HY, 1, (G) = {¢: ¢, € Ly(G)} with lellme,, @ =
¢ |l for all p € (0, 00).
Next we introduce the atomic Hardy spaces. If p € (0, 00) then a function a is defined
to be a p-atom if the following three conditions are valid.

1. The support of a is contained in a ball B(gg ;7).
ii. |a] < (V(r))~? almost everywhere.
iii.  [dga(g) =0.

Then we define the atomic Hardy space HE  (G), for all p € (0,00), to be the space

of tempered distributions ¢ admitting an atomic decomposition ¢ = Z;io Ajaj, where the

aj are p-atoms and » 2 [A;[P < oo. The norm || - ||, atom is then defined by
. > 1/p
[ llpatom = inf (3 1)
=0

where the infimum is over all possible atomic decompositions. (In fact these definitions are
only appropriate if p > D/(D + 1) and the definition of the atoms has to be modified for
smaller p [Ste]).

Finally we need some information on spaces of bounded mean oscillation, BMO-spaces.
Let 1 be a locally integrable function. For any ball B we define 5 = |B|™" [, dg(g).
We say 1 belongs to BMO(G) if there exists a finite constant ¢ such that



‘% / dgl(g) — ¥a] < ¢ 3)

holds for any ball B. Let N(t¢) denote the infimum of all ¢ for which (3) holds. Then we
define the BMO(G) semi-norm by

[¥[lBpo(e) = N(1)
Then (H}

atom(G))* = BMO(G) (See [COW])
Our main result is the following characterization of Hardy spaces with p = 1.

Theorem 1.1 Let p € L1(G). The following statements are equivalent.

I. There exists a vy € 271, 1] such that o € H} (G).

max,HY
II. ped! (G) for ally € [271,1].

max,HY

III. sup,., |Sie| € Li(G).
IV. sup,.,|Sie| € Li(G) for ally € [271,1].
V. peH.L.G).

atom

Moreover, if the coefficients c;; of H are real then the conditions are equivalent to the
following.

IIT'. There exists a v € [271, 1] such that sup,- |S;¢| € L1(G).

The theorem is a natural generalization of results for the Laplacian on R? insofar it
characterizes the atomic Hardy space in terms of the maximal functions associated with
the heat equation and the wave equation. Since the atomic space is defined independently
of the operator H it follows immediately that the various maximal spaces are independent,
up to equivalence, of the choice of H.

It is quite possible that Condition III" of the theorem is equivalent to the other con-
ditions for the general case of complex coefficients. Clearly L, = III’, where L, and III
denote the first and last condition for the fixed value v € [271, 1], respectively. Our proof
that III} 2 = iz is, however, only valid for real coefficients although symmetry of the
coefficients is not necessary.

2 Hardy spaces

The proof of Theorem 1.1 depends on several lemmas. In the sequel we adopt the con-
vention that ¢ denotes a positive constant whose value may change line by line but is
independent of all crucial variables.

For every Borel measurable function ®: G x (0,00) — C define @}, _: G — [0, 0o] by

o (9) = sup |D(h,t)]

a7’y
{(h,t)€EG%(0,00) : [gh~1|<at™}

for all & > 0 and v € (0, 1].



Lemma 2.1 For all p € (0,00) there exists a ¢ > 0 such that
195 1y < 195, 1lp < c(L+a'8)*P7| @,
for all 0 < a < 8 < o0, v € (0,1] and Borel measurable functions ®: G x (0,00) — C.

Proof First if 0 < a < 3 < oo then |[®F_ |, < [|®F [, by definition.
Secondly, by the Hardy-Littlewood maximal function theorem there exists a ¢; > 0
such that

[Mur(o)ll2 < allell
for all ¢ € Ly(G). Moreover, let co > 1 be as in the volume doubling property, i.e.,
V(Ar) < e APV (r)

forall A >1 and r > 0.
Let o, B € (0,00), v € (0,1] and ®: G x (0, 00) — C Borel measurable. Define &*: G —
[0, 00] by

ok ot” 2D/p
v =, s 120007 ar)
Then
o (9) = sup |®(h,t)] <%>2D/p _ <%>2D/P(I)Z )
{(h,t): |gh=1|<pt7} 1+a71p 1+a1p oy

for all g € G. So @5 < (1+ a13)2P/®** and 1951l < (1+ a1 53)2D/e||oxx|,.
Let g,h € G and t € (0,00). Then [®(h,t)| < @7, (k) for all k € B(h;at”). Moreover,
B(h;at?) C B(g;|gh™' + at). Therefore

1
O(h, )P < / dk (7 _(k))*/>
|@(h, )] V00t S (@7, (k)

V(jgh™'| + at?)

< Vial) My ((®,.,)")(9)
lgh™Y + at'\D .

< C2<T> MHL(((I)a,y)p/z)(g)
Hence

()% < caMur((®},,)7"?)
Then

*ok 2 * 2 2 *
19711y < &7 IMac (@573 < & &7 195, 1,

Combining these estimates completes the proof of the lemma. a

As a consequence of Lemma 2.1 one obtains many implications in Theorem 1.1.

Lemma22 I, = II = I, = Ip

4 4
m & IV = I, = I,

for all v € 271, 1].



Proof Note that all the implications in the lemma are valid for complex coefficients.
The implications L, = 11T}, IT = 1, IV = Il and IV = III are trivial.
The relation between the semigroups S” and S is given by

57— / ds 1 (5) S,
0

where 1] is a positive smooth function with the scaling property p; (s) = t=/7u] (st=/7)
for all s,t > 0 (see, for example, [Rob] Section I1.5). Therefore one calculates that

(S7o)(h)] < / " ds 13(5) [(Synmo) ()] < / " 5 13(5) @ sra 5 (9)

for all g,h € G and t > 0 with |hg™!| < ¢}/ Therefore

P (9) < / ds 111 (8) 5172, 15 (9)
0
for all g € G. Hence
Il < [ ds i) 5
0

and, by Lemma 2.1,

el <e / ds 161(s) (1 + 57222 o]
0

max, H

But ~
| dsmo st < oo
0

by the sixth property of the ] given in [Rob] Section IL.5. This establishes that I; = I,.
Hence one also has I; = II.

Using the identity HY/2 = (H?)Y/®Y, a similar argument establishes that L, = I
Then the first row of implications has been proved. The proof of the second row is slightly
easier. O

Therefore, in order to prove the first statement of Theorem 1.1 it suffices to prove
Lijp = V = III = I;. The hardest proof is the first implication, on which we first
concentrate. It needs a lot of preparation. Let P be the holomorphic contraction semigroup
generated by H'/2.

If p € Lo(G) then as in [AuR], one has

d dt
| asi@ew =1 [ [T LS T@Ew (o e 0) @
for all ¢ € C.(G). By [CMS] Theorem 1 and Proposition 4 there is a ¢ > 0 such that
dgdt
[ B0 vnl < [ dg(AB)o) €O)(o)
G'x(0,00) G

for all Borel measurable ®, V: G x (0, 00) — C with A® € L; and CV € L, where for all
Borel measurable ®: G x (0, 00) — C we define A®,CP: G — [0, 00| by

o) = ([ g eeor)”
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and

dhdt 1/2
q) _ 2
o)) = (7 [ S wmoR)”

B>g

W1th I'(g) = {(h,t) € G x (0,00) : |gh~!| < t} and for any ball B the set B = {(h,t) €
x (0, ) :d'(h, B¢) >t} is the tent over B. Hence

-sup<sup‘B|/dhdt t(O P ()| )1/2 (5)

geG \ B3g

for all ¢ € Ly(G) and ¢ € C.(G). We estimate both factors on the right hand side.
A key ingredient are the following Poisson bounds for the kernel p of P, together with
its derivative.

Lemma 2.3 There exists a ¢ > 0 such that
t|(Ope) ()] + Ipe(g) < ¢

forallt >0 and g € G.

t
(t+1g) V(e +1gl)

Proof By the subordination formula

1 o e
.Pt = ﬁ/o dse °s 1/25% (6)
one deduces that

pe P
< -—F due 1 —3/2 K,
\pt<g>|_2ﬁ/0 we B K )
< Ct/ duu—3/2e‘%1/(u)—l/2e—b$
0

o0 t o0
< ct/ duu=2e Y (u) V2 = c—/ ds s 3275y (sr2) 712
0 0

.
where 72 = t? + |g|*>. By the doubling property one has

V(sr?) 2 < eVt (157D (7)
Therefore

t [ _ ;
pe(g)] < C—/ ds s 32 sy (r) 121 4+ s Y2 < ¢
[pe(9)] < e i ()% ) VT

forallt >0 and g € G.
The bound on the derivative follows from the identity
t3

Hom)(o) = plo) = 1 [ due T Kofg)
0

which is also valid for all ¢ > 0 and g € G. O

The next lemma is a Lie group version of a standard estimate in R%. Using the Poisson
kernel bounds of Lemma 2.3 we can estimate the second factor on the right hand side
of (5).



Lemma 2.4 There exists a ¢ > 0, such that for every ball B in G

1 dh dt 1/2
(7 [ S HopomF) " < cllelimo

for all ¢ € BMO(G).

Proof Set (5} = ¢ — p2p, where 2B denotes the ball B(g;2r) if B = B(g;r). Since
0; P, anhilates the constants one has

(5 [ S w@remr)” = (5 [ 25 pomvmwp)
= (%/g@ |t(at3(¢{3}123))(h)\2)1/2

1 [ dhdt 12
* <_/ Ly Lem))()F) = L+ 1o
Bl Jg t

Next, H is injective and is maximal accretive. Therefore H has an H.,-holomorphic calcu-
lus by [ADM], Theorem G. Hence H has square integral inequalities by [Mcl], Section 8,
and one estimates that

1 ° dt 1/2 1 1/2
n< (g [ Fhorwets)B) (g [ dmlmmr) < clelo

The third inequality is the John—Nirenberg inequality (see, for example, [Ste] Section IV.1.3).
To estimate I, we use Lemma 2.3 and the volume doubling property to deduce that

t sy (F)]
It<8tﬂ(¢{3}l<23>c>)(h)‘ = C/(2 . ST |hk—1|){€/}(t—|— k1)

I
o

NN

/ p tlisy (k)|
ontip\ong  (t+ [WETH) V(E+ [hETY)

t
<c 2”7’ _1/ dk k
B A AL T
N t
< c— — < o2 '
— C’f’ nz:; 2n||90||BMO ~ CTHQOHBMO
Thus
h<ce(r; /dhdt 2 liellsmo < el
cl — Z
*="\IB| /5 2 ¢liBmMo = cll¥@]BMO
and Lemma 2.4 is proved. -

Next we turn to the first factor on the right hand side of (5).

For every bounded tempered distribution ¢ over G define Py € C*(G x (0,00)) by
(Pp)(g,t) = (Pip)(g) (see [Ste], page 90.) For all @ > 0, 0 < ¢ < R < oo and each
bounded tempered distribution ¢ over G define A,p, A5Tp: G — [0, 00| by

1/2

Ao = ([ g ePomor)”
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and
Ao = ([, fomeramor)”

where (V®)(g,1) = (V®)(g,1), (0:2)(g.1)).
La(g) = {(h,t) € G x (0,00) : |gh™"| < at}
and T'%%(g) is the truncated cone defined by
I3%g) = {(h,t) € G x (e, R) : |gh™'| < at} .
Since [(0:Pip)(g9)| < [(VPy)(g,t)| for every bounded tempered distribution ¢ one deduces

that
dh dt

Las( [ i aramr) " < 1 0

for every bounded tempered distribution (. So the first factor on the right hand side of
(5) is bounded by ||A1¢]]1.

Lemma 2.5 For all o < 1 there exists a ¢ > 0 such that
ASo < (14 |1og(R/e)]) e
forall o € Ly and 0 < e < R < 0.

Proof The proof is similar to the proof of Lemma 7 in [AuR], but now using the Cac-
cioppoli inequality in [EIR1]. O

The next lemma uses ideas from [AuR] and [CMS]. In particular it is a Lie group
version of Proposition 8 in [AuR] and the proof follows closely the arguments of [AuR]
Lemmas 9 and 10 which in turn are based on arguments of [CMS].

Lemma 2.6 There exists a ¢ > 0 such that

Il < cligllm

1/2

for all ¢ € Hr;aX’Hl/Q

(@).

Proof The proof relies on Lemma 2.5 and a ‘good A’ inequality. We shall prove the
following statement.

There exists a ¢ > 0 such that
{g € G : (A7 50)(9) > 2X and s < YAH < v’{g € G = (AT 50)(9) > A} (9)

forall0 <7 <1,A>0,0<e<R<ooand p € H! N Ly(G).

ax,H1/2



Define O ={g € G : (Al/Qap)( g) > A}. Let O = J,2, Oy be a Whitney decomposition
of O, such that O, C O but 30, N O° # () for all k. Since {g € G : (A1/20g0)( ) >2\} C
{geqG: (Al/Qgp)( g) > A} it is enough to show that

{g € O : ( ?/@09@(9) > 2\ and SO*Hl/z <A} < 072‘Ok| . (10)

From now on fix k£ and denote by r the radius of Oy.
If g € Oy then (AE%(IOT’E)’RQO)(g) < A Indeed, pick g, € 30, N O°. Let h €

FT}Z’S(lor’E)’R(g). Then |gh™!| < ¢/20 and t > max(10r, €). Hence one has |g,h™!| < t/2 and

he Fr1r>a2X(10T,€)’R(gk)‘ Therefore

(AT ") (9) < (AT o) (ge) < (ATjae)(gk) < A

If ¢ > 107 then (10) is obviously valid.
If ¢ < 107, using (Ai’/gogp)(g) < (Ai/lzoorap)( )+ (Ai%oRgo)(g), it remains to prove that

{g € 0N Q:i(g) > A} < y’|Ol, (11)

where I(g) = (A7750¢)(9) and Q = {g € G : ¢}1,(9) < 7A}.
To prove (11) we only need to prove

| dgitgr < e?¥onl (12
OrLNY
If € > 5r, then by Lemma 2.5
/ dgl(g)? < ¢ / dg (iys(9))* < A2|0, N )
OrNQ OrNQ

If € < 57 then

/ dgl(g / / [t(VPp)(h,t)|?
0RNQ ORNQ retor

1/20 (9)

< / dhdtt|(VPy)(h,t)?

where R = {(h,t) € G x (&,107) : d'(h; O, N Q) < t/20}.
If 41 is the smallest eigenvalue of the real part of C' = (¢;;) then

/ dh dtt|(VPe)(h, )2 < i~ Re / dh dtt(BYPo)(h,t) - (VP) (1)

where B is the (d' + 1) x (d’ + 1) block diagonal matrix with components C' and I. Since
Py satisfies the equation V - BV Py = 0 we may integrate by parts and deduce that

/ dhdtH(BYPo)(h,t) - (VPp) (1)

— /R dhdt (0,Pyp)(h) (Pip)(h) + /8 Rdo(h,t)t(BVPcp)(h,t)-N(h,t)w :

10



where N (h,t) is the unit normal vector outward R and do is the surface measure over OR.
Moreover, integrating by parts again gives

Re / dhdt (9Pp)(h) (Peg) () =274 [ do(h, 1) |(Pp) (W (N (k1) - 0,....,0,1))
R

OR

Finally,

/ dh dt t|(VP)(h,t)]? < ¢ / do(h, ) |(Prp)(h)|?
R OR

+e [ do(h,t)t|(Pp)(h)] [(VPp)(h,1)|
OR

Since |(Pyp)(h)| < Ay for all (h,t) € OR we find

| o) <897 [ dont) <exty?ioy

R R

The last estimate follows by a crude estimate of the surface area of the truncated cone R
since r is the radius of O,. Moreover,

/8 ) do(h,t) t|(Pup)(h)| |(VPp)(h, t)]
<o [ doln (TP 0|

< Ay(/émda(h,t) t2|(vpgo)(h,t)\2)l/2</aRda(h,t))l/Q

1/2 = 2\ /2
< X0 / 4o (h.0)|(VP) (1.1
R

1/2 2\ /2 2.2
< MO ([ do(ht) [(Be)R)) T < X204

R
The penultimate estimate follows from a covering argument and an application of Cac-
cioppoli’s inequality (see [AuR], proof of Lemma 9). Combining these estimates we obtain
(12). Hence we have proved (9).

Then Lemma 2.6 follows by standard reasoning (see, for example, [Ste] Chapter IV).
Again details of an almost identical argument can be found in [AuR]. O

Proof of I = V It follows from (5) and (8) that

S 1 [ dhdt . 1/2
| [ 450 t0)] < cllAvell sup (sup - [ S o)
G geG  B3g ‘B| B 1

<c HSOHH:na @ 1Y llBmoce)

< H1/2

forall p € H! .. .(G) and ¢ € C.(G), where the last step follows from Lemmas 2.6 and
2.4. Hence by duality

]l 2

atom(G)

<cllellm @)

H1/2

11



for all g € Ly(G) N H o (G). Since HY  11/2(G) N La(G) is dense in H  1/(G) the
proof of the implication I, = V in Theorem 1.1 is complete. a

Proof of V = III This is a special case of the following lemma.

Lemma 2.7 Ifp € (D +1)"'D, 1] then HY,

atom

(G) Cc H?

max,H(G) :
Proof Again set o}, = sup,., |Sip| for every tempered distribution ¢. It suffices to prove
that there is a ¢ > 0 such that af; € L,(G) and |la};||, < ¢ uniformly for every p-atom a
on G. (Cf. [Ste], page 107.)

Let a be a p-atom on G. We may, without loss of generality, suppose that suppa C
B(e;r) for some r > 0. Write B* = B(e;2r). Then

For the first term one estimates

/B (az)” < B[ llagll% < [B] lall% <

where ¢ is a constant independent of a.
To estimate the second term one needs a pointwise estimation of aj;. If g € G\ B* and
t > 0 then it follows from (2) that

(S)a)l = | | dnKatan™)al)]
= | [ an (Katan™) = Kilg) )t

<e / dht= V2|V (£)~12 M ()]
G

—1

< et V2V (r) P V() T2 eVl
Setting s™! = |g|*> ¢! one has by (7)

(af)(g) < er V()P gL sup V(s|g|?) /25726t
5>0

<erV(r)' gV (Igl)

Therefore

[ aprze [ dgrver-ia v
G\B* G\B*
<) VEMIr) V(2R v(2ie)
k=1
We now consider two cases.

12



Case 1. If » > 1 then

/ (CLE)p < CZ(QkT)D ,r,D(P—l) Q—Pk (2k7,)—Dp — CZ 2k(D—p—Dp) <ec
G\B* =1 p

where we used p > (D +1)7'D.
Case 2. If 0 < r < 1, let kg be the integer such that 2r=! < 2% < =1 Then

/G\B*(aw = <§: * i W VP 2 V(@) = 1+ L

k=1 k=ko+1

The estimate of I is similar to Case 1 except that D is replaced by the local dimension D'.
Next,

L <c Z (2Fp)P P (p=1) =Pk (Qky)=Dp
k=ko+1

o0
J— — / J— J—
=c E ok(D—p—Dp) .D+D'(p—1)—Dp
k=ko+1

< ¢ 9ko(D=p=Dp) .(D=D")(1=p) < ,p=D'+D'ptp < .

where we used that p > (D + 1)7'D and that p > (D' +1)7'D’".
Combining these estimates one finds ||a};||, < ¢ with ¢ independent of a. This completes
the proofs of Lemma 2.7 and the implication V = III in Theorem 1.1. 0o

Proof of III = I, This is a special case of the following lemma.

Lemma 2.8 If ¢ is a bounded tempered distribution over G and p € (0,00) then ¢§ €
L,(G) if and only if sup,~ |Sip| € L,(G).

Proof The ‘only if’ part is obvious. To prove the converse define p* = sup,.|Sio|.
Then we need to prove that ||} l, < cllo™]],.
Fix N € N with Np > D. Introduce ¢}, A.: G — [0, 00| by

* /2 Nl RN (S,0)(h
Spa(g)_{(h,t)EGX<0,oo>stl\1£1—1|<t1/2<5—1} <m> (el [(See)(h)
and
t1/2 t1/2 N B
M= s () () @D S ®) - (S w)
\gh_l\v|gh’_l\7<t1/2<a_1
for all € > 0.

First we prove that there is a ¢ > 0 such that ||A.[|, < ¢ ||¢%]|, uniformly for all ¢ > 0.
Since the derivatives of the kernel satisfy Gaussian bounds [DER], Lemma V.2.10, there
are b, c; > 0 such that

|h'h™
t1/2

[Kiya(h) = Kija(W)] < ¢4 V(1) e (13)
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for all h,h’ € G and t > 0 with |[W’/h7!| < 2tY/2. Let ¢ > 0. Fix g € G, let h, W € G,
t > 0 and suppose that h # h', [gh™'| < t'/2 < 7' and |gh/~!| < t/2. Then the semigroup
property of S gives

(S60) () = (See) )] < | i |Kyahk™) = Kon(h)(5,20) (1) = Z I

where

I = / dk | Kyya(hk™) = Koo (k)] (Sya0) (R)]
Gn

for all n € Ny with
Go={keG: |k~ <t}

and
Gn,={kec G: 2142 < |hk™Y| < 2"t1/?}

for all n € N. Then it follows from (13) that

/2 -1 17.—1 —b22n
<W ‘>/ dk | Kyja(hk™) — Kyp(WE™)| < coe

for all n € Ny, where ¢; = c1e’sup,.q [, dlV(s)"/2e 7" Next (1 + e|k|)¥ < (1+
elh)N(142")N for all n € N and k € G, since t'/? < 1. Therefore

(\hiﬁq) <t1/tgl/_i 6>N(1 +elh)™

<y (14 2n)N<

tl/2

th2 + ¢

)" sup (1-+ <l 1(Sya) B

<ce (1 + QH)N(I)WH 1/2(9)

where ®: G x (0, 00) — C is defined by

/2 \N
@(k,5) = (Sup) (k) (L+ k)™ (772 Loa(es™)

Hence

A(g) < Z e (14 2N DG, 1/2(9)

n=0
Therefore
1A, < e e (14 2V (|[@5ns1 1 ollp < cl|®F 1 jally = ¢ l10E (14)
n=0

by Lemma 2.1. The value of ¢ is independent of ¢.

Now we are ready to prove that ||}, < cll¢™|,-

Set B = 2'/Pc where ¢ > 0 is as in (14) and assume ¢+ € L,. Then since (Sy¢)(y) =
Jradz Kija(y 5 2)(Si/29)(2) and K satisfies Gaussian bounds one verifies that ¢f € L,.
Next define

Ge={9€G:A(g) < Byl(9)}

14



Then one has

/ dgp:(g)’ < ﬁ/ dg A(g)" < 5/ dg ¢z (g)”
G¢ G¢ G
In particular

/G dg Z(g)? < / dg Z(g)?
and

/G dg o (g)? < 2 / dgo* ()" (15)

€

Now fix g € G.. Since ¢! € L, we may assume that ¢*(g) < co. Then there exist h € G
and ¢ > 0 such that |gh™!| < t¥/2 < 1/e and

tl/2

(rz) (L el (i) ()] = 27t(g) (15)

Therefore for all k € G with |kg~!| < t!/2 one has

1/2 1/2 N
e () ) S — (S

1/2 N
< Au(9) < Byil9) < 2B(5—) (14 =lhl) M(Suo)(b)

Hence, 222 |(S10) (k) —(Sue) ()] < 2B|(Sye) (1) Tt follows that |(S,e) (k)] > 27[(S,0) ()

for all k € Q = {k: |[kg™'| < t'/? and |kh~Y| < %}. Therefore, for all k£ € Q2 one has

/2 N
() ()] 227 (G72) (L elR) N (Si) ()] 2 472(9)

by (16).
Next define

My(9) = s (@ /Q dh@*(h)q>1/q

where ¢ = 27 !p. Then

1
M,(g)? > ———— dk o™ (k)?
A9 2 gy [, et ®

1
> - dk (S k)4
> v |, o LS

o) 141/2
> e = CE )y = it

by the volume doubling property. Using (15) one immediately deduces that

/Gdggo:(g)p < 2/ dg % (g)" < c/Gdqu(gV < c/ dg ™ (9)"

G

€
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where ¢ is independent of . Letting ¢ — 0 yields ||¢*||, < ¢|l¢™]||, by the monotone
convergence theorem. OO

At this stage we have established the first statement of Theorem 1.1. Lemma 2.2 also
establishes that the first five conditions of the theorem imply Condition III'. Therefore to
complete the proof of the theorem it suffices to prove that III} jo = 1,2 for operators with
real coefficients. From now on the coefficients c;; are real and all functions are real valued.
For this we follow an argument of [Lu] based on the mean value theorem.

Proposition 2.9 Suppose that D' < D. Let

d/

i,j=1

Then for all p > 0 there is a C' > 0 such that

( t) < < 1 / ‘ \p> 1/p
max u(g,t) <c| —=——=— U .
@nenp) 1B(20)| JB2p)

for all p € (0,00) and any non-negative subsolution u of Lu = 0 in a ball B(9p) C G x R.

Proof Let p € (0,00) and u a non-negative subsolution of Lu = 0 in a ball B(9p) C GxR.
For all p > 0 and r € (0,9p) define

1 1/p
= g — p d - t
o(p,r) (\B(r)\ - [ul ) an (00, r) (g7mt)g§(r)u(g, )

Hence we need to prove that there is a ¢ > 0, independent of p and u, such that

p(00, p) < cp(p, 2p)

We first prove that
(00, 1) <A™ PHPo(p, (14 N)r) (17)

uniformly for all p € [2,00), p, u, 7 € (0,2p] and A € (0,1].
Let Vu = (Aju, ..., Agu, Ou) and

d d
M = (Z cleju, ooy Z cd/jAju, 8tu)
j=1 j=1
Then one easily finds Vu - M > p|Vul? and M| < a|Vu|, where a = max;  |c;;| and pu is
the ellipticity constant.
Next let ¢ > 1, r € (0,4p] and & € C°(B(2r)) with £ > 0. Set ¢ = £2u?. Then
Vi = q&2ut'Vu + 26 u VE

Since u is a subsolution one has |[ B(op) V1 - M < 0. Therefore
q/ 52-uq_17u-M—|—2/ EuIVE-M <0
B(2r) B(2r)
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Then
/ Eui™ |Vl < ,u_l/ Eu'Vu- M
B(2r) B(2r)
2t [ e M
B(2r)
“2pa) " [T (Tl
B(2r)

o N1/2 N 1)2
<2a(ua) ([ @t ) ([ )
B(2r) B(2r)

_ 2a2 _
<3 [ ewr w2 [ e
2 B(2r) H=q” JB(2r)

/ 52 uq—l ‘vu|2 < Cq—2/ uq—i—l ‘v£‘2
B(2r) B(2r)
Set v = ul@/2 Then |Vv|? = 47 (¢ + 1)2 w9 [Vu|?>. Hence

1€V Loy < clg+1) g v IVE I aBey) < dlvIVEl men (18)

Therefore,

since ¢ > 1.
Next we use the Sobolev inequality on G' x R,

/(2v)
|B‘/W ) |B‘/|Vf| ,

where v = (D' + 1)(D’ — 1)~! > 1. Here we use that D’ < D. Then one obtains from the
foregoing estimate

11 =
1€0] Lo, (B(2ry) < cp|B(2r)[22 72 [|[V(vE)]| Ly(B2r))
11, = = 11 =
< cp|B2r)|2 72 |[oVE + £V Ly < cp|B2r)22 72 || v|VE | aBeEy)

where we used (18) in the last step.
Let R € (r,2r], select £ as a cut-off function such that £ = 1 on B(r) and £ = 0 outside
B(R) and |V¢| < ¢(R —r)~!. Then

_ 11
0] Lo By < ¢(R—7) "' [B2r)|2 2 ||v]| Lysr))

or, equivalently,

1 / (g+1) 1/(2v) . 1 N\ 172
ylathv <c(R—r)"'r |u|7*
<|B(7”)| B(r) ) <\B(R)\ B(R) )

Taking the (q+1)/2-th root of both sides one finds

olpvr) < (R =) oo, B) (19)
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with p =¢q+ 1.

Now fix a py € [2,00), A € (0,1] and py € (0,2p], and for all j € {0,1,...} define
p; = por’ and 1; = (1 + 277X\)py. Then it follows by iteration from (19) applied with
p=pj, T =141 and R =r; that

2paly*j
(i1, 7j41) < (C(2 T Ap0)” 12/)0) 2 73)

<< (20NN Eikeor T 9207 Nico DT (0 (1 4 ) o)
for all 7 € N. In the limit j — oo one deduces that
(00, po) < e APV 2o (pg, (14 A)po)
This proves (17). In particular it follows by setting py = 2 that
p(00,1) < cA%(2, (1 + A)r)

for all A € (0,1] and r € (0,2p], where « = (D" +1)/2 > 0.
NowﬁxpE(O 2). Sett—l—p/QE(O 1). Then

P(2,1)’ )‘ ) (s (g, 0777) = el ploe,n)

T | g,t)EB(r)

for all r € (0,9p). Therefore
(00, 1) < e X" %(p, (L+A)r)P2 p(oo, (1 + A)r)*
< A %(p, 20)"% p(o0, (1+ M)’
for all » € (0, p) and A € (0,27!]. Choosing A = 277 with j € N one deduces that

(00, p) < 2%(p, 2p)""* p(o0, (1 + 3)p)!

t
< e20(p, 20" (c4(p,20)" (00, (1 + § + 1)p)')

p/2 Ei;ét azj 1 (k+1)t d k 4
S..S(w(p,?p) ) 2% Lk=ol ( (00, ) 27 p)

k=0

tJ

Sk i
< (cso(p, 2p)"/ 2) O (@(0072/)))

for all j € N. Since ¢ < 1 the last factor tends to 1 if j — oo. Moreover, > .~ ¥ = 2/p.
So (00, p) < cp(p,2p) and the proof of the proposition is complete. O

Proof of III’1/2 = I,2 This is a special case of the next proposition.

Proposition 2.10 There is a ¢ > 0 such that, for any ¢ satisfying sup, |St1/2<p\ € Li(G)
one has p € H! . ,(G) and

1/2
lelm ., <cllsup|S;*¢l |
max, H t>0
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Proof First suppose that D’ < D. Fix p € (0,1). Note that the function u: (g,t) —

(7' ) (g)| is a non-negative subsolution of Lu = 0, where L is as in Proposition 2.9.
Let t > 0 and g € G. Then for all h with |gh™!| <t one has (h,t) € B((g;t);t). Therefore

|(€—tH1/2(p>(h)‘ < c<; /2t ds/ dn’ ‘(6_8H1/290)(h,>|p> v
t1B(g;2t)] Jo B(g;2t)

by Proposition 2.9. Hence

1 & 12
*12 P < / —sH N |p
Fira ) —CS”P7t|B<g;2t>\/O d/ an’ |(e= ") (1)

t>0

< csp gy o SIS R < e sup 151l
>0 |B 9:20)] Jpgaay  s>0 >0
The statement of the proposition follows immediately if D' < D.

Now we consider the case D’ > D. Define G' = H”~P x R? where H is the three-
dimensional Heisenberg group. Let G=GxGq. Choose H=H®I+1®A where A’ is
the full Lapla(nan on G'. Then St Sy ®.S;, and Pt P, ® P/, where P, = S, 1/2 . Moreover,
choose ¢’ € C*(G') such that ¢’ > 0 and [, dg’ ¢(¢g') = 1. Then [, dg’ (Pt’ap’)( =1

Now let ¢ € Ly(G) and suppose that sup, |Pip| € L1(G). Then

sup (P ® ¢)(g.9)| = sup [(Fep)(9)] - [(F/e) ()] < sup [(Pip)(g)] sup | (Fe)(g)]

It follows that sup,. I(Po®¢)| € Li(G), and (p® @)%, € Li(G) by the first part of

H1l/2
the proof. Therefore,

/G g Gipate) = [ dg s [ df ((Peo)) (P (o)

¢ |gh-t<tJa

< [do [ dg s |(Pep)(h) (Pl (o))

lgh—1|<t

<[ dg s (B )nm)

[(g,9")(h,h)~1|<t

It follows that ¢}, € L1(G), ie., 1111/2 = Iy, for the general case. 0o
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