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Abstract.

Inthe first part of this paper a theory of generalized eigenfunctions is
developed which is based on the theory of generalized functions intro-
duced By De Graaf. For a finite number of commuting self-adjoint operators
the existence of a complete set of simultaneous generalized eigenfunctions
is proved. A major role in the construction of the proof is played by the
commutative multiplicity theory.

The second part is devoted to an Ansatz for a mathematical interpretation
of Dirac's formalism. Instead of employing rigged Hilbert space theory
Dirac's bracket notion is reinterpreted and extended to the generalized
function space TX,A' In this way, the concepts of the Fourier expansion
of kets, of the orthogonality of complete sets of eigenkets and of matrices
of unbounded linear mappings, all in the spirit of Dirac, fit into a

mathematical rigorous theory,

AMS Classifications 46F10, 47A70, 81B0S.
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Preliminaries,

The introduction of a theory of generalized eigenfunctions is closelyrela-
ted to a theory of generalized functions, of course., In [GeVi], ch.I, to this
end the theory of rigged Hilbert spaces is introduced. Here we employ

De Graaf's theory of generalized functions, see [G]. In these prelimina-

ries the main features of this theory will be given,

In a Hilbert space X consider the evolution equation
du

(P-l) ?E_ Au

where A is a positive, unbounded self-adjoint operator. A solution u of

(p.1) is called a trajectory if u satisfies

(p.2.1) Vt>0 s u(t) € X

: e”TAu(t) =u(t + 1) .

(p.2.11) vt>0vr>0 :

We emphasize that lim u(t) does not necessarily exist in X-sense. The
t40
complex vector space of all trajectories is denoted by Tk Al The space
»

Tk A is considered as a space of generalized functions in [G].

*

The analyticity space SX A is defined to be the dense linear subspace of
E4

X consisting of smooth elements of the form e—tAtxumere heXand t >0,

Hence Sx A= U e_tA (X). For each f ¢ SX A’ there exists T > 0 such that
! t>0 ’
TA _
e f e SX,A’ Further, for each F ¢ TX,A we have F(t) ¢ SX,A for all

t >0, SX A is the test function space in De Graaf's theory. In Tx A Ve
b

>

take the topology induced by the seminorms

(p.3) Fw IF(0)Il , F ¢ Tﬁ,A'
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Because of the trajectory property (p.2.ii) of elements in TX,A’ it is
a Frechet space with this topology. In SX,A we take the inductive limit
topology. In [G], a set of seminorms on SX,A is produced which generates
the inductive limit topology.

The pairing between SX,A and Tk,A is defined by
TA
(p.4) <g,F> = (e " g,F(1)) , g ¢ SX,A’ F e Tk,A'

Here (+,+) denotes the inner product in X. Definition (p.4) makes sense
for 1 > 0 sufficiently small. Due to the trajectory property (p.2.ii) it

does not depend on the choice of 7.

The space SX,A is nuclear if and only if A generates a semigroup of Hilbert-
Schmidt operators on X. In this case A has an orthonormal basis (bk) of
eigenvectors with respective eigenvalues Ay, say. Further, for all t > 0

w
the series kzle_xkt: converges. It can be shown that f ¢ SX,A if and only

if there exists t > 0 such that

_ “Ae T
(p.5) (fsvk) = 0(e )
and F ¢ Tk A if and only if for all t > 0

Ag t

(p.6) W F> = 0Ce ) .
Finally we remark that besides these topics in [G] there can also be
found a detailed characterization of continuous linear mappings on these

spaces, the introduction of four topological tensor product spaces, and

four Kernel theorems.



0. Introduction

First I want to give an illustrative example for the general theory of this
paper. Therefore, let SX A be the test function space with X = LZ(IU and
3

2
A =-%( ~-£L§-+ x2 + I) , the Hamiltonian operator of the harmonic oscilla-
dx

tor. This SX,A-space is one of the examples discussed in [G].

It is well~known that the Hermite functions ¢k, k = 0,1,... are the eigen-
functions of A with eigenvalues k + 1. So for each t > 0, the operator
e—tA is Hilbert~Schmidt, and the spaces SX,A and TX,A are nuclear. The

self-adjoint operator §
@H(x) =xf(x) , xe R,

maps SX A continuously into itself, and can be extended to a continuous
’
linear mapping on Tk A? denoted by @, also.
»

The linear functional éx s given by
0

6x0 : f ﬁ'f(xo)

is an eigenfunctional of @ with eigenvalue X The question arises whether
5 € TX A The space Sx A consists of entire analytic functions. So
? 4

X
0
for each f ¢« Sx A f(xo) exists, and can be written as
?

£(x)) = ) (£,4,0¢, (x) .
07 T Lo Y o

Hence Gxo € Tﬁ,A if and only if the series

oo
~(k+1)t
5, (t) = Y e b, (x)¢
Xg k=0 k07 "k
converges in X for all t > 0. Because of the growth properties of l¢k(x0)l

for large k, this is true in this special case.



In this paper only muclear SX A Spaces are considered. This implies that
3

all the operators e“tA, t > 0, have to be Hilbert-Schmidt. So A has an

orthonormal basis of eigenvectors MEAZIERE with respective eigenvalues

o

0 < Ay S A, s . satisfying _ile—lit < = for all t > 0.

=
Let T be a self-adjoint opera;or in X which is continuous on SX,A’ Since
T is self-adjoint, T can always be represented as a multiplication operator
in a countably direct sum of Lz—spaces. For convenience in this introdu;—
tion, we shall consider the special case that 7 is unitarily equivalent
to multiplication by the identity function in Lz(ligﬂ for some finite

Borel measure u. In other words, a unitary operator U : X » LZCR,u)

exists, such that @ = UTU” is given by
(@) x) = x §(x)

on its domain D(Q) = U(D(T)). U maps SX,A continuously onto SY,B’ where
Y = L,(R,u) and B = UAV" .

Put P = ka, k =1,2,... . Then the @k's establish an orthonowmal basis
in Y and they are the eigenvectors of B with eigenvalues Al,kz,... .

Let Xg € o{(T), the spectrum of 7. It is obvious that X5 is a (generalized)
eigenvalue of T if and only if the linear functional Ax0 H f(xo)

is continuous on SY g This continuity condition is equivalent to the

2

condition
®
0.1) t o kzle"‘k%k(xo)q,k eTyg -
Of course, there is a problem here. In general 6(30) has no meaning for
Lz-functions, Formula (0.]) makes sense only, if we can choose a represen—

tant from each equivalence class <9 in a unique way. In case



SY,B c L (R,u) we could employ the lifting theory of Ionescu Tulcea
(see [IT]). But in general SY,B is not contained in L_(R,u).
We shall prove that a unique choice of representants &k in the classes
<q;k>, k=1,2,... , implies a unique choice of representants in all
classes <f> of SY,B’ just by defining

w
0.2)  f:= DAL

Here we take

a ; -1

(0.3) % : x v limq u(Q (x)) 9, du

k h k

h{0 Q. (%)

h

where Qh(x) = [x-h,x+h]. It is clear that Definition (0.3) does not
depend on the choice of $k € <g.>.
The general case that T is equivalent to multiplication by the identity

function in a countably direct sum of L _~spaces can be dealt with similarly.

2

In section 1 we shall show the existence of generalized eigenfunctions

for a continuous self-adjoint operator T on SX,A' In section 2 excerpts

of the commutative multiplicity theory are given. For this theory we

refer to Nelson ([N]) and Brown ([Br]). The main theorem in section 3
states that we can a priori remove a set of measure zero N out of the
spectrum o{(7) of T such, that for all points in o(7)\N with multiplicity
m, 0 < m < =, there exist precisely m independent generalized eigenfunc-
tions. Section 4 is devoted to a sketchy proof of the result that in an
adapted form the conclusions of section 3 remain valid for am n-tuple of
commuting self-adjoint operators. Finally, in section 5 an Ansatz is given

for a mathematical interpretation of Dirac's formalism.



1. The existence of generalized eigenfunctions

In the sequel A will denote a positive self-adjoint operator in X which
generates a semigroup of Hilbert-Schmidt operators. So A has an ortho-
normal basis of eigenvectors MEAIERE with respective eigenvalues

oo

Apshgsees satisfying ’z]emxit < » for all t > O, Further, 7 will denote
a self-adjoint operat;; in X, which maps SX,A continuously into itself.
The spectral resolution of T is denoted by (HA)A(B'
For § ¢ X, the subspace X6 of X is defined to be the closure of the linear
span of the set {H(A)§]| A c R a Borel set}. Here H(A) denotes the spec-
tral projection J dHA .

A
(1.1) Lemma

The subspace X6 of X is unitarily equivalent to LZCR’pﬁ)’ where pﬁ denotes

the positive, finite Borel measure (Hxé’ﬂ)xemf

Proof

The proof will be sketchy. A detailed proof can be found in [Br].

, (n) (n)
Let g ¢ Xﬁ' Then there exist sequences (aj )jeli and (Aj )jeli such
that
Ia
) lim g - § %‘“H(A;“))ﬁu -0 .

e j=1

So we may conclude that the finite series

jn

y agn) H(Agn)é s ne N,

‘31 ] J

3

b

: S (), (n)

are uniformly bounded. Then ¢ = lim X a., A,
ne j=| J

exists and because of the



completeness of LZ(R’pﬂ)’

2
dp, < =,
J 16?0,

By (*) g can be expressed as g = ¢(T)§ with ligll = Hd»”Lz.

hand, if ¢ € LZ(]R’pﬂ)’ then

jn
¢ =1lim § o™ ™
nre j=] J ]

with the limit taken in L2-sense. So obviously g = ¢(7){.

The following equivalence holds

9« Xﬂ ° 3¢€L2(1R,p6) P8 =S

The operator U :_X6 - Lz(m,pé),
Ug = U(D)§) = v
is unitary. This completes the proof.
(1.2) Notation‘
P denotes the set of x ¢ R which satisfy
pé(fx—‘e, x+e]) >0
for every ¢ > 0.

For each x ¢ P, define

! Jdeﬂ}(ﬂ

Qh(X)

(1.3) Gt’ﬁ(X) 1= emb{ [pﬂ(Qh(x))]—

On the other



Here emb is the continuous linear mapping from X into T}{ A
>

emb (W) : t»e-tAw s We X,

and Qh(x) the closed interval [x~h, x+h].

Since (vk)keN is an orthonormal basis of eigenvectors of A the Fourier

expansion of Gt h(1() is given by
b}

dH. §,v,)
“Art Qh (X)J’ A k
e

1 Qh(x)f d(H, §,4)

t >0, h>0,

Vk s

0o~18

Gt,h(x) = .

By Lemma (1.1) for each k € N there exists 9 € LZ(R")&) such that

J d(Hké’vk) = J «pkdpé , h>0.
Q, (x) Q, )

With the aid of Theorem 10.49 in [WZ] we can prove that the limit

" oy -1
(vk('X) = }11113 pg(Qh(")) J ? doé
Qh(X)

is well defined for almost every x ¢ P and every k ¢ N, and E;k can be

interpreted as a representant of the [
"'»\kt

z-class <0 in the usual way.

Let t > 0. The function ) e ]q;kiz
keN

exists anull set Nt such that for all x ¢ P\Nt

belongs to L] (}R,pﬂ). So there

I Mg 1% = in o (@, 07 [ e g %0, ) -

keW he0 kelN
Q, =)

Put N = U Nl/k’ and let x ¢ P\N. Then N is a null set with respect to
keN



. . . 1
pﬁ. Since for each t > 0 there exists n ¢ N with 0 < Py < t,

]
Ay,
- k
I e g elts T e P lp ]t e,

ke W keN

Define Gt % by

*

Akt -
k"3

(1.4) Gt,x = kzi e k(x)vk , £>0,

Then t » Gt is an element of TX,A'

s

Let h ¢ SX,A’ and put

ﬁ:x» X (h,v)ﬁ:(x)eL(R,p).
KN k' "k 2 4

Then |h(x)| <« for all x ¢ P\N. This can be seen as follows:

- } - }
Rl s (1 M ampl?) (I e @?) <

ke N keN
for t > 0 small encugh.
(1.5) Theorem
For each x ¢ P, h > 0 and t > 0, define
‘ -1
Gt,h(x) 1= emb{pﬂ(Qh(x)) J dHl 6} (t) .

Q, (%)

Then there exists a null set N6 with respect to p6 such that

(i) Gt,x = }];?(1)1 Gt,h(x) exists for all x ¢ P\Né and all t > 0.
(ii) Gx I Gt,x € TX,A and G}c # 0 for all x ¢ P\Né.

(iii) E’Gx = xGx for all x € P\N

‘-



Proof
(1.5.i) Let t > 0, ¢ > 0 and let x ¢ P\N, where N is the null set as

3
. = ~Agt |~ 2 .
defined above. Put Mok ( Y e |¢k(x)[ ) . Fix ky ¢ N so large

k=1
that
e t/2 e(Mx’t + )7 ks ky -
Then
) I MG v il = T TG 0] <
k=k  +1 k=k0+l
-X;, t
< e ko Mi t < 52
Further choose h > 0 so small that both
_] ~
!Dé(Qh(x)) J @kdoﬁ - @k(x)l < € s k = la**-sko >
Qh(x) ’
and
-1 T - 2 2
0 (@, () J (kgoe W gl ) aog < on v 17
Qh(x)
Then K
9 “Agt -1 - -tA
(*%) likz1 e pé(Qh(x)) J (pkdp6 - wk(x) vk!l < ele “X@X
Qh(x)
and
(xx#) I k=k}:+l e~)\ktp6(Qh(x)-l ( J @kdpﬁ)vkliz -
0 Qh(X)
D B loé(Qh(X))-l J ¢k40612 <
k=k . +1
0 Qh(X)

1 2

A

At
e K0 ] Epi(0, 00

2
lo, [“dp, < ¢

Qh(x)



A combination of the estimates (*), (*x) and (**x) gives the result

tAn

rem o, @007 ([ §) @ -0 0 <@ 1T iggy

Qh(X)

for h small enough, where Gt x is defined by (1.4).

:

(1.5.11) If Gx is defined by G, ™ Gt,x’ it is obvious that Gx € TX,A'

Let I‘O be the set of all x ¢ P\N for which Gx = (. We shall show that

I, is a null set with respect to p,. Note first that G_ = 0 implies
P § %

0

i‘)k(x) = 0 for all k ¢ N. Hence I, is a Borel set. Put y = I dEA'S and

0
let k ¢ N. Then I‘O

(Y,Vk) = J d(EA 6,Vk) = J 6kd96 =0 ,

To To

0 and T, is a null set with respect to p6.

Hence vy 0

(1.5.iii) We have to show that fZ’Gx = xGx.

Since T ~ xI is continuous on Tx A
2

(%) (T - xI) lim pé(Qh(x))“I J dH}\d =

h+0 Q. (%)
= lim (T - xI)pﬂ(Qh(x))_l

a4 .
he0 A

Qh(X)

Computing the latter limit, we obtain for every t > 0

. s -Agt -1 (
1
zm{ zoe pé(Qh(x))

d(H 6,(T-xl)v)>v} =
lis [ act, O )%

Qh(X)

. S =Apt -1

1 *‘ ( Jao- )u) -

hig{kzt}e pé(Qh(x)) (- x) tvk(k) d06 Vi
Qh(X)



This expression can be treated as follows.

I

7 '”kt] @Q )~ j(x-n o) d l2<
e 95 Qh P pﬂ <

Qh(X>

< 3 e oo ([ el -

k=0 (x)
Q
- p,(Q (X))-l( I fx - Xlzdp ) <
6 h 4
Qh(X)
< h2 2
< M + 1) for h small enough.

So the limit (*) is null, and (1.5.iii) is proved.

Commutative multiplicity theory

The commutative multiplicity theorem enables us to set up a theory, which
ensures that the notion 'multiplicity of an eigenvalue' also makes sense
for generalized eigenvalues. The so called multiplicity theory which leads
to this theorem is mainly measure theoretical. It is very well described

by Nelson in [Nel, ch. VI, and by Brown in [Br].

(2.1) Definition
Let p be a positive, finite Borel measure on R. Then the support of p,

supp(p), is defined by

supp(p) := {r ¢ R[Vvo : p([r~c,r+e]) > 0} .



(2.2) Lemma

Let p be a positive, finite Borel measure on R. Then the complement

* N .
of supp(p), supp(p) , is a set of measure zero with respect to p.

Proof

For each x € supp(p)*, define the set Qx e T [x=¢,x+¢c] with ¢ > 0O
»
taken so that Q(Qx,e) = 0., Then

*
supp(p) < u
xesupplp

)*QX,G :
Let k ¢ N. The set supp(p)* n [-k,k] is bounded in R. With Besicovitch
covering's Lemma ([WZ], p.185) it follows that there is a countable set

{xl,x ,...1 such that

2

X
supp(p)” n [-k,k]l = U Q .
1=1 xi’el

Hence

*
p(supp(p) n [-k,k]) =0,
Since k ¢ N is arbitrary, supp(p)* itself is a set of measure zero.

There is another charaterization of supp(p).

{(2.3) Lemma

supp(p) is the complement of the largest measurable open set { for which

p(0) = 0.

Proof
Let Supp}(p) denote the complement of the largest measurable open null
set, the set suppl(p) is well defined (see [Bol, p. 16). Suppose

x ¢ Suppl(p). Then there exists ¢ > 0 such that the interval
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[x-e,x+e] ¢ suppl(p)*. S0 p([x-e,x+el) = 0, and x ¢ supp(p).
Conversely, suppose x ¢ supp(p). Then there exists ¢ > 0 such that
p(lx-¢, x+€e]) = 0. This implies that (x~¢,%x+¢e) c supp](p)*.

Hence x ¢ suppl(p), completing the proof.

(2.4) Definition

The Borel measure v is absolutely continuous with respect to the Borel
measure p, notation v << y, if for every Borel set N with p(N) = 0,
also v(N) = 0.

The Borel measures v and p are equivalent, v ~ y, if v << p and p << v,

It is clear that v ~ p implies supp(v) = supp{(u). So it makes semse to
write supp{<v>) meaning the support of each v in the equivalence class

<>,

(2.5) Definition

Iwo equivalent classes <v> and <p> are called mutually disjoint if
v{supp<v> n supp<p>) = u(supp<v> n supp<u>) =0,

If one wants a canonical listing of the eigenvalues of a matrix it is
natural to list all eigenvalues of multiplicity one, two, etc. We need
a way of saying that an operator is of uniform multiplicity one, two, etc.

To this end we introduce

(2.6) Definition

A self-adjoint operator T is said to be of uniform multiplicity m,

I £ms< oo, if 7 is unitarily equivalent to multiplication by the ident-
tity functionm in EZ(R,U) @ ... Lz(m,u), where there are m terms in

the sum and p is a finite Borel measure.
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This definition makes sense because if T is also unitarily equivalent
to multiplication by the identity function on Lz(m,v) e...® LZ(I{,\))

(n times), thenm = n and py ~ v (see [Brl).

(2.7) Theorem (Commutative multiplicity theorem)
Let 7 be a self-adjoint operator in a Hilbert space X. Then there exists

a decomposition X = X & Xl ® ... GBXm ® ... so that

(i) 7 acts invariantly in each Xm
(ii) 77 Xm has uniform multiplicity m
(iii) The measure classes U > associated with the spectral representation

of T r Xm are mutually disjoint.

Further, the subspaces Xm,X],Xz,... (some of which may be zero) and the
measure classes U5 <Up75<Uy>, 0. . are uniquely determined by (i). (ii)
and (iii).

Proof

For a proof see Nelson, [N] ch, VI or Brown, [Br].

A total set of generalized eigenfunctions for the self-adjoint operator T

(3.1) Definition
A set T' ¢ X is called cyelic with respect to T if
X= & X .
yeT
Since X is separable, I' consists of an at most countable number of ele-
ments, If T can be choosen such that it consists of one element only,

this element is called a cyclic vector and the operator T a cyclic ope-



...1[‘...

rator. The cyclic set I' is not uniquely determined. The commutative

multiplicity theorem brings in some uniqueness.

(3.2) Lemma
T has uniform multiplicity one if and only if 7T is cyclic. (see Defini-
tion 2.6)
By Theorem (2.7) X can be splitted into a countable direct sum,
X=X &X &KX & ... .
w 1

2

The restricted operator 7T T X, ! £m< =, is unitarily equivalent to
m

multiplication by the ideﬁtity function in
~L2(R’um> @& ... B LZ(IR,um) . (m times).

By Xm., j=1,...,m, we denote the orthogonal subspace of Xm, which

J
corresponds to the j-th term in the direct sum., Since T r ij obviously
has uniform multiplicity one, there exists a cyclic vector y§m> for

T f ij. Thus we obtain a set T,
I‘:={y§m)[1$j<m+l,]sm$w},
which is cyclic for 7. Note that | £ m < s means m = =,1,2,..., .

Let my, 1 <m £ o, be fixed so that Xm # {0}, and let j, 1 € j < m+1 be

. (m) - (m) _(m)
fixed, Further, let pj denote the finite Borel measure Hij ’Yj AR
The projection from X onto ij is denoted by Pgm) and the unitary opera-
(m)

i Finally, put %ém? = U(m)P(m)v .
]

tor from ij onto Lz(R*ngm)) by U i B %

J
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From Theorem (1.3) we obtain sets Ngm) of measure zero with respect to

pgm), m=eo,1,2, .., , such that for each o ¢ supp(ogm))\Ném)

Following Theorem (2.7) p(m) ~ p§m) for all i, 1 £ i <m+1, i.e, the

i
m
set N§m) is a null set with respect to each pém). Put N(m) = U N§m).
i=1

(3.3) Theorem
let m, 1 £ m £ », be taken such that Xm # {0}. Then there exists a null

(m)

set N with respect to <um> with the property that for every

g€ SUPP(<um>)\N<m) there are precisely m independent generalized eigen-

functions with eigenvalue ¢, Further, the set

{Gém;] l<j<m+l, l smso, ge supP(<um>)\N(m)}
2

is total.

Proof
Since the measure classes <pm> are mutually disjoint, the first assertion
has been shown already.

A set ¥V c Tk A is said to be total, if
s

Vfév<g,F> =0 =g=20,

So suppose

<g,G§“‘_)i> =0
b4
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(m)

for 1 € j<m+l, 1 $m<»and ¢ ¢ supp(<um>)\N ™ | Then it immediately
follows that (U§m)P§m)g) (6) = 0 almost everywhere with respect to <w>,

with 1 £ j <m+1 and | <ms », Sog=0.

(3.4) Lemma

Let o(7T) be the spectrum of 7. Then

o(T) = U supp(<u_>) .
me Ru{«} m

Proof

1f x ¢ o(T), then there exists ¢ > 0 such that
H(Lx-e,x+el) =0.

So for allm, | < m g o,
pm({x-e, x+el]) =0,

This implies (x-¢e/2,x+¢e/2) ¢ supp(um) and hence

x ¢ U supp(<p >) .
1<m<oo o

Conversely, suppose x ¢ U supp(<um>) . Then there exists & > 0 such
I<smse ‘
that (x-6, x+8) ¢ supp(<um>), ] <m < =, Hence H([x~ 6, x+6])y§m) =

for allm ¢ N u {=}, 1 € j <m+ 1, This implies H([x-6, x+81) = 0.

0

So x ¢ o(7).

We finish this section with two examples.
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(3.5) Example

Let Ay € o(T) be an eigenvalue of multiplicity m;. Then H({AO}) is a

non-zero projection on X, and for j, 1 £ j < mo-tl fixed, we have

(mn)
@ Qh(AO)I dH ijo H({;\G})ngo)
G, 07 = lim (my) @y, | (mg) | 2
0,j hi0 Qh(lo)f d(HAYj 2 Y5 ) HH{AO}Yj Il

Hence G(mﬂ) e X.
Am o
0,3

(3.6) Example

Let C be a self-adjoint compact operator on X. Then the vectors
~jsm,1Sm<°",

where the series may be a finite sum, establish a cyclic set for C. Here

(e;mﬁ) is an orthonormal basis of eigenvectors for C; e;m; is the j-th
] b4

(m)
k

eigenvector, | € j £ m, with eigenvalue p of multiplicity m,

1 € m< o,

The case of n-commuting self-adjoint operators

In this section we shall extend the theory of the first part of this
paper to the case of n commuting self-adjoint operators, where n is a
natural number. We only discuss the frame work of this extension, because
there really is no essential difference with the theory of one self-

ad joint operator.

Let (TI’TZ""’Tn) be an n-set of commuting self-adjoint operators in X,

which map SX,A continuously into itself. Let (Hki)AiEl{’ i=1l,...,n,



-~ 18 -

denote their respective spectral resolutions. For § ¢ X, the Hilbert

space Xﬁ is the closure in X of the linear span
{H B ..o H () | A, < R a Borel set, i = lyo0aen}>,

The Hilbert space X6 is unitarily equivalent to L.z(m“,pé), where p6

is the well-defined finite measure
g Oyreeeh) = (et Hy 60

over the Borel subsets of R". For every g € Xﬂ there exists § ¢ LZ(I{n,pﬁ)
with the properties
g = JgdHM .nfung

Rn

2 2
gt = ]RJIQ] do, .

The n-set restricted to Xﬁ’ (Tl""’Tn) [ Xﬁ is unitarily equivalent to
the n-set (Ql,...,Qn), where Qi denotes multiplication by )‘i in

n
LZ(IR ,pé) .

For x ¢ R® and h > 0, we define the cube Qh(x) by

Q&) =1t ¢ R"|[x; —¢.| <h, i=1,...,0).

Further we define the set P ¢ R by

P:={xe]RnIV

h>0 pé(Qh(X)) > 0} .

Then in case of the n-set (Tl,...,Tn), Theorem (1.3) can be reformulated

as follows
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(4.1) Theorem

For x ¢ P, define

Gx’h(t) 1= <=:mbt’.pé(Qh(x)))—l ( ! dHM “'Hln 6) (t)
Qh(X)

There exists a null set N with respect to p6 such that for all x ¢ P\N

(i) G (t) :=1im G (t) exists in X for all t > O
heo o0

(ii) Gx ot w Gx(t) € TX,A and Gx # 0

(iii) 7,6 = x,G_.
ix ix

Proof

cf. the proof of Theorem 1.3.

The measure theoretical part of section 2 can be adapted in the usual way
to measures in Igﬂ cf. Definition (2.1), (2.4), (2.5) and (2.6) and Lemma

(2.2) and (2.3).

For a better understanding of the commutative multiplicity theorem for
an n-set of self-adjoint commuting operators, we introduce the notion of

{generalized) eigentuple of multiplicitym, 1 s m 5 =,

(4.2) Definition
An n~tuple ) = (Ai,...,kn) ¢ R® is an eigentuple of the n-set (Tl""’Tn)

of multiplicity m if there exist m orthonormal simultaneous eigenvectors

e(m)

. such that
Ayl
(m) _ (m) . .
Tie.)\,j Aie)\’j . Ii_]<m+3,]$1$n.

Similarly, the notion generalized eigentuple can be introduced.
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If one wants a canonical listing of the eigentuples of an n-set of
commuting matrices it is natural to list all eigentuples of multiplicity
one, two,... . We need a way of saying that an n-set of commuting self-

adjoint operators is of uniform multiplicity one, two, etc.

(4.3) Definition

An n-set (Tl’°"’Tn) of commuting self-adjoint operators is said to be
of uniform multiplicity m if each Ti is unitarily equivalent to multi-
plication by li in Lz(mp,u) ® ... Lz(ngﬂu), where there are m terms

. . . . . n
in the sum and where u is a finite Borel measure in R .

The formulation of the commutative multiplicity theorem for an n-set of

comnuting self-adjoint operators is quite evident,

(4.4) Theorem
Let (Tl""’Tn) be an n-set of commuting self-adjoint operators in X.

Then there exists a decomposition
X=Xm®X1®X2®...

such that

(i) The n-set (Tl,...,Tn) acts invariantly in each Xm, l £m < w,
(ii) The n-set (Tl’°"’Tn) restricted to Xm has uniform multiplicity m.
(iii) The measure classes U associated with (Tl,...,Tn) r Xm are

mutually disjoint.

Further, the subspaces Xw,X‘,XZ,... (some of which may be zero) and the

classes <u_>,<u,>,... are uniquely determined by (i), (ii) and (iii).

1
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The proof of this theorem can be derived from the proof in the one dimen-

sional case and is essentially the same (see [N], [Brl).

{4.5) Definition
A set I ¢ X is called cyclic with respect to (T],...,Tn) if
X= ® X ,
YeI’Y

Note that I is at most countable.

If I consists of one element, this element is called cyclic vector. Lemma

3.1 can be replaced by

(4.6) Lemma
The n-set (T],...,Tn) is of uniform multiplicity one if and only if it

has a cyelie vector.

Following Theorem (4.4) X can be splitted into a direct sum

X=X ®xX @ X2 ® ... . Each of the restricted operators Ti r Xm,

1

1 <i <m+1 is unitarily equivalent to multiplication by Ai in
L(Rnur)®...®L(]Rnu) m—times .
2 *“m 2 m” 2

Let ij, 1 £ j <m+1 be the orthogonal subspace of Xm, which corresponds

to the j-th term in the sum above. Then (T],...,Tn) f ij has a cyclic

vector , say. In this way a set ' is obtained

(m)
Yj
P={Y§m)‘}gj<m+},15m$®}

which is cyclic for (T],...,Tn).



- 22 -

(4.7) Theorem
Take m, | <m < =, such that X # {0}. Then there exists a null set

with respect to U such that for all A ¢ supp(<um>)\N(mO, there

m
are precisely m independent simultaneous generalized eigenfunctions of

(Tl,...,Tn) with generalized eigentuple A = (kl,...,kn).

Further, the set of all generalized eigenfunctions is total.

(4.8) Example
2
2

Consider § with X = L, (R) and A = 1.4 X" + 1] and the 2-set
X,A 2 2\ de
(@,Qz) where ¢ denotes the parity operator and Q2 multiplication by
2
x"; 80

@ HE = x>0 and (2§ x = f(-x) .

Then the 2-set (@,Qz) has uniform multiplicity 1 because it has a cyclic

vector; for instance take

}x2

yix e (1 + x)e_ .

A mathematical interpretation of Dirac's formalism

In the preface to his book on the foundations of quantum mechanics von
Neumann says that Dirac's formalism &8 scarcely to be surpassed in brevity.
and efegance but that it £n no way satisfies the nequirements of mathema-
tical nigour. The improper functions of Dirac, the 6-~function and its
derivatives, have stimulated the growth of a new branch of mathematics:
the theory of distributions. Yet, as far as we know, no paper on Dirac's
formalism mathematically foundates the bold way in which Dirac treats

the continuous spectrum of a self-adjoint operator. Most papers on this



- 23 -

subject only solve the so called generalized eigenvalue problem by means
of the rigged Hilbert space theory of Gelfand and Shilov. But Dirac's
formalism has more aspects.

In this section an interpretation of the formalism is studied in terms
of our distribution theory. It consists of the definition of ket and
bra space, of Parseval's identity, of the Fourier expansion of kets with
respect to continuous bases, of the existence and orthogonality of com-
plete sets of eigenkets,/of matrices of unbounded linear mappings with

respect to continuous bases, and of some matrix computation.

We shall only consider quantum systems at a given time without super—
selection rules. So we do not need to specify whether we are using the
Heisenberg or Schrodinger pictures. A quantum system at a given time is
determined by states and observables. The space of all states is mostly
supposed to be in -1 correspondence with the set of all one dimensional
subspaces of an infinite dimensional separable Hilbert gpace X and the

set of observables in I-1 correspondence with the set of all self-adjoint
operators in X. But in general we do not need to consider all self-adjoint
operators. To describe a quantum system one can make a choice out of the
set of observables, e.g. 'energy', 'momentum' and 'spin', which is suf-
ficiently large to completely determine the quantum system and in parti-
cular all relevant observables,

In his formalism Dirac treats all points in the spectrum of a self-adjoint
operator similarly. So the formalism assumes for instance that the notion
multiplicity of X for every point A in the spectrum makes sense, and further
that for each A with multiplicity m there exist precisely m independent

eigenstates. Of course, Hilbert space theory can not fulfil these wishes.
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Hilbert spaces are too small. Therefore, it is natural to look for spaces,
which extend Hilbert space, and with structures comparable to Hilbert
space structure. For instance, the trajectory spaces TX,A are acceptable
candidates,

In Dirac's formalism the dual space of the ket space, the so called bra
space, is in 1-1 correspondence with the ket space. So the latter space
ought to be self-dual. To this end distribution theory can't ever be of
any help. We try to circumvent this problem by a new interpretation of

Dirac's bracket notiomn.

Let QS be a quantum mechanical system. We assume that QS is completely
determined by the set of self-adjoint operators {Pl""’Pn} in the Hilbert
space X. Further, we‘suppose that there exists a nuclear space SX,A such
that each Pi maps SX,A continuously into itself. So the Pi’ i=1,...,n0,
can be extended to continuous linear mappings on TX,A' For instance, when
the set {PI""’Pn} is an n-set of commuting self-adjoint operators it

is possible to construct such a nuclear space.

In our interpretation the set of observables of QS corresponds uniquely
to the set of self-adjoint operators which are continuous on SX,A' We
note that the choice of the space SX,A depends on the self-adjoint opera-
tors Pl""’Pn' For the set of states we take the set of one dimensional
subspaces of TX,A'

In Dirac's terminology the elements of are the so called ket vectors.

Tx,A
Therefore we introduce Dirac's bracket notation and denote them by |G>
in the sequel. The label G in the expression |G> is mostly chosen such

that it expresses best the properties of |G> which are relevant in the
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context. To |G> uniquely corresponds the bra <G| defined by

<g| := E <vk,|G>> Vi

where (vk) denotes the orthonormal basis of eigenvectors of A, and where

the series converges in T, ,.
X,A
The expression <F | G>, called the bracket of <F| and |G>, denotes the

complex valued function
SF|G>: te <|F>(t),|e>> , t>0.

The function <F | G> is well defined because |F>(t) « Sy  for every
>
t > 0, It extends to an analytic function on the open right half plane.
Let f ¢ Sy ,. Then obviously <f | 6>(-1) exists for every |G> and T > 0
¥ .

sufficiently small and

<f | G (-1) =<|E>(-1), |G>>;
similarly <G| f>(-1) exists and

<G | £>(-1) = <|£>(=1) | |G>> .

To emphasize this nice property of the elements in SX A the kets and bras
k4

corresponding to elements in SX 4 are called test kets and test bras.
14

Finally, we remark that for all t > 0 the function <F| G> satisfies

<F | G>(t) = <F(t) | 6>(0) = <G(t) | F>(0) = <G | F>(t)
and
<F | G>(t) = <F(t) | 6G>(0) = <F | G(t)>(0) .

Let P : SX A7 Sx A be an observable of QS. For simplicity, suppose that
st H
P is a cyclic operator in X, Then all points in o{(P), the spectrum of P,

have multiplicity one. Further, there exists a cyclic vector y in X such
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that P is unitarily equivalent to multiplication by A in the Hilbert space

Lz(R’d(HXY’Y))' Here (HA)A€R

identity with respect to P. As in section 3, the Borel measure d(Hly,y)

denotes the spectral resolution of the

is denoted by dpy(x) in the sequel.
Following the preceding sections there exists a null set N with respect to
pY such that for each A ¢ o(P)\N there is an eigenket |A>. With the no-

tation of section 3, |A> has the following Fourier expansion
o
(x> = ¥ F 0 |v, >
k=1 k k

where the series converges in TX Al (As usual vy denotes the eigenvector
. ]
of A with eigenvalue Ak’ k=1,2,... .)
Let g ¢ S, ,. Then g = e-tA.E for a well chosen £ ¢ § and t > 0.
X,A X,A

Consider the following formal computation

= v “)\kt
g kzle (f,vk)vk

= . “Akt -~ e
kzl e ( J £(0) vk(A) dpy(l) )vk

(® J%(m ( T oMkt M v )d
= p. (A} .
kZO k k Y

Hence

|g> = j < | £2(0) |A> (t) dpy(k) .
R
The only problem in this computation is the equality (x). We shall there-
fore prove that summation and integration can be interchanged. The follo-

wing inequalities hold true
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I o~18

j ekt [£00 9 )] do (V) <
1

k=l g

IA

-’2-( ] ekt J 1Ey[2ap_ o) + § &Mkt I l\'?k()\)lzdp (x)) -
k=1 Y k=1 Y
R R

"

%,;(ufnz + 1)( ) e"*kt) :
k=1
By the Fubini-Tonelli theorem equality (*) is verified.

With the aid of the above derivation, |g> can be written as

lg> = [ < | £2(-t) |A> (1) dpy(x)
R

where the integral converges absolutely in X, and does not depend on the

choice of t > 0.

{5.1) Theorem

Let |f> be a test ket. Then

£ = J A1 £ x> a0 )
m .

where the integral converges strongly in TX A
. ]

Proof

Let t > 0. We have seen that

|£>(t) = J <A | £2(0) [x>(0) de(A)
R

with absolute convergence in X. Since e_TA, T > 0, is a bounded operator

on X

e TA ( f <A | £>(0) [A>(t) doY(A)) - J A [ £200) P>(e+ 1) do (V)
R R

Therefore t » |£>(t) is a trajectory. 0
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Parseval's identity is an immediate consequence of gection 3
2 2 2 2

(5.2) NEN” = [£0) 7 dp ) = [<£ [2>(0)["do, () .

Further, from Theorem (5.1) it is clear that

(5.3) Plg> = J AA | £200) [a>do )
R

Let F ¢ T, ,. Then for every v > 0, F(1) ¢ 8§ and hence by Theorem 5.1
X,A X,A :

[F>(1) = |F(1)>(0) = J <A | F(1)>(0) lx:»de(;\)
R

with convergence in Tk A Further, let t > O, Then for every 7, 0 < 7T < ¢
3

—(t“T)A l

(5.4) ]F>(t)‘= e F>(1) = J <A ‘F>(T) |A>(t-1) de(A).

R
The integral in (5.4) does not depend on the choice of 1 and converges

absolutely in X. The ket |F> can thus be represented by

|F> : t » j A | F>(1) |a>(e-1) doY(?\) .
R

By the expression

J < |F>1A>doy(h)
R

is meant the trajectory

tw J <A [ F>(1) [x>(t-1) de(k) .
R
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Each of the integrals does not depend on the choice of 7, 0 < T < t,

and converges absclutely in X. We can write

(5.5) |F> = J < | P> ]X>dpy(l)
R

where the integral has to be understood in the above-mentioned sense. It
converges strongly in T, ..
X,A

The result of Theorem (5.1) can be sharpened. To this end, let f ¢ SX Al
3

Then there exists 1 > 0 such that et'*f € Sx A We have
N s

|£> = [ < | £> |A>'de(l) = I <A | £2(=1) |A> (1) dQY(k)
R . '
. =A
where the latter integral converges in X. Since e is a closed operator
in X, and since J <A | £3 (1) lA>(r/2)de(A) converges absolutely in X,
the integral R
J <A | £5(=1) [A>(T)de(k)
R

converges in SX A’ Hence in our interpretation for the test ket |f> we have
’

|[£> = [ < | f>]A>dpy(A)
R

where the integral converges in Sx A
3

Consider the following equality

< as(r) = e"‘k“vkmvkm , X € o(PN, t > 0.
k=1

Let 6A denote the function

6, ¢ (u,t) » <p | A>(t)
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and let U denote the unitary operator from X onto Y = Lz(lgpy). Put

*
B = UAU . Then 5, € TY,B and for T e SY,B

<f,6A> - kZ}(» J %(u)ﬁk(u)dpy(u) )3&(&) = £ .

So 6A is Dirac's delta function in TY 8 and consequently we write
¥

(5.6)  <u|r> =5, ).

Relation (5.6) expresses the generalization of the orthogonality relations
for the eigenvectors of P to the eigenkets of P in agreement with Dirac’s
notation.

For the sake of completeness we rewrite the result (5.5) for the bras and

test bras

5.7) <F| = J <F | A> <A dpy(l)
R

where the integral converges in Tx A Whenever <F| is a test bra the
»
integral converges in S_ ,.
X,A
Another aspect of Dirac's formalism is the so called property of a com-

plete set of eigenkets.

(5.8) Theorem (closure property)

n

Pt = JA“[MQIde(A) , n=0,1,2,...

R
where the integral converges in TX@X,AEA' Here |A><\| denotes the tensor
®
product [A> @ |A> (e Tx@X,AElA)'

(Here ABA denotes the self-adjoint operator I®A + A®I).
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Proof

Let t > 0. Consider the following formal derivation

o EABA) o ] e k™™g @v PNy @V
Koy k 1) k
b4

] et ([t 100 T, o0 a0, 0 )y ey,
k,2
’ R

() J ( ] @G Wv) @ (e atg v ))dp *)

= J AT as(t) @ |a>(t) de(x) .
R
We shall prove that summation and integration can be interchanged. The re-

maining part of the proof is straight forward.

-Akt ~Agt . m P EErrery
f le e A vk(x) vz(k)[ dpy(A) <

k2 g

< 3 H eRETMEG2g )] 2 w9, D e () <
K2 g | Y

A

-% J e Mkt (Ianvk|I2 + 1)(25"“) <

k 2

(lizme 2t A 2

A

[ ST

« b [l EEA2. 0

Next we discuss the general case that P : SX A SX A has a countable

. ‘ » s
cyclic set. There will appear no essential difference with the case pf
a cyclic operator P. The same notation as in section 3 will be employed.

Proofs will be omitted.
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So let {y§m) |m=w,1,2,... » 15 ] <m+1} be the cyclic set for

P, Then X can be written as

m=e @
X= & e X (m)
m= | j=] Yj
m=c M
where by absence of better notations ® & X ) will denote
« m=] j=] y{m
J
(2 2 m
® & X ® ® X .
. (m) ) ( : (m))
= - Yc = *
m=1 j=] j j=1 YJ
The Hilbert space X is unitarily equivalent to L (R,p ) and
ng) 2 y (m)
3 J
P f X is unitarily equivalent to multiplication by A in L, (R,p ).
J 3

Following section 3 there exist sets N(m), each of which has measure zero
with respect to <p (m)>’ m=owo,1,2,,.. such that for all ) in
¥ .
J

(m)

supp (<p (m>>)\N there are m independent eigenkets |A,m,j>, 1 < j<m+1.
"{-
J

The eigenkets can be written as

]A,m,j> = X ?Emz (A)lv >
k=1 Ko k

where the series converges in Tﬁ 4+ Then similar to Theorem (5.1)
. >

(5.9) Theorem

Let £ ¢ SX,A' Then

m=co m
l£>= § ] f P3| £0) [Ami>do 0 ()
m=l =1 o Y3

with convergence in Tk A Further

]

m=ce
hen® =y

l<x,m,i | £500)]%do , . )
m=} j J ”fgm)

R J
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(Parseval's identity) and

m=co w
Plt> =} § I A <a,m,j| £2(0) |x,m,j>dp () 0.
w=l =1 o Y3

Henceforth we will call the set {|k,m,j>| AeoP) ,l smsw, | £3j<m+1}
a Dirac basis.

With the same interpretation as in (5.5) we have

m=eo m
(5.10) P> = ¥ ) J <h,m,j | F> |a,m,j>dp (@) )
m=l j=1 o Y;

with. convergence in T XA In particular if |F> in (5.10) is a test ket
the convergence takes place even in SX A~sense.
3

Consider the following equality

qwmyi | Aymyi(e) = ] e Kby = s e(“’ o
k=1

(m) (n) 1

where X ¢ supp(<p >)\N € j<m+l,

(m)
Y3

1 €1 <n+l and m,n = »=,1,2,.., .

» M € supp(<p ( )>)\N
Yi

Let 6£m2 denote the function

3

}fm) (]ansi:t) * <u,n,i l A,m, j>(t)
ms=co
and U the unitary operator from X onto Y = & @ L (R,p (m))‘ Put
m=] j=] :
B = UAU". Then 6( § € T Y,B’ and for f € SY B J
r ~(n) ~(n)
f (Uan i) -~ f (11) s fi € LZ(R’Qan))
and ]
n=o n o .
Ee™s 2y 1 ( f £ ) 9™ w) a0 y )(u)) ® 0
s ] : n
n=l i=1 k=l
R
£y .
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Hence

<u,n,i ' A,m,j> = SA(U) ‘Sji 61!111 .

Finally we give the adaptation of the closure property (5.8).

(5.11) Theorem
n o n
Pr=1 1 JA m, > dm,jide () 5 m=0,1,2,...
2 v
J

with convergence of the integral in TX ®X,ABA"

Here we do not intend to discuss the interpretation of Dirac's formalism
for an n-set of commuting observables. The generalization to this case
is imﬁediate and rather trivial. All results remain valid in an adapted
form. We only notice the nice way in which the definition of a complete
set of commuting observables in the sense of Dirac can be expressed in

our terminology.

(5.12) Proposition

The n-set (Pl,...,Pn) is a complete set of commuting observables iff it

has uniform multiplicity onme.

Given an orthonormal basis X. Every bounded linear operator B in X is
uniquely represented by its matrix [B] with respect to this basis. The

product of two operators BB, has matrix [BIBZJ which can be derived

by formal matrix multiplication, [B B.] ., = Z[Bl]ki [82] Dirac
¢ o

1727k ig”

assumes that the matrix notion can also be introduced in the case of

Dirac bases, and that operating with these matrices rums similarly to
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the discrete case, Because of this assumption one can choose a represen—
tation so that the representatives of the more abstract quantities occuwr-
ning 4in the problem are as simple as possibfe. Examples of such repre-
sentatioqs are the so called x~ and p~representations.

Here we shall give a mathematical interpretation of this hypothesis of
Dirac. We shall restrict ourselves to representations of observables
with repsect to a complete set of generalized eigenfunctions of a cyclic
self-adjoint operator. The general case of a non-cyclic self-adjoint

.operator or of a commuting n-set can be dealt with similarly.

Let P : § + 8 be a cyclic self-adjoint operator, and let |A>,
X,A X,A
A € 0(P), denote the eigenkets of P in TX A’ The operator P ® P is self~-
b4
adjoint in X & X, and maps SX@X,AEA continuously into itself. Eigen-

kets in T of P® P are |A>® [u>, i € o{P). Following Dirac

XQX,ABA

we shall denote the tensor product |[x> ® |u> by |u><A| in the sequel.

Every continuous linear mapping from TX A into Sx A is derived from an
s »

element of SX@X,AEA’ because of the Kernel theorem. With the methods

we employed in the proof of Theorem (5.1) the following result can be

shown.

(5.13) Theorem

Let B ¢ SX@X,AEA' Then

B = H < B | 2(0) [w><r| do_ (1) dp_ ()
Rz : Y Y

where the integral converges in TX@X,AEBA’ and where

<u | B|A>(t) = <e-tAEAB, [A> @ |u>>.
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We note that

o TCABA H <u [ B 2>(0) (Ju> <a|) () dpy(x) doY(u) » £ >0,
2
R

where the integral converges absolutely in X ® X.

Similar to the one variable case Tx A (cf. (5.5)), Theorem (5.13) can be

adapted such that it is valid for elements in TX@X,MEA‘

(S.M) Theorem

Let G ¢ T

i :t < G A
X@X,ABA’ Then we have with <ufle> t e Ul (t)l >,

6= [l eale me w
]RZ
where similarly to (5.5) the integral has to be understood in the follo-

wing sense,

G:tw ” |G lu>() (Ju>aald(e-1)dp (A) dp_(w) .
2 Y Y
R
Here the integrals do not depend on the choice of 7, 0 < 1 < t, and con-

verge in X ® X.

With respect to the Dirac basis ([)\>)A6 y an element B, B ¢ SX@X,AHM’

ag(P
can be represented by the matrix [B] given by

(5.15) [B]m = <u|B|Ax>(0) , u,: e a(P

and following Theorem (5.13)

[vs]
It

2” £B}uk |u> <a| dpy(k)doy(u) .
R



- 37 -
Further for |F> ¢ Tx A» the ket B|F> is a test ket and
?
(5.16) B|F> = ” <y [B l A>(=1) <) [ F> (1) |p> de(l) de(u)
2

TA
where © > 0 has to be taken so small that Be € SXQX,A!BA’ and where

the integral converges in T and does not depend on the choice of

X,A

t > 0. Even convergence in SX A can be proved. Further
b4

(5.17) <u | B|F>(0) = J <u | B | A>(=1) <x | F> (%) de(?«)
R
where the integral converges absolutely. Note that <u | B | 2>(-1) exists
because B|F> is a test ket for every ket |F>.
The matrix notion can be extended to elements of TX@X,ABA' To this end,

let G e T

X®X,ABA° Then with the expression [G] we mean the set of

functions

(5.18) [G] , =<u|G|ar>.
HA

We note that G(t) ¢ S The expression [G] will be called the

X@X,ABA"

matrix of G. By Theorem (5.14) we have

G = ]R2H [G]uk\ |u> <] de(A) dp,((u) .

Let |f> be a test ket. Then G|f> can be represented by '

(5.19)  G[f> : tw Rz“ [61,, (1) <x | £2(=1) [u>(e=1) dp (A} do ()

where 1, 0 < T < t, has to be taken so small that |f>(=1) ¢ Sx A and where
b4
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the integrals converge absolutely in X and do not depend on the choice

of © > 0, Further

(5.20) u|G|£> :t >

I [e“(t..T)AG(T) ]ul <A | £>(~1) dDY(X)

R )

where the integrals converge absolutely and do not depend on the choice

of v > 0,

Similarly a matrix notion will be introduced for continuous linear mappings
from Sx A into itself resp. TX A into itself, or equivalently because of
3 ]
the Kernel theorem for elements in T<SX®X,I®A’A®I) resp.
. ¥ 1 .
T(SX®X,A®I’I®A)’ i.e. the spaces ZB and EA as introduced by De Graaf
in [G]1, ch. IV (cf. [E]]).

For R ¢ T(SX ®X,I®A’A®I) the matrix representation [R] is defined by
G.2l)  [R], 2 (s,8) » <u | R(D) | Ao (s) .

Note that R(t) « SX@X,A&A t » 0, fixed, So there exists ¢ > 0 such
that <y | R(t) | x>(-0) is well~defined because R(t) |x»> is a test ket. «

It can be shown that -

(5.22) R : twv» R(t) = {J l}?l ("G,‘t) (‘l>(t- T) @ Iu>(0’)) dp (K) dp ¢
2 HA Y Y
R

where the integrals converge in X ® X and do not depend on the choice of

T, 0 < 1 < tand of 0 > O sufficiently small. We write

(5.23) R = RZ” [R]u?« [u><x | de(A) doY(u)
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where the integral has to be interpreted in the sense of (5.22) and
converges in TX®X,A$A (even in T(SXQX,I®A’A®I))' Let

R' ¢ T(S A®I). Then the matrix of the product R'R is given

XX, 1A’
by

(5.24) [R'R]ux : (s,t) b J [R']uv(s,o) ER]VA(‘G,t)dpy(V)
R

where the integrals converge absolutely and do not depend on the choice

of o, and where o > 0 has to be taken such that

oA
e R(t) < Syox AmA "

We write
.2 ' = 1
(5.25) LR RJUA ‘J (R ]uv LH]vAdoY(v)
R
where the integral converges in the indicated distributional sense.

Further, let |f> be a test ket. Then R|f> is a test ket, also, and

(5.26) R|f> = ” <u | B(1) | A>(0) <x | £>(~7) |u>de(X) day(u)
) _
R

= ” [R] ,(~o,1) <x | £>(-1) |u>(0) do_(X) dp_(n)
2 uA Y Y
R
where the integral converges in Tk A and does not depend on the choice
s
of T >0 and of ¢ > 0 chosen sufficiently small as indicated in (5.21).

Finally, we have

(5.27) <u|R|£>: 5w I [R]uk(s,r) < | f>(-1)dpy(k).
R
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For @ « T(S I®A) its matrix [Q] is defined by

XOX,AQL’

(5.28) [ql (s,t) = <u | Q(s) | A>(r) .

M:

Note that @(s) ¢ 8 So there exists Tt > 0 such that

X®X,ABA"
<u i Q(s) [ A>(~1) is well~defined because @(s) ]}\> is a test ket. It

can be shown that

R

where o, 0 < 0 < s, and where the integrals converge in X ® X and do not
depend on the choice of o, and of 1t > 0 sufficiently small (cf. (5.21).

We write

(5.30) Q = mz” [Q]M(lw <A Dd"vm dpy(u)

where the integral has to be interpreted in the sense of (5.29) and con-

verges in T Let @' ¢ T(S I®A). Then the matrix of the

X@X,ABA"
product Q'@ is given by

X®X,A®1’

(5.3D [Q'Q]M : (s,t) » J [Q‘]uv(s.'T) CQ%)‘ (t,t) de(V)
R

where the integrals converge absolutely and do not depend on the choice

of 1, and where T > 0 has to be taken such that

, TA
@'(t)e € SXQX,AEA'
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v WTALE

T @el, = J[Q'QJWEQ]M do_(v) .
R

" .2in che integral converges in the above-mentioned distributional sense.

F.rther, J|H> can be represented by

r -
(5.33)  QH> : sw 2” [Q1 ), (o5=1) <A [ B>(1) ju>(s -0) do (W) dp (W)

wiere the integrals converge absolutely in X for every s > 0 and do
=..z depend on the choice of o, 0 < ¢ < s, and 1 > 0, and where 7 > 0O
- TA

725 to be taken such that g(o)e € sx@X,AEA'

¥Finally, note that

(5.34) <u|Q|H> : s J £Q,,1(s,=1) <X | 0> (1) de(A).
R

Remark
The proofs of most results we gave in the last part of this section
become more transparant by the following relation:

Let B ¢ SX@X,A@A’ and let t;l > 0 and t2 > 0. Then

e 14 g e t2h)p - ” | B A0 (>t @ [u>(ry)) do (V) do, (1)
The proof of this relation runs analogously to the proof of Theorem (5.1).
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