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Abstract

This paper is concerned with finding complete axiomatizations of probabilistic processes.
We examine this problem within the context of the process algebra ACP and obtiain as our
end-result the axiom system prACP, a probabilistic version of ACP which can be used to
reason algebraically about the reliability and performance of concurrent systems. Qur goal was
to introduce probability into ACP in as simple a fashion as possible. Optimally, ACP should be
the homomorphic image of the probabilistic version in which the probabilities are forgotien.

We begin by weakening slightly ACP to obtain the axiom system ACP;. The main differ-
ence between ACP and ACP; is that the axiom & + § = z, which does not yield a plausible
interpretation in the generative model of probabilistic computation, is rejected in ACP;. We
argue that this does not affect the usefulness of ACPT in practice, and show how ACP can be
reconstructed from ACP; with a minimal amount of technical machinery.

prACP} is obtained from ACP; through the introduction of probabilistic alternative and
parallel composition operators, and a process graph model for prACP; based on probabilistic
bisimulation is developed. We show that prACP; is a sound and complete axiomatization
of probabilistic bisimulation for finite processes, and that prACP; can be homomorphically
embedded in ACP[ as desired.

Ouz results for ACP; and prACP; are presented in a modular fashion by first considering
several subsets of the signatures. We conclude with a discussion about the suitability of an
internal probabilistic choice operator in the context of prACP}.

"A preliminary version of this paper appeared in Proceedings o CONCTUR ’9%2 — Third International Conference
on Concurrency Theory, Val. €30 of the Springer-Verlag series Lecrure Nozes tn Computer Science, pp. 472-485, Aug.
1992, The research of the first and second authors was supported by ESPRIT Basic Research Action 7166, CONCUR2.
The second author was also supported by RACE project 1046, SPECS. This document deoes not necessarily reflect
the views of the SPECS consortium. The research of the third author was supporied by NSF grants CCR-8704309,
CCR-9120095, and CCR-9208585.



1 Introduction

It is intriguing to consider the notion of probability (or probabilistic behavior) within the context of
process algebra: a formal system of algebraic, equational, and operational techniques for the speci-
fication and verification of concurrent systems. Through the introduction of probabilistic measures,
one can begin to analyze — in an algebraic fashion — “quantitative” aspects of coneurrency such
as reliability, performance, and fault tolerance.

In this paper, we address this problem in terms of complete axiomatizations of probabilistic
processes within the context of the axiom system ACP [BK84]. ACP models an asynchronous
merge, with synchronous communication, by means of arbitrary interleaving. It uses an additional

constant §, which plays the role of NIL from CCS [Mil80] (CCS is a predecessor of ACP). The key
axioms for § are:

z+déd=z A6
§z2=8 AT

The process & represents an unfeasible option; i.e. a task that cannot be performed and there-
fore will be postponed indefinitely. The interaction with merge (parallel composition) is as follows:

zféd=2-&

(This is not provable from ACP but for each closed process expression p we find that ACP F p ||
§ = p-6.) Now & represents deadlock according to the explanation of [BK84].

Our goal is to introduce probability into ACP in as simple a fashion as possible. Optimally we
would like ACP to be the homomorphic image of the probabilistic version in which the probabilities
are forgotten. To this end, we first develop a weaker version of ACP called ACP;. This axiom
system is just a minor alteration expressing almost the same process identities on finite processes.
The virtues of this weaker axiom system are as follows:

(i) ACP; does not imply z + § = z. In fact, this axiom has often been criticized as being non-
obvious for the interpretation §=deadlock=inaction.

(ii) ACP; 4 {z + 6 = z} implies the same identities on finite processes as ACP (but it is slightly
weaker on identities between open processes).

(iii) ACP7 has for all practical purposes the same expressiveness as ACP. Le., if one can specify a
protocol in ACP, this can be done just as well ir ACP;.

{(iv) ACP; aliows a probabilistic interpretatioz of +, and for this reason we need it as a point of
departure for the development of a probabilistic version of ACP.

We introduce probability into ACP; by replacing the operators for alternative and parallel
composition with probabilistic counterparts to obtain the axiom system prACP;. Probabilistic
choice in prACP7 is of the generative variety, as defined in [vGSS8T90], in that a single probability
distribution is ascribed to all alternatives. Consequently, choices involving possibly different actions
are resolved probabilistically. In contrast, in the reactive model of probabilistic computation [L589,
vGSST90], a separate distribution is associated with each action, and choices involving different
actions are resolved nondeterministically.

A property of the generative model of probabilistic computation is that, unlike the reactive
model, the probabilities of alternatives are conditional with respect to the set of actions offered by



the environment. A more detailed comparison of the reactive and generative models can be found
in [vGSST90]. There the stratified model is also considered and it is shown that the generative
model is an abstraction of the stratified model and the reactive model is an abstraction of the
generative model.

Previous work on probabilistic process algebra {L589, GI$90, vGSST90, Chr90, BM89, JLI1,
CSZ92) has has been primarily of an operational/behavioral nature. Three exceptions, however,
are [J590, Tof90, L592]. In [JS90], a complete axiomatization of generative probabilistic processes
built from a limited set of operators (NIL, action prefix, probabilistic alternative composition,
and tail recursion) are provided, while in [Tof90], axioms for synchronously composed “weighted
processes” are given. A complete axiomatization of an SCCS-like calculus with reactive probabilities
is presented in [L592].

Summary of Technical Results

We have obtained the following results toward our goal of finding complete axiomatizations of
probabilistic processes.

» We first present the axiom system ACP}, our point of departure from ACP. Its development
is modular beginning with BPA (consisting of process constants, alternative composition,
and sequential composition), to which we add a merge and left-merge operator to obtain PA.
Finally, a communication merge operator, the constant é, and an auxiliary initials operator
I are added to PA to obtain ACP;. In each case, we present a process graph mode] based on
bisimulation and prove that the system is a sound and complete axiomatization of bisimulation
for finite processes.

o We show in a technical sense how ACP can be reconstructed from ACP; through the rein-
troduction of the axiom A6.

s The axiom systems prBPA, prPA, and prACP; for probabilistic processes are considered
next. In each case, we present a process graph model based on probabilistic bisimulation,
Larsen and Skou’s [LS89) probabilistic extension of strong bisimulation, and prove that the
system is a sound and complete axiomatization of probabilistic bisimulation for finite proba-
bilistic processes.

¢ Connections between ACP; and its probabilistic counterpart are then explored. We show
that ACP; is the homomeorphic image of prACP; in which the probabilities are forgotten.
This result is obtained for both the graph mode] — the homomorphism preserves the structure
of the bisimnulatioz congruence classes, and the proof theory — the homomorphic image of a
valid proof in prACP7 is a valid proofin ACP}.

¢ We show that certain technical problems arise when a probabilistic internal choice operator
is added to prACPy, and argue that a state operator should be introduced to remedy the
situation.

The structure of the rest of this paper is as follows. Section 2 presents the equational speci-
fications BPA, PA, and ACP;, and their accompanying process graph models and completeness
results. Section 3 treats the probabilistic versions of these axiom systems, namely, prBPA, prPA,
and prACP;. The homomorphic derivability of ACP; from prACPj is the subject of Section 4.
Section 5 discusses the suitability of an internal probabilistic choice operator in the context of
prACP, and, finally, Section 6 concludes. Note that we do not treat internal or 7-moves in this
paper, so we stay within the setting of concrete process algebra.



2 A Weaker Version of ACP

In this section we present the equational theory ACP;, which, as described in Section 1, will be
our point of departure for a probabilistic version of ACP. The main difference between ACP and
ACP7 is that the axiom z + 6 = z, which does not yield a plausible interpretation in the generative
model of probabilistic computation, is rejected in ACP7.

Asis the practice in ACP, we begin with the theory BPA (Basic Process Algebra) which describes
processes constructed from constants, plus, and sequential composition. We will then add to BPA
a notion of parallel composition {merge and left-merge) to obtain PA (Process Algebra). Finally,
the theory ACP(A) is derived by extending BPA with the constant § (for deadlock), a combined
notion of parallel composition and communication, and a restriction operator.

2.1 BPA

2.1.1 Equational Specification

The signature Z{BPA(A)) consists of one sort P (for processes) and three types of operators: con-
stant processes a, for each atomic action a, the sequential composition (or sequencing) operator *’,

and the alternative composition (or nondeterministic choice) operator ‘+’, The set of all constants
is denoted by A, and is considered a parameter to the theory.

Z(BPA(A))={a:— Plac A}U{+:PxP - P}U{-:P xP - P}

The axiom system BPA(A) is given by:

z+y=y+a Al
(z+y)+z=z+(y+2z) A2
z+z=2 A3l
(z+y)-z=2z-24+y-2 A4
(z-y)-2=2-(y-2) A5

Note the absence of the axiom z-(y+z) = -y + 2 z, which does not hold in our bisimulation
model

2.1.2 Graph Model

We define a process graph model for BPA(A). The underlying notion of equivalence for process
graphs is bisimulation, and we prove completeness of BPA(A) in this model. We will later extend
our graph model to PA(4) and ACP7(A). As before, let A be the set of atomic actions. We
consider process graphs with labels from A.

Definition 2.1 A4 process graph g is a iriple < V,7, — > such that

o V is the set of nodes (vertices) of g

e rcV ts theroot of ¢



o — C V x AxV is the transition relation of ¢

The endpoints of g are those nodes devoid of outgoing transitions representing successful termi-
nation. The major role played by endpoints is in the definition, given below, of the sequential com-
position of two process graphs. We often write v — ¢ to denote the fact that (v, a,v'} € —. We
denote by G the family of all process graphs. Bisimulation, due to Milner and Park [Mil80, Par81],
is the primary equivalence relation we consider on process graphs.

Definition 2.2 Let g; =< V},r1, —1>, g2 =< Va,r2, — 2> be two process graphs. A bisimula-
tion between g1 and g, is a relation R C Vi X V, with the following properties:

o R(T], 1‘2)

e Vv €V, w eV, with R(v, w):
Va € A and v' € Vy,

ifv = 1 v' then Jw' € Vy with R(v',w') and w 2 5 w'

o and vice versa with the roles of v and w reversed.

Graphs g1 and g, are said to be bisimilar, written g, < gy, if there ezists a bisimulation between g;
and ga.

We now define the operators from L(BPA(A)) on the domain F of finite process graphs, i.e.,
process graphs that are finitely branching and acyclic in their transition relations. Therefore, ¥ C G.
For this purpose, it is convenient to assume that a process graph root-node is not an endpoint. For
the remainder of Section 2, unless otherwise stated, let g; = <V, r;, —1>, g2 = <V, 79, —2>
be finite process graphs satisfying the non-endpoint root assumption such that V; N V5 = @.

Definition 2.3 The operators a € A, +, and - are defined on F as follows:

a € A: The process graph for each of these constants consists of a single transition and is given by
<{ra, v} ra {<rara,v >} >.

01+ g2t is given by <V U Vo U {r},r,—> such that » ¢ ViUV and v — v’ if one or more of
following holds:

-1
or, — .t andv=r

o r; v andv=r
a [
U — 1T
a ’
* v — 2 v
g1 - g2t ts obtained by appending a copy of g2 at each endpoint of g;. In detail, g, - g2 is given by
< Vi X Vi, (r1,73), —> where (q1,¢2) — (g}, 45} if one or more of the following holds:
@ —Sagandg =g =1y

® g2 —+ 3¢, and g1 = ¢, is an endpoint



For t a closed BPA(4) term, we write graph(t) = <V;,r;, —;> to denote the process graph -
obtained inductively on t using Definition 2.3. We take the liberty to write expressions like p & ¢,
instead of the more precise graph(p) = graph(q), when this is clear from the context. The definition
of graph(t) and the just-mentioned notational liberty extend in the obvious way to the axiom
systems PA(A) and ACP; (A), to be considered later in this section.

In the setting of BPA, = is a congruence (see, e.g., [BW90]).

Proposition 2.1 Ifg =295, theng+ g1 29+ g2, 9 12992, and g1 ~ge2 g3 - g.

We have that F /<, the graph model, is indeed a model of the axiom system BPA(A), and that
BPA(A) constitutes a complete axiomatization of process equivalence in F /.

Theorem 2.1 {{BW90])

1. F/e = BPA(A)
2. For all closed ezpressions p,q over TZ{BPA(4)):
FlekEp=gq = BPA(A)Fp=q.

2.2 PA
2.2.1 Equational Specification

The signature L(PA(A)) is obtained from Z(BPA(A)) by adding an interleaving merge operator ||
and a left-merge operator |.

T(PA(A4)) = Z(BPA(A))U{|: PxP - P}U{|: P x P — P}

Intuitively, the process z || y is obtained by interleaving (shuffling) the atomic actions of z and
y together. Left-merge is an auxiliary operator in that it permits || to be specified in finitely many
equations. The process z | y has the same meaning as z || y, but with the restriction that the first
step must come from z.

The axiom system PA(A) is given by:

BPA(4) +

zlly==zly+yl= M1
alz=a-z M2
(a-z)ly=a-(z|y) M3
(z+y)]z=z|z+ylz M4




2.2.2 Graph Model

The two new operators of PA(A) are now defined on finite process graphs (as before, with non-
endpoint roots).

Definition 2.4 The operators || and | are defined on F as follows:

g1 || 923 is given by < Vi X Va,(ry,7s), — > where (v1,v2) — (vi,v}) if either of the following
holds:
o vy — v} and vy = 4

a
¢ v; — 2 vy and v, = vj

91 | g2: As g1 || g2 but without transitions of the form (ri,rs) — (r1,v).

Again one may notice that & is a congruence, /= | PA(A) and that PA{A4) constitutes a
complete axiomatization of process equivalence in F/= [BW90).

2.3 ACP without A6
2.3.1 Equational Specification

The equational system ACP;(A4) treats the operators of BPA(A) as well as the new constant §
representing deadlock; a communication merge operator | describing the result of a communication
between any two atomic actions; a merge operator || and lefi-merge operator | like those of PA{ 4)
but which additionally admit the possibility of communication; and a family of restriction operators
O, H C A. We will also need an auxiliary operator I that defines the initial actions that a process
can perform.

Letting As = A U {6}, the signature of ACP[(A) extends that of PA(A)} as follows:

Z(ACP;(A)) = Z(PA4)) U {§:» P} U {|:PxP—-P}U {8g:P->P|HC A}U
{I:P — 24¢}

It is convenient to define communication merge as a binary commutative and associative function
on atomic actions (i.e., [ : As X A; — A;) with é acting as a multiplicative zevo. This is accomplished
with axioms C1-3 below. We further require | to be total and to capture this axiomatically we
need a way to effectively enumerate all the constant processes. For this purpose, we define the
characteristic predicate A; of A4 in the usual way:

acds

The totality of | is now given by the following axiom: axiom:!

Va,b€ P As(a) A As(b) = 3c€ P As(c)ralb=c CO

'Axiom 0 is often replaced by choosing a total function v : As X A5 — A; and having all identities of the graph
of v as axioms: a}b = v(a,b). In this way, v becomes another parameter to the theory (sece, e.g., [BWS0]).



The axioms of ACP;(A) are now given. In this system, a,b,c range overds, Hs = HU {6}, and
N,U are used on 246 without further specification.

BPA(4) +
b.-z=4 AT
+
co +
alb = bla C1
(alb)lc = al(ble) C2
dla=§ C3
+
zlly=zly+ylz+zly CM1
alz=a-z CM2
(a-2) Ly =alz ]l 9) cM3
(+y)lz=(=l2}+(ylz) CM4
al(b-z) = (ajp) -z CM5
(a:z)|b= (alb) 2 CMé
(a-2)|(b-y)=(alt)-(=]y) CMT7
(z+y)z=zlz+y|z CMs
elly+2)=zly+ 2|z CMs9
+
I{a) = {a} nn
I(z-y)=I(2) 12
Iz+y)=1(z)LI{y) I3
+
a€H = 08g(a)=4¢ D1
a¢ H = Ogla)=ca D2
I{z)C Hf = 08g(z+y)=28r(y) D31
Iz4+y)nHs; =0 = 8g(z+y)=0n(z)+0x(y) D3.2
Or(z-y) = 8g(z)- 8y(y) D4




Comments: ACP7 (A) differs from ACP by the absence of A6 and the presence of D3.1-2 instead of
axiom D3: dy(z + y) = 9y(z) + dy(y). The following examples illustrate the new axiom system.

Fpla+(b+¢)) = Oia(c+(a+b)) (by Al and A2)
= a{c}(a + b] (by D3.1)
= Ogla) + 9ry(8) (by D3.2)
= a+b (by D2 twice)
3{0}((1 + 5) = 8{@(5 -+ a) (by Al)

= dg(a) (by D3.1}
= § {(by D1)

a{a} (a =+ 6)

H

81a)(6) (by D3.1)
= § (by D2)

2.3.2 Graph Model

Let initials(v) C As be the set of actions {a € 4] 3v' v -2+ v'} for v a process graph node. The
operators of ACP;(A), beyond those of BPA(A), are now defined on finite process graphs (with
non-endpoint roots).

Definition 2.6 The ACP;(A) operators 6, ||, [, |, 85 (for H C A), and I are defined on F as
follows:~
§: is given by <{rs,vs},7s {<7s,8,v5 >} >.

g1 [| g2t is given by < Vi X Va,(r1,72), —> where (v1,v2) —— (v],v}) if one or more of the fol-
lowing holds:

o vy ;0] andvy =)
bt ' !

* vy —s v, and vy = V)

* U LR 1 Uy, U2 =, vh, and a = blc (for some b and c)
g1 | 921 As g1 || g2 but without transitions of the form (r1,75) — (r1,v).
91|92t As g1 || g2 but without transitions of the form (ry,rs) —— (t.r2} or {r-.73i — (r1,0}.
8g(g1): is given by <Vi,ry, ~—> where

— = {(v,a,¢') € — |a ¢ Hs} U
{(v,6,v") | (v,a,v') €=~ and initials(v) C Hs}

I(g1): gives the set of actions initials(ry).

Our algebra of process graphs is standard (see, e.g., [BW90]) with the exception of restriction.
This operator removes all edges labeled with actions from the set of restricted actions H. It also
removes §-edges, which it must do to ensure the soundness of D3.1. In case a node in g; qualifies to
have all its edges removed, then these edges are not removed but rather renamed into é-transitions.

9



The presence of §-transitions, which intuitively represent the capability for a process to deadlock,
requires a new definition of bisimulation in which a weaker condition is imposed on é-transitions.

Definition 2.6 Letg, =< Vi, 7, —1>, g2 =< Va,72, —2> be two process graphs. A §-bisimulation
between g, and g, is a relation R C Vi x Vu with the following properties:

. R(Tl, 1"2)

e Yo eV, we Vy with R{v,w):
- Vae Aandv' €V,
ifv — 1 v then Juw' € Vo with R(v,w') and w %5 5 w’

. & é
- if v - | v, for some v, then w — » w', for some w'

e and vice versa with the roles of v and w reversed.

Graphs g; and g5 are §-bisimilar, written g) =24 g2, if there ezists a §-bisimulation between g, and
g2.

This definition is the same as Definition 2.2 with the additional stipulation that for two nodes v, w
related by a §-bisimulation, v possesses a é-edge iff w does. We once again have that =g is a
congruence.

Proposition 2.2 If g, 2259, theng |lgi 26992, 901 =259 92, 91 92592 ] 9, 9lo1 25 9lg2
and 3H(9’1) =g aH(gg), forall H C A.

Proof: The proof for all operators, except g, follows the standard arguments of ACP (see, e.g.,
[BW90]). For g, H C A, the proof proceeds as follows. Suppose g; =25 g, and let R C V; x V> be
a §-bisimulation between g, and g,. We show that R is also a é-bisimulation between 85(g:) and
Om(g2), H C A.

Let (v;,v2) € R. There are three cases to consider:

initials(v;) € Hs : then in 8g(g;) the transitions of v; are of the form v; -~ v} with ¢ ¢ H;.
Since g) tz; g3, in dg(gz) there exists a v) with R(v!,v}) and v, = vi.

.. . - & .

initials{v.} # @ C Hy : then in 6g{g.) all tzansitions of v; are of the form v, — ©]. Since g; =293,
ir &=z(g-} all transitions of v- are Ikewise of the form v; = vh. By the weaker condition
on é-transitions in a é-bisimulation, tkis is enough.

initials(v,) = @ : then initials(v;) = @ in 05 (g1) and, since g; =4 g2, initials{vz) = @ in 8x{g2).
By considering the same three cases with the roles of v; and v» reversed, we are done. o

To prove the completeness of ACP;{A) for finite processes, we first introduce the notion of
a “basic term” for closed ACP;(4) terms. We will subsequently prove an “elimination theorem”
stating that any closed ACP7(A) term can be reduced to a basic term using the axioms of ACP; (A4).
Combined with the completeness of BPA{A), this will be enough to prove the completeness of
ACP7(4).

10



Definition 2.7 A basic term is defined inductively as follows:
e a € A; is a basic term,

e Letty, ty be basic and a € A. Thent; +t: and a -t are basic,

Note that a basic term uses a restricted form of sequential composition known as action prefixing,
and that a basic term is a BPA(A;s) term; i.e., a BPA(A) term treating é as an additional atomic
action.

To prove the elimination theorem we introduce a term rewriting system based on ACP; (4) for
which we prove a strong normalization result. The rewrite system RACP; (A} consists of axioms
Al-5, A7, C3, CM1-9, 11-3, and D1-2, treated as rewrite rules with left-to-right orientation, plus
the rules

z+(y+z)— (z+y)+z A2
alb=¢c = afb— ¢ Co’
a|5 — & Ccal
c€ Hs = 0Ou(c+z)— 0ulz) D3.1’
c€ Hs = 8glc-z+y)— 9u(y) D3.1*
Iz+y)nH; =0 = Op(z+y) — 9g(z)+ 8x(y) D3.2
dg(a-z) ~— dm(a)-0a(z) D4/

Notice that all these rules follow easily from ACP; (4). The normal forms of the rewrite system
RACP7 (A) are defined as follows.

Definition 2.8 A closed ACP;(A) term t is in normal form if for all RACP} (A) reduction paths
of the form

t=tg — ¥t — 1y — .-

tiy1 follows from t; through the application of either rule A1, A2, or A2' (and no other), for all
120,

Proposition 2.3 A normal form is a basic term.

Proof: Let t be a normal form and suppose t is not basic. Let #' be a minimal subterm of ¢ that
is not basic. Thex ' has one of the following forms:

[y

.rllg
-ple
plg

- 6x(p)

. p-¢ (with p not an atom or p = §)

i T

o

and both p and ¢ basic terms due to minimality. We show that in each case a rule of RACP;(4) —
{A1,A2, A2} can still be applied, thereby proving the result by contradiction. Take, for example,
the second case. Since p is a basic term, there are three subcases to consider:

11



(a) pis of the form p; + p2. Apply CM4.
(b) pis an atomic action a € Az. Apply CM2.
(c) pis of the form a - p), a € 4. Apply CM3.

The other four cases are proved similarly. |

Note that the converse of this result does not hold, e.g., a + « is basic but not in normal from.

Lemma 2.1 The rewrite system RACPT(A) is strongly normalizing modulo A1, A2, A2, i.e,
every infinite reduction path contains A1, A2, A2’ sieps only from some point onwards.

Proof: Let II = (vo,t0) — (71,11} — (72112) — --- be an infinite reduction path in
RACP; (A) where ¥; is the (possibly empty) condition associated with rewriting ¢; into ¢;4;. We
omit from II any steps having to do with normalizing the expression I(z + y) in the condition to
D3.2"-steps. We prove that only finitely many of the steps in II can differ from A1, A2, A2'.

We transform the reduction sequence II into a reduction sequence II' of RACP{A4) [BK84] as
follows:
¢ Expand each D3.1' step of the form (¥i,t;) — (7Yi41,%i+1) into a finite valid rewriting of
RACP(A) depending on the condition ¥; as follows:
—c=& (6 +2) 2L dn(z + 6) 2 (1141, 08(2))
- c€ H: (c € Hogle+z) 2> (c € H,on(c) + 0n(z)) 22 6 + dn(z) 2> dp(z) +
A6
6§ = (741, 01(z))

o Expand each D3.1" step of the form (v;,t;) — (¥i+1,%i+1) into a finite valid rewriting of
RACP(A) depending on the condition ¥; as follows:

- =68 98-z +y) 25 8a(6+y) = 0n(y + 8) 25 (%41, 9u(y))
~ c€ H: (c€ H,u(c-z+y)) 2> 0g(c-2)+0m(y) 25 (c € H,0r(c)-Or(z)+0r(y)) == 6-
3n(z) + 9 (y) 25 & + 8(y) 25 8 (y) + 6 = (%41, 9a(y)
o Transform each D3.2' step of the form (¥;,t;) — (7i+1,ti+1) into the conditionless step

t; — {Yi41stis1), @s D3.2' is valid in RACP(A4) in all cases (i.e., restriction distributes over
plus).?

Now we obtain an infinite reduetioz path in RACP({4) and from [BW90] it follows that this reduc-
iico path contains finitely maay noc-Al, A2, A2 steps. But the same must hold for the original
reduction sequence. jul

Note that in the transformation of a RACP} (A) reduction sequence to a RACP(A) reduction
sequence, each non-Al, A2, A2’ step is replaced by at most six non-A1, A2, A2' steps.

We now present the “elimination theorem” for ACP;(A4).

Lemma 2.2 Letp be a closed ACPy (A) term. Then using RACP (A), p can be reduced in finitely
many steps to a basic term.

20One could, of course, leave condition v; intact and still have a valid reduction step in RACP(A4).
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Proof: If pis a basic term we are done. Otherwise, by Proposition 2.3, p is not in normal form.
By Definition 2.8, there exists a reduction sequence

0 1 4]
p-_—pozto—ytl—;---——)tno:pl

such that tno g — tgo is not an A1, A2, A2 reduction. If p, is basic we are done. Otherwise there
exists another reduction sequence

pl_—,té—-—z»ti—i---—;til = P2
such that ¢, _; — t}, is not an Al, A2, A2’ reduction. This line of reasoning cannot proceed

indefinitely: due to strong normalization (Lemma 2.1) p;, for some 7 > 0, is a basic term. Otherwise,
an infinite reduction with infinitely many non-Al, A2, A2’ steps would have been constructed which
is impossible. O

Theorem 2.2

1. F/es = ACP; (4)
2. For all closed ezpressions p,q over Z{ACP; (A)):

.'F/ﬁg |:p=q - ACP;(A)I*p: q.

Proof: For part 1, we consider axioms A7 and D1-D4. The fact that f'/:z,g is a model of the rest
of the axioms of ACP7 (A) follows standard arguments as presented, e.g., in [BW80]. For A7, both
& -z and ¢ initially can perform but a single §-transition. Since &5 matches one §-transition with
any other é-transition (i.e., without regard to the destination states), we are done. The soundness
of D1 and D2 is trivial since in both cases the left- and right-hand side terms represent isomorphic
processes.

For D3.1, the initial transitions of z will be deleted from the root of # + y by the 8y operation,
thereby again resulting in isomorphic processes. D3.2 could fail only if z,y # & and either dx(z) =
or dg(y) = 8. The condition to the axiom ensures against this. Note that D3.2 is still sound under
the weaker condition

I(z)—H;#0 and I(y) - Hs £ 0

but the natural probabilistic extension of the resulting axiom is not sound (see Section 3.4), and is
thus rejected. Finally., D4 also represents isomorphic processes.

For part 2, suppose p<=¢g¢. Reduce p, ¢ to normal forms p', ¢’ using RACP; (4); by Lemma 2.2,
?',¢ are basic tezms. Br part 1, p' ss p=; ¢ = ¢', and thus p’ =; ¢’. In reducing p, ¢ to their
normal forms, we bave beez rewriting by A7 whenever possible. We may therefore conclude that
p’ = ¢' (treating ¢ as jus: another atomic action), and by Theorem 2.1, BPA(A4s) F p' = ¢’. Then
ACP(A)Fp=p =¢ =4q. g

2.3.83 Connections Between ACP and ACP;
Let A be the usual bisimulation model for ACP(4), and let A~ = F/«;5 be the bisimulation model

for ACP; (A). Then for p,q closed expressions over Z(ACP(A)) we have the followmg results, which
we state without proof.

1. Completeness of ACP7(A): A~ Ep=q = ACP;(A)Fp=g¢q
(This is just part 2 of Theorem 2.2.)
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2. Completeness of ACP(A) [BW90]: AEp=¢ = ACP(A)bp=g¢

3. AT E=p=¢ = A | p=g. This implies that A~ can be homomorphically embedded in
A using the identity mapping.

4. AEFEp=g = A" E 9(p) = 9(g). This implies that A can be homomorphically
embedded in A~ using the homomorphism ¢ : A — A, such that ¢(z) = dp(2).

5. ACP(A)F dy(p) = p
6. ACP(A)Fp=gq = ACPj(Ad)+{z+6=z}Fp=g
7. ACPT(A)F dpe + 8) = Bp(2)

3 A Probabilistic Version of ACP

Our discussion of probabilistic ACP will proceed in a manner similar to before. For each of the axiom
systems AX € {BPA(A),PA(A), ACP;(A)}, a probabilistic version pr AX will be introduced, along
with a probabilistic version of its process graph model. Completeness in these models will also be
demonstrated.

3.1 Probabilistic BPA
3.1.1 Equational Specification

Notation: As usual, (0,1) denotes the open interval of the real line {r € 8 | 0 < r < 1}, and [0, 1]
denotes the closed interval of the real line {r € R | 0 < r < 1}. We let 7, p, ¢, and @, possibly
subscripted, range over these intervals.

The signature Z(prBPA(A)) over the sort prP (for probabilistic processes) is given by:
Z(prBPA(A)) = {a:—prPlac A} U{+-:prP xprP - prP |7 € (0,1)} U
{:prP X prP — prP}

The operator + has been replaced by the family of operators +,, for each probability = in the
interval (0,1}, and is now called probabilistic alternalive composition. Intuitively, the expression
Z +4 ¥ behaves like z with probability = and like y with probability 1 — =. Probabilistic alternative
camposition is generative [vGSST90] in that a single distribution (viz. the discrete probability
cisteibmiion {p, 1 ~ p}) is associated with the two alternatives z and y. As mentioned in Sectior 1.
these probabilities are conditional with respect to the set of actions permitted by the environmen:.

This will become clear in Section 3.4 with the introduction of the restriction operator dg in the
setting of probabilistic ACP.

We have the following axioms for prBPA(A):

THrY=Y+1-n® p'r'AIT
ztx(y+po2)=(z ta/(xt+o—n0) Y) ‘rip-mp 2 PrA2
THrr=2 prAl3
(z+xy)-z2=2 245y 2 prAd
(z-y)-z=2z-(y-2) prAb

14



Axiom prA2 has a left-to-right orientation in that the probability indices on the right-hand
side are derived from probability indices #,p on the left-hand side. A right-to-left version of prA2,
which will prove useful later, is given by:

(3+wy)+pz:‘”+1rp(y+f:_;w)£ z)

3.2 Probabilistic Graph Model

As in Section 2.1.2, we consider process graphs, with labels from 4, as a model for prBPA(A).
Additionally, a probability distribution will be ascribed to each node’s outgoing transitions.

Definition 3.1 A probabilistic process graph g is a iriple <V,r,u> such that V and r are as in
Definition 2.1 and p: (V x A x V) — [0,1], the transition distribution function of g, is @ total
function satisfying the following stochasticity condition:

YeeV Z u(v,a,v") € {0,1}
a €A,
v eV

Intuitively, p(v, a,v') = 7 means that, with probability =, node v can perform an a-transition
to node v'. A node in a stochastic probabilistic process graph performs some transition with
probability 1, unless it is an endpoint. Predicate endpoint(v) is true iff v is an endpoint. We
denote by prG the family of all probabilistic process graphs.

The notion of strong bisimulation for nondeterministic processes has been extended by Larsen
and Skou [LS89] to reactive probabilistic processes in the form of probabilistic bisimulation. Here
we define probabilistic bisimulation on generative probabilistic processes and to do so we first need
to lift the definition of the transition distribution function as follows:

g (V x Ax2Y) — [0,1] such that u(v,q, §) = Z u(v,a,v’)
v'ES

Intuitively, #(v,a,5) = p means that node v, with total probability p, can perform an a-
transition to some node in §.

Definition 3.2 ([LS89]) Letgy = <Vi,ri, 41 >, g2 = < Va, 1, us > be probabilistic process graphs.

A probabilistic bisimulation between g; and g2 s an egquivalence relation R T (Vi 2 13) » {12 U 173)
with the following properties:

. R(r11r2)
o Vv e V), w eV, such that R(v,w):
Vac A, 5S¢ (Vl U V2)/RJ [.L](‘U,G,Sﬂ .Vl) = “2(wsas 50 T/y2)

Graphs ¢, and g; are probabilistically bisimilar, written g, &= g5, if there exists a probabilistic
bisimulation between g; and g,.

Intuitively, two nodes are probabilistically bisimilar if, for all actions in A4, they transit to
probabilistic bisirnulation classes with equal probability. Note the somewhat subtle use of recursion
in the definition.
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We now define the operators of prBPA(A) on the domain prF of finife probabilistic process
graphs, i.e., probabilistic process graphs that are finitely branching and acyclic in terms of their
transitions of non-zero probability. Therefore, prF C prG. For this purpose, it is convenient to
assume, as in the non-probabilistic case, that the root nodes of probabilistic process graphs are not
endpoints, For the remainder of Section 3, unless otherwise stated, let g1 = <V, r, 41 >, g2 =
< Va, 72,2 > be finite probabilistic process graphs satisfying the non-endpoint root assumption
such that Vi nV, = 0.

Definition 3.3 The operators a € A, +,., and - are defined on prF as follows:

a € A: The process graph for each of these constants is given by <{rq, v}, Ta, g >, Where py(rg,a,v) =
1 is the only transition with non-zero probability.

g1 += g2: is given by <V UV U {r} — {r1,m2}, 7, u > wherer gV, UV, and

p(r,a,v’) = 7 pi(ry,a,v") ifven
p(r,a,v') = (1= 7) - pafry,a,v") ifv' €V
(v, a,v") = pi(v,a,v") ifv,v' € Wy
u1(v,a,v") = pafv,a,v') ifv,0' € Vs
u(v,a,v') =0 otherwise

g1 - g2 is obtained by appending a copy of g2 at each endpoint of g1, and is analogous to sequential
composition in the non-probabilistic setting (Definition 2.3). In delail, ¢, - g2 is given by
<ViuVy— {ra},r1,u > where
wmfv,a,v) ifv,v' €WV
, ua(ra,a,v') if v € Vi, endpoint(v), v' € V;
w(v,8,v) = ) uve
p2(v,a,v")  ifv,v' €V,

0 otherwise

So, in the definition of g, + g2, the transitions from r;,r; are now assumed by the new root
7, with their probability of occurrence weighted appropriately. Similarly, the transitions of r, in
g1 - g2 are assumed by each endpoint of g;, with their original probabilities intact.

As in the non-probabilistic case, for ¢ a closed prBPA(4) term, we write graph(t) = <V, r,, 1, >
to denote the probabilistic process graph obtained inductively on ¢ using Definition 3.3. We also
write p =" ¢ as shorthand for graph(p) =" graph{g). The definition of greph{t} an< the jus:-
mentioned notational shorthand extend in the obvions way to the axiom s¥stems prPa’' A and
prACP; (A) considered later in this section.

We will subsequently prove that the axioms of prBPA(A) are complete in this model. To admit
sound equational reasoning, in particular, the substitution of equals for equals, we first show that
=P is a congrnence in prBPA(A). Let V be an arbitrary set with v € V. For any equivalence
relation R over V we use [v]g to denote the set {w € V | (v,w) € R}; i.e., [v]g is the equivalence
class of v induced by R. Also, Idy = {(v,v)| v € V'} denotes the identity relation on V.

Proposition 3.1 If g, @P gs, theng 4+, g1 27 g4x 02, -1 =2 g g2, and g1 - g =2 g+ g.

Proof: Let ¢ = <V,r,p> such that V N (V3 U V2) = B, assume g1 =2P" g,, and let R be a
probabilistic bisimulation between ¢; and g2. We now consider each of the operators in succession.
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For +,, let r} be the root and p] be the tdf of g +, gi, 7 = 1,2. We show that
R' = {(rii‘ ’ T;)* (T;, Ti‘li-)} URU IdVU{,;"‘,;}

is a probabilistic bisimulation between g +x g1 and g +x g2. First note that because R is an equiv-
alence relation, so is R'. By the nature of R', we are left to show that the “carrier condition” (the
second condition of Definition 3.3) holds for (r{,r}). For a € A, the only a-transitions of r{ of
non-zero probability are of the form:

L. uf (rf,a, [0} = p(r,0,v') - 7, where o' € Vi or

2. uf(r] e, [v]r') = pi(r1, 6, [vi]r) - (1 — %), where v] € V;.
Well, we also have uj(rf,aq,[v]r/) = p(r,a,v') - © and, because g, =" g3, u3(rf,a,[vilrs) =
p1(ry,a,[vi]r) - (1 — 7). This completes the case for +,.

For both cases of sequential composition, a straightforward argument demonstrates that RUIdy
is an appropriate probabilistic bisimulation. ]

The graph model for prBPA(A) is now given by prF /=", To prove completeness of prBPA({A4),

we introduce the notation "

> [mizs

=1
with " m; = 1 and =; > 0 for all 7. So, in particular, when n = 1, 7; = 1. This notation abbreviates
right-nested probabilistic alternative composition expressions as follows:

1 n+1 n .
Yimlzi=21  and Y [mlei =21 +4m (E [le;l] Zi+1)

=1 i=1 i=1

Note that in this notation > 7 ,[#;] is a derived n-ary operator with operands #;. To illustrate, the
left-hand side of equation prA2 may be written:

3

2 Imijzs

i=1
where m; =m,ma={1-7w)p, 73 =(1~-7){(1—p),and zy = z,2, =y, 23 = z.

This summation form notation is useful as it directly reflects the transition structure of the
probabilistic process graph underlying the nested probabilistic alternative composition. That is,
consider the summation form ¥ ix;ic;-z; of action-prefixed processes, The grapa ef :xis suz=mation
will have, for each 1, a probability-%; ¢;-transitioz Tem its root to the noce represemting the roog
of graph(z;).

The following two lemmas for manipulating summation forms, the proofs of which appear in
Appendix A, will prove useful in the completeness proof for prBPA(A). The first allows summands
to be reordered arbitrarily, retaining their original probabilities, while the second allows two syn-

tactically identical summands to be merged into one summand, summing the probabilities in the
process.

Lemma 3.1 For any permutation £ of {1,---,n}, n > 2,

n n

prBPA(A) F S [mles = 3 [mezecs)

1=1 =1
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Lemma 3.2 In the summation form 2’::11 [rlei, let 2,1 and z2 be syntactically identical. Then

n+1 n
prBPA(A) b ) [mile = D lpilws
=1 ta=]

where p1 = Ty + T3, Y1 = 21, and p; = Tit, ¥i = Tiy1, 251 <N

We now use summation-form notation to define a kind of normal form for closed prBPA(A)
terms.

Definition 3.4 A probabilistic basic term is ¢ summation form Y .., {m;]t; where t; is either some

a € A or of the form b-t;, where b € A and t} is a probabilistic basic term. A probabilistic normal
form is a probabilistic basic term Y i [m;]t; such that t; AP ¢;, 1 < i # j < n.

Note that a probabilistic basic term, like a basic ACP;(A) term of Section 2.3, uses action
prefixing, while a probabilistic normal form bears the additional constraint that its summands are
pairwise inequivalent.

The depth of a probabilistic basic term ¢, denoted d(t), is essentially the maximum number of
nested prefixes in ¢. The inductive definition of d is as follows:

e dla)=1

o dla-t) =1+4d(t)

o d(35[mt:) = mazi(d(t;))

Lemma 3.3 For every closed prBPA(A) term t, there is a probabilistic normal form s such that
prBPA(A) - t=s.

Proof: The proof has two parts. In the first part, we prove that a closed term ¢ can be proven
equal to a probabilistic basic term. The second part handles the constraint that the summands
are pairwise inequivalent. The first part is simpler and follows the line of reasoning in [BW90).
That is, we use a term rewriting system to convert f into a term whose only instances of sequential
composition are of the form a-#', i.e., action prefixing. The rewrite system is based on prBPA(A4)
axioms prA4 and prA5 and is given by:

{(z=gg)-z——2-2=gy-z

(z-y)-s—z-(y:2)

It is not hard to see that this term rewrite system is confluent and strongly normalizing, and
that a normal form of a closed term uses only action prefixing. Therefore, given a closed prBPA(A)
term t, we can convert it into a probabilistic basic term by:

1. Reduce ¢ until a normal form is reached.

2. Use prA3, with right-to-left orientation, to rewrite all instances of left-nested summations
into right-nested summations. The resulting term can then be expressed as a summation
form.
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By the first part of the proof, assume t is a probabilistic basic term of the form >, [x;]t; and
consider the partition {Bi,..., Bk} of {1,...,n} such that (¢,%') € B; if t; =7 t;;. We prove by
induction on the depth of ¢ that:

prBPA(4) Ft = Z[p,-}t;.
i=1

where p; = {7 |7 € B;}, t; = t; for an arbitrarily chosen 7 € B;, and m < n. Note that the term
on the right-hand-side of this equation is indeed a probabilistic normal form. If the depth of £ is 1
then each t; is a constant and the indices in a block B; correspond to (all of the) multiple occurrences
of a constant a. If {B;| = 1 then we are done. Otherwise, apply the following procedure {B;| — 1
times: move two instances of a to the two left-most positions within the summation form using
Lemma 3.1. Merge the two instances into one, occupying the left-most position in the resulting
summation form, using Lemma 3.2. The associated probability of this single instance of a will be
the sum of the probabilities of the original two instances, as desired.

Next, assume the result for probabilistic basic terms of depth & and let d(t) = k¥ + 1. There are
two cases.

1. The indices in a block B; correspond to the multiple occurrences of a constant @. The base
case reasoning suffices here.

2. The indices in a block B; correspond to equivalent terms of the form a - ¢/, b-t", where t/, t"
are basic. If |B;| = 1 then we are done. Otherwise, apply the following procedure |B;| — 1
times. Choose two instances a-t/, b-t" of equivalent terms from B;. Since a-t’ =277 b-t”, then
a = b and t' =P" ", and, by the induction hypothesis, prBPA(A) F t' = t". By substitution
of equals for equals, we have prBPA(A) F a-¢ = b-t", and, as in the first case, we can use
Lemmas 3.1 and 3.2 to merge these two summands into a single summand, either a-t' or
b.t", the choice being arbitrary. The associated probability of the merged term will be the
sum of the associated probabilities of @ -#' and b-t", as desired.

O

The relationship observed above between a probabilistic summation form and its underlying
probabilistic process graph can be strengthened in the case of probabilistic normal forms.

Proposition 3.2 For t a probabilisiic normal form, t has a summand a € A, with associated
probability =, iff p(re,a,lv]_») = = where v is an endpoint. Also, t has a summand a - t', with

associated probability =, iff Lyir..e, =1 _»j = 7 where vl £V is the node in graph(t) representing
the root of graph(t’).

We now prove that our algebra pr 7 /=" is a model of prBPA(A) and that prBPA( A} constitutes
a complete axiomatization of process equivalence in prF /.

Theorem 3.1

1. prF /P = prBPA(A)
2. For all closed ezpressions s,t over Z(prBPA(A}):
prF/e=f=s=t = prBPA(A)Fs=1t.
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Proof: For part 1, consider first prAl and prA2. In both cases the left- and right-hand side
terms represent isomorphic probabilistic process graphs, with the transitions from the root of z
weighted by = and the transitions from the root of y weighted by 1 — =, in the case of prAl; and
the root transitions of z weighted by =, the root transitions of y rooted by {1 — w)p, and the root
transitions of z weighted by (1 — 7)(1 — p), in the case of prA2.

Graph isomorphism arguments also suffice for prA4 and prAS5, while the soundness of prA3 is -
established by the probabilistic bisimulation {(rz+,zs72)s (T2s Tetp2)} U 1V, 0000, 3+

For part 2, assume s =P" ¢ and also (relying on Lemma 3.3) that s and ¢ are probabilistic normal
forms, s = 3 ;[m]s; and t = 3°;[p;]t;. We prove the result by induction on the maximum depth of
s and t. If the maximum depth is 1 then each summand of s is a constant from A. Let s; = a.
Since s =P"t and ¢ is a probabilistic normal form, by Proposition 3.2, ¢ also has a summand t; = a
with p; = 7;. A symmetric argument matches each constant summand of ¢ with a summand of s.
Thus, prBPA(A) I s = £ by using Lemma 3.1 to reorder summands as necessary.

Next, assume the result for maximum depth & and let the maximum depth of s,t be & + 1.

There are two cases.

1. The term s has a constant summand. Here the base case reasoning suffices.

2. The term s has a summand s; of the form a-s’ and, by Proposition 3.2, ,(r,, @, [r}] ) = 7.
Since s=P"t, yy(ry, @, [r%,] 7 ) = 7;. But {isa probabilistic normal form so, by Proposition 3.2
again, t has a summand ¢; = a-t' such that t' =" s’ and p; = m;. By induction, prBPA(A) +
s' = t' and therefore (using substitution of equals for equals), prBPA(4) F s; = t;. A
symmetric argument matches each action-prefixed summand of ¢t with a summand of s.

From the two cases, it follows that every summand of s can be proved equal to a summand of ¢
and vice versa. Thus, prBPA(A) F s = t, by using Lemma 3.1 to reorder summands as necessary.
d

We also prove the following proposition:

Proposition 3.3 The various forms of +, distribute over one another:

(zrey)toz=(z+,2) +x (¥4, 2)

Proof:

e (e =2t (b (55 2)) (rA2)
=T 4px (2 + 1ol (z+1-,¥)) (prAl)
=z +pn ((2+x 2) +117—;; ¥} (prA2)
=zt (2412 ) (prA3)
=2 tpn (¥ +1-m 2) (prAl)
=(z+xy) +p1;” (prA2)

Note that the last step makes direct use of the right-to-left oriented version of prA2.
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3.3 Probabilistic PA
3.3.1 Equational Specification

The signature Z(prPA({A)) extends that of prBPA(A).
I(prPA(A)) = Z(prBPA(4)) U {|lo: prP x prP — prP |0 € (0,1)} U
{ls: prP X prP — prPjo € (0,1)}

Intuitively, ||, is a probabilistic merge operator, with the left operand receiving relative probability
o and the right operand relative probability 1 — ¢. Asin PA(A4), |, is a restricted version of ||, in
which the first step must come from the left operand.

The axiom system prPA(A) is obtained by adding to prBPA(A) the following axioms for prob-
abilistic merge and left-merge: :

elloy=2loy +o ¥ la-0) 2 prM1
ajoy=a-y prM2
(az)loy=a-(z|-¥) prM3
(z+r ) e z=(20c2) +x (¥ [ 2) prM4

3.3.2 Graph Model

As for prBPA(A), we provide a bisimulation model for prPA(4), and prove the completeness of
the axioms on finite probabilistic processes.

Definition 3.5 The operators ||, and |, are defined on prF as follows:

g1 |jo g2t is given by < Vi X Vi, (71, 72), 0 > where for alla € A, v1,v] € V3, 12,0, €V,

- ) ! > - d .
#((91,02), a, ('Ui,vz)) = i #1(01,(1 vl) 1f en PO‘lﬂ-t('vz)

ﬂl(vh a, ‘U-i) otherunse

1~} p2(v2,6,v3) if ~endpoint(n
lu((v]n vZ),a, ('Ul,v’z)) - { ( ) ’( g Uy Vg . ( )

#2(vz, 0, v7) otherwise

g1 | 2921 is given by <V} X Va,(r1,72), 1 > where for alla € 4, vy, v}, € V3, v, vh. € V2

o p{(ri,r2).a,(v1;72)) = pa(ri.a,v))

o ifv; Frorv F g

o py(vy,a,v)) if —endpoint(v,
#((vlvvﬂsaa('ﬂi’vz)) = , ,’ 1) . ( )
(11, @, v7) otherwise

1- O") ol U, A ‘U’ 1f ﬂendpoint v,
p((v1,v2),a,(v1,0)) = ( ’ (v2,8,v3) ‘ (v1)
PZ("Z’aa'Uz) otherwise

o if vl F#ry ”((rlsr2)1av(vi?v£)) =0

Note the careful treatment of endpoints in the above definition: in a2 merge, if one process
terminates, the other continues with its original, unweighted probability. Also, in a left-merge,
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special attention is paid to transitions from the root (r;,72) of g1 |- g2: the first and third clauses
collectively define the transition distribution function u on all transitions from (r;,72), with the
third clause giving probability 0 to transitions starting with g,.

We have that probabilistic bisimulation is a congruence in prPA(4).

Proposition 3.4 If g; @ g, theng ||lo 127 ¢ {loc g2, 9 e 1 €7 gle g2, and 1 |, 927 g2 |- ¢-

Proof: Let g = <V,r,u> such that Vn(V; U V;) = @, assume ¢; =P g5, and let R be a
probabilistic bisimulation between g, and g;. We first show that

R' = {((v:vl))(viv2)) I vE V’ (Ulavz) € R}

is a probabilistic bisimulation between g |, 91 and g ||, g2. First note that because R is an
equivalence relation, so is R'. Also, for v € V, w € (V1 U V2), [(v,w)]r: = {v} x [w]g. Now
consider the pair ((v, v}, (v,v2)) € R’ and let #L' be the tdf of ¢ ||» g;, ¢ = 1,2. For a € A, the only

a-transitions of (v, v;) of non-zero probability are of the form:

1. (v, v1), 0, [(v, 0)]me) = 0 - (v, 0, )
2. wl((v,m),0,[(v,2)lrs) = (1 = o) pufv1, 0, fv]R)

Well, we also have that ,uﬁ((v, va), a, [(v'y v2)]mt) = o+ (v, a,v') and, because g; =77 g3, ug((v, v2),
a,[(v,v})l=r) = (1 = &) - p1(v1, a,{vijr). The argument is similar in case {1) if v; is an endpoint
(the value of ,ulll would not be weighted by o), and in case (2) if v is an endpoint (the value of ,ug
would not be weighted by 1 — o).

An argument similar to the above can be used to show that R' is also a probabilistic bisimulation
between g |, ¢1 and ¢ | g2. In particular, there are fewer transitions of non-zero probability from
(r,71) and (r, ;) since such transitions can come from g only. Like in the endpoint cases considered
just above, the probabilities of these transitions are not weighted by o.

A nearly symmetric argument establishes that
R" = {((Ulav)! (0231})) l (‘01,1}2) ER,vE V}

is a probabilistic bisimulation between ¢; [, g and g; |, g- o

Theorem 3.2

1. prF /=P = prPA(A)

2. For all closed ezpressions s,t over L(prPA(A)):
prF/efr Es=t = prPA(A)Fs=t.

Proof: For part 1, the soundness of axioms prM1 — prM4 is immediate by probabilistic process
graph isomorphism arguments. The following comments, however, are in order. Axiom prM1 is
a kind of expansion law for probabilistic merge. In prM2, a |, ¥ behaves like y after performing
a as it will have reached a state where y is in a probabilistic merge with an endpoint. In prM3,
(a-z) |, ¥ behaves like z ||, y after performing a since left-merge behaves like merge after its root
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transitions. The left-hand and right-hand side processes of prM4 both represent a probabilistic
merge with z, the first step of which must come from z (with probability 7) or y (with probability
1-m).

For part 2, the proof is similar to the one given in {BW90] for the completeness of PA(A). We
use the following term rewrite system, with rules corresponding to prBPA(A) axioms prA3-5 and
prPA(A) axioms prM1 - prM4, to eliminate all occurrences of ||, and |, in a closed prPA(A) term:

I -l-.,r @ — 2
(z4ny)- 22— 2 24+ry-2z

(e9) 2z (y-3)

z ”cry'“—‘ z Ii_ay +eo y[[(1-a)2

a l]_a y—a-y
a-zloy—a-(z].y)

(2tay) loz— (2 lo2) +x (v Lo 2)

It can be proved that this term rewriting system is strongly normalizing and that a normal form
of a closed term mmust be a probabilistic basic term. By part 1 of the theorem (the soundness of
prPA(A)) and Theorem 3.1 (the soundness and completeness of prBPA(A)), the result is proven.
0O

3.4 Probabilistic ACP
3.4.1 Equational Specification

The signature ofprACP}(A) also extends that of prBPA(A). Recalling that A5 = AU §, we have:

Z(prACP;(4)) = Z(prBPA(4)) U {6 :» prP} U {IT:prP — 24} U
{log : prP X prP — prP | 0,0 € (0,1)} U {lio: prP x prP — prP|c,0 € (0,1)} U
{los: 2P x prP — prP |0, 0 € (0,1)} U {8y : prP — prP |H C A}

Thus, for each of the operators |, ||, and | we have a family of operators, each indexed by two
probabilities from the interval (0,1). These operators work intuitively as follows. Consider first
the merge operator. In the expression z |, ¢ ¥, 8 communication between z and y occurs with
probability 1 — §. and an autonomous move by either z or y occurs with probability 8. Given that
ar autonomous Imove occurs, it comes fror & witt prosabiisy ¢ and from v with probability 1 ~ o
The situation is simIar for z |, ¢ ¥ except the first siep mus: (with probability 1) come from z.
Likewise, the first step of z |, ¢ y must result from a cormmunication between z and y.

The treatment of the communication merge is exactly analogous to the situation in the non-
probabilistic case (Section 2.3). The “totality” axiom CO now becomes:

Va,b € prP As(a) A dg(b) == 3c € prP Vo,0 € (0,1) As(c)Aalppb=c prCO I

The axioms of prACP; (A) are as follows. In this system, a,b,c range over 45, Hs = H U {6},
and I has functionality I : prP — 244, Also, N,U are used on 244 without further specification.

prBPA(A) +
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f-z=4 prA7

+
prCO +
aleed="bln-0)sa prCl
(a |a,8 b) |a-,o' c=a Icr.9 (b Ia",e‘ C) p‘I‘CZ
§loga=2é prC3
+
z ooy =((2lesy)+e (¥ la-0)e2)) 4o (2|s0y) prCM1
alepy=a-y prCM2
(a-z){eoy=a- (2| ¥) prCM3
(z+xy) H.tr,é z=(z “_6.3 z) +x (y |Lo,6 z) prCM4
alsp(b-z)=(alpb) -2 prCM5
(@a-z)loob=(als0b)-2 prCMé6
(a-z) oo (b-y) = (als6d) - (2 |loe ¥) prCM7
(3 +x y) |cr,€ z=z Io’,G z+x ¥ |0',8 z p‘I'CMS
z ia’.ﬂ (y +x Z) =z Io’,ﬂ Y +r 2 Io‘.a z prCMQ
+
I{a) = {a} rril
I(z-y) = I(z) prl2
I(z +~y) = I(z) U I(y) prls
+
cH = d8gia)=¢ prD1 |
cf H = 0Og{e)=a prD2
- I{(z) C Hs = 0g(z+xy) = Ir{y) prD3.1
Iz 4+, y)NH; =0 — 9g(z+xy)=0u(z)+r0u(y) prD3.2
8n(z-y) = Ou(z)- Oul(y) prD4

3.4.2 Graph Model

As for prBPA(A} and prPA(A), we provide a bisimulation model for prACP;(A) and prove com-
pleteness for finite processes. We begin with the definition of the prACP} (A} operators on prob-
abilistic process graphs, and for this purpose we need to introduce a “normalization factor” to be
used in computing conditional probabilities in a restricted process.

24



Definition 3.6 Let ¢ = <V,r, u> be a probabilistic process graph. Then, for v € V, the normal-
ization factor of v with respect to the set of actions H C A is given by

vg(v)=1-— Z{p(v,a,v') | a € Hs,v' € V}

Intuitively, v5(v) is the sum of the probabilities of those transitions from v that remain after
restricting by the set of actions H. In the following, let initials(v) = {a € A5 | v’ p(v,a,v’) > 0}
for v a probabilistic process graph node, and let the empty summation of probabilities be 0.

Definition 3.7 The operators §, ||o,s, |o.6) |06 85, H C A, and I are defined on prF as follows:

§: is given by <{rs,vs}, s, its > where us(rs, 6, vs) = 1 is the only transition with non-zero proba-
bility.

91 llog g2t 15 given by < Vi X Vo, (r1,72), pb > where for all a € A, v1,v] € V1, v3,v5 € V)

o-0.p(v,a,v)) if nendpoint(v,y)

M((Ul,vz),ﬂ, (‘Ui,‘l]g)) - ; T .

#1(v1, @, v7) otherwise

(1 -0} 8- pa(ve,a,v3) if ~endpoint(v,)

p2(v2,a,v3) otherwise

p{(vy,v2), @, (01, 05)) = {

,U-((‘Ul,‘vz),a, (‘Ui?vé)) = (1 _9) : Z #l(vlsba v;.) 'ﬂz(”z,C,U'z)

by by 9 c=a

91 Lo g2: is given by < Vi x Va,(r1,72), 4 > where for all a € Ag, vy,v},€ Vi, v,v5, € V3

o u{{r1,72},a,(v1s72)) = ma{r1,a,v1)

o ifvy £ orvy £ v
p((v1,v2),a, (v],v2)) = o8- (v, a,v1) if ~endpoint(v,)

(v, a,v7) otherwise
#(v1,v2), @, (v1,v3)) = (1-2)0- palvz,0,v3) ¥ ~endpoint(v;)
P pa(v2, a, v5) otherwise

p{(v1, 02}, ¢, (v, v3)) = (1 - 6) - E i{v1, b, ”;) - t2{v2,¢,v3)

b,c: bla’,ﬁ c=a

¢ tf ‘U; # T2 P‘((Tls 7'2)aaa (U;Jvé)) =0
g1 .6 92 18 given by <V % Vi, (r;,r2), 4 > where for all a € Ay, v3,0) € Vi, va.th 2 13

o p{(rir2)ia, (¥1,13)) = Ticni, pema B1{r, 0y 0]) - p2(r2, ¢, v3)

o ifuyFErnorupET
o-0-u(vy,a,v]) if ~endpoint(v,)
,u((vl,vz), a, (U{,‘vz)) = , ' :
ﬂl(”lsa? v]) otherwise
(1 ~a):6-pa(vz,a,vy) if mendpoint(v;)
pa2(v2, @, v3) otherwise

u((v1,v2), @, (v1,05)) = {

u((or,00)a (v, o) = (1= 8)- 3 pa(or,byvl) - vz, v))

bye: bl g c=a

o if (v} # 11 and vy = ry) or (v =71 end vy # 72) p((r1,72),a,(v],v3)) = 0
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B8y(g1): is given by <Vq, vy, u > where, for alla € A, v,v' € V1,

o if initials(v) C H;

plv,a,vy =0
,U.('U, 6, ‘U’) = Z “1(”’ a,v )
aEA;

o if initials(v) € Hs

, 0 ifae Hs
w(v,e,v') = .
p1(v,a,v")/vg(v) otherwise

I(g1): gives the set of actions initials(r).

Similar to the case of prPA(A), the first and third clauses of the definitions of g, |, g2 and
g1 |06 g2 collectively define the transition distribution function g on all transitions from the root
(r1,72). Alsonote that in the definition of dx(g:), division by the normalization factor vy (v) occurs
only when initials(v) ¢ Hy, which ensures that vg(v) > 0.

Processes are still stochastic in the graph model of pr ACP; (4) if the probability of é-transitions
is taken into account. On the other hand, one may prefer the “substochastic” interpretation that a
process like a + L d§ performs an a-transition (after which it successfully terminates) with probability

3, but may also do nothing (deadlock) with probability . However, the process p(a +1 &) never

deadlocks and is equivalent to a.

The presence of §-edges requires a new definition of probabilistic bisimulation.

Definition 3.8 Let g1 = <Vi,r, 11 >, g2 = <Va,ra, 4z > be probabilistic process graphs. A prob-
abilistic §-bisimulation between g; and g, is an equivalence relation R C (VU V,) x (V; U V2) with
the following properties: '

* R(ry,ra)

e Yo e V1, w € V3 such that R{v,w):
-Yac A Se (Vl U Vz)/R, pl(v,a, SﬂVl) = pg(w,a, SﬂVz)
- #l(v! 65 ‘fl) = #2(w159 V2)

Graphs g, and g, are probabilistically §-bisimilar, writien g. =% ¢,, if there ezists ¢ probabilistic
&-bisimulation between g. and g,. )

The definition is the same as the earlier definition of probabilistic bisimulation except that prob-
abilistically 4-bisimilar nodes must perform the action é with the same total probability, without
regard to where the é-transitions lead.

In order to prove that =% is a congruence in prACP; (A4), we need the following proposition

to facilitate our reasoning that ©f respects restriction.

Proposition 3.5 Let g1 = g, and let R be a probabilistic §-bisimulation between g1 and g, with
(v1,v2) € R. Then:

1. [l](vl,a, V'l) = ﬂ'2(02vas V?): ac Aé
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2, initials(v,) = initials(v,)

3. vg(vy) = vg(vs), H C A.

Proof: For a = §, result (1) is immediate from Definition 3.8. For a # 4, (1) is easily deduced
from Definition 3.8 as 3 (v1, @, SNVy) = pa{vs, @, SNV3) for all equivalence classes § of the partition
of V1 UV, induced by R. Results (2) and (3) are simple consequences of (1). o

Proposition 3.6 Ifg; =7 g;, theng |00 9125 9 llos 92, 9 {00 9127 90092, 01 Lo 92F 92 Lo 9,
9lo091 2F glos92, 8m(91) w2 Ou(g2), for all H C A, and I(g1) = I(g2).

Proof; The proof for ||,,¢ is similar to the proof for ||, in Proposition 3.4. Let a # §. The
a-transitions of non-zero probability stemming from (v, v,) are now of the form:

L dll((vs 1) 0, (v, 0)lme) = 0+ 6+ (v, 0,0")
2. lu”lll(('”’ 1}1), a, [(U’”i)]ﬂ‘) = (1 - 0') 4. 1“1('”1’ a, [U:IL]R)
3. i1d((v,01)0, [(V, v)]Re) = (1= ) - Thoge s, g ema 1(¥:5,9") - pra (w1, [02]R)

4. lu'!ll((v!vl)’ 6,V x .Vl) =c-6- ,u(v,é, V) + (1 - 6) ' Zb,c:bic'g(::& ""(v'} bv V) - p’l(vl:ca ‘Vl) + (1 -
o)- 8- pi(v1,6,V1)

The argument for the first two types of transitions is virtually identical to the argument set forth in
Proposition 3.4. For the third type, since g1 =% g2, ,uili((v, v ),a,{{(v,v])r) = pg (v, v2), 4, [(V', v])]Rr!)-
The arguments for the first three cases collectively are sufficient for the fourth case and we are done.

As in Proposition 3.4, the argument is similar if v; or v is an endpoint.

Again, as in Proposition 3.4, the proofs for |, ¢ and |,,¢ follow reasoning similar to, if not simpler
than, the proof of ||, 4. In particular, there are fewer transitions of non-zero probability from (r, ;)
and (r,r,) since such transitions can come from g only, in the case of probabilistic left-merge, and
from communications between g¢,g; or ¢,¢2 only, in the case of probabilistic communication merge.

For the case of restriction, assume g; =2 g2 and let R be a probabilistic é-bistmulation between
g1 and g;. We show that R is also a probabilistic é-bisimulation between dg(g,) and 8g(g2).
H C A Let (v,v2) € R and let ,u? be the tdf of dy(g:), i = 1,2. If initials(v;) C Hjs then,
by Proposition 3.5, initials(vy) C Hs and therefore pf(v;,61%). pf{v., & 1% = 1. Otherwise.
pf(vs, e, V1), 48(vy.a,V2) = 0,if a € Hy; and forall § = (310132) 'R, £5{{vy,e. 57115,

Vaj = pa1(va,a, §0V1)/ve(v1), i @ ¢ Hs. This last step is a consequence of the fac: ¢
and Proposition 3.5, part (3).

‘[.'g(t’z._c, §-
at {v1,v2) € R

That =} respects operator I follows directly from part (3} of Proposition 3.5. C

Theorem 3.3

1. prF[e=l | prACP;(A)

2. For all closed ezpressions p,q over L{(prACPr (A)):

prF/el Ep=g = prACP;(A)Fp=gq.
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Proof: For part 1, the proof of soundness of axiom prA7 is a simple extension of the soundness
argurnent for A7 (Theorem 2.2). Axioms prC1-3 are merely postulated about the communica-
tion merge |59. The soundness of the rest of the axioms of prACP} (4) rests on probabilistic
process graph isomorphism arguments (the remarks given in the soundness part of the proofs of
Theorems 2.2 and 3.3 are relevant with the obvious extensions).

Note that the condition to prD3.1 implies that vg(r.) = 0 and the condition to prD3.2 implies
that vy (rz4.y) = 1 and vg(r:), vg(ry) = 1. The soundness of these axioms now easily follows. As
alluded te in Section 2.3, unlike D3.2, prD3.2 is not sound under the weaker condition

I(z)-Hs#0 and I{y)— Hs # 0

(for example, consider z = a+, b, ¥y = ¢, H = {a}, and = = %) This situation is closely re-
2
lated to the fact that the equivalence induced on the stratified model of probabilistic processes via

abstraction to the generative model is not a congruence; in particular, it fails to respect restric-
tion [vGSST90).

For part 2, the proof is analogous to the completeness proof of ACP} (4).
s The definition of a probabilistic basic term uses +, instead of +.

¢ The term rewriting system prRACP7(A) uses the probabilistic counterparts of the rules in
RACP7(A) and the normal form is defined analogously as well. For example, prRACP; (A)
contains the rule prC0/

elogb=c = al|,9b—c

o The proof that a probabilistic normal form is also a probabilistic basic term proceeds as before
- no rule in prRACP} (A) is conditional with respect to any probability.

» prRACP; (A) is strongly normalizing modulo prAl, prA2, prA2’: take a prRACP[ (4) re-
duction and erase all probability subscripts. One obtains a valid RACP (4) reduction.

o The “elimination theorem” for prACP; (4) is also similar. Let p be a closed prACP;(A)
term and let § be the closed ACP;(4) term obtained by erasing all probability subscripts.
Now let

p:to—»t1—>---—)tﬂ

be a normalizing reduction of . This reduction can be decorated appropriately with proba-
bilities to obtain a prRACP[(A) normalization of p.

4 ACP; as an Abstraction of prACP;

In this section we demonstrate that ACP;(A) can be considered an abstraction of prACP; (A4) at
both the level of the graph model and at the level of the equational theory. For the former, we
exhibit a homomorphism ¢ from probabilistic process graphs to non-probabilistic process graphs
that preserves the structure of the bisimulation congruence classes. For the latter, we exhibit
a homomorphism & from prACP[(A4) terms to ACP;(A4) terms that preserves the validity of
equational reasoning.
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4.1 Graph Model Homomorphism

The homomorphism ¢ : pr§ — G, from probabilistic process graphs to non-probabilistic process
graphs, simply “forgets” probabilities.

Definition 4.1 Let g = <V,r,u > be a probabilistic process graph. Then ¢{g) = <V,r,—> has
the same states and siart state as ¢ and —— 13 such that

™ = Py — u(vl,a,vg) >0
Proposition 4.1 Let g1, g2 be probabilistic process graphs.

#(a) = a,a € 45

$(g1 - 92) = ¢(91) - 8(g2)
$(g1 +x 92) = ¢(g1) + ¢(92)
$(91 15,0 92) = ¢{91) | B(g2)
#(91 lloe 92) = ¢(91) || #(92)
(g1 {06 92) = é(g1) | ¥(g2)
$(3r(01)) = 9r(4H(91))

Proposition 4.2 The homomorphism ¢ preserves the structure of the bisimulation congruence
classes. That is,
g1 ‘d? g2 = &(g1) =5 ¢(g2)

Proof: Let g9 = <Vi,r, 17 >, g2 = <Va,rs, u2 > be probabilistic process graphs, and let
d(g1) = <W, 71, —1> and ¢(gz) = < Vi, 72, —2> be their homomorphic images under ¢. Fur-
ther, let R C V7 X V, be a §-probabilistic bisimulation containing (r1,72). That is, ¢ s:tf;" gs. Now
let (v, w)be an arbitrary pair in R and assume for some v’ € Vi, a € 4 that u;(v,a,v') > 0. By Def-
inition 4.1, v =4 v’. Then p;(v,q,[v']) > 0 where [v'] = {u € VUV, | (u,v') € R} € (LUWR)/R.
Since (v, w) € R, then there exists a w’ € [v'] with uz(rs, a, w') > 0; i.e., R(v', w') and, by Defini-
tion 4.1 again, r; — 5 w'. By a symmetric argument and by considering the case a = § (which is
simpler), we have as desired that g; =¥ g2 == &(g1) =25 ¢(g2)- a

The converse of this result is clearly not true. e.g.,a +b=2sb+abut a + 1 bAT b +1a. Thus,
the graph model 7/ =; of ACP; (4 is siciir mare adstract than the probabilistic graph model

prF/ =} of ;rACP[(4).
4.2 Equational Theory Homomorphism
Let £(E) be the language of all terrns, open and closed, generated by the signature of the equational

specification E. The homomorphism & : L{prACP;(A}) — L(ACP} (A)) from prACP (A) terms
to ACP; (A) terms, is defined as follows:
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d(a) =a,a € A
@(r)==2
&(z-y) = 2(z)- 2(y)
&(z +r y) ®(z) + &(y)
$(z|o0y) = ()| 2(y)
&(z lloy ) = &(=) || 2(y)
&(z [o0y) = 2(2) | 2(y)
#(0g(2z)) = 9u(2(=))

The following proposition states that any valid proof of prACP;(A) can be mapped into a valid
proof of ACP; (A) using the homomorphism &.

Proposition 4.3 Let ty, ty be terms of prACP; (4), i.e., t1,t> € L(prACP7 (A)).

prACP (A) 1 =1y
ACP;(A) F ‘:ﬁ(ﬁ) = @(fg)

Proof: The proof is by induction on the length of the prACPj (4) proof, using the observation
that, for every prACP;(A) axiom of the form ¢ == t; = t,, its homomorphic image ®{c}) =
$(t1) = ®(¢;) is an ACP;(A) axiom. Here c is a possibly empty condition on the validity of the
prACP; (A) axiom, and the fact that ®{c) is equal to the condition of the corresponding ACP; (4)
axiom means that no axiom of prACP;(4) is conditional on a probability appearing within an
prACP; (A) term. 0

Note that the converse of the result does not hold, e.g., a+b = b+a but a+% b b+;_ a. Thus,
ACP7(A) is a strictly more abstract theory than prACP; (A).

5 Comments on an Internal Probabilistic Choice Operator

In this section we consider the question whether it is possible to add a probabilistic internal choice
operator to prACP;{A). Such an operator V, : prP X prP — prP should have the following
properties (similar to ™ of CSP 'Hoa83)):

poid

. ZVyy denotes a process tZa: eczais © with probability = and equals y with probability 1 ~ .

to

vy distributes over the operators of prACP(A), e.g.. for all T € {-, +, [i0,6; L o8y |00}

z3(y Vr 2} = (20y) V4 (20z)
(z Ve )0z = (20z) VL (y0z)

3. 2Vay=yViez and zV,(yV,2)=(z Vaj(xtp-np) ¥) Vagommp 2

Each of these properties is very plausible. Nevertheless, we observe a difficulty that suggests that
the setup with v, must be flawed. It follows that if an internal probabilistic choice is to be added,
at least one of properties (1) - (3) must be removed. But, as stated before, these requirements are
needed to simplify any setting simultaneously involving +, and V,.

The difficulty with v, comes about as follows.
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Proposition 5.1 prACP;(A) + (1) - (3)F aVvi b= avy (b Vi (a +1 b))

Proof:

aVi b

Ll

(GV% b)+% (aV_;_ b)

= aV (bv% (a+%b))

o [

Next we introduce a probability measure on traces.

Probabilities of Traces

We define Pr: prP x A* — (0,1] as follows:

Pr(z —-e)=1

1 ifa=0b

0 ifasb

Prila—bxcxo)=10

Pr(a-2 —» bxo)= Pr(a— b)-Pr(z — o)
Priz+zy—o)=m-Pr(z—>a)+(1—7) - Pr(y— o)
Pr(zVey—a)=7n-Pr(z = o)+ (1-7) - Pr(y - o).

Pr(a—b) = {

Given this meaning, it seems clear that one must require:
prACP;(A)+(1)-(8)Fp=¢q = foralle€ A* Pr(p— o)= Pr(q— o)
Now consider the following example:

A = {a,b, guess(a), guess(b), success(a), success(b), fail}

al,pgquess{a) = success(a),Vo,0 € (0,1)
b,s.equess(b) = success(d),Vo,0 € (0,1)
a. - sguess(b) = bl, gguess(a) = fail,¥eo, 6 € (0,1)
AL other commmmications are é. Let H = {a,b,guess(a), guess{b})}, and let us write || for I,E%
Now, using Proposition 5.1, we find
PrACPT(4) + (1)~ (3) F Ba(guess(a) Il (a vy b)) = dg(guess(a) | avy (b1 (a+1)))
But
Pr(8g(guess(a) | a Vi b) — success(a))

= Pr(8g(guess(a) | a} V1 8p{guess(a) || b} — suecess(a))

= Pr(success(a) vy fail - success(a))

B3|
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and

Pr(dg(guess(a) |l a Vi (b Vi (a +1 b))) — success(a))

= Pr(8g(guess(a) | a) Vi (8g(guess(a) || b) Vi du{guess(a) || (a +1 b))} — success(a))
= Pr(success(a) vy (fail Vi success(a)) — success(a))

1 3 2 3
= 171373

This calculation indicates a definite problem for combining a probabilistic alternative composition
+» with probabilistic internal choice V..

It follows that a generalization to a probabilistic setting of CSP that features both composition
mechanisms (T and M) cannot be done along the same lines.

If an internal choice must be added, the authors feel that the mentioned difficulty is best reme-
died by:

1. adding a sort of state distribution S and an embedding i : prP — SD turning a process
into a state distribution.

2. Then, V, can have functionality 5D x §D — SD.

6 Conclusions

In this paper, we have presented complete axiomatizations of probabilistic processes within the
context of the process algebra ACP. Given that axiom A6 of ACP (z + § = z) does not have a
plausible interpretation in the generative model of probabilistic computation, we introduced the
somewhat weaker theory ACP;, in which A6 is rejected. ACP; is, in essence, a minor alteration
of ACP expressing almost the same process identities on finite processes.

Our end-result is the axiom system prACPy, which can be seen as a probabilistic extension
of ACP7 for generative probabilistic processes. In particular, ACP} is homomorphically derivable
from prACP;. As desired, we showed that prACP; constitutes a complete axiomatization of
Larsen and Skou’s probabilistic bistimmulation for finite processes.

Several directions for future work can be identified. First, we are interested in adding cer-
tain important features to the model, such as recursion and unobservable T actions. Secondly,
we desire also to completely axiomatize the reactive and stratified models of probabiiistic pro-
cesses vGSST90. In the stratified model, which is well-suited for reasoning about prebabilistic
=iair” scheduling. distinctions are made between processes based on the branching strucrure of
their purely probabilistic choices. We conjecture that by eliminating axiom prA2 (probabilistic
alternative composition is not associative in the stratified model!) and weakening the condition to
prD3.2 as discussed in the soundness part of the proof of Theorem 3.3, the desired axiomatization
can be obtained.
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A Proofs of Lemmas 3.1 and 3.2

Lemma 3.1 For any permutation £ of {1,---,n}, n > 2,

e

prBPA(A) F Y [mle: = Y [meelees)

=1 i=1

Proof:  The proof is by induction on n. All non-annotated steps are assumed to follow directly
from the definition of summation form notation.

¢ Basiss n=2
We prove the non-trivial case where £(1} = 2,£(2) = 1.

1

2 )
i1
Z [m]zs = @1 +n Z 1 :+7"1] 241

1=l i=l
= T+ T2
= Tyt (prAl)

1 x;
= 2:2+,2E 1- z;

i=1

2
= Dlmalee

i=1

o Hypothesis: supoose the lernma holds for n < k.

e Induction: n =%k +1
If £(1) = 1, then we have

& . Ti+1
dolmlai= 2y 4a Z[ ] 41
= . 1
=1 i=1
. Te(s+1)
L3 . -
= T1+ax Z [1 ~ TJ Ze(i+1) (induction)
1=1
k+1
= D imgnlze
=1
If§(1) = 7 # 1, then
k+1 k .
Ti+
Z: [m:)zi = 21+ Z [1 — 7"1} Zit1
=1 =1
k
= Ter(i+y) , inducti
= T1tm z 1o | B (induction)
i=1 -

where £’ is any permutation from 2 ton + 1
with £'(2) =7
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1—mwy -
14=

Te(i+2)
1 +1r; (33 +_____J_ Z [1 e —— l 261(14_2))

= [_mees)
T, | D Tionon %

k-1 P
£'(i+2)
(2:1 +1_:1;__ Z [m] 2£r(i+2)) +1—1.—J- z;
k-1
T¢(i+2)
z5 +ar,- (31 +1_:J'_J_ ; [_""_""1 e WJ] zf'(i+2))

S pin
z; +1rj (yl +p1 E [1 — Pl] yi'H.)

i=1

_ L
where y; =23, p1 = —_1.;;

for 1 < ) < k—~ 1 Yi4l = 35 (i+2) Pis1 = M

T—=x;
<i +1r,' Z [Pi] A
i=1

k
25 tu; 3 [Pe"(i)] Yer(s)

i=1
where £” is the permutation of 1 to k with

Yen(s) = Zg(i+1) and pens) = T

k

£

T tu; Z [1 (_;J)] Te(i+1)
i=1

k+1

> Imelze)

=1

35

(prAl}

(prA2)

(prAl)

(induction)
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n+1l
i=1

Lemma 3.2 In the summation form 07, [7;]2:, let z; and z, be syntactically identical. Then

n+1 n
prBPA(A) F E[ﬂ'i]zi = Z[Pf]yi

where p1 = Ty + T3, y1 = 21, and p; = Tig1, ¥i = 241, 2 <P < .

Proof: There are two cases; all non-annotated steps are assumed to follow directly from the
definition of sumrnation form notation. If n = 1, then we have:

2 1
Toe — Tit1 | .
Z [W:] T, T +1rl Z [1 —_ Wl] Tipl

i=1 fa]
1
l1— ™1
= -{—,HZ{I_WI] 1
=1
= Z1tm®
= o (prA3)

If n > 2, then we have:

n+l n Tit1
Nz = 214w 3 [ : ] Zit1
=1 1=1 1~ ™

n-1
Ti42
= (@1t g ) e 3 [T s (rA2)

= l—-m—7
n-~1
=21ty Z [ﬂ_] Zit2 (prA3)
= l—x; — %2
_ - o T ci e
= ¥ e :—- et ( iven Cond.ltlonj
n
= Z[Pi]y'
i=1
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