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MAXIMAL LP REGULARITY
OF FRACTIONAL ORDER EQUATIONS

Emilia Bazhlekova

Abstract

We study the maximal L” regularity of the abstract linear problem for the frac-
tional differential equation with Riemann-Liouville fractional derivative of order
o € (0,2). Our analysis combines two different approaches. First we prove maxi-
mal L? regularity of the problem with zero initial conditions using the method of
sums of operators. We apply both classical theorems and some very recent results
involving the notion of R-boundedness. Concerning the problem with zero forcing
function, we use the resolvent approach and prove strict LP solvability provided
the initial data belongs to some real interpolation spaces.

1. Introduction

The notion of maximal L? regularity plays an important role in the functional
analytic approach to parabolic partial differential equations. Many initial and
boundary value problems can be reduced to an abstract Cauchy problem of the
form

W(t) + Au(t) = £(t), te I, u(0)=0, (1)

where I = (0,7), T > 0, — A generates a bounded analytic semigroup on a Banach
space X and f and u are X-valued functions on I. It is well known that (1) has
a strong solution for all locally Bochner integrable f, but in many applications
we need that v/ has the same “smoothness” as f, which is not always the case.
In particular, one says that problem (1) has maximal LP regularity on I if for
every f € LP(I; X) there exists one and only one u € LP(I; D(4)) N WL?(I; X)
satisfying (1). From the closed graph theorem it follows easily that if there is LP
regularity then there exists C' > 0 such that

lullze +llu'llLe + || Aullze < Cllf|ze-

The theory of strongly continuous semigroups could suggest that it is more
natural to study the continuous regularity for (1), i.e. the existence and uniqueness
of a solution u € C(I;D(A)) N CY(I; X) for any continuous f. But Baillon [2]
proved that if there is continuous regularity for an unbounded operator A that
generates a Cy semigroup, then the space X must contain a subspace isomorphic
to cp, the space of sequences converging to 0. This fact implies that X cannot
be reflexive. On the other hand there are good results of LP regularity in some
reflexive spaces.



There is a rich literature on sufficient conditions for maximal L? regularity (see
for a survey [12]), which implies that for most classical differential operators that
may be of interest, there is maximal L? regularity of problem (1). Quite recently,
necessary and sufficient conditions for maximal L? regularity was obtained in
terms of R-boundedness ( for a definition see e.g. [9] ).

The following theorem is due independently to N. Kalton and L. Weis. For a
proof see e.g. [21].

THEOREM 1. Let —A generates a bounded analytic semigroup on an HT
space X. Then problem (1) has maximal LP regularity if and only if the set
M+ A7 X edR, X #0} is R-bounded.

In Hilbert spaces the uniform boundedness of this set already implies max-
imal LP regularity, but only in Hilbert space: recently Kalton and Lancien [14]
essentially proved that if for every negative generator A of a bounded analytic
semigroup on a Banach space X problem (1) has maximal L? regularity, then X
is isomorphic to a Hilbert space. It appears that the additional assumption which
we need in more general Banach spaces is namely the R-boundedness of the set.

Maximal LP regularity is an important tool in treating evolution equations
more complex than the basic Cauchy problem (1), such as second order equa-
tions, Volterra equations, nonautonomous and quasilinear equations. In this the-
sis we apply maximal LP regularity to study fractional order equations: both
autonomous and nonautonomous.

2. Preliminaries

2.1. Operators in Banach spaces

Let X be a complex Banach space, and let A : D{4) C X — X be a closed
linear densely defined operator in X. In the sequel we suppose that D(A) is
equipped with the graph norm of A4, ie. ||lzllpeay := llzllx + | Az]lx; since A is
closed, D(A) is a Banach space, continuously and densely embedded into X.

We call an operator A : D(A) C X — X nonnegative iff the following two
conditions are satisfied:

(i) there exists K > 0 such that for all A > 0 and all u € D(4),
Mullx < KlJdu + Aullx (2)
holds;

(ii) ROAT+ A) = X for all A > 0.



Observe that if A satisfies (i) and (ii), it is closed. Moreover, any nonnegative
operator in a reflexive Banach space is densely defined [15]. If A is a nonnegative
operator on X, then define

¢a = sup{s € [0,x]| p(—A4) D Ty, sup A + 4)"||px) < o0}
AESY

Ka(g) := sup A + A) Haxy, ¢ < da
A€y

The spectral angle of A is defined by

wq =T — Pa- (3)

An operator A is said to be positive if it is nonnegative and 0 € p(4).

There are many examples of positive operators. For instance, any positive-
definite self-adjoint operator acting in Hilbert space is a positive operator. If A
generates a Cp-semigroup of negative type then —A is a positive operator. The
reverse statement, however, is untrue, since there exist positive operators which
are not generators of suitable semigroups. In many cases, however, condition
0 € p(A) is not satisfied, e.g. for the Laplace operator on LP(R") we have 0 € o(A4).
Therefore it is desirable to weaken this condition.
An operator A is called sectorial if it is nonnegative and N(A) = {0} and

R(A)=X.

Obviously, any positive operator is sectorial. Examples of sectorial, but not
positive operators are some differential operators on unbounded regions, like the
Laplace operator or the Stokes operator on exterior domains.

For the class of sectorial operators one can define complex powers (see e.g.
[17]). A sectorial operator A is said to admit bounded imaginary powers if
the purely imaginary powers A® of A are uniformly bounded for s € [~1,1]. Then
it can be shown that A% forms a strongly continuous Cy-group of bounded linear
operators. The type €4 of this group defined by

04 := ﬁg{-ﬂ—-}m{‘srl log nAis”B(X)'

is called the power angle of A. Then for any w4 > 04, there exists constant
M = M(p4) > 1 such that

A% |lpxy < Meall, s e R,

We denote A € BIP(X; M,p4) or A€ BIP(X;¢4). The spectral angle w4 and
the power angle 64 of an operator satisfy the inequality 84 > wa (see [18]).

Let A be a nonnegative operator in X, v € (0,1), p € (1,00). Consider the
spaces

Daly,p) = {z € X| [2]p ,(yp) < o0},



where

elowm = { [ @401+ A7 alr 2}, @

endowed with the norm ||z|p,(yp) = l2llx + [2]p4(y,p)- These spaces coincide
up to the equivalence of norms with the real interpolation spaces (X, D(A)),
between X and D(A) ([5], Proposition 3). They are intermediate spaces between
D(A) and X in the following sense:

D(A) = Dal(y,p) = Da(v,p) = X, 0<9/ <y <1, (5)

where < denotes continuous embedding. The real interpolation spaces are exten-
sively studied; we refer e.g. to [20] for a more detailed description.

Recall that a Banach space X is said to belong to the class 77 if the Hilbert
transform H defined by

HNW=Jim, [ 1=, teR, feCRE:X)

i
€30+ J s >e

extends to a bounded linear operator on LP(R; X) for some p € (1,00). It is well
known that Hilbert spaces are of class H7 and if X is of class HT then LP(R; X)

is of class HT for every p € (1,00). Note also that any Banach space of class HT
is reflexive.

2.2, Operators of fractional differentiation in L? spaces

Let o > 0, m = [«], the smallest integer greater than or equal to «, and
I =(0,T) for some T' > 0. For the sake of brevity we use the following notation
for > 0O

Lf=1 ¢>0,
95(t) = { (TJW £<0 ©)

where I'(8) is the Gamma function. Note that go(t) = 0, because I'(0)~! = 0.
These functions satisfy the semigroup property
Ja * 98 = Gatp- (7)

The Riemann-Liouville fractional integral of order a > 0 is defined as
follows:

JEf() = (g * F)t), fe€L'(), t>0. (8)
Set JPf(t) := f(t). The Riemann-Liouville fractional derivative of order o
is defined for all f satisfying

f€LM), gm-o* f € W™HI) (9)



by
Dg f(t) == Di*(gm—a * [)(t) = D" I~ * £ (8), (10)

where D" := g;,,—,—, m € N. As in the case of differentiation and integration of
integer order, Df is a left inverse of J2, but in general it is not a right inverse.

Let X be a complex Banach space. Denote the operators of fractional inte-
gration on LP(I; X) by Ju:

D(Jq) = LP(; X), Jau:=gs *u, (11)

where the integration is in the sense of Bochner. Applying the Young inequality,
it follows that J, € B{(LP(I; X)):

| TauillLo(z,x) = 90 * ullLerxy < Ngalloynylliullexy = gar1(THlull e g,x)-
The Sobolev spaces can be defined in the following way (see (3], Appendix):

m—1
WL X) = (f| Fp € L(5X) : F(8) = 3 cagirs +gm  9(8), £€ T} (12)
k=0

Note that @(t) = f0™(2), cx = FF)(0). Let
We (1 X) := {f € W™P(I; X)| f9)(0) =0, k=0,1,...,m—1}.

Define the spaces R*?(I; X} and Ry"P(I; X) as follows.

Ifa ¢N, set
R¥P(I;X) :={u € LP(I; X) | gm-a *u € W™P([;X)}, (13)
R3P(1;X) i= {u € IP(1; X) | gma+u € WPP(1; X))
If o € N we take
R*P(I; X) == WP(I; X), RyP(L; X) := Wy "P(I; X). (14)

Denote the extensions of the operators of fractional differentiation in LP(I; X) by
Lol 1e.

D(L,) = RP(I; X), Lau:= Du, (15)

where D is the Riemann-Liouville fractional derivative (10). In the next lemma
we study the properties of £,.

LEMMA 2. Let > 0,1 < p < 00, X be a complex Banach space, and L, be
the operators defined by (15). Then

(a) Lo are closed, linear, densely defined;



(b) Lo=JTy 1;'
(¢) Lo = LT, the a-th power of the operator Ly;
(d) if « € (0,2) then L, are positive operators with spectral angle we, = an/2;

(e) if X is of class HT and a € (0,2) then Lo € BIP(LY(Z; X);a(n/€ +¢)) for
eache > Q;

(f) if & € (0,1] then L, are m-accretive operators.

Proof: The operator J, is injective. Indeed, if Jou = 0, then J1u = J1—o Tt =
0, whence u = 0. Therefore J; ! exists. We shall prove that £, = J;!. Ifu €
R(Jy), then u = go+v for some v € LP(I; X), and gm—o *U = gm-a*Ja ¥V = gm*.
Therefore, gm-o * u € Wy P(I; X), that is, v € RJ® = D(Ly). The identities
LoTowu =u, u € LP(I; X), JaLov = v, v € D(L,), can be proven straiughtfor-
wardly. Thus, we proved (b). The representation Lo = J 1 incidentally shows
that L, is a closed operator as an inverse of a bounded operator and that it is
densely defined because D(L,) = R(J,), which is dense in LP(I; X). Obviously,
it is also linear and (a) is proved.

Let us compute the resolvent of £,

((sI+ L)~ 1H) = /te“s(t'f)f(’r) dr, Res>0, t €l (16)
0

This representation implies that £, is positive with spectral angle ¢z, = #/2.
We shall prove that £, = L. Consider first the case a € (0,1). We have the
following representation (see e.g. [1], eq. (4.6.9)):

sin7wao
-1 _
ﬁl —

/ s27HsI + £1) " ds.
0

i
Applying (16) and using the definition of the Gamma, function and the formula
HNa)'(1 —a) = 7/sinma

we obtaln

' o8] £
E?"lf(t) - sinwo f Sanl / e—s(t-f)f(,r) drds = Jl-a * f (17)
0 0

s

fort € I, f € LP(I;X). Since L; is an isomorphic mapping from D(L$) to
D(L£31) ([20], Section 1.15.2) then f € D(L$) is equivalent to L371f € D(Ly).
This is equivalent to f € D(L,) by (17) and by the definition of D(L,). Therefore
D(L$) = D(L,). Applying £y to (17) we obtain L$f = Lof for f € D(L]) =
D(L,). Let now a > 1. Then from the definition of £, and the above result one
has Lo = Lin—1Lo-ms1 = £¥1_1£?—m+1 = L.



The facts that L4, a € (0,2), are positive and ¢z, = an/2 follow from the
representation Lo = L£. To see that wg, < an/2 one applies [16], Proposition 4.
Assume that we, < an/2. Then ¢z, > n(1 — «/2). But from the representation
([19], Example 42.2)

(I + L0 = [ (= 1) B a8t — 7)) () dr

and from the asymptotic expansion of the Mittag-Leffler function it follows that
if f is a constant then ||s(sI + La) ™ fllLe(r,x) = o0 as |s| = oo and |args| >
(1 — «/2). By this contradiction w;, = an/2.

According to [13], Th.3.1, if X belongs to the class H7, then the imaginary
powers of L satisfy the estimate

L8N sere(rxy < c(1+s%)ettl, se R,
Therefore, given € > 0, there exists M > 0 such that
18 seo(rxy < Mel3Il s e R, (18)

which means £, € BIP(LV(Z; X);n/€ + €). Since Lo, @ € (0,2), are positive,
their fractional powers L7, z € C, are well defined and satisfy ([1], Theorem 4.6.13
) LB = (L) = L. Therefore, by (18), £, has bounded imaginary powers and

L Nairrrny < M3l s e R,

that is Lo € BIP(LV(Z; X);an/€ +€)).
Lastly, (f) follows from [8], Theorem 3.1, because g1 € L!(I) is nonnegative
and nonincreasing for « € (0,1]. O

Applying {20], Sections 1.15.4 and 2.10.4, we obtain for 0 < a < § < 1,
0<y<leafl =)+ By-1/p ¢ Ny,

(RS (L3 X), By (15 X))y = (D(LD), DL p = (LP(; X), D(L])) suzppes

= (LP(L; X), D(L1))a(1-7)+8v,p = (LP(I; X)vwol’p(f;X))a(l-'r)W%p =
W(;l(i“")w”’p(f;X),
and, if oy — 1/p ¢ Ny,
(LP(L; X), Ry P(I; X))y p = Wy V(1 X). (19)

In the case when X is of class 7, we obtain a precise identification of Ry”?

for « — 1/p ¢ Np. In this case £; has bounded imaginary powers and therefore
([20], Theorem 1.15.3)

REP = D(Lq) = D(LF) = (I, D(L1)]ay 0 <@ <1,



the complex interpolation space between L? and D(L;) «—> LP of order a.
Now introduce the Bessel potential spaces defined by

HYP(R; X) = {f| 3fa € LP(R; X) : falp) = |0|*F(p), 0 € R},

I f | e ®sx) = Il fallLo®;x)s

H*(I; X) = {f = gl;, g € H**(®; X)}, || f|lgaw(r,x) = gegaigfm)c) gl £rer ®; x)3

HYP(LX) = {f € H¥(I; X), f*)0) =0, k=0,1,...,[a=1/p]}, a—1/p ¢ Np.

For k € N we have H*P(I; X) = W*»(I; X). Therefore D(£;) = Wol’p = Hé’p. If
a —1/p ¢ Ny, then according to [20], 2.10.4, Theorem 1, [LP,H{%”’]G = HSP and
therefore in the case of H7 space we obtain for « € (0,1)

RYP(I; X) = HYP(I; X), a—1/p ¢ N,. (20)

This is also true for all & > 0, & — 1/p ¢ Ny, because £,,—1 is an isomorphism
from HYP onto HY ™' and from RSP to RG™™H1P = HY ™HP. The identity
(20) has been proven in the scalar case in [19], Theorem 18.3 and Remark 18.1,
applying another approach.

3. Maximal LP regularity for fractional order equations

Let A be a linear closed densely defined operator on a Banach space X. Let

I = (0,T) for some T > 0. Consider the Cauchy problem for the fractional

differential equation with Riemann-Liouville fractional derivative of order a €
(0,2)

Dfu(t) + Ault) = f(t), aa.tel, (21)

with an initial condition (91—, * u)(0) = 0 when & € (0,1) and two initial condi-
tions (g2—q * u)(0) = 0 and (go—q * u)'(0) = 0 when «a € (1,2).

Let R3P(I; X) be the domain of the operator of fractional differentiation,
defined by (13). All other notations in this section are also defined in Chapter 1.

DEFINITION 3. We say that there is maximal LP regularity of (21), on I,
in X, if for every f € LP(I; X) there exists one and only one u € L?(I; D(4)) N
RYP(I; X) satisfying (21).

It follows from the closed graph theorem that if there is L? regularity of (21)
then there exists C > 0 such that

l[ullze + I Dfullze + | Aullze < Clf]|ze- (22)

Following Da Prato and Grisvard [11], we rewrite the equation (21) for X-
valued functions v and f as an operator equation in X = LP(I;X). To this end
we define the linear closed operator 4 on X by

D(A) = LP(I; D(A)); (Au)(t) = Au(t), u € D(A), (23)



and take B = Lq, where L, is defined by (15). Then rewrite equation (21) as
Au+Bu=f, feX. (24)

More than 20 years ago Da Prato and Grisvard [11] found sufficient conditions
for maximal regularity of (24) in real interpolation spaces. Later, Dore and Venni
[13] solved this problem in the case of H7 space. Here we present these theorems,
reformulated suitably for our application (see [5], Theorem 4, and [1], Theorem
4.9.7 and Corollary 4.9.8).

THEOREM 4. ( Da Prato-Grisvard ) Let X be a complex Banach space and A
and B be nonnegative operators in X with spectral angles w4 and wp, respectively,
such that

Wy +wp < 7.

Let moreover A and B be resolvent commuting and satisfy 0 € p(A) U p(B). If Y
is one of the spaces D 4(6,q) or Dp(8,q), where é € (0,1) and g € [1, o], then for
any f € Y there is a unique u € D(A) N D(B) such that Au+ Bu = f. Moreover,
Au and Bu € Y and

lleelly + [l Aully + 1 Bully < ClIflly,

where the constant C depends on X, 8, q, wa, wp, Ka(n—8) and Kg(0) for some
0 € (wa, ™ — wg), but not on the individual operators A and B.

THEOREM 5. ( Dore-Venni ) Let X be an HT space. Assume
A€ Pr(X)NBIP(X; M, pa), B e Pr(X)NBIP(X;M,pB)
with

YA+ B <, (25)

and let A and B be resolvent commuting. Then for any f € X there is a unique
u € D(A) N D(B) such that Au+ Bu = f. Moreover,

lullx + [l Aullx + |Bullx < Cllfllx,

holds, where the constant C depends on X, K, M, ¢4 and @p, but not on the
individual operators A and B.

Next we apply Theorems 4 and 5 to our concrete problem (21).

COROLLARY 6. Let @ € (0,2), 1 < p < o0, § € (0,1). Let A be a positive
operator in a Banach space X with spectral angle satisfying

wa < (1l —a/2). (26)
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(a) IfY = (X,D(A))sp, then (21) has maximal LP regularity on I in the space
Y. More precisely, the following estimate for the solution u holds:

lullLecryy + IDFull Loryy + WAullo vy S Cill fllegyys (27)

(b) Let a8 — 1/p ¢ Ny. For any f € Wy & (I; X) there exists a unique solution
u of (21). Moreover, D&u, Au € Wg‘g’p(l; X) and

ullwes.er;xy + 1 Dfullwesn(rxy + lAullweser,xy < Coll fllwesnq,x)-

The constants Cy and Cy depend on o, p, §, wa and K 4(0) for some 8 € (an /2, 71—
w4), but not on T and on the individual operator A.

Proof: We apply first Theorem 4 to the problem on LP(R;X) in order to
obtain a constant, which does not depend on T'. Let f € LP(I;Y) and define the

function 5 0,7]
_ , t€]0,T],
n={l tglom 9
Then fo € LP(R;Y). We extend the definition of the fractional derivative to
functions on LP(R) as follows. Let u € C§°(R), which is dense in LP(R). Define

Lou = D*(gm-q xu), m=[a], (29)

where * is the convolution on R. This operator is nonnegative, therefore closable,
and we take its closure in LP(R) as definition of fractional derivative on LP(R). We
use the same notation L,. Let L, A denote the extensions of Ly, 4 to LP(R; X).
For the Fourier transform of L u we have

Lou(p) = (ip)%a(p), peR\{0}, f € C(R\ {0}; X).

Therefore, according to [17], Theorem 8.6, £, is a sectorial operator in & =
LP(R; X) with spectral angle wy, = ax/2. It is immediate that A is a positive
operator on X with spectral angle w 4= w4. Consider the problem on R:

Lou+ Au = fo. (30)

By (26) operators A and L, satisfy conditions of Theorem 4. If we take J =
(X,D(A))sp, we obtain by [20], Theorem 1.18.4,

Y = (LP(R; X), LP(R; D(A)))s,p = LP(R; (X, D(A))s,p) = LP(R;Y),

and Theorem 4 implies (a) on LP(R;Y). Now turn back to our equation (21)
on LP(I;Y). Denote by ug the solution of (30). Because of the causality of
the equation, ug = 0 for ¢ < 0. This easily implies that ug satisfies the initial
conditions of problem (21). Therefore, the restriction u(t) of up(t) to I will be
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a solution of (21), satisfying (27), and (a) is proved. The claim concerning the
constant follows from the corresponding claim in Theorem 4.

Applying the same argument we prove (b) taking Y = (X, D(Ls))sp, which
by (19) is equivalent to Y = Wg‘é’p forad—1/p¢ Ny. O

COROLLARY 7. Let a € (0,2), A be a positive operator in an ‘HT space X
satisfying A € Pr(X) N BIP(X; M, p4) with

wa <7l —a/2). (31)

Then (21) has maximal LP regularity on I in X. More precisely,

lullzeo(rxy + el gemcrx) + 1Aull Lo xy < Clifllzeax) (32)

where C depends on a, p, K, M, ¢4, T, but not on the individual operator A.

Proof: First note that X = LP(I;X) is an HT space, because X is and
1 < p< oo Since A € Pr(X) N BIP(X;M,p4), for the extension A of A
to X we have A € Pg(X) N BIP(X;M,p4). Then Lemma 2, (d), and (31)
imply that the conditions of Theorem 5 are satisfied and we obtain the desired
result. Because X is of class HT, Ry* = H{” for a — 1/p # 0,1, and therefore
I D ullLer,x) = llullgar(r,x)- O

If we want to prove that the constant C does not depend on T', we have to
apply a generalization of Theorem 5 to sectorial operators [18] and work first on
LP(R; X) as in the proof of the previous corollary. We skip this argument, because
in what follows we present a stronger result.

Next we formulate weaker conditions on A, sufficient for maximal L? regularity
of (21). This is possible applying the following very recent generalization of the
Michlin multiplier theorem due to Weis [21], Clément and Priiss [10].

Let S(IR; X) be the space of Schwartz of smooth rapidly decreasing X-valued
functions and &'(R; X) be the space of X-valued distributions. Let m : R\ {0} —
B(X) be differentiable and define for f € §(R; X) the function Mf € S'(R; X)
by

Mf(p) :=m(p)f(p), p € R\ {0}, (33)

where fdenotes the Fourier transform of f.

THEOREM 8. Let X be an ‘HT space, 1 < p < oo, and let m € CHR\
{0}; B(X)) be such that the following two conditions are satisfied

(1)) R({m(p) | p € R\ {0}}) =: ko < oo,
(i) R({pm/(p) | p € R\ {0}}) =: k1 < 0.

Then the operator M, defined by (33), extends to a bounded operator on LP(R; X).
Its bound depends only on X, p, kg and kj.
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For a proof, we refer to [10], Theorem 1. The statement about the bound is
implicitly given in this proof.

It was proven ([10], Proposition 1.) that the R-boundedness condition (i) is
also necessary for M to be extended to a bounded operator on LP(R; X).

Let just as in the proof of Corollary 4.6 £, be the fractional derivative in
LP(R; X), A be the extension of A to LP(R; X) and define f; as in (28). Consider
the corresponding problem on R:

Lou+ Au = fo. (34)
Applying Fourier transform, we obtain
(o) = ((i)*I + A) " Jolp), » € R\{0}.
Therefore we have the estimate
| Loullr@;x) + 1Azl ogixy < Ml follLog;x) (35)
iff the operator M defined by

M7 (p) := A((ip)°I + A)"' f(p), p€ R\ {0},

is a bounded operator on LP(R; X). So, set m(p) := A((ip)®I + A)~'. Suppose
that A is nonnegative with spectral angle, satisfying (26).Then m(p) and pm/'(p)
for p € R\ {0} are bounded operator valued functions, that is m € C*(R\
{0}; B(X)). Hence, to obtain the boundedness of M on LP(R; X), 1 < p < o0,
we have to check conditions (i) and (ii) for m(p) of Theorem 4.8. Since we have
the representation pm/(p) = —a(I — m{p))m(p) and since the product of two
R-bounded families is again R-bounded, it follows that condition (i) of Theorem
8 for our concrete function m(p) implies condition (ii). That is, the maximal
regularity estimate (35) holds iff the family of operators

(eI + A)7H N edR, X #0} (36)
is R-bounded. )
DEFINITION 9. A sectorial operator A on X is called R-sectorial if
R4(0) == R{t(t] + A)~}| ¢ > 0} < oco.
The R-angle w# of A is defined by means of
wh = inf{6 € (0, 7)| Ralr — 6) < o0},

where
RA(0) :=RU{MNM + A7 X e Tp\ {0}}).

It is immediate that w¥ > w4. It has been shown by Weis [21] that R-sectorial
operators behave well under perturbations, like the class of sectorial operators.
We prove now the following result for the problem on I.
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ProproOsSITION 10. Let o € (0,2), 1 < p < 00, X be a Banach space of class
HT, A be an R-sectorial operator on X with 0 € p(A) and R-angle, satisfying

Wi <71 - a/2). 37)
Then problem (21) has maximal LP regularity and the following estimate holds

llull e xy + Wl e (r,x) + 1 Aull Lo xy < Cllflle(r;x) (38)

where the constant C depends on X, p, &, R4(an/2), but not on T and on the
individual operator A.

Proof: Condition (37) implies that the family of operators (36) is R-bounded.
Therefore, according to Theorem 4.8, for any u € D(L,) N D(A) the estimate
(35) holds. Consider equation (34) on LP(R; X). Since L, and A are resolvent
commuting, 0 € p(A) and wg, + wy < 7 (see the proof of Corollary 4.6), the
pair of operators (Lq,.A) is an admissible pair in LP(R; X) in the sense of [4],
Definition 3.2, and, according to Theorem 3.3 of the same reference, the equation

u+ EG-A—Iu = A_IfOu fo € LP(R; X), (39)

has a solution u satisfying

lullr(ryxy < Cap Ko (0) foll Low;x) (40)

for some 6 € (am/2, ™ — w4), where C 44 depends only on A and 6. This solution
is called mild solution of (34) and it becomes its strict solution if u € D(L,) or
u & D(A).

Combining (35) and {40), we obtain the full estimate for the mild solution

llull o g;xy + Ml Lo @i x) + 1 LatllLo@x) < CllLau + Aull o;x)- (41)

Using this estimate, we shall prove that (34) has a strict solution for any fo €
LP(R; X). We know ([4], p.22, Remark), that if fo € D(L,) then the solution u
of (39) belongs to D{L,) and so, it is a strict solution of (34). Take a sequence
fn € W2P(R; X) such that f, — fo in LP. Since f, € WP C D(L,), then
the equation (34) with right-hand side f,, has a strict solution, denoted by u,.

Applying estimate (41) to the difference of two such equations, we obtain in
LP(R; X):

”un - um” + ”A(un - um)” + ”ﬁa(un - Um)” < O”fn - fm”
Hence un, Lo, Au,, are Cauchy sequences. The closedness of the operators £,

and A implies that there exists u € D(L,)ND(A) such that u, = u, Loun = Lau,
Aup — Au, in LP. Therefore u is a strict solution of (34).
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Turn back to our equation (21) on LP(I; X). Its solution is obtained as a
restriction of the solution of (34) to [0,T]. Estimate (38) will follow from (41). O

1t is proven in [10], Theorem 4, that if X is of class H7 and A € BIP(X;04)
then A is R-sectorial and wj‘f < 84. Therefore Corollary 7 can be obtained from
Proposition 10.

In fact, under the conditions of Proposition 10 we have even more: not only
maximal LP regularity of (21), but also A-regularity.

DErFINITION 11. Let X be a Banach space. The pair of closed operators
(A, B) is called A-regular in X if for any f € X, X > 0 the problem

AMu+Bu=f
has a unique solution u € D(A) N D(B) and the following inequality holds
IAMull + [[Bul| < M||[AAu + Bul|, A >0

for some M > 1, independent of A, and for all u € D(A) N D(B).

Suppose the hypotheses of Proposition 10 are fulfilled. Then the pair of op-
erators (£Lq,A) is A-regular. Indeed, replacing the operator A by A4, X > 0, we
obtain the following multiplier function

ma(p) 1= AA((ip)*T + XA)™ = AN ip)*T + A)~".

Therefore R({my(p)! p € R\{0}}) = R({m(p)] p € R\{0}}) = ko and so, it does
not depend on A. Applying Theorem 8, the estimate

| Lavllpeor;xy + IMullor,xy < M fllLeaix)
follows, where M does not depend on .

CoOROLLARY 12. Conditions of Proposition 10 are sufficient for (L4, A) to be
a A-regular pair in L*(I; X) and in L*(R; X).

4, Strict LP solutions of fractional order equations

Consider now the fractional evolution equations with nonzero initial conditions

a€(0,1): Dfu(t) + Au(t) = (1), aa. t >0, )
(91-a * u)(0) = zo.

and

ae(1,2): Dgu(t) + Au(t) = f(t), a.a. t > 0, )
s . (§2—a * U)(O) = Zg, (92-a % u)'({)) =z

where zp, z; € X and f € LP(I; X).
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DErFINITION 13. A function u: I — X is said to be a strict L? solution of
(42), resp. (43), on I, in X, if u € LP(I; D(A)) N R®P(I; X) and (42), resp. (43),
is satisfied.

Obviously, if zg = z; = 0, then (42), resp. (43), has strict L” solution for any
f € LP iff it has maximal LP regularity.

In order to solve (42), we write u = v + w, where v satisfies

Dgu(t) + Av(t) = f(¢t), aa. t >0,

(44)
(91-a *v)(0) = 0.
and w satisfies
Dfw(t) + Aw(t) =0, a.a. t >0,
Fu(®) + Au(t) )
(g1-0 * w)(0) = zg.
Similarly, in order to solve (43), we write u = v + w + z, where v satisfies
Diu(t) + Av(t) = f(t), a.a. t >0, (46)
(92-a *v)(0) = 0, (g2-o *v)'(0) =0,
w satisfies
Dfw(t) + Aw(t) =0, a.a. t >0, (47)
(92-a * w)(0) = zo, (g2-a *w)'(0) =0,
and z satisfies
Dfz(t) + Az(t) =0, a.a. t >0,
Pa(t) + Az() )

(920 * 2)(0) = 0, (g2-a * 2)'(0) = z1.

We apply different methods to analyse the above problems. For the analysis of
(44) and (46) we use the results on maximal L? regularity given in Proposition 10
and Corollary 6, while for the analysis of (45), (47) and (48) we use the solution
operator P, (t) associated with it, defined as follows.

Let A be a nonnegative operator with spectral angle w4 satisfying (26). Define
the operator-valued function

P,(t)z = -1-, AT + Az d), (49)

¥ I
where 8 € (7, min{7, 7=24}) and
Trg:={re’®; || <8} U{pe?; r < p<oo}U{pe™|r<p<ool}.

The orientation of the contour is such that the argument does not decrease along
it. Next we summarize some properties of P,(t).



16

LEMMA 14. Assume that o € (0,2) and A is a nonnegative operator in a com-
plex Banach space X with spectral angle w4 satisfying (26). Then the following
assertions hold

(a) Pa(t) € B(X) for each t > 0 and sup,s,¢ 1~ %|| Pa(t)l|g(x) < o0;
(b) For any x € X, t > 0, Pa(t)z € D(A) and sup;sq t|| AP (t)l|5(x) < oo;

(c) Po(.), AP&IC)(.) € C®(R4; B(X)) and for any integer k > 0 and [ = 0,1,

supt' TR0 AT PE (1] 5 x) < 00
>0

(d) For any fixed § € (0,min {n,Z=24} ~ 2} &k > 0, ] = 0,1 there exists an
analytic extension of Angc)(.) to Zg.

From the definition of P,(t) it follows

o0
AT+ A) ey = /0 e~ M P, (t)z dt. (50)

The maximal L? regularity of (21) is equivalent to the boundedness in LP(I; X)
of the operator M, defined by

MI@) = [ APa(t= )16 ds.

because from the variation of parameters formula for the solution u of (21) we have
Au(t) = M f(i). The solutions of the equations with arbitrary initial conditions
and zero forcing function can also be represented in terms of P,(t). Using this

representation, we formulate some results on existence and uniqueness of strict
LP solutions.

4.1, The case o € (0,1)

Our main results concerning the case a € (0,1) are two theorems on strict L?
solvability in X and in real interpolation spaces D (4, p), correspondingly. First
we prove two lemmas about strict solvability of the equation with zero forcing
function.

By (50) and the uniqueness of the Laplace transform it follows that w(t) :=
P, (t)zg satisfies (45). The following lemma gives sufficient conditions for P, (t)zo
to be a strict solution of (45). In fact we prove a stronger result, which except for
our application, is of independent interest, because it gives an equivalent norm

in the interpolation spaces DA(%"EI-, p) in terms of the operator-valued function
AP, ().
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LEMMA 15. Assume that o € (0,1) and A is a nonnegative operator in a com-
plex Banach space X with spectral angle wy4 satisfying (26). Then the following
assertions hold

(a) Let 1 < p < 15. Then APy(t)zo € LP(Ry, X) iff 20 € Da(%},p). In this
case there are constants C1,Cy, depending only on a, p, wa and K z(¢) for
some ¢ € (aw /2, — wy), such that

Cl[QO]DA(%l,p) < AP () zollLowysx) < 02["':0}0,4(%'51—,?} (51)

(b) Let p > X=. Then AP,(t)zg € LP(Ry, X) iff zo = 0.

Proof: Let 1 < p < T:—l_d and 15 € DA(%'I%-, p). According to (49) and using
analyticity to change the integration path we get, when we change the integration
variable,

1 B —1, dp
AP, (t T A 1. 20 .
2 ( ){L‘(} i r et A( 7o I+ A) 'z e r>0 (52)

By the dominated convergence theorem we can let 7 — 0 and get

8 poo . a iof
APy (t)zo = &= epezsA(p e

7wt 0 A

I+ A) 1z %3. (53)

To estimate the function under the integral sign we use the representation for
5>0

A(A+5e™00)™ - A(A+sI)7! = (€79 — 1)seFP(A + seTI)TTA(A + sI) 7,
which implies

I]A(A+2I)'1930HX < <1 + 2sin-(-§KA(qﬁ)) HA(A*{—IzII)'lfL‘oHX3 |arg z| = ¢. (54)
Therefore

[APuBzolx <ar [ AT + )zl P

where ¢; = 771(1 + 2sin 2K 4(af)). Applying the generalized Minkowski

inequality
Py l/p i/p
} </ dt{[ If('r,t)l”df} L)
Ry Ry

{/ﬂg+dr

f(r,t)dt
Ry
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where f(7,t) is a measurable function, defined on Ry x Ry such that the integrals
on both sides are well defined, we obtain

4P Oailom,x < o[ @ ([T1aGr+ A nlgra)” o o

1
o s o} -
c1 /0 e"msa -1 dp (/0 Hal_%A(a”‘I -+ A)"long{ cf:) ’

I

with ¢3 = ¢ T'(1/p)(—a cos ) ~1/P and we have used

elpazs = (@ [ (T1AGT+ 4 el D) (57)

easily obtained from (4) for 0 < 7y < @, p € (1, 00).
Suppose now that AP, (t)ze € LP(R4; X). Applying (50) and the generalized
Minkowski inequality, we obtain when we change twice the integration variable

([T iba0er+ sl ‘“) (58)

= (/OOO}m—?Hfowe—AtApa(t)zodt“g(dA)%
= (/Oook‘z”/ooe”TAPa(%)xodrngch)5
/(}Ooe“’r (/0 )\~2HAPQ( )xOHP d}\)l dr
- fo me—w“%dr ( /0 " AP ()0 % do);

= I'(l-- HAP :1?()”5,13(1;{_?2 x) < 0.

IA

Therefore, if 1 < p < 1—_—&, (67) and (58) imply
[iﬂo]DA(e&—_x.,p) < AP () zoll e, x) < 00
and thus zp € D4(E= o L p). Ifp> > =5 then (57) and (58) implies zg = 0, because
D4(1,p) = {0}.0

In case 0 € p(A), we can take ||.||p, (5 = []pa(sp) 25 an equivalent norm in
D (8, p) (see [5]) and inequalities (51) imply

CIH%HDA(%,,,) < HAPa(t)$0“LP(R+;X) < CEH%HDA(%,?)- (59)
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Moreover, Lemma 14 (b) implies

/0 AP )] de =

T o0 T o A
fﬂ AP ()] dt + /T | APa ()| dt < fo | APy (8)I1%, dt + fT - dt

Since p > 1 then AP,(t)zy € LP(I; X) is equivalent to AP,(t)zg € LP(Ry; X).
These results together with Proposition 10 imply the following theorem.

THEOREM 16. Suppose that a € (0,1), 1 < p < oo, X is a Banach space of
class HT, A is an R-sectorial operator in X with 0 € p(A) and with R-angle w%,
satisfying (37), and f € LP(I; X). Then the following statements hold:

(a) ifl <p< -1—13, then there is a unique strict LP solution u of (42) iff zq €
Da(%,p);

oap ?
(b) ifp > T_-l;-g then (42) has a unique strict LP solution iff zg = 0.

In both cases the following estimate is satisfied (for (b) we set zg9 = 0):
Wellzeorxy + 1D ull oz, x) + 1 Aull o x) < C(Hz‘oHDA(%%,p) + | fllzrr;x)), (60)

where the constant C depends on X, «, p, w4 and K 4(0) for some 8 € {(an/2,m—
wa) and on R4(an/2), but does not depend on T and on the individual operator
A.

To obtain further regularity results we need more detailed estimates on AP, (t)zo.

Next we present conditions under which AP, (¢)z¢ belongs to some interpolation
spaces.

LeEMMA 17. Assume that « € (0,1) and A is a nonnegative operator in a
complex Banach space X with spectral angle w4 satisfying (26). If 1 <p < 1—_175,
0<d< 39—;—%‘*;1— and zg € DA(%-}—(?,p) then AP, (t)zg € LP(Ry; Da(6,p)). More
precisely, there is a constant C' depending on «, 6, p, wa and Ka(¢) for some
¢ € (am/2,m —wy,), such that

AP (t)zoll e g, ;D4(50)) < CH%HDA(%{M,I,)- (61)

Proof: Set v = ad. According to (49) we get

1
AP,(t)zg = 7 /- AT 4+ A)"lzgd), T > 0. (62)
r.8

Take 1 > r. Since

o -1 -1 K -1 A% -1
AT+ TAOT 4 )7 = D AT+ )T AT + 47



20

it follows by (62)
A(ueT + A) AP, (H)zo

= A(PI+A) / B2 ptgoan-t [ 2 aneria) 1z, da
- AW 2mi Jr, o B — A% 0 2mi Jp,, p* — A 0 &

When we close the path I'; s at infinity by increasing argument, we see that the
first integral is 0 by Cauchy’s theorem and we get
1 A

A(peT + A TAP, (D)2 = —=—

5 e Aae’\iA(A"‘I+A)“1mod)\. (63)
Pr,g -

In this integral we may let r | O without changing the value of the integral,
because the function we integrate is analytic and the integral over a part of the
circle with radius r goes to 0 by the assumption that 8 € (§, min{r, 7="4}), and
the definition of T', .

Thus we have by (63) and (54)

p|A(uT + AT AP, (t)zol| x (64)
< a / ” ~—’L—Ei——eStC°SQQIA(saI+A)"lxollx ds
- 0 ‘#a_saeiaél
oo (£)7 ds
— ———a§*—'—~‘— y+1 stcosd AT+ A ! =,
o f AT+ ) ol

where ¢; = 77 }(1 + 2sin %QKA(QQ)). Letforr € R
f(r) i= Tt 0 A (e 14 A) g, g(r) 1= €77 A(e™ [+ A) TF APy ()mol | x,

h(t) 1= €"7/]e™® — ™).

By changing variables (s = €?) in the integral in (64) we conclude that

[e0]
ar) <t [ b =0)f(o)do. (63)
-0

Since h € LY(R), f € LP(R; X), we can apply the Young inequality to (65) to
obtain ||glLr(,x) < cullhllLi@)IfllLo(r;x). Because a change of variables shows
that |{gllzr®) = [APa(t)Z0]p,(sp): We conclude after another change of variables
that

[APa(t)zolp(5,0) <

o Pl o0 ds ‘,1;
— y+1 stcos @ o -1 p T .
c1/0 5o+ otol] ds (fo (s7e |A(s*I + A)™ "zoll x) . )
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Therefore, setting c; = ¢; fc, W ds, we obtain

( / [APa()z0l?), 5. dt)l (66)
& ( f / (sl ““SGHA(SQI»i-A)_lxonx)p%idt)%
(L (G o=@y rea™s] ) €a)
= Cz( %1 "°°59) da/:o (t""'l A((%)GI—%A)"lxo X)P dt);
(

1
- 1
aPcosedU/ ( 'H"l-—HA(TaI“FA)— xO{lX)p )p
0

= 41-2 o) = C3[$0]DA(E:l+5p) < 03”5130”9 (P__.+5,p}a

IA

ll
o

2

= C2

where ¢3 = ¢o(—pcos 9)'%. By (66), (59) and the embedding

p—1
s, D
+6,p) < Da( ap

-1
DA(pap :p)

(i.e. I\:chDA(P___l < cflzolip, (p_-_l+5p)) we obtain (61).0

This lemma shows that if g € DA(L + 8,p) then P,(t)zo is a strict LP
solution of (45) in D4(4,p). This result together with Corollary 6,(a), implies the
following theorem:

THEOREM 18. Suppose that a € (0,1), 1 < p < o0, A is a positive operator
in a Banach space X with spectral angle w,, satisfying (26). If1 <p < 2=, 0<

6 < -Ea%——; zo € DA(%—p—*i-é,p), f € LP(I; D4(68,p)), then there is a unique strict
LP solution u of (42) in D 4(6,p) satisfying

Wellze(rp a6y + IPEUllLor,p 4 (6,0)) + AU Lo (1045 £

C(H%HDA(%M&) + 1 flle ;D a50)))-

This result holds also if Q%J;—ﬁ < § < 1andzo=0. The constant C depends on
X, o, p, §, wa and K 4(8) for some 6 € (ar/2,7 — wy), but does not depend on
T and on the individual operator A.
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4.2. The case a € (1,2)

Applying the Laplace transform to the equations (47) and (48) we obtain
formally that the Laplace transforms of their solutions w and z are A\(A®I+A4)~1z
and (A\®I + A)~lz;, respectively. Therefore, besides P,(t), defined as in (49), we
consider also Q,(t), defined by

Qult)s = —— / AT + A) Lz d\ (67)
27t The

with the same integration path as P,(t). The properties of Q4(t) can be derived
from Lemma 14 and the fact that Q. (t) = P.(t). It is not difficult to check that
w(t) 1= Qqlt)zo satisfies (47) and z(t) := P, (¢t)7; satisfies (48). More information
about regularity of these solutions is contained in the following two lemmas, which
can be proven in the same way as Lemmas 15 and 17, so we omit their proofs.

LEMMA 19. Assume that a € (1,2) and A is a nonnegative operator in a com-
plex Banach space X with spectral angle wy satisfying (26). Then the following
assertions hold

(a) Let 1 <p < 515 Then AQq(t)z0 € LP(Ry; X) iff 20 € Da(%2,p). In this
case there are constants Cy and Csq, such that

Chlzo]p 2=t 5y S 14AQa(t)20ll Loy < Colwolp 2221 )

(b) Let p > 5—}5 Then AQq(t)zp € LP(Ry; X) iff zp = 0.

(c) For allp > 1, AP,(t)z; € LP(Ry; X) iff 2, € DA(%,;;). In this case there
are constants C| and Cs, such that

C{[xl]p,‘(%,p) < l[APa(t)fEl"LP{R+;X) < C£[$1.]DA(%,;;)

The constants depend on ¢, p, wa and K 4(8) for some 8 € {(an/2, 7 — wa).

LeMMA 20. Assume that o € (1,2) and A is a nonnegative operator in a com-

plex Banach space X with spectral angle w4 satisfying (26). Then the following
assertions hold

(a) If1 <p < 51, 0< 6 < B2 and g5 € Da(221 +6,p) then Qa(t)ao isa
strict solution of (47) in LP(Ry; Da(8,p)), satisfying

lAQa(t)zollLo(ry ;D a(s0)) < CH%HDA(E%!_M@-
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(b)Ifp>1,0<6< 22t apnd g € DA(Q—— + 3,p) then P,(t)zy is a strict
solution of (48) in LP{Ry; D4(6,p)) and

NAPa ()|l Loy ;D a(s.0)) < C'llzall DA(EL+5p)"

The constants depend on a, &, p, wa and K 4(6) for some 8 € (an /2,7 — w4).
Lemma 19 together with Proposition 10 implies the following theorem:

THEOREM 21. Let o € (1,2), 1 < p < o0, X be a Banach space of class HT,
A be an R-sectorial operator in X W1th 0 € p(4) and wzth R-angle wk, satzsfymg
(37),and f € LP(I; X). If 1<p< 51—, 20 € DA( ,p) and ) € Da(B= ap L),
then there is a unique strict LP solution u of (43) satzsfymg

ullzeerxy + 1 DEull Lo xy + 1 Aulle,x) <
Cllzollp (Zzz:.zp + HMHDA(.D_—_&,,)) + 1l r,xy)

This result holds also if p > 5=, o9 = 0 and z; € D4(%~ TR L »). The constant C
has the same properties as in Tbeorem 16.
Lemma 20 together with Corollary 6 imply the following theorem.

THEOREM 22. Suppose that a € (1,2), 1 < p < oo, A is a positive operator in
a Banach spaceX with spectral angle wa, s atusfymg (26), and f € L?(I D 4(8,p)).
Ifl1<p< 52 0<5<28“_2}.:1L$ EDA(J”———!—5;)) :EIEDA(E-;;-}-ép) then
there is a umque strict solution u of (43) in LP(I D 4(6,p)) satisfying

lullLe(r;p480)) + DUl Lo(r;DAs0)) + 1A% Lo(r: 4 (5,5
< C(llmollm(m%p} +lellp, ezt asp + I llLopacan):

This result holds also ifp > 51—, 0 < § < QP—(}?}-, zg=0,z1 € DA(P;—; + &,p).
The constant C has the same properties as in Theorem 18.

In this way we obtained a complete picture of the strict LP solvability of
fractional autonomous equations. Note that maximal regularity results in the
setting of Holder continuous functions instead of L? functions are obtained in [6]
for e € (0,1) and [7] for @ € (1,2).
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