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An Algebraic Semantics for Hierarchical P/T Nets*

Twan Basten and Marc Voorhoeve

Department of Computing Science, Eindhoven University of Technology, The Netherlands
email: {tbasten,wsinmarc}@win.tue.nl

Abstract

The first part of this paper gives an algebraic semantics for Place/Transition nets in terms of an algebra
which is based on the process algebra ACP. The algebraic semantics is such that a P/T net and its termn
representation have the same operational behavior. As opposed to other approaches in the literature, the
actions in the algebra do not correspond to the firing of a transition, but to the consumption or production
of tokens. Equality of P/T nets can be determined in a purely equational way.

The second part of this paper extends the results to hierarchical P/T nets. It gives a compositional al-
gebraic semantics for both their complete operational behavior and their high-level, observable behavior.
By means of a non-trivial example, the Alternating-Bit Protocol, it is shown that the notions of abstrac-
tion and verification in the process algebra ACP can be used to verify in an equational way whether a
hierarchical P/T net satisfies some algebraic specification of its observable behavior. Thus, the theory in
this paper can be used to determine whether two hierarchical P/T nets have the same observable behavior.
As an example, it is shown that the Alternating-Bit Protocol behaves as a simple one-place buffer. The
theory forms a basis for a modular, top-down design methodology based on Petri nets.

Key words: Place/Transition nets — hierarchical Petri nets — process algebra — algebraic semantics — abstrac-
tion — verification — top-down design

1 Introduction

Motivation. The theory of Petri nets (see for example [31]) has been developed to design and analyze dis-
tributed systems. In order to support the design of large, complex systems, high-level Petri nets {21, 23] have
been defined, which include hierarchy, data, and time. Based on high-level Petri nets, automated tools, such
as Design/CPN [26] and ExSpect [1], have been developed. The most important reasons for the widespread
use of Petri nets in the area of system design, are their intuitive graphical representation and the simplic-
ity of the main concepts of the theory. Unfortunately, the class of Place/Transition nets, which underlies all
other classes of Petri nets, also lacks one important property, which is essential to top-down, modular design:
compositionality.

Several other theories for describing concurrent systems do have this property., For example, process al-
gebras, such as CCS [27], CSP [22], and ACP [4], all support compositionality. Therefore, it is not surprising
that several attempts have been made to integrate P/T nets and process algebra. Some approaches give a net
semantics for some process algebra; others describe an algebraic semantics for (some subclass of) P/T nets.
All approaches have in common that there is a one-to-one correspondence between actions in the calculus
and transitions in the P/T nets. Usually, only flat P/T nets are considered. Below, a brief survey is given of
some recent results described in the literature.

This paper presents a different approach. First, it gives an algebraic semantics for flat P/T nets in terms
of an ACP-like process algebra [4] in which atomic actions correspond to the consumption or production of
a single token. This correspondence is the essential idea that allows for a straightforward extension to hi-
erarchical nets. The algebraic semantics is such that the two transition systems which form the operational
semantics of a P/T net and its algebraic representation are equivalent. The process algebra ACP is chosen,

*An extended abstract of this report appeared as [6]



because it emphasizes equational reasoning as opposed to model-based reasoning. An equational theory is
given which can be used to determine equality of P/T nets, without referring to their operational semantics.
Second, this paper gives an algebraic semantics for both the complete behavior and the cbservable behav-
ior of hierarchical P/T nets. The complete behavior of a hierarchical P/T net is the behavior of the flat net
which is obtained when the hierarchical net is unfolded; the observable behavior of a hierarchical net is the
behavior after hiding the internal behavior. The algebraic semantics for the observable behavior of hierar-
chical P/T nets can be used to verify whether a net satisfies some algebraic specification of its behavior, and,
as a result, to determine whether two hierarchical nets have the same observable behavior. All this can be
done in a purely equational and compositional way. The theory thus forms the basis for a top-down design
methodology based on hierarchical Petri nets. Figure 1 gives an example, which is used to further explain
and motivate the research described in this paper.

a?.(b?-8 +c?-8) a al.b?-§+a?-c?d
Figure 1: Motivating example.

The two nets shown in Figure 1 look like ordinary P/T nets. However, the dashed boxes divide the set
of places into pins and internal places. The idea is that pins are connectors to an environment, which can
remove tokens from or add tokens to the pins. The internal structure of the net is hidden as in a black box.
Thus P/T nets with pins are a very simple form of hierarchical nets. It is straightforward to extend such P/T
nets with pins to more general hierarchical P/T nets. Besides places and transitions, the internal structure of
a high-level, hierarchical net can also contain subnets, whose pins are connected to internal places or pins
from the high-level net. Essentially, this is the hierarchy construct underlying the high-level nets described
in [21]. It is also one of the constructs used to build hierarchical nets as described in [23}). Furthermore, it is
supported by tools as Design/CPN and ExSpect.

The main objective of this paper is to give an algebraic semantics for the observable behavior of hierarchi-
cal nets, that is, their behavior projected onto pins. Therefore, it seems most appropriate to define the behavior
of a net in terms of production and consumption of tokens. Consider, for example, the left net in Figure 1.
Assuming that the environment provides sufficiently many tokens, it is easy to see that it first consumes a to-
ken from a, then, either consumes a token from b or from c, after which it deadlocks. In an ACP-like process
algebra, one could express this kind of behavior by the term a?-(b7-8 + ¢?-8), where a question mark denotes
the consumption of a token, - denotes sequential composition, + denotes a choice, and § denotes deadlock.

In order to compare hierarchical nets, some suitable notion of equivalence is needed. In the context of
this paper, two hierarchical nets are considered equivalent if and only if their observable behavior is the same.
For example, consider the right net in Figure 1. From the environment, it looks the same as the other net.
However, it does not have the same observable behavior. Obviously, like the other net, it first consumes a
token from a. But after that, its behavior is different. If the uppermost transition consumed the token from
a, after that, it will only consume a token from b but not from c. The consumption of a token from a implies
a choice between b and c. For the left net, this is not the case. After consuming a token from a, it is still able
to consume a token from either b or ¢. The behavior of the nets is different, because their moments of choice
are different.



So, an appropriate notion of equivalence should capture the moments of choice in a process, often called
the branching structure of the process. In [15], Van Glabbeek formally defines the branching structure of a
process. He shows that an equivalence notion captures the branching structure if and only if it distinguishes
more processes than bisimulation equivalence. Two processes are bisimilar if and only if, at any time, they
can copy, or simulate, each others actions. Therefore, in this paper, two hierarchical P/T nets are considered
equivalent if and only if their observable behavior is bisimilar. Consequently, the two nets of Figure 1 are not
equivalent. In their survey on refinement of Petri nets, Brauer, Gold, and Vogler [12] propose bisimulation
equivalence for similar reasons as explained above. It also appears in the survey on equivalence notions for
Petri nets by Pomello, Rozenberg, and Simone [30]. Note that in this paper bisimulation is not used explicitly
to determine equivalence of nets. Instead, an equational theory is given which can be used for this purpose.
Since it is not the main subject of this paper to investigate equivalences on Petri nets, it is left for future
work to investigate other notions of equivalence which might be of interest in the context of this paper. True
concurrency equivalences seem to be interesting candidates.

Note that the notion of equivalence of hierarchical nets introduced above has an interesting consequence.
For example, adding an internal output place to any of the transitions of a net in Figure 1 does not change its
observable behavior. This behavior is even independent of the number of initial tokens in such an additional
place. This means that nets with different reachable states can have equivalent observable behavior.

Summarizing, this paper gives an algebraic semantics for hierarchical P/T nets, in which atomic actions
cotrespond to the consumption or production of tokens. An equational theory is given which can be used to
determine equivalence of hierarchical nets.

Related work. One way to integrate P/T nets with process algebra is to give a net semantics for terms in the
algebra, thus providing the process algebra with a true concurrency semantics. Examples of this approach are
Best, Devillers, and Hall [10], Degano, De Nicola, and Montanari [13], Van Glabbeek and Vaandrager [16],
Goltz [19], Montanari and Yankelevich [28], Olderog [29], and Taubner [33]. As explained, this paper does
the converse. It gives an algebraic semantics for P/T nets. Examples of this approach are Baeten and Berg-
stra [2], Boudol, Roucairol, and De Simone [11], and Dietz and Schreibert [14]. All three approaches are
discussed briefly.

Dietz and Schreibert [14] give an algebraic semantics for P/T nets which reflects the parallelism in their
dynamic behavior. The parallel components in the algebraic representation of a net do not correspond to its
structural components. Such a relationship does exist in the other two papers. Boudol, Roucairol, and De
Simone [11] give an algebraic term for each place and each transition of a P/T net. The complete behavior of
the net is the paralle] composition of all these terms. The communication between these terms corresponds
to the flow of tokens. A similar approach is taken by Baeten and Bergstra [2]. Atomic actions in the alge-
bra correspond to transitions in the P/T nets. So-called input and output causes are added to these actions,
corresponding to input and output places. The behavior of a net is the parallel composition of all actions cor-
responding to its transitions. A so-called causal state operator is used to restrict the behavior in such a way
that it corresponds to the flow of tokens in the net. As opposed to Boudol, Roucairol, and De Simone, Bagten
and Bergstra emphasize equational reasoning.

The approach pursued in this paper is most closely related to the work of Baeten and Bergstra. The al-
gebraic semantics given is very similar to theirs. However, as mentioned before, an important difference be-
tween this paper and all other approaches is that, in this paper, actions in the algebraic semantics correspond
to the consumption or production of tokens, whereas, in the other approaches, there is a correspondence be-
tween actions and transitions. In the latter case, there is no straightforward extension to hierarchical nets.
As this paper shows, there is a straightforward extension when actions correspond to the consumption or
production of tokens.



Organization. The paper is organised as follows. Section 2 introduces a framework of transition systems
which serve as the operational semantics for both P/T nets and terms in the process algebra. In Section 3, P/T
nets with pins and their operational behavior are defined. Section 4 introduces the equational theory PTNA,
for Place/Transition-Net Algebra, and its operational semantics. The algebraic semantics of a P/T net with
pins is a closed PTNA term. It has the same operational semantics as the P/T net. Section 5 introduces the
distinction between internal and observable behavior. It extends the algebraic semantics to general hierar-
chical nets. In Section 6, a faimess principle and a recursion principle are introduced, which are needed in
Section 7, where the theory is applied to the example of the Alternating-Bit Protocol. Finally, Section 8 ends
with some concluding remarks and a discussion of future work. The appendices give some proofs which are
not essential to the understanding of the paper, as well as some large and complicated proofs.

Notation. For any set X, the notation P X denotes the powerset of X and B X denotes the set of all bags
over X, where a bag is a finite multi-set. The standard operators minus (—) and union (U) on sets are also
used on bags. Minus binds stronger than union. Set inclusion (<) is also extended to bags. Furthermore,
restriction of some set or bag X to some domain D is denoted X [ D. Restriction binds stronger than minus
and union. The emptyset symbol (@) is also used to denote the empty bag. A non-empty bag is written as a
sequence of its elements in arbitrary order, where each element appears only once and a superscript denotes its
cardinality. Furthermore, for an associative binary operator @, some function f, some n € IN, and operands
Xp, - - - » X, the quantifier notation (® i : 0 <i <n: f(x;))is used as a shorthand notation for f(xo)®...®
J (x,). For an associative binary operator & that is also commutative, the notation (& x : x € X : f(x)),
where X is some bag of operands, is sometimes used.

2 Processes

This section introduces a general framework of labeled transition systems. It serves as the process domain in
which the operational semantics of both P/T nets and algebraic terms are defined. In this way, the behavior
of P/T nets and algebraic terms can be compared in an unambiguous way. For now, there is no distinction
between internal and observable behavior.

Definition 2.1. (Process space) A process space over some set of actions Act is a pair (P, —» ), where P
is a set of processes, and . — _: P(P x Act x (P U {,/})) a ternary transition relation,

Intuitively, for any p, p’ € P and a € Act, the predicate p LN p’ means that process p can perform an
action «, thus transiting into a process p’. The predicate p = ./ means that process p terminates success-
fully upon executing an action «. In P/T-net theory, no distinction is made between successful and unsuc-
cessful termination (deadlock). However, in the process algebra ACP, such a distinction does exist. Hence,
the distinction is made in the process domain. Of course, P/T nets should represent processes which cannot
terminate successfully.

An equivalence on processes which captures their branching structure is defined as follows. Let (P, —)
be some process space over Act.

Definition 2.2, (Bisimulation) A binary relation R : P(P x P) is called a bisimulation if and only if, for
any p,p’.q,q € Pand e € Act,

i) pRgA p—>p = g : ¢ eP: qg—>q A pP'Ry),

ii) pRg A q—a>q’ = @p:peP: p—arp’/\ P'Rq),



iii) pRg = p —> J/ & q — /.
Two processes p and q are called bisimilar, denoted p ~ g, if and only if there exists a bisimulation R such
that pRgq.

3 P/T Nets with Pins

This section formalizes the notion of P/T nets with pins and their operational semantics. No distinction is
made between observable and internal behavior. This means that the dashed box in the graphical represen-
tation of P/T nets with pins merely is a glass box instead of a black box. Let Lp be some universe of place
labels and L; a universe of transition labels.

Definition 3.1. (P/T net with pins) A P/I-net structure with pins is a 5-tuple (P, T, i, 0, I}, where P C L,
is a finite, non empty set of places, T < Ly is a finite, non empty set of transitions, i : 7 —» B P a function
which gives the input places for each transition, 0 : 7 — B P a function which gives the output places for
each transition, and I C P the set of internal places. The set P — 7 is the set of pins. The functions i and o
must satisfy the following two conditions: (f) for any p € P, there must exista ¢ € T such that p € it Uor,
which means that there are no isolated places; (i{) forany ¢ € T, it Uot is not empty, which means that there
are no isolated transitions. A P/T net with pins, in the remainder simply called P/T net or net, is a pair (N, s),
where N is its structure as defined above and s : B [ is its state or marking.

Note that, when the set of pins is empty, a P/T net with pins is just an ordinary P/T net. The state of a
P/T net with pins is a bag of internal places. As usual, an element g of the state of a P/T net is often referred
to as a token residing in place a. The reason for not considering pins in the state of a net is that we want to
determine the behavior of a P/T net under the assumption that the environment is responsible for producing
tokens on and consuming tokens from pins.

The dynamic behavior of aP/T net is a process space in which the P/T nets are the processes and the tran-
sition relation determines what actions a P/T net can perform. To formalize this definition, some terminology
and definitions are given first. '

Let (N, s) be a P/T net, where N = (P, T, i, 0, I). A transition ¢ € T is enabled if and only if, for each
internal place a € I with positive cardinality n in iz, there are at least n tokens in a available in 5. More
concisely, a transition ¢ is enabled if and only if iz [/ € s. If a transition is enabled, it can fire. Upon firing,
a transition ¢ removes n tokens from each of its input places a, where # is again the cardinality of a in if;
it adds m tokens to each of its output places b, where m is the cardinality of b in of. This means that upon
firing ¢, the P/T net (N, s) evolves into another P/T net (N, s — it U of { I). Note that it follows from the
standard definition of *—" that it is not necessary to restrict it to /. The tokens that are removed from the net
when firing a transition are often referred to as consumed tokens or the consumption of a transition; tokens
that are added are referred to as the production of a transition. If I is chosen equal to P, that is, all places are
internal, the definitions above are the usual ones for P/T nets without pins. Or, from a different viewpoint, the
definitions given here are the usual ones provided that the environment supplies sufficiently many tokens on
the input pins. It is assumed that transitions cannot fire simultaneously. However, as explained in Section 8,
this is not a real restriction. All results can be extended to P/T nets with an operational semantics that allows
transitions to fire simultaneously. The reason for not doing so, is that it unnecessarily complicates the theory
and examples that follow, and thus distracts the reader from-the essential points of this paper.

The definitions given so far are sufficient to formalizé the operational semantics of P/T nets. Let PTA
be the set of all P/T nets. A single action of a net, which is the firing of a single transition, is determined
by two bags, the consumption and the production of the transition, Therefore, let Act be B L, x B Lp. The
transition relation - —— _: P(PTN x Act x (PTN U {/])) is the smallest relation satisfying, for any net
structure N = (P, T,1,0,/),bags 5,5’ € B, and transitionz € T,
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N, sVt (D YD (N, suor D).
Note that, according to this definition, P/T nets have no successful termination. If a P/T net cannot perform
any actions anymore, it is deadlocked. This conforms to the usual semantics for nets, where no distinction is
made between successful and unsuccessful termination.

Example 3.2. Let PTNy = (Ng, ip) and PTN) = (N}, ip) be the left and right P/T net in Figure 1 respectively.
Figure 2 visualizes the transition relations of both nets. Since internal activity is visible, and hence the two
nets perform different actions, they are obviously not bisimilar.

(Mo, io) (N1, 7o)
(aio, i1) (aio, i1) (aio, i2)
(No, i1} (N, i1) (N1, i2)
(bi1, @) (ci1. 9) (bi1, 8) (ciz, 9)
(No, @) (No, @) (M,8) (N.®)

Figure 2: The transition relations of PTNp and PTN;.

4 An Algebraic Semantics for P/T Nets

This section introduces an ACP-like equational theory and its operational semantics. It gives an algebraic
semantics for P/T nets such that a P/T net and its term representation have the same operational behavior.

The theory PTNA. An equational theory consists of a signature and a set of axioms. The signature defines
the sorts of a theory and its functions. A 0O-ary function is often called a constant.

The equational theory used in this paper is PTNA, Place/Transition-Net Algebra. The signature and the
axioms are given in Table 1. The theory is parameterized by a set of constants Lp, which is the set of place
labels introduced in the previous section. The first part of Table 1 lists the sorts of PTNA; the second part
defines the functions and the third part the axioms. An informal explanation is given below.

Intuitively, A is the set of atomic actions, AC the set of actions, and P the set of processes. Each atomic
action is either the consumption of a token or the production of a token. A consumption is denoted by “7”
and a production by “!.” An action is the simultaneous consumption and/or production of one or more tokens.
Actions are constructed by the synchronous-merge operator |. In an equational theory, nothing is an element
of a subsort unless explicitly stated. This yields the following property.

Property 4.1, For any a € A, there exists ab € Lp, such thata = b? ora = b\. Forany b € L, b? € A and
b! € A. Forany e € AC, there existag, ...,a, € A, forsomen € IN,suchthate=(]i: 0 <i <n: a).
Foranyag,...,a, € A,wheren e IN,(Ji: 0<i<n: a) € AC.

The synchronous merge is a very simple form of the communication merge as defined in [8]. There, the
axioms S1 and S2 appear as C'1 and C2 respectively. The reason for changing the names is that there is
no communication in PTNA. The operators + and - denote choice and sequential composition respectively.
Axiom A4 states the right distributivity of sequential composition over choice. To be able to distinguish
between processes with different moments of choice, the converse, left distributivity, is not an axiom of the
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_PTNA(Lp)
A AC, P, ACACCP

5: P ot oA
-+-:PxP->P - -:PxP>P *_.:PxP->P
dM-:PxP->P L-:PxP—-P _|.: ACxAC— AC

M (PLoyxBlL)>(P—>P) c,p.: AC- Bl
d: ACU(8}L e, fog: AC; x,y,2: P; I: Plp; s: BL,

x+y=y+x Al elf=fle S1
x+»+z=x+{+2) A2 el Nlg=el(fI8) 52
xX+x=x A3

x+y)z=x-z24y-2 A4 xly=xlly+yll=x M1
xy)yz=x-(y-2) A5 dlx=d-x M2
x+8=x A6 dxlly=d-(x|y M3
$-x =38 A7 +»lz=xllz+ylz M4
M@ =4 ‘ CSO01 (xUlz=xLGI2 ASC1
ce[ICs = M) =e Cso2 x|Illz=x1@l2 ASC2
ce[IZs = Al(e)=3 CS03 :

A:(e-x)=)u:(e)-l:_‘-uup¢"(x) CSO4  x*y=x-(x*y)+y BKS1
ME+=M@+r@py) CS05 x*(y-2)=@x*y)z BKS2

x*-(x+V* D+ ={(x+y)*z BKS3

Table 1: Place/Transition-Net Algebra.

theory. As expressed by axioms A6 and A7, the special process J can be interpreted as inaction or deadlock.
The merge operator || can be interpreted as parallel execution. It is axiomatized using an auxiliary operator
IL, called the left merge. The left merge has the same meaning as the merge except that the left process must
execute the first action. Axioms ASC1 and ASC?2 are the so-called axioms of standard concurrency. Often,
they are derivable for closed terms and omitted from the theory. However, in combination with the binary
Kleene star (*) they are not derivable for closed terms and hence included. The binary Kleene star adds a
simple form of recursion to the theory. It is the original star operator as introduced by Kleene [24]. In [7],
where the axioms BKS1-3 are given, it was introduced into process algebra. Because of its simplicity, the
binary Kleene star is preferred over general recursion (see for example [4]). The remainder of this paper
shows that it is powerful enough to capture the behavior of P/T nets. Finally, the causal state operator A is a
special version of the state operator as described in [4]. It is very similar to the causal state operator as defined
in [2]. A state operator has a parameter, the superscript, and a certain state space, the subscript. The state
space of the causal state operator can be interpreted as the state or marking of some P/T net and its parameter
as the set of internal places. For I, s and x as in Table 1, the term ls' (x) can be thought of as the P/T net
x with internal places I and state s. Using Property 4.1, the auxiliary functions ¢,p : AC — BLy, for
consumption and production respectively, can be defined as follows. Forall g € L and ¢ € AC, ca? = a,
cal =g, c(a?|e) =aUce, and c(a! | e) =ce; pa? = ¢, pa! = a, p(a? | e) = pe, and p{a! | e) = a U pe.

The binding precedence of the above operators is as follows. Unary operators bind stronger than binary
operators. Sequential composition and Kleene star bind stronger than all other binary operators. Choice binds
weaker than all other operators.

The main purpose of a theory as PTNA is that it can be used to reason about processes in a purely equa-
tional way. For any processes x and y, PTNA F x = y denotes that x = y can be derived from the axioms.



In order to formalize the intuitive notions given above and to be able to compare processes defined by PTNA
terms to processes defined by P/T nets, the next paragraph gives an operational semantics for PTNA.

Operational semantics for PTNA. A semantics or model of a theory is an interpretation in a, usually well
known and well understood, mathematical domain, such that the axioms are valid in the interpretation. An
operational semantics is a model obtained by giving a process space as defined in Section 2.

To obtain a model of the theory PTNA, interpretations of the sorts A, AC, and P must be given. Define the
interpretation of the set of processes P as the set of closed PTNA terms, denoted C(PTNA). Since it follows
from Property 4.1 that A is a subset of all closed terms, the interpretation of A is simply A itself. For the same
reason, the interpretation of AC is AC itself. Obviously, these definitions satisfy A € AC C P,

It remains to define the transition relation for processes in C(PTNA). First, the set .4ct must be de-
fined. Intuitively, processes in C(PTNA) can execute an action in AC, thus transiting into another process
in C(PTNA). Therefore, elements in .Act should be interpretations of actions which serve as the labels of the
transition relation. Let ¢ : AC — Act be a function that maps actions in AC to actions in .Act. The seman-
tics given in the previous section for P/T nets suggests that the semantics of an algebra of P/T nets should
have pairs of bags as transition labels, where the first element is the consumption and the second element the
production of an action. The auxiliary functions ¢ and p exactly define the consumption and production of
each action in AC. Therefore, let Act be equal to BLp x B L and let for any e € AC, ¢(e) = (ce, pe).
The transition relation . — _ : P(C(PTNA) x Act x {C(PTNA) U {,/})) can now be defined as the smallest
relation satisfying the derivation rules in Table 2.

a: Act; e: AC; s: Blp; I: Plp; p,p'.q,4" : C(PTNA)

o« o
9 p—a>Pf P—Za/
p-g—>p-q pa—q
p—p g—>q p— q—
p+a—p p+qg—>gq p+qg— p+qg—
p—>p q—>q p—> g —> ./
pllg—=plg rlla—=plqd plla—>q pla—p
p—p p—
pla—>/plq pleg—>q
p—p q—4q p—= q—
p*qa—> p(p*q) prq—q p*qa—> p*q prg—=
p 8 p p 88y
Mocert(P) £3 AL (P Mo (0 23

Table 2: The transition relation for PTNA.

It remains to show that the process space as defined above is indeed a model of the theory PTNA. Recall
that a process space is a model if and only if all equations that can be derived from the axioms are valid in the
process space. The notion of validity is formalized as follows. In Section 2, bisimulation is defined, which is
an equivalence relation on processes. Therefore, it is possible to look at equivalence classes of closed PTNA
terms modulo bisimulation, denoted C(PTNA)/ ~. For closed terms p and g, the equation p = g is valid,
denoted C(PTNA)/ ~ = p = g, if and only if p ~ g. That is, if and only if p and ¢ are bisimilar and thus
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elements of the same equivalence class. The following theorem states that if equality of two processes can
be derived from the axioms, then the processes are bisimilar, and thus the equality is valid. This means that
one can indeed use equational reasoning instead of model-based reasoning.

Theorem 4.2. The set of closed PTNA terms modulo bisimulation is a model for PTNA. That is, for any
P,q € C(PTNA),PTNA}+ p = q = C(PTNA)/ ~ = p =4.

Proof. It follows from the format of the derivation rules in Table 2 that bisimulation equivalence is a con-
gruence on C(PTNA) [3). Therefore, it suffices to verify the validity of each axiom of PTNA to prove the
theorem. The validity of an axiom can be shown by constructing a bisimulation. The details can be found in
Appendix A. o

An algebraic semantics for P/T nets. The following definition associates a closed PTNA term to each P/T
net. The idea is to define first the unrestricted behavior of a net. That is, its behavior when every transition
is always enabled. Then, the causal state operator instantiated with the initial marking is used to restrict the
behavior to all possible firing sequences. The unrestricted behavior of a single transition is the infinite itera-
tion of its consumption and production of tokens. The unrestricted behavior of a net is the parallel execution
of all its transitions.

Definition 4.3, (Algebraic semantics for P/T nets) Let PTN = (N, s) be a P/T net, where N = (P, T, 1,
o, I). The algebraic semantics of PTN, denoted A'[PTN], is defined as follows:
NIPINI =M ¢: t € T: THD),
where, foranyt € T,
Tl =((|i: iecit: iD|(o: o€o0t: ol))*s.
Empty quantifications should be simply omitted.

The following theorem states that a net and its algebraic representation have the same operational behav-
ior. That is, any step that a net can make can be simulated by its algebraic semantics and vice versa, Further-

more, since a P/T net cannot terminate successfully, its algebraic semantics cannot terminate successfully
either. Recall that (PTN, —) and (C(PTNA), —») are the operational semantics for P/T nets and PTNA
respectively. The set Act is equal to BL, x B L.

Theorem 4.4, For any P/T nets (N, s} and (N,s’), where N = (P, T,i,0, 1), closed PINA term p, and
o € Act,

i) (N,s) — (N,s") = NN, 9] — NN, s,
i) NIV, )] 2> p=> 3s': s’ €eBI: p=NIN,sN]AN,s) — (N,5),
iti) NIV, 9T £~ «.

Proof.

i) Assume that (N, 5) — (N, 5'). Then, according to the operational semantics for P/T nets given in
Section 3, there exists af € T such that o = (i, 0f),if [/ C s,ands' =s —irUof [I. Let e be an
abbreviation of (Ji: i €if: i?)|(|o: o € of: o!). Hence, the algebraic semantics of transition 7,
T[7], is equal to e* 3. It is easy to see that ¢(e) = (ce, pe) = (if, of) = a. Now, the rules in Table 2
yield

e —» Vi



and hence
e*s —> e*s.
Since T[f] =e*8andf e T,
Ut:teT: TED > Ut: teT: TLD.
It follows from if [/ € s and it = ce, thatce [ C 5. Since also s’ =s —itUot [ =s —ceUpe[],
Mllt: eeT: T S AL t: te T TID.
Finally, because NT(N, )1 = A/l 2: t € T : TIrT) and NEN, )1 = AL(ll ¢ : t € T2 TLeD),
we may conclude that

NN, )] = NLN, s)].

ii) Assume N(N, s)] —> p. The definition of A'[.] yields that

MIt: teT: TN — p.
1t follows from the derivation rules for the causal state operator in Table 2 that there exists an ¢ € AC,
and ¢ € C(PTNA), such that o = ¢(e) = (ce, pe), ce [ T3,

p=2
and

Jt:teT: T — q.
Lets’ = 5 — ce U pe [ 1. We can show that s’ is the bag of internal places such that p = N'(N, s)]
and (N, s) = (N, ¢).

The derivation rules for the merge operator yield that there must exista f € T and r € C(PTNA),
such that

g=rl(lt: teTAat#t: TLD,
and

Tl = r.
Since T[] = ((|i : i €it: iD|[(o: o€ of: ol))*sandsince a = ¢(e), it follows that
e=(i:ie€it: iN|(lo: ocof: o)andthatr = T[f]. Asaresult, g = (||t: t € T: Tt
and p = A.:,((I[ t: t € T: T[t])). The definition of A'[.] yields that

p=NIN, NI,
which proves the first proof obligation. Since & = ¢(e) = (ce,pe) = (if,0f), ce [I € 5, and
s’ =s—ceUpell,itfollows thatif [I € s and s’ = s — it U of [ I. We may conclude from the
operational semantics for P/T nets given in Section 3, that

(N,s) — (N, s).

"-CZUPE”’ (Q)v

iii) Assume N(N, 5)] 2 /s where N = (P, T,i, 0, I). It follows from the definition of A'[.] that

M(lt: teT: TRD = .

It follows from the rules in Table 2 that
Mt:teT: THD —

and thus that 7' must be a singleton {¢}, for some f € Ly, such that
Tl = /.

It follows from the definition of 7[.] and the rules in Table 2 that this is a contradiction. Hence,
NIWN, )1 A /.

O

Theorem 4.4 states that, in the union of the two process spaces P7N and C(PTNA), the P/T net (N, s)
is bisimilar to its algebraic representation A'[(N, s)1.
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Expansion, The following results are useful for simplifying many calculations. Their proofs can be found
in Appendix A.

Theorem 4.5. (Expansion) For any xp, ..., x, € P,n € N — {0}
Mi:0=<i<n:x)=(i:0<i<n:xl(j:0<jsnAj#i:xp)

Property 4.6. For any non empty bag E € BAC,
(le:ecE:e*8)=(+e:ecE:e-(|f: feE: f*8)).

Example 4.7. Let PTNy = (N, ip) be the left P/T net in Figure 1. Let X, be the algebraic representation of
PTNy, that is, Xo = N'[PTNo]. This example shows how a simple expression can be derived for X, which
is an algebraic term for the behavior of PTNy. In the derivation below, the causal state operator is written
without the superscript {ig, i1}.

Xo

= { Xo = NLPTNg); Definition 4.3 (Algebraic semantics for P/T nets) }
A, (@2 i [a)* 8 || (B2} irD*8 || (c? | 1D *8)

= { Property 4.6; Let X = (a? | ig? | i1 *S | B ixD*8 || (c? 1y *8 }
A, (@ ig? | 5D X+ G- X +(c?] i) X)

= { Axiom CSO5; Axiom CS04 (3x) }
A @? | ig? [ 1) -A (X) + 2, (B?1ir D) -4, (X) + A, (c?]i17) -2, (X)

= { Axiom CS02; Axiom CS03 (2x) }
@?{io? | 1D -2, (X) + 82, (X) +8-4, (X)

= { Axiom A7 (2x); Axiom A6 (2x); Let X; = 1, (X) }
(a? I ioq | i]!)-Xl

A derivation similar to the one above yields the following result for X;.
Xy =G iyM-8+(c?1 51D 8.

It is straightforward to verify that the transition relation of Xj is the same as the transition relation of PTNj
that is directly obtained from the operational semantics for nets given in Section 3 (See Figure 2). It is left
to the reader to verify that also for the right P/T net in Figure 1, the transition relations for the net and its
representation are the same.

S An Algebraic Semantics for Hierarchical P/T Nets

In this section, hierarchical P/T nets are defined and an algebraic semantics for their complete operational
behavior is given. Then, the notion of internal behavior is introduced in the process domain as well as in
the theory PTNA. The abstraction mechanism from the process algebra ACP is adapted to give an algebraic
semantics for the observable behavior of hierarchical P/T nets. This algebraic semantics indirectly specifies
an operational semantics for the observable behavior of hierarchical nets.

5.1 Hierarchical P/T nets

In addition to places and transitions, a hierarchical P/T net has subnets which, in turn, are hierarchical P/T
nets.

Definition 5.1. (Hierarchical P/T nets) A hierarchical P/T netis a 7-tuple (P, T, §,1i, o, I,s), where P C
Lp is a finite, non empty set of places, T <€ L is a finite set of transitions, and § a finite set of hierarchical
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P/T nets, such that T U § is not empty; functioni: (TUS) — B P gives the input places for each transition
and each subnet, 0 : (TUS) — B P gives the output places, I C P is the set of internal places, ands : B[
is the marking of the hierarchical net. It is assumed that there are no isolated places, transitions, or subnets.
Set S must be such that for each subnet the set of input and output places is equal to the set of pins of the
subnet. The set of places of a hierarchical P/T net and the sets of internal places of all its subnets must be
mutually disjoint. A hierarchical P/T net can be unfolded in the usual way. The unfolding of a hierarchical
net must be finite.

Figure 5 in Section 7 shows an example of a hierarchical net. The two nets in Figure 1 are also examples
of simple hierarchical nets. A hierarchical net without any subnets is a P/T net as defined in Definition 3.1.
The complete operational behavior of a hierarchical P/T net is the operational semantics of its unfolding. This
semantics can be obtained algebraically as follows.

Definition 5.2. (Complete behavior of hierarchical P/T nets) Let HN = (P, T, S.i, 0, I, 5). Extend the
function A[[.1, as defined in Definition 4.3, inductively as follows. As before, empty quantifications should
be omitted.

NEENT =2 (| t: t€T: TUD | (| sn: sn e §: Nsnl)).

Note that the unfolding of a net must be finite, because only then the net has a finite algebraic represen-
tation.

5.2 Processes with Silent Actions.

In Section 2, a process is defined as a labeled transition system over some set of actions. A process can
execute actions, thus transiting into some other process. An action that is executed by a process is part of its
observable behavior. To be able to distinguish between observable and internal behavior, silent actions are
introduced. Usually, silent actions are denoted t. Only a single symbol is needed, since all internal actions
are equal in the sense that they do not have any visible, external effects. The notion of silent actions in an
algebraic setting was first introduced by Milner [27].

The definition of a process space given in Section 2 can still be used in a context with silent actions. How-
ever, since bisimulation does not distinguish between observable and silent actions, the notion of equality on
processes needs to be changed, Processes with the same observable behavior, but with different internal be-
havior should be equal. As before, the equivalence relation on processes should distinguish processes with
different moments of choice. In [15], Van Glabbeek shows that (rooted) branching bisimulation is exactly
the equivalence that satisfies these two requirements. Branching bisimulation is a slightly finer equivalence
than the better known observation equivalence [27]. That is, it distinguishes more processes than observation
equivalence.

Let (P, — ) be some process space over Act equal to A U {}, for some set of action symbols .A. The
following auxiliary relation expresses that a process can evolve into another process by executing a sequence
of zero or more 7 actions. For the sake of simplicity, the termination symbol / is treated as a process.

Definition 5.3. The relation _ —» _: P((P U{./}) x (PU{./})) is defined as the smallest relation satisfying,

forany p, p', p" € PU{J}.
p—»p,
! y ¥ " "
p—>»p Ap —p = p-—r»p.

Let, forany p, p' € PU{/}and ¢ € Act, p LY p’ be an abbreviation of p —> p' V(@ =T A p = p').

That is, p 9, p’ means zero or one T steps and, foranya € A, p @, p’ is simply p — p'.
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Definition 5.4. ((Rooted) Branching Bisimulation) A binary relation R : P((P U {/}) x (PU{J/) is
called a branching bisimulation if and only if, forany p, p/, q, ¢’ € PU{/} and ¢ € Act,

i) pRGAP -5 p' = Qq.q": ¢.q" €PUV}: ¢ —q" 5> ¢’ A pRe" A PRy,
i) pRgAG>q' = @p.p": p.p" €PU}: p—»p" B o' A p"Rg A 'R,
iii) pRq = p—»J/ & q—»/.

A branching bisimulation R is called a rooted branching bisimulation between p and g in P if and only if
PRq and, forany p’, ¢ € PU{/} and @ € Act,

iv) p—p = 3q: q'E’PU{\/}:q—E*q'/\P'RQ’).
v) g—>q = @p': P ePUJ/}: p— P AP'RY).

Two processes p and g are called rooted branching bisimilar, denoted p ~ q, if and only if there exists a
rooted branching bisimulation between p and g.

Figure 3: Branching bisimulation.

Figure 3 shows the essence of branching bisimulation. The root condition is introduced, because branch-
ing bisimulation is not a congruence for the algebraic choice operator, whereas rooted branching bisimulation
is. This property is needed in the next section, where rooted branching bisimulation is used to give an oper-
ational semantics for PTNA extended with silent actions.

Note that the definition given here differs from the original definition given by Van Glabbeek and Weij-
land in [17]. In fact, it is the definition of semi-branching bisimulation, which was first defined in [18], as it
appears in [5]. It can be shown that the two notions are equivalent {18, 5]. The reason for using the alternative
definition is that it is more concise and more intuitive than the original definition. It also yields shorter proofs.
A comparison of the two definitions can be found in [5].

Property 5.5. Rooted branching bisimulation, ~p, is an equivalence on processes.

Proof. It must be shown that rooted branching bisimulation is reflexive, symmetric, and transitive.

Reflexivity: Let T be the identity relation on P U {,/}. Obviously, Z is a rooted branching bisimulation.
Hence, forany p e P, p ~mp P,

Symmetry: Let p and g be processes in P. Let R be a rooted branching bisimulation between p and
q. It follows from the symmetry in the definition of rooted branching bisimulation that the inverse of R is a
rooted branching bisimulation between g and p. Hence, for any p,g € P, p ~pp ¢ = g ~p P.

Transitivity: Let p, q, and r be processes in P. Let  and R be rooted branching bisimulations between
p and g, and q and r respectively. It is straightforward to verify by means of a case analysis that Q o R,
where o denotes relation composition, is a rooted branching bisimulation between p and r. Hence, for any
Pgir €P,p~mgAq il = ppl. o
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5.3 Place/Transition-Net Algebra with Silent Actions.

The theory PTNA®. In this paragraph, the silent action T and an abstraction operator are added to the theory
PTNA, yielding the theory PTNAT, for PTNA with silent actions. Table 3 gives a definition of PTNA', Recall
that Ly, is the set of place labels. The first entry of Table 3 means that PTNA' is a modular extension of
PTNA. That is, PTNAT has all sorts, functions, and axioms given in Tables 1 and 3. The auxiliary functions
c,p: AC — B L, that appear in Table 1 are extended to 7 as follows: ¢t =pr =¢.

__PTNA*(Lp)
PTNA(Lp)
t : AC . : P> (P> P)
a: Lpie f: AC; x,y,2: P; I: Pl
elt=e AT X-1T=Xx B1
x(ty+)+y)y=x-(y+2 B2
acl = @@= TAC1 a€l = ty@)=r TAP1
adl = @D =a? TACZ ag¢l = r(a)=a! TAP2
T(8) =34 TAD 1(e| f) = 1i(e) | T (f) TAl
(ty)=1 TAT T +y)=1(x)+ 11(¥) TA2
T (x-y) = 1 (x) -t (y) TA3
tr(x*y) = r(x)* 71 (y) TA4

Table 3: Place/Transition-Net Algebra with silent actions.

For any set of place labels 7, the abstraction operator t; simply renames actions from 7 to t. The axioms
B1 and B2 are an axiomatization of branching bisimulation [17]. Axiom AT states that only the visible part
of the simultaneous execution of some action and t is observed. It is different from the normal axioms for
T in ACP with silent actions. There, for any action e, e | T is equal to . The reasoning behind this is that |
means communication. Since an invisible action cannot communicate, every attempt to communicate with
T results in deadlock.

Operational semantics for PTNA®, Let the set of processes be the set of closed PTNAT terms, C(PTNA').
As before, let Actbe equal to BLp x BLp; let ¢ : AC — Act, for any e € AC, be defined as ¢(e) =
(ce, pe). Note that ¢(r) = (g, ¢). This means that, in the process domain, the action (g, @) is the silent
action. As mentioned in the previous subsection, the silent action in the process domain is usually called t
as well. The reason for this is that actions in the theory often coincide with actions in the process domain. In
the remainder, T always refers to the silent action in the theory, except in Appendix B, where 7 is also used
as an abbreviation for (g, ¢). The transition relation - — _: P(C(PTNA®) x Act x (C(PTNAP)U{,/])) is
the smallest relation satisfying the rules in Tables 2 and 4. In Table 2, let p, p’, q, ¢’ range over C(PTNAT).

Property 5.6. Rooted branching bisimulation, ~,p, is a congruence on closed PTNAF terms.
Proof. Property 5.5 states that ~, is an equivalence relation. It remains to show that for each n-ary PTNA*

operator f on processes and closed PTNAT terms p1, ..., Pu. q1, ..., ga Such that py ~pp g1, - .., Pn™~rbqn,
f(p1,.vvs Pn) ~rp f(q1, ..., qn). The details can be found in Appendix A. (]
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e: AC; I: PlLy; p, p': C(PTNAY)

@le) ¢(e)
p—p p—
(z1(e)) (z1(e))
2(p) "2 11 (p) u(p) P2

Table 4: The transition relation for the abstraction operator.

The following theorem states that if equality of two processes can be derived from the axioms of PTNAF,
then the two processes are rooted branching bisimilar. Hence, equational reasoning can be used instead of
model-based reasoning.

Theorem 5.7. The set of closed PTNA' terms modulo rooted branching bisimulation is a model for PTNA'.
That is, for any p, g € C(PTNAT), PINA’ |- p = g = CPTNA")/~ = p=gq.

Proof. It follows from Property 5.6 that it suffices to verify the validity of each axiom of PTNAT. Itis straight-
forward to construct a rooted branching bisimulation for each axiom. See Appendix A for more details. O

An algebraic semantics for hierarchical P/T nets. The algebraic semantics for the observable behavior
of a hierarchical P/T net strongly resembles the algebraic semantics which describes its complete behavior.
The essential difference is that the abstraction operator is used to hide the internal behavior of the net itself
and its components.

Definition 5.8. (Observable behavior of hierarchical P/T nets) Let HN = (P, T, §, i, o, I, 5) be a hierar-
chical P/T net. The algebraic semantics for its observable behavior, H[[HN], is defined as follows. As before,
omit empty quantifications. :

HIANT = troM((t: teT: THD || (|| sn: sn e S: HsnD)),
where o denotes function composition and 7[.] is as in Definition 4.3.

Example 5.9. Again, let PTNy = (N, ip) be the left P/T net in Figure 1. In Example 4.7, the following
expression is derived for its complete behavior Xo = N [PTNy]:

Xo = @?ig? | {1)-(B? 1) -8+ (c?|§1D)-8).
Since PTNj is a flat P/T net, its observable behavior H[[PTNy] is equal to t3,(Xo), where fo = {io, i1}. Use
the axioms TA1-3, AT and TAD to derive the following result.

7,(Xo) = (@?] 7| 7)-(B?] D) 1 (8) + (€? | 7)1y (8)) = al-(b7-8 +c?-8).
The transition relation of t;,(X) is shown in Figure 4. The expression a? - (b? -8 + ¢? - §) describes the
behavior of PTNy projected onto its pins. It corresponds to the expression already given in the motivating
example (Figure 1). In a similar way, it is possible to derive the expression a?-b?.8 4+ a?-¢?- 3 for the
observable behavior of the right P/T net in Figure 1, PTN;. The transition relation of this term is also shown
in Figure 4. Obviously, the two processes are not (rooted branching) bisimilar, which is the desired result.

6 Recursion and Fairness

In order to apply the theory developed so far to non-trivial examples, we must be able to reason about recur-
sion and fairness. The theory PTNAT already includes a recursion operator, namely the binary Kleene star.
In this section, we give a fairness principle for the binary Kleene star and a recursion principle that gives for a
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a?l- (b1 +¢?-8) a?-b?-8+a?-c?:4

(a,9) (a,9) (a,9)
b?-5+¢?8 b?-8 c?-é
. ﬂ/\c, 2) . ¢)1 l (c, 8)
8 ) )

Figure 4: The transition relations of H[PTN,] and H[PTN]1.

restricted set of recursive equations a solution in terms of the binary Kleene star. The reason for not including
these principles in the theory PTNAT is that, depending on the application, it might be desirable to extend
the theory with different fairness and recursion principles.

Fairness of the binary Kleene star can be expressed by a single axiom: the Fair Iteration Rule (FIR). It
states that a sequence of silent steps cannot be infinitely long. In terms of P/T nets, it means that, in an internal
conflict situation, it is not possible that one transition is always chosen.

x: P
T x=x+1x FIR

Property 6.1. The Fair Iteration Rule is valid in the model of closed PTNAT terms modulo rooted branching
bisimulation. That is, for any p € C(PTNA™), C(PTNA%)/~p, Et*p=p+ 7T p.

Proof, It is straightforward to verify that, for any p € C(PTNAT), the following relation is a rooted branching
bisimulation between t*pand p+ T p.

{(z*p, p+7-p) | p e CPTNATU{(z*p, p) | p € CPTNAN)}U{(p, p) | p € C(PTNAT)U{/}). O

The Recursive Specification Principle for the binary Kleene star (RSP*) is a derivation rule which gives
a solution for some restricted set of recursive equations. Such a rule is necessary since many processes are
inherently recursive. RSP* uses the notion of a guard which is defined as follows.

Definition 6.2. (Guard) A closed PTNA' term p is a guard if and only if, using the axioms of PTNAF, it
can be rewritten into an equivalent term of any of the following forms:

i) dore, forany e € AC — {r};
ii) q-r, for closed PTNA™ terms g and r where either g or r or both are guards;
iii) g+ r, for any closed PTNAF terms ¢ and r where both ¢ and r are guards.

x,v,z: P
x=y-x+z  yisaguard

_ RSP*
x=y*z

Informally, the requirement “y is a guard” means that y cannot terminate successfully without executing
at least one visible action.

Property 6.3. The derivation rule RSP* is valid in the model of closed PTNA' terms modulo rooted branching
bisimulation. That is, forany p, q, r € C(PTNAF) such that q is a guard, CPTNAY)/~,, Ep=g:p+r =
C(PINA®)/~p = p=q°r.
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Proof. Let p, g, and r be closed terms such that g is a guard; let R be arooted branching bisimulation between
pand g - p + r. It can be shown that the following relation which uses the transitive closure of R, denoted
R+, is a rooted branching bisimulation between p and ¢ *r. An explanation of this relation and the details
of the proof can be found in Appendix B.
Q={(p,g*NUR* U{(s,9*r) | s € C(PTNAT) U{/} AsR*p}
U{(s,2-(g*r)) | s e CPINA) U {/} At € CPTNA") AsR*t-p}.

7 Example: The Alternating-Bit Protocol

In this section, the theory developed in this paper is applied to a non-trivial example, namely the Alternating-
Bit Protocol (ABP). The version of the ABP considered here consists of four components: a sender, a re-
ceiver, a message channel, and an acknowledgement channel. Both messages and acknowledgments can be
corrupted. In order to identify messages and acknowledgements, they are marked alternatingly with a zero
and a one bit. Each time the sender sends a message, it waits for an acknowledgment from the receiver.

The example of the ABP is used to show two applications of the theory developed in this paper. First,
it can be used to verify the behavior of a hierarchical P/T net against an algebraic specification. At each
hierarchical level, the algebraic terms describing the observable behavior of the subnets can, on the one hand,
be seen as the specification of the level below, and, on the other hand, as the implementation of the level
above. The theory of this paper can be used to verify such implementations against their specifications in a
purely equational and compositional way. Second, the theory can be used to show that different hierarchical
nets have the same observable behavior. In a hierarchical P/T net, one can exchange subnets with the same
observable behavior, without influencing the observable behavior at higher levels of abstraction.

Figure 5 gives a three-level hierarchical P/T net of the ABP which conforms to the informal description
given above. Since for each net it is clear what are pins and what are internal places, dashed boxes are omitted.
Table 5 explains the names of the subnets, transitions, and places.

To demonstrate the first application of the theory, a bottom-up verification of the ABP is given, which
consists of four steps. First, simple algebraic expressions are derived for the behavior of the four nets at
the most detailed level. Second, the abstraction operator is used to hide their internal behavior. Third, the
results of these two steps are used to derive an expression for the behavior of the net at the intermediate level.
Finally, by hiding the internal behavior of the intermediate net, it is shown that the subnet “abp” satisfies its
specification given in Figure 5. To demonstrate the other application of the theory, it is shown that, on the
highest level of abstraction, the ABP behaves as a one-place buffer. A P/T net of the one-place buffer is given
in Figure 6. The observable behavior of the ABP is the same as the observable behavior of this net.

The verification of the ABP. In the following, a transition name ¢ is used as an abbreviation of (| i : i €
it: iD|(o: oe€ot: o). Forexample, O is an abbreviation of ({? | 0s? | Ow! | Om1!). Furthermore, the
following abbreviations are introduced:

S =0t*5[[0rz1*8 || Ore2*8 [ Oa*d | 1e*S || 1r21*5 || 1r£2* 8 || 1a™*4,

R =0a*8|0nal*s || Ona2*8 || 1a*é || 1nal™*é || 1na2* 8,

M= fOm*8{|cOm*S || fim*s| cim*3,

A = f0a*8 | c0a*s | fla*s | cla*s.
The first part of the verification is to derive expressions for H[[sen]}, H[[rec]l, H[mc], and H[ac]. It consists
of two steps. First, expressions are derived for the complete behavior of each component; second, their inter-
nal behavior is hidden. To start with, expressions are calculated for the two channels. Applying Property 4.6
and the axioms for the causal state operator yields the following result.
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Specification: abp:
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O\[ clm
i
L

om0 o2 0a2( - I Oal

Figure 5: A hierarchical P/T net of the alternating-bit protocol.
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je€{0,1}

Specification:
i,o :  input/output pin for messages from/to the environment;
abp : the system that implements the ABP.
System abp:
sen, rec : the sender and receiver;
mc, ac : the message channel and acknowledgement channel;
jml/2 : places for messages with bit j;
Lm :  corrupted messages;
jal/2, la : idem for acknowledgements.
System sen:
Js : the sender is ready to send a j message.
jw : the sender has sent a j message and is waiting for an ack.;
jt. jrtl/2 ¢ (re)transmit a j message;
ja : receive an acknowledgement of a j message;
System rec:
jr : the receiver is ready to receive a j message;
Ja, jnal /2 : acknowledge a j message; send a negative j ack;
Systems mg, ac:
fm/a,cgmjfa : forward resp. corrupt message/acknowledgement.

Table 5: Informal explanation of the Alternating-Bit Protocol

Figure 6: A one-place buffer.

My = A5(M) = fOm-Mo+cOm-My+ flm-My+clm. My,
RSP?* yields:
My = (fOm 4+ cOm + flm 4+ clm)* 8.
Similarly,
Ag = M(A) = (fOa+cla + fla+cla)*s.
Next, an expression is calculated for the sender. The state operator is written without the superscript {Os, Ow,
1s, 1w}
So = A'Os(s) = 0¢t.5,
S1 = Ay, (8) = Orel1-8; +0rt2-51 +0a- 53,
Sy = A (S) = 1£-S53, and
S3 = A, (S) = 1rel-S3 4 1r12. 53 + 1a- Sp.
Applying RSP* and BKS2 on the last equation yields:
S3 = (rtl + 1rt2)*(1a-Sp) = ((Irtl 4+ 1r12)* 1a)- Sy
Substituting this result and repeatedly applying RSP* and BKS2 gives:
So = (Or-((0rt1 +0rt2)*0a)-(1t-((Arel + 1r22)* 1a)))* s
Observe that this equation conforms to the intuitive notion of what the sender should do. First, it sends a
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zero message; if necessary, it retransmits this message until it receives an acknowledgement; then, it repeats
this behavior for a one message, after which it starts all over again. Similar to the calculations above, the
following equation can be derived for the receiver:

Ro = MR = (0a-((Onal +0na2)*1a) + 1nal + 1na2)* s
The second step is to hide the internal behavior of the sender and receiver in order to obtain their observable
behavior. Since the two channels do not have internal places, their observable behavior is already given by
the expressions above. The axioms for the abstraction operator plus AT yield the following results:

TSo = 7i0s,0w,15,1w}(S0)

= ((i?7|0m1)-((La? | Om1! + 1a2? | Om1!)}*0a2?) -
(7] Im1D)-((La? | Im1! 4+ 0a2? | Im1D* 1a27))*é

TRo = ti0r,17)(Ro)

((0m2? | 0al! | o!)- ((Lm? | Oal! + 0m2? | 0all) * (1m27? | 1al! | o}))
+1m?|lal! + 1m2? | 1lall)*é
This completes the first part of the verification, Summarizing, H[[sen]] = TS, H[[rec]] = TRy, H{Imc] ==
Mo, and H[[ac]l = Ap.
The second part of the verification is to use the expressions derived for H([sen]], H[[rec], H[mc], and
H[ac]] to determine an expression for H[abp]], the observable behavior of the subnet “abp.” The result
should satisfy the specification given in Figure 5. As the first part, H[abp]} is calculated in two steps. First, an
expression is calculated for Xo = Aé(TSo II| Mo | TRg §| Ao), where I is equal to {Gm1, 1m1, Om2, Lm, 1m2,
0al, 1al, 0a2, La, 1a2}. Second, the internal behavior of X is hidden. The calculations of the first step are
tedious, but not very complicated. In principle, one just repeatedly applies the expansion theorem (Theo-
rem 4.5) and the axioms of PTNA. Figure 7 shows the transition relation of X;. With RSP* and BKS2, the
following equations are obtained for Xp—Xo:
Xo = @({?7|0m1h. X
Xy = (((0m1? | ImD)-(Am? | 1all}-((1al? | 1a2!)-(1a2? | Om1})
+(1al?] Lal)-(La? | Om11)))* (Om1? | 0m2D))  X»

X2 = (0m2?|0al!|ol) - X3

X3 = (((0al? | Lal)-(La? | 0m1l)- ((Om1? | Om21)- (0m2? | Oall)
+(O0m1?7| Lm)-{Lm?|Cal)))*(0al? | Ca2l)) - X,

Xq = 0a2? X5

Xs = ({7} 1m1)-X¢

Xe = (AIm1? | Lm1)-(Lm? [ 0all) . ((0al? | 0a2!l)- (0a2? | Im1l)

+(al? | Lal)-(La? | 1m1D)* (Am1? | 1m2Y))- X4

X7 = (Im27| 1all|ol)- X3

Xg = (((1al?| LaY)-(La? | 1m1Y)-((Am1? | 1m2Y)-(1m27| 1al})

+(m1? | Lmb)-(Lm? | 1lal))* 1al? | 1a2D)- Xo

X9 = 1a2?- X,

The final step is to hide the internal places 7. Use the axioms for the abstraction operator plus AT, B1, A3,
and FIR to obtain the following result:

ABP = 7;(Xg)

=i?-{((r-t-(t-T+T-TN*1)-171(X2)
= i?-(r* 1) 11(X2)
= i?7-(t+71-.1)-11(X2)
= i?-1;(X2)
Repeating this derivation for X>—Xy and substituting the result in the equation above yields:
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Xn
(La, Iml) (lml, im)
(Iml, 1m2)
24 25

(1m2, 121}
(lal, La) (Lm, 1a1)
Xis
8
a1
(la2, @) (1m2, Ialo\ (m1, Lm) X0 (Lo, 0al)
X+
(1al, La)
e omb ¢.0mD (im1, ‘M Gy
(1al, 122} 6 19
a a
(12, 0m1) (om om2) . 1,,y (La, 1m1)
(0al, La)
2 Xs

(Lm, lal)

12 (Om1, Lm) (Om2, 0al 0) a2, 9) Xn
\ (0al, 0a2) /
X0
(Lm, Oal) (0al, La)

X1z

(Om1, 0m2)
(Om1, Lm) (La,0ml1)

Figure 7: The transition relation of the Alternating-Bit Protocol.

ABP = i?.0l-i?-0!-ABP

So, by RSP*,

ABP = (i?-0!-i?7-0)*8

From the observation that, for any process x,

x¥6=x-(x*)+é=x-(x-(x*N+)+d=x-(x-x*N+3=(x-x) (x*3) + 3,

which by RSP* implies that x*8 = (x-x)* 3§, it follows that

ABP = (i7-01)*3.

This completes the verification of the ABP. The algebraic term which is derived for its observable behavior

satisfies the specification given in Figure 5.

The ABP and the one-place buffer.

As mentioned, the theory developed in this paper can be used to de-
termine whether two hierarchical P/T nets have the same observable behavior. In the previous paragraph, an

algebraic expression has been derived for the observable behavior of the ABP. In this paragraph, it is shown
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that the one-place buffer of Figure 6 has the same observable behavior. Thus, on a high level of abstraction,
the one-place buffer and the ABP are equivalent.

Let BUF denote the observable behavior of the one-place buffer, H[buf]), where “buf” is the net shown
inFigure 6. Let ] = {b,c}andlet B = (i?}c?|bD)*8 || (b?|c!| 0!)*8. Asusual, the state operator is written
without superscript 7. Use Property 4.6 and the axioms for the causal state operator.

By = A (B) = (i?7]|c?| b)) -1, (B) = (i?]c?|b)-(B? | c!|oh)- By
RSP*yields:

By = (7] c?|bY)-(?)c!|0!)*S
Hiding the internal places gives:

BUF = ti(Bp) = ((i?)t|t)-(ri{Tt]|oD))*s = (i?7-0)*$
It follows that BUF equals ABP as derived in the previous paragraph. It means that the ABP and the one-place
buffer have indeed the same observable behavior, and are thus equivalent.

High-level Petri nets, So far, only P/T nets have been considered. However, in practice, high-level nets, or
colored nets, extended to data are used. In colored nets, tokens have values. As long as the values of tokens
range over a finite domain, the results presented in this paper can be simply extended to data. For example,
if messages in the ABP are taken from some finite data domain D, one could specify its behavior as follows:
ABP = (+d: d € D: (i(d)? o(d)!)*8), where i(d)? means the consumption of a token (message) with
value d from place i, and o(d)! means the production of a token with value d. All calculations given above
can be easily adapted to incorporate data. Furthermore, the P/T net of the ABP can be simplified by adding
the bit which is used to mark messages and acknowledgements to the value of the tokens. Thus, the explicit
distinction made in the current net is not necessary anymore.

In case of infinite data domains, the results of this paper must be adapted to an algebraic formalism which
supports data, such as for example 4 CRL [20] or PSF [25].

8 Concluding Remarks and Future Work

The first part of this paper gives an algebraic semantics for P/T nets which is consistent with their usual in-
terleaving semantics. The second part gives an algebraic semantics for the complete operational bebhavior of
hierarchical P/T nets, as well as a semantics for their high-level, observable behavior. The latter can be used
to determine whether a hierarchical net satisfies some algebraic specification of its observable behavior and,
thus, to determine whether two hierarchical nets can be considered equivalent.

Although the first results appear to be promising, it is necessary to further investigate the theoretical foun-
dation and applicability of the approach presented in this paper. It is interesting to study the meaning of an
arbitrary PTNA(™ term in P/T-net theory. Furthermore, it is worthwile to investigate the meaning of results
from Petri-net theory, such as place and transition invariants, in the theories PTNA(®.

There are several interesting ways to extend the results presented in this paper. It has already briefly been
mentioned how they can be extended to colored nets. Furthermore, it seems worthwile to investigate other
hierarchical constructs than the one presented in this paper, and maybe time or stochastic aspects.

Finally, it is interesting to look at other semantics than the interleaving semantics. It is straightforward
to extend the results to a step semantics, in which multiple transitions can fire simultaneously. It is only
necessary to define the synchronous-merge operator on processes in the same way as the communication
merge is defined in [2]. A true concurrency semantics appears to be another interesting candidate for future
investigation.
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A Some Proofs

Theorem 4.2. The set of closed PTNA terms modulo bisimulation is a model for PTNA. That is, for any

p.q € C(PFTNA),PTNAF p = g = C(PTNA)/ ~ = p =q.

Proof. Since it follows from the format of the derivation rules in Table 2 that bisimulation equivalence is
a congruence on C(PTNA) [3], it suffices to verify the validity of each axiom of PTNA. Below, for each
axiom, a bisimulation is given. It is left to the reader to verify that the relations are indeed bisimulations. Let

D(C(PTNA)) be an abbreviation of {(p, p) | p € C(PTNA)}.
Axiom Bisimulation

Al
A2
A3
A4
AS
A6
A7

S
52
M1
M2

M3
M4

ASC1,2

csol1
cs02
CS03
CS04

CSO5

BKS1
BKS2

BKS3

{(p+4q.9+ p)| p,g € CPTNA)} UD(C(PTNA))
{(p+q)+r,p+(qg+r)|p, g, reCPTNA)}UDCPINA))
{(p+ p, P) | p € C(PTNA)} U D(C(PTNA))
{ip+q)-r,p-r+q:r)| p,gq,r € C(PTNA)} UD(C(PTNA))
{((p-@)-r,p-(q-1))| p.q,r € C(PTNA)} U D(C(PTNA))
{(p+3, p) | p € C(PTNA)} UD(C(PTNA))

{(6-p.8) | p € C(PTNA)}

{tel f, fle}le, f € AC}
{(tel g el(flg)le f.g €AC}

{(pllg,pllg+allpP)|p,geCPTNA}IV{(plg.qlp)]|p gel(PTNAJ
D(C(PTNA))

{(dLp.d p)|deACU{S) A p € C(PTNA)} U D(C(PTNA))

{d-pllg.d-(pllg)|deACU{3} A p,q € C(PTNA)}UD(C(PTNA))

{lp+a)Lrnpllr+qlLr) ]| p,q,r € C(PTNA)}UD(C(PTNA))

{plpLrnpllglir)) | p.g.r € C(PTNA)JU
el rnpligllr) | p. g, r € CPTNA)} U D(C(PTNA))

{(x1(3),8) | I e PLyAs e BLy}

{(M(@,e) | TePlopaseBlyrecACAce [l G s}

{(Af(e),8) |1 ePloaseBlpaee ACAce|] £ s}

{de-p) M@ -M_ (P11 €PLyAs e BLy Ae € AC A p € C(PTNAY U
D(C(PTNA))

{(J(P+9). A{(P) +2{(@) | I e PLyAs € Bly A p, g € C(PTNA)} UD(C(PTNA))

{(r*q,p-(P*q)+q) | p,q € C(PTNA)} U D(C(PTNA))
{(p*@@-r),(p*q)-1) | p,q.r € CPTNA)JU

{('-(p*(g-r), (7' -(p*g)-r) | p, p'vq,r € C(PTNA)} U D(C(PTNA))
{(p*@-(p+D* N+, (+D*r) | p.g,.r € CPTNA)JU

(- p*@-Up+)* )+ p-Up+@)*r)) | p. P q.r € C(PTNA)} U 19((3(1’1‘NA))EI

Theorem 4.5. (Expansion) For any xg, ..., x, € P,n € IN — {0}
i:0<is<n:x)=(Hi:0<izn:xlUj:05jsnAj#i:x))

Proof. The proof is by induction on n. The basic case where n = 1 is simply axiom M1. Assume n > 1.

Ni:0<i<n:ux)

{ Associativity of the merge (ASC2) }
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Ni:0<i<n:x)lx,
= { Axiom M1}
Ni:0<i<nm:x)lxp+x, LJli:0=<i <n:x)
= { Induction }
(+i:0<i<n:xllj:0<j<nAj#i:x))lxp+xall(li:0<i<n:x)
= { Axioms M4 and ASC1 }
Hi:0<i<n:xlj:0<j<nAaj#ita)lz)+x L(li:0<i<n:x)
= { Associativity of the merge (ASC2); dummy change; calculus }
FHi:0<i<mixlj:0gjsnnj#FiixN+xL0j:0sj<nAj#n:x))
= { Associativity of the choice (A2) }
Fi:0=<isn:x|Uj:0=jsnAj#i:x))

Property 4.6. For any non empty bag E € BAC,
(le:ececE:e*8)=(+e:ecE:e-(|f: fEE: f*8)).

Proof, If E is a singleton containing only one action e, then the above equation reduces to e*é = e- (e* 8),
which follows immediately from BKS1 and A6, So assume, E contains at least two different actions.

(le: ec E: e*d)
= { Expansion }
(+e:ecE: (e*) | f: FEEAe# [f: f*8)
= { Axioms BKS1 and A6 }
(+te:ecE: (eI Sf: fFeEAe# f: f*)
= { Axiom M3}
(H+e:eeE:e((e*)fUf: feEnextf: f*8)
= { Associativity of the merge (ASC2) }
(+e:ecE:e(|f: feE: f*8)

Property 5.6. Rooted branching bisimulation, ~,p, is a congruence on closed PTNA* terms.

Proof. Property 5.5 states that ~, is an equivalence relation. It remains to show that for each n-ary PTNA*
operator f on processes and closed PTNA® terms py, ..., Pr, §1, ..., qn Suchthat py ~pq1, ..., Pn™~rbGn»
f(plv ---»Pn) ~rb f(Q'l:---»Qn)-

For the constants of PTNA' the desired result follows trivially from the reflexivity of the ~; relation.
There is one operator on actions only, the synchronous merge |. Let ey, e2, fi, f2 € AC such that e; ~; fi
and ez~ f2. Let Q be defined as {(e; |ez, fi1] f2), («/, +/)}. Obviously, Q is a rooted branching bisimulation.
Hence, ~;} is a congruence for the synchronous merge.

There are seven operators on processes, five binary operators and two unary ones. Let p1, p2, 41,42 be
closed PTNA' terms. Let R; and R be rooted branching bisimulations such that pyR1g1 and p2R2q2. It
must be shown that there exist rooted branching bisimulations @, ..., €7, such that (p; + p2) Ci1(q1 + ¢2),
(P1-p2)Q20q1-92), (21 * P2) Q3(q1 * q2), (1 || p2)Qalq1 [ g2, (1 L P2) L5(an 1 42), and, such that for any
I ePlpands € BL,, Al (pl)Qg;JL;Y {g1), and 1;(p1)Q771(p2). The seven rooted branching bisimulations
are given below. It is left to the reader to verify that the relations are indeed rooted branching bisimulations.
To avoid unnecessarily complex formulas, some notational abbreviations are introduced. Let, for any p €
CPTNAY U{/}, /' p=pand /|| p=pll+/ = p.and, forany ] e PLpand s € BLp, A/ (/) = /and
ulW) =4

26



Q=RIURU{(p1 + P2. 1 + q2)}

Q=R2U{(p-p2.4-92) | pPR.1q}

Q=R U{(p1* p2, ¢1 * @)}V {(p-(p1* p2). 9 (1 * 92)) | pR1g}
Qs={(pll P qll g} | pPR1g A P'R2q’}

Q=L U{(plp2nallgd}

Qs ={(A{(P), (@) | pR1g A1 e PLyAs e Bly)

Q7 ={(t;(p), 11(@) | pPR1g AT € PLy} o
Theorem 5.7. The set of closed PTNA' terms modulo rooted branching bisimulation is a model for PTNAF.
That is, for any p,q € C(PTNA"), PINA* - p =g = C(PTNAY) /[~ Ep=4.

Proof. It follows from Property 5.6 that it suffices to verify the validity of each axiom of PTNAF. Since
any bisimulation as defined in Definition 2.2, extended with the pair {,/, /), is a rooted branching bisimu-
lation, the axioms given in Table 1 are valid in C(PTNAT)/~,». Therefore, it remains to verify the validity
of the axioms given in Table 3. The table below gives a rooted branching bisimulation for each of these ax-
ioms. Again, it is left to the reader to verify that the relations are indeed rooted branching bisimulations. Let
DCEPTINAT) U{/D = {(p, p} | p e CPTNAT) U {V/}}.

Axiom Bisimulation

AT  {(e|t,e) e e ACtU{(/, )}
Bl  {(p-7,p)| p € CPTNAD} U {(r, V), (v, V}}
B2 {(p-(z-(@q+r)+q),p(g+r)|p,g,r e C(PTNAT)U
{G-(p+q@)+ p).p+4q) | p.g € CPTNA")} UD(C(PTNA") U {\/})
TAC1 {(ri(@aD,v) |1 ePlpra e }U{(/, N}
TAC2 {(zi@D,aD |1 ePlpracly, - 1TU{(/. )}
TAP1 {(zr(ah),7) | I e PlgAa e INU{(/. N}
TAP2 {(r@al).al) | I e Plpracely —NNU{/, V)
TAD {(11(8),8) | I € PLy}
TAT {(z(v), ) | 1 e PLp}U{(V/, VD)
TAl  {(ri(e| frle) | t(f)) le. f e ACAT e PL}U{(V/, W}
TA2 {(tu(p+@).u(p)+ 1) | p,g € CPTNA®) AT € PLy} UD(CPINAT) U{/D
TA3  {(ri(p-q), tr(p)-71(g)) | p.q € C(PTNA") AT € PLy} UD(C(PTNAT) U (/D)
TA4  {(vi(p* ), uu(p)*11(g)) | p. g € CPTNATY AT e PLyJU
{(zi(p-(@*r), u(p)- (@ (M) | p.g,.r e CPINAT) AT € PLpJU
D(C(PTNA) U {/D O
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B Proving the Validity of RSP*

Recall that RSP* has been defined as follows.

xy,z: P
x=y-x+z  yisaguard

- RSP*
x=y"z

One way to prove the validity of RSP* is to show that the model satisfies the so-called Approximation
Induction Principle AIP. AIP states that any processes with the same finite prefixes are equivalent. If a model
satisfies AIP, or a slightly weaker variant of AIP called AIP~, then it also satisfies RSP, which is the Recursive
Specification Principle for general recursion. This line of proof is used in for example [4] to show that the
models introduced there satisfy RSP.

Since a model that satisfies RSP also satisfies RSP*, the same line of reasoning could be used to prove
the validity of RSP* in this paper. However, the validity of RSP* can also be shown directly by construct-
ing a rooted branching bisimulation. The advantage of such a proof is that it is not necessary to introduce
any auxiliary notions as AIP. Furthermore, once the idea behind the construction of the rooted branching
bisimulation is understood, the proof is rather straightforward.

The following two lemmas are useful in the proof.

Lemma B.1. Let p be a closed PTNAT term. If p is a guard, then p —»./.

Proof. Since p is a guard, it can be rewritten into an equivalent closed PTNA® term g which is of any of the
forms given in Definition 6.2. Using the operational rules given in Table 2, it is straightforward to prove by
means of stuctural induction that ¢ —,/. Since PTNA’ F p = g, the soundness of the PTNA® axioms
yields that p ~,, g. It follows immediately from the definition of rooted branching bisimulation, Defini-
tion 5.4, that p — /. a

Lemma B.2. Let (P, — ) be a process space over Act equal to AU {t}, for some set of action symbols A.
Let R be a branching bisimulation. Forany p, p’, q,q' € PU{/},

p—»p ApRqg = (Aq¢ :q ePU{J/IAq—»q : PRg’) and

g —>¢'ApRqg = @p': p'ePUJSIAp—»p': pPRY)

Proof. Straightforward by induction to the number of 7 steps from p to p’ and g to g’ respectively. See
also [5]. a

Property 6.3. The derivation rule RSP* is valid in the model of closed PTNAT terms modulo rooted branching
bisimulation. Thatis, for any p, q,r € C(PTNA?®) such that q is a guard, CPTNA")/~ E p=q-p+r =
CPINA")/~w Ep=q*r.

Proof. Let p, g, and r be closed terms such that g is a guard; let R be arooted branching bisimulation between
p and ¢+ p + r. It must be shown that there exists a rooted branching bisimulation © between p and ¢*r. In
the construction of Q, the transitive closure of R, denoted R, is used.

Q={(p.g*NIURY U{(s,q*r) | s e CPTNAT) U{/} AsR*p}

U{(s,2-(g*r)) | s e C(PTNAT) U{/} At € CIPTNAT) AsR*t.p).

The example depicted below shows the idea behind the construction of Q. In this example, R is depicted
from left to right, whereas Q is depicted from right to left. Obviously, it is required that pQg *r. Since R
is a rooted branching bisimulation between p and ¢- p + r, ¢+ p + r can simulate any step that p can make.
Therefore, if p can evolve into some process p’ by executing an « step, then g - p + r can simulate this step
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and evolve into, for example, ¢’ - p. However, this means that also ¢ *r can do an « step, in which case it
evolves into ¢’-(g*r). This means that all pairs of the form (p’, ¢’-(g*r)) must be added to Q. This explains
the basic form of Q.

The reason why the transitive closure of R is needed, can be explained as follows. Assume that after a
number of steps p’ evolves into some process s and ¢’ - p simulates these steps evolving into p. Then, sR p
and since ¢’ - (g * r) evolves into ¢ * r again, also s Qg *r. Note that the definition of Q indeed implies that
it contains the element (s, g *r). Now assume that s can execute some 8 step evolving into s’. For the sake
of simplicity, also assume that p can simulate this step without executing any preceding t steps. Then, also
q-p +r can do a g step evolving into, for example, g”- p. However, this implies that ¢ *r can do a 8 step to
q"-(g*r), which means that Q must relate s’ to g”-(g*r). The example shows that this would not necessarily
have been the case if the definition of Q would have used R instead of R*, because R does not relate s’
directly to g” - p. However, R?, the relation composition of R with itself, does relate s’ to g” - p. Since the
process sketched here can repeat itself, this example suggests to use the transitive closure of R instead of R
itself in the construction of Q. Below, it is shown that Q is indeed a rooted branching bisimulation between
pandg*r.

The proof uses the fact that R is a rooted branching bisimulation between p and ¢ p + r. This follows
from the observation that the relation composition as well as the union of two branching bisimulations is again
a branching bisimulation (se¢ the proof of Property 5.5 and [5]). Furthermore, if a branching bisimulation
satisfies the root condition for two processes, then also any larger branching bisimulation satisfies the root
condition for these two processes, where “larger” is defined by means of the superset relation.

First, we show that Q satisfies the root condition for p and ¢ *r. The = sign is used to denote syntactical
equivalence on closed PTNA' terms plus /. Recall that 7 is used as an abbreviation of (g, g).

i) Assume p —» p’ for some @ € Act and p’ € C(PTNA®) U {,/}. It must be shown that there exists a
v’ € C(PTNAT) U {,/} such that ¢*r — v’ and p’Qv'.
Since R satisfies the root condition for p and g - p + r, it follows from the operational rules for
choice and sequential composition in Table 2 that three cases can be distinguished.

(a) First, g —» ¢’, for some ¢’ € C(PTNA%), and g p + r —> g’ p such that p'Rq’ - p. It follows
immediately from the operational rules for the binary Kleene star in Table 2 and the definition of

Qthatg*r > ¢'-(g*r) and p'Qq’-(g* ).
(b) Second, g —» /and g p + r — p such that p'R p. It follows immediately that g *r —» g *r
and p'Qq*r.
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(¢) Third, r — r' € C(PTNA)U{/} and g+ p + r —— r’ such that p'Rr’. It follows immediately
that g*r —» r' and p'Qr’.

ii) Assume g*r —» v’ for some o € Act and v’ € C(PTNAY) U {,/}. It must be shown that there exists
a p’ € C(PTNA®) U {,/} such that p — p’ and p’Qv’. Again, three cases can be distinguished.

(a) First,g—»¢’ € C(PTNA") andg*r—>v' = ¢'-(g*r). It follows thatg - p + r—=»q’- p. Since
pRq-p + r and R satisfies the root condition for p and g-p +r, p —> p’ € C(PTNA®) U {+/}
such that p'Rq’- p. Hence, p —» p’ and p'Qv' = ¢’ -(g*r).

(b) Second, ¢ —» /and g*r —> v' = g*r. It follows that g- p -+ r —=» p. Since pRq-p+r
and R satisfies the root condition for pand g-p + r, p —> p’ € C(PTNAT) U {4/} such that
p'Rp. Hence, p — p' and p'Qv’ = g*r.

() Third, r — r’ € C(PTNA®) U {\/}and g*r —> ' =r. Tt follows that - p + r —>» r’ and
therefore p —> p’ € C(PTNAY) U {./} such that p'Rr’. Hence, p —> p’ and p'Qv’ =r'.

The above two cases show that Q satisfies the root condition for pandg.p + r.
Second, assume that for any @ € Act and u, u’, v € C(PTNA®) U {\/}, 4 —> u’ and uQu. It must be

shown that there exist v/, v” € C(PTNAT) U {./} such that v —»v" © , uQu”, and u’'Qv’. Using the
definition of Q, three cases can be distinguished.

i) First, uR*v. Since R* is a rooted branching bisimulation, it follows immediately that there exist
v, v" € C(PTNA") U {4/} such that v —»v" L, v, uR*Tv”, and w' R+, and hence also uQv”,
and o’ Qv

i{) Second, v = ¢*r and wR* p. Two cases can be distinguished, corresponding to whether or not p does
at least one 7 step before possibly doing an « step.

(a) Assume p 2, p’ € C(PTNAT)U{,/} such that W’ R™* p’. According to the definition of p 2 74
again two cases can be distinguised.
e First, @ = 7 and p’ = p. It follows immediately from the assumptions and W’R*p’ = p
thatv =g*r —»q*r o, q*r,uQq*r,and ' Qq*r.
e Second, p 5 p’. Since pRgq - p + r and R satisfies the root condition for pandg-p +r,
as above, three cases can be distinguished.

- Assume ¢ —» ¢’ € C(PTNA®) and ¢-p +r —» ¢’ p such that p’Rq’- p. The as-
sumption 4 Qv and u'R* p'Rq’ - p yield immediately v = g*r —»q*r —>q’-(g*r),
uQqg*r,and u'Qq' - (g*r).

- Assume g —» Jadg-p+r 25 p such that p’Rp. It follows immediately that
v=q*r —»q*r = g r,uQq*r,andu’'Qq*r.

- Assume r — ' € CPTNAY) U{/}and g- p + r —> ¢’ such that p'Rr’. It follows
immediately that v = ¢*r —»g*r LA uQq*r,and u’'Qr'.

(b) Assume p —»> p”" —» p” 0, p'. for some p’, p”, p” € C(PTNA™) U {,/} such that uR*p"”
and w'R* p’. Since pRq-p +r, R satisfies the root condition for pand g- p + r, and g is a
guard, which by Lemma B.1 excludes the possibility that g = +/, it follows that g = q" €

C(PTNAT) such that p”"Rq" - p. Lemmas B.1 and B.2 yield that g —»q” € C(PTNAT) such
that p”"Rgq" - p. Two cases can be distinguished.
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e First,t a = tand p’ = p”. Then,v=g*r —»q"-(g*r) 2N q"-(g"r). Furthermore,
uR*Yp"Rq" -pand w'R*p' = p"Rq" - p yield that uQq" - (g*r) and u'Qq” - (g*r).

e Second, p” -+ p'. Since ¢ is a guard and g —» ¢, Lemma B.1 yields that ¢” —%»./. Since
p"Rq" - p, again two cases can be distinguished.

— First, ¢" —»§ & ¢, for some ¢, ¢ € C(PTNA'), p"R§ p, and p'Rq’ - p. It follows
thatv=gq*r —gG-(g "r)—(-a—)>q’-(q *r). SinceuR* p"RG- pandu'R* p'Rq’ - p, also
uQg-(g*ryand v’ Qq’-(g*r).

- Second, ¢" —»§ —> J/, for some § € C(PTNAF), p"Rg-p, and p'Rp. 1t fol-
lows immediately thatv = g*r —»g-(g* r)(—a)>q *r. Furthermore, uR* p”"Rg - pand
WRYp'RpyielduQg-(g*r)and u'Qq*r.

iii) Third, v = t-(g*r) and uR*t-p, for some ¢t € C(PTNAF). Since R* is a rooted branching bisimulation
and u —> u’, three cases can be distinguished.

(a) First,t —»¢" 2y , for some ¢, t” € C(PTNAT) such that uR*¢”- p and &’ R*t’ - p. It follows
thatv=t-(g*r) —t"-(g*r) @, vo(g*r), u@Qt” (g*r),and ' Qt' - (g*r).

(b) Second, t —»¢” —> ./, for some t” € C(PTNAF) such that 4R*¢” - p and u'R+ p. It follows
thatv=1¢-(g*r) —»1t"-(g"*r) o), g*r,uQt’-(g*r),and W' Qq*r.

(¢) Third, t —»./and p —» p” @, p’, for some p’, p” € C(PTNA%) U {./} such that uR* p" and
¥'RT p'. In this case, the proof proceeds along the lines of case ii) immediately above.

The above three cases show that for any € Act and u, ¥’, v € C(PTNAT) U {,/}, such that u = u’ and
u Qu, there exist v', v” € C(PTNA™) U {,/} such that v —»v” o, v, e Qv”, and w' Qv'.

Third, assume that for any @ € Actand u, v, v’ € C(PTNA")U{/}, v —> v’ and # Qv. It must be shown
that there exist &/, u” € C(PTNAF) U {,/} such that u —»u" RO , u”Qv, and u’' Qv'. Using the definition
of @, as before, three cases can be distinguished.

i) First, uR*v. Since R™ is a rooted branching bisimulation, the desired result follows immediately.

ii) Second, v = g*r and uR™ p. Since pRq - p + r and R satisfies the root condition for p and g-p +r,
three cases can be distinguished.

(a) First, g—>¢' € C(PTNA%) and p—> p’ € C(PTNA®)U{,/} such that p'Rq’-p. Since uR* p, it
follows that u —» 1"~ ', for some &', u” € C(PTNA)U{/} such that u"R* p, and 'R p'.
Hence, it follows from v = g*r = ¢’ (g*r) = v and w'R* p'Rq’ - p that u” Qu = g *r, and
Wv=q'-(g"r).

(b) Second, g —> ./ and p —> p’ € C(PTNA®) U {4/} such that p’R p. Since uR* p, it follows
that u —»u” -5, for some ', u” € C(PTNAT)U {4/} such that ¥”R¥ p, and 'R* p’. Hence,
it follows from v = g*r —> g*r = v’ and W'R¥ p'Rp that u”’ Qu = g*r, and u’' Qv = g*r.

(c) Third, r -5 r' € C(PTNA®) U {/} and p —> p’ € C(PTNA") U {./} such that p'Rr’. Since
uR* p, it follows that u —»u” 2> u', for some ', u” € C(PTNA®) U {,/} such that u"R* p,
and w'R*r'. Hence, it follows from v = g*r —»> ' = v/ that w”Qu = g*r,and ' Qv = r'.

iii) Third, v=1-(g*r) and uR*t. p, for some t € C(PTNAT). Two cases can be distinguished.
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(a) First, t —> 1’ € C(PTNAF). Since uR*t- p, there exist «’, u” € C(PTNA®) U {,/} such that
u -——»u”(—“))»u’, u'R*t-p,and u'R*t-p. Hence, it follows from v = t-(q"‘r)—“»t’-(q"‘r) =v
that W’ Qv =t-(g*r),and u'Qv' =1¢"-(g*r).

(b) Second, t —%> ./ Since wR+t-p, there exist u’, u” € C(PTNAT)U{./} such that u —»u" > i,

u"R*t-p, and w'R* p. Hence, it follows from v = - (g*r) —> g *r = v’ that u” Qu = t-(g*r),
and u' Qv =q*r.

The above three cases show that for any @ € Act and u, v, v’ € C(PTNA®) U {./} such that v 5 v and

uQu, there exist u’, u” € C(PTNAY) U {,/} such that u —»u” o, w,u"Qu,and u’'Qv',
Finally, for any u, v € C(PTNA™) U {./} such that x Qu, it must be shown that u —»./ & v —»./. As
before, three cases can be distinguised.

i) First, uR*v. Since R is a rooted branching bisimulation, the desired result follows immediately.

ii) Second, v = ¢*r and uR* p. Assume u —»,/. Since uR*pRq-p+r,q-p+r —»,/. Since g
is a guard, Lemma B.1 yields that » —» /. Hence, v = ¢*r —» /. Assume v = g*r —»./. This
implies that r —» /. Since uR*pRq-p+r,u —»./.

iii) Third, v = t-(g*r) and uR*t - p, for some t € C(PTNA®). Assume u —»./. Since uR*t- p,
t —»./and p —»./. Since pRq . p + r, using the same argument as in the previous case, it follows
thatr —»./. Since alsot —»./, v = t-(g*r) —»./. Assume v = 1-(¢*r) —» /. Therefore, t —»./
and r —»./. Since pRq - p + r, also p —» /. Finally, it follows from uR*¢- p that u —» /.

These two cases show that also the last requirement of a branching bisimulation is satisfied, which concludes
the proof of the validity of RSP*. a
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