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location and dispersion in multiple regression. The proposed testing procedures are based on
the concepts of conditional distribution function, conditional quantile, and conditional short-
est t-fraction. Techniques involved come from empirical process and extreme-value theory.
The asymptotic distributions are standard Gumbel.

AMS 1991 Subject classifications. 62G07, 62G10, 62G20.

Key words and phrases. Non-parametric regression, empirical processes, extreme-value the-
ory. ’

'Research performed while the author was research fellow at the Eindhoven University of Technology.



I. INTRODUCTION AND MAIN RESULTS

Let (X,Y), (X1,Y1), -+, (X, Ys) be iid. random vectors from a distribution i on
R, X; € R, Y; ¢ R(i =1, ---, n). The marginal distribution of the X’s is de-
noted by u; let S be the support of p.

In this paper we are concerned with the conditional distribution of Y given X = x, deter-
mined by (a version of) the conditional distribution function (df) Fx. The corresponding
conditional quantiles

Qx(p) = inf {y: Fx(y) > p}, P € (0,1),

can be used to describe the location of Y given X = x, as employed in median regression.
Dispersion characteristics will be measured by means of lengths of shortest t-fractions (shortt);
see e.g. Rousseeuw and Leroy (1988), Griibel (1988), and Einmahl and Mason (1992). For
any df G and any interval [c,d] C IR we use the notation G([¢,d)) for G(d) - G(e-).

The conditional length of a shortt is now defined by

Ux(t) = inf {b— a: Fx([a,b]) > t}, t € (0,1).

It is our aim to provide new tests for independence, constant location, and homoscedasticity

through Fx, Qx(p) and Ux(t) respectively. More precisely, the following hypotheses will be
considered for 0 < p,t < 1 fixed:

Hél) : Fx is independent of x € S (p a.e.);
H(()Z) : @x(p) is independent of x € S (u a.e.);
Héa) : Ux(t) is independent of x € § (i a.e.).

Our statistical test procedures will be based on an appropriately chosen partition
{Ajn:7=1,---,m,} of §, with for convenience,

i 1= p(Ajn) 2 #(Aj41,0) =t pyg1, forall 1 <j<my — 1.

Empirical estimates of
Fi(y):=P(Y <y | X € Ajn),
Qj(p) :=inf {y: F;(y) > p},

and

U;(t) := inf {b — a : Fj([a,b]) > t}



are given by

Z IAj,n X(—oo,y](xia Yi)
FJvn(y) = = n ?

> 14, (Xi)

i=1

Qjx(p) = inf {y: Fin(y) 2 p},
and
Ujn(t) :=inf {b—a: F;,([a,b]) >t} .

Throughout we assume F; (j = 1,---,m,) to be continuous on IR. Let u, denote the
empirical measure based on X;,X5,-.-,X,,, and set

tu‘jvﬂ- = ﬂn(Aj,n), 1 S J S my .

Note that the common values of Fx, @x(p) under H, ((,1), H éz) respectively are equal to F, @(p),
the marginal df and p-th quantile of the Y-distribution. Hence they are appropriately esti-
mated by Fy, and Q,(p), with

F‘n(y) =n"! ZI(—oo,y](Y;) ,yyeR,

=1
Qn(p) = inf {y: Fa(y) > p} .

Concerning the hypothesis Hé3), observe that the common value of Ux(t), denoted by U.(t),

is not necessarily equal to the length of the marginal shortt of the Y-distribution. We will
estimate U.(t) by

Ua(t) = %M:‘,n in(1) -

J=1

Now we are ready to state our main results.

Let
A(z)=exp(-e™"), zeRR,
be the standard Gumbel df, T a rv with df A, and write :

In=sup  max VRHinlFia() = Fa(y)l -



THEOREM 1. If nunm, /((logn)?log m,) — co and py log m, — 0 as n — oo, then we have
under Hél) that

V/8log ma(I, — \/% log(2mn)) ST .

Let ¢, be such that 1 — A(ca) = @, @ € (0,1). Our asymptotic test for independence can
now be specified.

COROLLARY 1. The test which rejects H{" when

1
L > 5 log(2my,) + co//8logmy,

has asymptotic significance level « if the assumptions of Theorem 1 are satisfied.

The following corollary can be applied when the X-distribution is known and continuous.

COROLLARY 2. If m;, — 00, g1 = fim,, and ny; /(logn)® — oo, then

vV8log mu (I, — \/—é-log(an)) 4r.

In the statement of our next result we make use of the following conditions:
(C.1) for some constant ¢; > 0,
limsup max sup fi(y)<c
neos 133Smn geht fiw) < e
where f; denotes the derivative of Fj;

(C.2) the derivative f of F exists at Q(p) and satisfies f(Q(p)) > 0.

Furthermore, let

Can = V2logmy, + (cq ~ %(loglogmn +log7))/v/2logmy, .

THEOREM 2. Let p € (0,1) be fixed. The test which rejects H(?) when for some
j € {1723 v "mn}

Qn(p) ¢ [Qj,n(P - Cam p(1- p)), Qjn(P+ cam p(l ;np)))

Nhjn o



has asymptotic significance level  if (C1) and (C2) are satisfied and if npm,, /((log n)?log m,)
— oo and yy logm, — 0.

In order to establish our last result some additional regularity conditions are required. The
first one reads as follows:

(C.3)

»

for large n, every F; (1 < j < my,) has a density f; which is continuous on IR and has
support (8;,7;), —o0 < B; < v; < 00, is strictly increasing on (f;, yo,;] and strictly
decreasing on [yo j,7;) for some yo.; € (B;,7;)-

Moreover, every fx,x € §, satisfies this unimodality assumption.

Let t € (0,1) be fixed. Under (C.3) we have for large = that there exists a unique interval
[a;1,b;:] (the shortt) such that Fj([ajs,bje]) =1, fi(asr) = fi(bjr), and fi(y) > fi(ajyz) for
every y € (j4,b52) (1 < j < ).

We also need that

(C.4)

there exist constants cqg, 63 > 0 such that the derivatives fJ'. of f; satisfy

liminf min inf Fi(W)]>ez.
n—oo  1<j<mn y€laj, :,Jt]\[aJ t+02, by, t—52]| ]( )I .

Introducing the derivative u; of U; (1 < j < m,) we assume

(C.5)

there exist constants c3,cq4 > 0 such that for every s € (0,1)

lim sup max |uj(8) ~ uJ(t)l <esls—-t,

n—oo 1<

lim su max t
n—»oop 1<3<m uJ( ) <4

Finally we will assume

(C.6)

vV npa logmn Iax (Uj(t) = sup Ux(t)t —0.
X€EA;

].n

THEOREM 3. Let t € (0,1) be fixed. The test which rejects H ® when for some
VJ € {1 2 y 7mn}

40¢[ma t“ )L ma+antﬂl)ﬂ

has asymptotlc significance level a if (C.1), (C.3) - (C.6) are satisfied and if u; logm,, — 0,
(Y 1 (108 m)*(log ma)®/(npimy) = 0.

j=1



For any x € S, let my(x) be defined as the midpoint of the interval pertaining to Ux(2).
This robust regression curve is strongly related to the least median of squares regression
estimator introduced in Roussecuw (1984) (see also Rousseeuw and Leroy (1988)). The
following smoothness conditions on m; and Fx (x € §) can be used instead of assumption
(€C.6), as shown by the following corollarics:

(C.7) for some constant ¢s > 0,

|me(x1) — me(x2)] < cs]|x1 — Xa|

for any X;,X2 € 5

(C.8) the second order derivatives f,’c of Fx exist, and for some cg > 0,

]
sup sup | fy(y)| < cs -
XeS yeR

Let diam(A) := sup{||x1 — x2|| : x1,x2 € A}, where ||x; — x3|| denotes the Euclidian distance
between x; and Xx3.

COROLLARY 3. The test which rejects HS® when for some j € {1,2, -+, ma}

(ﬂ¢[;dt 4= %,,Av+ant“ )ﬂ

has asymptotic significance level a if (C.1), (C.3) - (C.5), (C. 7) and (C.8) are satisfied, and if

ny log mn( max diam (4;,))* — 0, py logmy, — 0, and p,l(z % )8(10g n)t(log mn)*/(pim, ) — 0.
=1

COROLLARY 4. If m,, — 00, p3 = g, , np1/(logn)® — oo, and
ny, log mn( max diam (4,,))* = 0, then it follows under (C.1), (C.3) - (C.5), (C.7) and

(C.8) that the test which rejects H( ) when for some je{1,2,---,my}

Hi-1) -1
ao¢[L4t s Ui+ e m»))

has asymptotic significance level a.
REMARKS

1. The choice of Qx(p), resp. Ux(t), rather than m,(x), resp. the interquartile range
Qx(3) — Qx(5*), to produce tests for H( ), resp. Hés), was motivated in part by

5



considerations of statistical relevance. Indeed, mpy(x) (z € Ajx) can only be estimated
at a rate of (nuj)"% (see e.g. Kim and Pollard (1990)), whereas interquartile ranges
have a lower breakdown point than the corresponding shortt measures when ¢t > % (see
Rousseeuw and Leroy (1988) for the case t = 1).

The techniques we use to derive our results however, can also be applied to other testing
procedures, e.g. those based on m,(x) and interquartile ranges.

2. In the cases considered in Theorems 2 and 3, similar results on sup-norm statistics where
t, p vary over non-degenerate intervals can be obtained with the technique of proof intro-
duced in the next section.

3. Our statistic I, discussed in Theorem 1 is somewhat similar to the V- quantities in Kiefer
(1959) to test equality of distributions in a one-way layout of several populations. (See
also the references in that paper.) The situation considered here provides a generalization
of Kiefer’s result to the case where the number of groups increases with the sample size.

4. In a non-regression setting an analogue of our type of test statistics is the goodness-of-fit
test statistic in Dijkstra, Rietjens and Steutel (1984). In case S is compact, these authors

propose to reject uniformity on § when P, = Jnax pin becomes too large, where the
JSmn

partition is taken to be such that under the null hypothesis the y; are all equal. Their
simulation study shows that the power of this test is at least comparable to the power of
the classical x2-test for uniformity against peaked alternatives.

A ’continuous’ version of this ‘peak-test’ is given by the scan statistic (see e.g. Naus
(1966, 1982) and Cressie (1980, 1987)) which uses a maximal type statistic obtained from
continuous scanning of § with a fixed window. In case d = 1, Deheuvels and Révész
(1987) derived asymptotics for the scan statistic using a similar condition as in Corollary
2; i.e. (na,)/(logn)® — oo, where a, is the window length.

When p; = piy,,, one can also derive the following result for P,:

if (np)/(logn)® — 0o and p; — 0, we have under the hypothesis of uniformity that

V2logm, {, /'ui(Pn — 1) = V2logm, + %(loglogmn +log47r)/(2logmn)%} 47,
1

5. The condition ny;{log m,,)(1 max diam (Ajx))* — 0 specifies to nhitdlog L — 0 in
Si18mn n

case X possesses a uniform distribution on [0, l]d, say, and the partition is taken to be
cubic with diam (A;,) ~ hn (j = 1,---,my,). This rate condition of h, lies close to the
optimal rate of the window size in kernel density estimation when minimizing the mean
squared error.

6. If one wants to restrict attention to a subset of the support § of X, all of our results can
still be used by translating them in terms of conditional distributions given X belongs to
that subset.

II. PROOFS

The proofs of our main results rely on the following proposition which states that jointly over
all elements A;,, of the partition of S, we can approximate the different empirical processes

ajy'"':\/n/‘l'j,n(F.li,n_I}) ) J= 17""mn,



by independent Gaussian processes, and this, per j, at a rate which is comparable to the
one attained by the Komlés-Major-Tusnidy (1975) approximation of the (one-dimensional)
uniform empirical process.

Denoting the joint distribution of (X,Y) by ji, and the empirical measure based on (X1,Y1),"++, (X4, Yn)
by fi,,, we will use the following quantities:

ftj(y) = P(X € Ajn and Y < y) = i(Ajn X (-00,9]) ,
Bin(y) = fin(Ajn X (—00,3]) ,

so that
Fyn(y) = Binl®)

Hin

PROPOSITION. If m,, — oo and (ny,,,)/(logn)? — oo, then there exists a triangular
scheme of rowwise independent Brownian bridges {B;.(t), 0<t<1} (1 <j<my, n 2> 1)
such that

logn
sup  max [a;n(s) = Bin(Fi(u)l = Or( o=

)-

Proof. We consider the transformation from § x IR to [0,1]
mn J=-1
(*,9) = T(x,9) = Y 14, (D pk + 4 F(v)]
i=1 k=1

and the transformed rv’s
Z¢=T(xl’},l) ’i=172a""n-

On easily checks that Z, Z,,---,Z, are independent uniformly (0,1) distributed rv’s. Let
{en(t),0 < t < 1} denote the empirical process based on Z;, Z5,- -, Z,,. The approximation
theorem of Komlés, Major and Tusnddy (1975) entails then the existence of a sequence of
Brownian bridges {B,(t),0 < t < 1} such that as n —

logn
Vi)

sup |en(t) ~ Bn(t)| = Op(
0<t<1

It follows that (in the obvious notation)

logn
\/ﬁ

3% VAHin = 15) = Bu(T(4j  (~00,00]))| = Ox(

)



and that

max  sup Wi (¥) - 5(3)) = Ba(T(Ajn x (—00,3])| = op(l"j-"
R

1L38mn ye

Now uniformly in j € {1,---,m,} and y € IR we have

ajn(y) = mn (Lel - W)
VAliin() = 85 VBim = Vi = 1) B5(0)/ (#5v/E; )
= {{Ba(T(Ajn x (~00,y])) + Op(lﬂj-f)}#;% — {Bn(T(4;n x (—00,00)))

+Op(BEV} Fy(y)u Pyt

I

where
(21)  Tim = pin/pj = 1+ 0757 Bu(T(Ajp % (—00,00])) + p7 2 Op(XE2).

We can define a sequence of Wiener processes {W,(t),0 < t < 1} such that B, =w, -
IW,(1), where I denotes the identity function. Hence, as (with A denoting Lebesgue measure)
MT(Ajn x (—00,y])) = u; F;(y), we find that

n(y) = HWa(T(Ajn X (=00,])) = Fi(y)Wa(T(4jn X (—00,00]))}u; :
17 F0p(EN T (no ).

We now set

1
Bjn(Fi(y)) = p; *{Wa(T(Ajn X (—=00,91)) = F(y)Wa(T(Ajn X (—00,00]))} .
One casily checks that the B;, are indeed independent in j € {1,2,---,m,} and distributed
as Brownian bridges.

Now as n — 00

logn

|2 (y) = Bin(Fi(9)) < 1Bja(Fi(y))| (T? 1)+1u,5 (\/—)

For a function ¢ on [0,1], write ||¢|| = sup |p(2)|. First remark that as the F; are assumed
0<t<1

to be continuous

2 sup |Bin(Fi(w)l = pax [Bja = Op(Viogmy) ,



as, because of the independence of the rv’s || Bj.[ (1 < j < my,), we have for any M > 0,
that '

P(max (1Binll > My/logmy) < 2mp M7 l08mn = g =207,

which tends to zero as m, — oo when M > 273, (Here we also used the fact that for a

Brownian bridge B we have P(||B|| > u) < 2¢~%.)

Furthermore,

-1
~1 =11 5
n7x max p7t | Bu(() ke D me])l

k=1 k=1
1 -1 =1
< nT Tl g (pJ | Wy ((Eﬂk, Z,Uk])l +I‘mu [Wa(1))
<idmn =1 k=1
= (pm,) "3 0p(Viogms) ,
J—1 7
since W, ((}: Uk, Zuk])/\/ﬁ? (1 £ j < m,) are m,, independent standard normal rv’s
k=1 k=1

whose maximum is well known to be of order Op(v/logmy,) as n — oco.

Hence,
(2.2) max |Tjn—1]=0p lﬁgiﬁ--lf—gﬁ

' 1<5<ma ™ T Nm,  fm, |
and

_1 1 1 3/2
max  sup |Bin(F(w)| 7% — 1] = 0p(—22 4 (ogn)

) (n— o).

1SJ Smn yeR y ‘\/n’—p’?'—n: n#mn
Finally, with
1 logn logn
((ax (#iTin)"2)OP( /n )=0rp (,/—num,, )

the result follows. ]

Proof of Theorem 1. First remark that by the well known fact that

Vi sup [Fa(y) = F)| = Op(1)  (n— ),
y€ER



we have,
1
Viegmy sup | max \/ufjn |Fu(y) - F(y)| = (p1logmn)20p(1) (7 — )
yE S18Mn .
since, as in the proof of the Proposition we find that uniformly in j € {1,---,ms}

log my,

1 1
2 =2
Hin = Hy (14 0p( Y

) -

Hence since uy logm, — 0, it suffices to show that, under Hél),

|
V/8logmy, (sup max /i |Fin(y) - F(y)| - \/-108(2mn)) AT (n—>o0).
yGR ISJSmn 2

Under Hél) it now follows from the Proposition that

VBlogma |sup  max /ftim |Fin(y) = F(o)| - sup  max | Bjn(F5(w) |
- OP(M) = 0,(1)

Nimp

if n — oo and Ny, /((logn)?log m,) — oo.

Finally, remark that by the independence of the ||B; || (1 £ j £ m,) we can apply standard
extreme value theory to show that

2.3)  Slogmy, { max ||B,~n||~\/llog(2mn)} 47
ISJSmn ! 2

since P(||Bjal > u) ~ 26=2*" (see Proposition 1.19 in Resnick (1987)). o

Proof of Corollary 2. If y; = yiy = -+ = i, then m, = uj*.

The condition pjlogm, — 0 is then automatically satisfied when m, — oc. a

Proof of Theorem 2. Observe that, under Hé”,

PU@u(0) # [Qin(p = oy Py D), Qo+ oy [P ) for some j € {1+, ma})

S —a  asn— 00
if

10



@4) VIS max (VA 1Fin(@() -2l /\/p(1= 7)) - VEIogm

1<j<mn

+1(loglog my, + log 7)(2log mn)";'} LS
Indeed, for any df G on the real line and any p € (0, 1) we have
G(z) > pif and only if G™Y(p) < =z
and hence
G(z) < pif and only if G7}(p) >z .

We first show that under (C.1), (C.2), npm, /((logn)? log m,) — oo and py log my, — 0

(25)  2logm, {1 max Vbiz | Fin(@n(p)) - Pl — max | Bjn (F5(@n(P))| } Eo.

where {B;n} (1 < j < mp,n > 1) is the sequence of Brownian bridges described in the
Proposition. Now (2.5) follows from the Proposition if we can show that under our assump-
tions

P
(26)  Viegmn max /Agin |F;(Qn(p)) -l = 0.

The well-known central limit theorem for quantiles yields that under H, 32) and (C.2)
1 -1
Qn(p) = Q(p) + Op(n™3) = Qj(p) + Op(n™3)

when n — co. Hence by the mean value theorem we have under Héz) that

!

Fi(Qn(p)) = F;(Q;(p) + Op(n~1))

P+ 0p(n™5)f;(Qjn(p))

it

wi(tzl; Qin(p) € (@n(p) A Q;(P), Qa(p)V Q;(p)) (1 < j < m,). Hence by (C.1) and under
P,

@7) VA max |F(Qu(p) ~l = Op(1) (n = o0),

so that it remains to check that (log mn)(léng.x Pim) Lo (n — o0) for (2.6) (and hence
SIsmn

(2.5)) to hold.

However, using 7;, in (2.1) again, we get that

logmn(, max pjn) < pr(logma)( max 7jn) ,

11



which tends to zero in probability as n — oo and p, log m, — 0 because of (2.2).
Next, it follows from (2.7), and the modulus of continuity behaviour of Brownian bridges (see
e.g. Lemma 1.1.1 in Csorgé and Révész (1981)) that

(28) Vg max | |Bin(Fi(Qn(p))l - |Bin(p)| | = Op(n™¥((1og m)(logmn))})

=o0p(l) (n - o).

As Bja(p) (1 £ j £ my,) are independent N(0,p(1 — p)) rv’s, standard techniques form
extreme value theory yield that

: 1
(2.9) VZIogm, {(p(1- )% max |Bja(p)l — vV2Zlogm, + 5(loglog my, + log 7)

1<5<mn
-(210gmn)‘%} 4r (mp — 00) .

Limit statement (2.4) now follows from (2.5), (2.8) and (2.9). o

Proof of Theorem 3.

We introduce the functions
Hj(z) = sup{Fj([a,b]) : b—a < 2} .

Note that H; is the inverse of U; (for n large enough). The derivative of H; is denoted by
h;. Remark that condition (C.1) implies

(2.10) limsup Joax sup h;(2) < oo,

nooo 1£5<mn ;>0
as for each j € {1,---,m,} we find that h; is non-increasing and h;(0) = max £ ().
Analogously we define the inverse function H;, of U;, by
H;,(2) =inf{t : U; n(t) > 2}
and note that
Hjn(2) = sup{Fjn([a,8]):b~a <2z}, 1 <j<my,.
To prove Theorem 3 it now suffices to show that under H(ga)

(211)  sup max |yAGGa(Hin(Un(t)) = t) = Bjn(t)] = Op((nitm,)” ¢ (log ma)3 (log n)? )
te(0,1) 15<mn

for some triangular scheme of rowwise independent Brownian bridges {Bj,n} (1<£j<my,n21);
cf. the proof of Theorem 2. We derive (2.11) in three steps by showing that under the given
conditions

12



(2.12)  sup  max |ymmn (Hin(Ui(t) = ) — Bjn(t)] = Op((nftm, )3 (log my)3 (logn)?) ,
te(o,1) 18i<mn .

(213)  Vigm, max /rpi H{(Ua() -1 = 0,
and

(214)  Viogmn  max |Bin (Hi(Ua(t) = Bin(t)] 5 0 (n = o).

First, we prove the existence of a sequence {B; .} of Brownian bridges for which (2.12) holds.
Remark that from the Proposition it follows that

logn
(215) ewp max - fosn((a,8]) = (Bin(F0)) - Bin(Fi(@))] = Op(2%

),

Mn

as Bjn([Fj(a), Fj(b)]) = Bja(Fjn(b)) = Bjn(Fjn(a)). To derive (2.12) from (2.15) we apply
and refine the method of proof of Proposition 3.1 in Einmahl and Mason (1992). We define

Bjn(t) = Bjn(Fi(554)) — Bjn(Fi(a51))y 1< 5 < my .

As the intervals [a;;, b;.] are nested for different values of ¢, one easily checks that the Bjn
are distributed as Brownian bridges for every j € {1,2,---,m,} and large n; moreover
By -y By, n are clearly independent.

Notice that for any j € {1,---,m,} and 0 <t < 1

y -

(216)  Bjn(t) = yAmGa(Him(Ui(t)) = £) < (Bjn(Fj(5j2)) = Bjm(Fi(aje)))
— ([, bse])
which, by (2.15), is seen to be Op(—l:\/%), uniformly in j € {1,--+,m,}.

Next, we also have for any j € {1,---,m,} and any sequence ¢, 10

(217) G (Hijn(Ui(t) — ¢) = Bja(t)

SV sup (Fia(la,b]) ~ t) — Bja(2)

b—nSUJ‘(C)
t—e"<Fj([a,b])St

v {\/hm sup (Ei,n([a’ b]) - t) - Bjm(t)} .

F:i ([avb])St""n

The second term on the right hand side of (2.17) is
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< Al up (Fin(la,b]) = Filla,6D) + 1 Bint)] - ny/mlim

J av]
<5 Bl )
+ 15“}%},1" E{g}’ |C¥j,n([a, b]) - (Bj,n(Fj(b)) - B-,n(Fj(a)))l —En 15?%1,1,1,. \/n—"’; )

From (2.3), (2.15) and (2.2) it now follows that the second term on the right hand side of (2.17)
can be asymptotically bounded from above by 0 in probability, by making the appropriate
choice

en = M(10g Mn/(Mpim,))?

with M a large enough positive constant.

The first term on the right hand side of (2.17) is

(218) < yamE s (Fin(t)= Finla)) = (B(8) = F(@) = Bin)
t—en<Fj(la,bD<t

< sup |ajal((a,b]) = (Bjn(F5(b)) — Bjn(Fj(a)))l
b—agU;(t)
t—¢n<Fj([a.b])5t

+  sup  (Bjn(Fi(5)) - Bjn(Fj(a))) - Bin(t) -
b—-aSUj(t)
t-—:n<Fj([a,b])5t

The first term on the right hand side of (2.18) is of order O p(—lesn—) uniformly in j € {1,2,--+,m,},
by (2.15).

Finally observe that for any j € {1,---,my}

(2.19) eSO {B;n(F;(b)) - Bjn(Fi(a))} ~ Bjn(t) <
:—¢:<;i‘-([a <t

B2 el UBin(F() = Bin(Fi(05)
t—m<F (la,b))<t

+ Bjn(Fi(a) - Bjn(Fj(a;))| } -

For any interval {a,b] with b — a = U;(t) and t — ¢, < F;([a,b]) < t, we find by (C.4) that
(uniformly in j) |a — a;| and |b — bj;:| become arbitrarily small as n — oo. We then find,
with é; as in (C.4), that eventually as n — oo whether a € [a;:,a;:+62) or b € [bj;— 82,b;4).
In case a < a;; < yo,; < b < bj;, we have that

F;([6,55)) < 1bj,e — B] fi(30,3) < ea(bje —b) -
On the other hand, if e, > Fj([a;z,b;4]) — Fj([a,b]) > 0, then
en 2 Fi((b:0;]) = (b5 = 0)fi(bj) = =((bie ~ 0)*/2)f;(Bs,0)
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with b;; € (bjs A b,b;; V b), so that (C.4) implies that for n large enough F;(b;:) — F;(b)
1

< Ce2, for some C > 0. Also in the other possible cases we can obtain this same bound for
|F;(bj) — F;(0)| V |Fj(ajz) — Fj(a)|. Hence the expression on the right hand side of (2.19)
can be bounded by

(2.20) w(n,e,):=2 max sup sup  |Bjn(s+1t)— B;.(s)| .
1<5SMn 0<s<1-C/fen 0<t<Cy/en

By Lemma 1.1.1 in Csérgé and Révész (1981), the representation of Brownian bridges in
terms of Wiener processes, and the independence of the Brownian bridges B, (1 < j < my),
we obtain that for any K > 0 there exist constants K, K3 > 0 such that

P(w(n,e,) > Kv,) < Klmns;% exp(—Kngfnys;%) .
Choosing

7n = ek (log n)} = M (log ma)¥ (nm, ) ¥ (log m)}
one easily checks that

P(w(n,en) > K1n) =0 (n— o0)

choosing K > 0 large enough. This together with (2.16) - (2.20) implies (2.12).

To derive (2.13), note that under H((,a) we have for any 7 € {1,---,m,}

(221)  |H;j(Un(t)) -t

< [Hi(Ua(t)) - Hy(U.())] + 1 H;(U.(2)) - H;(Us(1))|

< NUA®) ~ U] hi(Ua(t)) + |U.(t) - U;(t)| hj(T;(2))
where U, (1) € (Un(t)AU.(2), Un()VU.(t)) and T;(t) € (U;(t)AU.(2), U;(t)VU.(t)), 1 £ j < my.
Now using (2.2) and (2.10), and the fact that under Hés) from (C.6) and U;(t) > U.(2) it
follows that
(222)  VapETog max 1U;(0) - U] =0 (n— o),

we now find that as n — oo

(2.23) \/Iogmnlsrg,xgcn"(\/nm,n |U.(t) = U;(®)| Yh;(U;(2))
= OP(WIg!gn |U; () = U.(t)] ) = op(1).

On the other hand, by (2.2) and (2.10), as n — oo

15



(224)  ViogTm max (s (Un(t))) 1Uan(t) = U.(E)
= Op(1)y/nu; logm, |Un(t) - U.(2)| .
Furthermore,
(2:25) |Ua(®)-U()] < %l‘j,nl U;(t) - U.(3)] + lg:uj,n(U',n(t) = U;@)l
i=1 =1

Now

Mn
(226)  Vamlogma Y pin [Uj(t) = U(8)] < Vnulogma nax |U;(t) - U.(t)l

=1

which tends to zero by (2.22).

The mean value theorem yields that for some %;, € (H;(U;n(t)) At, Hj(Ujn(t)) Vi)

Q21 3 hin i) = U(0) = 3o ki (THH(O3(00) = U3(0)
j:l =1
= 3 i wi(Ei) (Hi(Uin(2)) - 1) -
=1

We now show that in this last expression we can replace u;nu;j(fjn) by /B54;(t)\/Bim-

To this end we first remark that using (2.2) and (2.12) we have as n — oo that.

(2.28)  max o [H;(Usn(8)) =t = max By | H;n(U3(t)) - 1|
-1 2 3 1 1
= (nm,)"5 max [Bjall +Op((npim,) 3 (log ma)s (log n)7)

= Op((ftm, )% (logmn)? + (npim,)"3 (logma)E (logn)?)
= Op((nptm,) "% (log my)?) .

A similar argument yields that

1<j<mn

(229)  max /. s&’pl) |H;(Ujn(t) — | = O0p((logmn)?) (n— o).
te(0,

Using (C.5) we obtain that

|u;(Fin) = ui(O)] < esltim -t < c3, max  |Hj(Ujn(t)) - ¢|
= Op((npim,) "3 (logmy)?)  (n — o).
Hence with (2.29) and the rate condition in the statement of the theorem we have that

16



(2.30)  Vnm Iosmngﬂj,n [u;(Ejm) — ui(®)] |Hi(Ujn(t)) =

j=1

= Op(ud (nptmn) F log ma) 3wk (VAR 1H(Usn(0)) — 1))

=1 ‘

L Mn o
= Op((log mn)¥ (npm, ) 53 (3 p2,))
iz

= op(1) (n— o).

1 1
Next, using (C.5), (2.29), and  Jpax lu?, —p?| = Op((log n)%n’li) (n — o0) we find
SI5mn !

(@31)  yamTogmn |5 uh ik — s O (Uin() - )

=1
= Op(y/aloamnlogny §™y, (1) | /mlizn(H;(Ujn(t)) - 1)
=1

= Op(log Mny/ ﬂ‘lﬁo'm my)

_ o 1
= Op(log mny/EL382 5 pu7) (n — o) ,
=1

which is op(1) as n — oo because of the rate conditions in the statement of the theorem.
From (2.27), (2.30) and (2.31) it now remains to show that

mn 1 P
(2.32) uilogm, |Zuj u; (Ol (Hi(Uin(t)) - t)] — 0

J=1

as n — oo in order to verify (2.13).

To this end, as |H;a(Ujn(t)) — t| < (npjn)~! as., the expression in the left hand side of
(2.32) is equal to

233)  viTogmn |3 () AT (Uin(®)) - Hin(Usn(t)

i=1

LA | log m.,
0P 1) |5 (n— o0)
)

Now, by (2.11),

(230)  ViTogm | 3 s O Usn(0) ~ Hin(Usn(®))
. j=1
= Vg ma |3 12 4;(8) By Hi(Usn ()]

i=1

1 Mn
+0p(u (3 1?) (npim, )" 3 (log my)# (log n)%) .
J=1
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Using the modulus of continuity behaviour of Brownian bridges together with (2.27), we get
UL R .
(2:35)  VarTogma| Y uFui(t)Bjn(Hi(Uja(t)l
=1
oz 1 .
= Vi 1og mal Y 17 u;(t) Bjn(t)|
y=1

1 Bnog _1 1 3
+0p(pi (X 1?) (njm, )" ¥ (log n)7 (log ms)?) .
i=1

Observe that because of the independence of the B, we have that
Mn 1 . mn
D85 w5 () Bia(t) ~ N(O,81 =) 3 piui(®))
j=1 i=1
With (C.5)
1) pud(t) = 0(1) (n— o)
7=1
and hence
Mn 1 . P
(2.36) +/plogm, Zp; uj(t)Bjn(t) = 0 (n — o0).
i=1 '

~ Statements (2.33) - (2.36) yield (2.32), and (2.13) follows from (2.21) - (2.27) and (2.30) -
(2.32).

Finally, statement (2.14) follows by (2.13), the behaviour of the modulus of continuity of
Brownian bridges, and the independence of the B;, (j = 1,::-,m,). This concludes the
proof of Theorem 3. O

Proof of Corollary 3.

It suffices to show that, under H((, ), Vnu; log m,, JJax Ui(t) = U(t)) = 0 (n— o0)is
<ig
implied by (C.7), (C.8) and the rate ny, log m,,( Joax diam (4;.))* =0 (n— o0).

Let Kx = [ax, bx] denote the shortt pertaining to Fx, let aj = énf ax, ,GJ = sup by, and
X

XEAJ n
set

Bi=o;+U(t), & =f; - U(t) .
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Let a be such that oj <a<a+ U(t) < ﬁj. A Taylor expansion, using fx(ax) = fx(bx) and
(C.8), yields that for some dx € (ax A @, ax V a) and by € (bx A (a+ U.(t)), bx V (a+U.()))
we have

t - Fx(le,a+ U.(1)]) = (Fx(e) = Fx(ax)) = (Fx(a + Ut)) ~ Fx(bx))
L(a - ax)? fyliix) — 3(a + U(t) — bx)* f (bx)

< eg(a; — &),

and hence,

t= File,a+ U()) < max (o) = &;)ce =: v -

Set = (U;(t) = U.(t))/vn. Since U;(t) > U.(t), we have 5 > 0. Observe that for g1 € [d;,5;]
and y2 < aj or y2 2 ﬁj we have fj(y1) 2 f;(y2). Hence it readily follows that [&;, 8;] C K;.
This means that we can find an ¢ as above such that K; = [a — ., a + U.(t)] or such that
K;=la,a+ U.(t) + nva].

Without loss of generality assume the first equality holds. Observe that the second condition
in (C.5) implies that

liminf min inf  fi(y)>1/eq .
n—oo  1<j<mn  y€laj,e,bs e

Hence
0=t~ Fi(la—nwn, a+ U.(1)]) < va — Fij(la~ nvn,a]) < vn(1 - n/ea) ,

which (when v, > 0) implies 7 < ¢4. This, in combination with v,+/nu; log m,
— 0 (n — o0), completes the proof. O
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