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Abstract.

A model for a second order polymorphic lambda calculus is sketched. Some category
theoretical questions appearing in the model construction are extensively treated.
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1. INTRODUCTION AND MODEL DESCRIPTION

Consider a typed A-calculus, where type expressions are generated by production rules
of the form ‘

Texp = Tconst | Tvar | Texp — Texp | V(A Tvar|Texp) .

Here Tconst generates a set of type constants (for instance int, bool) and Tvar generates
a set of type variables. The other two possible type expressions correspond to function
types and polymorphic types. Other type constructors like +, x, v and 3 (correspond-
ing to sum types, product types, recursive types and abstract data types) can easily be
added and do not affect the following essentially.

Expressions are generated by

Exp ::= Const | Var | (A Var : Texp|Exp) | (ExpExp) |
(A Tvar|Exp) | Exp Texp,

supplied with a type deduction system. Const yields a set of constants (for instance 0,
succ, true), while Var generates a set of variables. The next two rules are the introduc-
tion and elimination rules for expressions with function types. The last two rules are
the introduction and elimination rules for expressions with a polymorphic type.

A generalized version of this language (where type expressions are constructor expres-
sions of kind T') can be found in Bruce, Meyer and Mitchell [BMM] or Hemerik and Ten
Eikelder [HTE].

The type deduction system strongly resembles the one given in Ten Eikelder and Mak
[TEM]. The type deduction rules for expressions are given by

A b o o te ¢to € Const, FTV(te} =0
A btz z ¢ FV(4s)

Apz @tz Ay D oz e FTV(A)NFTV(tz) =0
A > tz,te

Azt tzx > e : te
A B (Az : tx)e) @tz —te

A b f:te—stlel, e : te
A b fe: tel

At > e : te
B (Al.e) : V(Al.te)

A
A D et Y(At.te), tel
A b etel : te,




Here A is a syntactic type assignment, i.e. a sequence consisting of type variables and
type assignments (z : tz). The functions FV and FTV yield the free variables and free
type variables of their arguments (!).

In the remaining part of this section we shall briefly indicate how a model for the
polymorphic A-calculus, given above, can be constructed. The model described below
can easily be seen to fit with the general model definition given by Bruce, Meyer and
Mitchell [BMM]. In the model definition we shall meet some technical, category theoret-
ical problems. In Sections 2, 3, 4 and 5 of this note these problems will be extensively
treated.

Let Texp(V) be the set of type expressions with free type variables in the set V. An
important aspect of a model construction is to associate a suitable domain to each type
expression. As ultimately all free type variables will be bound to a closed type expres-
sion {using a type environment 5 : Tvar — Texp(0)), we shall associate a domain (in
fact a C.P.O.) DOM;, to each closed type expression te.

The domain associated to a function type tel — te2 should be equal or isomorphic
to a sufficiently large subset (denoted by square brackets) of the functions of Domy.; to
Domteg, i.e.

Domyei_yier = [Domtel — DOmzez] . (1-1)

The domain Domys, 4 Telated to a polymorphic type should be equal or isomorphic
to the product of the domains Domte: , where tel runs over all closed type expressions.

In fact tel corresponds to the possﬂ; e “type arguments” of an expression with type
¥(At.te). Hence '

Domyatte) = 1I Dt:)mh,’:e1 . (1.2)
tel € Texp(0)

It is easily seen that the domain in the left-hand side in general also appears in the
right-hand side, take for instance V(At.t — t) (the type of the polymorphic identity).
This means that (1.1} and (1.2) can only be solved simultanecusly, i.e. we compute
a “vector of domains” Dom = < Domy, |te € Texp(f) > as a solution of a system of
isomorphic domain equations.

More precisely Dom will be found as (the domain part of) the initial fixed point of an
w-continuous endofunction F' on a product category 11 K, where K is some

te € Texp(®)

suitable category. Since type expressions contain function types, the function space
functor will be used in the definition of F (see (1.3)). On the w-categories SET and
CPQ, , the function space functor is contravariant in its first argument, so KX cannot
be one of these categories. The function space functor FS on the category CPQpgis an
w-continuous (covariant) bifunctor, which leads to this choice for K.

From now on we shall write ICPOpp instead of I (CPOpr). With every
te € Texp(D)




object D of CPOpp, is associated a constant functor Cp : 1T CPOpr — CPQpp. Let GP,
Tte  LICPQpr — CPOpp, be the generalized product functor (see Sections 4 and 5)
and the projection functor on component te. The function F' : TI CPOpg — [ICPOpR is
defined by its components F,, : ICPQpr — CPQpg, ie. F = < Fy, | te € Texp(B) >.
We now give these components. Let p be a function which maps type constants to
C.P.O.’s. Then

F, = Cpo) (¢ € Tconst)
Fiermtes = FS 0 < Tyeyy ey > (1.3)

FV(At.te) =GPo <« Tyt | tel € Texp >

If the function F is w-continuous and ¢ POpR is an w-category, there exists an initial
fixed point (Dom,®) of F (see for instance [SP]). The components of the isomorphism
® : Dom — F(Dom) are isomorphisms &;, : Dom,, — Fie(Dom). In particular, this
means

Die1—tez * DoMyer_yre0 — Fioytea(Dom) = [Domye; — Domy,,]

and

DPy(acte) : DomV(At.te) — Fy(at.te)(Dom) = I Domtcg
tel € Texp(0)

er !

in accordance with (1.1) and (1.2). The construction above can easily be extended to
allow recursive types and abstract data, types. This leads to components of F given by

Fu(At|te)

Tyt
teu{At[tc) !

FE(At[te) = G50 <« Tiet . | tel € Texp(@) > ,

where GS : I1CPOpy — CPOpy, is the generalized sum functor.

The semantics of expressions can now easily be given. Recall that we have introduced
a mapping p : Tconst — obj{(CPQ), which maps every type constant to a c.p.o. Note
that the construction of Dom,, (for closed type expressions te) depends only on p. We
also have to associate a point of a suitable c.p.0. to each (expression-) constant. Hence,
we extend p to a function on Tconst U Const, such that

Plconst : Const — U Domy,
te € Texp()

with

p(cte) € Domy, for every ¢;. € Const .



Of course the semantics of an expression depends also on the values of the appearing

type variables and (expression) variables. An environment is a mapping 7 with domain
Twvar U Var such that

M Tvar : Tvar — Texp(0)

Mvar : Var— U Domy, .
te € Texp(®)

Let te be an arbitrary type expression. The closed type expression obtained by substi-
tuting n(¢) for every free type variable ¢ of fe will be denoted by {f}te. An environment n
will be called consistent with respect to a syntactic type assignment A if for all variables
z and type expressions tz such that A & z : tz

n(z) € Domgyyig -

Let 7 be an environment which is consistent with respect to a syntactic type assignment

A. The semantics of expressions typable under A in the environment 7 is defined in the
following way:

[A > e : te]y = plese)
[A bz tz]y = n(2),
[A b (Ax :tz]e) : ta—te]n =

@{—nl}(w_‘te)()‘d € Domgy A5z stz b e te] n[d/m]) .

Note that if 5 is consistent with respect to A, then for every d € Dom y}45, n[d/z] is
consistent with respect to A;z : tz.

[A © ele2 : te]n =
(®nyter—rie)[A D el : te2 — te] M)A b e2 : te2]y
[A > (Ate) : V(Atte)]y=

@{—nl}v(m_m)(< [4;t © e : te]nltel/t] |tel € Texp(P) >) .

Again if 7 is consistent with respect to A, then 5 [tel/t] is consistent with respect to
Ajt.

[A > etel : tel, ]n=

(Bepviacarld b e : V(At.te)]]n)tel .

The proof that the semantics of expressions is correctly defined and satisfies

[A b e:teye Dom,,.



will not be given here.

In the construction of the ¢.p.o.’s Dom,, various category theoretical questions arise.
For instance:

i} Is MTCPQpg an w-category?
ii) Under which conditions is a functor F : TTCPQpp — IICPOpg w-continuous?

iii) What is the definition of the generalized product and generalized sum functors
GP, GS:1I QPQ lPR — gng EPR ?

Are these functors w-continuous?

The questions 1) and ii) are studied extensively in Section 2.
In Section 3 an alternative proof is given of the property that an arbitrary product of
an w-complete category is w-complete. This proof requires some more category theory.

In Section 4 we define generalized product and generalized sum functors IICPQ — CPO
and show that they are locally continuous.

Finally, in Section 5 we define the generalized product and generalized sum functors
GP, GS : ICPOpr — CPQpg and show that they are w-continuous.



2. INITTIAL FIXED POINTS IN PRODUCT CATEGORIES

2.1. Introduction

In [SP,LS,BH] a solution method is described for equations of the form
Xz2p.X

where X ranges over the objects of a category K and F : K — K is an endofunctor
of that category. When K is an w-complete category (i.e. a category that has an initial
object and in which each w-chain has a colimit) and F is an w-cocontinuous functor

{i.e. a functor that preserves colimits), the method yields a fixed point, i.e. a pair
(A, ®) such that

A € obj(K)

¢ : A—> F - A is an isomorphism .

Moreaver, the fixed point (A, ®) is initial in the category of fixed points of F. The
construction method is a systematic generalization of the least fixed point construction
for w-continuous functions on w-cpo’s.

In this section we consider the solution to a system of equations

X1 2 K- <Xy Xy >

R s

Xi -F;"<X1:"'3X‘i)"'>

where X; ranges over the objects of a category K; and Fy : K; X -+ X K; X -+- — K.
Such a system of equations can be handled as a single equation

<Xy, o, X B P, Feoo> <Xy, -, X5 >

in the product category Ky x .-- x K; x --.. We are interested in conditions
on the categories K; and the functors F; that imply solvability of the above equation.
It will turn out that the conditions that each A is an w-category and that each F}
is w-continuous are sufficient. Although this is intuitively clear (“properties smoothly
generalize to products if everything is defined pointwise”) a full proof turns out to
be rather involved and to contain some unexpected swaps of universal and existential
quantifications, reason why it has been recorded in this note.

2.2. Preliminaries

The notation < E[i{ € I > will be used instead of (Ai € J| E) for {functions with
parameter ¢ ranging over domain 7.
Sequences will be considered as functions with domain IN. Function application will



be denoted by subscripting; so if # is a function with domain I, then z = < ;|7 € 1 >.
In some cases the domain will not be mentioned explicitly to reduce notational clutter.
In such cases the variable named 7 is always assumed to range over a set J mentioned in
the context; the variable j is always assumed to range over IN. So < E|{ > abbreviates
< ElielI>,and < E|j > abbreviates < E|j € IV >.

Functor application will be denoted by -.

The symbol I will be defined for categories and functors. In all other cases it denotes

generalized Cartesian product of sets. II{V;|i € I} will be written II V;, or just
iel

II V;. Notethatif (Vi eI : v € V), then < v;|i € I >€ II V.
In some proof steps use will be made of the following marked equivalences:

(Eq. 1) (VieI : (Vv € Vi : P(w)))
g
(Vve I V; @ (Viel : P(w)))

(Bqg. 2) (Viel : 3lueVi: P(w)
=4
(v e H Vit (Viel : P(w)))

As for many of the properties we consider, the equivalence
Plv)e (Viel @ P(w)

also holds, these equivalences might be considered the formal rendering of the afore-
mentioned phrase that “properties defined pointwise generalize to products”.

2.3. Product of categories

Given a collection {K;|i € I} of categories, we can form a new category, which
has as objects tuples < A;|i € I > of objects A; € obj(K;). For two such objects
< Ailt € I > and < Bj|i € I > the set of morphisms consists of tuples < f;|i€ I >
where, for all ¢, f; is a morphism from A; to B;. The category thus obtained is called
the product of {K;|: € I'} and is denoted by I {K; | € I'}. In this section we consider
relations between properties of the categories K; and of their product. The most im-
portant one is Lemma 3.5 which states that the product is an w- category iff each K;
is an w-category.

Definition 2.3.1 [product of categories].

Let I be a set;
K = {K;|i¢ € I} a collection of categories.

The product category II K is the category M with



- obj(M) = 'III obj( k).
1€

- for all A,B € obj(M) : homp(A,B)= T homg,(Ai, B:).
i€l

-forall A€ obj(M) : Ia=<Ig|tel>.
- forall 4, B,C € obj(M); f € hom(A, B); g € hom(B,C) : gof =< gio f;|i € I >.

O

Definition 2.3.2 [projection functors].

Let I be a set;
K = {K;|i € I} a collection of categories.

The projection functors x; (i € I) are given by
-m o IIK — K;.
- m; + % = u;, where u is either an object or a morphism.

O

Lemma 2.3.3.

Let I be a set;
K = {K;|i € I} a collection of categories;
For all ::
let U;, A; € obj(K;);
for all j:
let D;; € obj(K;);
fij € hom(D;;, D; j41);
;5 € hom(D,-j,A,-).

1. (Vi @ Uils initial in K;) & (< U;]é > is initial in 11 ).

2. (Vi : <(Dyj, fi;)| 7 > is w-chain in K;)

-~

< (< Djjli>,< fij|£>)|4 > is w-chain in K.

i

3. (Vi & (Ai, < ;|7 >) is cocone for < (Dyj, fi5) |5 >

<~

(< Ai|i>, << ay|i> }j >)is cocone for <(< Dyijli>, < fij|i>)i >.
4. As 3, with cocone replaced by colimit.

5. (Vi : K is w-category) & I K; is w-category.

t



6. The projection functors m; : II A; — K; are w-(co)continuous.
1

Proof.

1. (¥i: Ujis initial in K)
= [def. initiality]
(Vi : (VV; € obj(K;) : (3! f; € hom(U;, Vi)
= [Eq. 1]
(VV eobj( T K;) : (Vi : (3! f; € hom(U;, V2))))

= (Eq. 2, Def. 2.3.1]
(VWWeobi( I K;) : (3f €hom(< U; i >,V)))

= [def. initiality]
< U;|¢ > is initial in II K.

i

2. (Vi : < (Dij, fi;) |7 > is w-chain in K;)
= [def. w-chain]
(VZ : (Vj : D,;J' c Ob‘](I(,,) and f,’j € hom(D,-j,D,-,j.i.l)))

(Vj : (Vi : D,‘j c Obj(K',') and f,‘j € hom(D;j,D,-,j+1)))
= [Def. 2.3.1]
(Vj HE D,‘j |z >€ Obj( H Ix’;) and < f,'j | i >E hom(< D,’j Ii >, < Di‘j+1 |3 >))

= [def. w-chain]
< (< Dyjli>, < fijli>)|i > is w-chainin T K;.

t

3. (Vi @ (Ai, < aij | § >) is cocone for < (Dij, fi;) |7 >)

= [def. cocone]
(Vi : (Vj ¢ oij = 0ijpa 0 fi))
(V7 : (Vi @ aij = 0ij4 0 fi))
(Vj :<ayjli>=< ;41 0 fili>)

= [Def. 2.3.1]
(Vi t<aijli>=<aijp1]i> 0 < fi]t>)

= [def. cocone]
(< Ai|i>, << e45|i> | §>)is cocone for < (< Djj|i>,< fij|[1>)]F >.

4. (Vi : (Ai,< aij|j >) is colimit for < (D5, fi; ) [ >)
= [def. colimit]
(Ve : (V(Bi,< Bij |7 >) € cocones for < (Dij, fi;) |7 >
(3 fi e hom(Ag,B,-) s (V5 Bi; = fi © wi;))
)
)
= [Eq. 1]
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(V(< Bili>,<< Bi5|7 > |1 >) € cocones for < (< Dy;|i >, < fi;|i>)]j>
c (Vi s (3'fiehom(Ai,B) + (V7 : Bij=fi o ai;)))
)

= [Eq. 2]

(V(< Bi|i>,<< Bij|7 > |i>) € cocones for < (< Dj;|i>,< fij|i>)]F>
: (3 f € hom(< A;|i >, < Bi|i>)
2 (Y45 By = fi 0 aiy)
)

)

[Def. 2.3.1]

(V(< Bi|i>,<< fBi;]j > |4 >) € cocones for < (< Dij|i>,< fij[i>)]|5 >
: (3'f € hom(< A;fi >, < Bi|i>)
(V) < Bli> =< fili> 0 <ay|i>)

)

[def. colimit)
(< Ai|i>, << eyj|i> |f>)is colimit.

i

5. From 1 and 4.
6. From 4.
0

2.4. Product and tupling of functors

Given two collections {K;|7 € I} and {L;|i € I} of categories and a collection
{Fi : Ki — L;|i € I} of functors, we can form a new functor T F;, called the

t
product of the F;, which is defined “pointwise™.
Similarly, given a category K, a collection {L;|i € I} of categories and a collection
{F; : K — L;|i € I} of functors, we can form a functor tuple < F;|i € I >, which

maps an object or a morphism u of K to the tuple < F; - u|i€I>in I I,
i

Continuity of < F;|i € I > is important for solving systems of equations. In Lemma
2.4.7 it is related to continuity of the F,. The proof is based on relations with the
continuity of Il Fj, stated in Lemma 2.4.6.

1
Definition 2.4.1 [product of functors].

Let I be a set;
K ={K:i|i€I}and L ={L;|i € I} collections of categories;
F={F, : K;— L;|i €I} a collection of functors.

The product functor Il F is given by

-IIF  IIK -1 L

-(OF): <wli€el>=<F -wliel>,
where < u; |7 € I > is either an object or a morphism.

O




Definition 2.4.2 [tupling of functors].

Let I be a set;
K a category;
L ={L;|i € I} a collection of categories;
F={F : K— L;|i € I} a collection of functors.

The functor tuple < F;|¢ € I > is given by
-<Fliel>: K—-1L

-<Fliel>u=<F, -uliel>,
where u is either an object or a morphism.

O

Definition 2.4.3 [diagonal functor].

Let I be a set;
Ka category.

The diagonal functor Ak is given by

- Agr - K — H K

- Agr - u=<uliel>,
where u is either an object or a morphism.

O

Lemma 2.4.4.

Let I be a set;

I{ a category;

L ={L;|i € I} a collection of categories;

F={F, : K— L;|i € I} a collection of functors.
Then

< Fliel>=1lF o Agr.

Proof.
Let u be an object or a morphism in K.

<Fliel> u=<F -uliel>=0F - <uliel>=(I0F o Axy) -

O

Lemma 2.4.5.

AF,1 is w-cocontinuous.
Proof.

Let I be a set;
K a category;
< (Dj, f;}17 > and w-chain in K;

11
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1. (A,< @;|j >) a colimit for < (Dy, f;)|7 >.
Then

2. (< AlielI> << a;|lieI>,j>)is a colimit for < (< DilielI> < filiel>)|j>.
(1, Lemma 2.3.3(4)]

3. (AK,IA, < Ag 105 |7 >) is a colimit for < (AK,IDj,AK,[fj) |7 >.
(2, Def. 2.4.3)

0

Lemma 2.4.6.

Let I be a set;
K ={K;|i €I} and L = {L;|i € I} collections of categories;
F={F; : K;— L;|i € I} a collection of functors.

Then
(Vi : Fjis w-cocontinuous) < Il F' is w-cocontinuous.

Proof.

(Vi : F}is w-cocontinuous)
= [def. continuity]
(Vi : (V(Bi,< Bij |7 >) € colimits of w-chain < (Dijs fi) |3 >
P (B - Bi,< F; - By |j >) € colimits of < (F; - Dij, Fy - fi;}|5 >
)
)
= [Eq. 1]
(V(< Bi|i>,<< Bi;]1> |§>) € colimits of < (< Dij|i>,< fi; ] >)|5 >
: (Vi o (Fi - By, < F; - Bi;}j >€ colimits of < (F; - Di;, F; - i) >
)
)
= [Lemma 2.3.3(4)]
(V(< Bili >, << Bij|i > |j >) € colimits of < (< Dj;|i>,< fijli>)|5 >
(K F - Bili>,<< F; - Bi;]i> |4 >) € colimits of
<(<Fi - Dijli><F - fi;li>))i>
)

= [def. 2.4.1]
(M(< Bili >, << Bij]i> |7 >) € colimits of < (< Dy;|i >,< fij|i >)|j >
(WF- <Bili><TOF-. <g;li>|j>)€ colimits of
<(MIF- < Dijli>rF- < fij|li>)]|j>
)

= [def. continuity]
7 F is w-cocontinuous.

a
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Lemma 2.4.7.

Let I be a set;
K a category;
L ={L;}i € I} a collection of categories;
F={F;, : K— Li|i € I} a collection of functors.
Then
(Vi : F;is w-cocontinuous) & < Fj|i € I > is w-cocontinuous.

Proof.

Immediately from Lemmas 2.4.4, 2.4.5, 2.4.6 and the fact that composition preserves
w-cocontinuity.

O

2.5. The initial fixed point theorem for product categories

In the introduction we set out to solve a system of equations

Xl = F](Xl,"‘,X,‘,"‘)

-F;'(Xl,"‘;Xi,"')

(R

Xi

Using the notions an notations of the previous sections we can reformulate the system
as

< X;jlielI>2< Filiel> - <X;|liel>

for a suitably chosen index set I. So < X;|7 € I > should be a fixed point of the
endofunctor < Fi|i € I > on the category II K;. This equation can be solved by

means of the initial fixed point construction described in [SP,LS,BH] provided 1I K;

is an w- category and < F;|i € I > is an w-cocontinuous functor. By means of Lemmas
2.3.3.(5) and 2.4.7 these requirements can be reduced to requirements for the categories
K; and the functors F;. The result is stated formally in Theorem 2.5.1.

Theorem 2.5.1 linitial fixed point theorem for product categories].

Let I be a set;
For all : € I: Let K; be an w-category;

F, : I K;— K;anw-continuous functor;
i

U; an initial object of K;
u; the unique arrow from U; to F; - < U; |t € [ >.

Let F = < F;|i €T >;
U=<U|iel>
u=<uy|t €] >;

Let (< A;|i>,< a;|j >) be a colimit of the w-chain
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<{(FI -U,Fi . w))j>.

Let < ®;|i > be the mediating morphism from
(KAili> <ejli>)to (F- < Ai|i> < F - a;lj>).

Then (< A4;[i >,< ®;{1>"") is an initial fixed point of < F}|i >, i.e.
<Pi>:< Aili>o< Fi> - < A;,i> isan isomorphism
and consequently,

foralliel : & : A;— F;- < A;]i> isan isomorphism .

Proof.

1. T K;is an w-category. [Lemma 2.3.3.(5)]
2. Uisinitial in I K;. [Lemma 2.3.3.(1)]
3. w is the unique arrow from U to F - U/. [Lemma 2.3.3.(1)]
4. I is w-cocontinuous. [Lemma 2.4.7]
5. (< Ai]i>, < ®;]i>"V)isifp. of F. [1-4, ifp. theorem]

0
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3. COMPLETENESS OF PRODUCT CATEGORIES

Let I be an arbitrary set. The discrete category J corresponding to I is defined by
i) obj(J) = 1I.

ii) Homy(¢,5) = { ?id,'} ;f i iﬁ

Let K be an arbitrary category.

Lemma 3.1.

The categories KXY and II K are isomorphic.
el

Proof.
An object of the functor category KV is a functor F : J — K. Since the only
morphisms of J are identities, the functor F is completely defined by a mapping
F' : obj(J) = I — obj{(K). F' can also be considered as an element of ]I obj{K) =
iel

objl I K).

( el )
A morphism 7 : F} — F, of the functor category K is a natural transformation be-
tween the functors F; and F3. This means that n is a family of morphisms (n,-);eobjm,
such that for each morphism £ : i — j of the category J the following diagram
commutes.

i (i) —  F3(d)

i
1€ I S TCI I F(¢)
j F1(7) —  B(j)

i

Since £ : 1 — j is only possible if i = j and £ = id;, the condition on the family
(mi)ieobj(sy reduces to: for all i € obj(J) 7 is a morphism Fi(i) — F,(3) in the
category K. Hence, 5 can be seen as a morphism of 1T K.
iel
After these preliminaries it is clear that we can define a functor ¥ : K/ — I K
el
by

H(F)=< F(i)|iel> , for FeobjK’);
Hp)=<mnliel> , for 5 € mor(K7).
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1t is easily proved that H is a functor, and that its inverse H=t : 1 K — K’
el

exists.

(]

A category is called w-(co)complete if every w-chain has a (co)limit.
As a consequence of this lemma we now have

Lemma 3.2.

If a category K is w-(co)complete, then also 1 K is w- (co)complete.
i€l

Proof.

If K is w-(co)complete, then K is w- (co)complete for every category A, see for instance
Herrlich & Strecker [HS, §25.7]). The result now follows from Lemma 1 and the remark
that if a category is w-(co)complete, the same holds for isomorphic categories.

0 .
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4. LOCAL CONTINUITY OF GENERALIZED PRODUCT AND SUM
FUNCTORS

4.1. Introduction

In this section we define a generalized sum functor and a generalized product functor.
Moreover, we give a detailed proof of the local continuity of these functors. Recall
that (see for instance Bos & Hemerik [BH] or Smyth & Plotkin [SP]), if K and L are
O-categories, I is localized and ¥ : K — L is a locally continuous functor, the
corresponding functor Fpr : Kpr ~ Lpg is w- continuous.

4.2. Definition of the generalized sum and generalized product functors

Let A be some nonempty (index) set. In this note we shall frequently work with ob-

jects and morphisms of the category II ~ CPO. Objects of II CPO are tuples
acA acA

< Dy|a € A >, where each D, is an object of CPO. The set of morphisms between

the objects < Dy|la € A > and < F,|a € A > consists of tuples < m,|a € 4 >,

where each m, is a morphism in the categofy CPO between D, and F,.

The generalized sum functor GS : II CPO — CPQ is defined in the following
a€A

way.

i) For an object < D,Jla€ A>of II CPO
acA
GS(< Dsla€c A>)= ¥ D, €obj(CPQ) .
a€A

Here 3° D, is the c.p.o. which consists of the disjoint sum of the c.p.o.’s D,.
a€EA

Elements of % D, which are different from Lgp,, are of the form < b,d; >,
a€A

with b € A and d € Dy.

ii) For a morphism < my[a € A>:< Dyja€ A> = <E,Jac A>of I CPO
I agA

GS(< mala€ A>)= Sum m, € mor(CPO) .
acA

Here Sum mg is the morphism between 5. D, and Y £, defined by:
a€A acA a€A

( Sum ma) iyp, = 1xE,. ,
aEA

( Sum ma) <b,dp > = < b,my(dy) > .
aEA

It is easily verified that GS is indeed a functor. Next we define the generalized product
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functor GP : II PO — CPO.
acAd

i) For an object < DyJla€ A>of II CP
a€4

GP(< DyjacA>)= 1 D,.
a€A

Here II D, is the c.p.o. which is the Cartesian product of the c.p.o.’s D,.
acA

Elements of II D, are tuples < d,|a € A > where d, € D, for all a € A.
aEA

ii) For a morphism < m,|a € A > : <D|a€A>—><E|a€A>of I CPO
a€A

@(«( My |a € A>)= Prod m, € mor(CPQ).
a€EA :

Here Prod m, is the morphism between II D, and II E, defined by:
acA a€EA acd

(Prod mg,)(<d le € A>)=<my(ds)|ae A> .
a€A

It is also easily seen that GP is a functor.

4.3. Technical results

Recall (see for instance Bos & Hemerik [BH] or Smyth & Plotkin [SP]) that an O-
category is a category such that '

i) every hom set is a poset in which every w-chain has a lub,

ii) composition of morphisms is w-continuous.

For the category CPO the hom sets have a natural c.p.o. structure that satisfies i) and

ii). For the category II CPOQ the hom sets consist of tuples of continuous mappings,
a€A

which by the componentwise ordering, also have a ¢.p.o. structure satisfying 1) and ii).

More precisely, if m; =< m;,|a € A > (i € IN) is an w-chain in Hompcpo(< Dy ja €

A>,<FE,|la€A>), thenforalla € A m;, is an w-chain in Homgpo(Da, Es). The

lub m of the w-chain m; is then given by

m=<my|le€Ad>=x< U Mg |a€ A> . (4.3.1)
i=0

Next we derive some properties of the mappings Prod and Sum, as defined in Section
4.2,
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Let D =< Dsfa€ A>and E=< E,]a€ A> be two objects of II CPO. Let
aEA

m; = < my,|a € A > be an w-chain in Hom(D, E) withlubm = < m,|a € A >.
Suppose b€ A, d, € Dy and sod = < b,dy > 3. D,.

Then
u ( Sum mia)(d))
= U (<bmip(d)>) [def. Sum]
=0
= <b, | mip(ds) > [lubs in 3" FE, are computed
=0 in a component (Ej)]
o0
= < b, ( LI m,-,b) (dy) > [lubs of functions are
=0 computed pointwise]
= < b,my(dy) > [(4.3.1)]
= ( Sum ma)(d) [def. Sum]
Also
[ ]
U (( sum mia)(LsD,))
1=0 [
(e 4]
= U Llrg, [def. Sumn]
1=0
= lrg,
= ( Sum ma) lp, [def. Sum]

a

From these two computations and the fact that lubs of functions are computed pointwise

(i.e. ( LI Sum m,',a) (d)y= U (( Sum m,-'a)(d)) ) we conclude that
=0 a i=0 a
] Sum mi,= Sum m,. (4.3.2)
1=0 a a

A similar result holds for “Prod”. Let d =< d,Ja € A> T D,. Then
aEA
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U (( Prod m;,a)(d))
=0 a
= U (< migu(da)}ac A>) [def. Prod]
=0
=< U (mig(ds))e€ A> {lubs in product c.p.o.’s
=0 are computed componentwise)
o0
=< ( U m,-,a)(da) lae A> [lubs of functions are
=0 computed pointwise]
= < mufd,)|e€ A> [(4.3.1)]
= ( Prod m,)(d) [def. Prod]

Together with the fact that lubs of functions are computed pointwise

(i.e. ( E Prod m,-,,l)(d)= olj (( Prod m,-,,,)(d)) ), this implies
; =0 a

=0 o

e o]
[J Prod mi,= Prod m,. (4.3.3)

=0 a a

4.4. Local continuity

A functor F ¢ 11 PQ — CPO is locally continuous if for all objects D, E

aEA

of I CPO, F, viewed as a map : Hompcpo(D, F) — Homgpo(#'(D), F(E)) is
a€A -

w- continuous. Note that this definition is only useful since II CPO and CPQ are
acA

O-categories. Using the results of Section 3 the following two theorems can easily be
proved.

Theorem 4.4.1.
The generalized sum functor GS is locally continuous,

Proof.

Let D and E be objects of II CPO andlet m; =< m;,|a € A > be an w-chain in
aEA

Hompcpo(D, E) with lub m = || m,.
1

Then
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Theorem 4.4.2.
The generalized product functor GP is locally continuous.

Proof.
In the same setting as in the proof of the previous theorem we have

c’LOI GP(m;)
1=0

= ;[jo (Prod m,-,a)

a

= Prod m,
a

= GP(m)

21

[def. GS]

[(4.3.2)]

[def. GS]

[def. @]
[(4.3.3)]

[def. GP]
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5. w-CONTINUITY OF GENERALIZED PRODUCT AND SUM
FUNCTORS

5.1. Introduction

In Section 4 we described generalized sum and product functors @g, GP: T PO —

a€A

CPO and proved their local continuity. Since local continuity implies local monotoni-
city, there exist functors

GSpr, GPpr ( HA _M)PR—»C?OPR.
aE

In this section we show how these functors can be used to construct w-continuous
functors

GS,GP H H (CPODR) — CPOpR .
a€A

First we show that the categories ( II CPO) and Il (CPQOpg) are isomorphic.
acA PR a€A
Since for an arbitrary O-category K obj(K'pr) = obj{K), the objects of both catego-
ries are identical.
Next suppose D =< Dy |a € A>and E =< E,;|e € A > areobjects of( 1] CPO)PR
a€A

and suppose m € Hom (D, E). This means that m is a projection pair

( I CPOjpr
2€A
(mL, m®), where

L
m” € Hom @(D,E),

acAd

R
m® € Hom PO(E,D)

acA

and

mLongidE,

mP o mP = idp .

Because II CPQ is a product category, mL and m® consist of tuples:
aEA

ml=<mllac A>,

mR=<mflac A>,
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where

mﬁ' € Hom@(Da,Ea) s

mE € Homgpo(Ea, D)

and

ml o mPCidg, |

ml o ml = idp,
Hence,

(mE,mP) ¢ Homgpo,  (Da, Ea)
and

< (mE,mfae A >e Hom (D, E) .

I (CPOzg
acA

The above implies that we can define a functor 5 : ( I CPO) o I (CPOpgr)

acA acA
in the following way
i) for an object D of ( I CPO)
a€A PR
S(D)=D.
ii) for a morphism m = (< mljae A >, < mflae A >) of ( II QPO)PR

a€A
S(m) = < (mk,mfjac A >.

It is easily seen that S is a functor. Moreover, S is an isomorphism, its inverse is the

functor T : 1I (CPOPR)—>( Il CPO) , defined by
acA agA PR

i) for an object D of II (CPOpg)
a€A

T(D) = D.
ii) for a morphism m =< (m&,mf)|ac A >

T(m)=(<mllacA>,<mPlac 4>)

The generalized sum and product functors on the PR categories are defined by
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GS=GSproT : I (CPOpg)~ CPOpg ; (5.1.1)
a€A

GP=GPpr o7 : 1 (CPOpg)— CPOpyg . (5.1.2)
a€A

For an object D =< Dyla€ A>of T (CPOpp) this means
acA

GS(D) = GSpr(T(D)) = GSpr(D) = GS(D) = ¥ D,

GP(D) = @pR(T(D)) = @pR(D) = @(D) = I D,;.

a

For a morphism m =< (m&,mf)]ja€ A>of T (CPOpg) this means
a€A

GS(m)

[l

GSpr(T(m)) = GEPR((< mllac A>,<mflaca >))

I
P

GS(<mflae A>),G8(<mPlac 4>))

— L R
= ( Sum m;, Sum ma) :
acA e€A

GP(m)= GPpr(T(m)) = GPpr((< mfla€ A>,<mPlac 4>))

= (GP(<mi|aeA>),GP(< mifac 4>))

( Prod m¥

R
4, Prod ma) .
a€A

a€EA

For the definitions of Prod and Sum, see Section 4.

5.2. w-Continuity

The functor T is an isomorphism, so it is w-continuous. Hence, to prove the w-continuity
of GS and GP it is sufﬁc1ent to show that GSPR and GPPR are w- continuous.

Recall that GSPR and GPpR are “PR versions” of the locally continuous functors (see
Section 4)

GS5,GP: 1 CPO-CP

aEA

From the continuity theorem (see for instance Bos & Hemerik {BH, Th. 3.15]) it fol-

lows that it remains to be shown that II CPO is localized. In [BH, Prop. 3.18] it
a€EA

is shown that an O-category is localized if every idempotent is split.
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Theorem 5.2.1,
Let & be an O-category in which every idempotent is split. Then every idempotent in

the O-category 1[I K is split.
a€A

Proof.

Let f € Hompg(D, D) be such that f o f = f. Then for all components f, €

Homg(D,, D,) we have f, o f, = f,. Since every idempotent in K is split, this means

that there exists an object £, of K and morphisms g, : D, —» F, and h, : F, — D,

such that f, = hs 0 go and g4 © he = idg,. Let D =< Dyla € A >€ obj( I K),
acA

andlet h= < h,Jla€eA>: E—->Dandg=<g,|a € A>: D — E. Then clearly

f=hogandg o h=idg,so fissplitin II K.
agA

O

In the proof of Theorem 3.2.2 in [BH], it is shown that every idempotent in CPO
is split. Hence, every idempotent in 11 CPQ is split, which implies (see [BH, Prop.
acA
3.18]) that II CPO is a localized O-category. The discussion at the beginning of
c€A

this section now yields:

Theorem 5.2.2.

The functions GS,GP : II (CPOppr) — CPOpg, as given in (5.1.1) and (5.1.2) are
acA

w-continuous.
O
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