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Convergence properties of the local
defect correction method for parabolic
problems
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Department of Mathematics and Computer Science
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

e-mail rminero@tue.nl

This paper is devoted to the study of the convergence properties of the
Local Defect Correction (LDC) technique for parabolic problems presented
in [14]. We derive a general expression for the iteration matrix of the
method and, for a one-dimensional heat equation, we study its properties
analytically. Numerical experiment are in agreement with the theoretical
results.

1 Introduction

Solutions of Partial Differential Equations (PDEs) are often characterized, at each
time, by regions where spatial gradients are large compared to those in the rest of the
domain, where the solution presents a relatively smooth behavior. Examples are fre-
quently encountered in the area of shock hydrodynamics, transport of passive tracers
in turbulent flow fields, combustion processes, etc. An efficient numerical solution of
this kind of problems requires the usage of adaptive grid techniques. In adaptive grid
methods, a fine grid spacing and a relatively small time step are adopted only where
the relatively large variations occur, so that the computational effort and the memory
requirements are minimized.

An adaptive grid technique of particular interest is the Local Defect Correction
(LDC) method. LDC was first introduced in [12] for solving elliptic partial differen-
tial equations. LDC has then been studied in combination with different discretiza-
tion techniques: finite differences in [9, 10], finite volumes in [1, 5] and finite elements
in [23]. In [11, 16] the method is applied with different grid types, while in [2] it is ex-
tended to include multiple levels of refinement, domain decomposition and regridding.

In [14] LDC is generalized to solve parabolic partial differential equations. In a
time-dependent setting the method works as follows: first a time step is performed
on a global coarse grid. The global solution at the new time level provides artificial
boundary conditions on a local fine grid, which is adaptively placed where the high
activity occurs. A solution is then computed locally, possibly with a smaller time step
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Figure 1: Scheme of the LDC iteration at a generic time step.
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than the one adopted on the global grid. At this point the local approximation provides
an estimate of the coarse grid discretization error or defect. The defect, added to
the right hand side of the coarse grid problem, leads to determining a more accurate
(both in space and time) global approximation of the solution. This can now be used
to update the boundary conditions locally and the entire procedure can be repeated
again until convergence. At each time step LDC is thus an iterative process in which
a global and a local approximation of the solution progressively improve each other.
The scheme of the LDC iteration is represented in Figure 1. In [15] the defect term is
adapted to a finite volume discretization in order to have discrete conservation on the
composite grid.

One of the main advantages of the method is that the global and the local grid can
always be uniform structured grids. With this respect LDC is similar to the Local
Uniform Grid Refinement (LUGR) method presented and analyzed in [20-22]. An
LUGR based strategy for electrochemical applications is proposed in [6]. LDC, though,
differs from LUGR because in LUGR the local solution does not improve the solution
globally through the defect correction. For this reason, as illustrated in [14], LDC
turns out to be a more robust method than LUGR. However, apart from making LDC
more robust, the extra corrections involve more computational work. For LDC to be
competitive with other techniques, it is thus desirable that only a small number of
iterations are necessary at every time step. This paper is therefore focused on the
convergence properties of the LDC method for time-dependent problems. In particular,
we are interested in investigating the dependency of the LDC convergence rate on the
time step for the coarse grid problem.

The convergence properties of LDC have been previously studied for stationary prob-
lems. With reference to a two-dimensional Poisson equation, in [3] it is proved that
iteration errors reduce proportionally to H?, where H is the coarse grid size. In [18] a
convergence analysis is carried out for a case where the local domain has an annular
shape. In general, even for rather complicated applications, it is observed by many
authors (see again [1,2,9, 11, 16]) that one or two iterations are usually sufficient for
convergence.

This paper is structured as follows: in Section 2 the LDC method for parabolic par-
tial differential equations is presented. In Section 3 we give an expression for the LDC
iteration matrix. In Section 4 we introduce a one-dimensional model problem and,
for this model problem, in Section 5 we analyze the iteration matrix properties and
asymptotics. At the end, the theoretical results are verified by means of numerical
experiments (Section 6), while Section 7 is devoted to conclusions.



2 The LDC method for parabolic problems

In this section we present the LDC method for solving parabolic problems. Our focus
is to describe the LDC iteration that takes place at a generic time step. At this generic
time step, we assume the local fine grid to be given and placed in the region of the
global domain where the big variations in the solution occur. For this reason the no-
tation used in this paper is simplified with respect to [14], where also regridding (i.e.
fine grid adaptation to follow the high activity movements) is taken into account.

We consider the following two-dimensional problem

au(a’i’t) =Lu(x,t) + f(x,t), inQ x O,
wx, ) = P(x, 1), on 90 x ©, 2.1)
u(x,0) = @o(x), in QUAQ,

where Q) is a spatial domain, 0Q its boundary and © the time interval (0, tenq]. More-
over, L is a linear elliptic operator, f a source term, 1 a Dirichlet boundary condition
and @ a given initial condition.

Problem (2.1) has to be discretized in space and time in order to be solved numeri-
cally. For that we introduce the global uniform coarse grid (grid size H) Q" and the
time step At. We assume that u has, at each time level, a region of high activity that
covers a small part of Q. Therefore, at time t,, := nAt, a coarse grid approximation
computed with a time step At might be not adequate enough to represent u(x,t,). In
order to better capture the local high activity, we also solve the problem on local uni-
form fine grid (grid size h < H), which we denote by Qf'. On Q' the time integration
is performed using a time step 0t = At/t, with T an integer > 1. As already mentioned
before, the local solution will be used to improve the global approximation through a
defect correction.

In the remainder of this section we will assume that a solution u is known at
a generic time t,_1 on the composite grid Q™" := QH U QF, see Figure 2. Forn > 1,
its expression is given by

H,h,n—1

h,n—1 . h
Hhno1 . ) W , in QF,
e T H,n—1 : H h (2.2)
utn—t in O™\ QF,
where u{"“‘1 and u"'"~1 are a local and a global approximation of 1(x,t,_1) respec-

tively. If n = 1, uth=1 is expressed through the initial condition ¢o. Our goal is to
compute an approximation of the solution at the new time level t,, on the composite
grid Q""" by means of LDC.

A coarse grid approximation at t,, we call it ul'™, can be computed applying the
backward Euler method to the PDE in (2.1). While other implicit time integration
schemes could also be adopted, the usage of explicit time integrators on the global grid
is not of interest in LDC; this is discussed in [14]. We obtain

(I—AtL) ugh™ = urhmr=T g, 4 £ A, (2.3)

where LM is some spatial discretization of the elliptic operator L. In (2.3), fH'™ also
includes the Dirichlet boundary conditions. With G(Q™) we indicate the space of grid
functions that operate on Q"; similar notation is used for the other sets. With w = 0
and

MM .=T1— AtTH, (2.4)
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Figure 2: Example of composite grid Q™"

we rewrite (2.3) as
MHuP — ity g fHm A (2.5)

We assume M™ : G(Q") — G(QM) to be invertible. We denote by T' the interface
between QO; and Q \ Q;. For convenience we partition the coarse grid points as follows

ot =otturtuol (2.6)

where
o'=0"nqg, r™M=0o"nr, of=0"\(Qitur?. (2.7

In Figure 2 the coarse grid points Q!! are marked with circles, while the points '
and Q! are denoted by triangles and squares respectively. Using the partitioning
above, we set

ulbn — [ yHn (2.8)

Assuming that the spatial discretization on the coarse grid is such that the stencil at
grid point (x,y) involves at most function values at (x+1iH,y+jH), with 1,j € {—1,0,1},
we can rewrite (2.5) as

Mt Bl 0 uftn urb T gy fibm At

B, MP BHE | [ule [ = [ v e |+ [ R AL (2.9)
H H Hmn H,h,n—1 Hn

0 B, MI/ \ul'y u lon fbm At

The coarse grid solution u!'™ is used to prescribe artificial boundary conditions on
the interface I'. Boundary conditions on I are needed to define a discrete fine grid
problem that leads to determining u{‘yv&}, a local more accurate (both in space and time)
approximation of u(t,). We can prescribe artificial Dirichlet boundary conditions at
time t,, by applying an interpolation operator in space P™" : G(T") — G(I™) to ullm;
by T we denoted the set of fine grid points that lie on the interface I'. In Figure 2 the
points '™ are marked with small diamonds. If we want to perform time integration
with a time step 5t = At/T, we also need to provide boundary conditions on I'" at all

the intermediate time levels t,,_1,y /., with k = 1,2,...,7 — 1. Therefore we perform



linear time interpolation between utb™mn=1|. and PMHu!l ™. We let LI be a local fine
grid discretization of the operator L and we introduce

M i=1-58tL. (2.10)

A first fine grid approximation (w = 0) at time t,, can thus be computed solving

Mh ]{L‘;lvl 1+k/T:u{t,‘;rvl—ﬂr(k—])/’c+f{1,n—1+k/’56t
k T—k
—B{fr< prH F‘V;‘+Tu‘*v“v“—1rh), fork=1,2,...,7t. (2.11)

The procedure (2.11) is initialized using
ubn = ufhhre T o (2.12)

We combine all the equations in (2.11) to express uj'yy directly in terms of u"t:™m1| ar-
We obtain

T
(M{‘)Tu{"“ =y hn-l lan + Z (M{‘)k_1 f{l‘nfuk/T ot

W
k=1
i k—1 k T—k
-y (M) BPr (EPh»Hum + Tu“vhv“*‘ rh) , (2.13)
k=1
or
(MP) "ufy = uomr g PRt — WP U 4zl e (2.14)

In (2.14) F*™ depends only on the source term and on the fine grid operator M},
while W} and Z'|- only depend on M}* and By'..

The fine grid approximation is now used to overall improve the coarse grid solution
at time t,,. The fine grid solution is regarded to be more accurate than the coarse grid
approximation because it is computed with a grid size h < H and a time step &t < At.
The fine grid solution can therefore be used to approximate the local discretization
error or defect in Q!'. The defect dH "' , is estimated plugging the fine grid solution
into the coarse grid discretization scheme (cf. the first equation in (2.9))

H, . MHpH,h R, H,h,n—1 Hn

where RN G(QY) — G(QN) is a restriction operator from the fine to the coarse grid,
such that
(RPMUPD )0 y) = ulmoq (6 ), Vixy) € Of. (2.16)

The defect d{’;* ; is now added to the right hand side of (2.9). A more accurate coarse
grid approximation can thus be computed solving

LLH,h,n71|QLH fH AL + dl b
MHuv}—\{},n _ U’H,h,nf1 ‘FH + fll:l AL
LLH,h,n—] |QE' fz:—{,n At
0 MERF MUt BH 10
w—1 1L,r>rw-—1
— | -1 Irn | + f}lj AL
uH,h,n71 |QE' fz:—{,n At
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Figure 3: Composite grid without (a) and with (b) safety region.

The new coarse grid solution can be used to update the boundary conditions for a new
local problem on Q', which in turn will correct the coarse grid approximation. This
defines the LDC iteration process, cf. Figure 1. In [13] it is proved that, if the LDC
iteration converges, then the limit solution is such that the coarse and fine solution
at t, coincide in Q}!, the common points between coarse and fine grid.

We note that previous results [3,7, 12, 23] for the stationary case show that it may
be beneficial to compute d}',’* ; not at all points of O}, but in a subset Q}'; only. In
particular, points lying close to the interface I" should be excluded. In this way points
of T" and points of Q! are separated by a so called safety region. Figure 3 shows an
example of a composite grid without a safety region (a) and with a safety region (b). In
the figure, points ngef are marked with a square. With the introduction of the safety
region, we can rewrite (2.17) as

0 (I—=X\HI™ + XP MR MUy + Bl ufhr )
MHLLVI_\I,'n _ uH,h,n71 ‘FH + f}I:{,n At ,
U_H,h,nf1 |QE' fl—{,n A‘t,
(2.18)
where the operator X' : G(Q}') — G(Q!!) is defined by
ufbn(x,y), x,y) € QH
() y) = 4 M 0Yh oV Qe 2.19)
0, (%, y) € O \ Qgep-

In the next section we find an expression for the LDC iteration matrix that describes
the LDC iteration at time t,,.

3 The iteration matrix

In order to find an expression for the matrix that describes the LDC iteration at
time t,,, we follow a similar approach as done in [3] for stationary problems. In [3]
the LDC iteration is expressed in terms of the iteration that takes place on I''' only
and it is shown that, if the iteration on ' converges, then the entire LDC iteration



converges; the set ', see its definition in (2.7), includes the coarse grid points that
lie on the interface between coarse and fine grid. Previously, other approaches were
proposed. In [12] the LDC iteration for elliptic problems is expressed in terms of grid
functions that operate on '™, i.e. the set of fine grid points on the interface. In [8],
with reference to boundary value problems, the LDC iteration that takes place on the
whole set of composite grid points is considered.

Combination of (2.15) and (2.18) yields

=

(MMT 0 wpphH 0
o M B
0 BH, MH
0 0 B

o]
22 -
FhEbE &
35 35 25 33

e}
o

0 o 0
XHMERME 0 XEBH,

0 o 0

0 o 0

uVH,h,n71 |Q{1

(I _ X{-l)u}-l,h,n—l |_Q1H

+
uH,h,n—] ‘]_H

\—/
£ g e ¢
cCroaorssIrsos
R

S O O O

n uVH,h,n71 |le
Flom At ARSTASL S NS
(I—-XxHfftn N 0
L™ 5t 0 ’
frim st 0

which can also be expressed using the short notation

(3.1

MH,hutlv,h,n _ SH,hutlv,hl,n LgHhn-T L fHhn y sH =T (3.2)

The limit of the LDC iteration at time t,, is indicated by

h,n
Uy

H,h v
mn
u = . 3.3
1 I_H,n ( )

uttn
In (3.3) we removed the subscript w that numbers the LDC iterations. Since u "™ is
the fixed point, one has

MHR HRD _ gHR HAn | gHhn=1 | fHhn 4 sHRAn-T (3.4)
If we introduce the iteration error of the LDC method by

Hhn . . Hhmn H,h,n
€w =u, —u ) (35)

and we subtract (3.2) and (3.4), we can write the expression for successive iteration
errors

Hh_ Hhmn _ ¢cHh Hhn
M™ el =S""e M. (3.6)

Note that the convergence of the LDC method does not depend on the source term,
on the Dirichlet boundary conditions and on the solution at the previous time step.
Definitions of MM" and S"'"* enables us to rewrite (3.6) as

MM 0wy 0 efn 0
O M B 0| el | || XEMER DD X B el
, Al = : 4 . (3.7
0 BH, MM BH | | el 0
0 0 BI. MH ety 0



The first equation of this system yields
-1
e = _((M‘;)T) et (3.8)

Replacing w with w — 1 in (3.8), we can reformulate system (3.7) as

H H H,n
M{" Bir 0 el w
H H H H,n
Bry, Mp  Br. erw
H H H,n

0 Blr M e

1
H HpH,h hyt n Hmn HpH _Hn
—X{'M{'R ((Ml) ) Wirerw1 + X{'B{rery g

= 0 , (3.9
0
or, equivalently,
I
Mielm = | © XF(BEr—MFR“'“((M{‘JT)_1 l‘,r)eF,‘xH- (3.10)
0

This leads to the following theorem.

Theorem 3.1
Consider the following iteration that takes place on the interface only:
erw = Mierermy, w=12... (3.11)

in which the iteration matrix M, : G(I'") — G(I'M) is defined by
1

-1
Miger:== (0 T 0)(MM)~1]0 x{*(s{fr—m{*Rth((M{‘)T) Wr>. (3.12)
0

If iteration (3.11) converges, then the LDC iteration converges.

Proof. It is easy to verify that (3.10) gives (3.11). Equation (3.11) describes the behav-
ior of the component eF"w of the iteration error; the other components can be expressed
in terms of ef!,, by (3.8) and (3.10). Equations (3.8) and (3.10) show that if ef!,, — 0
(w — o0), also ell — 0 (w — o0). O

Theorem 3.1 is the time-dependent equivalent of [3, Theorem 2]. Theorem 3.1 states
that, if the iteration that takes place on the interface I'! at time t,, converges, then the
entire LDC iteration at time t,, converges to a fixed point. This means that for proving
convergence of the LDC method for parabolic problems, it is sufficient to show that
the spectral radius of the matrix Mi, is less than one. This is true if |[Miter[loo < 1.
Following the same approach as in [3], we split the iteration matrix M, according to

Miter = M] MZ, (313)

where M; : G(Q!') — G(I'M) is expressed by

I
My=(0 T o)M= "0, (3.14)
0



and M, : G(T™) — G(Q}) by
-1
M, = X} (B{fr — M{‘RH'}‘((M{‘)T) Wr>. (3.15)
In the next section we introduce a one-dimensional model problem. For such a problem

and for a particular choice of the grids and the discretization schemes, the properties
of Mjter can be studied analytically.

4 A one-dimensional model problem

We consider the application of the LDC method to the solution of the one-dimensional
heat equation

wxd azlali’;’t) +f(x,1), inQ=(0,1),fort >0,

u(0,t) = Preg(t), for t > 0, (4.1)
u(1,t) = Prignt(t), fort >0,

u(x,0) = @o(x), inQ =10,1],

where f(x,t), Ples(t), Wright(t) and @o(x) are given functions. With reference to prob-
lem (4.1), we study the convergence behavior of the LDC method at a generic time
step tn. The LDC method is applied with the following settings: the global uniform
grid has grid size H = 1/N (N integer and N > 1) and grid points

Of={iH|i=1,2,...,N—1L (4.2)

On O™ we perform spatial discretization by finite differences; in particular, we adopt
the standard three-point centered differences scheme to approximate 92 /9x?. The tem-
poral discretization is performed by the Euler backward scheme with a time step At.
In this way the coarse grid operator M is expressed by

MH:I—AtLHZI—m 1T =2 1 ) (4.3)

We let the local region be Q; = (0,v), with v a multiple of H such that 0 <y < 1. In
our analysis we will replace the discrete operator M!* by the continuous operator
0 0?2
M = 3% (4.4)
This corresponds to letting h — 0 and &t — 0. This is done for analysis purposes only;
in practice one will always have h > 0 and 6t > 0. However, the results presented
in [1] for stationary diffusion problems and the numerical experiments in Section 6 of
this paper support this approach. In [1] the LDC iteration matrix is studied both for a
continuous (h = 0) and for a discrete local problem (h > 0): the two approaches lead to
the same conclusions. Note that in our one-dimensional setting the space interpolation
operator P''M reduces to the identity function. Also note that, in 1D and with Q; =
(0,7v), the set ' reduces to one point. As a consequence, the two operators M; and M,



turn out to be a row and a column vector respectively, while Mje, is their inner product,
so a real number. In this context, when writing ||[M1||e or ||[M2] e We will therefore
mean the standard vector infinity norm, while ||Miter||o is the absolute value of the
real number Mji,. For the model problem illustrated here, we will determine bounds
for |[Mi]/c in Section 4.1 and an expression for M, in Section 4.2. Before that we
emphasize the fact that, in our analysis, we will always assume y to be a given multiple
of H such that 0 < v < 1. The special cases Yy =0 and vy = 1 are of minor interest: if
v = 0, the local region Q reduces to the left boundary point and we have no defect,
while the case y = 1 is not interesting because Q coincides with the global domain.

4.1 Bounds for the M, infinity norm

In this section we consider the operator M ; as defined in (3.14), with M given by (4.3).
It is easy to verify that
Millso < (M) |oo. (4.5)

Lemma 4.1 provides a first bound for the infinity norm of (M')~T,

Lemma 4.1
With MM given by (4.3), the following bound for ||(M™)~"| » holds

[(M™)Mloo < 1. (4.6)
Proof. We express MM as
MH =T—AtTH = (14 2d)(1+ B), 4.7)

where the scalar d > 0 and the matrix B are given by

d=—5 B = 1+2d 0 l?zid : (4.8)

It is easy to verify that

2d
- 4.
IBleo = 7555 < (4.9)
We write
(I+B)'=1-B+B*—B3+-.. (4.10)
and
1
I+ B) Moo < Moo + [Blloe + [BIZ, + B+ < g—gr— =1+2d. (41D
Since 1
Hy—1 _ . Hy—1 _ -1
[MP) ao = (1= AL oo = 75711+ B) o, (4.12)
we deduce
(MM < 1. (4.13)
O

A second bound for the infinity norm of (M)~ is the result of Lemma 4.2.

10



Lemma 4.2
With M" given by (4.3), the following bound for ||(M")~1||« holds

1
Hy—1 L
[(M™) ™o < e (4.14)

Proof. Since matrix MH € RN-1:N=1 j5 symmetric, for the Symmetric Diagonalization
Theorem, see for example [17, Theorem 4 at page 458], it can be written as

Mt =QDQT, (4.15)

where Q € RN-1N=T 5 orthogonal and D € RN-""N~1 is diagonal. The diagonal
entries of D are At
d; =1 —|—4msin2(j7tH/2), j=1,2,...,N—1, (4.16)

and they coincide with the eigenvalues of M. Note that the smallest eigenvalue is d;.
The orthogonal matrix Q has entries gi; given by

qy = V2H sin(ijnH), i,j=1,2,...,N—1. (4.17)

From (4.17) we note that Q is also symmetric. We can thus write

MM~ T=QD'Q. (4.18)
It can easily be shown that
N—1
IIQlloomgX{Z Iqu} < (N=1)V2H, (4.19)
j=1
1 1 N :
D Q|°°:miax{d_ij;qij|} <(N=1) ZHd_1' (4.20)

We note that, since we chose the integer N > 1, then H = 1/Nis such that 0 <H < 1/2.
Using the following inequality

sin® (?) <H, for0O<H<1/2, (4.21)

we can show that
1 1 1 H
— = — < < —.
di 14 4At/H2sin®(nmH/2) — 1+4At/H — 4At
Combination of (4.18), (4.19), (4.20) and (4.22) finally yields

(4.22)

_ _ 1 1
(MM oo < 1Qlos D' Qllee < (N —T1)22H? — <

AL S AT (4.23)

|

Results of Lemma 4.1 and Lemma 4.2 are illustrated in Figure 4, where ||(M")~ 1|
is plotted as a function of At for two different values of the grid size H. Formula (4.5)
and the results of Lemma 4.1 and Lemma 4.2 are combined in Theorem 4.3.

Theorem 4.3
The following bound for |[M1 || holds

1

—). 4.24

) At) ( )
Note that the bound provided by Theorem 4.3 is independent of H and thus it holds

for any choice of the coarse grid size.

HMI ”oo < min(T

11
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Figure 4: Plot of |[(M")™'||e, with MH defined by (4.3), as a function of At for two
values of the grid size H and plot of the bounds provided by Lemma 4.1 and
Lemma 4.2.

4.2 The expression of the M; infinity norm

In this section we find an expression for the infinity norm of M,. We let git™ € R be
the solution found at point x =y by performing one time step At on the coarse grid.
From the definition of M, see (3.15), we have that

Mg ™ = X{' (Blgf™ + MR ™), (4.25)

where ]
ut=—((MP)T) Wirgr™ (4.26)

In view of (2.14) and the assumptions we made on (M7, it follows that u™ is the
solution of the one-dimensional heat equation

ou(x,t)  0%u(x,t)
% - a2 for x € (0,v), t € (0,At],
u(0,t) =0, for t € (0, At],
4.27)
uly, ) =gl forte (0,
u(x,0) =0, for x € [0,v].

In order to find an expression for M, we want to find the exact analytical solution of
problem (4.27). For that purpose we introduce the auxiliary function

1 0% xt
_ gt 3. oy XY 4.28
v(x, t) == u(x,t) — gf <6yAtX A" + yAt) ( )

Combination of (4.27) and (4.28) shows that v satisfies

wvix,t) _ 9%2v(x, t)

for x € (0,v), t € (0,At],

ot ox2 '
v(0,t) =v(y,t) =0, for t € (0, At], (4.29)
H,n Hn
_ 9 3, 9y
v(x,0) = 6yAtX + AL © for x € [0,v].
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Problem (4.29) can be solved using the technique of separation of variables. We express
its solution in the form

H n X
Z o e min/y? (mm‘) | (4.30)
Y
where the coefficients v,,, are to be computed from the initial condition
H n x Hn Hn
gr’" 3, 9r’'Y
= — . 4. 1
vasm(y) 6yAtX+6AtX (4.31)
We find y : 5
2 At 2(=1)™y
Vin = by g}r_l ) JO V(X, 0) dX = —W (432)
Using (4.30), the solution of the original problem (4.27) turns out to be
H,n 00
gr’ —m2nlt/y? . [ X T 3 v xt
t —_— —x° — = —1. 4.
u(x,t) = A <mZ_] Ve sin ( Y + 6yx 6X + Y (4.33)

The solution u(x t) is now used to express the product M,gi'™. Equation (4.25)
states that M,gH'™ equals the residual of the coarse grid discretization scheme (cen-
tered differences and implicit Euler) applied to the function u(x, t) for all grid points
X € ngef. Taking already in account that u(x,0) = 0, we have

At (u(x +H, At) — 2u(x, At) + u(x — H, At)) . (4.34)

Magf'™ (x) = u(x, At) — 5

We use the identity

sin (711171(7@ + H)> —2sin (m_nx) + sin <7m7t(x — H))
Y Y Y

(4.35)
. (mnH) . (mmc)
=-4sin{ —— |sin{ —
2y Y
to combine (4.33) and (4.34) into
Hn o0
n gr- —m2rlAt/y? o [ X 1 Y
Magrt™(x) = gt (THZ1 Vme Aty sm( > ) + 5x3 - €X>

- (4.36)

4H"°° B maH\ . [mmnx
+ g Z\)mem““/y n( 2y>sm(y )

Assuming that the function u is sufficiently smooth, another expression for Mg ™ (x)
can be derived using Taylor expansions on the right hand side of (4.34) and the fact
that u satisfies the partial differential equation in (4.27). We obtain

10 e, 10

2 0t2 [ (x,9) 12 9x? l(g,At)
with x —H < £ < x+ H and 0 < 9 < At. The time and spatial derivatives of u can be
computed differentiating term by term the series in (4.33). A sufficient condition for
this is that the resulting series are absolute convergent. We obtain

Moghm(x) = AtH?, (4.37)

2 D, 0
u _ot ZY (D)™ me ™Y gin (—mm‘) , (4.38)
0t= [(x,9) At y? = Y
1 e
Ou il —72‘ 3 (—)mme ™ AU in (m—”a) . (4.39)
0x* l(g,At) Yt = 0%
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Clearly the series on the right hand side of (4.38) and (4.39) are absolute convergent
for any positive At and 9.

5 Iteration matrix norm asymptotics

With reference to the one-dimensional heat equation (4.1) and the settings illustrated
in Section 4, in Section 5.1 we study the asymptotic expression of || Miter||oo for At | 0,
while in Section 5.2 we deal with M, when At — +oo. The limit case At — +oo
corresponds to the stationary case limit; this is of interest in practical applications
when a time-dependent problem is solved to compute a stationary solution.

5.1 The asymptotic behavior of ||Miier||o fOr At | 0
Combination of (3.13) with the result of Theorem 4.3 yields
[Miterlloo < [Mi]|oalM2]loo < [[M2]|oo, for At <1. (6.1

As a consequence, in our analysis for At | 0 we will only consider the infinity norm
of M. In particular, we will focus on the expression for M, as given by (4.37).

In the perspective of studying ||[M;|| for At < 1, we first solve a preliminary prob-
lem. We introduce the following series (cf. (4.38) and (4.39))

s mrmx
Sc(®) = (—=1)™ sy, sin [ —— ), (5.2)
)= (57)
where .
Smoi=me ™Y (5.3)

and we study the asymptotic behavior of S, (9) for & | 0 and fixed 0 < x < y. Using the
fact that s_,,, = s, for all integers m, we rewrite (5.2) as
] +oo
_ —m?d j—imm(x/y—1)
Se(®) =—5; > me e v, (5.4)

m=—0o0

If a function f(y) is sufficiently smooth, the following relation, which is known in the
literature (cf. for instance [19]) as Poisson summation formula, holds:

+o0o +o0o
Y fmle ™ = Y flw+ 27k). (5.5)
m=—oo k=—00

The term f which appears in (5.5) is the Fourier transform of f(y), defined by

+oo
flw) = J fly)e M dy. (5.6)
For
2
fly) =ye¥?, (5.7)
we have
A 2w/
Using Poisson summation formula, we can thus rewrite (5.4) as
/2 2 rx 2 (x/y — 14 2k)?
= — -_— 2 - . M
0= 75 3 (31 2] exn ) )
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If we introduce the new variables

1 X 2
= = JE = — .1
yi=s (1 v) = (5.10)
the original problem for S, (9) can be reformulated as follows: study the asymptotics of
0(3/2 +oo )
.f —o(k—y)
T‘J((X) '7_27_[3/2 Z (k_y)e v (511)

k=—0o0

for « — 400 and 0 <y < 1/2. For that, we need the results of the following lemma.

Lemma 5.1
The following identity holds:

+00
lim o) Ke* P =0 p>o0. (5.12)
k=1

x—+00

Proof. Note that by assumption £ is positive. Starting from the identity

+00 e_oqg,
Z e_k(XB = m, x> 0, (5.13)
k=1
it can be easily shown that
+00 5 5 efocﬁ)(‘l + efocfs)
) ke aﬁ:a“_e—_aw, o> 0. (5.14)
k=1

Claim (5.12) follows immediately since the limit for o« — +oco of the right hand side
of (5.14) is 0. a

The result of Lemma 5.1 is used in the proof of Theorem 5.2, which provides the
asymptotic expression of T, («) for « — +oo. First we introduce the following notation:
we say that f(«) is asymptotically equivalent to g(«) for « — o and we write

fla) = gla), (o¢ = o), (5.15)
if y
lim fle) =1. (5.16)
a—ao g(a)
Theorem 5.2
The following equivalence holds:
1 3/2. —oay?
Ty(oc)zzﬂ—S/zoc ye Y, (¢ — 400), (6.17)

with0 <y < 1/2.

Proof. For proving (5.17) it is sufficient to show (cf. (5.11)) that

+o0

lim 1 (k —y)e’"‘(k’y)z =—1, with0 <y < 1/2. (5.18)
2
x—+00o ye*txy S
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The series in (5.18) can be written in a more convenient way as follows:

+o0

+o0
> (k—yle o — et 3 (ke yle v (kg y)e Xk

k=—o0 k=1

+oo
_ gy Z ( —a(k—y) e—cx(k+y)z) +Y & (e—oc(k—y)z _ e—cx(k+y)z)
k=1
+oo
_ _ye—cxyZ <] n Z e—ock2 Zcxky +e —Zcxky Z ke —ak? elcxky - e—Zcxky)) )
k=1
(5.19)
We proceed showing that
+oo 5
lim Y e (e pe ) =0, 0<y<1/2, (5.20)
and
lim — Z ke ok (e2akv _em20ku) — 0 o<y <1/2. (5.21)
a—0o0 Y

We start from (5.20). We notice that all the terms of the series in (5.20) are positive.
The idea is thus to find an upper bound for the sum of the series which goes to 0
as o« — +o0o. We write

+oo +oo +oo

2 2
0< Z efock (elocky + eflocky) <2 Z efock elocky <2 Z efockelocky

k=1 k=1 k=1
(5.22)
efoc(lfzy)

(o] i K
zzz(e (1-2)) gzil_e_““_zy).

Clearly, if 0 <y < 1/2, the last term in (5.22) goes to 0 for &« — +oco. This proves (5.20).
We adopt a similar strategy for (5.21). Also in this case we deal with a series with
positive terms. First we consider the following inequality
+2aky

e2oky _ p—2Zaky _ J e¢dl <4okye?*ky, (5.23)
—2aky

and then we use it to find an upper bound for the sum of the series in (5.21). We write

1 +oo too
0< — Z kefockz (ezaky o e—Zocky) < 4“2 kZ efockz eZocky
= k=1
(5.24)

+00 +00
< 40(Z kZ efockelocky _ 4(XZ kZ efkochZy),

k=1 k=1

with 0 <y < 1/2. We know from Lemma 5.1 that the last term goes to 0 for « — +oo.
This proves (5.21). Combination of (5.19), (5.20) and (5.21) proves (5.18) and hence
claim (5.17). a

If we adopt again the old variables x and 9, see (5.10), the result of Theorem 5.2 can
be rewritten as
Sx(®) =~ g(x,9), (9 10), (5.25)
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Figure 5: Plot of g(x,?d) as a function of x for different values of 9. The graph is drawn
for vy = 0.5.

with

7'[3/2 X 2 2
(x,9) = —~ <1 - —) e” ™ (I=x/v)7/9 (5.26)
J 49372 Y

and 0 < x < 7y. In Figure 5, g(x,9) is plotted as a function of x for different values of 9.
Equivalence (5.25) is used in the proof of the following theorem.

Theorem 5.3
Sy (9) has the following properties:

1) S, (D) goes exponentially to zero as¥d | 0;
2) S« (9) goes exponentially to zero as ¥ | 0 non uniformly on the interval 0 < x < y;

3) given a constant € independent of x and § and such that 0 < € < vy, S, (9) goes
exponentially to zero as 9 | 0 uniformly on the interval 0 < x <y — €.

Proof. Claim 1) can be proved using equivalence (5.25) and the fact that g goes expo-
nentially to zero as 9 | 0.
For proving Claim 2), it is sufficient to show that

sup [Sx(9)

0<x<vy

is not limited for & | 0. For 0 < x < v and any fixed ¥ > 0, g is only a function of x, it is
always positive and it has exactly one maximum (see Figure 5), i.e.

[ 1
Omax ‘= g(xmax) = 2_6 E, (5.27)

Vo
max ‘= -—— . 2
X 0% <1 ﬁn) (5.28)

Clearly gmax is not limited for © | 0. As a consequence, because of equivalence (5.25),
also the supremum of S, (#) is not limited for & | 0 and 0 < x < y. This proves Claim 2).

with
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For proving Claim 3), we have to show that, for 0 < € <y and in the limit for & | 0,
sup (S« (9]

0<x<y—e

remains limited. On the left of xpay, the function g is positive and monotonically
increasing (see again Figure 5). Moreover we note that

lalﬁ)l Xmax = Y- (5.29)

Hence, for 0 < € < v, the following identity holds in the limit for & | 0
sup  g(x,9) =g(y —¢€,9). (5.30)
0<x<y—e
The right hand side of (5.30) is limited for any positive value of % and it goes to zero as
9 | 0. Because of that and of equivalence (5.25), we deduce Claim 3). O
At this point we have studied the properties of S, (9) for & | 0. The results found
for S« (9) are used to state the properties of ||Miter||o for 9 | 0.

Theorem 5.4

Consider the LDC method for the one-dimensional heat problem (4.1). Consider the
settings described in Section 4. In particular, let Q" be a uniform coarse grid with
grid size H and, in QF, approximate the second space derivative by the standard
three-point finite differences scheme. Perform the temporal discretization with the
backward Euler scheme and time step At. Let the local region be QO = (0,v), withy a
multiple of H such that 0 < y < 1. Locally replace the discretized operator M!* with the
continuous operator (4.4). Moreover, let ¢ be a constant independent of x and 9, and
such that H < € < y. Finally, let QY. ., the subset of Q}! in which an approximation of
the local discretization error is computed, be given by

Qlt,=0,y—e)nQft. (5.31)
Then, the following results hold for || Mijter||oo:
1) for any H > 0, || Mijter|| oo g0€S exponentially to zero as At | 0;
2) for any H > 0, |[Mijter| 0 g0€s exponentially to zero as At | 0 uniformly on Q...
Proof. For At small enough, combination of (5.1) with (4.37), (4.38) and (4.39) yields

At 9 n H? 2 At
Ml < [Mally < 225 (57)[ + 85 7 [5e ()
with x € Qll, x—H < & <x+Hand 0 < 9 < At. Claims 1) and 2) follow immediately
using the results of Theorem 5.3. O

, (5.32)

The fact that the norm of the iteration matrix goes to zero as At | 0 is very natural.
We expect this to happen in general and not only for the model problem considered
here. We explain this as follows: if the time step At becomes extremely small, the
solution at the new time step becomes very close to the solution at the previous time
level. In such a situation, there is little to be corrected in the approximation at the
new time step and, as a consequence, the LDC convergence rate is extremely fast.

As a final remark, we note that one basic assumption in the proof of Theorem 5.4 is
the use of a safety region. As discussed later in Sections 5.3 and 6, this assumption
is essential to have an exponential rate of convergence for At — 0. Nevertheless, the
LDC method turns out to be convergent also if the extent of the safety region is zero.
This is similar to what happens in stationary cases. In [1, 3] the LDC iteration error
for a 2D Poisson problem is proved to reduce proportionally to H? if ¢ > 0. However,
LDC is shown to be convergent (at a lower rate) also if ¢ = 0.
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5.2 The stationary case limit

In the limit case At — +oo, we expect the LDC convergence rate for the 1D heat
equation to be the same as the LDC convergence rate for the one-dimensional Poisson
equation. When LDC is applied to a 1D Poisson problem in combination with centered
differences or any other method that integrates linear functions exactly, the method
reaches a fixed point in one iteration for any grid size H > 0. (If H = 0, the stationary
problem is solved exactly and there is no need to use LDC). This is proved in [4] and
means that, in such a case, the iteration matrix is zero.

In the following theorem we provide a bound for || Mjter|loo that holds in the limit for
At — +oo and any grid size H > 0. Clearly our results for the one-dimensional heat
equation fit into the theory of LDC for 1D stationary problems.

Theorem 5.5

Consider the LDC method for the one-dimensional heat problem (4.1). Consider the
settings described in Section 4 and a grid size H > 0. Then, for any 'y such that
0 <y < 1, there exists a constant C such that

[Miter|loo < (At — +00). (5.33)

At
Proof. For At > 1, combination of definition (3.13) with the result of Theorem 4.3
yields

1
HMiterHoo < E HMZHOO (534)

Hence, for proving Theorem 5.5 it is sufficient to show that, for any v € (0,1), there
exists a constant C such that

C
M2loo <

< A (At — 400). (5.35)

We consider M, as expressed by (4.36) and we write

IM2(3)lloo < 1151 [lag + 1152 g + [|Spey [l oo (5.36)
with
s ) 3 ve MY gin (m) , (5.37)
t m=1 Y
.7i i —m2rlAt/y? mmH . mrx
S2 =2 mZ:] Vme sin 2y sin ~ ) (5.38)
1 /1
Spaly =77 (EXS — %x) : (5.39)

With v,, given by (4.32), we prove that ||S¢||, and ||Sz]|,, are o(1/At), (At — +00). We

start from S,. We write
sin [ —— sin [ —
2y Y

—? At/y?

4 2 2 2 2
”82”00 < m Z Wl ‘efm Aty ‘
m=1 [e)
) (5.40)
8y e
T HZ 1 - e ALY

< 8y? i ‘efmTtZAt/Yz
— 3 H2 -

For any H > 0 and any y € (0, 1), the last term in (5.40) is o(1/At), (At — 4+00). A
similar procedure can be used to show that ||S;|| is o(1/At), (At — +oco). Having
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proved that two of the terms on the right hand side of (5.36) are o(1/At), (At — +o0),

we deal now with the third one. Clearly, with the assumptions made, Sp(ﬂy”oo is
O(1/At), (At — 4o0). Therefore, there exists a constant C such that
[[Spoly ||, < £ (At +o0). (5.41)
Polylloo = Ap’
This completes our proof. O

5.3 Plots of the iteration matrix norm

In Sections 5.1 and 5.2 we studied the asymptotic behavior of ||Mjter||oo for At | 0 and
At — +0o and we found that, in both cases, the limit of ||Miter||cc iS zero. In other
words, we know two limit situations in which the rate of convergence of LDC becomes
extremely fast. This does not mean, however, that the LDC method always converges.
In this section we provide arguments in favor of the conjecture that, for our model
problem and settings, M. is less than one for any choice of H and At, and thus the
LDC method is unconditionally convergent.

For the one-dimensional heat equation and the LDC settings discussed in Section 4,
we can compute M;ir € R explicitly. For that we use the original definition (3.13) and
we express M; by (3.14), with M1 as in (4.3), and M, by (4.36). In Figure 6 we plot
Miter as a function of At for different values of H and for vy = 0.5. In Figure 6-(a) Mjier
is computed with a safety region ¢ = 0.15, while in Figure 6-(b) no safety region is
adopted. We immediately note that in both cases the maximum of Mg, is always less
than 1, which means that the LDC method is always convergent. Moreover, for small
and big values of At, we observe that the asymptotic behavior is in agreement with
the bounds stated in Theorems 5.4 and 5.5. For At > 1 indeed LDC iteration errors
reduce proportionally to At—2. When At tends to zero, M- goes very rapidly to zero
if we use a safety zone, see Figure 6-(a). Figure 6-(b) indicates that we should expect
LDC to be convergent also when no safety region is employed; in this case the iteration
error reduces proportionally to At> when At | 0.

Figure 7 illustrates the dependency of M, With respect to H when e = 0 and At <« 1.
For fixed time step, Mi¢er is proportional to H=*.

6 Numerical experiments

In this section we further verify the results of Theorems 5.4 and 5.5 by means of some
numerical experiments. One of the assumptions in the analysis carried out in Sec-
tions 4 and 5 is that both the local grid size h and the local time step ot are zero.
This assumption is introduced for analysis purposes only, namely for being able to find
the analytical solution of the local problem (4.27). The numerical experiments in this
section, performed with positive values of h and 6t, will show that the results of Theo-
rems 5.4 and 5.5 still hold for a discrete local problem. In this section we also test the
influence of the safety region € on the rate of convergence of the LDC method and we
try to observe the convergence behavior of Figures 6 and 7 for a concrete example.

We consider the application of the LDC method to the one-dimensional heat problem

2
oult) 0%t | o b in0= (0,1), for t >0,

ot ox2

w(0,1) = u(1,1) =0, fort > 0, (6.1)

u(x,0) = exp (—50 (x — 0.25)%), in [0, 1],
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Figure 6: With reference to the model problem and settings of Section 4, plot of Mje,

versus At for different values of H and for vy = 0.5; Mjer is computed explicitly
from its definition.

Figure 7: Plot of Mjer(At = 1078) and Mjer(At = 1077) as in Figure 6-(b) in terms of
the grid size H.
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with A = 0.01 and
f(x,t) =5 exp (50 (x ~0.05+0.15¢ 7)) . (6.2)

In (6.1) the choice of initial condition, boundary conditions, diffusion coefficient and
source term is such that the solution u has a region of high activity on the left half
of the spatial domain. For this reason, we take the area of refinement as Q; = (0,v),
with v = 0.5. In this way, as already noted before, the set 'y reduces to one point
(x =) and Mjier to a real number. For the solution on the global coarse grid we adopt
the same settings as in Section 4: the spatial discretization is performed by second-
order centered differences, while the Euler backward scheme is used for the temporal
discretization. For the solution on the local fine grid we employ the same numerical
schemes as on the global coarse grid.

We run tests aimed at measuring the convergence rate of the LDC method during
one time step. We adopt the following strategy: starting from the initial condition, we
perform one LDC time step with a chosen grid size H and a chosen time step At. The
local grid size and time step are taken as h = H/5 and &t = At/5. For measuring My,
we act as follows: at every LDC iteration, we store the coarse grid solution on the
interface ', We say that the LDC iteration has converged when

\u},-*‘;,l — u*ﬁ;l_ﬂ < tolerance, (6.3)

for a certain w > 1. In (6.3), uf!;} denotes the solution on ' after one time step
and w LDC iterations. In our numerical experiments, we set the value of the tolerance
to 107'2. Once the converged value on the interface is known, the error e} can be
computed for every iteration w that has been performed. Finally, see (3.11), Mjer is

given by
H

e
Miter = TF,W_, (64)

eI",wf1
for a certain w > 1. In practice we take w = 1 in (6.4). Note that, if the LDC method
converges in exactly one iteration, M, = 0.

We run two series of experiments on problem (6.1), the first one with a safety re-
gion, the second one with no safety region. The results are displayed in Figure 8. In
Figure 8-(a) Mjer is plotted as a function of At for different values of the coarse grid
size H. Except for the fact that the local problem is not solved analytically but nu-
merically, in this numerical experiment all the assumptions of Theorems 5.4 and 5.5
are satisfied. Note that the extent of the safety region (¢ = 0.1) is greater than H, for
every H considered. As expected, Miier goes very rapidly to zero for small values of At
while, for big values of the time step, iteration errors reduce proportionally to At—2.
For each value of H considered in the experiment, the maximum of M, is always
below 10~ "; this means that, even in the worst case, the error eF‘W is reduced by a
factor bigger than 10 at every LDC iteration. Figure 8-(b) refers to the experiment
with no safety region. The behavior for At >> 1 is the same as before; in Theorem 5.5,
in fact, no assumption is made on the extent of €. For At < 1 iteration errors reduce
proportionally to At?. Note that, also in this case, the maximum of M, is always
below 10~'. Overall the graphs in Figure 8 are qualitatively very similar to the ones
in Figure 6, where M, was computed directly from the definition (3.13). In Figure 9
we finally plot, as a function of H, the values of M, as they are computed by solving
problem (6.1) with At = 10~* and € = 0. As already illustrated in Figure 7, with fixed
(and small) At and no safety region, Mite, is O(H™%).

So far we have only considered pure diffusion problems. Here we would also like to
investigate, by means of a numerical experiment, the LDC rate of convergence when
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Figure 8: Plot of Mjier(At) for different values of H as computed by solving the heat
problem (6.1).
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Figure 9: Plot of M (At = 107%) as in Figure 8-(b) in terms of the grid size H.
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Figure 10: Plot of Mjt(At) for different values of H as computed by solving the
convection-diffusion equation (6.5).

the method is applied to a one-dimensional convection-diffusion problem. We consider
the following partial differential equation
ou(x, t) N ou(x, t) 92u(x, t)

m v ™ =A 2 +f(x,t), iInQ=(0,1), fort >0, (6.5)

with v = —0.1. Equation (6.5) is solved with the same initial condition, boundary
conditions, diffusion coefficient and source term as problem (6.1). Moreover the same
numerical schemes and local region are adopted as before, and the same strategy to
compute Mji, is employed. Note that in (6.5) convection is the main way of heat
transport since the relative weight of convection with respect to diffusion is

v 0T
N =00l 10. (6.6)
Like before, we run two sets of numerical experiments, one with a safety region
€ = 0.1 and another one with no safety region. The results are displayed in Figure 10.
For small values of the time step At the rate of convergence Mji, has the same be-
havior as for pure diffusion problems. Also the maximum value of Mji(At) is, for
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Figure 11: Plot of M (At = 10°) as in Figure 10 in terms of the grid size H.

every H, about the same (less than 10~') as observed before. For big values of At,
however, we note that M., first decreases as O(At~2), but then an asymptotic value
(greater than 0) is reached. To illustrate the dependency of the asymptotic value on
the grid size, in Figure 11 we plot, as a function of H, M (At = 10°) as computed in
the two sets of experiments on problem (6.5). From the graph we can see that, in both
cases, the asymptotic value is proportional to the square of the coarse grid size.

7 Conclusions

In this paper we studied the convergence properties of the Local Defect Correction
method for parabolic problems. For a general two-dimensional case, we found an ex-
pression for the LDC iteration matrix: at a generic time step, the LDC iteration can be
expressed in terms of an iteration that takes place on ' only, with '™ the set of coarse
grid points that lie on the interface between coarse and fine grid. If the iteration on '™
converges, then the entire LDC iteration reaches a fixed point.

For a one-dimensional heat equation and a particular choice for the grids and the
discretization schemes, the properties of the iteration matrix can be studied in detail.
The norm of the iteration matrix is proved to go exponentially to zero when the time
step At goes to zero if we use a safety region. If no safety region is used, the norm of the
iteration matrix reduces proportionally to At? for At | 0. The results of our analysis
for time-dependent problems fit into the theory of LDC for stationary cases: in fact
the norm of the iteration matrix goes to zero when At — +o0o. The asymptotic analysis
says that this happens proportionally to At—2. Since the maximum of the iteration
matrix norm turns out to be less than one for any choice of the grid size H, we claim
that LDC applied to the solution of a one-dimensional heat equation is unconditionally
convergent.

All the results of the theoretical analysis are verified by means of numerical exper-
iments. Moreover, LDC applied to a one-dimensional convection-diffusion equation
shows the same convergence behavior as for a pure diffusion problem. Only in the
stationary case limit we observe differences: in the problem with a convection term
the iteration matrix norm does not go to zero, but it reaches an asymptotic value pro-
portional to the square of the coarse grid size.
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