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This paper deals with the stability analysis of the BDF Slowest first multirate time-integration methods which are applied to the transient
analysis of circuit models. From an asymptotic analysis it appears that these methods are indeed stable if the subsystems are stable and
weakly coupled.
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1. Introduction

Differential-algebraic equations (DAEs) play an important role in many applications, such as electronics,
mechatronics, control theory, but also in discretized PDEs. We will consider the following initial value
problem

2 laltx)] +i(6x) =0, x(0) =xo @)
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For electrical circuits x(t) € R? is the time behaviour of the electrical state, while the functions q,j :
R x R? — R? represent the charges and currents in the circuit. In general q and j can be strongly
nonlinear with respect to x and ¢ can be not invertible.

In the classical numerical integration methods, the Initial Value Problem (1) is solved by means of implicit
integration methods, like the BDF-methods. Each iteration, all equations are discretized by means of the
same stepsize.

Often, parts of the model have latency or multirate behaviour. Latency means that parts of the state x(t)
are constant during a certain time interval. Multirate behaviour means that some variables are slowly
varying, compared to other variables. In both cases, it would be attractive to integrate these parts with a
larger timestep.

1.1. Partition of the system

In contradiction to classical integration methods, multirate methods integrate both parts with different
stepsizes or even with different schemes. Besides the coarse time-grid {7,,,0 < n < N} with stepsizes
H, = T, — Tn—1 also a refined time-grid {tp—1,m,1 < n < N,0 < m < ¢} is used with stepsizes hpm =
tnm — tnm-1 and multirate factor q. The two time-grids are synchronized, which means that T;, =, =

tn_1,4 for all n.
Tn tn,O = tn-l,q
H, L A
tn}:l,l
T, -1 n—1,1
n Xz, T X4 tn-—l,O
interface

For a multirate method it is necessary to partition the variables and equations into an active (A) and
a latent (L) part. This can be done by the user or automatically. Let B4 € R#*d and By € Ri:*4
be selection matrices with d4 + di = d such that B ABE =1,B AB{ = O, etc. Then the variables and
functions can be split in active (A) and latent (L) parts:

x =Blixs +BIx;, x4 €R¥*,x, € R,
= B:ZQA (ta Bax, BLX) + B{qL(ta B 4x, BLx)a (2)

q(t,x)
j t1 X) = BEjA(t’ BAX, BLX) + ngL(ta BAX’ BLX) .

(

Now equation (1) is equivalent to the following partitioned system

S laalt,xa,x0)] +jalt,xa,%xL) =0, x4(0) =x40,
A (3
a [qL(ta XA,XL)] -I-JL(t,XA,XL) = 03 XL(O) = xL,O-

Of course it is also possible to extend this partition in a partition of k subsystems, where the k sub-systems
have an decreasing activity. Furthermore, each subsystem again can be partitioned in a recursive way.

1.2. Relazation

All multirate methods have the common property that they use waveform relaxation to solve a partitioned
system like (3). Each part is integrated on an independent time-grid which depends on its own activity.
Usually, the unknowns of the already integrated subsystems are interpolated and used at the new time-grid
for the following subsystem.
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The slowest part e.g. needs only one large step H, while the faster subsystems are integrated on refined
time-grids using smaller microsteps. A basic property of multirate is that not more large steps are done
before all faster subsystems are also integrated. For a more general description about waveform relaxation,
the reader is referred to [19].

Two very natural types of multirate methods are ”Slowest first” and ”Fastest first”. With the first one
the subsystem with the slowest behaviour (or largest time constant) is one step integrated. Afterwards
the subsystems with increasingly faster behaviour are integrated. With the ”Fastest first” method the
subsystem with the fastest behaviour (or smallest time constant) is one step integrated. Afterwards the
subsystems with decreasingly faster behaviour are integrated. The last approach has the advantage that it
is less hard to predict the slow than the fast interface variables. However, there is a drawback with respect
to stepsize control. Because it is possible that the large step-size H has to be reduced, then previous
numerical solutions of the active subsystems are required which implies that we need a lot of memory.

1.3. General types of multirate

To keep it simple, we will work with a time-independent version of the partitioned system (3) with y = x4
the active variable and z = x, the slow variable:

& laaly o)) +ialy ) =0, (4
2 lan(y,m) +iily,7) = 0. )

In this section some available multirate methods will be discussed. The multirate methods are independent
of the integration method, but are presented for the BDF scheme. The integration order for the slow and
fast part are equal to K and k respectively. Furthermore, the coarse and refined time-grids are assumed
to be equidistant and synchronized, which means that ¢,_1,4 = T, = 5. Multirate schemes have been
investigated by more people, which results can be found in [2-5,8,14,18]. We will summarize some common
approaches.

Semi-implicit multirate methods only integrate the equations (4) and (5) separately, while the other
parts are estimated by means of extrapolation or interpolation. The variable z really has to be a latent
variable, which can be integrated with a large step-size H. This implies that the interpolation of z is
expected to be very accurately. In this case, z will be rather independent of the prediction errors of the
active variables.

The Slow-Fast method (Alg.1) first integrates (5) with one large step-size H, while y is approximated
by means of extrapolation. Afterwards equation (4) is integrated with a small step-size h, while z is
approximated by means of interpolation. Because it is not possible to get an accurate prediction for the
fast variable y,,, often just constant extrapolation is used. In this paper we will use interpolation of order
K —1 of the updated slow interface. For Euler Backward this means constant interpolation of the updated
value at the new time-point T}, with pl_ Lm =1and p},_;, = 0. We also will consider Euler Backward
with linear interpolation, with uf_; ., = 2 and p;,_, ,, = T

Because these semi-implicit multirate methods use extrapolation, they could have unstable behavior.
To improve the stability, the latent part can be integrated by means of an implicit compound step. The
Compound-Fast method (Alg.2) first integrates (4) and (5) together with one large step-size H, which
results in y, and z,. Afterwards, only equation (4) is integrated with a small step-size h, while z is
approximated by means of interpolation.

Note that y,, is twice computed by the Compound-Fast method. Another possibility is the Generalized
Compound-Fast method, which computes y,,_ o, and z, simultaneously with aq € N. For a more detailed
description of this method the reader is referred to [17]. This family of Generalized Compound-Fast methods
contains the Compound-Fast method itself (o = 1) and the Mixed Compound-Fast method (o = E) which
computes y,_; 1 and z, simultaneously. This Mixed Compound-Fast approach is also used by the MROW
method (1, 15]. The first active solution ¥Yn—1,1 is already computed by means of the compound step. Note
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ALGORITHM 1.1 The BDF Slow-Fast multirate method

Solve for z,:

quL(yns zn) Fooot quL(y‘n—Ka Zn_K) + HjL(ym z‘n) =0 (6)
Yn=Yn-1=0 (7)

Solve fory, 1, (m=1,...,9):

2094 (Yn—1,m> Zn—-1,m) + - - + PeQa(Yn—1,m—ks Zn—1,m—k) + i 4 (Yn-1,m» Zn—1,m) = 0 (8)

Bn—1,m — (Hp—1,m®n + ... + fh_1mZn-K) =0 (9)

ALGORITHM 1.2 The BDF Compound-Fast multirate method

Solve for z, and y,:

pOQA(yna zn) +... quA(yn—Ku zn—K) + HjA (yn’ zn) =0 (10)
poQr(YnsZn) + -« + pEAL(Yn—k» Zn—K) + Hip (Y5 2n) = 0 (11)
Solve fory,_1,, (m=1,...,q):
ﬁOqA(yn—l,ma i'n—l,m) +...+ ﬁkqA(yn—l,m—-ka in—],m—k) + th(yn—-l,m’ 2Tl—-l,'rn) =0 (12)
Zn-1,m — (lf'?;—l,mzn +.+ /Jf—l,mzn—K) =0 (13)

that y,_1,; is equal to the solution of the integration of the fastest part for m = 0. The Compound-Fast
method has the benefit that it is more stable and is easier to implement, while the Mixed Compound-Fast
method results in better scaled nonlinear equations which are easier to solver with the Newton method.

Although the used integration methods for the sub-circuits can be A-stable, this will not be the case
for the multirate version [14]. For multirate methods, the results also depend on the extrapolated or
interpolated results of the other part. Thus the stability will always strongly depend on the used partition
and on the coupling. In particular, the extrapolation may cause unstable behavior. Therefore, it is expected
that the methods with an implicit compound step are more stable methods, because they do not use explicit
extrapolation.

Besides the previous methods, in [14] also implicit multirate methods are proposed. Now, the compound
step and refinement are written as one huge system of algebraic equations which is simultaneously solved.
This means that no interpolation or extrapolation is necessary. Compared to the other multirate methods,
it needs much more computational time but also has better stability properties.

1.4. Dynamical properties of the active part

For a proper implementation of the previous multirate schemes, we assume that the solvability is preserved
for the active part. Furthermore, it is also very useful if the active part of a stable DAE is also stable and
has the same index as the original DAE.

Consider the linear time-invariant system

¥: Cy+Gy=nu. (19)
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It is well-known that

the system (14) is solvable < ¢(X) is a finite set,
the system (14) is stable & Vj¢q(syRe[A] <0,

where o(X) = {)A € C : det(AC + G) = 0}. For a general partition these properties are not preserved for
the active part of a DAE. For example, consider the linear 2-dimensional problem ¥ : Cx + Gx = s, where

01
c-a-(0).

This DAE is solvable because det(AC + G) = —(\ + 1)? which is only equal to zero for A = —1, so
o(X) = {—1} is a finite set. If we take the partition with

Bs=(10), By=(01),
we get for the refinement the unsolvable problem
0)" + Oy = 81.

Notice that the active part of an ODE is always solvable, because then C = I is an invertible matrix.
However, the stability is not automatically preserved for both ODEs and DAEs. If we take

10 —1-2
o=(a1): ¢-(3%)

we have a stable ODE with eigenvalues —% + %\/71, but for the refinement we get the following unstable
differential equation

Yy =y+si.

Finally it can be shown that also the index of the active part is not always preserved.

1.5. Owverview of this paper

This paper investigates the stability of the Slow-Fast and the Compound-Fast multirate versions of the
multistep BDF scheme. For a stability analysis of the Generalized Compound-Fast version of the Euler
Backward scheme one may consult [17]. Although also other implicit methods can be used, like Runge
Kutta methods, we use BDF integration methods because they use less function evaluations and they are
very well suited for interpolation. For linear multistep methods the solution can always be represented by
a piecewise polynomial, which can be used to interpolate the latent interface variables without accuracy
loss.

Although BDF methods are A-stable for order p € {1,2} and A(a)-stable for p € {3,...,6}, their

multirate version will have different stability properties. One of the major problems of multirate schemes
is the lack of general theoretical results that guarantees stability [4,8]. The efficiency gain of the multirate
schemes could be destroyed by the instability, blowing up the global errors.
This problem has already been investigated in other papers like [3,4,7,8,12-14]. There one considers the
stability of the multirate schemes applied to a two-dimensional real linear test equation. In [4] an overview
is given of this previous work. It appears possible to derive stability conditions for the elements of the
corresponding companion matrix. It is also shown how for a fixed multirate factor g and stiffness graphs of
stability regions can be constructed. It appears that the Euler Backward multirate algorithm which uses
constant extrapolation of the updated slow part is more stable than for linear interpolation
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Nevertheless, the derived stability conditions do not have a direct relation with the original test equation.
Like for the stability analysis for ODEs we want conditions for the test equation. This paper uses an
asymptotic analysis to simplify the stability conditions for the companion matrix by taking the limit
H — 0 or ¢ — oco. It appears possible to express the stability conditions directly in terms of the elements
of the matrix A in the test equation. Furthermore, the available stability conditions are rather algebraic
and do not explain anything; in particular for multistep methods, because the companion matrix is more
complex here. We also derive simplified stability conditions for the BDF multirate algorithm of higher
order. It is even allowed that the integration orders for the slow and fast parts are different.

This important topic will be analyzed in this paper. The paper is organized as follows. Section 2 gives a
general introduction to the stability analysis of multirate schemes for ODEs and DAEs. Section 3 contains
a stability analysis for the onestep version (Euler Backward) applied to a 2-dimensional linear ODE. Then
section 4 investigates the stability of the numerical scheme for the BDF methods of higher order on the
same test equation. Finally, section 5 closes this paper with some concluding remarks.

2. Stability analysis of multirate schemes

Multirate methods have less good stability properties than ordinary integration methods. Therefore this
section explains how the stability of those multirate methods can be analyzed for the Slow-Fast and
Compound-Fast methods.

2.1. Stability of multirate scheme

Consider the partitioned nonlinear DAE in (4,5) with property j 4(0,0) = j;(0,0) = 0. We assume that the
origin is a stable stationary solution, which implies that for all initial conditions y(¢) — 0 and z(t) — 0
if t — oo. The stability of multirate schemes will only be analyzed for DAEs with these properties.
Furthermore the analysis is done for equidistant time-grids.

Definition 2.1 Let y,, and z, be the numerical approximations of the multirate scheme at the time-point
T, = nH on the coarse equidistant time-grid for a solvable DAE. The scheme is called (conditionally)
stable if for all initial conditions y, — 0 and 2z, — 0 if n — co. The multirate scheme is A-stable (or
unconditionally stable) if it is stable for all solvable DAEs with y(t),z(t) — 0 for ¢t = oo and for all
H,qg>0.

Such criterion would require a stability analysis of a nonlinear multi-dimensional recurrence relation,
which is very complex. In [12] it has been shown that all semi-implicit and implicit Euler Backward mul-
tirate methods are stable if the system (4,5) is monotonically max-norm stable and satisfies an additional
stability condition. Another possible approach is to consider the Prothero-Robinson equation [1,11], which
is used to analyze the stability on a given trajectory y = y(¢),z = z(¢):

#laa(y — 5,2 2) +jaly - ¥,2 — 8) = j4(0,0) =0,

- - . " LN (15)
gy -¥2z-2)]+j(y —¥,2 - 2) =j.(0,0) =0.
Otherwise it is only possible to prove local stability for the linearized system around the origin. Then we
get the following multi-dimensional linear time-invariant DAE or ODE

(S @)+ (828 ()- (). .
C G
(1)-(aaz) ) -

A
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In [14] it is proved that Euler Backward multirate methods are stable for (17) if the matrix

(N(An) ||A12“)
A2l p(Ag2)

is stable, where y is a logarithmic norm, that is

o ITRA—1 L log(jletA)
H(A) = lim, h =hm =

This is the case if u(A1;) < 0,u(A2) < 0 and ||A1g||[|A21]| < £(A11)p(Az2). In qualitative terms this
means that each subsystem is stable and the couplings between the subsystems are weak.

2.2. Two-dimensional test equations

For ordinary integration methods stability can be studied by locking at the scalar test equation £ = Az with
A € C [10]. For multirate methods for DAEs with two time-steps h and H, the following two-dimensional
test equation could be studied, where y and 2 are the active and latent variable respectively

(611 C12) (y) " (911 912) (y) _ (0> (18)
€1 €22 z g21 922 z 0
C G ‘

For ordinary differential equations the following (real) linear test equation is usually studied [8, 14]

(4) = (o) () )
A

From now on we will only consider the stability of multirate schemes for (19). Let v, and 2, be the numerical
approximations at the time-point T}, = nH on the coarse time-grid. For Euler Backward multirate schemes
the numerical solutions y, and 2, satisfy the following two-dimensional recurrence relation

()= (0) () ®
M

Note that the order of y, and 2z, in (20) is different from the order of y, z in (19). The multirate method
is stable if y, and z, tend to zero for » — oo, which is the case if p(M) < 1. For ¢ = 1, the stability
behaviour of the multirate methods is independent of the used coordinate system. However, for ¢ > 1 this
is only the case if the linear system is decoupled. Otherwise the stability does not only depend on the
eigenvalues but also on the eigenvectors of the matrix A.

The dynamics of multistep methods can not be described by (20). Assume that the compound step uses
a BDF method of order K, while the refinement is done with a BDF method of order k. We introduce the
following vectors

Zn Yn
Zp 1= : eERK, y,:= : € Rk, (21)

Zn—-K+1 Yn—k+1
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Then the dynamics of a multirate linear multistep method obey the following multi-dimensional recurrence

relation
Zy — SR (Zn_l ) 29
(yn) (TN> Yn—1 ’ ( )
N——

M

where M ¢ RE+k)X(K+k) {5 the companion matrix. The multistep multirate method is stable if y, and
z,, tend to zero for n — 0co. Again this is the case if p(M) < 1.

Thus in both cases the stability of multirate schemes can be determined from p(M) where M €
RE+E)x(K+k) | The schemes applied to (19) are A-stable if p(M) < 1 for all H,q > 0 and stable ma-
trices A [14]. Because of simplicity, we start with the stability of the first order Euler Backward multirate
method. Afterwards we also consider BDF multirate methods of higher order.

3. Stability analysis of Euler Backward multirate algorithm

This section deals with the stability analysis of the Slow-Fast and Compound-Fast versions of the Euler
Backward multirate algorithm. First we will show that the dynamics really can be described by the
recurrence relation in (20). Both constant and linear interpolation of the latent part will be included.
Afterwards we will state a theorem which gives us stability conditions for the matrix A. Because these
conditions are rather complex to interpret, we state two other theorems which are based on an asymptotic
analysis for H = 0 or ¢ — oo.

3.1. Derivation of the recurrence relation

LemMMA 3.1 Consider the Slow-Fast and the Compound-Fast versions of the Fuler Backward multirate
scheme. Then {z;} and {yn} are solutions of the following recurrence relation

(2)-(2) ()
M

where for the Slow-Fast version,

p - l1—as2H? o= l—asoH

and, for the Compound-Fast version,

p= ay H o= l—ap H (25)
1-(a11+aze)H+(a11622 —a12a021 ) H? ? 1—(a11+a22)H+{(a11022—a12821 ) H? "

For both versions, if constant interpolation is used,
v=+1+ ZL_& Yép, T = Zf;ol o (26)
and for linear interpolation
—1 —1
v ="+ 7' po(1 - é)’ =i '716(5(1 —o)+o), (27)
where

auh

— 1 —
’)’ - 1—ai1h? 6 - l1—ai1h" (28)




Stability analysis of the BDF Slowest first multirate methods 9

Proof
Analysis of the compound step Inboth the Slow-Fast and the Compound-Fast methods the latent variable

is integrated first. Using constant extrapolation of y,_; for the Slow-Fast method we obtain the relation

Zn — Zn-1

T = @91Yn—1 + G222n. (29)

From (29) it indeed follows that
Zn = PYn—1+ 0Zn—1, (30)

where p, o are given in (24). For the Compound-Fast method, we get a recurrence relation for {y,} and

{zp}:

{ (:n:}zn—l = a11Yn + a122n, (31)
==t = ayYn + a222n-

The solution satisfies again (30) with different values for p and ¢ in (25).

Analysis of the refinement step For both methods z,_1,; is estimated for j € {1,...,¢ — 1} employing
zpn—1 and z, as follows:

Constant interpolation: 2,_1 ; = zp,

. . . i —j i 2
Linear interpolation: 2, _1; = 2,1 + %(zn — Zp-1) = quzn_l + %zn. (32)
Finally, the active part is integrated on the time interval [T;,—1,T;,] with g steps h:
-1, — Yn—-1,4-1 .
Yn—1,j hy" e a11Yn—1,5 + G122n—-1,5- (33)
The recurrence relation (33) is equivalent to
i a2
Yn-1,j = %yn—l,j—l 121, = VWn-1,5-1+ 02n—1,5, (34)
R an 7 a1
where v = Hiﬁ and § = 12:1’:,1. If constant interpolation is used we have for j € {1,...,q}
Yn—14 = YYn—1,j-1 + 02n 35
=Yyn_10+ Yl o7 " *bz. (35)
If linear interpolation is used we have for j € {1,...,¢}
Yn—1,5 = YYn—1,5—-1 + 6(1 - %)Zn—l + 6'32'11 (36)
= Y10+ DhTp 7k (601 - E)ay + 5k,
Inserting (30) into (35) and (36) for j = g results in
Yn =Yn-1,¢ = VYn-10+ ZZ;}) 7q_1_k5(Pyn—1,0 + ozp-1) (37)

= VYn—1,0 + T2n—-1 = VYn-1 + T2n-1,
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where v, 7 are given in (26) and

Yn = Yn-14= 7"yn—1,o + (22__—_%) ’Yq-l—ké'(l — k—;l)) Zn—1+
(Ez;é 7q_1_k516%l) (pyn—l,o + Uzn—l) (38)

= VYn-1,0 + T2p-1 = VYn-1 + T2n-1,

where v, T are given in (27). From (30), (37) and (38) it indeed follows that {y,},{2n} satisfy the recurrence
relation in (23). O

3.2. Stability conditions
Before we state the stability conditions for (23) we need the following Lemma.

LEMMA 3.2 Let ¢(A) = det(M — AI) = A2 — tr(M)) + det(M) be the characteristic polynomial of M,
where M € R?*2, Using the Routh- Hurwitz criterion one can easily show that [4, 6]

¢(—1) = 1+ tr(M) + det(M) > 0,
p(M) <1 { ¢(0) = det(M) < 1, (39)
#(1) =1 — tr(M) + det(M) > 0.

Proof We are looking for conditions for the coeflicients of ¢(A) such that

d(A)=0= N < 1. (40)

Let S ={A:|A\ <1} ¢ C. Let w : § = C~ be the transformation w = i—;% This maps the boundary
of S into the imaginary axis Re(w) = 0, and the interior of S into the half-plane Re(w) < 0. Indeed for
A = e € S we obtain

_ e -1 -1 e5—ef 2 sin(g)
VE @I T @1 gt it 8

—tan(g)i
" 2cos(8) 27"

Furthermore w(0) = —1 € C~. The inverse transformation A : C- — S satisfies A = %‘_*—1“‘)’ Now we can
rewrite formula (40) as

Pw) = (1 - w)2¢(1+—“’) =0=> Re(w) <0. (41)

1-—-w
Because

Pp(w) = (1 - w)zqﬁ(ii_—Z) = (1 + tr(M) + det(M))w? + 2(1 — det(M))w + (1 — tr(M) + det(M)),

we obtain

~ 2/
" am "

Do ¥ Y2

P(w) = (1 + (M) + det(M)) w® + 2(1 — det(M)) w + (1 — tr(M) + det(M)) = 0 = Re(w) <0. (42)

Because of the Routh-Hurwitz criterion [6] this is the case if and only if the coefficients 19 = ¢(—1),31 =
1— $(0), 12 = ¢(1) are positive. This is indeed the case if and only if the conditions in (39) are fulfilled. O

THEOREM 3.3 Consider the recurrence relation in (23) which describes the dynamical behaviour of the
Slow-Fast and Compound-Fast versions of the Euler Backward multirate scheme for the stable test equation
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(19). Then the schemes using constant interpolation are stable for all H,q if

(L+0)A+79) +p5 S+ > 0,
1- 0y >0, (43)

(L-0)(1 -9 —ps g+ >0,

and the schemes using linear interpolation are stable for all H,q if

(1+0)(1+7") P (2 -1) >0,
&‘Zz 0"/ll—o"yq+1 > 0, (44)
(1—0)(1—74)—,052;’ oy >0

Proof The methods are stable if p(M) < 1 for all H,q > 0 and stable matrices A. Because M € R?*?
Lemma 3.2 gives us

#(—1) = 1+ tr(M) + det(M) > 0,
MM<le #(0) = det(M) < 1, (45)
#(1) =1 — tr(M) + det(M) > 0.

Using the properties tr{M) = o + v and det(M) = ov — pr, we get the following stability conditions for
the elements of M

1+0+v+ov—pr>0,
1—-ov+pr >0, (46)
l-c—-v+ov—pr>0.

After substituting the expressions for v and 7 in (26) and (27) we obtain the three stability conditions in
(43) and (44) respectively. O

Notice that we can write the stability conditions in (46) in the following form

1+0)1+v) > pr,
ov—1< pr,
(1-0)(1-v)>pr.

3.3. Asymptotic stability conditions

Because the stability conditions (43) and (44) are rather complex, we will derive more compact stability
conditions by means of an asymptotic analysis. First we will prove that the studied multirate schemes are
always conditionally stable. Second we also will give sufficient conditions for ¢ — oo such that the methods
are stable for all H.

Conditional stability THEOREM 3.4 Both the Slow-Fast and Compound-Fast versions of the Euler Back-
ward multirate schemes using constant or linear interpolation applied to the stable test equation (19) are
always conditionally stable.

Proof The multirate methods are conditionally stable if the stability conditions in (43) or (44) are valid
for H — 0. Therefore we will derive asymptotic approximations of these conditions. It easily follows that
o=1+anH+O0(H?),y=1+ “ULH + O(H?),v? =1+ a1 H+ O(H?) and pd = “”“”HQ + O(H?3). The
higher order terms of these numbers are not independent of ¢. Using these apprommatlons we can derive
that (1+0)(1++9) =4+ O(H), 1 =097 = —(a11 +ag)H + O(H?), (1-0)(1 —79) = a1a20H? + O(H3),
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ps Y 371 ~1) = O(H?) and pé Ef;ol 4t = ajpa01H? + O(H?). In this way we obtain

(1 +a)1+79) +pé 3 (}71“4+0( )
1—oyf —(a11 + ax)H + O(H?), (47)

(1-0)1—49—pé Eg;&’)’ = (anag — a2 ) H? + O(HY).

and

(1+0)(1+77 - p§ T2E- SR -1) =4+ 0(H),
& Zz -0 U, | = —(a11 + ax)H + O(H?), (48)
(1- 0)(1 —7) —pd Y0y = (an1a2: — a12021)H? + O(H?).

After inserting these asymptotic expressions into (43) and (44), we obtain the following asymptotic stability
conditions for (23), which coincide with the ones for (19)

tr(A) = a1 +ax <0,

4
det(A) = a11@92 - a12a21 > 0. (49)

Thus indeed the Slow-Fast and Compound-Fast multirate methods using constant or linear interpolation
are stable for H — 0 (conditionally stable) because A is a stable matrix. ]

Unconditional stability for ¢ — co Now we will prove a theorem which gives sufficient stability conditions
such that both methods are conditionally stable for ¢ — co. In the proof we need the following Lemma
which is given below without proof.

LEMMA 3.5 Consider the following rational function P : Rt — R with

A-BH

VaxoPt) = 4= cr—pme

and A,B,C,D €R. If A>0,C <0,D < 0,|B| < |C|, this rational function P satisfies
Vaso|P(H)| < 1.

THEOREM 3.6 Consider the Euler Backward Slow-Fast and Compound-Fast multirate schemes using con-
stant or linear interpolation applied to the stable test equation (19). If

a3 <0,
az <0, (50)
lai2a21| < |ai1a22],

the Slow-Fast version is unconditionally stable for ¢ — oo. If

<0,
{ au (51)

—a11a9 — 2a7; < a12a91 < ai11a22,

the Compound-Fast version is unconditionally stable for ¢ — oo.

Notice that the Compound-Fast method is more stable than the Slow-Fast method, because it does not
need that az < 0 and —aj1ape ~ 2a3; < a10a2; < a1jage is a weaker condition than |ai2a21| < |a11a92|.
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Proof First we prove that a;; < 0 is necessary for both methods. If the multirate factor ¢ — oo, it is
necessary that |y| < 1 in order to have y? — 0. This means that the Euler Backward method is stable for
the active part, which is the case if a;1 < 0.

Taking the limit ¢ — oo, it can be proved that pd 3 7, N ) SRt = _,7 £ and pd Y} 7~ l'y” - 0.
Thus it follows that the stability conditions in (43) and (44) have the same asymptotic behav1our for
q — oo:

1+0)1+99) +pd T{g 7 = 1+ 0+ pérls,
1—o0v¢ — 1, (52)
(1—0)(1—7‘7)—,062?Ol'yl—+1—a—p6ﬁ.

(1+0)A+99) —pd TigHE - 1) > 1+ 0+ péels,
B sl -y +1 -1, (53)
(1—0)(1—7")—/)62?017’ —1-0—-pitk;

This means that for ¢ = oo we have the following unconditional stability conditions

1+a+p5Tl—7>0 pd
 — 1. 54
{1—0—p5ﬁ>0. '1—7+0|< (54

Because of the definition of v, in (28) it follows that % —32 and we get
|- 22,4+ 0| < 1. (55)
a1

e Using (24) for the Slow-Fast method, condition (55) is equivalent to

a
1 - 22 H|

VasolPsp(H)| = |~ —p+o| = T apH]

<L

We use Lemma 3.5 to derive the following stability conditions

anp < 0
al2a21| < |a22|

an

The second condition is indeed equivalent to |a12a21| < |@11a22|. Thus we have proved that the Euler
Backward Slow-Fast multirate method using constant or linear interpolation is indeed unconditionally
stable for ¢ = oo if the conditions {50) hold.

o If we use (25) for the Compound-Fast method, condition (55) is equivalent to

1 — (423 +an1)H|

a11 1

|1~ (a11 + a20)H + (a11a22 — a12a21)H2|

a
Vaso|Per(H)| =] - a—3p+ al =

Again Lemma 3.5 gives us the following sufficient stability conditions

a1 +axp <0,
a1189 — a12091 > 0,

| #2928 + ay1] < {a11 + azel.
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The first two conditions are automatically fulfilled for a stable test equation. Because ai1 + a2 < 0, the
third condition is equivalent to

a12a91
a1 +ax < o +a11 < —a11 — a2. (56)
11

From the left inequality in (56) we can derive

1
— (a11a22 — a12a91) < 0. (57)
an

The other inequality in (56) gives
a12a91 > —ayiag — 2a3;. (58)
Using a11 < 0 and combining the inequalities (57) and (58) gives us
—anag — 2631 < a12a91 < anag. (59)

Thus we have proved that the Euler Backward Compound-Fast multirate method using constant or linear
interpolation is indeed unconditionally stable for ¢ — oo if the conditions (51) hold. i

3.4. Remarks

We have derived simplified sufficient stability conditions for the matrix A of the test equation (19) such
that both Euler Backward multirate schemes are stable. For the asymptotic analysis for H — 0 or ¢ = oo
it does not matter whether constant or linear interpolation is used. First we proved that both Euler
Backward multirate schemes are conditionally stable. We also proved that they are unconditionally stable
for ¢ = oo if

o the subsystems are sufficiently decoupled;
e both the active and slow parts of the system are stable and solvable for the Slow-Fast version;
e only the active part of the system is stable and solvable for the Compound-Fast version.

The first condition is is very natural, because strongly coupled subsystems will have the same activity,
which makes multirate not possible. The second conditions are not true for general partitions, which we
showed in subsection 1.4.

4. Stability analysis of multistep BDF multirate algorithms

Because BDF methods of higher order are multistep methods, the previous analysis is not valid anymore.
Therefore, this section deals in particular with the stability of the BDF multistep scheme for the Slow-Fast
and Compound-Fast multirate versions. First we will show that the dynamics really can be described by
the recurrence relation in (22). We only consider one type of interpolation of the latent part. Afterwards
we will do the same stability analysis as in the previous section.

4.1. Derivation of the recurrence relation
Before we will show that the BDF multirate methods really obey (22) we give the following definitions.
Definition 4.1 Introduce the vector-valued function e : N x R — R® with

T

e(s,w) = [l,w,...,ws_l] (60)
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and the Vandermonde matrix V € RE*XK with

o 1 i=j=1,
Y5 = (1 = 4)9~! otherwise.

15

(61)

LEMMA 4.2 Consider the Slow-Fast and the Compound-Fast versions of the BDF multirate scheme, both

with integration orders (K, k). Let z,,y, be defined as

2n Yn
: ERK, gy = € R:.
Zn—K+1 Yn—k+1

Then {z,} and {y,} are solutions of the following recurrence relation
()= (28) )
Yn TN Yn—1 ’
———
M

where, for the Slow-Fast version, R € REXk § ¢ REXK gre defined by

(62)

(65)

P _g& -vie
00" O
~ ~ H =
R:=p Lo, » 5= .. : ,pzai;;o ’JZPO"‘Z;H
0 0 1 0
and, for the Compound-Fast version,
—F& -y —5bs —_Fex
UOPO e C;)Po 0]:00 U 0(-)100 - 4o H
. P= o g B
R:= P . . 3 S:= . V5= Poman po(po—a11 H)
. : ~ pi—polair+az)H+(e11002—a12021)H?"
0 0 1 0

In both cases, N € RE*E T ¢ RF*K gre given by
N:= G+ Y, Gldbl R, T:=Y7-) G'db]_,8,

where G € R¥** and d € R are defined by
1

78 ... —:,f;—: L
1 0 - o
e — 5 — — h
G"' : ad_é : Y = ﬁo_paouh"s_ﬁoa_lzuh'
10 0

Here b; € RE is given by

Proof

(67)
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Analysis of the compound step Inboth the Slow-Fast and the Compound-Fast methods the latent variable
is first integrated. Using constant extrapolation of y,_1 for the Slow-Fast method we obtain the system

+ ..+ PR ZY-
po%n i PK*n-K a21Yn—1 + a222n. (69)

Because K > 1 we see that z, also depends on previous values of {2,}. From (69), it follows that z,
satisfies the next recurrence relation

zn = Ry, _; + 8zn1, (70)

where R, S are given in (64). For the Compound-Fast method, we get a recurrence relation for {y,} and

{z}:

n T T PK Yn— —_
{poy +...+pk K anyn+a122n, (71)

Znt... Zn~
po"‘—pr—K = a21yn + agzy.

Because {z,} satisfies

- polpo—Haz) _pn _ . _px
Zn (po—Haszz)(po— Hay1)—a12a21 H? Po Fn—1 " .- po “n-K
poHaz _pL _ __ Px
+ (po—Hazz)(po— Ha11)— 12021 H? Poy"_'l e Po Yn-K ),

the solution satisfies again (70) with different values for R, S in (65).

Analysis of the refinement step The active part is integrated on the time interval [T,—1,T,] with ¢ steps
h:

PoYn~1,4F -+ PrYn—1,5-k N
m - PYn-1] = 011Yn-1,j + 012%n—1;- (72)

The recurrence relation (72) is equivalent to

1 _ _ “
Un—14 = = (=P1Yn—1,j-1— -+ — PkYn—1,j—k + a12h2n_15). (73)

po — ai1h
For both methods z,_1,; is estimated for j € {1,...,q — 1} employing z,—k, ..., 2.

LEMMA 4.3 The interpolated value 2,_1; can be retrieved from the coarse latent vector z, by 2,1, =
b;lm where b; is given in (68).

Proof We can describe the numerical solution for z at the coarse grid by a truncated Taylor expansion
around T,

The vector z" € RX is the Nordsieck vector of length K:

d HK-—l dK—l n T
() -

z" = | 2™(T, —2z" ey ——
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Then we have

K i
2 z tn-1,5 — T i1 —Tn\1r
fuong = 1) = 3 F () = e, BRI 5

1.=
It is well-known that the Nordsieck vector z" € RX and the vector z, € RE are related by
Vz" = z,,

where V is the Vandermonde matrix which has been defined in Definition 4.1. Thus

th1; — T, j
bnry = e(K, 2TV g, = e(K,-fi )TV g,

because T, =tn_14 and H =gh and 2,1 ; = bg‘zn, where bj is given in (68). O

For the refinement we introduce the following vector € Rf

Yn-1,j
Yn-1,5 = : . (74)
Yn—1,j-k+1
In vector notation we get
Yo-1,; = G¥p-1,-1 +d2n-1;, (75)

where G, d are given in (67). For j € {1,...,q} we have

T
Yn-1 = G¥n-1,-1 + db; 2n (76)
= Gly, 10+ 2o G/ *db], 2.

Because the coarse and refined time-grids are synchronized, insert (70) into (76) for j = g, resulting in

Yn = y'n—l,q = qu'n—l,O + ZZ;%] Gq_l_kdbz:—‘-}—l (Ryn—l + Sz'n—l) (77)
= Nyn-l + Tzﬁ_l’

where N, T are given in (66). From (70) and (77) it indeed follows that {y,}, {zn} satisfy the recurrence
relation in (63). 0

4.2. Stability conditions

Because the matrix M € RIE+K)X(K+k) in (63) is a higher dimensional matrix if max{K, k} > 1, the stabil-
ity conditions in (45) do not hold. One possible approach is to derive more accurate stability conditions by
using the Routh-Hurwitz criterion, This becomes very tedious for higher orders and therefore we analyze
the following two-dimensional recurrence relation for {,} and {gn} instead

(3)=m (). )
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Here M € R?*? is properly chosen such that p(M) < p(M). Because S,Y are diagonalizable, there exist
V,V,A,A such that S = VAV~ Y = VAV™!; A, A diagonal. We introduce the number L > 0 with

L := max{cond(V),cond(V)} (79)
and the following matrices
:*s 'R, X~62Gdbq n Y=GY (80)
=0

Next we define the two-dimensional matrix M by

w [ p(8) Ligle®)IP|
M= L50(S) X1 p(¥) + L2138 [P[[XI10(S) ] (81)

It will appear that this two-dimensional matrix can be used to get simpler stability conditions for (63).

LEMMA 4.4 Consider the matrices M € REFRX(K+K) 4n (63) and M € R**? in (81). Then for the
spectral radii of M and M we have the relation

p(M) < p(B). (82)
Proof
Let P,X,Y be the matrices as defined in (80). There exist the following relations between the block
matrices of M

=pSP, N=Y+J§XR, T =4XS.

Thus the companion matrix M can be factorized as follows:

R RN R LR

After performing the following transformation

e[ fihe LT
=[ XVA A+p(5€’ 1V_1XVAPV]

it follows that p(M) = p(M). Because of the construction of M it immediately follows that for all n € N
IV < V. (84)

Thus it also follows that for all n [M"||= < ||M"||=. Using the properties

~ . A~ L _ -~
Tim N[ = (D), lim N7 ¥ = p(Nn) (85)
gives us that p(M) < p(M). Because M, M are similar we get the required identity. O

Now we are able to prove the following theorem.
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THEOREM 4.5 Consider the recurrence relation in (63) which describes the dynamical behaviour of the
Slow-Fast and Compound-Fast versions of the BDF multirate schemes for the stable test equation (19).
Then the schemes are stable for oall H,q if

(1+p(S)(1 + p(G9)) > —L?|6]1 PIlll X1,
p(8)p(G9) < 1+ L?|p]|| ||| X]l, (86)
(1-p(8))(1 = p(69) > L?|p4]|| PYl|| X]|-

Because of (66) this is the case if

(1+p(8) (1 +p(G) > L8| S~ Rl fZ, G'dby_l,
p(8)p(GY) <1+L2|p5|||5‘1RIIIIZq_ G’de ills (87)
(1 - p(S)(L = p(69) > L255|| S~ Rl =2 Glde 1||

Proof The methods are stable if p(M) < 1 for all H,q > 0 and stable matrices A. In Lemma 4.4 it is

shown that p(M) < 1 = p(M) < 1, where M € R2*2 is given in (81). Because M is a real two-dimensional
matrix the stability conditions in Lemma 3.2 can be used. It simply follows that

A 1+ tr(M) + det(M) > 0,
pM)<1& { det(M) < 1,
1 — tr(M) + det(M) > 0. i )
1+ p(S) + p(Y) + L2|[P[[IIX]| + p(S)(p(Y) + L?|53]p(S)|[P|||XI]) — L?|33]o(S)?||P||||X]| > O,
© ; p(S)(p(Y) + L2|8|o(S)|IP|IIXII) — L?|38|o(S)?|IP|||IX]| < 1,
1-p(8) = p(Y) — L2|38||[PIIX]| + p(S)(p(Y) + L2|35]p(S)IPIIIXI]) — L2|8]p(S)*[IP]lI|XI| > 0.
1+ p(S) + p(Y) + L?|8]|[P|lIIXI| + p(S)p(Y) > O,
& _ p(8)p(Y) < 1,
- p(S) = p(Y) — L?| 33| |IPIIX]| + p(S)p(Y) > 0.
(L+p(8))1 + p(Y)) > =L?| 30| [P [IIIX],
A p(S)p(Y) < 1+ L2| 30| [IP[IIIX]],
(1= p(8))A — p(Y)) > L?|ps||[P|[IX]]. (38)

After substituting the expressions in (80) for P,X,Y we obtain the sufficient stability conditions for
(86). The remainder of the theorem follows immediately. O

Notice that the stability conditions for the multistep case are very similar to the conditions for the

onestep case in (44). The first inequality in (86) is always fulfilled. Thus we have the following sufficient
stability conditions

{ p(S)p(GY) < 1, (89)
IBOlIPIIIX < £2(1 = p(8))(1 = p(GY)).

The following Lemma enables us to express the conditions for p(S), p(G?) in terms of &, 7.

LEMMA 4.6 For both companion matrices S, G of order p € {1,...,6} there ezist pp, v, € [0,1] with
pp + vp =1, such that for 5,% € [0,1]

p(S) S pp+ 16, p(G) < pp + 147. (90)

Proof Because both G and S are equal if K = k and & = 4, it is sufficient to prove (90) only for S. Figure
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Figure 1. The relationship between p(S) and px +vké&.

1 shows the relationship between p(S) and ux + vxd for p € {1,...,6} for the following values of pup, v,

It is clear that for all & € [0,1] it applies that p(S) < pp, + v,6.

sufficient stability conditions

4.3.

p

3 4 5

6

Po

12
13 O & I
2

]

il 12 6( 20

o (I+wvk(e-1)
B3PI < vk

Asymptotic stability conditions

HKp
Vp

~—

Qaaq -
IV v

0,
0.

00.10.23 0.41 0.65 0.88
10.90.77 0.59 0.35 0.12

(1 + Vk(’? - 1))(1 < 11
7)1~ (1 +we(y —1))9),

O

Notice that these bounds are only true if 5,5 > 0. By using these bounds, we get therefore the following

(91)

In the previous section we derived more compact stability conditions from (44) by means of asymptotic
analysis. This idea will be generalized to the BDF multirate methods of higher order. Since also the stability
conditions (86) are very complex, we will derive more compact stability conditions based on an asymptotic
analysis. First we will prove that the studied multirate schemes are always conditionally stable. Second we

also will give sufficient conditions for ¢ — oo such that the methods are stable for all H.

Conditional stability In this paragraph we will investigate the conditions for conditional stability which
can be retrieved by an asymptotic analysis for H — 0.
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THEOREM 4.7 If

A is stable,
a1 <0,
ags < 0,
lag1a12| < Claiiass|,

(92)

Vi Vi

where C = L_“I?M’ the Slow-Fast and Compound-Fast versions of the BDF multirate schemes applied
to the stable test equation (19) are conditionally stable for H — 0.

Proof Because A is a stable matrix, we have the following properties

tr(A) = a1 +axn <0, (93)
det(A) = a11az2 — a12az; > 0.
For H — 0 we have the following asymptotic expansions in H
G=1+%H, 1+ k(G —1) =1+ v %2 H,
y=1+ 2 H, (14w -1)7 =1+n%H,
pé = eutllh (1 _ (14 y(5 - 1))9) =~y R H.
For H — 0 it always holds that &,5 are positive numbers. Because ||P| = [Pyl and ||X]| =
| Z?;& Géelbg_l|| we get the following asymptotic stability conditions instead of (91).
1+VK“7}02H+1/;C%01H< 1, (94)
1a12|Hh
lenanalBh)1p || X|| < frvic %22 Hyp G H.
The first order conditions are
VK%H?‘Vk%:H < 01, (95)
lazia1a| ¢ [P ||||IX]| < £zvkvka11022-

If K = k, such that ';—’; = g—'g, the first stability condition is always fulfilled for a stable A. This first
condition is also fulfilled for a stable A if a;; < 0 and k < K, such that %ﬁ > ‘—’p%, orifay <0and k > K,
such that %‘;— < ‘;—’;.

The second stability condition is fulfilled if

QUK Vg
|a21a12| < C’a11a22 C= ——"-+—.
’ L2||P|||I X}
Because |az1a12| > 0 it is also necessary that ajjase > 0 which is the case if a1y, a0 < 0. O

Unconditional stability for ¢ — oo In this part we investigate the stability for ¢ = oo and H > 0. It
appears that the stability conditions in (89) can be simplified by using the limit values X, R.

LEMMA 4.8 For g — oo it applies that

1

X (I— G)_lele'{ = r‘éé{,
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and
R =pSP,

where P is egw!, with w’ = %e{ for the Slow-Fast method and w! = [f—;, ey 'Zf] for the Compound-
Fast method.

Proof For g — oo we have that

-1 00

1 q

X = 3 Y GHdbL ;) Glere] = (I1-G)Tere].
=0 =0

It can be derived that

1 1
I-G)leel = _ =
I=-G) eref 1+3(8+... +2)  1-%

because of the consistency condition gy + ... + px = 0. The other property follows from the definition of
P in (80). ]

Before we state the stability theorem we need the following Lemma.

LEMMA 4.9 For both companion matrices S, G of order p € {1,...,6} it applies that
0<a<1l=p(8) <1, 0<7<1=p(G)<l, 0<¥7<1=p(GI) <1

Proof The matrix S has the following characteristic equation

Wt (oW 4 ) =0,
0

which is equivalent to
Po,p p—1 —
gA +p1A +-.-+pp——'0.
Using the BDF-p method for the test equation ¢ = Ay gives us the characteristic polynomial
(po — hANP + p1 NP1 . 4 p, = 0.

It is well-known that for hA € R™ it holds that the numerical solution will be stable up to order p = 6. It
follows that p(S) < 1 if

Po
; > Po,

which is equivalent to
0<d<1=p(8)<1.
Because G =S if K =k and & = 4, it immediately follows that

0<7<1=p(G) <1
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Because 0 < <1< 0< 47 < 1 and p(G) < 1< p(GY < 1, it also holds that

0<¥7< 1= p(GH <1

THEOREM 4.10 If

A is stable,
a1 <0,
agsn < 0,
la21a12| < Dlaiiaos|,

where D =

test equation (19) are unconditionally stable for g — oo.

23

(96)

Eﬁ’ both the Slow-Fast and Compound-Fast BDF multirate schemes applied to the stable

Proof The stability conditions in (89) are only fulfilled for ¢ — oo if p(G) < 1, such that p(G?) — 0. Then

we get the following stability conditions

{ o p(G)<1,
(8) + L2l P IIX] < 1.
By using the Lemmas 4.6 and 4.9 it is possible to derive the following sufficient stability conditions
 Fep,
px +vkd + L?po||[P]|]IX]| < 1,
g>0.

The first condition is indeed fulfilled if a;; < 0. The second stability condition is equivalent to

N )
uK+uKa+L2||P|||:/|”_|1| <1
Because -51 = —312, we get
ai12
i+ vico + P2 < 1.
o For the Slow-Fast method this implies
a
i+ e PPl 2 <,
Po —anH |a11]
or
L2(P|lagy | H%2] 1 e PO
Pllazl - H22 < 1= i =g 20y
Using puxg = 1 — vi, we derive
a vgasH
PP oo - 22 < g — P2 — -

|a11]

pPo — 0.22.H Po — 0,22H.
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Because age < 0 we get

DIRoar| = B[22 < ~2KOEE,
a1 | Po
yielding
lazia12| < —Dvgasslaii| = Dlaiia2|,
where D = Because ax < 0 it also holds that & > 0. Thus indeed the Slow-Fast multirate method

L2IIPI|
is stable for ¢ — oo if the stability conditions (96) are satisfied.
e For the Compound-Fast method we obtain for (97)

po(po ~ an H) 2 agtH  |aig
pK + VK : + APl ———=
0% — polai1 + az)H + (a11822 — a12a01 ) H? po — a1 H |a]
or
anH  |ayg] polpo — a11H)
L?|P||| —=—— <1-—pug—vk .
I |||p0 a11H| la11] H P2 — polai + az2)H + (a11022 — a1za91 ) H?
Using pug =1 — vg, we get
2 1 a1 po(po—a11 H)
L ||P|||021| H alf < VK~ VK g Po(au+a220)1:;+(a11022—ama21)H2

_ Ux(poaggH det( )I{2
p3—po(a11+axn)H+{a11a22—0a12a:1 ) H??

or

det(A
vilailaz (o — po S H)

P2 — polai + az)H + (a11a22 — a12a01)H?

L*||P|||az1a1z2| < —

Because tr(A) = a1;+ag < 0 and det(A) = ajja22 —aj2021 > 0, we derive the following sufficient stability
condition

H
L2||P|||a21a12| < —I/K|(111|0.22(1 — det(A)).
poa22

If ago < 0 and det(A) > 0 it is immediately clear that

det(A) H) = |ap|(1 — det(A)

P0G22 P0a22

H) > |ag|. (98)
Thus the BDF Compound-Fast multirate method is indeed stable for ¢ — oo if the stability conditions in
(96) hold because then it holds that D|aj1a2| < —Dla11|age(1— det(A) gy ). Because ago < 0 it immediately

poa:
follows that & > 0 is always fulfilled. Thus also the Compound-Fasot ‘multirate method is stable for g — o0
if the stability conditions in (96) are satisfied. o
Because of the restriction p(G) < 1 it appears possible to reduce the stability conditions as follows.

LEMMA 4.11 For g — oo the matriz M in (63) is stable if

p(S(I+ 3 PX)) < 1. (99)
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Proof For ¢ — oo we have that

S R
M= (st an) '
For each eigenpair it holds that

3 Sx +Ry = Ax
0XSx + éXRy = Ay.

It results that
§XSx + 6X (Ax — Sx) = M6Xx = )y.
Thus we get for each eigenpair that y = §Xx. Hence we can reduce the eigenvalue problem to
Sx 4+ dRXx = (S 4+ §RX)x = Ax.

Clearly the method is stable for ¢ — oo if p(S + RX) < 1. Because of the property R = 5SP, this is
equivalent to

p(S(I + p6PX)) < 1.

4.4. Remarks

We have derived simplified sufficient stability conditions for the multirate BDF Slowest first methods
applied to the test equation (19). First we proved that both BDF multirate schemes are conditionally
stable. We also proved that both BDF multirate schemes applied to the stable test equation (19) are
stable for ¢ = oo if

e the subsystems are sufficiently decoupled;
o the active and slow parts of the system are stable and solvable.

5. Conclusions

Multirate methods are attractive for initial value problems for DAEs with latency or multirate behaviour.
We studied the Slow-Fast version of the BDF scheme because of stepsize control reasons. The BDF methods
are very suitable for the interpolation at the refined time-grid. We also studied the Compound-Fast version
which is more stable than the Slow-Fast method. For practical use of these methods it is very important
that the multirate schemes are stable. Local stability can be proved by a stability analysis on a linear
two-dimensional test equation. We also studied the stability of the Compound-Fast - and BDF Slow-Fast
multirate schemes applied to the stable test equation {19) if the multirate factor ¢ — oco. It is not clear yet
whether the stability conditions for ¢ — oo automatically imply the stability for a finite multirate factor
1 < g < 00. For both methods it is necessary that the subsystems are sufficiently decoupled and that the
active and slow parts of the system are stable and solvable. i

For a general partition the active part of a stable DAE or ODE is not automatically stable. For DAEs
also the solvability and index are not preserved for the active part.

The approach used in this paper can be extended to find also stability conditions for the multi-
dimensional test equation X = Ax in (17) or for the DAE test equations (16) and (18).



26 A. Verhoeven et al

References

[1] A.Bartel. Generalised Multirate: Two ROW-type Versions for Circuit Simulation MSc Thesis, TU Darmstadt & IWRMM Universitét
Karlsruhe, 2000.

[2] A. Bartel, M. Giinther. A multirate W-method for electrical networks in state-space formulation, J. of Comput. and Applied Maths.,
Vol. 147, pp. 411-425, 2002.

[3] C.W. Gear, D.R. Wells. Multirate linear multistep methods, BIT, 24, 484-502, 1984.

[4] G.R. G’omez. Absolute stability analysis of semi-implicit multirate linear multistep methods, PhD-thesis, Instituto Nacional de
Astrofisica, Optica y Electronica, Tonantzintla, Pue, Mexico, 2002.

[5] A. El Guennouni, A. Verhoeven, E.J.W. ter Maten, T.G.J. Beelen. Aspects of Muitirate Time Integration Methods in Circuit
Simulation Problems, In: A. Di Bucchianico, R.M.M. Mattheij, M.A. Peletier, ”Progress in Industrial Mathematics at ECMI 2004”,
pp 579-584, Springer, 2006.

[6] E. Hairer, S.P. Nersett, G. Wanner. Solving Ordinary Differential Equations I, nonstiff problems Springer, 1993.

[7] W. Hundsdorfer, V. Savcenco. Analysis of a multirate theta-method for stiff ODEs, to appear in APNUM, Report MAS-R0615,
CWI, Amsterdam, 2006.

[8] A. Kvaerng. Stability of multirate Runge-Kutta schemes, The tenth Int. Conf. on Diff. Equ., Plovdiv, Bulgaria, Aug. 1999.

[9] J. ter Maten, A. Verhoeven, A. El Guennouni, Th. Beelen. Multirate hierarchical time integration for electronic circuits, In: PAMM
(Proc. GAMM Annual Meeting 2005), Vol. 5, Issue ‘, pp. 819-820, 2005.

[10] R.M.M. Mattheij, J. Molenaar. Ordinary differential equations in theory and practice. SIAM, 2002.

[11] A. Prothero, A. Robinson. On the stability and accuracy of one-step methods for solving stiff systems of ordinary differential
equations, Math. of Comp., Vol.28, pp. 145-162, 1974.

[12] J. Sand, S. Skelboe. Stability of Backward Euler Multirate Methods and Convergence of Waveform Relazation, BIT, Vol.32, pp
350-366, 1992.

[13] V. Savcenco, W.H. Hundsdorfer, J.G. Verwer. A multirate time stepping strategy for parabolic PDE, Report MAS-E0516, CWI,
Amsterdam, 2005.

{14] S. Skelboe, P.U. Andersen. Stability properties of backward Euler multirate formulas, SIAM J. Sci. Stat. Comput., Vol.10-5, pp. 1000-
1009, 1989.

[15] M. Striebel, M. Giinther. A charge oriented mized multirate method for a special class of indez-1 network equations in chip design,
Applied Numerical Mathematics, Vol.53, pp. 489-507, 2005.

[16] A. Verhoeven. Automatic conirol for adaptive time stepping in electrical circuit simulation, MSc Thesis, Technische Universiteit
Eindhoven, Eindhoven, Technical Note TN-2004/00033, Philips Research Laboratories, Eindhoven, 2004.

[17] A. Verhoeven, A. El Guennouni, E.J.W. ter Maten, R.M.M. Mattheij. A general compound multirate method for circuit simulation
problems, In: A.M. Anile, G. Ali, G. Mascali: Scientific Computing in Flectrical Engineering, Series Mathematics in Industry, ECMI,
Vol. 9, pp. 143-150, 2006.

[18] A. Verhoeven, T.G.J. Beelen, A. El Guennouni, E.J.W. ter Maten, R.M.M. Mattheij, B. Tasi¢. Ervor analysis of BDF Compound-Fast
multirate method for differential-algebraic equations, Ext. abstract Copper Mountain, CASA-Report 06-10, 2006.

[19] J.K.White, A.Sangiovanni-Vincentelli. Relazation techniques for the simulation of VLSI circuits. Kluwer Academic Publishers, 1987.



	Voorblad

	Inhoudsopgave

	1. Introduction
	2. Stability analysis of multirate schemes
	3. Stability analysis of Euler Backward multirate algorithm
	4. Stability analysis of multistep
	5. Conclusions
	References

