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PROBLEMS AND SOLUTIONS 373 

Problem 61-10, The Expected Value of a Product, by L. A. SHEPP (Bell Telephone 
Laboratories). 

Let En be the expected value of the product XlX2XS ••• Xn , where Xl is chosen 
at random (with a uniform distribution) in (0, 1) and Xk is chosen at random 
(with a uniform distribution) in (Xk-l, 1), k = 2,3, ... , n. Show that 

limEn =!. 
n ..... oo e 

Solution by J . VAN Y ZEREN (Technische Hogeschool Eindhoven, N ether
lands). 

The random variates Xl , X2, Xs, ••• can be produced by 

Xi = 1 - UlU2Us ••• Ui 

where the u are independent choices from a uniform distribution. 
Consider the formal product 

(1) 
00 

II (1 + tUlU2US ••• Ui) 
i-I 

sum of all these expected values is 

Ij(n + 1) Ijn .! 1 
... _2-1 =-. 

1 - Ij(n + 1) 1 - Ijn 1 -"2 n! 

Hence, 

converges for m ~ co to et , for any value of t! Putting t = -1 gives the re
quired result. 

Solution by J. H. VAN LINT (Technological University, Eindhoven, Nether
lands). 

Let En (X) be the expected value of the product XlX2 ••• Xn , where Xl is chosen 
at random (with a uniform distribution) in (x, 1) and Xk is chosen at random 
(with a uniform distribution) in (Xk-l, 1), k = 2, 3, ... , n. 

The function En (x) can be expressed as a multiple integral: 

1 11 X En(x) = -1-- -1-1 - dXl 
- X '" - Xl 

(1) 

11 11 11 X2 .:1_ Xn-l d d 
--- UW2 ••• Xn-l Xn Xn • 

"'2 1 - X2 "'n-2 1 - Xn-l "'n-l 

1 + x 
We define Eo (x) = 1, El(x) = -2-. We then have for n = 1,2, ... the 

differential equation 
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(2) { (1 - x)En (x))' = - xEn_1 (x). 

We now prove the inequality 

(3) eX-I ~_ En(x) < x-I + 1 - x 
= e 2n ' 

For n = 0, the inequality is true. If the inequality is true for some value of 
n we find an inequality for En+! by applying (2). We find, 

x-I < E () < x-I _+- ~{! +! _! 2l < _1_ (1 _ ) + x-I e = n+1 X = e 2n 6 6 x 3 x f = 2n + 1 x e. 

By induction (3) is true for all n. A consequence of (3) is 

(4) lim En (x) = ex- I 

(If we take x = 0, we find the theorem that was to be proved). 
Also solved by L. L. CAMPBELL (Assumption University of Windsor, Ontario, 

Canada), W. D. FRYER (Cornell Aeronautical Laboratory), J. S. HICKS and 
R. F. WHEELING (Socony Mobil Oil Company), R. HINES (ARCON Corpora
tion), D. ROTHMAN (Electronic Specialty Company), A. VAN GELDER (Grum
man Aircraft Engineering Corporation), and the proposer. 

Problem 61-12, On a Least Square Approximation, by D. J. NEWMAN (Yeshiva 
University). 

F (x) is given in the interval [0, 1] such that I F(n) (x) I < M. P (x) is the 
(n - 1) st degree polynomial passing through the n points (aT' F (ar ) ) , 

(1' = 1, 2, ... , n). If l\ (aI, a2 , ... , an) is defined by the inequality 

I F(x) - P(x) I ~ l\(al, a2, ... ,an)M, 

show that over all selection of the a/s 

The solutions by W. FRASER (University of Toronto) and PIERRE ROBERT 
(Universite de Montreal) were virtually identical and is given below. 

It is a well known result that the error term in the approximation of F (x) 
by P(x) is 

for ° ~ ~ ~ 1, if ° ~ x ~ 1 and ° ~ ai ~ 1 for all i. (See Hildebrand: Intro
duction to Numerical Analysis, pp. 60-63.) Hence 
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