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Abstract 

Strength data obtained from uniaxial and biaxial bend 
tests on two alumina ceramics have been analysed by 
means of a weakest-link model with different mixed- 
mode .fracture criteria and crack shapes. Taking the 
data .from three- and four-point bend tests as a 
reference, strength predictions for the ball-on-ring and 
ring-on-ring biaxial tests were made, showing large 
differences in the predictions for the different fracture 
criteria. The best fitting models for the two aluminas 
cannot be interchanged, thus showing a marked 
difference in their shear stress sensitivity. Analysis 
shows that in general a combination of  tests with a 
varying degree of  stress multiaxiality is required to 
determine the best applicable mixed-mode .fracture 
criterion. 

Es wurden Festigkeitsdaten, die mit Hilfe uniaxialer 
und biaxialer Biegeversuche an zwei Aluminiumoxid- 
Keramiken gewonnen wurden, mittels eines Modells 

fiir schwiichste Verbindungsstellen analysiert, wobei 
verschiedene Bruchkriterien fiir iiberlagerte 
Belastungsmoden und verschiedene Riflgeometrien 
beriicksichtigt wurden. Die Daten aus den Drei- und 
Vier-Punkt-Biegeversuehen wurden als Bezugsquelle 
.gewiihlt, um Festigkeitsvorhersagen fiir den Kugel- 
auf-Ring-Biegeversuch und fiir den Ring-auf-Ring- 
Biegeversuch durchzufiihren. Es stellte sich hierbei 
heraus, daft grofle Unterschiede in der Vorhersage 
/~ir die verschiedenen Bruchkriterien existieren. 
Die besten Modelle J~ir die zwei Aluminium- 
oxid-Keramiken kGnnen nicht ausgetauscht werden, 
was den deutlichen Unterschied in ihrer Empfindlich- 
keit auf Seherspannungen widerspiegelt. Die Analyse 
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zeigt, daft im allgemeinen eine Kombination ver- 
schiedener Versuche mit einem variierenden Grad der 
Spannungs-Vielachsigkeit erforderlich ist, um das 
beste Bruchkriterium fiir iiberlagerte Belastungs- 
moden zu bestimmen. 

Des donnbes sur la rbsistance mbcanique obtenues gt 
partir d'essais uniaxiales et biaxiales de flexion sur 
deux cbramiques gl base d'alumine ont btb analysbes 
par rapport au modOle de rupture du maillon le plus 
faible avec diffbrents critbres de mode de fracture et 
diff~;rentes formes de fissures. En prenant les donnbes 
des tests de .flexion trois et quatre points comme 
rbj~rence, des prbdictions sur la rdsistance mdcanique 
pour les essais biaxiales bille sur anneau et anneau sur 
anneau ont bt~ faites, qui montrent de grandes 
diffbrences dans les prddictions pour les diffbrents 
critbres de.fracture. Les modHes le plus adaptd pour 
les deux alumines ne peuvent pas 6tre interchangb, car 
elles prbsentent une diffbrence marqube dans leurs 
contraintes de cisaillement. Les analyses montrent 
qu'en gOnbrale la combinaison de plusieurs tests avec 
un degrbs variable de contrainte multiaxiale est 
nbcessaire pour dbterminer le critOre de mode de 
.fracture le plus applicable. 

1 Introduction 

Failure probabili ty prediction for brittle ceramics in 
a multiaxial stress state has been addressed in the 
literature on a number of  occasions. Generally, an 
extended weakest-link model is applied in conjunc- 
tion with a suitable mixed-mode fracture crite- 
r ion.I-  3 This fracture criterion, indicating the start 
of  unstable crack growth, can be derived by applying 
linear elastic fracture mechanics (LEFM) to a plane 
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crack subjected to both normal and shear stresses. 
Several of these criteria have been proposed and 
applied to experimental results, which frequently 
consist of strength data obtained from uniaxial or 
biaxial flexure rests. 1'4-~ So far it has not been 
established whether a generally valid fracture 
criterion exists. It may well be possible that such a 
fracture criterion does not exist, due to large 
differences in microstructure and flaw populations 
encountered in ceramics. Apart from this it has also 
been argued that flexure tests may not provide 
sufficient information to determine whether a 
particular fracture criterion is valid, because simul- 
taneous positive and negative principal stresses are 
not sufficiently present.1 To the authors' knowledge 
explicit proof  for this statement has not been given 
in detail. In the present analysis experimental results 
for two types of alumina are considered, which have 
been reported earlier. 4 Several flexure tests were 
carried out on these materials to obtain uniaxial and 
biaxial strength data. The first objective of this paper 
is to indicate which fracture criterion is best suited 
for these materials. Once this has been established it 
will be discussed whether alternative tests can 
provide a better discrimination between the different 
fracture criteria considered. 

2 Modelling and Experimental Results 

The failure probability relation for surface defects 
can be formulated as 

[ (L ~m(S,°m~m 1 
P f = l - e x p  - ! (1) 

L \ m  // \Snom// _J 

fc ° ] - -  d A  ( 3 )  
= ° S . o m  

with m as the Weibull modulus, ( l /m!)= 
F[-1 + (l/m)], S.o m as a nominal or reference fracture 
stress, S.om as the mean nominal fracture stress, 
A u = 1 as a unit surface, S u as the unit strength, A as 
the surface of the component,  E(A) as the stress 
surface integral, C, as the contour of a circle with 
unit radius and o-eq as the equivalent fracture stress. 
The expressions given above are the result of 
combining the four-parameter notation introduced 
by Stanley e t  al. 8 and the fracture model proposed 
by Batdorf and coworkers. 2'3 Along the lines and 
formulae given in the Appendix, aoq can be 
determined from several available mixed-mode 

Table 1. Experimental results for two aluminas (Wesgo 997 
and NKA-ciP ) taken from Ref. 4 

Material A: Wesgo 
Weibull modulus m = 22"1 

Test A~.om (MPa) 

Material B: NKA 
Weibull modulus m = 8'0 

~.o., (MPa) 

3P20 288'9 371'2 
3P40 280'4 
4P40 263"8 298"8 
BOR 287-7 
ROR 229'8 263'7 

"~nom : Mean fracture stress from fit procedure; 3P20 = three- 
point bending with 20 mm support; 3P40 = three-point bending 
with 40mm support; 4P40=four -po in t  bending with 20mm 
span and 40 mm support; BOR -= ball-on-ring; ROR = ring-on- 
ring. 

fracture criteria. The fracture criteria considered in 
this paper are: 

- -PIA:  principal of independent action 8 
- -NSA:  normal stress averaging or mode I failure 
- -COP:  coplanar energy release rate 9 
- - G M A X :  maximum noncoplanar energy release 

rate~° 
- -RNC:  empirical criterion of Richard ~ 

As indicated by Thiemeier e t  al., 1 GMAX, COP and 
RNC can be applied to through-the-thickness (TTC) 
or penny-shaped cracks (PSC), while for RNC the 
parameter c~ has to be specified as well (see the 
Appendix). For numerical calculations use has been 
made of the finite element post-processor F A I L U R  
which incorporates the failure criteria mentioned. ~ 2 

The experimental results for the two materials 
considered have been given in a previous paper 4 and 
are summarized in Table 1. 

3 Analysis of Results for Three- and Four-point 
Bend Tests 

The results obtained for the three- and four-point 
bend tests can be used to determine the value for the 
yet unknown unit strength S u for the various models 
and materials. This value will then be used to predict 
the biaxial strength for ball-on-ring (BOR) and ring- 
on-ring (ROR), such that a comparison between 
predicted and measured values can be made to see 
which fracture criterion fits best. Using the post- 
processor F A I L U R  after a finite element analysis, S u 
can be determined for 3P20, 3P40 and 4P40 such that 
the predicted value ,~_ ~o~e~ for the mean fracture stress 
meets the measured values S.om" The results for the 
various materials, tests and models are given in 
Table 2. Ideally the value for S. should be 
independent of the test considered. The results in 
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Table 2. Calculated and averaged values for the unit strength Su (MPa) for materials A and B 
from the results of three- and four-point bend tests 

Model Material A: Wesgo Material B: NKA 

3P20 3P40 4P40 Mean 3P20 4P40 Mean 

PIA 
GMAX 
GMAX 
NSA 
COP 
COP 
RNC ~ = 1-0 

~=1-1 

315'9 3 1 2 - 1  322'2 316-7 512-9 5 2 5 " 3  519-1 
TTC 306"1 3 0 2 . 5  3 1 2 . 3  307.0 468"4 479.7 474.0 
PSC 314"2 3 1 0 " 4  3 2 0 . 5  315.0 483"3 494.9 489'1 

284.8 2 8 1 . 5  2 9 0 . 5  285.6 418.3 428.4 423.4 
TTC 291-1 287'6 2 9 6 - 9  291.9 436.2 446'7 441.5 
PSC 293'3 2 8 9 " 8  299.2 294.1 442'8 4 5 3 - 5  448.2 
TTC 298.7 295.2 3 0 4 . 7  299.5 455'3 466'3 460"8 
PSC 304.5 3 0 0 " 9  3 1 0 - 6  305.3 468.3 479.6 474.0 
TTC 302.8 299.2 3 0 8 . 9  303-6 464-8 4 7 6 " 0  470-4 
PSC 311'0 3 0 7 - 3  317.2 311.8 481.2 4 9 2 " 8  487.0 

Table 2 show small fluctuations for which some 
reasons can be given. Firstly, there are inevitable 
measurement errors which are of  an order of  
magnitude of  1 to 2%. 13 Secondly, there are errors 
caused by the finite element discretization. By 
studying the influence of  mesh refinement, it was 
concluded that these are of  an order of  magnitude of 
0-1%. Taking an average value for S~ from 3P20, 
3P40 and 4P40 for material A and from 3P20 and 
4P40 for material B it is seen that this average value 
deviates about 1 to 2% from the individual values 
given in Table 2. Because of  the experimental errors 
given above, these deviations are considered accept- 
able. These average values are listed in Table 2 
under the column heading Mean and will be used for 
further analysis. Note that taking the average value 
as the true value for S u strength predictions for the 
three- and four-point bend tests will deviate about 1 
to 2% from the measured values. 

Table 3. Errors e in the predicted values for the mean fracture 
stress for materials A and B from the results of biaxial bend tests 

Material A: Material B: 
Model Wesgo NKA 

BOR ROR ROR 

PIA - 4 6  + 7 0  - 2 ' 8  
GMAX TTC -24 '0  +71 -3 '1  
GMAX PSC -28.6 +9.9 -0.1 
NSA - 1 4  - 0 ' 3  -13"2 
COP TTC - 2 1 1  + 19 -9-6 
COP PSC -29.1 +2.6 -8 .3  
R N C ~ = I - 0  TTC -27.0 +4.5 -5 .7  

PSC -33.1 +6-5 -3.1 
= 1.1 TTC - 3 1 6  +6-0 - 3 8  

PSC -37.1 +8.8 -0 .5  

fracture mechanism, possibly due to a different 
microstructure. 4 

4 Biaxiai Strength Predictions and Model 
Verification 

Using the value for the unit strength S u given in 
Section 3 strength predictions -vred S,o m can be made for 
the biaxial tests carried out. The results of  the 
calculations are listed in Table 3, where the 
deviations from the measured values S, um are 
indicated by e: 

  rednom " S.om 
- S, om X 100% (4) 

Clearly for material A, Wesgo alumina, NSA yields 
the best prediction while for material B, N K A  
alumina, G M A X - P S C  and RNC-PSC with ~ = 1"1 
yield the best prediction. It is also obvious that the 
best fitting models for the two materials cannot  be 
interchanged, which indicates a strongly different 

5 Looking for Alternative Test Procedures for 
Model Discrimination 

It has been mentioned in the literature that flexure 
tests may not provide sufficient evidence to dis- 
criminate between various fracture criteria, while the 
Brazilian disk test or torsion tests might do so. 1 
From the results given in Section 4 it is obvious that 
this is not always true, because a clear distinction 
between some of  the models can be made. Especially 
for the ball-on-ring test some marked differences can 
be found. The reason for this is fairly simple: in the 
ball-on-ring test on the lower surface loaded in 
tension the central part below the ball is most 
relevant and there an equibiaxial stress state is found 
such that S 2 ~ $1 > 0. On the upper surface not only 
compressive stresses occur as elementary plate 
bending theory predicts, but near the edge of the 
Hertzian contact zone between ball and specimen 
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simultaneous compressive and tensile stresses occur, 
as mentioned by Woinowsky-Krieger. ~4 These 
stresses significantly contribute to the value of the 
stress surface integral. From the results in Table 3 it 
can be concluded the choice of fracture criterion has 
a strong influence on the predicted fracture stress, 
showing the sensitivity of the criteria for mixed 
tension and compression. The question may then be 
put forward whether tests in which a major part of 
the surface is loaded in mixed tension and com- 
pression should yield larger differences between the 
various fracture criteria. To discuss this problem in 
more general terms equations (2) and (3) are 
considered. Equation (3) can be reformulated to 

b) ] Z(A)=~- ~ -  . ~ dC. dA (5) 

where S 1 is the largest positive principal stress. Now 
consider a stress state in which the ratio 2 =  
$2/S~_< 1 is uniform, such that it does not vary 
within the specimen. Then eqn (5) can be rewritten 

, L ( = , )  - •(A)= I(2)~ ~ dA (6) 

1 (.e.)"dC. (7) I(2)=~- .\S,) 

For the various fracture criteria considered the value 
of/(),) will be different but it will only depend on 2, m 
and possibly Poisson's ratio v, as can readily be 
deduced from the relations given in Appendix. Note 
that pure torsion is given by 2 = - 1, uniaxial tension 
by ), = 0 and equibiaxial flexure by ), = + 1. To be 
able to compare predictions for various models the 
predicted value for PIA will be taken as an arbitrary 
but convenient reference. Then the ratio Rp of the 
predicted mean fracture stress ~ for a particular 
model and the predicted mean fracture stress SR for 
PIA can be derived using eqns (2), (6) and (7): 

$ S u [IR();)I 1/m 
Ro = s..  L ] (8) 

with S, as the unit strength for the model considered 
and S,R as the unit strength for PIA. Su and SuR can 
be related by requiring that all models predict the 
same value for uniaxial tension or 2 = 0 which occurs 
for three- and four-point bend tests with sufficiently 
slender specimens. From this condition it results that 

Su = [ I ( 2 : 0 ) - ]  '/m (9) 

SuR LI.(  = o)J 
and 

Rp = = L&(z  = O) / (D  ] (1o) 

1.10 

1.00 

Rp 0.90 

t O.P,O 

0.70 

0.60 

0.50 

/f ~.~rJ \ N ,, 

/ j /j ,; r; N\ 

-- 

-3 - 2  - 1 0 

Fig. I. The  ra t io  Rp as a func t ion  o f  2 for  a Weibul l  modu lus  m 
o f  8 and  t h rough- the - th i cknes s  c racks  (TTC). - - ,  NSA;  

- - - - - - ,  C O P ;  . . . .  , G M A X ;  . . . . . . .  , R N C  (~ = 1'0). 

With the equations in the Appendix it is easily found 
that 

IR(2) = (1 + 2m) l/m if 2 > 0 

/,(2) = 1 if 2 < 0 (11) 

Without finite element analysis Rp can easily be 
evaluated for the various models by numerical 
integration using the equations given in the Ap- 
pendix. As an example Figs 1 and 2 give Rp for 
GMAX, NSA, COP and RNC with TTC for Weibull 
moduli of 8 and 22.1. From these figures some 
conclusions can be drawn. The predicted values for 
ROR given in Section 4 can be obtained directly 
from these figures as the ratio Rp for the various 
predictions agrees closely to the values in Figs l and 
2 for 2 ,~ 0"9. This was to be expected from the 
beginning as ROR is, to a good approximation, 
uniformly equibiaxial. Furthermore, it turns out 
that the predictions for BOR for material A, Wesgo 
alumina, can be retrieved from Fig. 2 for a value of 
2 ~ -1-7. This value for 2 can be seen as a kind of 
effective principal stress ratio for the test considered, 
which does not match the value of 1, which could be 
expected using elementary plate-bending theory. 
This supports the remarks made at the beginning of 
this section with respect to the importance of the 

1.10 

R p  

t 

1.00 

0.90 

0.80 

0,70 

0.60 

0 . 5 0  i 

- 3  - 2  
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/ . - /  
/ J /  

.$2"" 

i 

- 1  O 

----~A 
Fig. 2. The  ra t io  Rp as a func t ion  o f ) ,  for  a Weibul l  m o d u l u s  m 
o f  22-1 and  t h rough - t he - t h i cknes s  c racks  (TTC). - - - ,  N S A ;  

• C O P ;  . . . . .  , G M A X ;  . . . . . . .  , R N C  (ct--- 1.0). 
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1.00 

R 090 

t 

0 8 0  

0 . 7 0  I 
5 10  

/ /  

i I 

15 2 0  2 5  

.-~-m 

Fig. 3. The ratio R D as a function of the Weibull modulus m for 
;~ = -  1 and through-the-thickness cracks (TTC). - - - ,  NSA; 

, COP; . . . . .  , GMAX; . . . . .  , RNC (~t = 1.0). 

occurrence of  mixed tension and compression in the 
ball-on-ring test. Now, other tests could be con- 
sidered as well. In pure torsion 2 = -  1 and large 
differences between various fracture criteria might 
be expected. This turns out to be only partially true. 
Figures 3 and 4 show that the following remarks can 
be made: 

- - I n  general it will be difficult to discriminate 
between G M A X  and R N C  (~t = 1-0) using the 
results from a test with an experimental 
accuracy of  1-2%. 

- - F o r  - 3 < 2 < - 1  it should be possible to 
discriminate between PIA and NSA on the one 
hand and COP, G M A X  and R N C  on the other. 

These and similar conclusions in the case of  penny- 
shaped cracks lead to the conclusion that alternative 
tests for flexure tests are not necessarily providing 
additional information and therefore have to be 
considered with caution. Ideally a combination of  
several tests with 2 varying from negative to + 1 
should be used to decide whether a particular failure 
model can be applied. A combinat ion of  uniaxial 
(three- or four-point test) and biaxial (ring-on-ring 
and ball-on-ring test) results might provide a 
suitable start. 

1.10 

~ p  1 .00  

t 

0 . 9 0  

0 . 8 0  I I 

5 10  15 2 0  2 5  

- . ~ m  

Fig. 4. T h e  r a t i o  R o as  a f u n c t i o n  o f  the  W e i b u l l  m o d u l u s  m fo r  
). = + 1 a n d  t h r o u g h - t h e - t h i c k n e s s  c r a c k s  (TTC) .  - - . ,  N S A ;  

, C O P ;  - - ,  G M A X ;  . . . . .  , R N C  (~ = 1.0). 

6 Concluding Remarks 

Strength data obtained from uniaxial and biaxial 
bend tests on two alumina ceramics have been 
analysed by means of  a weakest-link model with 
different mixed-mode fracture criteria and crack 
shapes. Taking the data from three- and four-point 
bend tests as a reference, the model parameters could 
be determined with a deviation on average matching 
the experimental accuracy. Using these data, 
strength predictions for the ball-on-ring and ring- 
on-ring biaxial tests were made showing large 
differences in the predictions for the different 
fracture criteria. The best fitting models for the two 
aluminas cannot be interchanged, thus showing a 
marked difference in their shear stress sensitivity. 
The origin of  this shear stress sensitivity is possibly 
due to their different microstructure. An analysis for 
homogeneous ly  stresses components  has been 
presented to discuss whether alternative test proce- 
dures could yield a better starting point for model 
discrimination. The conclusion is that, even in the 
case of  mixed tension and compression, differences 
in the strength predictions for some of the fracture 
criteria are not large enough with respect to 
experimental errors. Therefore a combination of  test 
results, e.g. a combination of  uniaxial, biaxial with 
mixed tension and compression and biaxial with 
tension only, is required to determine which mixed- 
mode fracture criterion can best be applied. In some 
cases in metals engineering such an approach is also 
required, because simply applying the von Mises 
equivalent stress does not yield reliable results. It is 
the authors'  belief that such a characterization will 
also be indispensable to validate strength and 
survival probability predictions for multiaxially 
loaded ceramics. 
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Appendix 

Expressions for o~q for the Various Fracture 
Criteria 
Cons ider  a mater ia l  po in t  on  the surface o f  a 
c o m p o n e n t  with a stress state charac ter ized  by  the 
two principal  stresses S~ > $2 whose  rat io  is given by 
2 = S 2 / S r  Now,  in any  case, troq = 0 ifS~ < 0. A plane 

crack ,  whose  o r i e n t a t i o n  wi th  respec t  to  the  
coord ina te  system o f  the pr incipal  stresses is given 
by  the angle ~b, is subjected to a no rma l  stress tr, and 
a shear  stress z given by  

a. = SI [cos  2 ~ + 2 sin 2 (p] (A1) 

T2 = $2(1 _ ~,)2 sin 2 q~ COS 2 ~ (A2) 

Fo l lowing  the lines and  fo rmulae  given by Thiemeier  
et al. x an express ion for  o-eq for  the var ious f rac ture  
cri teria used can be given in terms o f  o-,, z and 2. 

NSA: Normal stress averaging or mode I failure 
ae. = a .H(o ' . )  

with 

H(x)  = 1 if x > 0 
= 0 o therwise  

COP: Coplanar energy release rate 

F o r  th rough- the- th ickness  cracks  (TTC) p = 1, while 
for  penny- shaped  cracks  (PSC) / t  = 2 / ( 2 -  v). 

GMAX: Maximum non-coplanar energy release 
rate 

4 4 
= + 6 2a r 2 +  4r4H( .) 

F o r  th rough- the- th ickness  cracks  (TTC) # = 1, while 
for  penny-shaped  cracks (PSC)/~ = 2 / ( 2 -  v). 

RNC: Empirical criterium of Richard 

o'~q = ½[0". + x/o' .  2 + 4,u2~z 2 ]H(o' . )  

F o r  th rough- the- th ickness  cracks  (TTC)/~ = 1, while 
for  penny- shaped  cracks (PSC)/~ = 2 / ( 2 -  v). ~ is a 
user specified paramete r .  

PIA: Principal of independent action 

ooq = s1(1 + 

with ( x )  = x if  x > 0 
= 0 otherwise  


