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Abstract

Strength data obtained from uniaxial and biaxial bend
1ests on two alumina ceramics have been analysed by
means of a weakest-link model with different mixed-
mode fracture criteria and crack shapes. Taking the
data from three- and four-point bend tests as a
reference, strength predictions for the ball-on-ring and
ring-on-ring biaxial tests were made, showing large
differences in the predictions for the different fracture
criteria. The best fitting models for the two aluminas
cannot be interchanged, thus showing a marked
difference in their shear stress sensitivity. Analysis
shows that in general a combination of tests with a
varying degree of stress multiaxiality is required to
determine the best applicable mixed-mode fracture
criterion.

Es wurden Festigkeitsdaten, die mit Hilfe uniaxialer
und biaxialer Biegeversuche an zwei Aluminiumoxid-
Keramiken gewonnen wurden, mittels eines Modells
fiir schwiichste Verbindungsstellen analysiert, wobel
verschiedene  Bruchkriterien  fiir  iiberlagerte
Belastungsmoden und verschiedene Rifigeometrien
herticksichtigt wurden. Die Daten aus den Drei- und
Vier- Punkt-Biegeversuchen wurden als Bezugsquelle
gewdhlt, um Festigkeitsvorhersagen fiir den Kugel-
auf-Ring-Biegeversuch und fiir den Ring-auf-Ring-
Biegeversuch durchzufiihren. Es stellte sich hierbei
heraus, dafp grofe Unterschiede in der Vorhersage
fiir die verschiedenen Bruchkriterien existieren.
Die besten Modelle fiir die zwei Aluminium-
oxid-Keramiken kénnen nicht ausgetauscht werden,
was den deutlichen Unterschied in ihrer Empfindlich-
keit auf Scherspannungen widerspiegelt. Die Analyse
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zeigt, daf8 im allgemeinen eine Kombination ver-
schiedener Versuche mit einem variierenden Grad der
Spannungs-Vielachsigkeit erforderlich ist, um das
beste Bruchkriterium fiir iiberlagerte Belastungs-
moden zu bestimmen.

Des données sur la résistance mécanique obtenues a
partir d’essais uniaxiales et biaxiales de flexion sur
deux céramiques a base d’alumine ont été analysées
par rapport au modeéle de rupture du maillon le plus

faible avec différents critéres de mode de fracture et

différentes formes de fissures. En prenant les données
des tests de flexion trois et quatre points comme
référence, des prédictions sur la résistance mécanique
pour les essais biaxiales bille sur anneau et anneau sur
anneau ont été faites, qui montrent de grandes
différences dans les prédictions pour les différents
critéres de fracture. Les modeéles le plus adapté pour
les deux alumines ne peuvent pas étre interchangé, car
elles présentent une différence marquée dans leurs
contraintes de cisaillement. Les analyses montrent
qu'en générale la combinaison de plusieurs tests avec
un degrés variable de contrainte multiaxiale est
nécessaire pour déterminer le critére de mode de

fracture le plus applicable.

1 Introduction

Failure probability prediction for brittle ceramics in
a multiaxial stress state has been addressed in the
literature on a number of occasions. Generally, an
extended weakest-link model is applied in conjunc-
tion with a suitable mixed-mode fracture crite-
rion.! 73 This fracture criterion, indicating the start
of unstable crack growth, can be derived by applying
linear elastic fracture mechanics (LEFM) to a plane
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crack subjected to both normal and shear stresses.
Several of these criteria have been proposed and
applied to experimental results, which frequently
consist of strength data obtained from uniaxial or
biaxial flexure rests.!*~7 So far it has not been
established whether a generally valid fracture
criterion exists. It may well be possible that such a
fracture criterion does not exist, due to large
differences in microstructure and flaw populations
encountered in ceramics. Apart from this it has also
been argued that flexure tests may not provide
sufficient information to determine whether a
particular fracture criterion is valid, because simul-
taneous positive and negative principal stresses are
not sufficiently present.! To the authors’ knowledge
explicit proof for this statement has not been given
in detail. In the present analysis experimental results
for two types of alumina are considered, which have
been reported earlier.* Several flexure tests were
carried out on these materials to obtain uniaxial and
biaxial strength data. The first objective of this paper
1s to indicate which fracture criterion is best suited
for these materials. Once this has been established it
will be discussed whether alternative tests can
provide a better discrimination between the different
fracture criteria considered.

2 Modelling and Experimental Results

The failure probability relation for surface defects
can be formulated as

1 \"/S \m
pei-on| () (5= o
_ Au 1/m
S=S“<A2(A)> @

1 1 Oeq \"
=g )G e e o

with m as the Weibull modulus, (1/m!)=
I'[1+(1/m)], S,om @s a nominal or reference fracture
stress, S,,, as the mean nominal fracture stress,
A, =1 as a unit surface, S, as the unit strength, 4 as
the surface of the component, £(A) as the stress
surface integral, C, as the contour of a circle with
unit radius and o, as the equivalent fracture stress.
The expressions given above are the result of
combining the four-parameter notation introduced
by Stanley et al.® and the fracture model proposed
by Batdorf and coworkers.>* Along the lines and
formufae given in the Appendix, o, can be
determined from several available mixed-mode

Table 1. Experimental results for two aluminas (Wesgo 997
and NKA-cip) taken from Ref. 4

Material B: NKA
Weibull modulus m =80

Material A: Wesgo
Weibull modulus m=22-1

Test Som (MPa) S om (MPa)
3P20 2889 3712
3P40 2804
4P40 263-8 2988
BOR 2877
ROR 229-8 2637

Spom = Mean fracture stress from fit proeedure; 3P20 = three-
point bending with 20 mm support; 3P40 = three-point bending
with 40mm support; 4P40 = four-point bending with 20 mm
span and 40 mm support; BOR = ball-on-ring; ROR = ring-on-
ring.

fracture criteria. The fracture criteria considered in
this paper are:

—PIA: principal of independent action®

—NSA: normal stress averaging or mode I failure

—COP: coplanar energy release rate®

—GMAX: maximum noncoplanar energy release
rate'®

—RNC: empirical criterion of Richard!!

As indicated by Thiemeier ez al.,' GMAX, COP and
RNC can be applied to through-the-thickness (TTC)
or penny-shaped cracks (PSC), while for RNC the
parameter o has to be specified as well (see the
Appendix). For numerical calculations use has been
made of the finite element post-processor FAILUR
which incorporates the failure criteria mentioned.'?

The experimental results for the two materials
considered have been given in a previous paper* and
are summarized in Table 1.

3 Analysis of Results for Three- and Four-point
Bend Tests

The results obtained for the three- and four-point
bend tests can be used to determine the value for the
yet unknown unit strength S, for the various models
and materials. This value will then be used to predict
the biaxial strength for ball-on-ring (BOR) and ring-
on-ring (ROR), such that a comparison between
predicted and measured values can be made to see
which fracture criterion fits best. Using the post-
processor FAILUR after a finite element analysis, S,

. can be determined for 3P20, 3P40 and 4P40 such that

the predicted value 5P for the mean fracture stress
meets the measured values S, The results for the
various materials, tests and models are given in
Table 2. Ideally the value for S, should be
independent of the test considered. The results in
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Table 2. Calculated and averaged values for the unit strength S, (MPa) for materials A and B
from the results of three- and four-point bend tests

Model Material A: Wesgo Material B: NKA
3P20 3P40 4P40 Mean 3P20 4P40 Mean
PIA 3159 312-1 3222 3167 5129 5253 519-1
GMAX TTC 3061 3025 3123 3070 4684 4797 4740
GMAX PSC 3142 3104 3205 3150 4833 4949 4891
NSA 284-8 2815 2905 2856 4183 4284 4234
COP TTC 291-1 2876 2969 2919 4362 4467 4415
COP PSC 2933 2898 2992 2941 442:8 4535 4482
RNCa=10 TTC 2987 2952 304-7 299-5 4553 4663 460-8
PSC 3045 3009 3106 305-3 4683 479-6 474-0
a=11 TTC 3028 2992 3089 3036 4648 4760 4704
PSC 3110 3073 3172 3118 4812 4928 4870

Table 2 show small fluctuations for which some
reasons can be given. Firstly, there are inevitable
measurement errors which are of an order of
magnitude of 1 to 2%."? Secondly, there are errors
caused by the finite element discretization. By
studying the influence of mesh refinement, it was
concluded that these are of an order of magnitude of
0-1%. Taking an average value for S, from 3P20,
3P40 and 4P40 for material A and from 3P20 and
4P40 for material B it is seen that this average value
deviates about 1 to 2% from the individual values
given in Table 2. Because of the experimental errors
given above, these deviations are considered accept-
able. These average values are listed in Table 2
under the column heading Mean and will be used for
further analysis. Note that taking the average value
as the true value for S, strength predictions for the
three- and four-point bend tests will deviate about 1
to 2% from the measured values.

4 Biaxial Strength Predictions and Model
Verification

Using the value for the unit strength S, given in
Section 3 strength predictions SP*¢¢ can be made for

the biaxial tests carried out. The results of the
calculations are listed in Table 3, where the

deviations from the measured values S, are
indicated by ¢:
Cpred _ g
£ = I‘l()l'l’:§ nom X 100% (4)

nom

Clearly for material A, Wesgo alumina, NSA yields
the best prediction while for material B, NKA
alumina, GMAX-PSC and RNC-PSC with a =1-1
yield the best prediction. It is also obvious that the
best fitting models for the two materials cannot be
interchanged, which indicates a strongly different

Table 3. Errors ¢ in the predicted values for the mean fracture
stress for materials A and B from the results of biaxial bend tests

Material A: Material B:
Model Wesgo NKA
BOR ROR ROR
PIA —46 +70 —-2:8
GMAX TTC -240 +71 —-31
GMAX PSC —286 +99 —-01
NSA —14 —-03 —~132
COP TTC -21-1 +19 —-96
CcOP PSC —-29-1 +2:6 ~83
RNCx2=10 TTC -270 +45 -57
PSC —331 +65 -31
a=11 TTC -316 +60 —-38
PSC —-371 +88 -05

fracture mechanism, possibly due to a different
microstructure.*

5 Looking for Alternative Test Procedures for
Model Discrimination

It has been mentioned in the literature that flexure
tests may not provide sufficient evidence to dis-
criminate between various fracture criteria, while the
Brazilian disk test or torsion tests might do so.!
From the results given in Section 4 it is obvious that
this is not always true, because a clear distinction
between some of the models can be made. Especially
for the ball-on-ring test some marked differences can
be found. The reason for this is fairly simple: in the
ball-on-ring test on the lower surface loaded in
tension the central part below the ball is most
relevant and there an equibiaxial stress state is found
such that S, ~ S, > 0. On the upper surface not only
compressive stresses occur as elementary plate
bending theory predicts, but near the edge of the
Hertzian contact zone between ball and specimen
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simultaneous compressive and tensile stresses occur,
as mentioned by Woinowsky-Krieger.!* These
stresses significantly contribute to the value of the
stress surface integral. From the results in Table 3 it
can be concluded the choice of fracture criterion has
a strong influence on the predicted fracture stress,
showing the sensitivity of the criteria for mixed
tension and compression. The question may then be
put forward whether tests in which a major part of
the surface is loaded in mixed tension and com-
pression should yield larger differences between the
various fracture criteria. To discuss this problem in
more general terms equations (2) and (3) are
considered. Equation (3) can be reformulated to

L (BT L (e
z:(14)__2.[‘A<Snom) [27'5 jcu<S1> dcu:l a4 (5)

where S, is the largest positive principal stress. Now
consider a stress state in which the ratio A=
S,/S,; <1 is uniform, such that it does not vary
within the specimen. Then eqn (5) can be rewritten

A= I(A)—;L (L—gl—y d4 (6)
1 Teq N
I(/{)=—2;J u<51> dC, (7)

For the various fracture criteria considered the value
of I(A) will be different but it will only depend on 4, m
and possibly Poisson’s ratio v, as can readily be
deduced from the relations given in Appendix. Note
that pure torsion is given by A= — 1, uniaxial tension
by /=0 and equibiaxial flexure by 2= +1. To be
able to compare predictions for various models the
predicted value for PIA will be taken as an arbitrary
but convenient reference. Then the ratio R, of the
predicted mean fracture stress S for a particular
model and the predicted mean fracture stress Sy for
PIA can be derived using eqns (2), (6) and (7):

*T S Swl 1)

with S, as the unit strength for the model considered
and S, as the unit strength for PIA. S, and Sz can
be related by requiring that all models predict the
same value for uniaxial tension or A = 0 which occurs
for three- and four-point bend tests with sufficiently
slender specimens. From this condition it results that

S, [10=0) T
Sur ‘[1R<A=0>] ©

5 [IG=0) L]
reg=|ezoia) 1o

and
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Fig. 1. The ratio R as a function of 4 for a Weibull modulus m
of 8 and through-the-thickness cracks (TTC). ——, NSA;
———, COP; ————, GMAX; - — ~-— , RNC (o= 1-0).

With the equations in the Appendix it is easily found
that

L) =1+ iMmif 1>0

L) =1 if A<0 (11)

Without finite element analysis R, can easily be
evaluated for the various models by numerical
integration using the equations given in the Ap-
pendix. As an example Figs 1 and 2 give R, for
GMAX, NSA, COP and RNC with TTC for Weibull
moduli of 8 and 22-1. From these figures some
conclusions can be drawn. The predicted values for
ROR given in Section 4 can be obtained directly
from these figures as the ratio R, for the various
predictions agrees closely to the values in Figs 1 and
2 for A=~ 09. This was to be expected from the
beginning as ROR is, to a good approximation,
uniformly equibiaxial. Furthermore, it turns out
that the predictions for BOR for material A, Wesgo
alumina, can be retrieved from Fig. 2 for a value of
A~ —1-7. This value for 4 can be seen as a kind of
effective principal stress ratio for the test considered,
which does not match the value of 1, which could be
expected using elementary plate-bending theory.
This supports the remarks made at the beginning of
this section with respect to the importance of the
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Fig. 2. The ratio R, as a function of 4 for a Weibull modulus m
of 22:1 and through-the-thickness cracks (TTC). —, NSA;
———, COP; ———— GMAX; —-——-— , RNC (2= 1-0).
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Fig. 3. The ratio R, as a function of the Weibull modulus m for
4= —1 and through-the-thickness cracks (TTC). ——, NSA;
———, COP; ————, GMAX; - -~ — , RNC (2 =1-0).

occurrence of mixed tension and compression in the
ball-on-ring test. Now, other tests could be con-
sidered as well. In pure torsion A= —1 and large
differences between various fracture criteria might
be expected. This turns out to be only partially true.
Figures 3 and 4 show that the following remarks can
be made:

—In general it will be difficult to discriminate
between GMAX and RNC (x=1-0) using the
results from a test with an experimental
accuracy of 1-2%.

—For —3</<—1 it should be possible to
discriminate between PIA and NSA on the one
hand and COP, GMAX and RNC on the other.

These and similar conclusions in the case of penny-
shaped cracks lead to the conclusion that alternative
tests for flexure tests are not necessarily providing
additional information and therefore have to be
considered with caution. Ideally a combination of
several tests with A varying from negative to +1
should be used to decide whether a particular failure
model can be applied. A combination of uniaxial
(three- or four-point test) and biaxial (ring-on-ring
and ball-on-ring test) results might provide a
suitable start.

1.10 r
R. 100
Tp
090 FiTr—emee
080 ) ' l
5 10 15 20 25

Fig. 4. The ratio R, as a function of the Weibull modulus m for
4=+1 and through-the-thickness cracks (TTC). , NSA;
———, COP; ——— -, GMAX; — ——~ RNC (2= 1-0).

6 Concluding Remarks

Strength data obtained from uniaxial and biaxial
bend tests on two alumina ceramics have been
analysed by means of a weakest-link model with
different mixed-mode fracture criteria and crack
shapes. Taking the data from three- and four-point
bend tests as a reference, the model parameters could
be determined with a deviation on average matching
the experimental accuracy. Using these data,
strength predictions for the ball-on-ring and ring-
on-ring biaxial tests were made showing large
differences in the predictions for the different
fracture criteria. The best fitting models for the two
aluminas cannot be interchanged, thus showing a
marked difference in their shear stress sensitivity.
The origin of this shear stress sensitivity is possibly
due to their different microstructure. An analysis for
homogeneously stresses components has been
presented to discuss whether alternative test proce-
dures could yield a better starting point for model
discrimination. The conclusion is that, even in the
case of mixed tension and compression, differences
in the strength predictions for some of the fracture
criteria are not large enough with respect to
experimental errors. Therefore a combination of test
results, e.g. a combination of uniaxial, biaxial with
mixed tension and compression and biaxial with
tension only, is required to determine which mixed-
mode fracture criterion can best be applied. In some
cases in metals engineering such an approach is also
required, because simply applying the von Mises
equivalent stress does not yield reliable results. It is
the authors’ belief that such a characterization will
also be indispensable to validate strength and
survival probability predictions for multiaxially
loaded ceramics.
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Appendix

Expressions for a,, for the Various Fracture
Criteria

Consider a material point on the surface of a
component with a stress state characterized by the
two principal stresses S; > S, whose ratio is given by
4=385,/8,.Now,inany case, g, =0if §; <0. A plane

crack, whose orientation with respect to the
coordinate system of the principal stresses is given
by the angle ¢, is subjected to a normal stress ¢, and
a shear stress t given by

0, = S;[cos? ¢ + Asin? @] (A1)
% = S3(1 — 2)?sin2 ¢ cos? ¢ (A2)

Following the lines and formulae given by Thiemeier
et al.' an expression for g, for the various fracture
criteria used can be given in terms of ¢,, T and A.

NSA: Normal stress averaging or mode I failure
O-EQ = O-IIH(G”)
with
H(x)=1if x>0
= 0 otherwise

COP: Coplanar energy release rate

Oeq =~/ 07 + u*1* H(a,)
For through-the-thickness cracks (TTC) u = 1, while
for penny-shaped cracks (PSC) u=2/2—v).

GMAX: Maximum non-coplanar energy release
rate

Ooq=1%/0% +612021% + y*t*H(o,)
For through-the-thickness cracks (TTC) u= 1, while
for penny-shaped cracks (PSC) p=2/(2—v).

RNC: Empirical criterium of Richard

Ocq =3[04 + \/0h + 4p’ac® 1H(o,)

For through-the-thickness cracks (TTC) u = 1, while
for penny-shaped cracks (PSC) u=2/2—v). ais a
user specified parameter.

PIA: Principal of independent action

Oeq =Sy (1 + D™

with (x> =xif x>0
= 0 otherwise



