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Abstract

Let G be a connected Lie group with Lie algebra g and ay,...,aqs
an algebraic basis of g. Further let A; denote the generators of left
translations, acting on the L,-spaces L,(G; dg) formed with left Haar
measure dg, in the directions a;. We consider second-order operators

4 d’
H=-3 AicijA;j+Y (At Aid) +ol

1,7=1 =1

corresponding to a quadratic form with complex coefficients ¢;;, ¢;, ¢,
co € L. The principal coefficients ¢;; are assumed to be Holder con-
tinuous and the matrix C' = (c;;) is assumed to satisfy the subellipticity
condition

RC =27 (C+C) 2 pl>0

uniformly over G.

We discuss the hierarchy relating smoothness properties of the
coeflicients of H with smoothness of the kernel. Moreover, we establish
Gaussian type bounds for the kernel and its derivatives.

Similar theorems are proved for operators

d d!
H=-3 cjAiAi+) cli+ol

1,7=1 =1

in nondivergence form for which the principal coefficients are at least
once differentiable.



1 Introduction

Subelliptic operators on a Lie group G generate semigroups whose action is determined
by an integral kernel. The smoothness properties of the kernel as a function over G' x
G are related to the smoothness of the coefficients of the operator as functions over G.
For example, in [EIR5] we proved that for subelliptic operators in divergence form with
uniformly continuous coefficients the semigroup kernel is Holder continuous of any order
v € (0,1) jointly in each variable, i.e., there is an improvement of almost one degree of
differentiability. Moreover, we established that the kernel and its Holder derivatives satisfy
Gaussian bounds with respect to the subelliptic gecometry. Our aim is to establish that these
results are a general phenomenon, the kernel is almost one degree more differentiable than
the coefficients, and the kernel and its derivatives satisfy Gaussian bounds. In addition,
if the operator is in non-divergence form the improvement in smoothness is almost two
degrees, and the Gaussian bounds are still valid. In a recent paper [EIR6] we established
these properties for strongly elliptic operators and then, by scaling, obtained some partial
results for a particular class of subelliptic operators on a stratified Lie group. But the
general subelliptic case, and in particular the results for differentiable coefficients, requires
a quite different treatment and more sophisticated arguments.

The analysis of [EIR6] was based on De Giorgi estimates for solutions of the local elliptic
equations associated with the strongly elliptic operators. Our current starting point is an
idea of Xu and Zuily [XuZ], a particular transformation of vector fields, which allows us to
establish the appropriate subelliptic estimates in a sufficiently small neighbourhood of the
identity for operators with Holder continuous coefficients. Then translation invariance gives
De Giorgi estimates on the whole group and these can be turned into uniform Lipschitz
bounds on the derivatives by the arguments of [EIR6]. Next, if the coefficients are at
least once differentiable then the increased regularity of the kernel follows from a repeated
use of local and global properties for operators with constant coefficients. In Xu [Xuy]
similar local estimates were deduced but in the present situation the proofs are simplified
by use of global results. In the strongly elliptic situation one could then exploit Davies’
exponential perturbation method to establish the Gaussian bounds but this is not possible
in the subelliptic case if more than one derivative is involved. Therefore we introduce a
* different iterative technique. We use a Taylor expansion to interpolate between Gaussian
bounds on the kernel and uniform bounds on its derivatives, and Hélder derivatives, to
deduce Gaussian bounds on the intermediate derivatives. To be more precise we need to
introduce some notation. In general we adopt the notation of [Rob] and [EIRS].

First we consider second-order operators in divergence form,

d' d’
H‘—‘-—ZA,;C,']'A]‘-}-Z(C,'A,'-FA,‘CQ)-!—CQI s (1)
ij=1 i=1

with complex coeflicients ¢;;, ¢;, ¢}, cp € Loo. The A; denote the generators, A; = dL(a;),
of left translations L on the L,-spaces in the directions a; of the Lie algebra g of G where
ay,...,aq is an algebraic basis of g. Subellipticity corresponds to the assumption that the
real part of the matrix C' = (c;;) of principal coefficients is strictly positive-definite, i.e.,

RC =27(C+C*) 2 pl >0 , (2)
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in the sense of d' x d’-matrices, uniformly over G. (If a1,...,as is a vector space basis of
g then subellipticity corresponds to strong ellipticity.) The least upper bound, pc¢, of the
lower bound g in (2) is called the ellipticity constant and we set ||C|| = sup,eq [|C(9)||
with ||C(g)|| the l;-norm of the matrix C(g) = (cij(g))-

The operator H, formally given by (1), is precisely defined as the sectorial operator
associated with the form

dl dl
o () = Y (A, cijAip) + Y (@, Aip) — (Aip, i) + (17, cop)
2,7=1 =1

on L, = Ly(G;dg), where dg denotes left invariant Haar measure, with domain D(h) =
Ly = N&, D(A;). The form his closed, H is maximal accretive and it generates a strongly
continuous, holomorphic, semigroup S on L, (see, for example, [Kat], Chapter VI). If the
principal coefficients ¢;; are right uniformly continuous then S extends to a holomorphic
semigroup on all the spaces L,(G;dg), p € [1,00]. The extension is strongly continuous if
p € [1,00) and weakly* continuous if p = co (see [EIR5], or [Aus] for the case G = RY).
Moreover, H and S act on the spaces L; = L,(G;dg) formed with respect to right Haar
measure dg. The key to these interpolatory properties is the existence of a semigroup kernel
(9,h) — Ki(g;h) satisfying Gaussian bounds with respect to the appropriate subelliptic
parameters.

Let d'(-; -) be the right invariant distance canonically associated with the algebraic

basis ay,...,aqs. This distance has several equivalent characterizations but in particular it
is given by
dl
d'(g; k) = sup{[$(9) — (k)| : ¥ € CX(G), Y I(Awp)* <1} 3)
3=1

where the 9 are real-valued ([Rob], Lemma IV.2.3, or [EIR4], Lemma 4.2). Next introduce
the subelliptic modulus g — |g|’ = d'(g; €), where e denotes the identity of G, and let D’
denote the local dimension, i.e., the integer for which the left Haar measure |B’(g;r)| of
the ball B'(g;r) = {h € G : d'(g9; k) < r} satisfies bounds ¢ 1rP" < |B'(e;r)| < er? for
some ¢ > 0 and all small r.

The principal result on the semigroup kernel K derived in [EIR5] can be summarized
as follows.

Theorem 1.1 Let H be a subelliptic operator in divergence form (1) and S the correspond-
ing semigroup. Suppose the principal coefficients (ci;) of H are right uniformly continuous
and ¢;, c;,co € Loo(G). Then the action of S is given by an integral kernel K which satisfies
bounds

|Kt(g : h)l <a t—D’/zewte—b(lgh"1 [)3t—?

for some a,b > 0 and w > 0 uniformly for g,h € G and t > 0. The kernel is Holder
continuous and for all v € (0,1), K > 0 and 7 € (0,1) there exist a,b> 0 and w > 0 such
that

sp=1_ . 7—1 : -D'/2 w I+ 1N —sganrpyre
|]‘t(l" gal h)—l{t(g7h)| -<—a't ! ¢ t(t1/2+|gh"1|/ € (lo

for all g,h,k, 1 € G and t > 0 with |k|'+ |I| < s t}/? 4 7 [gh7Y|".
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In [EIR5] a similar result was stated with 7 = 27! but this particular choice was not
essential.

This theorem provides the starting point of our discussion of more detailed smoothness

properties. To formulate our results we need a multi-index notation suited to the definition
of products. If n € Ny we set

Ju(d) = EP{L,...,d} and J()= | Ju(d)
k=0 n=0

Then we define A* = A, ...A;, for o = (41,...,1,) and set n = |a|. We also use the
convention A% = I if |a| = 0. Further we set Lj, = Naes, @) D(A%) in L, with norm
el = maxaes, @ l|A%|l, and seminorm N () = max|y|=n [|A%p]|,. For the Ls-spaces
we use the notation L3, etc..

Next for v € (0,1) define the subelliptic Holder space C¥/(G) as the continuous, but
not necessarily bounded, functions over G for which

llelller = sup (lg)™lI(T = L(g))#lleo
o<lgl'<t

is finite. Analogously, if n € Ny and v € (0,1) introduce the space of bounded functions
C(@)={p e L, : A% € C"'(G) for all a € Jo(d)} ,

with norm

[llnsss = max (Jpms max, [1l4%lllcr)

Note that L ..,(G) C C**/(@) for all n € No and v € (0, 1).

The differentiability properties of the kernel, (g, h) — Ki(g; k), involve derivatives with
respect to both variables. Left derivatives with respect to the first variable will be denoted
by A;K; and left derivatives with respect to the second by B;K;. Multiple derivatives
A*K,, BPK, etc. are expressed with the aid of multi-indices.

Our first result improves Theorem 1.1 whenever the coefficients are Hélder continuous.
It is a direct extension of Theorem 1.1 in [EIR6] from strongly elliptic operators to subel-
liptic operators and makes precise the statement that the kernel is almost one degree more
differentiable than the coeflicients.

Theorem 1.2 Let H be a subelliptic second-order operator in divergence form (1) and let
0<vy<wv<l. Ifcg,c,c; € CP'(G) and o € Lo, then K, is once left differentiable in the
first variable and the derivatives are once left differentiable in the second. Moreover, for
all o, B € Ji(d'), K >0 and T € (0, 1) there exist a,b> 0 and w > 0 such that

[(A*BPK,)(g; )| < at~(0+lal+18)/2gut=b1ah=" )%
forg,h € G and t >0 and
(A“BPK)(k~'g;17h) — (A*BPK)(g; h)]

< at—(D'+|a|+|ﬁ|)/2ewt(M)”e—bugh-w)%-l
- t1/2+|gh”1]' ’

for all g, b, k,1 € G and t >0 with [k’ + I < k2 + 7 |gh~1[.
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Note that in the strongly elliptic case analyzed in [EIR6] the theorem is also valid with
vy =v.

Our second result concerns operators with differentiable coefficients. But if the ¢;; and
c; are once differentiable then the operator can be rewritten in non-divergence form

d d
Hz—ZCiinAj+ZCiAi+COI (4)

4,5=1 i=1

and conversely an operator of the form (4) with the ¢;; differentiable can be written in the
divergence form (1) with the ¢ = 0. Therefore the result on kernel smoothness can be
formulated for either form of operator. In fact the strongest statement is for non-divergence
form operators for which there is an improvement of almost two degrees of differentiability
in the first variable.

Theorem 1.3 Let H be a second-order subelliptic operator in non-divergence form (4)
with ¢;j,ci,c0 € C*T/(G) for somen € N and 0 < v < 1. Then the semigroup kernel
K, is (n + 2)-times differentiable in the first variable and the derivatives with respect to
the first variable are n-times differentiable with respect to the second. Moreover, for all
a € Jnyo(d'), B € Ju(d), v,7* € (0,1), K >0 and 7 € (0,1) such that || +v<n+2+v
and |B|+v* < n + v there ezxist a,b> 0 and w > 0 such that

|(A°’BﬁKt)(g : h)l < at-—(D’+|Ot|+|ﬁ|)/'é’ewte—’f'(th’lI')z'f'1
and

[(A*BPK,)(k™1g;17h) — (A*BPKy)(g; b)|

’ ' v lll ’Y* —-1124~1
—(D'+le|+8)/2 gwt i_) (|—) —blgh—1[?t
Sat [ ((tl/z-l-'gh"ll' + t1/2+|gh_1|, e

uniformly for allt >0, g,h € G and k,l € G such that |k|' + |I|' < kt'/2 + 1|gh™|.
Similar statements are valid forn =1, v =0 and ¢;j,¢i,c0 € Lgo;l.

The theorem extends a result, Theorem 1.5.III of [EIR6], previously obtained for
strongly elliptic operators. As a corollary it follows that if H is in either divergence or non-
divergence form and ¢;;, ci,co € Ch.oo(G) then the kernel is infinitely often differentiable
and one has Gaussian estimates for all its derivatives.

2 Operators with C"'-coefficients

In this section we consider operators in divergence form (1) with ¢;;,c; € C*’, for some
v € (0,1), and ¢;,¢0 € Lo. Our aim is to establish bounds on the semigroup S as an
operator from L; into C**¥’. In Section 4 we then use these bounds to derive Gaussian
bounds on the semigroup kernel.

In [EIR6] similar bounds were established for strongly elliptic operators or for certain
subelliptic operators on stratified groups. In the latter case we exploited the existence of
special ‘linear’ functions on G, i.e., for each choice of {;,. .., s € C thereexistsa7:G — C
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such that A;7 = § for all 2 € {1,...,d'}. But such functions do not exist, even locally,
on a general group and for a general algebraic basis. Therefore quite different arguments
are necessary. In a similar context Xu and Zuily [XuZ] circumvented this problem with an
appropriately chosen transformation of vector fields. Set B'(r) = B'(e;r) for all » > 0.

Lemma 2.1 There ezist Ry > 0, real C™-vector fields Yy,...,Yy on B'(2R,;) and a C*-
Junction T: B'(2R,) — GL(d',R) such that

L Al =394(T(9)i; Yl for alli € {1,...,d} end g € B'(Ry),
II. T(e)=1, and,

IIL.  for all &,...,6x € C there exists a smooth function 7: B'(R1) — C such that
(Yir)(g) = & uniformly for all 1 € {1,...,d'} and g € B'(R).

Proof This follows from [XuZ], Lemma 2.2 and Corollary 2.3. 0

Throughout the following Ry, Yi,...,Yy and T will be chosen as in Lemma 2.1. Our
immediate aim is to estimate in various ways the effect of passing from the A;, viewed
locally as vector fields, to the Y;. For this we need the following spaces. Let

Hyy(B'(g9:7)) = {v € La(B'(g;7)) : Aip € Ly(B'(g;7)) for all i € {1,...,d"}}

for each g € G and r > 0, where A;¢ denotes the distributional derivative in D'(B'(g;)),
with the norm

om ([ dalelP)"+ (). doldwi@P)” .
B'(gir) i=17B'(gm)
Note that for r < R; and g = e one also has
Hyy (B'(r)) = {¢ € Lo(B'(r)) : Yip € Ly(B'(r)) for all i € {1,...,d'}}

1/2

where Y, denotes the distributional derivative in D’(B'(r)), since

dl
Yile = D I(T(9))'i; Ailg

5=1
for all i € {1,...,d'}. We denote by f;é;l(B’(r)) the closure of C°(B'(r)) in Hy,(B'(r)).
Lemma 2.2

I There exists an My > 0 such that
dl dl
ZaD ) INVIED oy
k=178 k=158

uniformly for all R € (0, Ri] and ¢ € H},(B'(R)).
I1.  There exists an M, > 0 such that

d &
Ye — Ap)pl? < My R? Yio|?
3 oy 06 = A0 < MRS [ IVl

(R)

d'
Viol? < M Apol?
[Yipl® < IE/B | Axel

"(R) "(R) "(R)

untformly for all R € (0, Ra] and ¢ € H;,(B'(R)).

5



III. There exists an M35 > 0 such that

1/2

(Yat, Vi) = (Ac, Asp)] < MaR(é o i) Z L 0)

uniformly for all R € (0, Ry], all ¢, € Hy,(B'(R)) and i,j € {1,...,d'}.
IV. There exists an My > 0 and Ry € (0, Ry] such that

d!
Yi Y* 2 <M. RZ / Y, 2
Jor| B+ ¥ IoP S MRS [ ¥l

uniformly for all R € (0, Ry), ¢ € H}, (B'(R)) andi € {1,...,d'}.

Proof Statement I follows from Lemma 2.1.1 and the smoothness of the function g +—
(T(9))~! on B'(2R,).
Secondly,

3 oy 0= Aol <& 32 [ dg (8~ [7(0)) (Vi) )P

Jik=1

dl
< M, R? / Yiol?
2 k}; B,(R)| ¢l

where we have used
|8ix = [T(9)]ks] < Mgl < Mgl
for some M > 0, uniformly for all g € B'(R;), which in turn follows because T'(e) = I and
T is a C*°-function on B'(2R;).
Statement III is an easy consequence of the inequality

|(Yaeh, Yio) — (Aap, Ajo)| S |(Yitp, (Y5 — Aj)e)l + |((Yi — Ai)d, Ajp)|

the Cauchy inequality and the previous two statements.
Finally, Y; + Y;* is a multiplication operator with a C*°-function. Therefore

Y;' Y* 2 <M 2
Jy | ¥ < el

for a suitable M > 0 and Statement IV follows from the Dirichlet-type Poincaré inequality,
[EIR5] Proposition 2.2. a

We next use the vector fields Y; to prove Campanato-type De Giorgi inequalities for
the A;. First we examine the situation for operators with constant coefficients expressed
in terms of the ¥;. If g € G, r > 0 and ¢ € Li1(B’(g;r)) let (p),, denote the mean value
of p over B'(g;r) and for g = e set (), = (Q)er.

Lemma 2.3 For all M, > 0 there eaist cpg,cpg > 0 such that for all matrices of
constant coefficients C = (c;;) with pe > p and ||Cllee £ M, all R € (0, Ry} and for all
¢ € Hj,(B'(R)) satisfying

dl
- ZC-.'J‘YinSO—‘-D

ij=1



weakly on B'(R) one has

2< D+2 _ 2
2 o oo = (i) < oo/ ) }: oy 12 ~ (Yl

tepoR Y [ Y= (Vip)al

uniformly for all r € (0, R].

Proof By Lemma 2.1.III there exist C®°-functions xi,..., xa: B'(R;) — C such that
Yix; = 6;;. Let Ry € (0,1] and o € (0,1) and let ng denote the cut-off functions of [EIR5],
Lemma 2.3. Fixn > 1+ D'/2. Let C be a constant matrix with g¢ > g and ||Cllc < M,
then with R € (0, Ro A Ry] let ¢ € H;,,(B'(2R)) satisfy - Y16 Y; Y@ = 0 weakly on
B'(R). Finally, let r € (0,02R].

Set b; = (Yip)g for all 4 € {1,...,d'}, ¥ = ¢ — ¥ bi x; and 7 =1 — (Y)r. Then
¥, 7 € Hy (B'(R)), Yir = Yip— (ch)R, (Y;7)p = 0 for all iand — %%, Y; Y7 =0 weakly

2,5=1
on B'(R). Next let ( € Hy,(B’(R)) be such that
d' o
~ Y ¢;AiAj( =0weaklyin B(R) , x=r7—(e€ Hy,(B'(R))
3,7=1
Then
3o e 2
— -1 < — -
Z gy Y= idomse P S 30 [ Ve = (Ao
d'
S N
= IBr(e-1n)
2 z 2
+3 (%~ ar?+3Y | A
Z/(dl)( k= A7 ; N
We estimate the three terms separately.
First
dl
S Lo A~ (Ax) o,
k=1 '(e=1r)
< [B'(o™Hr)|"! Z Loy 98 o @R 1RARO0) = (1A

d
< erP*? > | AinrAxC|IZ
1,k=1

But the Sobolev embedding theorem gives

|AinrArClloe = | AnrAK(C = (O)R)]loo
< e PPN (mrAR(C — (Q)r)) + ce7P 2 lqrAKC — (OR)2

7



uniformly for all € € (0,1], for some ¢ > 0, depending only on G, n and the algebraic basis.
Setting ¢ = R gives

| Anr Ak lleo < B*P7ING i (nR(C = (O)R)) + B2 27N, ((Ar) (¢ — (()r))
+ ¢ R7P17 | InpAk(¢ — (Or)ll2

< a1 (S [ pasc—(om)

j=17B'(R)

by Lemma 3.1.1I of [EIRS], for some ¢, m,. > 0, depending only on u, M and n, and
for R € (0, Ry M|, where R, prn > 0 is a constant which depends only on g, M and n.
Therefore

& 2 D'+2 oA 2
3 fopoany A = Arhemif <GB S [ 1Ak

"(R)

dl
<3e(r/RPHY. [ Wl

k=1 "(R)

& &
+ 3¢ / Vi — A)7|% + 3¢ / Arx|?
; - (Vi — Ax)7] k; B,(R)| |

dl
=3c(r/R)P* Y /B, i — (Yep)rl”
k=1 (R)

dl
+ 3¢ /
; B'(R)

dl
Yi — Al + 3¢ / Al .
(Y — A7l k; iy 1A

Secondly,

d’ d d’
V- AP <M EY. [ M= MEY [ Ve - (el
g/B,(R)K v — Ar)T]? < My kgl B’(R)| % 2 k{:} BI(R)| e — (Yip)rl|

by Lemma 2.2.11.
Thirdly,

dl
po Y / |[Akx|* < Re(x, —>_cij Ai Ajx) =Y cij Re(Aix, A; 7)
= ' B'(R)

<2 e Re(Yix, Y;7)

' N2 \172
M R(L [ ) (2, F)
where we have used Lemma 2.2.1T1. Next, if R is small enough,
> ci Re(Yix,Yim) = =3 cij Re(Y'x, Yi7) + 3 aij Re((Yi+ Y7)x, Yi7)
=i Re((Yi + Y )x, ¥;7)
/2

d’ 172 , d 1
<N M R(S [ ) (X [ MrR)
k=17 B'(R) k=17B'(R)

8



since — 3 ¢;; Y; Y;7 = 0 weakly on B'(R), and we have used Lemma 2.2.IV.
Combination of these estimates then gives

d’ d’
axP ey [ Vg = (Yip)al?
3 fpq Ml e [ Wi (Yipha

if R < R, where R, > 0 depends only on the vector fields and ¢ > 0 also depends on g
and M.

Combination of all previous estimates then establishes the bounds

dl
Yio)yor, | < R)D'+? / Yip — (Yio)r|?
3 [y Vi = (ithemil” < epalr/ ) z oy Vo2 = (Yi)sl

¥ cDGB?E o Yo — (i)l

uniformly for all 0 < R < Ry A Ry A Ry, all 0 < r < o?R and for all p € Hj,(B'(2R))
satisfying the equation —3_¢;; Y; Y ¢ = 0 weakly on B'(R). From this the lemma follows
as in the proof of Proposition 3.4 in [EIRS5]. m]

We are now in a position to derive Campanato-type De Giorgi estimates for subellip-
tic operators with C”’-coefficients in divergence form. It is convenient to express these
estimates uniformly for a large class of operators.

Let £4(v, u, M) be the set of all pure second-order subelliptic divergence form opera-
tors

dl
- > Aic; A
1,j=1
with ¢;; € C’, where y,M > 0, v € (0,1) and one has pc > g, ||Clle £ M and
|”C,’j”|cvr < M for all 2,] € {1, . .,d’}.

Proposition 2.4 For all M,p > 0 and v € (0,1) there exist cpg,cpg > 0 such that for
all H e EW(v,u, M), all R € (0,1] and all ¢ € H},(B'(R)) satisfying Hp = 0 weakly on
B'(R) one has

Z/B'( ) [Arp = (Are): [* < epa(r/R)P* E/ | Axp — {Arp)r|?

B'(R)

B/(R)

dl
+ o Y [ Akl
k=1
uniformly for all r € (0, R].

Proof Let cpg and ¢ be as in Lemma 2.3 and M;,..., My and R; as in Lemma 2.2.
Let H € £%(v,, M), R € (0, R,] and suppose ¢ € Hj,(B'(R)) satisfies Ho = 0 weakly
on B'(R). Let r € (0, R]. Then

d' d’
Y [ e = () P <Y [ A~ (M)
k=1/B'(r) k=17 B'(r)

d! d’
<2y [ W - Mk P42 [ (A= Yiel?
k=17 B'(r) =1 /B'(r)



< 22 g Yo = i+ 208, M RZZ N

B'(r)
Next, since
d' a' d’
—= D> ai(e)YiY; = 3 ai(e) 7Y = 3 ai(e) (Vi + 1)) Y;
i=1 ij=1 ig=1

and Y; +Y;* is a multiplication operator with a C*-function it follows that there exists an
n € Hy, (B’(R)) such that

- Z c;(e)Y;Y;n =0weaklyin B'(R) , x=¢p~7n€ I-};;l(B'(R))
1,7=1

Then arguing as in the proof of Proposition 2.6 in [EIR6] one deduces that

Z [y Vi = (i), |2<4cDG(r/RD+22 g i~ (i

+ 4cDGR2 Z/ |Yeo|? + (2 + 4epe + 4cpg) Z/ bR |Yex|?

d’
< 8epa(r/R)7 Y /B VA2 = (s}l

+ (8epaM; + 4cpg) My R? 2 / | Awol?
k=1"B'(R)

dl
+(2+epg +acpe) Y [ [VixP?
k=

—{ /B'(R)
But
d’ d
Y [ WexP < Re 3 aie) (Yo, Yix)
k=17B'(R) ij=1
dl
= —Re E cij(e) (¥i'x, Y5x) + Re 3 cij(e) (Vi + ¥7)x, Yix)
1]—1 1.7—1

dl

—Re Y cijle) (Yi*x, Yie)

Hhi=1

C| 1/2 d' |2 1/2 dz’ IY |2 1/2
FICIMIR( [ W) (32 i F)
1Cloo M, :‘/::1 B,(R)I k 2 Jpiny

if R < Ry. So if, in addition, R < 27Y||C||22M,;/?4 then

d’ d’
17 Z/ [Vix|> < —2Re > cii(e) (Yi*x, Yiv)
k=1 "(R) 7,7=1
d’ d'
=2Re ) cij(e) (Yix, Yip) — 2Re Y cij(e) (Vi + Y7)x, Vi)
i4=1 i5=1

10



But similarly one has

d' 1/2 , & 1/2
Y+ Y)Y §M1/2M1/2R( / Y, 2) ( f A 2)
I X, Yip)l < My M, ; sy VX ’; e

and

p NV o)
Yix,Yio) — (Aix, 4; gMR( / Y, ) ( Ygo)
05, Yig) = (o il < M B( S [ ) (X

if R < R,. Therefore

d’ d
Re Y cij(e) (Yix, Yip) < Re D aij(e) (Aix, Aje)
i,j:l 'i»j=1

2

+||C||oo(d’)2M3R(§d,:/ |ka|2>1/2(§/ lY}ccplz)l/
k=1/B'(R) k=1’ B'(R)

and

d!

Re Y cij(e) (Aix, Ajp) = Re D (Aix, (cij(€) — cij)Ajep)

1,5=1 4hJ=1

d' . 12, d | |2 1/
< d' sup |||ci; wR"( / A ) ( / Ap )
;,JPHI illle ; B,(R)l kx| I; .

2

d' M MM? - Yiyl|? s 'k v
< ! vV
<dMMIPR (;/B,(Rg ) (;/B,(R)| ol

where we used the assumption He = 0 weakly on B/(R). Combining these estimates then
gives

' d
Yk 2 S cR2u / Ak 2
u’;/B,(R)I x| I; iy 1449

if R < Rs, for some R3 € (0, R;] and ¢ > 0, depending on g and M and the proposition
follows. a

As a corollary we obtain Campanato-type De Giorgi inequalities for balls with an
arbitrary centre.

Proposition 2.5 For all M, > 0 and v € (0,1) there ezist cpg,cpg > 0 such that for all
He &% v,p,M), adl g € G all R € (0,1) and all ¢ € Hy (B'(g; R)) satisfying Hp = 0
weakly on B'(g; R) one has

d’ d'
S [ ke = (Aphs P S epa(r/ RBP4 Y [ [Akp = (Avp)yl?
k=1’ B'(gi7) k=1 B'(g;R)

dl
+ R Y [ Al
k=1 (g;R)
uniformly for all r € (0, R].
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Proof This follows by right invariance. For all operators H = "Zi}:l Aicij A; €
EW (v, u, M) and g € G one has

d/

~ 3 A (R(g)eis) A; € E5 (v, p, M)

1,j=1
and the A; commute with the R(g). o

The arguments of [EIR6], Section 3, now allow us to derive crossnorm estimates on the
semigroups generated by divergence form operators with Holder coefficients. For v, € (0, 1),
v, vy, v € [0,1), p> 0and M > 0 let E%(vy, 1y, v}, vo, u, M) denote the set of all second-
order subelliptic operators of the form

&' d
H=-) AicjAj+)> (cAi+Aic)+cl
1,j=1 i=1

such that [|Clle < M, o 2 1,05 € €%, l[eilllons < M, ledlen < M, and [l < M
if 1 > 0, with similar conditions on the ¢} and ¢.

Proposition 2.6 Let v € (0,1). Then for all M,u > 0 there ezist a,w > 0 such that
S:CP(G) Cc C(G) for all t >0 and

1Spllcre < at™P /4= 2t g
uniformly for all H € E¥V(v,0,v,0,u, M), ¢ € C®(G) and t > 0.

Proof This follows precisely as in [EIR6], Section 3, up to Proposition 3.3, but now it is
easier, since there is no Davies’ exponential perturbation involved. =

In Section 4 these bounds will be used to deduce kernel bounds for K.

3 Operators with C"*"'-coefficients

The aim of this section is to establish an analogue of Proposition 2.6 for operators with
smoother coeflicients and in particular for coefficients which are at least once differentiable.
If the coefficients ¢;; and ¢ of the operator (1) are once differentiable then it can be rewritten
in non-divergence form

d d
H=- Z CijA,'Aj-I-Ec,;Ai—i-CQI
i5=1 i=1
with redefined ¢; and c¢y. There are two good reasons for considering non-divergence form
operators. First one has improved smoothness properties for the kernel of the semigroup
generated by non-divergence form operators. Secondly, these operators allow one to exploit
perturbation arguments (see [Xu]). The important ingredient is an optimal regularity result
for operators with constant coefficients on Holder or Lipschitz spaces.
If n € Ng and v € (0,1) then
Cn+u, = (LOO? L:)o;n+1)-—t- oo;K = (Lgo;m L:::o;n-{—l)V,OO;K

ntv
n+1’

12



with equivalent norms, where, in general, (X,)), .k denotes the real interpolation space
in the sense of Peetre. These identities follow from [EIR2], Theorems 2.1 and 3.2. Since
lllelllerr < @ ||@llon, one deduces that |l¢llcv < d'||@llcrs for all 4,7 € (0,00)\N with
4 < 7. By Leibniz’ rule and Lemma 2.1.1 of [EIR6] the spaces C™**’ are algebras and

n

e wllentsr < b 2 (lellioge I llcneess + pllerswe 8 lloznr) (5)

k=0

for some b,4, > 0, uniformly for all ¢,v € C*’.

We now use the notation of [EIR5]. In particular, let Ry € (0,1], o € (0,1) and let
nr denote the cut-off functions of Lemma 2.3 in [EIR5]. Then ||nr|,., < ¢ for all
n € N and R € (0, Ro] and, by interpolation, ||ngrllcv < ¢yR™” for all v € (0,00)\N and
R € (0, Ry]. Moreover, ngr =1 on B’(cR) and supp g C B'(R).

Lemma 3.1 For all n € N there erists a ¢ > 0 such that

IR < ¢ R |e|lnoim

uniformly for all R € {0, Ro], k € {0,...,n} and p € L], with ¢(e) = 0.

oon

Proof If |a = k then [|(A*nRr)¢leo < | A*7Rl|e0 SUP,epi(R) l9(9) = @(e)] < e R™¥[lp||o B.
Therefore

k-1 k
14°(me e < ARl + 3 (') el

=0
k-1 k
< B el + 5 (§)¢ Bl
=0

and this immediately yields the desired bounds. a

The optimal regularity property for operators with constant coefficients is as follows.
Theorem 3.2 For alln € Ny, v € (0,1) and M, p > 0 there exist A > 0 and ¢ > 0 such
that for all H = ——Ef"jﬂ cij AiA; with constant coefficients C = (c¢;;) satisfying pc > p
and ||Cllcc £ M one has

e = € Ly Hp € O}

”‘P”C"“" <ea™t ”(H + AI)99”cn+w (6)

and

I|CPHC"+2+"” S CH(H -+ A])(PHC'H”’VI

uniformly for all X\ > A and ¢ € C*F2HV7,

Proof The bounds (6) follow since H generates a continuous semigroup on C"t”’ with a
kernel satisfying Gaussian bounds, and the parameters in the Gaussian bounds depend only

13



on M and g. The optimal regularity of the operator H follows from [EIR2], Theorem 4.1,
where it has been proved that there exists a ¢ > 0, depending on H, such that

[pllentasrs < c(|Hpllcmsvr + llpllens») (7)

uniformly for all ¢ € C**2+*’. (Although [EIR2] only deals with real symmetric coeffi-
cients, the results are also valid for complex subelliptic operators, see, for example, [EIR3]
Theorem 3.1.) But the set of coefficients of all constant coefficients operators with pc > u
and ||C|leo < M is a compact subset of C(#)*. Moreover,

CHHY = {p e L, : AiAjp e C™ for all i,j € {1,...,d'}} .

Therefore the constant c in (7) must be uniform on compact sets by an argument similar
to that used in the proof of Theorem 3.7 in [EIR1].
Finally, for all A > A one has

lellentatss < e (|| Hepllentsr + [|@llemtv)
< c||(H + A)epllents + (e + A) [lollcntr:
< (e+ (e + NX™[(H + A)pllcner
< ¢(24 cA™Y|[(H + AD)g|jcns:
for all p € C*+2+v!, 0

Now we turn to operators with variable coefficients. For N, € N, N;,Ng € Ny,
vo, 1, € (0,1), > 0and M > 0 let

E"‘mdjv(Nz + vg, Ny + 1y, No + o, K, M)

denote the set of all second-order subelliptic operators of the form (4) such that ¢;; €
CNet22! lciillevaiver < M, ||C)lo < M, the ellipticity constant p¢ > g and similar condi-
tions on the ¢; and cp.

IfneN,ve(0,1) and M, > 0 then for all R < Ry A (2(d')2M)~' we can associate
with each H € 2" (n + v,n + v,n + v, u, M) the divergence form operator

d’ d’ d’ )
Hy == 3 Aici(e)Hnr(ci—ci(€) A+Y mra At Y (Air(ei—a;(e))) Aj+nr eo 1
1,7=1 =1 =1

Formally, Hf = Ho + nr(H — Ho), where Hp = — Z;{'jzl ci;(e) A; A; is the pure second-
order operator with coefficients fixed at the identity. The condition on R implies that
the ellipticity constant of the operator H¥ is at least 27 u. If ¢ is as in Lemma 3.1 then
| Ai(nr(cij — cij(€)))]lo < 2¢ M. Hence there exists a Ag > 0 such that

dl
Re(p, (Hg + M)e) 2 27 ) | Aigll2 (8)

1=1

uniformly for all R € (0, Ro A (2(d')* M) 'u], ¢ € D(HE) and A > Ao.
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Lemma 3.3 Foralln € N, v € (0,1) and M, u > 0 there ezist R € (0, RoA(2(d")> M)~ ]
and ¢ > 0 such that for any H € £ ((nV 1)+ rv,(n V1) +v,(nV1)+vp M),
¢ € D(HE)NC™' and o € Ly, N C™' with

Hre=1v ,
weakly on Ly, one has ¢ € C**?*' and
llellentatve < e([$lientrs + ll@llensrr)
Proof It follows from (5) and Lemma 3.1 that
Inr(cis — cij(e)) Ai Ajtllenssr < bag Y [lr(cis = cij(€)) ool lenta—rsss
k=0

+ lInr(ci; — ciz(€))llex+el|Tloosnra-r

n
< bugo cllcijllenser D R |7llgntortvs + BT |17 loinss
k=0 .

for all 7 € C**+2t¥!, Therefore

lnr(eij — ij(€)) Ai AjT||cntsr < bug e M Y R7FH1 (6k||TI|Cn+2+w +d 5_("+2"k+")||7'||°°)
k=0

R (8 rllemsnns + ¢ 50 o)
< " (R |7llcmrees + BTHD|7]),0)

for some ¢’ > 0, uniformly for all R € (0,Ro] and 7 € C*"?*’ by choosing & =
R-(+20)[(k+¥) and ¢ = R. Similarly

||77R C; A,‘T'lcn+v1 S C” (RV“T”cn-yz-{-w + R~2(n+2) ”'T”oo)

and
IR co Tllentr < & (R ||7|lensasss + RT2OF|7]|00)

possibly by increasing ¢’. Combining these estimates it follows that there exists a ¢/ > 0
such that

“T}R(H - Ho)T||cn+vl S CI (RV”T”Cn+2+vI -+ R—Z(n+2)”7'||cn+ul)

uniformly for all R € (0, Ry] and 7 € C™+2+v7,
Now let ¢ > 1 and A > 0 be as in Theorem 3.2. For clarity, let HS = Hy +nr(H — Hp)
denote the operator with domain C"***/ and codomain C**”’. Then

”"iR(H - HO)TlICn+VI S CI(RV”T||Cn+2+V/ + R_2(n+2)||THC'n+VI)
<ed (R4 X7V RPCED)||(Ho + A)7||cnter

for all 7 € C"™***’ and R € (0, Ry]. Hence if R < (47 'c¢')'/¥ and X > 4ec’ R~2"+? then
the operator H§ 4 A\I: C"+* ! — C™t/ is invertible and

Illensssr < 2e[(H + AT)rllcnsss
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for all 7 € C¥2+v/,

Now we complete the proof of the lemma. Increasing A and decreasing R, if necessary,
the operator H](;?) + Al where H}({z)z Ly, — Ly denotes Ho + nr(H — Ho) is also invertible.
Then the perturbation series for the inverses gives (HS +A) ™! (Ap+v) = (HS+M)™ Ao+
¥) as functions on G and as (H§ + M) }(Ap + ¢) € C**2+¥/ it remains to show that
(HP + X)"'(0¢ + ¥) = . Since Hp is an extension of H® it suffices to show that

% + Al is injective on L, if A is large. But this is obvious from the ellipticity estimate
(8), if A is large enough. O

The next lemma provides the induction step for the general theorem.

Lemma 3.4 Let n € Ngo, v € (0,1), M,up > 0 and a,w > 0. Suppose for all H €
Errdviinv 1)+ v,(nV1)+v,(nV1)+v,u M) one has S;C>(G) C C™1+*' and

|Supllgnsrns < at-D A

forallt > 0 and p € C(G).
Then there ezist a’,w' > 0 such that for all H € £2*®((nV 1)+ v,(nV 1)+ v,(nV
1)+ v, p, M) one has S,C*(G) C C*2*/ and

1Sepllemsarns < o =P A= H2E 2|
for allt > 0 and ¢ € CZ(G).

Proof By density and interpolation with the L.-bounds (32) of [EIR5] it follows that
for all y € (0,n + 1 4 v]\N there exist a, > 0 and w, > 0 such that

|Sepller < ayt™P 42670 |5

for all t > 0 and ¢ € CX(G).
Let R € (0, Ro} and ¢> 0 be as in Lemma 3.3. Then

H’ﬁnoRStSO = HﬂaRSt(P = WJRHStSO + [H, naR]St(P
=orSe2HSippp + Y con (APnoR)A" S (9)
1Bl+vI<2

v|<1

weakly on Lj,, for some co 3 € C*t' with ||capllcrtvr < (d' 4 1)M. But the right hand
side is an element of C"**’. Hence

||77gRSt(P||Cn+2+vl S C ||770R5t/2HSt/2(P||C"+W
+e Y 2(n+1)bupllcsy (APnor)llent | A7 Seipllcnos
16|+|vI<2
lvI<1
+ C“qaRStSOHC""‘V'
S C,an+yt_DI/4t_(n+V)/2€wn+pt”HSt/zLP”Q
bl O It
+ g 17D I bt

S alt—D'/4t—(n+2+V)/2ewlt ||(p“§
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for suitable ¢, a’ > 0 and W’ > 0, where we used inequality (8) of [EIRS] in the last step.
By interpolation it follows that norSip € L, ., and

MRS epllhimps S @t 74D 26 |5

for some a” > 0 and w” > 0. We conclude that there exist a,w > 0 such that if H €
Er(nv1)+v,(nV1)+v, (nV1)+v,u, M), t > 0and @ € L; then Syp is (n+ 2)-times
differentiable on B’(c2R),

|(A%Sp) ()| < at™P =2

and

(7 = L(9))(A"Swp)) ()] < a(lg|)y e~ P14 mt2+0 et

uniformly for all g € B'(0?R) and a € J,;2(d'). Then by right translation of the coefficients
of H one deduces that S;p is (n + 2)-times differentiable on G,

3

|(A*Sup) (k)] < at=PTa= (42| g 5

and
(T = Do) (A%Su0)) (W) < a (Jgl')"e~ D /-0 i2eet

uniformly for all & € G, g € B'(0?R), a € Juya(d'), H € £ ((nV1)+v,(nV1)+v,(nV
1)+ v,u, M), t > 0 and ¢ € Ls. Finally it is easy to extend the condition g € B'(6*R) to
g € B'(1). m

Proposition 3.5 Let n € N and v € (0,1). Then for all M, > 0 there ezist a,w > 0
such that for all H € £"°*®(n 4 v,n +v,n + v, u, M) one has $;C>(G) C C"***! and

”StQO”Cn-}-z.;.,,, S a’t—DI/4t—(n+2+V)/2ewt”SOl

2
for allt >0 and ¢ € C*(G).

Proof As £+ v, 14+v,14v,puM)C E¥(y,v,v,v,pu,(d +1)M) it follows from
Proposition 2.6 that S;C*(G) C C***’ and

[Sepllcitrr < at=PA= 02 et )5

for some a > 0 and w > 0, uniformly for all H € 2" (1+v, 14+v,14v, u, M), ¢ € C(G)
and t > 0. Then Lemma 3.4 applied with n = 0 gives S;C>(G) C C***’ and

“S:(PH(:HW < CLt—D'/4t—-(2+v)/26wt“(p”i

for some a > 0 and w > 0, uniformly forall H € £224V(1 4y 14 v, 14v, 5, M), p € C2(G)
and t > 0. Now the proposition follows by induction from Lemma 3.4. O
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4 Gaussian bounds

In this section we convert the Gaussian bounds on the kernel K and the crossnorm bounds
on S from Lj into C"’, together with similar bounds on the adjoint semigroup S*, into
Gaussian bounds on the derivatives and Holder derivatives of the kernel up to order v in
the first variable. The proofs of Theorems 1.2 and 1.3 then follow easily. Although the
conclusions are similar to those of [EIR6] in the strongly elliptic case the proofs at this
point are quite different. Bounds on semigroup kernels and their derivatives follow in the
strongly elliptic case by Davies’ exponential perturbation technique but this method is not
applicable to the derivatives in the subelliptic situation. We begin with a brief discussion
of the limitations of the perturbation method in this respect.

The technique of Davies consists of replacing S by the perturbed semigroup S? =
U,SU; ! where p — U, is a family of bounded multiplication operators U,¢ = e~*¥¢ with
Y € CP(G). This transformation effectively replaces A; by A? = A; + p(Aiyp). Hence
if S is generated by the divergence form subelliptic operator H then S” is generated by
the divergence form operator H, obtained from H by the replacement of A; by Af. Thus
H, has the same principal part as H but first-order terms linear in p and zero-order term
quadratic in p. It is also of crucial importance for Davies’ argument that the coefficients
of H, depend on % only through the derivatives A;1). Then one obtains kernel bounds by
noting that

&PV K, (g )| < 101 (10)

Bounds on the crossnorm of S are inferred from bounds on the unperturbed § by tracing
the dependence of the latter on the coefficients of the generator H. The quadratic property
of H, as a function of p leads to bounds on the crossnorm of the form a(t) e*(*#*)* and these
bounds are uniform for ¥ € C°(G) satisfying Ef;l |(A;)|? < 1 because 1 only enters the
estimates through its derivatives A;1). Thus minimizing the bounds on K, resulting from
(10), with respect to p gives

|Ku(g:B)| < a(t) ete @9 )P/ (4w~

uniformly for ¥ € C°(G) with Zf':l |(A:iv)|? < 1. Then minimizing with respect to ¢ gives
the desired Gaussian bounds because the subelliptic distance is characterized by (3). In
principal the same reasoning can be applied to obtain Gaussian bounds on the derivatives
A%K of the kernel but this requires crossnorm bounds on

U,A°SUY = (U,4°U;1)S? = Y. cp(p)APS?
B;1B1<la]

Now if |a| > 1 it no longer suffices to have crossnorm bounds on the 4°S? uniform for
Y&, [(A)[? < 1 because the coefficients cg(p) depend on higher derivatives of . This
would present no essential problem if the distance d],(-; - ) defined by

d,(g;h) = sup{ |¥(g) —¥(R)| : ¥ € CP(G), sup [(A*)| <1}

1<|al<n

were equivalent to the distance d'(-; - ). This is indeed the situation if a4,. .., a4 is a vector
space basis of g, i.e., if one is in the strongly elliptic case, by the discussion on pages 201-202
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of [Rob], but one does not have equivalence in the strictly subelliptic framework. The equiv-
alence breaks down at short distances. An example is provided by the Heisenberg group
with vector space basis a1, a3, a3 = [a1,a3] and algebraic basis aj,az. If di(-; -) denotes
the distance with respect to the vector space basis then dy(g;h) < di(g;h) < di(g;h)
for all g,h € G and the equivalence of d,(-; -) and di(-; -) would imply that dj(-; -)
and di(-; -) are equivalent. But this is a clear contradiction. Therefore the perturbation
approach is not directly applicable to the discussion of higher order smoothness properties.

The alternative method we introduce is a simple form of interpolation. The input data
for the interpolation consists of the Gaussian bounds on the kernel provided by Theorem 1.1
and uniform bounds on the derivatives of the kernel stemming from the crossnorm bounds

on S and S*.

Proposition 4.1 Let H be a subelliptic operator in divergence form or mon-divergence
form. Fiz N,N* € Ny and v,v* € (0,1). Let a,b > 0 and w > 0. Suppose S;CZ(G) C
CNHV1 S¥Co(@) C CN™ "' and

|Stellcmens < a1&‘13’/475—(N+u)/2em”‘P“i
S pller=srer < cL1t‘D'/4t-(N‘+u*)/2ewt“90”i
for all t >0 and ¢ € C°(G). Moreover, suppose
|Ky(g; k)| < at=D'12euwteblsh™ )t (11)

uniformly for all g,h € G and t > 0.

Then the kernel of the semigroup S generated by H is N-times differentiable in the first
variable, the derivatives with respect to the first are N*-times differentiable with respect
to the second and the derivatives are continuous. Moreover, for all k > 0, 7 € (0,1),
7,7* € (0,1) and a,B € J(d') with |a| ++y < N +v and |B] + 4* < N* 4+ v* there ezist
a',b' > 0 and W' > 0 such that

(A®BPK,)(g; h)| < o t= (P HalHBD /20t o=t (Igh=2 )7 (12)
and

(A" BPK) (k7 g;17'h) ~ (A°B°K,)(g; b))

< o -(D"Hal+I8)/2gu't ( LS )” + (_ﬂ_)“’ BT (13
= 1172 1 |gh=1] 1172 4 [gh-1]f
uniformly for allt >0, g,k € G and k,l € G such that |k|' + |I|' < &t*/? 4+ 7|gh™!|".
The constants o', b and W' depend only on N, N*, v, v*, a, b, w, &, 7, a, B, v and v*.

Proof It follows as in the proof of Proposition 3.5 in [EIR6] that the kernel K is N-times
differentiable in the first variable, the derivatives with respect to the first are N*-times
differentiable with respect to the second and the derivatives are continuous. Moreover, one
has the following uniform bounds. Forall v,v* € (0,1) and o, § € J(d') with |a|+y < N+v
and || +9* < N* + v* there exist a’,4’ > 0 and w' > 0 such that

|(A°B°K)(k™'g; 17 k) — (A“B°K,)(g; b)|

< a ((‘kllt-—l/2)'y(|l|lt—l/2)'y* + (Ikllt-—l/2)'y + (|lllt—1/2)'y‘)t—(D’+|a|+|ﬁ|)/26w’t (14)
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uniformly for all g, A, k,l € G and ¢ > 0.

Now we come to the interpolation argument. It consists of two basic steps. The first
step is to interpolate between Gaussian bounds on the kernel and Hoélder bounds which
are uniform over G x G to obtain Gaussian bounds on the Holder derivatives.

The next lemma gives an abstract version of the simplest result of this nature. It
interpolates between Gaussian bounds and uniform Hoélder bounds, to give Gaussian Holder
bounds.

Lemma 4.2 Let v,v* € (0,1), b > 0, v € (0,v), v* € (0,v*), &« > 0 and 7 € (0,1).
Then there exist ¥ > 0 and M > 0 such that for every t > 0, a > 0 and every function
®: G x G — C satisfying

|B(g; h)] < aehTII

and
|®(k~g;17'h) — B(g;h)| < a ((Ikl'i'l/z)”(lll't—m)”* + ([k[T2) + (Ill't"m)"*)

uniformly for all g, h,k,1 € G one has the intermediate bounds

B(k™1g; 17 k) — ®(g;h)| < a M (__““_"__)” n (____WL_)" o= (lgh=11)2
) ) = t1/2_|_ |gh—lll 11/2 + Igh—l|l

uniformly for all g, h € G and k,1 € G such that |k|'+ || < & t*/2 4 7|gh~Y[".

Proof First, with £ > 0 and 7 € (0, 1) fixed we argue that the assumed Gaussian bounds
give bounds

[@(k™g; 17 h) = @(g; b)| < a by IR (15)

uniformly for all g, A € G and k,! € G such that |k’ + |I| < £t/ + 7|gh~!|". Secondly, we
establish that for each 6 > 0 the uniform Hélder bounds yield estimates

|®(k~ g; 17 h) — B(g; h)]

k|’ Y N "\ as(igh=tpy2e-t
< aMs((t1/2+ gh1 |/> + (tl/z-l- lgh‘ll’) 280977 (16)

Thirdly, setting § = max(yv~!,4*(v*)™!) and choosing § = 4718-*(1 — 0)¥ one has

|®(k™g; 17 h) — &(g; h)|
= |®(kg; 17 h) — ®(g; h)|*° |B(k g ;17 R) — B(g; h)[°

< aMl—G M0 lkll )ey + ( ]lll )GV* 6_bll(|gh‘l|/)2t—1
- ! d t1/2+|gh“1|’ t1/2+|gh‘1|'

where 8" = ¥'(1 — 0) — 260 > 0. Now the lemma follows easily. Thus it remains to prove
(15) and (186).
If g,h,k,l € G and |k|' + |l < &t/2 4 7|{gh~!| then

‘@(k_lg : l—l h)i <a e—b(|k']gh._lll’)zt“1
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But
(Igh™1)? < (K™ gh™ 11 + IR+ 1)? < (K gh~1) + w8/ 4 7]gh™1[)?
<71+ e)(Jgh™M Y +2(1 + e ) (| ghH]')? + &%¢)
for all e > 0. Now set € = (1 — 72)(1 + 72)~. Then it follows that
—(E gAY < ~27 (L 67N (kT 4 w2

So
|®(kYg; 17 h) — B(g;h)| <aly P e Vi

where My = 1+ ¢ and ¥ = 271¢(1 +&71)~1b. Thus (15) is valid.
Next, for all 6 > 0 one has

lgh™1|' 712 < q4 SUhTHT
where as = 2-16-1/2, Therefore

£ 4 ghT ) = 1o [ghTH 2 < (14 ag)ef 0

and hence ; | vy
2 < (14 a&)m eSlleh™ )%t
Then
ey + (e < 0+a) (=) + (e )"*)ewgh-lvw-l
\ - 11/2 4 |gh“1 ll /2 4 |gh‘1|’
and

re=1/2\v (|7]13=1/2 V" 2 |kl ),,( 1Y )V* 28(|gh™|")? ¢
(R QU < (0t 0o (o) (g loey) @

*

2 v |l|I Y 25(|gh~1|")2t1
< (@t e (s 47 (g pery)
Combination of these estimates with the assumed uniform Holder bound immediately yields

(16) with Ms = (1 + as) + (1 + as)*(x + 7). O

The second lemma interpolates between Gaussian Hoélder bounds and uniform Hélder
bounds on a derivative to give Gaussian bounds on the derivative. The interpolation is
based on the Taylor series of first-order.

Lemma 4.3 Let v,y € (0,1), b > 0 and : € {1,...,d'}. Then there exrists b > 0 such
that for everyt > 0, a > 0 and every function ®: G x G — C which is pointwise partially
differentiable in the first variable in the direction a; and satisfies bounds

@k g k) — (g5 )| < a [k /2)7 e R TIT

and

|(A®) (k™ g3 b) ~ (4:@)(g; b)| < at™([k|'t /)
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uniformly for all g,h,k € G with |k|' < ¢'/? one has the intermediate bounds
|(Ai®)(g; h)| < 2at™1/2e~¥Ush™ 1?7

untformly for all g, h € G.
A similar statement is valid for derivatives in the second variable.

Proof The Duhamel formula,
(= Liexp(sa))e)(9) = = [ du (L(exp(uas) 49)) (s)

= —s (Ap)(9) + [ du (T - Liexp(ua)) Aig))(9) ,

gives a general form of the first-order Taylor expansion valid for all s > 0 and any function
¢ continuously differentiable in the direction a;. Consequently

(Asp)(g) = =5 (I = Liexp(sa))¢) () + 57 [ du (I ~ L(exp(uas)) Ap))(9) -
Therefore setting ¢(g9) = ®(g; h) and using the estimate | exp(ua;)|’ < u one finds
(AsB)(g3h)| < 57 a(s 127 &P 4 1 [ Gt 3(u ey
= at~1/? ((s t—1/2)—1+~ye—b(|gh’1I’)’t“1 +(1+v)7Y(s t‘l/z)”)
for all s € (0,'/2]. Now set s = {1/2¢=1+v=""(9h™* 1%t} Then
(4:®)(g; )| < @ (L4 (1+v)72)¢71 /2= Uh™INT
where b’ = bv(1 + v —)~! and the proof of the lemma is complete. O

Proposition 4.1 is now follows by iteration of the conclusions of these lemmas.
End of the proof of Proposition 4.1.  First, using the bounds (11) and (14) with
la| = |8] =0, ¥ = v and v* = v* one deduces from Lemma 4.2 that the bounds (13) are
valid for |a| = |f| = 0 and all v € (0,v) and v* € (0,v*). Next, for all n € Ny let P(n) be

the assertion

The bounds (12) and (13) are valid for all « € J,.(d'), |8] =0, v € (0,v) and
v € (0,v*).

Then P(0) is valid. Now let n € {0,..., N — 1} and suppose P(n) is valid. If a € J,(d')
with |a| = n,: € {1,...,d'} and |B] = 0 then one can apply Lemma 4.3 with & = A*K,
and it follows that the bounds (12) are valid for all @ € J,41(d’} and |3]| = 0. Then the
assertion P(n + 1) follows by applying Lemma 4.2 on ® = A*K, with |o| =n + 1.

By induction it follows that the assertion P(N) is valid. But then the bounds (13) for
o] < N —1,|8] =0, vy € (0,1) and v* € (0, v*) follow from Lemma 4.2 applied to A*K|,
the bounds (12) and the bounds (14).

Finally, for all n € Ny let Q(n) be the assertion
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The bounds (12) and (13) are valid for all @ € Jy(d'), B € J.(d'), v € (0,1)
and v* € (0,v*) with |a| +y < N+ v.

Then we have just proved that @(0) is valid and one proves by induction, as above, that
Q(N*) is valid. Then the proposition follows readily. )

Proof of Theorem 1.2. This follows immediately from Propositions 2.6 and 4.1. O

Proof of Theorem 1.3. This follows immediately from Propositions 3.5, 2.6 and
4.1, except the very last statement, which can be established separately by a similar
argument. 0O

5 Miscellany

In this section we discuss two related topics. First we state the optimal regularity for the
fractional powers of H on the regular L,-spaces and secondly we give an improvement of
Theorem 1.3 for strongly elliptic operators.

5.1 Regularity

The aim of this subsection is to characterize the domain of the fractional power of a
subelliptic operators on L,, with 1 < p < co. If Hy = —Zf'___l A? denotes the sublaplacian
then L} = D((I 4+ Hr)*?) for all n € Ny and p € (1,00), with equivalent norms (see
[BER]). Therefore we define L, = D(( + Hy)"/?) for all y € (0,00)\N, equipped with
the graph norm.

We first consider operators in divergence form and then in non-divergence form. The
best results are for p = 2.

Theorem 5.1 Let H be a subelliptic operator in divergence form (1). If v € (0,1), v €
0,1+ v), cij,c € C', and ci,co € Lo, then D((AI + H)'/?) = L}, for large .

Moreover, for all v € (0,1), M, p > 0 there exists a Ao > 0 such that for all y € [0,1+v)
and A > Ao there exists an a > 0 such that D((M + H)") = Lj., and

o |(M + H) ¢z < llellyy < all(M + H) ¢l

uniformly for all H € E%(v,0,v,0, 4, M) and ¢ € Ly,
Similar conclusions are valid on the Ls-spaces.

Proof The proof is precisely the same as in [EIR6] Corollary 4.5, since we now have the
various kernel bounds for subelliptic operators. 0o

Using interpolation one can then extend this theorem to other L,-spaces for v < 1 as
in Corollary 4.8 in [EIR6]

Theorem 5.2 Let H be a subelliptic operator in divergence form (1). If v € (0,1},

cijy iy ¢, € C"', and ¢o € Lo then D((M + H)'?) = L, for all large A, v € [0,1]
and p € (1, c0).
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Moreover, for all v € (0,1), M, p > 0 there ezists a Ao > 0 such that for all p € (1, 0),
A2 Ao and vy € [0,1] there exists an a > 0 such that D((AI + H)'/*) = L, and

a T AL+ H)"llp < llellyy < allM + H) o,

uniformly for all H € E%(v,v,v,0,p, M) and ¢ € L.
Similar conclusions are valid on the Lz-spaces.

Next we consider non-divergence form operators on Lj.

Proposition 5.3 Let H be a second-order subelliptic operator in non-divergence form (4)
with ¢;j,¢ci,c0 € C*'(Q) for somen € N and v € (0,1). Ify € [0,n + 2+ v) then
D((A\I + H)''?) C LY for all large A, and the embedding is continvous.

Moreover, for all M,y > 0 there ezists a \g > 0 such that for all v € [0,n + 2 + V)
there ezists an a > 0 such that

el < a (A + H)Y 2

uniformly for all H € £ (n 4+ v,n 4 v,n + v, u, M), A > X and ¢ € D((AI + H)'/?).
Similar conclusions are valid on Ls.

Proof The proof of this proposition is almost the same as the proof of Theorem 4.4 in
[EIR6]. ]

The converse inclusion is valid for all regular L,-spaces.

Proposition 5.4 Let H be a second-order subelliptic operator in non-divergence form (4)
with c;;,¢,¢c0 € C"/(Q) for somen € N and v € (0,1). Ify € [0,n + 2 4+ v) then
L, € D((M+ H)"?) for all p € (1,00) and all large X, and the embedding is continuous.

Moreover, for all M, > 0 there exists a Mg > 0 such that for all v € [0,n + 2 + v),
A 2> X and p € (1,00) there exists an a > 0 such that

1L+ H)YPoll, < a el

uniformly for all H € £ (n+v,n+v,n+v,u, M) and ¢ € L, .
Similar conclusions are valid on Lj.

Proof If n is even then obviously L!. ., C D(H™*?/2) and if n is odd then L ., C
D(H™/2) for all p € [1,00]. So by interpolation one has L', s C D((A + H)™+9)/2) if
A is large enough, p € (1,00) and § € (0,1). Now the proposition can be proved by the

argument at the end of the proof of Theorem 6.4 in [EIR6). O
Corollary 5.5 Let H be a second-order subelliptic operator in non-divergence form (4)

with ¢;j,ci,co € C™*'(G) for somen € N and v € (0,1). Ifvy € [0,n + 2 + v) then
Ly, = D((A\ + H)'*) for all p € (1,00) and all large X, with equivalent norms.
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Theorem 5.6 Let H be a second-order subelliptic operator in non-divergence form (4)
with cij,¢i,c0 € C*/(G) for somen € N and v € (0,1). Ify € [0,n+2] then L) =
D((M + H)"/?) for all p € {1,00) and all large A, with equivalent norms.

Moreover, for all M, > 0 there ezists a Ao > 0 such that for all y € [0,n 4+ 2], A > Ao
and p € (1,00} there ezists an a > 0 such that

a A+ HYollp < Nlelly, < allM+ H) 0l

uniformly for all H € £*°"(n + v, n+v,n +v,u, M) and p € L.

Similar conclusions are valid on L.

Proof The inclusion D((AI + H)"*2/2) C L! .. follows as in [BER], since we have
the appropriate kernel bounds (see also the proof of Theorem 4.6 in [EIR6]). Then the
inclusions D((AI + H)"/*) C Ll for v € [0, n + 2] follow by interpolation. The bounds are
a consequence of the proof. O

For strongly elliptic operators one has D((AM + H )("+2)/ 2) = Lpnto whenever ¢;j, ¢i, o €
Leoin (see [EIR6] Corollary 5.2). Moreover, in the strongly elliptic case the condition
v € [0,n + 2] in Theorem 5.6 can be weakened to v € [0,n + 2+ v). It is unclear whether
similar statements are valid in the subelliptic case.

5.2 Strongly elliptic non-divergence operators

For divergence form operators with C”’-coefficients we have proved in Theorem 1.2 that
the kernel satisfies C1*¥~¢’-Gaussian bounds for all ¢ > 0 and for non-divergence form
operators with C**¥/-coefficients the kernel satisfies C*t2*t¥~¢’-Gaussian bounds in the first
variable and C"**~¢’-Gaussian bounds in the second variable. If the operator is strongly
elliptic and in divergence form with C’-coefficients one can take ¢ = 0, i.e., the kernel
satisfies C1**-Gaussian bounds (see Theorem 1.1 in [EIR6]). We next show that one can
also take € = 0 in the strongly elliptic non-divergence form case.

For ¢ € C*(G), p € R and elliptic operator H let S” be the perturbed semigroup
generated by the perturbed operator H, by Davies’ technique (see Section 4). The main
step in the proof is a perturbed version of Lemma 3.4.

Lemma 5.7 Suppose ay,...,ax is a vector space basis of g. Let n € Ng, v € (0,1),
M,p > 0 and a,w > 0. Suppose for all H € £*°"W((nV1)+v, (V1) +v,(nV1)+v,pu, M)
one has

182 pllentrar < @t~/ (t0/2 0008 o

forallt >0, ¢ € CP(Q), p € R and Y € C*(G) with ||A"P|l < 1 for all v € J(d) with
1<y <n+2

Then there erist a',w’ > 0 such that for all H € £ ((nV 1) +v,(n V1) +v,(nV
1) +v,p, M) one has

IS¢ llensars < o' m ORISR o)

forallt >0, p € C2(G), p € R and ¢ € C(G) with || A7 Y|l < 1 for all v € J(d) with
1<yl <n+3.
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Proof We follow the proof of Lemma 3.4. If p € C(G), p € R, ¢ > 0 and p € C=(G)
then one has as in (9)

HgnoRSf(P = H’?oRSszO = nchHStp(P + [H) naR]Stp(P

= UaRStp/szan‘P + ) (A%nar) A" Sty
1B|+1v|<2
lvl<1

d d
+pnor Y, ij Aih; Sfo + pnor Y, cij ¥i A; Sl

1,7=1 1,7=1

d d
+ 0 00n Y cij i Sto — pnor Y cihi Sl

1,7=1 =1

strongly, and hence weakly on Ly, where ¢; = A;i). Then we apply Lemma 3.3. The
contribution of the first two terms is as before, one only has to replace the factor e“* by
ew(1+7%)t Next,

d d
lenor 32 i Aith; S{ellener < ol 3 lIilloomsall STpllenirss

i,g=1 i,5=1
< 2w ()= d/ 4= (140} 20 (4208 | |5

=" t—d/4t_(n+2+u)/2ezw’(1+p2)t”90“5

for suitable ¢/, ¢ and w', depending only on n, v, M and p. The other three terms can be
estimated similarly. Hence it follows from Lemma 3.3 that

InerSE@llcntass < o' t=H4lrt20) 2o

Arguing as before in the proof of Lemma 3.4 it follows that there exist a,w > 0 such that
for all H € &P ((nV 1) +v,(rV1)+v,(nV1)+v,u,M),t>0and ¢ € L one has

(A% SiePPp)(e)] < at= gt s+ |

and
(1 - L(@))(A%e S, ) (6)] < alglti/ - (rtaenagutiss o

uniformly for all ¢ € B(c?R), & € Ju42(d), p € R and ¢ € CX(G) with ||[A"|lec < 1
for all 4 € J(d) with 1 < |y| < n + 3, where we have written the function % explicitly in
the perturbed semigroup. Next, let H € E*™((nvV 1)+ v,(n V1) +v,(nV1)+v,u, M),
t>0,h€G, g€ B(6’R), a € Juya(d), p € Ls, p € R and 3 € CP(G) with ||[A"]|0 < 1
for all v € J(d) with 1 < |y] € n+ 3. Then [|[A"R(h)¢Y|cc < 1 for all v € J(d) with
1 < |y| < n+3. If HM is the non-divergence form operator with coefficients R(h)c;;,
R(R)c; and R(h)cy obtained by right translation of the coefficients of H, then H®) ¢
£rondivi(n v 1)+ v, (nV1)+v,(n V1) +v,pu,M). So with S*) the semigroup generated by
H® one deduces that

(7 = Lig)) (A% S,e0) ) ()] = | (1 ~ L(g))(A%e"RPI SPerRA ) o)) (e)]

< gl 4O R |

d/ 44— (n+24v)/2 ew(1+p2)t

= alg|"t” lells -
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Similarly,
[(A%™"? S,e?P o) (R)| < at~H 4= (4220120,

and one can extend the condition g € B(c*R) to g € B(1). o

For sake of completeness and reference we quote the next proposition.

Proposition 5.8 Suppose ay,...,aq is a vector space basis of g. Letn € N and v € (0,1).
Then for all M,y > 0 there exist a,w > 0 such that for all H € £*"V(n +v,n +v,n +
v, it, M) one has

S pllentar < at=4g=mt22) 2l )

forallt >0, ¢ € CX(G), p € R and ¢ € C=(G) with [|[A"Y||o < 1 for all v € J(d) with
1<y <n+3.

Proof This follows as in the proof of Proposition 3.5 with Lemma 3.4 replaced by
Lemma 5.7. The first step of the proof is now given by [EIR6], Proposition 3.3. O

Theorem 5.9 Suppose ay,...,aq is a vector space basis of g. Let n € N, v € (0,1) and
let H be a strongly elliptic operator in non-divergence form (4) with complex coefficients
Cijy Ciyco € C™Y. Then for all kK > 0 and 7 € {(0,1) there exist a,b > 0 and w > 0, such
that

o b “1 13\ _ [ qeps : —(a+latio) /2wt (__LELF 1] )” ~blgh=1[24
(A"BPK,)(kg; 17 h) - (A°B°K,)(g; )| < at (s ton) ©

uniformly for all o € Jpi2(d), B € Ju(d), t >0, g,h € G and k,l € G such that |k| 4 |I| <
kt/2 4 7 |gh7l.

Moreover, for alln, v, &, 7, M and p the constants a, b and w can be chosen uniformly
forall H € E°"(n L vn+v,n+v,pu, M).

Proof This follows from Proposition 5.8 and [EIR6] Propositions 3.3 and 5.6. 0

It is unclear whether a subelliptic version of the above theorem is valid. If, however, G
is stratified and ay,...,aqs is a basis for the generating subspace of the stratification of g
then a subelliptic version is valid, since the same proof works. The higher derivatives on
the perturbation function % play no role because of the scaling mechanism used in [EIR6).
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