EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Post Galerkin method for the Navier-Stokes equations

Citation for published version (APA):
Hou, Y., & Li, K. (1999). Post Galerkin method for the Navier-Stokes equations. (RANA : reports on applied and
numerical analysis; Vol. 9917). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/1999

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 08. Feb. 2024


https://research.tue.nl/en/publications/6136e9aa-bfb3-4133-8d91-7c31b11c7c44

Post Galerkin Method for the Navier-Stokes
Equations *

Hou Yanren! Li Kaitai
College of Science, Xi’an Jiaotong University, Xi'an 710049, CHINA.

Abstract: A kind of post Galerkin method based on the virtue of inertial manifold and approximate
inertial manifold for the two dimensional Navier-Stokes equations is constructed in this paper. This
kind of post Galerkin method also leads to a kind of new construction of approximate inertial manifold.
We investigate the property of this manifold and derive the error estimation of our scheme. According
to our method, one can get a much more accuracy approximate solution at any time once the standard
Galerkin approximate solution is at hand. Obviously, this method will yield a significant gain in
computing time.

Key Words: Approximate inertial manifold, Galerkin method, error estimation, Navier-Stokes equa-
tions

AMS Subject Classification 65M15, 65M70, 76D05, 35Q30

1 Motivation

Although the computing facilities improved in the last decades, directly simulating the Navier-
Stokes Equations(NSE) still remains an open problem because of its large computing scale and
long time integrations. Therefore, how to construct high effective and high accuracy numerical
scheme is still an important and practical problem attracting people. Many authors derived
new techniques and methods. For example, Lin Qun[1], W. Layton[5] and J. Xu[6] used extrap-
olation and two level meshes respectively. Especially, 1t is worth mentioning the applications of
Inertial Manifolds (IMs) and Approximate Inertial Manifolds (AIMs) theory which were firstly
introduced in 1988 by C. Foias, G. R. Sell, R. Temam([7] and C. Foias, O. Manley, R. Temam][8§].
Based upon the finite dimensional behavior of the solutions, they show that there must be at
least some approximate interactive rules between large eddy components and small eddy com-
ponents of the solutions of many dissipative partial differential equations. From then on, many
papers were contributed to this subject on constructing related new algorithms, that is all sort
of nonlinear Galerkin methods, and their numerical analysis. For example, we refer readers to
[9], [10], [11],[12], [13] and references therein.

Suppose H be a Hilbert space and H = H,, & H with dim(Hy,) = m < 400, u(t) € H be
the solution of two dimensional NSE. Decomposing u(t) as

u(t) = p(t) +q(t), with p(¢) € Hn, q(t) € H,

ATMs believes that there must be some approximate interactive rule ® : H,, — H such that
q(t)~®(p(t)). Then its related nonlinear Galerkin method aims to search the approximate
solution of w in form of @, = p+ § with § = ®(p) such that it can generate a more accuracy
approximation of u than that of Galerkin approximation u,,. In fact, for some positive sequence
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{Am tmen which tends to oo as m — oo, general nonlinear Galerkin solution @, admits
(1.1) |u(t) = @ ()| 2 < COA-

And the Galerkin solution u,, satisfies

(1.2) Ju(t) = wm ()]s < CONT,-

Here C'(t) is some positive constant depending on various data. Obviously, nonlinear Galerkin
method can greatly improve the convergence rate of Galerkin method. That is to say we could
get more accuracy approximation of u(t) with lower computing price compared with Galerkin
method. But its defects is also obvious:

1 At each time step, nonlinear Galerkin method must solve p and ¢ simultaneously, that is,
nonlinear Galerkin method can not obtain p without ¢. This leads to solving a coupled
equations and increasing computing price.

2 Nonlinear Galerkin methods use large eddy component p to correct small eddy component
g. Noticing ¢ € H and p € H,,, the final accuracy depends on both p — p and ¢ — 4.
Therefore, the final accuracy can not exceed p—p. This may restrict the high performance
of nonlinear Galerkin method.

3 Nonlinear Galerkin solution 1,, takes no information from Galerkin solution u,,.

Being aimed at the above shortages, our paper intends to find a new ® such that the related
algorithms can overcome those defects.

2 NSE and Its Galerkin Approximation

Let us consider the following two dimensional NSE confined on a bounded domain  C R?

g—?—yAu—i—(wV)u—l—Vp:F, (,1) € Q x R,
u(z,0) = a(z), r €,
u(z,t) =0, (z,1) € 9Q x RT.

Here u is fluid velocity and a the initial velocity satisfying V - a = 0, p the pressure. v > 0
stands for kinetic viscosity and F' is external force which is assumed to be time independent.
For the sake of simplicity, we also assume that 0 is of class C2.

Now we introduce a Hilbert space

H={ueL*Q)* V- u=0in weak sense ,u-n|pg = 0},

where n stands for unit out normal vector of 2. If we denote P the Leray orthogonal projection
from L%(Q)? onto H, by projecting (2.1) onto H, we can obtain the abstract NSE

du
(2.2) { 5 TrAut Blu,u) =,
u(0) = a,

where A = —PA is Stokes operator, B(u,u) = P[(u-V)u] and f = PF. It is well known that
A is an unbounded, self-adjoint and positive definite operator with compact inverse. Thus we
have that there exists two sequences

0<A1§A2§§An§—>00, and¢1a¢2a'..a¢n"'EHa



such that
qu)Z:/\Zdh, Vie N.

At the same time we can define its powers A® for @ € R. In fact,

+oo +oo
DAYy ={veH :v=" v;jg;, Y _ Av|* < +oo,v; € R}
j=1 j=1

. . . . 5
is a closed subspace of H2%(Q)? and |A“ | is an equivalent norm of it at least for o < 7 where

| - | stands for the L~ norm. In the rest, sometimes we denote V = D(A%). In addition, —vA
generates an analytic semigroup on H, denoted by {e‘”At}Qo, with following estimation

(2.3) ||A°‘e_”At||£(H7H) < co(I/t)_O‘e_”ét, t>0 a>0,

where § > 0 is a constant related only on A, ¢ > 0 is a constant. For the sake of convenience, we
always use ¢; > 0,7 € N, to denote constants which have different meaning in different places

appearing in the analysis. We also introduce the notation |||ul||l: = sup |u(s)|, especially,
0<s<t
llull = sup [u(s)].
sERT

Now for any m € N, we introduce an orthogonal projection P,

+oo m
Vv:Zvjq/)jEH, va:Zvjq/)j.
j=1 j=1

Meanwhile, we use @, to denote I — P,,. The following inequalities are classical and we just
state them out.

|Qmol < A2 A%8|, Vo eV,
6|0 < Li|A20|, Y6 € Hy,

where Ly, ~ (1 4+ ln/\m)%.
By using these two orthogonal projections, we could decompose H as

H=H,&H, Hpy,=P,H H=0Q,H.

To numerically solve (2.2), we use following Galerkin scheme,

di,
(2.4) 7+1/Aum—|—PmB(um,um) =P,f,
um (0) = Ppa.

Here we use u, (t) to represent the Galerkin approximation of u(t). As well known, its stability
and convergence results are classical. For example, we have the following convergence results

(2.5) [u(t) = um (D] < CLOATL, AR (ult) = um ()] < Co()A34,

where C4(t) and Cy(t) are positive constants depending on v, f and a.

How to construct more accuracy approximate solution of u(t) by taking advantages of known
information of it, that is w,, (¢), is the main problem to be solved in the rest. Of course, nonlinear
Galerkin method can partly solve the problem although it has some defects as we just said in
section 1. Here, we aim to get a new method which can overcome those shortages as well as
improve convergence rate by using the virtue of AIMs to construct a new finite dimensional
mapping. We call it post Galerkin method. It should be able to correct u,, at any time without
introducing any extra computation except for computing .



3 Further Properties of u,,

In this section, we will give some properties of u,, which will be very important for our further
discussion. First of all, let us give a kind of new decomposition of true solution w. In fact, after
we get its Galerkin approximation w,y,, the very nature decomposition is to decompose u(t) as
um (1) and its residue 4(t) = u(t) — um (?), that is

(3.1) u(t) = wm (1) + a(t).

For the convenience of stating, we identify um,(t) € Hp, and a(t) € H as large and small
eddy components respectively. Obviously, the Galerkin approximation w,, (¢) reaches the large
eddy component of true solution exactly. Then, how to approximate small eddy components
is the only problem. According to the ideal of AIMs, we suppose there also exist some kind
of approximate interactive rule between large and small eddies. That is, there should exist a
finite dimensional mapping ® from H,, into H. Before we begin to construct it, we need some
further property of u,,.
Subtracting (2.4) from (2.2), we can easily get

5. { 0 it Bt ) + Bl ) + B0t = Qunlf = Bl ).
w(0) = Qma.

This is a nonlinear evolutionary equation of @(¢).
Now let us consider some properties of 4. To do so, we decompose @ as

(3.3) W= P+ Qi 2 p+q.

Then p satisfies

dp
(3.4) { o TrAP+ P B(um,p+ ) + P B(p + ¢, um) + P B(p+q,0+¢) = 0,
p(0) = 0.

If we set ¢, v, w be any vectors in V' which have the forms of

é=(¢1,02)", v=(vi,v2)", w=(w,wy)",
we denote by b the trilinear form[2]
b(g,v,w) = (B(¢,v),w) = / (¢ - Vv - wde,
Q
which has the following estimations

so s+l

(3.5)  b(o,v,w) < co| AT G| [AF 0] |ATw|, Vo€ DAT),ve DA™ ), we DAT).

Here, s1, 2,53 > 0 satisfies s; + s2 + s3 > 1 with (s1, s2,s3)# (1,0,0),(0,1,0) and (0,0, 1).
On the other hand, we can alter the form of . In fact

_ ¢1 O v1 wy
(¢ V)v-w _Kfﬁz)'(@y v2 )\ wo
= ¢10:v1w1 + ¢20yviwt + ¢10,v2wa + 20, vaws
=(w-Vv) ¢,
where w - Vv means w1 Vv, + wy Vs, Denoting B(w, v) = P(w - Vv), then we have

(3.6) b(¢,v, w) = (B(¢,v), w) = (B(w,v), ¢).



We are familiar with the general properties of B,about which we refer readers to [2]. But
those are not enough for our discussion, we still need some further properties of B and B which
we state as following two lemmas.

1 1
Lemma 3.1 For any w € D(A2), v € D(A) and 0 < r < 7 it holds
|A” B(w, v)| < e1|ATw||Av].
1 3
And for r = 3 and w € D(A%), we have

|A% B(w, v)| < e1]|ATw] |Av].

Here ¢y 1s some positive constant depending only on £ and r.

This property of B was proven in [13]. Noticing the form of B and B are quite alike, we
can easily get the similar property of B by the same method used in [13]. So we only state the
property in the following without proving.

1 1
Lemma 3.2 For any w € D(AZ), v € D(A) and 0 < r < 2 it holds
|A” B(w, v)| < ¢1]AZw] |Av].
1 3
And forr = 3 and w € D(A%), we have

|AZ B(w, v)| < e1]|ATw] |Av].

Here ¢1 has the same meaning as in lemma 3.1.
Now we are ready to study the important property of . By using the semi-group presenta-
tion, we can rewrite (3.4) as

t
p(t) :_/ e A=) P LB (um, p) + B(p, wm) + B(p,p) + B(p, q) + B(q,p)
0
+ B(tm,q) + B(q,um) + B(q,q) }ds
t t
:—/ e_”A(t_s)PmBl(p)ds—/ e_”A(t_s)PmBz(q)ds,
0 0

where
Bi(p) = B(um,p) + B(p,um) + B(p,p) + B(p,q) + B(g,p),
Bs(q) = B(um, q) + B(q, um) + Blq, q).

Then by using (2.3), we have

t t
(3.7) |A—%p(t)|g/ |A—%e—vA<t—8>PmBl(p)|ds+/ |A=7e A3 P, By(q)|ds
0 0
¢ 1 ¢ 1
:/ |A56_”A(t_s)A_1PmBl(p)|ds—1—/ | A2 A=) AT P, By (g)|ds
0 0

t
Sco’/_%/ (t =) 20747 By By (p)]ds
0



Let us estimate each term of |[A=1 By (p)| and |[A=1By(q)|. Firstly, we consider each term of
|A=1B1(p)|. For example, consider |[A~1 Py, B(uy,, p)|. Noticing lemma 3.1, for any v € Hp,

sy A 0) | =lb(am, A0, p)| = (4% B, A10), 47 2p)]
<cy|Aduy||A75p| Jv].
Thus we have
(38) A Py B, )] < 1| AT |47 E).
Similarly, we can derive

(3.9) |A™1 P, B(p, p)| < e1|ATu||A™7p),

(3.10) | A= P B(q,p)| < ex| AT ul |A75p].
For the other two terms, we will use lemma 3.2 to cope with them. For any v € H,,
b, tm, A7 10)] =[b(p, A0, )| = [(A*Blum, A™10), A75p)|

<er| A un | [A73p|[o].

So we get

(3.11) AT P B(p )| < 1] AT ] [A2 ).

Do the same thing to the last term, we have

(3.12) A7 PrB(p, a)] < e1|ATu] [A77p)|.

Combining (3.8)~(3.12), we derive the first estimation

(3.13) A7 P B (p)] < Ben ([ ATulll 4 [[| AT um )] A7 2P

For the estimation of |[A=!P,, B2(q)|, the method is completely the same as the above one.
We also use lemma 3.1 to deal with B(un,¢) + B(q, ¢) and lemma 3.2 to deal with B(q, ty, ).
So we just give the result in the following

(3.14) | AT P Ba(q)| < 2e ([l AT ull] + AT wml[)]A™=ql.

Obviously,

¢
sup/ (t—s)_%e_é(t_s)ds <5 My < 400
t>0.Jo 2

where

’Ya:/ sT%'ds =T (-1 — a).
0

By introducing the following constants

ez = 2eocrd” 2y (|[[ATull| + |[[AT wn][]),

e = 3eocr (||| AT ull] + [[|ATwn|l]),



we can get a new integration inequality from (3.7). That is
1 1 ¢ 1 1 1 1
(0] < e [ (09 H O plds 4 o A
0

Set .
g(s) = |[A72p(s)|e*,
we have

t
o) < cor B IA gl cart [ (o= ) Eg(o)ds,
0]

To give the estimation of g, we must introducing an inequality. Many inequalities of this type
can be found in Henry[4]. The following special version, lemma 3.3, was proven in [15].

Lemma 3.3 Let T, a, B and 0 be positive constants, 0 < @ < 1. Then for any continuous
funetion f:[0,7T] — [0, 400) that satisfies

ft) < oz—I—ﬁ/Ot(t—s)_ef(s)ds, 0<t<T,

we have
F(t) < caexp{ea/001}, 0<1< T,

with a positive constant c4 that depends only on 6.
Now by using lemma 3.3, we can immediately obtain

g(t) < 62641/_%6& exp{C4c§1/_1t}|||A_%(J|||t.
Denoting by Ti(t) > 0 the constant epcq exp{caciv =1t} + 1/%, we have
(3.15) |ATZp(t)] < (w72 T1(t) = DA = q]llz-

Now we summarize the above deducing into the following
Theorem 3.1 For any given data a € D(A) and f € H, we know the Navier-Stokes
equations (2.6) and its Galerkin approximate equations (2.4) have unique solutions

u(t) € L= (R, D(A)), um(t) € L®(RY, D(A)).
And there also exist some positive constants My and My related on v, a and f such that

1 1 M,y
1A= ulll, A2 um I < == lllAull], lAun]l] < M.
Then for anyt > 0, we have

[A7Z (= um) | < v72A 3 Tl = wnll:-
Proof From [14] and (3.15), we can immediately get the result. O

4 Finite Dimensional Mapping ®

As we said before, the main task in our paper is to construct some kind of approximate in-
teractive rule between « and wu,,. That is to find some kind of finite dimensional mapping
® : H, — V such that 4~®(up, ).



To do so, we introduce an smooth function
g(s) € C=(RY)
with the following properties
0<g(s) <1, 19(5)] <2, andVse][0,1], g(s) =1, Vs € [2,00),9(5) = 0.

Now let us recall (3.2). Of course, (3.2) is a kind of rule. We may exactly get @ from
Um. This 18, in fact, to solve the Navier-Stokes equations. It is not suitable for our purpose
- . . . .. du
because it is as complex as (2.2). But, enlightened by this equations and noticing d_? and
B(u,4) are smaller quantities compared with other terms in (3.2), we introduce the following
finite dimensional mapping

V¢ € Hy,, find w € V such that

22 3, 6) + Bo, ) = o

(4.1) 2|A </>|

h=tw + vAw + g(

)@mlf — B(¢, )]
Here, h > 0 is a small constant which will be given soon. Let us introduce bilinear form

2|A3 ¢

L(w,v) =h" (w,v) + V(A%w,A%v) +y( A

)[b(w, ¢, 0) + b(9, w, v)].

It is clear that £(-, ) is a continuous bilinear form from V x V' to R. Furthermore, we have
Lemma 4.1 L(-,-) is continuous and coercive if h is small enough such that
2v
4.2 h< ——.
) <

Proof Indeed

~ 2A% ¢ w|? 1 2|Az¢
(h s aw+ g B, 6) 1 B, w]w) = U g ot 4 o o 6,
My h My
|w]? 2 Jw]? 2 1
ZT vIATw|? = cp| AT G| Jw| | A% w| > A +v|AZw|* — ey Mo|w| |A2 w)|
1 Mg 2 Yyt ol VLo
2(3 = =5, el + Az w]” > S{AZw]".

Notice we used an implicit condition |A%¢>| < My in the above inequality. For |A%¢>| > Mo, g
will be equal to zero and the above result is obvious. Then we can get the result. ad

Consequently, by using Lax-Milgram theorem, we know, for any give ¢ € H,,, there exists
an unique solution w = ®(¢) of the following variational problem corresponding to (4.1):

V¢ € Hy,, find w € V such that

(4:3) £l = o2 (Q,05.0) ~ o, 0. 0] VeV

Theorem 4.1 Assume h satisfies (4.2). Then (4.1) can determine a finite dimensional
mapping ¢ from Hy,, to V which has the following properties

i) ®(¢) =0 for |Az¢| > My.

i) For any ¢ € Hp,

A2 ®(¢)] < pm = (|f| + e M§ L) A,



of course ppy — 0 when m — oco.
ii1) ® is a Lipschitz smooth mapping. That is, there exists some constant l,, > 0 such that

|AZ (®(61) — @(62))] < L] A7 (61 — ¢2)].

And l,, — 0 when m — co.
Proof By virtue of lemma 4.1, it asserts that (4.1) can determine a finite dimensional

mapping.

2| A7 |

0

i) Let us consider |A%¢>| > My. Notice the definition of g, we know g( ) = 0 at this

time. So (4.1) becomes

A w+ vAw = 0.

Of course, it only has zero solution. That is, under this circumstance,
w=®(¢) =0.

ii) We only need to consider |A%¢>| < My. Just as being done to prove the uniqueness of the
solution, we can get

LAEDE IS, Qu®(9)) +b(6, &, Qm(6))]

<(If+ eo M3 L) A3, [AZ®(9)].

Then we can get the result.
iii) At last, we will show this mapping is also Lipschitz continuous. For any given ¢1, ¢2 €
H,,, we can get wy = &(¢1) and wz = ®(¢2) from (4.1). That is

W=+ v+ g B, 60) 4+ Blor, w)] = o201 - Blor, 6]
0 0
Wy + v Aws + (B s, 62) 4 B(6s, w)] = 92201 — Blos, 621
0 0
If we denote ¢, = ¢1 —¢s, we = w1 —ws and Ag = g(2|€\;¢1|)—g(2|€\;¢2|), we can derive
from the above two equations that ’ ’
(4.4) h_lwe—i—VAwe+g(2|1;1\;0¢1|)[3(w6,¢1) + B(ws, ¢)]
2|A% 6,
+H(TO)[B(¢e, wi) + B(¢2, we)] + Ag[B(wa, ¢2) + B(d2, w2)]
_ 2[A% 61|
—Angf +g(TO)Qm[B(¢ea ¢1) + B(¢>2, ¢e)] + AngB(¢2, ¢2)

For different values of [A3¢;| and | A2 ¢5|, we divided our proof into several cases.

Case 1) |A261|, [A2¢s] > M.
Noticing the definition of g, (4.4) becomes

h Y w, + vAw, = 0.



We can get the Lipschitz continuous result for any [,, € R¥.

Case 2) One of them exceeds M.
Without loss of generality, we suppose |A%¢>1| > My and |A%¢>2| < My. Then (4.4) reads

(4.5) h™'we + vAwe + AgB(ws, ¢2) + AgB(¢2, w2) = AgQ | + AgQm B(¢a, ¢2).

2[A% 6]

0

2|A3
Notice that Ag = —g( |47 6|

) at this time. But we pretend that g(

) is still there.
0
Then by using the property of g, we have

4

4 1 1 1
(16) [8g] < (1A% = [4%62]) < 3 IA%0c]

Multiply (4.5) by we and integrate it on €, we get
W el + vI AT wel* <|Agb(ws, d2, we)| + | Agb(¢2, wa, we)|
(4.7) + [Ag(f, @mwe)| + [Agb(d2, ¢2, Qmwe)|.
Noticing (4.6) and the result of ii), we majorize each term on the right hand side of (4.7) as:

4e 1 1 1 1 1 1
|Agb(wa, ¢, we)| < Mb|A5w2| |AZ ga| |[AZwe| [AZ | < Acopm|AZwe | [A2 6],
0

|Agb(¢2a Wwa, w€)| S 4Cbpm|A%we| |A%¢€|a
4/]

kY
2

0/\m+1

|Ag(f, Qmw.)| < |AZw,|[AZ ],

4e L 1
[Agb(2, 62, Qmuwe)| <G |62l1e A% o |Qmuwe] 4.

<deyMoLin A3 A% we| [AZ . |.

Combining the above inequalities and omitting A~!|w,|? on the left hand side of (4.7), it yields
V|AZwe|? < (8cupm + AMo|FIN, L1 + deoMo LAy 2 ) |AZ we] [AZ 6.
Denoting l,,, = v~ (8¢cppm + 4M0|f|/\;f|_1 + 4ch0Lm/\;1_%|_1), we can get the result.

Case 3) |A261|, [A2¢s] < M.
Multiply (4.4) with w. and integrate it on €, we have

(4.8) h™ e[+ AZwe [* < [b(we, S1,we)| + [b(de, wn, we)|
+[Agb(wa, @2, we) [+ [Agb(¢2, w2, we)| + [Ag(f, @mwe)| + 1b(¢e, 61, Qmwe )|
F[b(¢2, P, @mwe)| + |Agb(d2, P2, @mwe)|.

Just like the previous case, we majorize each term on the right hand side of (4.8) as:

1 Vigli 2 chOZ 2
|b(we, ¢1, we)| < oMol A7 wel |we| < §|A2we| +T|we| ;

10



|b(¢e,w1,we)| < Cbpm|A%we| |A%¢e|a
|Agh(ws, ¢a,we)| < deppm|ATw,||A7 .|,
|Agb(¢2a Wa, w€)| S 4Cbpm|A%we| |A%¢€|a

Afl -1 1 1
|Ag(f, @mwe)| < M/\m+1|A2we||A2¢e|a

16(¢e, b1, Quwe)| < ev|de|roe|AT61||Qmrwe| < e Mo L A2, |ATwe||AZ 6],
16(¢2, e, Qmwe)| < eo Mo L A2y |ATwe||AZ o],
|Agb(2, ¢2, Qmwe)| < 4eo MoLin A %1 [AZwe|[AZ |
Then, from (4.8), we have
1% 1 1 _ _1 1
A7 we] < (9eopm + 6esMoLin A iy +41FIMg AL L1 )IAZ S .

Once again, if we denote

9 = —1)"3
b = S (9eopm + Bes MoLm A3y +41F1M7 A1),

we can derive the result again. ad

5 Post Galerkin Method

In previous section, we construct a finite dimensional mapping ® : H,, — V. Now, we will use
it to give our post Galerkin scheme. In fact, once we get ®, the construction of post Galerkin
scheme is obvious. We state it as following three steps.

(Step 1) Galerkin approximation

find w, (¢) such that

dum
% + vAum + P B(tum, um) = Pn f,
um (0) = Ppa.

(Step 2) Postprocess uy, (t) at any time ¢t € R
find u(t) = ®(um(t)) such that

A B ) + Bl 0] = o

2| AT uyy,|

h='u +vAu+ g( A

)@m[f = Blum, um)].
(Step 3) Post Galerkin approximation
" (t) = um (8) + u(t) = un (t) + @(um (t)).

In the rest, we will investigate the accuracy presented by this scheme. First of all, we give
some classical result as

Lemma 5.1[3] Under the conditions of theorem 3.1, the solution u(t) of (2.2) is analytic
in time, in a neighborhood of the positive real azis, as a D(A)— valued function.

Denoting by d the distance between the boundary of analytic region and the positive real

. . . . . du .
axis, we could derive the following estimation of m at any time by Cauchy theorem.
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For any given ¢ > 0, we know from the above lemma and Cauchy theorem

di .
i _ 1 i)
di 278 J)s_y=q (t = 2)?
Thus,
Cada(t), 1 A= 54(z)
1 AT2 <— d
(5.1) S sl [ e

<d ATzl < 7T T (@) al -

Generally, d is a small constant related to v and f. For its concrete express, we refer readers
to [3]. Now, we give our main result as
Theorem 5.1 Under the conditions of theorem 3.1 and (4.2), we have

A% (u(t) — u(1))] < To(t)An 14,
where

To(t) = 207 CrL() (A~ 4+ d™ Y 3Ty () + ¢1Co(1)).

Proof Notice that
(1) = um (t) + @(um (1)), w(t) = um(t) + u(t).
Thus, to get the estimation, we only need to concern about
w(t) — Plum(t)) = a(t) — alt).

1 1
Because of |||AZ up||| < §M0, we have

QA%um
g mly

My
Thus u satisfies the following equations at any give time
(5.2) h™lu 4+ vAu+ B(u, um) + B(um, @) = Qm[f — B(um, um)].
Subtracting (5.2) from (3.2) and denoting e = & — 4, we have

di
hte + vAe + Ble,um) + B(um,e) = h~tu — d—? — B(a,u).

From lemma 4.1, we know
v 1
|h="e + vAe + B(e, um) + B(um, €)|lcvve) > §|A56|.

And from (2.5), theorem 3.1 and (5.1), we have

N da N — — N ~ 1.
It = =Bl Dl < (0 +dOIA ]+ elall4bal

(5.3) (A +d™ T ET (DAL S + el Azal)al.
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By using (2.5) we conclude
|A%e] < 2071 () (A + d™Hr 3 Th (1) + 1 Ca(t) A2 -

End of the proof. a

Remark. Notice that (Step 2) of the post Galerkin scheme is solved in whole space V.
When we consider the realistic implementation of this scheme, we should restrict this step
in a larger finite dimensional subspace of V', namely, Hys with M > m and to get a finite
dimensional approximation u}, (¢). That is we should modify the (Step 2) and (Step 3) as
(Step 2°) Postprocess u,,(t) at any time ¢t € RT

find uM(¢) = ®pr(um(t)) € Hy such that

hm vt g by () B, ut)]
0]
21 A% Uy,
= o) P 0 = Bl wn)]

My
(Step 3’) Post Galerkin aprroximation
Wiy (£) = (1) + u™ (£) = w (£) = Dar (um (1))

It is easy to show that this finite dimensional scheme has the following error estimation

A7 (u(t) = wir (8)] < Ta(t)A31 + CAyfyr

Of course, to balance the two terms on the right hand side of the above inequality, we should
choose M ~ m?3. That is the performance of our proposed scheme is just like that of a standard
Galerkin scheme with very large computing scale.

On the other hand, the results here are also valid when we consider the periodic boundary
conditions case.

6 Numerical experiment

In this section, we will present a simple numerical experiment for our scheme. For the sake
of simplicity, we will consider problem (2.2) in a square domain Q = (—m, 7)? with periodical
boundary conditions. Under this circumstance, H is

H={u= E upe™* up =g, divu = 0 under weak sense | E lug|* < +o0}.
kEZ,k#0 kEZ,k#0

We assume that we have a true solution of (2.2). In fact, we give some function u(t) € H with
-2
[ ()] ~ [k
And for given m € N, we define P, is the orthogonal projection from H onto

Hy={u= E uge'™ " up = usg, dive = 0},
[k],|k2|<m

where k = (ki, k2)T. Meanwhile, for the periodical case, it is very easy to get the divergence
free projection P. Then we use this u(t) to compute P, f(¢) in (2.4) and solve it to get the
standard Galerkin approximation.
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Concerning about the computing scale, we only give a small scale simulation here. For
example, in our numerical implementation, we take m = 9, M = 2m and h = v = 1. Following
table indicates the relative error of standard Galerkin method and post Galerkin method defined
as

and §
peing - =il

lall

where SGM and PGM mean the relative error of standard Galerkin method and post Galerkin
method respectively.

Time SGM PGM

2.0 2.08% 0.400%

4.0 2.86% 1.33%

6.0 4.87% 2.71%

8.0 10.6% 5.98%

10.0 9.06% 4.90%

12.0 4.87% 2.38%

14.0 3.43% 1.47%

16.0 2.83% 1.06%

18.0 2.56% 0.845%

20.0 2.50% 0.757%

22.0 2.56% 0.747%

PGM . . .
It seems that sor 7 From the remark at the end of last section, we know this ratio
is restricted by the truncation error because we just take M = 2m instead of M ~ m> when
concerning about the large computing scale. So this ratio is reasonable because /\Jiﬁ-"l should
Am§+1

be close to T =5
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