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Coupling on a Multilayer Printed Circuit Board

and the Current Distribution in the Ground Plane

F. B. M. van Horck, A. P. J. van Deursen and P. C. T. van der Laan

Abstract

The current distribution in the ground plane (GP) has been studied for a triple layer printed
circuit board (PCB). The continuous GP was the middle layer; test tracks were placed at var-
ious positions in the top and bottom layer. The crosstalk or transfer impedance Zt between
tracks on opposite sides of the GP is particularly sensitive to the current distribution in the
GP. Common mode current distributions and the crosstalk or Zt to circuits on the PCB were
studied as well. The 2D-calculations rely on different models, each valid for a specific fre-
quency range. General analytical expessions for Zt are given. Measurements between 10 Hz
and 1 GHz confirm the models. Practical applications using the results as ‘design rules’ are
discussed.
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Coupling on a Multilayer Printed Circuit Board

and the Current Distribution in the Ground Plane

I. Introduction

In multilayer printed circuit boards (PCB), ground connections are often made to continuous
metallic planes which extend over the full PCB. A ground plane (GP) serves several purposes
simultaneously. First the GP provides a return path for the signal current through the tracks.
Secondly, the GP forms a path for a common mode (CM) current which may arrive at the
PCB via cables connected to the PCB [1]. Thirdly, an external perpendicular magnetic field
may induce a pattern of circulating currents in the GP. The current distribution over the
plane is important for crosstalk between different signal circuits on the PCB, for sensitivity
with respect to external disturbances, and for generation of such disturbances [2]. The many
tracks on a PCB often follow complicated paths. The EMC behavior is then difficult to
analyze. Most computer programs for signal transport and EMC parameters translate the
electromagnetic (EM) fields by parameters for transmission line and circuit theory, and then
solve the resulting equations. The EM fields become hidden in this process. However, design
rules can be obtained from the current distribution and the associated magnetic field, even
for simple geometries of a PCB.
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Fig. 1. a) Four tracks on a triple layer PCB which is mounted between two brass plates A and B. The
tracks and the ground plane are shorted to plate B. The current injected in track 1 on top returns through the
ground plane (middle layer); the voltage is measured between track 2 (lowest layer) and the ground plane. b)
cross-section of the PCB.

We carried out a two-dimensional theoretical study of a model PCB which had a single
GP and parallel tracks. Our experimental triple layer PCB was also analyzed in terms of a
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2D-geometry. The GP was the middle layer; tracks were placed at various positions relative
to each other and to the edges of the PCB (Fig. 1). The tracks, the electronic components at
their ends, and the GP form closed signal loops or differential mode (DM) circuits. We are
mainly interested in spurious couplings, although the signal transport proper can be analyzed
by a similar approach. We replaced all electronics at one end of the tracks by a short circuit
to the GP. At the other end we connected one track to a voltmeter which measured the effect
of a current injected in another track (DM to DM crosstalk) or injected elsewhere in the
GP (CM to DM crosstalk). The ratio of voltage to current can be represented by a transfer
impedance Zt. This Zt is related to the current distribution in the GP and the associated
magnetic field which both depend on frequency in a complicated way. The CM current is
injected through a second plate, e.g. a cabinet panel at some distance under the PCB. We use
the acronym CP for the cabinet panel. Because of reciprocity, the Zt between the CM and
the DM circuits also governs the CM current generation by the DM circuits on the PCB. For
both DM-DM and DM-CM crosstalk the coupling through the electric field, or the transfer
admittance Yt, is not discussed here.

Numerous papers deal with the DM to DM crosstalk between tracks on the same side
of a GP, e.g. tracks 1 and 3 in Fig. 1. Gravelle and Wilson [3] give an extended list of
references. Often the high frequency (HF) limit is used, valid above about 30 MHz for a
copper GP of 30 µm thickness; above this frequency the current distribution in the GP
does not change anymore. The HF limit is certainly a good approach when modern high
speed digital electronics is considered. However, there are many important low frequency
applications such as transducers and amplifiers for slow signals like temperature, level and
position, and electronics for audio and video. Most switched-mode power supplies operate at
frequencies below 1 MHz. At lower frequencies the resistivity of the GP alters the current
distribution [4].

Both inductive and capacitive coupling are reduced when we place the tracks at opposite
sides of the GP. The DM to DM crosstalk is then more sensitive to the current distribution
in the GP. Actually we employed this type of crosstalk to study the current distribution in
the GP [5, 6].

The calculations are based on 2D potential theory where we emphasize the coupling by the
magnetic field. The tracks were replaced by filamentary wires. We derived general analytical
approximations for the Zt or the relevant parts thereof, or we present expressions for track
positions which can be regarded as extreme cases. Such guidelines can help a designer to
estimate beforehand the EMC properties of signal circuits. Some integral equations had to be
solved numerically. The spurious couplings require considerable accuracy in the calculations;
therefore the analytical and numerical results are compared in order to check consistency
and accuracy. In order to retain clarity of the paper, all mathematical details are deferred
to Annexes. In Sect. II we discuss a physical picture for the current distribution and the
DM-DM crosstalk which provides a simple way to understand the results for an isolated
PCB. Section III describes the calculations and additional results. The Zt for the CM to
DM coupling is discussed in Sect. IV. The proximity of a metal cabinet panel influences the
magnetic field and alters the DM to DM crosstalk; in Section V we present a choice out of
the many possible configurations. A signal track between two ground planes and its coupling
to another DM circuit outside these planes is studied in Section VI. Section VII presents the
measurements and compares them with the theory. Some practical examples are given in
Sect. VIII.

The experimental triple layer PCB was 20 cm long. The copper GP had a conductivity
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σ = 5.8 · 107(Ωm)−1 and a thickness d = 30 µm. The width 2w of the GP was often 50 mm,
although wider GP’s were used as well. The 1.5 mm wide tracks were placed at h1,2 = 1.5 mm
above and below the GP (see Fig. 1). The epoxy layer on both sides of the GP had a dielectric
constant εr of 4.7. Two large brass plates mounted perpendicularly at the ends of the PCB
formed a mirror for the magnetic field, thus simulating a 2D-geometry. The GP was connected
over the full width to the brass plates; the CP only at one end to allow CM current injection.
Measurements are carried out at frequencies between 10 Hz and 1 GHz. The DM-DM Zt’s
show a variety of phenomena below 100 MHz. Resonances in Zt due to the finite length of
the PCB show up at higher frequencies. In addition, the surroundings of the PCB may affect
the resonances in frequency and in amplitude. Calculations including these 3D-effects are not
reported here.
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Fig. 2. The voltage VDM measured between c and b is determined by the Ez-field along the line a-b and the
flux through the area a-b-c-d-a.

II. General behavior of the current distribution and the Zt

between tracks

For a physical picture of the phenomena governing the transfer impedance Zt, we consider the
Zt(1, 2) between tracks 1 and 2, for the moment centered (x1,2 = 0) on the GP (2w = 5 cm)
at opposite sides. The origin of the coordinate system is placed at the center of the upper
surface of the GP. The current I1 is injected in track 1 and returns via the short circuit and
the GP. The DM voltage VDM between track 2 and the GP is determined at the sending end
for the current. Faraday’s law for time harmonic signals

∮
E · dl = −jωΦ yields

VDM =
b∫

a

Ez(x,−d) dl + jωΦ

= Ez(x,−d)` + jωΦ
= ZtI1`, (1)

where Φ is the flux through the rectangle a-b-c-d-a in Fig. 2. The electric field Ez(x,−d) at
the lower surface of the GP is related to the local current density by Jz(x,−d)/σ. The 2D
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assumption allows the second and third line in Eq. (1); here Zt is the transfer impedance per
unit length.

The solid line in Fig. 3a shows the general behavior of Zt(1, 2) for a thin GP without skin
effect; Fig. 3b shows the absolute values of the contribution to Zt as calculated in Sect. IIIb:
a) Ez(0,−d), and the flux between the GP and track 2 as b) jωΦ1 due to the vacuum magnetic
field of track 1, and c) jωΦGP due to the current density in the GP. At low frequencies the
variation of Jz(x, y) with depth y in the GP may be neglected. We can write the volume
current density Jz as a sheet current density Kz

Kz(x) =
∫ 0

−d
Jz(x, y)dy, (2)

or simpler here: Kz(x) = dJz(x, y). The Ez is related to Kz through Ez(x,−d) = R2Kz(x),
where R2 = 1/σd is the sheet resistance of the GP.

Below 1 kHz (region 1 in Fig. 3a) the current density Kz is also homogeneous in the x-
direction. The Zt is given by the d.c. resistance of the GP, Zt(ω = 0) = R2/2w or 11.5 mΩ/m
for our PCB. The vacuum magnetic field due to the current in track 1 and the current in
the GP fully penetrates the GP (Fig. 4a). However, the flux contributions to Zt are still
negligible. Above 1 kHz the Jz concentrates under the track (Fig. 4b) in order to expel the
magnetic field out of the GP. The Ez contribution to Zt(1, 2) increases. At 300 kHz (region
3) the current distribution in the GP becomes nearly independent of frequency in the vicinity
of track 1. Its value tends to

Kz(x) = −I1

π

h1

x2 + h2
1

, (3)

analogous to the electrostatic surface charge distribution induced on the GP when a wire
with charge q per unit length is above that plane, see any introductory text book on elec-
tromagnetics, e.g. Ramo et al. [7]. The Ez remains related to the Kz. The change in Ez

between region 1 and 3 is a factor 2w/πh1, i.e. a factor 10.6 for our PCB (see Fig. 3b). The
flux contributions lower the change in Zt. The total Zt is constant over nearly two decades
in frequency. Both flux contributions jωΦ1 and jωΦGP become similar in magnitude but
opposite in phase. The calculations in Sect. III show that the total flux Φ1 + ΦGP decreases
with 1/ω, which results in the constant Zt of Eq. (13).

An analogous situation occurs in the more familiar magnetic shielding of a long tube [8]
for an external homogeneous axial magnetic field (Fig. 5). An external field He produces a
flux through the tube Φe = µ0Heπr2

t . In the tube wall a circulating current It produces a
flux LtIt through the tube. Here Lt = µ0πr2

t /`t is the self inductance of the tube regarded as
a long single turn coil of length `t. The resistance of the tube for the circulating current is
Rt = 2πrt/dt`tσt, with dt the wall thickness and σt the conductivity. We again assume here
that the current is homogeneous over the wall thickness. Faraday’s law then results in

RtIt = −jωΦe − jωLtIt. (4)

At low frequencies, ω ¿ Rt/Lt the total flux inside the tube Φe + LtIt ≈ Φe because the
current It is low. At high frequencies the flux tends to zero as ΦeRt/(Rt + jωLt). A voltage
induced in a loop inside the tube becomes independent of frequency in this model. The cross-
over frequency is given by ωLt = Rt or rtdt = δ2. Here δ =

√
2/ωµ0σt is the skin depth for

the tube with µr = 1 because the flux inside the tube is involved rather than the flux in the
tube wall. The relation rtdt = δ2 also holds for the onset of shielding against a magnetic field
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Fig. 3. a) General behavior of |Zt(1-2)| between track 1 and 2 with a 2w = 5 cm wide GP. The curve 1-2-3-5
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very wide ground plane; the skin effect then lowers the |Zt(1-2)| in region 4. The asymptotes a, b and c are
discussed in the text, Sect. III, as is fc = 2.9 kHz from Eq. (5). b) Contributions to |Zt(1-2)| from Eq.(1); Φ1

and ΦGP represent the flux between track 2 and the GP due to the vacuum field of track 1 and of the GP,
respectively.

5



50

0

0-50
-50

50

x in mm

y
i
n
m
m

K
i
n
A
/
m

z

0

500-50

50

250

10 Hz 20 kHz 1 GHz

500-50

x in mm
500-50

500-50

x in mm
500-50

a) b) c)

10 Hz 20 kHz 1 GHz

Fig. 4. Magnetic field lines and current distribution |Kz| in the ground plane (2w = 5 cm) for three frequencies.
Only at large distance of the GP the field lines assume the dipolar shape, i.e. closed circles through the dipole.
The marked field lines are the separatrices Az = 0 between the field lines, which at large distance close above
or under the GP.

lt

It

He

dt
rt

Fig. 5. Parameters for the tube analogon.

6



perpendicular to the tube axis [9, p. 81]. Returning to our PCB we extend this analogy and
estimate the cross-over frequency fc between region 1 and 2 by the relation 2wd = δ2:

fc = R2/2πµ0w (5)

valid for the mid position x ≈ 0 of both tracks. A more accurate estimate requires the solution
of the implicit equation R2 = |Zt| with Zt given by Eq. (12) in Sect. IIIa.

Above 10 MHz two effects become discernible. First the current density approaches the
HF limit under track 1 given by Eq. (3). The magnetic field through the GP is strongly
reduced. For an infinitely wide GP, the two flux contributions Φ1 and ΦGP would become
equal and opposite. However, because of the finite width some magnetic field lines wrap
around the GP (Fig. 4c). The flux between track 2 and the GP is then given by the residual
difference of the flux contributions which can be described by a frequency independent mutual
inductance M (region 5 and asymptote c in Fig. 3a). From Kaden [9, p. 266] or Love [10,
Sect. 13] one has

M =
µ0

4π

h1h2

w2
, (6)

valid near x = 0 for both tracks. At the edges of the GP Kz(x) approaches the HF limit near
|x| = w:

Kz(x) ∝ 1/
√

w2 − x2, (7)

analogous to the edge effect for charge density on a plate. The magnetic field near the edges
is strong. However, the current density diverges only in thin strips near the edges of the
GP. Because of the small area involved, the flux through these strips is small. Only at high
frequencies the resistance will then be overruled by induction, in our example at frequencies
larger than 30 MHz; the GP then behaves like an ideal conductor (σ →∞).

Secondly, the skin effect alters the vertical current distribution in the GP. For an infinitely
wide GP with permeability µ = µrµ0 the high frequency Zt is given by:

Zt = R2

kd

sinh kd

ht

π(x2 + h2
t )

, (8)

in which ht = h1+h2 and k = (1+j)/δ with δ =
√

2/ωµ0µrσ the skin depth. This behavior is
shown by the dot-dash line, region 3 and 4 in Fig. 3a, and by the asymptote b. For the 50 mm
wide GP of our example, the exponential decrease in Zt by the skin effect is overruled by the
increase due to the flux coupling around the GP. The transfer impedance of a thin walled
tube [9, 11], considered as outer conductor of a coaxial system, decreases in an analogous
fashion:

Zt = R0
kdt

sinh kdt
, (9)

where R0 is approximately the d.c. resistance of the tube per meter, and dt the wall thickness
of the tube. The current flows in the longitudinal direction through the tube wall; the
current distribution is axially symmetric. The additional x-dependence in Eq. (8) stems from
the distribution of the current over the GP. A similar exponential decrease also sets in at
dt ≈ δ for the shielding of the tube mentioned above [9, pp. 292-295]. Some authors call the
current contraction under track 1 the lateral skin effect or just skin effect [12]. In this paper
the vertical skin effect is meant when the term vertical is omitted.

Note that the perpendicular component H⊥ of the magnetic field at the surface of the GP
never vanishes exactly for a GP with finite conductivity. The y-component of ∇×E = −jωB
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links the x-variation of the current density σEz to the H⊥. In region 3 (Fig. 3a) the magnetic
field penetrates the GP and leaves at the other side of the GP; in region 4 the magnetic field
H⊥ at the surface is guided through the skin. The penetration is more pronounced where the
variation of the current density is larger, i.e. near the edges and under track 1 as discussed
before.

III. Mathematical description

a. The half space and the infinite plate

In a first step consider the plane y = 0 limiting the lower half space (Fig. 6a) of material
with conductivity σ and magnetic permeability µ = µ0µr. The filamentary wire carrying the
injection current I1 is in the dielectric region (ε0, µ0) at a height h1 above the plane. The
distribution of the induced return current Jz(x, y) in the plane has already been calculated by
Carson [13] in 1926 for non-magnetic materials (µr = 1). He assumed a transverse magnetic
wave ∝ ejωt−γz propagating in the positive z-direction with a small propagation constant γ.

d
h1

2w

h2

x2

x1

d h1

h2

xx=0 x

y

σ,ε 0

0σ,ε 

h1
ε 0 0

a)

b)

c)

y=0

y=0
y=-d

2

,µ

,µ

,µ

Fig. 6. Parameters for a) the infinite plane, b) the infinite plate, and c) the strip or finite plate.

Carson aimed at a telegraph wire several meters above soil with typical conductivity of
about 10−2 (Ωm)−1. Many authors [14, 15, 16, 17] treated the transmission of waves along
wires above a dissipative medium; some use the full wave analysis. For our PCB Carson’s
approach is apparently correct up to the GHz range because of the much smaller distances
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between tracks and GP and the high conductivity of copper. Appendix A1 gives the general
steps of Carson’s derivation, which is slightly extended in order to incorporate magnetic
materials µr 6= 1; see also [18].

In a second step consider the plate at y = 0 with thickness d and conductivity σ, still
of infinite extent in the x-direction (Fig. 6b). The injection wire is at the position (0, h1)
above the upper side of the plate; a sensing wire is at (x2,−h2) below the plate. In both
dielectric regions µr = 1 is assumed. Since we do only consider the coupling by the Zt, we may
also take εr = 1. Because of the finite conductivity, the magnetic field penetrates the plate.
An inductive coupling exists between the circuits at both sides of the GP. In Appendix A2,
Carson’s calculation for the longitudinal current distribution Jz(x, y) in the plate is extended
to allow a finite thickness d of the plate (Eq. (A13)) and to include the magnetic field below
the plate.

For a thin GP one may take the ‘thin plate limit’ d ↓ 0 and σ → ∞ while keeping the
sheet resistance R2 of the plate constant. The sheet current density Kz can be derived from
the current density Jz(x, y) in Eq. (A13):

Kz(x) =
∫ 0

−d
Jz(x, y) dy = −jωµ0I1

2πR2

∫ ∞

0

cos(αx) e−αh1

α + jβ
dα, (10)

in which β = ωµ0/2R2. Asymptotic expressions for Zt can also be derived in closed form.
After some algebra using Eq. (A17), the transfer impedance for the sensing wire at (x2,−h2)
under the GP simplifies to

Zt =
jωµ0

2π

∞∫

0

cos(αx2)e−αht

α + jβ
dα, (11)

in which ht = h1 + h2. For low frequencies the small argument expansion [19] of the Ei
functions in Eq. (A18) yields

Zt =
1
4
ωµ0 − j

ωµ0

2π

[
ln

ωµ0(x2
2 + h2

t )
1
2

2R2

+ γ

]
, (12)

with γ = 0.57721 · · · Euler’s constant. This Zt is the asymptote labeled a in Fig. 3a. The
high frequency approximation of Eq. (11) reduces to

Zt = R2

ht

π(x2
2 + h2

t )
. (13)

This Zt value (region 3 and asymptote b in Fig. 3a) does not explicitly depend on the frequency.
In Eq. (11) only the sum ht of the heights h1 and h2 occurs. Reciprocity only requires that
the Zt is symmetrical in h1 and h2. Remarkably the position of the thin GP between the
track does not influence this part of Zt.

In the thin plate limit no skin effect is possible since d/δ goes to zero. In order to correctly
describe the skin effect we must consider a general thickness d and use the full equation (A17).
The resulting Zt is displayed as curve 0-2-3-4 in Fig. 3a. Fortunately the expression simplifies
in the high frequency limit to Eq. (8). The frequency fcs where the skin effect becomes
effective, can be calculated explicitly. Choose, by convention, the 3 dB point where |Zt|2
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obtained by Eq. (8) is halved with regard to the value of region 3 in Fig. 2 given by Eq. (13).
The transcendental equation ∣∣∣∣sinh

[
(1 + j)

d

δ

]∣∣∣∣ = 2
d

δ
, (14)

has an approximate solution d/δ ≈ 2.14. Thus the cutoff frequency fcs is given by

fcs ≈ 2.25
πµ0σd2

, (15)

and is again independent of the heights h1 and h2. This frequency equals approx. 22 MHz
for the GP parameters used in calculating Zt in Fig. 3a. In Fig. 3a the curve 0-2-3-4 shows
the behavior of Zt as described in this Section. Good agreement is shown in region 2 and 3
(Fig. 3a) between the analytical expressions and the method of moments (MOM) calculations
[20] described in the next subsection. The deviations at the low and the high frequency end
(region 1 and 5 in Fig. 3a) are due to the finite width of the GP.

b. The strip of finite width

We now replace the infinite plate GP by a strip of width 2w (Fig. 6c). The injection current
I1 flows through the wire at the upper side of the strip and returns via the strip. We again
consider the thin plate limit and calculate the sheet current density Kz(x). The width 2w is
less than the shortest wavelength under consideration. We use Faraday’s law for two positions
(x, 0) and (x∗, 0) on the strip:

Ez(x, 0)− Ez(x∗, 0) = −jω {Az(x, 0)−Az(x∗, 0)} (16)

in which the vector potential Az is due to the current I1 through the injection wire and to
the current Kz = Ez/R2 distributed over the strip, see Appendix B. Here we require that I1

returns through the strip, or
w∫

−w

Kz(x) dx = −I1, (17)

Equation (16) was solved by the method of moments [20]. Step functions as basis functions
approximated Kz(x) over intervals of the strip. Point-matching (Dirac delta functions as
testing functions) was used. The collocation points were at the middle of subsequent intervals.
The vector potential contribution due to each interval was calculated analytically [21]. In
order to improve the accuracy with reduced calculation effort, the discretization of the strip
was non-uniform: a (x2 +h2

1)
−1 partition beneath the injection wire and a fine constant mesh

at the edges. The transfer impedance Zt is then obtained by Eq. (1). The solid line in Fig. 3a
is obtained by this MOM method. The total number N of intervals was chosen in such a way
that the difference between the analytical HF value of Zt (see next section) and the numerical
one was less than 10 percent. This required an accuracy in the Az of about 10−4; compare
also Fig. 3b. Such accuracy is generally needed in EMC calculations because one looks for
spurious couplings close to the currents. No attempts were made to obtain the ‘ideal mesh’
through rigorous error analysis.

For low frequencies the resistive contribution (Ez term in Eq. (1)) dominates the magnetic
flux term, and Zt is constant. The cross-over frequency fc between region 1 and 2 was
discussed in Sect. II; an approximate expression based on the tube analogon is given in
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Eq. (5). The flat region 3 agrees with the analytical expression Eq. (13) for Zt presented
before. At high frequencies the vector potential dominates the resistive term; the l.h.s. of
Eq. (16) can be neglected. As a result of the finite width, the transfer impedance in Fig. 3
increases linearly with frequency for f > 30 MHz.

When both tracks are close to the edge, the current density concentrates more slowly
under track 1; the calculated Zt is shown in Fig. 7. At high frequency the MOM Zt is in
agreement with the analytical expression Eq. (20) discussed below.
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Fig. 7. DM to DM Zt calculated by MOM for one or both wires at the edge of a 50 mm wide GP. The vertical
distance between wires and GP is 1.5 mm. The straight line behavior above 10 MHz corresponds to M -values
of Fig. 8.

c. Mutual inductance

For high frequencies the GP can be considered as an thin (d ↓ 0) ideal conductor (σ → ∞)
with a sheet current distribution Kz. The magnetic field does not penetrate the GP anymore.
The magnetic field outside the GP can then be derived from a complex potential Ω which
can be obtained by means of conformal transformation. See for details Appendix C1. The
current distribution on both surfaces of the strip results from [9, pp. 56-58]

Kz(x) = −|ŷ ×H| = −Re
dΩ∗

dz
, (18)

where Ω∗ is the conjugated of the complex potential Ω. For an arbitrary position of the
injection wire, the result of Eq. (18) is given by Love [10]. For small height-to-width-ratio
h1/w and the injection wire near x = 0, his solution [10, Sect. 13] can be approximated by

Kz(x) ≈ −I1

π

[
h1

x2 + h2
1

+
h1

w
√

w2 − x2

]
, (19)

in which the contribution of Ω at the upper and lower surface are added (see Fig. C1). The
first term of the right hand side is the same as the HF distribution for an infinitely thin plate;
compare with Eq. (3). The last term results from the edge effect.
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The transfer impedance now becomes a frequency independent mutual inductance M
which can be calculated by means of Eqs. (C1), (C3), (C4), and (C5) for any position of the
two wires. When h1,2 ¿ w simple real forms exist. The lowest M is given by Eq. (6) for both
wires at x = 0 on opposite sides of the GP. An upper bound occurs when both wires are at
the same edge, |x| = w, but still on opposite sides of the GP. For general h1 and h2:

M(|x| = w) ≈ µ0

4π
ln

[
1 +

2
√

h1h2

(h1 + h2)

]
, (20)

which attains a maximum value when h1 = h2: M2 = (µ0/4π) ln 2. Figure 8 shows a set of
M -curves for a GP of 2w = 5cm and both wires at the same distance h1,2 = 1.5 mm w.r.t. to
the GP, calculated from the full complex potential Ω of Eq. (C4). For comparison we included
an M -curve for both wires on the same side of the GP, one of them placed at x = 0.

IV. Common mode to differential mode coupling

The DM circuits on a PCB may generate a CM current which flows along the cables connected
to the PCB. We consider the reciprocal setup, a CM current ICM through the GP which
arrives through a second plane such as a cabinet panel (CP) may provide (Fig. 9). The
CM current distribution and the Zt with respect to the DM circuit is calculated. Several
limiting situations can be considered: the CP a) has a certain width 2p or b) is very large
in the x-direction; the CP is c) nearby (hCP /w ¿ 1) or d) at a large distance from the GP
(hCP /w →∞). In the experiments we used a brass plate as CP of thickness dp = 1.5 mm and
width 2p = 20 cm. We assume the thin plate limit for both CP and GP. The CP is usually
larger than the GP. Induction currents reduce the magnetic field through the CP already
at low frequencies; edge effects and skin effect are less important. Most calculations were
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performed by the MOM. The sensing wire 1 is again placed at the distance h1 = 1.5 mm from
the GP (2w = 5 cm).

hCP

dp

d
h1

2w

2p

GP

CP

x

y=0

Fig. 9. Parameters for the PCB above a cabinet panel (CP).
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Fig. 10. CM to DM Zt when the CP is far away (- - -), or at hCP = 1 cm distance from the GP (—). The
track is at 1.5 mm above or under the GP.

First we consider the CP at a large distance from the GP (see Fig. 10). At d.c. or low
frequencies Kz = ICM/2w holds and Zt = R2/2w is equal to the d.c. resistance of the GP.
Above a frequency fc given by 2wd ' δ2 [22] the current density Kz(x) adjusts to reduce
the penetration of the magnetic field through the GP; Kz(x = 0) decreases towards the high
frequency value ICM/πw [9, p. 63]. For the GP width chosen, the corresponding decrease
in Zt by a factor 2/π does barely occur. At high frequencies Zt becomes inductive; M was
calculated by conformal transformations, Appendix C3, Eq. (C9) where the injection wire
was placed at a large distance. We again compare the M(x, y)-values for the sensing wire 1
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at x = 0 and at |x| = w:

M(0, h1) ≈ µ0

2π

h1

w
(21)

M(|x| = w, h1) ≈ µ0

2π

√
h1

w
. (22)

These expressions for M present two bounds, and are accurate to within 10 percent for the
track at either side of the GP when h1/w < 0.9.

Secondly, we place the 20 cm wide CP at the distance hCP = 1 cm under the GP, a
typical value often encountered in practice. The Zt for several positions of the sensing wire 1
calculated by MOM is given in Fig. 10. Examples of magnetic field lines are shown in Fig. 11.
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Fig. 11. Magnetic field pattern at low and at high frequency for a CM current through the CP (2p = 20 cm)
which returns via the GP (2w = 5 cm).

At high frequencies the nearby CP (hCP /w ¿ 1) causes a homogeneous H-field under the
GP and a strongly reduced field above the GP. The Zt now depends on which side the sensing
wire is placed. Because of the homogeneity of the field under the GP, a first approximation
for M(x, y) at x = 0 and y = −h1, assuming hCP /w ¿ 1, is:

M(0,−h1) ≈ µ0
h1

2w
, (23)

a factor π larger than Eq. (21) for the isolated PCB.
At other positions of the track 1 the M -values are more difficult to obtain. In principle,

the magnetic field and M can be calculated by means of conformal transformation. Love [10]
gave the general Schwarz-Christoffel transformation consisting of elliptic functions; his results
were extended by Langton [23] and Lin [24]. This method only gives an implicit solution. For
the position (x, y) = (0, h1) above the GP, expansion of the elliptic functions (Appendix C4)
results in

M(0, h1) ≈ µ0
h1hCP

πw2
(24)
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which is a factor 2hCP /πw smaller than the M at the lower side of the GP, Eq. (23). For
other positions, e.g. at the edge of the GP |x| = w, we proceed in a different and approximate
way. For hCP ¿ 2w the other edge may be thought infinitely far away. The H-field near
one edge can then be derived from a simpler transformation which is often employed for the
fringing field of a parallel plate capacitor [7, Sect. 7.7]. The solution is still implicit (see
Appendix C5), but involves only an exponential. For h1 ¿ hCP the first two terms in the
expansion of the exponential result in:

M(|x| = w, |y| = h1) ≈ µ0

2w

√
h1hCP

π
(25)

irrespective on which side of the GP track 1 is placed. Already for h1 ' hCP /10 higher order
terms in the expansion become discernible. A numerical fit to the calculations resulted in a
correction term

∆M(|x| = w, y) ≈ µ0

2w
c1y (26)

with c1 ' −1/3, in which y is positive for positions above the GP. This ∆M restores the
actual asymmetry between upper and lower positions of the track 1; for a more elaborate fit
see Appendix C5 and Fig. C4. The variation of M(x, h1) and M(x,−h1) over the width of a
GP is shown in Fig. 12a, whereas Fig. 12b gives the M as function of hCP /w for a few fixed
positions of the sensing wire. For this GP size and position (2w = 5 cm, hCP = 1 cm) the
assumption hCP /w ¿ 1 is not fulfilled, and the actual magnetic flux between GP and CP is
lower than assumed. The current distribution Kz(x) in the GP and the total flux between
GP and CP calculated by MOM agreed well with the analytical expression for parallel strips
given by Kuester and Chang [25, Eq. 6]. For wire 1 close to the GP, we corrected the M -values
given above by the ratio of the total flux given in [25] and the flux of a assumed homogeneous
field µ0ICMhCP /2w; see Appendix C5 at the end.

V. Influence of the CP on the DM to DM crosstalk

When the cabinet panel approaches the ground plane, the magnetic field due to the DM
circuit induces a circulating current in the CP even without net current flow in the CP. The
DM to DM crosstalk depends on the position of the CP. For a disconnected CP, Fig. 13a
shows the Zt(1-2) at several hCP , with both tracks at mid GP (x1 = x2 = 0). We again
assumed h1 = h2 = 1.5 mm and 2w = 5 cm.

Of course the Zt at d.c. does not depend on the presence of the disconnected CP. At mid
frequencies, region 3 of Fig. 3a, the Zt is only reduced when track 2 is very close to the CP.
The Zt assumes the behavior of an isolated PCB already for distances hCP of 1 cm. At high
frequencies the field lines wrapping around the GP dominate the Zt. For smaller distances
hCP the H-field under the GP is compressed, leading to higher M -values. The homogeneity of
the field improves, and the M -values for x2 = 0 and |x2| = w (lowest two curves in Fig. 13b)
converge. At hCP = 1.5 mm these M ’s are equal since both DM circuits then capture all
magnetic flux under the GP. The field lines at the edges (see e.g. Fig. 11) show less curvature
for smaller hCP , as is demonstrated by the lower M for the sensing track above the GP.

We now connect the GP to the CP over their full width at both ends. A current ICM

flows in the closed CM loop, induced by I1 in the DM circuit formed by wire 1 and the GP.
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Fig. 12. a) Mutual inductance M between CM and DM loop when the x-position of the track varies over the
GP (full width 5 cm). The 20 cm wide CP is at hCP = 1 cm under the GP. The circles are MOM results, the
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indicate the M -values at the edge. The middle one is M from Eq. (25), to which the correction ∆M from
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without further correction. b) Mutual inductance M between CM and DM loop as function of hCP for four
positions of the sensing track. The measurements (Sect. VII) at hCP = 1 cm and 6 cm are indicated (+). The
upper marker at the right ordinate corresponds to Eq. (22), the lower to Eq. (21).
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Both DM and CM loop couple via the transfer impedance Zt(1-CM), given in the previous
Section (see Fig. 10) for the reciprocal situation CM-1. We have

I1Zt(1-CM) + ICMZCM = 0, with ZCM = RCM + jωLCM . (27)

The selfinductance of the CM loop LCM , as well as the distribution of ICM over the GP
and CP can be calculated by the MOM, which agreed with the analytical approximations of
Kuester and Chang [25]. The RCM is the series resistance of GP and CP. The final transfer
impedance between the tracks 1 and 2 is denoted by Zt(1-2,c) where c indicates the closed
CM loop:

Zt(1-2,c) = Zt(1-2,o)− Zt(1-CM)Zt(2-CM)
ZCM

(28)

with Zt(1-2,o) the transfer impedance in case of an open CM loop. Figure 14 shows Zt(1-2,c),
assuming a CP of 1.5 mm brass in which the skin effect is neglected, hCP = 1 cm, h1 = h2 =
1.5 mm and 2w = 5 cm.
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(2w = 50 mm) at both ends; hCP = 1 cm. Also indicated are the Zt for a disconnected CP (· · ·), as well as
the expected behavior due to the skin effect and due to the residual M -coupling (- - -).

Major changes occur at low frequencies; the small resistance RCP of the CP is parallel
to RGP of the GP, and Zt = RGP RCP /(RGP + RCP ). However, already at 100 Hz the Zt

rises. In order to estimate the cross-over frequency from Eq. (28), one may replace ZCM by
RCM + jωLCM and substitute both Zt(1-CM) and Zt(2-CM) by RGP . In first approximation
Zt(1-2,o) also equals RGP . The resulting cross-over frequency becomes LCM/2πRCP , which
for our setup is 230 Hz. The small inductive component in Zt(1-2,o) is mainly responsible for
the lowering of the cross-over to about 100 Hz as apparent from Fig. 14. The flat region 3 is
extended to higher frequencies. The short circuited CM loop reduces the flux and decreases
the M-coupling. The dotted lines indicate the residual M-coupling, as well as the expected
decrease due to the skin effect in the GP.

VI. A DM track between two planes

In multilayer PCB’s the coupling of a signal track is reduced when the track is placed between
two planes, ground and/or power; assume the planes at y = ±hPP (Fig. 15). We first describe
the Zt between a track on top of a very wide PCB and a track midway between both planes
at (x1, y1) = (0, 0) carrying a current I1. Assuming very wide GP’s and filamentary wires for
the tracks, the current distribution Kz in both planes can be calculated as in Sect. III, see
Appendix A3. The ‘thin plate’ result is:

Kz(x) = −jωµ0I1

2πR2

∫ ∞

0

cos(αx) e−αhPP

α + jβ(1 + e−2αhPP )
dα, (29)

with β = ωµ0/2R2 again. The high frequency Kz becomes

Kz(x) = − I1

4h
sech

πx

2hPP
, (30)
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planes.

which is a factor π/4 smaller than the current density at x = 0 with only one GP; compare
Eq. (3). The current density is also more concentrated near wire 1. For the ‘thin plate’ Zt of
a wire at (x2, h2) with h2 ≥ hPP

Zt =
jωµ0

2π

∫ ∞

0

cos(αx2) e−αh2

α + jβ(1 + e−2αhPP )
dα, (31)

which describes regions 0, 2, and 3 in Fig. 16. We include the skin effect (region 3 and 4 in
Fig. 16) to obtain the high frequency Zt:

Zt =
R2

π

kd

sinh kd

∫ ∞

0

cos(αx2) eα(d−h2)

1 + e−2αhPP
dα. (32)

The integral can be expressed in elementary Ψ-functions [26, 3.541.6]. For (x2, y2) = (0, 2hPP )
and d ↓ 0 the integral is simply (ln 2)/2hPP . In the flat region 3 Zt is a factor ln 2 smaller
than the Zt with one GP, Eq. (8), at the equivalent position. However, because a part of the
current returns at the other side of wire 1, the reduction in Zt is less than 1/2 as could be
expected naively.

When the injection wire is midway between the planes, the return current is shared equally
by both planes. For other y-position of the wire, the total current varies linearly as −(hPP +
y)I1/2hPP for the top and as −(hPP − y)I1/2hPP for the bottom plane at high frequencies.

The M -part in Zt is strongly reduced since both planes effectively confine the magnetic
field. An approximate procedure again has been followed assuming that wire 1 and 2 are at
some distance |δx1| and |δx2| from the edge of the PCB; see Appendix C6. For M one finds:

M =
µ0 δh2

2π

(
hPP

π|δx2|3
) 1

2

e−
π |δx1|
2hPP

− 1
2 , (33)

where δh2 is the vertical distance of wire 2 above the top plane. Because of the exponential
in δx1 only one edge is taken into account. In Fig. 17 we compare Eq. (33) with the complex
potential result of Eq. (C25). When wire 1 is deeply buried between both planes at large δx1,
very low M -values result by Eq. (33) and other effects may become dominant. Assume for
instance that the planes provide of ground and d.c. power; insufficient decoupling between
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Fig. 16. General behavior of |Zt| between track 1 and 2 with 2w = 5 cm wide planes. Track 1 is positioned at
the origin, while track 2 resides at (0, 2hPP ), width hPP = 1.5 mm. The solid curve 1-2-3-5 has been calculated
by means of MOM; the deviation in region 5 is due to numerical errors. The curve 0-2-3-4 (- - -) shows |Zt|
for very wide planes; the skin effect again lowers the impedance in region 4. For comparison we have included
the behavior for a PCB with only one GP.

the planes at the ends may cause a different return current −(1
2 ± a)I1 through the top (+)

and bottom (−) plane. The value of a has to be estimated for an actual PCB; here we just
assume any value 0 ≤ |a| ≤ 1

2 . In worst case, no net return current flows through either of
the planes. This situation is comparable to Section IV for a ‘CM’ current a I1; the results of
Eqs. (24) and (25) can be multiplied by a, with hPP substituted for hCP .

VII. Measurements

The three layer PCB (Fig. 1) consisted of a single and a double layer PCB firmly pressed
against each other. On each side of the GP two 1.5 mm wide tracks (Fig. 1) were placed
at s = 10 mm apart. Brass plates (30 × 20 cm2) at both ends of the combined PCB
minimized distortion of the 2D-fields due to end-effects. SMA-connectors with low proper Zt

were mounted in one of the brass plates (A in Fig. 1). In order to avoid Zt-contributions
from the cables and the measuring equipment, the brass plate A was properly connected to
the backpanel of an EMC-cabinet [27] in which the measuring equipment resided. The cables
were RG223 with double braided shield; several ferrite cores kept the CM currents through
the cables sufficiently low.

Between 10 Hz and 100 kHz a sinewave generator provided the injection current which was
measured by an active current probe. The generator was placed outside the EMC-cabinet. A
lock-in detector inside that cabinet determined the DM voltage in amplitude and phase; see
e.g. [28]. The output of the current probe served as reference. Between 200 kHz and 1 Ghz we
employed a spectrum-network analyzer; the tracking generator provided the injection current.
Up to 50 MHz an inductive current probe measured the current directly at the input connector
on the brass plate A. Above 50 MHz an S-parameter set was used to determine the injection
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current at the input SMA connector of the PCB.
We present measurements of DM-DM crosstalk which demonstrate the current distribu-

tion. Figure 18 shows the Zt for an isolated PCB with current injection in track 1, and track 2
and 4 as sensing tracks (see Fig. 1). Up to 70 MHz measurements and calculations agree. The
current contraction under track 1 (region 3 in Fig.3a) causes |Zt(1-2)| to rise and |Zt(1-4)|
to decrease. The M -coupling (region 5) is nearly the same for track 2 and 4, as indicated
by the convergence of the Zt curves above 10 MHz. The frequency of the resonance peaks
in Zt agree with standing waves in injection and sensing circuit over the length ` = 0.2 m:
` = (2n + 1)λ/4 with n = 0, 1, 2, .... Here λ is the wavelength calculated with an effective
dielectric constant εr,eff = 3.41 [7, Sect. 8.6]. For this slender GP the skin effect does barely
show up because of the predominant M -coupling and because of the resonances.

The Zt for one or both tracks at the edge of the GP is shown in Fig. 18b. The width of
the GP is 2w = 15 cm. Here too, measurements and calculations agree up to the resonances.

The measured and calculated CM to DM crosstalk is presented in Fig. 19 for the mid
position of the sensing track. The current was injected in the CM loop through the CP, and
returned through the 5 cm wide GP. Two distances hCP of 1 cm and of 6 cm were used.
The experimental M-values are included in Fig. 12. Standing waves occur as in the DM-DM
crosstalk. The frequency of the low-Q shoulder on the first peak varies with hCP . This
resonance probably originates in the current injection circuit.

VIII. Conducted emission

We apply the transfer impedance Zt(DM-CM) to describe the emission due to a CM current
through a cable connected to the model PCB. The current waveform in the DM circuit are
typical choices for a switched-mode power supply and for several families of logic circuits
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Fig. 18. a) The measured DM to DM |Zt(1-2)| and |Zt(1-4)| (—) together with the MOM calculations
(· · ·). Tracks 1 and 2 are on opposite sides at 5 mm from the middle line of the GP (2w = 5 cm); the
x-distance between track 1 and 4 is s = 10 mm. The resonances above 100 MHz are discussed in the text. The
actual reduction of |Zt(1-2)| due to the skin effect occurs at lower frequencies than expected (- - -), because
of the opposite phase in the couplings by the skin effect and by the inductive M -coupling, see e.g. Kaden [9,
Fig. 171]. b) Measured (—) and calculated (- - -) DM to DM |Zt| with one or both tracks at the edge of the
GP (2w = 15 cm).
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Fig. 19. Measured (—) and calculated (- - -) CM to DM Zt for two positions of the sensing track; hCP = 1 cm,
2w = 50 mm, h1 = 1.5 mm.

(Fig. 20). In the model we connect the GP at one side to the CP (inset Fig. 21). The cable is
represented by a half wave antenna with a radiation resistance R0 = 150 Ω. This resonance
condition may not occur at all frequencies in the DM signal, but will most probably do so
at some frequency for which the emission limits might then be exceeded. When propagation
delays over the PCB are neglected, the induced CM voltage vind(t) can be imagined as a
localized source between cable and GP which drives the cable as antenna. The CM current
iCM (t) through the cable at resonance is then given by vind(t)/R0.

tf TH tr

T

∆i ∆ i

tf tr

b)

* *

∆ if

r

a)

0

Fig. 20. Typical current waveforms for a) switched-mode power supplies and TTL and ECL digital circuits,
b) for fast CMOS circuits.

The DM current waveforms in switched-mode power supplies or TTL and ECL digital
circuits is approximated by the trapezoids in Fig. 20a. For CMOS and similar circuits, the
DM current resembles more a triangular shape (Fig. 20b). The trapezoidal current iDM (t) is
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expanded in the Fourier series

iDM (t) =
∞∑

n=−∞
IDM
n ejnω0t, (34)

with ω0 = 2πf0 = 2π/T0. For tr = tf = τ the coefficients IDM
n are given by

IDM
n = ∆i

sin(nω0τ/2)
nω0τ/2

sin[nω0(TH + τ)/2]
nπ

. (35)

The transfer impedance Zt(DM-CM) can be approximated by

Zt(ω) ≈ RGP + jωM. (36)

The induced voltage vind(t) then follows from

vind(t) =
∞∑

n=−∞
V ind

n ejnω0t, (37)

with
V ind

n = Zt(nω0)IDM
n . (38)

According to the EN55022 regulation, the maximum electric field strength should not
exceed 30 dBµV/m (at 10 m for class B equipment) in the frequency range 30-230 MHz. This
requires a CM current through the cable of less than 3 µA, see e.g. Ott [29] or Goedbloed
[30, Sect. 2.4.1].

The fundamental frequency f0 determines the minimal harmonic number m in Eq. (34)
for which the EMC requirements should be met. The corresponding spectral component of
iCM (t) is ICM

m = V ind
m /R0 when the resistance term in Zt is neglected. The upper bound for

the amplitude of this spectral component is given by

|ICM
m | ≤ 4M ∆i

πmR0τ
, (39)

which hold for the waveform given in Fig. 20a. For the waveform given in Fig. 20b, τ must
be replaced by min{t∗r/2, t∗f/2} and ∆i by max{∆ir, ∆if}.

In Table I, |ICM
m | is given for a few families of digital circuits. As can be seen, the 3 µA

limit for ECL3 and HLL digital logic requires extensive EMC measures. A reduction of about
44 dB and 65 dB respectively should be obtained in case of our 0.2 m long and 5 cm wide
PCB, for instance by an extra ground plane or cabinet panel, smaller distances between tracks
and GP, filter connectors, etc.

We tested these calculations in a setup which is often used for precompliance measurements
[31], see Fig. 21. The CM current is generated by the DM circuits above (track 1, Fig. 1) or
under (track 2) the GP. This CM current is measured at the 150 Ω load, formed by the 100 Ω
SMD-resistor and the 50 Ω impedance of the cable connected to the spectrum analyzer. For
our 5 cm wide and 20 cm long PCB, the ratio of the DM and CM currents is given in Fig. 21,
measured as well as calculated.
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Table I. Upper bounds for the maximal spectral components of iCM given by the r.h.s. of Eq. (39). For
the switched-mode power supply (SMPS) and ECL3 (or ECL-100K) digital logic, the trapezoidal waveform
(Fig. 20a) is used; a triangular shape form (Fig. 20b) is assumed for CMOS and HLL logic. The mutual
inductances M are calculated by MOM (Sect. IV.).

max{|ICM
m |} in µA per length of PCB

2w = 5 cm 2w = 15 cmTYPE
injection 1 injection 2 injection 1 injection 2

f0/τ/∆i
M = 4.8 nH/m M = 24.9 nH/m M = 0.6 nH/m M = 10.6 nH/m

SMPS
100 kHz/100 ns/1 A

1.4 7.0 0.2 3.0

ECL3 (ECL-100K)
230 MHz/1.3 ns/14.8 mA

463.9 2406.2 58.0 1024.3

CMOS
10 MHz/60 ns/4.2 mA

2.9 14.8 0.4 6.3

HLL (CMOS 3V)
230 MHz/1.5 ns/100 mA

5432.5 28181.0 679.1 11996.7
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Fig. 21. Measured (—) and calculated (- - -) current transfer between DM and CM circuits, for a DM injection
track above (1) or below (2) the GP. The inset shows the setup for precompliance measurements with current
injection through track 1. The CM current is measured via the 150 Ω load.
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IX. Concluding remarks

The M -part in the DM to DM crosstalk shows a strong dependence when one or both tracks
are near the edges of the GP. A distance of 3h1 reduces the crosstalk by about one order of
magnitude. For distances hCP of 1 cm and more between GP and CP, the influence of the
CP on this cross-talk nearly vanishes.

When a CP is present under the GP, the M -part of the CM to DM crosstalk is lowest
for traces at the upper side of the GP. Even for our slender PCB this difference is about one
order of magnitude. For traces at the edges the difference between upper and lower side is
smaller.

In our analysis we used 1.5 mm thick insulation. Many multilayer PCB have also interlayer
insulations of 0.2 mm, and correspondingly smaller tracks and track distances. There is also
a tendency to reduce the copper layer thickness. For such PCB’s the analytical expressions
for Zt are valuable.

In a PCB with more than one ground plane or power plane the DM return current will
be shared by those planes. A 2D analysis of such sharing can be carried out in a similar way
as presented. The current distribution also depends on the action of e.g. the logical circuits,
whether they switch the signal lead to ground or to power. The position of decoupling
capacitors between the planes is then also important.

26



Appendix A

1. Carson’s approach

A filamentary wire 1 is positioned at x = 0 in a dielectric region at the height h1 above
conductive ground which fills the lower halfspace y < 0 (Fig. 6a). The wire carries a current
wave I1 propagating as ejωt−γz in the positive z-direction. The propagation constant γ is
taken small. The Ex and Ey components of the electrical field are neglected, as well as the
displacement current in the ground. The equation

∇2Ez = jωµσEz (A1)

holds for time harmonic fields in the GP. Under the assumptions mentioned Carson’s solution
[13] of Eq. (A1) is the Fourier cosine integral w.r.t. x

Ez(x, y) = −
∞∫

0

F (α) cos(αx) ey
√

α2+jωµσ dα. (A2)

The x and y-components of the magnetic field H in the ground stem from Maxwell’s equation
∇ × E = −jωµH, in which µ = µ0µr. Above ground the current I1 produces the familiar
r−1-field H1 and the current distribution Jz(x, y) = σEz(x, y) produces a magnetic field H2

with transverse components only. Expand both magnetic fields in Fourier cosine integrals
(x-components) and Fourier sine integrals (y-components):

H1x =
I1

2π

h1 − y

x2 + (h1 − y)2

=
I1

2π

∫ ∞

0
cos(αx) e−α(h1−y) dα,

H1y =
I1

2π

x

x2 + (h1 − y)2

=
I1

2π

∫ ∞

0
sin(αx) e−α(h1−y) dα, (A3)

H2x = +
∫ ∞

0
[φ(α) +

I1

2π
e−αh1 ] cos(αx) e−αy dα,

H2y = −
∫ ∞

0
[φ(α) +

I1

2π
e−αh1 ] sin(αx) e−αy dα. (A4)

In these Fourier integrals the values of y are restricted to negative values for the exponent, i.e.
y < h1 in Eq. (A3) and y > 0 in Eq. (A4). The second term between the braces in Eq. (A4)
represents the image current at y = −h1 which has been added for convenience. The boundary
conditions for the magnetic fields and inductions at the plane y = 0 yields a linear system
of equations, from which the unknown quantities F (α) and φ(α) can be determined. The
current distribution Jz(x, y) in the GP becomes

Jz(x, y) = −jωµσI1

π

∞∫

0

cosαx

αµr +
√

α2 + jωµσ
e−αh1 ey

√
α2+jωµσ dα. (A5)

For nonmagnetic materials (µr = 1) the integral Eq. (A5) is the same as given by Carson [13].
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2. Ground plane of finite thickness

The GP is now a plate at −d < y < 0, still of infinite extent in the x-direction (Fig. 6b).
Develop the electric field Ez in the GP in a Fourier cosine integral w.r.t. x

Ez(x, y) = −
∞∫

0

[
F+(α) ey

√
α2+jωµσ + F−(α) e−y

√
α2+jωµσ

]
cos(αx) dα. (A6)

The ‘ansatz’ for the magnetic fields H1 and H2 above the GP remain as above. The magnetic
field H in the GP again stems from the Maxwell equation ∇× E = −jωµH. Below the GP
we have to allow a magnetic field H3 which satisfies Laplace’s equation:

H3x =
∫ ∞

0
ψ(α) cos(αx)eαy dα,

H3y =
∫ ∞

0
ψ(α) sin(αx)eαy dα. (A7)

The Fourier transforms of all these fields together with the boundary conditions at y = 0
and y = −d yield a set of linear equations, from which F+(α), F−(α), φ(α) and ψ(α) are
determined. We have

F+(α) = +
jωµI1

π

(αµr + ξ) e−αh1

D
(A8)

F−(α) = −jωµI1

π

(αµr − ξ) e−αh1−2dξ

D
(A9)

φ(α) = −I1

π

αµr e−αh1 {(αµr + ξ)− (αµr − ξ) e−2dξ}
D

(A10)

ψ(α) = +
I1

π

2αµrξ eα(d−h1)−dξ

D
(A11)

D = (αµr + ξ)2 − (αµr − ξ)2 e−2dξ (A12)

with ξ =
√

α2 + jωµσ. The current distribution in the GP becomes

Jz(x, y) = σEz(x, y)

= −j2ωµσI1

π

∞∫

0

αµr sinh [(d + y)ξ] + ξ cosh [(d + y)ξ]
(αµr + ξ)2 − (αµr − ξ)2 e−2dξ

cos(αx) e−(αh1+dξ) dα.

(A13)

In the limiting case d → ∞, this equation reduces to Eq. (A5) as it should. In the ‘thin
plate limit’ we let d ↓ 0 while keeping the sheet resistance R2 = 1/σd constant. The resulting
sheet current density is Eq. (10). The Zt between the injection wire and a sensing wire can
be calculated according to Eq. (1) from the flux Φ(x) between the GP and the sensing wire
and the electric field at the surface Ez = Jz/σ close to the sensing wire; see Fig. 2. It is more
convenient to introduce a flux function or vector potential Az. We choose to write the electric
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field Ez(x, y) in the material as −jωAz(x, y) and require that Az also correctly describes the
magnetic field outside the GP:

Az(x, y) = Adp
z (x, y) + µ0

∫ ∞

0
cos(αx)

φ(α)
−α

e−αy dα (y > 0) (A14)

with

Adp
z = −µ0I1

4π
ln

x2 + (y − h1)2

x2 + (y + h1)2
(A15)

and
Az(x, y) = µ0

∫ ∞

0
cos(αx)

ψ(α)
α

e+αy dα. (y < 0) (A16)

The Adp
z is the vector potential for a dipole of two line currents ±I1 placed at y = ±h1.

Because of the applied boundary conditions for the magnetic fields, Az is continuous at both
surfaces of the GP. Because of the exponentials in y in Eqs. (A14) and (A16), the vector
potential vanishes at large distances; the current I1 fully returns through the GP. For Zt we
rewrite Eq. (1) as:

Zt = jωAz(xs, ys)/I1 (A17)

where (xs, ys) is the position of the sensing wire. In the thin plate limit the integrals in
Eqs. (A14) and (A16) reduce both to

∞∫

0

cos(αx)e−αht

α + jβ
dα = −ejβht

2

[
eβxEi(−βx− jβht) + e−βxEi(βx− jβht)

]
, (A18)

where β = µ0ω/2R2 and ht = h1 + h2, h2 the distance between sensing wire and GP; this
ht should be used when wire 1 and 2 are on the same side as well as on opposite sides.
Abramowitz [19] defines the exponential integral Ei only for positive real arguments, but
by means of analytical continuation the same definition holds for general complex argument
excluding the positive real axis; for positive real values the principal value of the definition
integral must be used [19, Footnote 4 p. 228]. Bergervoet [32] obtained a similar result by a
different method. The line dipole Eq. (A15) explains why the current density is sensed more
directly by a wire at the opposite side of the GP. This is also shown by the field plots in
Fig. 4a.

3. Injection wire between two plates

Suppose injection wire 1 is placed between two plates which are at y = ±hPP and which have
a thickness d. Here we proceed via the vector potential as described in the previous section.
The Fourier coefficients for Az are between both plates (−hPP < y < hPP and µr = 1)

Az(α) =
µ0

α
[φ+(α) eαy + φ−(α) e−αy], (A19)

outside both plates

Az(α) =





µ0

α
ψ−(α) e−αy y > hPP + d

µ0

α
ψ+(α) eαy y < −(hPP + d)

(A20)
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and inside both plates
Az(α) = µ0[Fi+(α) eyξ + Fi−(α) e−yξ] (A21)

with ξ =
√

α2 + jωµ0σ and i = 1, 2 for the upper and lower plate respectively. The source
term due to the current I1 through wire 1 at (0, y1) is

µ0I1

2πα
e−α|y−y1|. (A22)

Continuity of Az and ∂Az/∂y at the four surfaces y = ±hPP and y = ±(hPP + d) results in
a set of equations. Of special interest are the solutions in case of wire 1 midway between the
plates (y1 = 0):

F1+(α) = F2−(α) = −I1

π

(α− ξ)ehPP (α−ξ)

D(α)
(A23)

F2+(α) = F1−(α) = +
I1

π

(α + ξ)ehPP (α+ξ)+2dξ

D(α)
(A24)

ψ+(α) = ψ−(α) =
I1

π

2αξ eα(2hPP +d)+dξ

D(α)
(A25)

φ+(α) = φ−(α) =
−jωµ0σ (e2dξ − 1)

D(α)
(A26)

D(α) = e2αhPP [e2dξ(α + ξ)2 − (α− ξ)2] + jωµ0σ (e2dξ − 1). (A27)

For the Zt at (xs, ys) above the top plate (ys ≥ hPP + d) we obtain

Zt(xs, ys) =
2jωµ0

π

∫ ∞

0

cos(αxs) eα(2hPP +d−ys)+dξ

D(α)
dα. (A28)
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Appendix B

A current I1 flowing in the positive z-direction through a filamentary wire at r1 = (x1, h1)
(Fig. 6c) generates the vector potential at r = (x, y)

A(1)
z (r) = −µ0I1

2π
ln |r− r1|. (B1)

The Kz(x) through the strip causes the potential

A(s)
z (r) = − µ0

2π

w∫

−w

Kz(x′) ln |r− r′| dx′, (B2)

with r′ = (x′, 0) on the strip. The electric field is given by Ez(r) = −jω(A(1)
z (r) + A

(s)
z (r))−

∇zV (r). The condition at the strip

Ez(x, 0) = Kz(x)R2 (B3)

results in a Fredholm integral equation of the second kind

Kz(x)− λ

w∫

−w

Kz(x′) ln |x− x′| dx′ = f(x) + c, − w ≤ x ≤ w, (B4)

where λ = jωµ0/2πR2, c = −∇zV/R2 and

f(x) = −jωA(1)
z (x, 0)/R2 (B5)

the excitation function due to the wire. The width of the GP is here finite, in contrast to
Appendix A. Consequently the current through the GP is smaller than −I1 when c = 0. The
constraint

w∫

−w

Kz(x) dx = −I1 (B6)

requires that some Kz should be added which is a solution of Eq. (B4) with f(x) = 0. For
an isolated PCB, reciprocity of Zt can be applied to show that c = −Zt(1-CM)I1/R2, in
which Zt(1-CM) is the transfer impedance between the DM circuit of wire 1 and GP on one
hand and the CM circuit formed by the GP and a far away CP on the other hand. Because
the reference position x∗ on the GP in Eq. (16) is chosen arbitrarily, Ez + jω(A(s)

z + A
(1)
z ) is

constant over the GP in the x-direction, as is ∇zV . When the difference of Eq. (B4) is taken
for two positions x and x∗ on the GP, c is eliminated.

The CM current distribution is a solution of Eqs. (B4) and (B6) with f(x) = 0. A
comparison with Eq. (C8) shows that c is then equal to −I1 [1/2w + (jωµ0/2πR2) ln(2/w)]

Similar to Eq. (A17) we can rewrite the Zt in Eq. (1) to

Zt = [jωAz(xs, ys)− cR2] /I1 (B7)

where Az = A
(s)
z + A

(1)
z is the total vector potential taken at the sensing wire at (xs, ys).

Equation (B4) with constraint Eq. (B6) can also be solved analytically by expanding Kz(x)
and f(x) in a series of Chebyshev polynomials [33]. The coefficients of the f(x) are difficult
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to obtain, and only closed form expressions have been found when the injection wire resides
at the middle position of the strip. The off-diagonal elements in the resulting infinite matrix
decrease slowly with the distance from the diagonal. The solution still requires numerical
inversion and truncation of the matrix.

It is illustrative to show the connection between physics and the abstract mathematical
theory of integral equations. Also, by means of the theory, it will be proved that the solution
of Eq. (B4) is unique and continuous.1 This last property is evident from a physical point
of view, but mathematically less evident. The proof that a Fredholm equation of the second
kind with continuous kernel possesses a continuous solution, is given in almost every standard
text book on functional analysis or integral equations. For our weakly singular kernel we did
not find the continuity proof in text books.

Let us introduce the Banach space C[−w, w] consisting of continuous functions on [−w, w]
with maximum or infinite norm, i.e., for g ∈ C[−w,w]

‖g‖∞ = max
t∈[−w,w]

|g(t)|.

The Hilbert space L2[−w,w] consists of Lebesgue measurable functions on [−w,w] which are
square integrable, that is, for g ∈ L2[−w, w]

w∫

−w

|g(t)|2 dt < ∞. (B8)

Eq. (B4) can be written as
(I − λT ) Kz = g, (B9)

with g ∈ C[−w, w], and the operator T : C[−w, w] → C[−w, w] defined by

(TKz)(x) =
w∫

−w

Kz(x′) ln |x− x′| dx′. (B10)

It can be proved that T is compact on C[−w, w]; this proof will be given at the end of this
appendix. The spectrum of T is denoted by σ(T ). Observe that the set σ(T )\{0} consists of
countable (perhaps finite or even empty) eigenvalues only [34, 8.3-1]. By [34, 8.2-4] we can
extend T to a continuous linear operator Text : L2[−w,w] → L2[−w,w], defined by

(TextKz)(x) =
w∫

−w

Kz(x′) ln |x− x′| dx′. (B11)

Since the kernel ln |x−x′| is square integrable, Text is Hilbert-Schmidt and therefore compact
on L2[−w, w], see e.g. Stakgold [35, pp. 352-3]. Since the kernel is symmetric, Text is self-
adjoint on L2[−w, w]. It can be proved that Text is a negative operator [36, Example 6.10].
Therefore we have a self-adjoint, negative, and compact operator on L2[−w, w]. The spectrum
σ(Text) of Text is real, negative, and discrete. The spectral values, say λj < 0, are eigenvalues
of the operator. Since T is compact and Text is a continuous extension of T , the spectrum

1The authors are indebted to dr. ir. S. J. L. van Eijndhoven from the Department of Mathematics and
Computing Science, for the useful suggestions made.
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σ(T ) ⊆ σ(Text). We conclude that the spectrum of T is real, negative, and discrete. Since λ is
purely imaginary for our strip problem we have λ 6= λ−1

j . According to the general theory, the
homogeneous equation g ≡ 0 in Eq. (B9) has only the trivial solution Kz ≡ 0. In other words,
there are no oscillations. This is physically understandable, because in our model we only
have inductive energy, which is not related to capacitive energy. Any disturbance is damped
by resistance. Since (I − λT ) is continuously invertible for all λ(6= λ−1

j ), the inhomogeneous
operator equation (B9) has a unique continuous solution. In operator theory this solution
equals

Kz = (I − λT )−1g. (B12)

Our original integral equation (B4) has therefore one and only one continuous solution.
Finally we will prove that T is compact. Consider the more general case with operator

T̃ : C[−w,w] → C[−w, w], defined by

(T̃Kz)(x) =
w∫

−w

Kz(x′)
h(x, x′)
|x− x′|α dx′, h ∈ C([−w,w]× [−w,w]), 0 < α < 1. (B13)

Since

ln |x− x′| = |x− x′|α ln |x− x′|
|x− x′|α , x 6= x′,

compactness of T̃ implies compactness of T .

Theorem 1 Operator T : C[−w, w] → C[−w, w] defined by Eq. (B10) is compact on C[−w, w].

Proof. Let B a subset of C[−w, w], which is of course bounded. The operator T̃ , and
therefore T , is compact when the image T̃ (B) is relatively compact, that is, when the closure
T̃ (B) is compact. For every h ∈ C([−w,w] × [−w, w]) with ‖h(·, ·)‖∞ ≤ M and for every
Kz ∈ B, it follows that

‖T̃Kz‖∞ ≤ ‖Kz‖∞ max
x∈[−w,w]

w∫

−w

∣∣∣∣
h(x, x′)
|x− x′|α

∣∣∣∣ dx′ ≤ M‖Kz‖∞ max
x∈[−w,w]

w∫

−w

1
|x− x′|α dx′

= M‖Kz‖∞ max
x∈[−w,w]

1
1− α

[
(w + x)1−α + (w − x)1−α

]
= M‖Kz‖∞w1−α

1− α
.

Therefore the set T̃ (B) is bounded on C[−w,w]. Let us prove next that this set is equicon-
tinuous, that is,

∀ε>0∃δ>0∀x1,x2∈[−w,w]∀Kz∈B :
[
|x1 − x2| < δ =⇒ |T̃Kz(x1)− T̃Kz(x2)| < ε

]
.

Let x1, x2 ∈ [−w,w], x1 < x2, and Kz ∈ B, then

|T̃Kz(x2)− T̃Kz(x1)| =

∣∣∣∣∣∣

w∫

−w

[
h(x2, x

′)
|x2 − x′|α −

h(x1, x
′)

|x1 − x′|α
]
Kz(x′) dx′

∣∣∣∣∣∣

≤ ‖Kz‖∞
w∫

−w

∣∣∣∣
h(x2, x

′)
|x2 − x′|α −

h(x1, x
′)

|x1 − x′|α
∣∣∣∣ dx′
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This last integral can be split into
x1∫

−w

· · · dx′,
x2∫

x1

· · · dx′,
w∫

x2

· · · dx′.

An estimation of the first integral yields
x1∫

−w

∣∣∣∣
h(x2, x

′)
(x2 − x′)α

− h(x1, x
′)

(x1 − x′)α

∣∣∣∣ dx′

≤
x1∫

−w

[∣∣∣∣
h(x2, x

′)− h(x1, x
′)

(x2 − x′)α

∣∣∣∣ + |h(x1, x
′)|

∣∣∣∣
1

(x2 − x′)α
− 1

(x1 − x′)α

∣∣∣∣
]

dx′

≤ M1

1− α

[
(w + x2)1−α − (x2 − x1)1−α

]
+ M2

x1∫

−w

[
1

(x1 − x′)α
− 1

(x2 − x′)α

]
dx′,

with
M1 = max

x′∈[−w,w]
|h(x2, x

′)− h(x1, x
′)|, M2 = max

x′∈[−w,w]
|h(x1, x

′)|. (B14)

Since
x1∫

−w

[
1

(x1 − x′)α
− 1

(x2 − x′)α

]
dx′ =

1
1− α

[
(w + x1)1−α − (w + x2)1−α + (x2 − x1)1−α

]
,

we conclude

∀ε>0∃δ>0∀x1,x2∈[−w,w] :


|x1 − x2| < δ =⇒

x1∫

−w

∣∣∣∣
h(x2, x

′)
|x2 − x′|α −

h(x1, x
′)

|x1 − x′|α
∣∣∣∣ dx′ < ε


 .

The integral
w∫

x2

∣∣∣∣
h(x2, x

′)
|x2 − x′|α −

h(x1, x
′)

|x1 − x′|α
∣∣∣∣ dx′

can be handled in a similar manner. Consider next
x2∫

x1

∣∣∣∣
h(x2, x

′)
(x2 − x′)α

− h(x1, x
′)

(x′ − x1)α

∣∣∣∣ dx′

≤
x2∫

x1

[∣∣∣∣
h(x2, x

′)− h(x1, x
′)

(x2 − x′)α

∣∣∣∣ + |h(x1, x
′)|

∣∣∣∣
1

(x2 − x′)α
− 1

(x′ − x1)α

∣∣∣∣
]

dx′

≤ M1

1− α
(x2 − x1)1−α + M2

x2∫

x1

∣∣∣∣
1

(x2 − x′)α
− 1

(x′ − x1)α

∣∣∣∣ dx′,

with M1 and M2 given by Eq. (B14). Further, the transformation x′ = (x2−x1)/(1+u)+x1

yields
x2∫

x1

∣∣∣∣
1

(x2 − x′)α
− 1

(x′ − x1)α

∣∣∣∣ dx′ = 2(x2 − x1)1−α

1∫

0

(1 + u)α−2(u−α − 1) du.
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The integral
1∫
0
(1 + u)α−2(u−α − 1) du is bounded, therefore

∀ε>0∃δ>0∀x1,x2∈[−w,w] :


|x1 − x2| < δ =⇒

x2∫

x1

∣∣∣∣
h(x2, x

′)
|x2 − x′|α −

h(x1, x
′)

|x1 − x′|α
∣∣∣∣ dx′ < ε


 .

We conclude that T̃ (B) is equicontinuous. By Ascoli’s theorem [34, 8.7-4] this set has a
subsequence, say (K(n)

z ), which converges (in the norm on C[−w, w]). It follows that the
closure T̃ (B) is compact on C[−w, w]. 2
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Appendix C

1. Joukowski transform

Suppose the injection and sensing wire at coordinates z1 resp. z2 in the complex z = x + jy–
plane (Fig. C1). The infinitely thin strip is located on the real axis −w < x < w. The wire
at z1 carries a current I1, the strip a current −I1. The Joukowski transform [37, pp. 58-60]
and its inverse

z

w
=

1
2
(t +

1
t
), t =

z

w
+

√(
z

w

)2

− 1, (C1)

map the outside of the strip in the z-plane and the outside of a unit circle in the complex
t-plane onto each other, see Fig. C1.

w

2

-w

z

z

1

z t1

t2

t

1
α1
α2 s1

s2

s

1s

t1

inv
+I -I

a) b) c)

Fig. C1. The complex z, t and s-planes.

The square root in Eq. (C1) is to be understood as principal value

√
p2 − 1 :=

∣∣∣p2 − 1
∣∣∣
1
2 ej(arg(p−1)+arg(p+1))/2, − π < arg(p± 1) ≤ π. (C2)

This definition avoids the use of Riemann surfaces, because the upper/lower side of the strip
is mapped onto the upper/lower side of the circle by means of Eq. (C1). The transformation

s = tej(π−α1), (C3)

rotates the transform t1 (injection wire) onto the negative real axis of the s = u + jv–plane,
with α1 the principal value of the argument of t1. The real part of the complex potential
Ω(s) = X(s) + jΨ(s) gives the magnetic field H = (∂X

∂u , ∂X
∂v ). The imaginary part of the

potential represents the flux function at position s. The unit circle must be a flux tube. The
required complex potential is the sum of the potential due to the wire 1 at s1 and of the
potential due to a current −I1 at the inverse point sinv

1 = −|t1|−1 of the injection wire (Fig.
C1) [9]

Ω(s) = −j
I1

2π

[
log(s + |t1|)− log(s +

1
|t1|)

]
. (C4)

The principal value of the complex logarithm is used. The line dipole of strength I(s1− sinv
1 )

is centered at s = (s1 + sinv
1 )/2. The mutual inductance M is equal to the difference in the

flux function between the transform of z2 and the unit circle

M =
Φ
I1

=
µ0

I1

[
Im Ω(s2)− Im Ω(ejφ2)

]
=

µ0

I1

[
Ψ(s2)−Ψ(ejφ2)

]
, (C5)
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where φ2 = arg(s2). The flux function on the circle is constant and is given by

Ψ(ejφ2) = − I1

2π
log |t1|. (C6)

Generally explicit real, closed forms for the mutual inductance cannot be calculated by means
of Eqs. (C1), (C3), (C4), and (C5). Approximate analytical solutions for two limiting cases
are given in the main text.

2. H-field lines for d.c.

A d.c. current I1 is homogeneously distributed over the strip. The complex potential, used
to plot the d.c. field in Fig. 4a, is obtained by integration of the logarithmic potential due to
the strip:

Ω(z) = −j
I1

2π

[
log(z − z1) +

(z − z3) log(z − z3)− (z − z2) log(z − z2)
z3 − z2

+ 1
]
, (C7)

in which z2,3 are the general endpoints of the strip. In our case z2 = −w and z3 = w. When
the injection wire at z1 is close to the midpoint of the strip, the fieldlines assume the dipolar
shape only at large distances |z|. The integral over the strip is identical to the expression
given by Jaswon [21, Chapter 11].

3. CM current

For a high frequency common mode current ICM through a GP with its return far away, the
complex potential takes the form:

Ω(t) = −j
ICM

2π
log t. (C8)

At the GP holds |t| = 1 and thus Ω(ejφ) = 0. For M one obtains:

M =
Φ

ICM
=

µ0

ICM
Im Ω(t1) (C9)

4. Parallel plates

Suppose we have the parallel plate system in the complex z–plane, see Fig. C2a. The width
of the plates is 2w and their separation 2hCP . The transformation [10]

z =
2K ′hCP

π

[
Z(s) +

πs

2KK ′

]
, (C10)

maps the upper side with cuts ABC and EFG of the z–plane onto the inner side of a rectangle
in the complex s = u+jv–plane (Fig. C2b); K is the complete elliptic integral of the first kind
of modulous k, K ′ the same integral with modulous k′ =

√
1− k2, and Z(s) Jacobi’s Zeta-

function (see [19]). Note that Abramowitz [19] uses the parameter m = k2 in the definition
of the integrals. This derivation remains the same for both definitions.

If hCP ¿ w the quotient of the integrals is given by [10, pp. 342]

K ′

K
=

w

hCP

[
1 +

hCP

πw

(
1 + ln

2πw

hCP

)]
. (C11)
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Fig. C2. The complex z = x + jy and s = u + jv–planes for the parallel plates BD and FH.

Suppose now that the sensing wire resides near point G in the complex z–plane (Fig. C2a),
say at z = hCP + h1, then its image resides at s = K − u + jK ′. We assume that h1 and u
are small. When K ′/K À 1, the q-series [19, Eq. (17.4.38)] of the Zeta-function yields

Z(s) =
π

K

∞∑

n=1

sin nπs
K

sinh nπK′
K

' 2π

K

∞∑

n=1

e−nπ K′
K sin

nπs

K
(C12)

The sine-function in the summation simplifies for s = K − u + jK ′ to

sin
nπs

K
≈ j

2
enπ K′

K e−jnπ K−u
K , (C13)

where the trigonometric sine-summation rule and sinh p ' cosh p ' ep/2 (p = nπK ′/K À 1)
are used. Substitution of Eq. (C13) into Eq. (C12) yields

Z(K − u + jK ′) ' − jπ

2K

[
1 + j tan

πu

2K

]
. (C14)

Substitution of z = hCP + h1 and s = K − u + jK ′ in Eq. (C10) finally results in the
transcendental equation

hCP + h1 ' K ′

K
hCP

[
tan

πu

2K
+

K − u

K ′

]
. (C15)

Because K ' π/2 and u ¿ 1, the first order approximation of the tangent can be used
(tan p ' p), and so

u ' 2K2

hCP (K ′π − 2K)
h1. (C16)

The mutual inductance M then simply follows from

M = µ0
u

2K ′ ' µ0
K

K ′
1

K′
K π − 2

h1

hCP
. (C17)

With K ′/K ' w/hCP À 1 one obtains the result presented in Sect. IV, Eq. (24).
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5. Approximate solution

A simpler but approximate derivation for the problem of the previous subsection can be found
when hCP ¿ 2w. The transform between z = x + jy and s = u + jv

z

z0
= es/s0 − s

s0
− 1 (C18)

maps the strip 0 ≤ v ≤ πs0 in the s-plane on the z-plane with y > −πz0; s = 0 is mapped
onto z = 0 (Fig. C3). The origin of the coordinate system is now on the left edge of the GP.
The image of the line v = jδ with δ ↓ 0 folds around the positive real axis in the z-plane.

a) z-plane b) s-plane

∞ ∞ ∞ ∞

∞ ∞ ∞

x=0 u=0

O

O

jπs0

-jπz0

Fig. C3. The complex z = x + jy and s = u + jv–plane for the fringing field effects of a parallel plate system.

In the s-plane we assume the parallel plate transmission line of infinite extent in the
u-direction. A first approximation Φa of the flux per unit length between the plates is

Φa = µ0KzhCP , (C19)

in which Kz is the sheet current density approximated by I/2w. The scaling factor s0 for
the flux function v in the s-plane is µ0KzhCP /π; the scaling factor z0 for the z-plane is
then hCP /π. When we expand the exponential in Eq. (C18) to the second degree, the first
two terms cancel in the r.h.s. of Eq. (C18). For a point jy near the edge of the PCB
v/s0 '

√
2|y|/z0 holds approximately. The resulting M is presented as Eq. (25). Higher order

terms in the expansion become soon important. In Fig. C4 we compare v from Eq. (C18) to
the second order expansion with and without an additional correction term ∆v fitted over
the range −1 < y/z0 < 1:

∆v/s0 =
2∑

k=0

ck

(
y

z0

)k

with





c0 = +0.0013
c1 = −0.3336
c2 = +0.0557

(C20)

where y is positive above the GP. This second order fit is accurate to within 0.004 for v/s0;
if restricted to the linear term only to within 0.06. The markers on the abscissa correspond
to the height of the sensing wire in Fig. 12.

For a point z = w + jh1 above the middle line of the PCB, s is near the positive real axis;
the exponent is the leading term in Eq. (C18). One may then approximate the flux function
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Fig. C4. The M -part of the CM to DM Zt (—) in units µ0hCP /2πw, as function of height y of the sensing
track at the edge of the GP. The approximation of Eq. (25) is also shown (- - -).

by

v ≈ Im log z = arctan
h1

w
≈ h1

w
(C21)

The magnetic field lines between the GP and the CP forms closed loops around the GP.
The other edge of the PCB is taken into account by assuming that both edges contribute
independently. For the position z = w + jh1 we multiply the above mentioned flux function
by a factor 2. Application the scaling for s and z results in Eq. (24) given in the main text,
which was also obtained at the end of the Appendix C4. For a point z = w − jh1 under the
middle line of the PCB, s is close to the negative real axis; the exponent in Eq. (C18) can be
neglected. One easily verifies that the resulting M is equal Eq. (23) given in the main text.

In the comparison of the analytical values for M with the numerical and experimental
values for sensing track positions close to the GP, the approximation of the total flux Φ in
Eq. (C19) turned out to be too large even for small values of hCP /w. Better approximations
for Φ are given by Love [10, Sect. 3] and Kuester and Chang [25, Eq. (14)] which are repeated
here for convenience:

Φ ' µ0ICMhCP

2w

[
1 +

hCP

πw
ln

2πw

hCP

]−1

(Love) (C22)

' µ0ICM

2

[
K[sech(πw/4hCP )]

2K[tanh(πw/4hCP )]
− h2

CP

2πw2
ln

(
1 +

4w2

ah2
CP

)]
(K&C), (C23)

with K(k) the complete elliptic integral and a = 2/ ln(4/π). In Fig. C5 we compare Eq. (C19),
(C22) and (C23); we used the last approximation for the M -curves in Fig. 12.

6. Track between two planes

In the z = x + jy-plane (Fig. C3) the origin is at the leftmost edge of the top plane; assume
the other plane at y = −2hPP which also extends into the positive real direction. The plane
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Fig. C5. The flux between a parallel plate system as derived by Love, Eq. (C22) and by Kuester and Chang
(K&C), Eq. (C23) compared to the simple approximation of a homogeneous field, Eq. (C19).

y = −jhPP is a symmetry plane in which the injection wire 1 resides at x1 > 0. Wire 1
carries a current I1. The transformation Eq. (C18) and Fig. C3 can only be used for the
region y ≥ −jhPP , which suffices in our case. The scaling factor in Eq. (C18) is z0 = hPP /π.
Sensing wire 2 is at z2 = x2 + jy2 above the top plane.

Assume now the injection wire 1 in the s-plane at the position s1 = u1 + jv1 between two
perfectly conducting planes at v = ±π. The complex potential Ω which describes the H-field
between the planes and which satisfies the boundary condition Im Ω = 0 at these planes is:

Ω(s) =
−jµ0I1

2π
log

[
sinh[(s− s1)/4]
cosh[(s− s∗1)/4]

]
, (C24)

with s∗1 the complex conjugate of s1. If s1 is midway between the planes, v1 = 0 holds, and
ImΩ is symmetric w.r.t. the real axis.

For calculation of the mutual inductance, z1/z0 and z2/z0 are transformed by Eq. (C18)
with s0 = 1. Both s1 and s2 are shifted over −jπ before substitution in Eq. (C24). The
resulting M is shown in Fig. 17. A further simplification is possible when wire 1 is deeply
buried between the planes, i.e. x1 > hPP , and z2 is above the top plane. Then |s2 − s1|
is large and the argument of the logarithm in Eq. (C24) is close to 1; the logarithm is
then approximately −2 e−(s2−s1)/2. The exponential in Eq. (C18) can be neglected in the
transformation for z1. With these approximations M becomes

M(x1, z2) = −µ0

π
Im

[√
z0

z2
e−(x1+z0)/2z0

]
. (C25)

This may be further simplified to Eq. (33) for the sensing wire at larger distances from the
edges; note that in the main text the z-coordinate system is shifted.
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[4] Djordjević, A.R. and T. K. Sarkar
Closed-form formulas for frequency-dependent resistance and inductance per unit length
of microstrip and strip transmission lines.
IEEE Trans. Microwave Theory Tech., Vol. MTT-42 (1994), No. 2, p. 241-8.

[5] Cerri, G. and R. De Leo, V. Mariani Primiani, A. Schiavoni
Investigation of ground plane current distribution.
In: Electromagnetic compatibility 1993. Proc. 10th International Zurich symposium and
technical exhibition on electromagnetic compatibility. Zürich, 9-11 March 1993. Zürich:
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