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Asymptotics of subcoercive semigroups
on nilpotent Lie groups

Nick Dungey!, A.F.M. ter Elst?, Derek W. Robinson' and Adam Sikora!

Abstract

Let GG be a nilpotent Lie group and H a pure m-th order subcoercive
operator constructed from a weighted basis of the Lie algebra g of G.
We construct asymptotic approximates G, and H., of G and H by
a scaling limit which ensures that g = g. as vector spaces and that
G and H,, are automatically scale invariant. We then compare the
asymptotic orbits of the semigroup S generated by H with those of
the corresponding semigroup S(*) generated by Hy. In the simplest
case, (G = (4., we prove that on the spaces L,(G') one has

tliglo HS’f - SLSOO)HP—W =0

for all p € [1,00]. But if G # (/s then we show that the analogous
result fails for all p € [1, 0o]. Nevertheless, on the spaces L,(g) one has

Jim [[M4(S: = S [ = 0

for all p € [1,00] where My denotes the operator of multiplication by
any bounded function which vanishes at infinity.
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1 Introduction

The local structure of subelliptic semigroups acting on Lie groups is now well understood
but many questions remain concerning the global behaviour. Our aim is to analyze the
asymptotic properties of the semigroup generated by a pure m-th order weighted subcoer-
cive operator H acting on a nilpotent group G, where m > 2. Subcoercivity is here defined
in terms of a free group of which G is a factor group. Following Nagel, Ricci and Stein
[NRS] we construct asymptotic approximates G, and H,, of G and H by a scaling limit.
The group G, and the operator H,, are automatically homogeneous, i.e., scale invariant.
We then compare the asymptotic orbits of the semigroup S generated by H in the left
regular representation of (¢ and the corresponding semigroup S(*) generated by H.. If
(i = (i then the semigroups S and S(*®) can be compared on the spaces L,(G) but even
if G # G\, one can still compare S and S by pulling back to the L,-spaces over the Lie
algebras g and g., because these coincide as vector spaces. One of our principal results
is that the difference of the pulled back semigroups converges to zero uniformly on L, as
t — oo if, and only if, G = G,. The interest in this conclusion lies with the uniform
convergence. It follows from kernel bounds that each of the semigroups converges strongly
to zero as t — oo and hence the difference obviously converges to zero. But the uniform
convergence is a much stronger statement about the comparability of the asymptotic orbits
of the two dynamical semigroups. Even if ¢ # (., the asymptotic orbits are uniformly
close locally, but not globally. More specifically, if the difference of the pulled back semi-
groups is multiplied with a bounded measurable function which vanishes at infinity then
the product tends to zero uniformly as ¢ — oo on any L,-space. In order to formulate our
results more precisely it is necessary to introduce some definitions and notation.

Let GG be a connected, simply connected, d-dimensional nilpotent Lie group with Lie
algebra g and aq, ..., ay an algebraic basis of g, i.e., a set of linearly independent elements
which together with there multi-commutators span g. Moreover, let wy,...,wy € N be
weights associated with the different directions in g. The algebraic basis with these weights
is called a weighted algebraic basis. For further details of these and subsequent definitions
we refer to [EIR2] and [EIR3].

We need the following multi-index notation for commutators and products. If N € N
set

JN) = Ufle o N and JHN) = AL, N}

Then for o = (iy,...,1,) € J(d') set the unweighted length |a| = n, the weighted length
||| = wi, + ...+ w;, and, if n > 1, introduce the multi-commutator

a[a] = I:ah? [ ° [ain—17ain] ° ]]
of weighted order ||a||. Next for each k& € N let
g® = span{ap: a € JH(d), ||a|| > k} (1)

be the ideal spanned by all multi-commutators of order at least k. Since g is nilpotent,
there exists a unique r € N such that g # {0}, but g +" = {0}. We call r the weighted
rank of the Lie algebra g given the weighted algebraic basis aq, ..., aq.



For k € N let a; be a vector subspace of g such that gi® = g*t!) @& a, and hence
g = @j_, ar. Next for all # > 0 introduce the linear maps v;: g — g such that y;(a) = t*a
for all @ € a;, and £ € N. Moreover, define the Lie bracket [, -];:g x g — g by

[a,b]s = 77 [yi(a), 7e(b)]

Then the Lie bracket [, «]o = limy o[, -]+ exists and

[k, 1)co € appy

for all k,{ € N. The Lie algebra (g,[-, - ]o) is homogeneous with respect to the group of di-
lations used in the construction and the graded subspaces a; correspond to the eigenspaces
of the dilations. We use the shorthand notation g_ (a) for (g,[-, -]~) and call g (a) an
asymptotic Lie algebra. The definition of g._(a) clearly depends on the choice of the
family a of subspaces a; but different choices lead to isomorphic asymptotic Lie algebras.
If the particular choice of g (a) within the set of asymptotic Lie algebras is not significant
we simplify the notation by writing g__.

Next let by,...,bs be a vector space basis for g passing through ay,...,a, and with
order respecting the order of the ay, i.e., if dy, = dima; then by,...,b;, is a basis of ay,
bdk1+17 .. ,bdk1+k2 a basis of a, etc.. Assign weights vy, ..., vy where v; = k if b; € ai. Then,
by definition,

[biv bj]oo = Tyt ([biv bj])
foralli,5 € {1,...,d}, where m: g — a; is the projection onto the k-th component of the
decomposition g = @72, a;. We define the modulus |- | on g by

d
v _ Z |§i|2v/vi 7
=1

where v = lem(1,...,r). Finally, if b = YL, &b, € g and o = (iy,...,1,) € J(d) set
b* =&, ... G,

Let U be a continuous representation of ¢ in a Banach space X'. If a € g let dU(a) be
the generator of the one-parameter group ¢ — U(exp(—ta)). Then set A; = dU(a;) for ¢ €
{1,...,d'} and use the multi-index notation A* = A; ... A, for a = (i1,...,4,) € J(d').
For each n € Ng set X, = A (U) = ja)<n D(A*) with norm

d

‘Zfibi

=1

lell, = lell, = mas. J14°2]
llaf|<n
Further set X, = o2, A.. The left regular representation of G on a function space is de-
noted by L, or L, and the spaces and norms associated with the left regular representation
on L,(G) are denoted by L. and |- ||;.,, etc..

Let m € N. Then a form of order m is a function C:.J(d') — C such that C'(a) =0
for all & € J(d') with ||a|| > m and, moreover, there exists an a with ||a|| = m and
C(a) # 0. The form is called homogeneous of order m if, in addition, C'(a) = 0 for all «
with ||a]| < m.

The adjoint form CT is defined by Cf(a) = C(a.) where a, is the reverse of a, i.e., if
a = (i1,...,1,) then o, = (is,,...,71) and the bar denotes complex conjugation. Moreover,
C is called self-adjoint if C' = C'T. In the sequel we write ¢, = C(a).

2



Given the representation U we consider the m-th order operator

dU(C)= 3 e, A

a€J(d)

with domain D(dU(C')) = &. The form C is called a G-weighted subcoercive form and the
operator dU(C') a G-weighted subcoercive operator if first m € 2w;N for all ¢ € {1,...,d'}
and secondly there exist p# > 0 and v € R such that

Re(p, dLa(C)e) = g (llzmp2)* — v Il

for all ¢ € C((), i.e., the operator dL(C') satisfies a Garding inequality on Lo(G). (For
many equivalent descriptions of G-weighted subcoercive forms we refer to [FE1IR3], Sections 4
and 10.) It then follows from Theorem 1.1 of [EIR3] that the closure dU(C') generates a

holomorphic semigroup on X'. Moreover, this semigroup has a smooth, rapidly decreasing

kernel.

Unfortunately, we need a slightly stronger condition on the coefficients of the opera-
tor. Let g = g(d',r,wy,...,wy) be the weighted nilpotent Lie algebra with d' generators
ai, ..., a4 and weights wy, ..., wy which is free of step r, i.e., it is equal to the quotient
® /1 where & is the free Lie algebra in d' generators, with the i-th generator given the
weight w;, and [ is the ideal spanned by the multi-commutators of weighted order strictly
larger than r. (See also [NRS] and [EIR3], Example 2.7.) Let ( be the connected, sim-
ply connected, Lie group with Lie algebra g. Throughout the sequel we assume that C'
is a homogeneous m-th order G-weighted subcoercive form. Then it follows from [EIR3],
Proposition 11.3, that (' is also a G-weighted subcoercive form. Let K be the kernel of the
semigroup S generated by the closure of the operator H = dLg(C'). Then K is a smooth
rapidly decreasing function on G

Next we need analogous concepts associated with the asymptotic Lie algebra g (=

g..(a)). Let G be the connected, simply connected, Lie group with Lie algebra g...
Define H,, by
H, = Z Co dLGOO(Ea)
aed(d)

where dLg (@) = dLg_(@)...dLg (@) if @ = (i1,...,1,) and @; = m,,(a;) for all
i € {1,...,d'}. The domain of H., equals D(H..) = jaj<m D(dLc.. (@)). Since the @ do
not necessarily form an algebraic basis of g__, e.g., some of the @; could be zero, one has to
exercise some caution. We shall show in Section 3 that the operator H, is a G,-weighted
subcoercive operator with respect to a different form and weighted algebraic basis in g__.
It then follows from [EIR3] that the closure of H,, generates a holomorphic semigroup S(°)
with a smooth kernel K(*) on G.,.

The first theorem compares the kernels K and K() together with their subelliptic
derivatives. For ¢ € {1,...,d'} set ZEOO) = dL¢ (@) = dLa, (7w (a;)). Moreover, set
D =% u.

Theorem 1.1 For all o € J(d') there exist ¢,7 > 0 such that
(A7 Ko (expa) = (A K exp, )] < et PHlmpmt /e e e

uniformly for all t > 1 and a € g.



Here exp_ g, — G is the exponential map and the estimates are valid for all possible
choices of g_. Moreover, we assume that the Haar measure on G and G, is normalized
such that it is the image measure of the Lebesgue measure on g = g, under exp and
exp.., respectively. For a special class of g (a) (see Section 3) Nagel-Ricci—Stein [NRS]
showed that a +— (Z(Oo)a[&”t(oo))(expoo a) is the first term in the asymptotic expansion of

a = (A*K;)(exp a) in powers of =1/, Theorem 1.1 establishes that the difference of these

—-1/m

kernels is bounded by a Gaussian times ¢ for all large t.

If g = g this immediately implies that the semigroup S, converges uniformly to S,

Theorem 1.2 If for a particular choice of a one has g = g..(a) as Lie algebras then the
semigroup S corresponding to this choice satisfies limy_yo, |5 — Sfoo)Hp_m =0 for all
p € [1,00]. More specifically, there exists a ¢ > 0 such that

150 = 8 pmp < ct7H™
uniformly for all t > 1 and p € [1, 00].

We next consider the general case in which the Lie algebras g and g_(a) are distinct.
Since g = g..(a) as vector spaces for all possible choices of a one can use the exponential

maps to compare S and S©). Define S, g,foo): L,(g) — Ly(g) for each t > 0 and p € [1, o]
by

(Sip)(a) = (Silp 0 log) ) (expa)
(59 (a) = (S 0 log..)) (exp.. a)
for all ¢ € L,(g). Here log and log, are the inverse of exp and exp,,, respectively.
Theorem 1.3 If g # g, as Lie algebras then there is a b > 0 such that
liminf |5, — S|, > b
for all p € [1,00]. Moreover, if C is self-adjoint, or if p =2, one may choose b =1.
It follows immediately from these results that
tliglo Hgt - §§°°)Hp_>p =0

if, and only if, g = g_(a) as Lie algebras. Nevertheless the uniform convergence of S
to () is very nearly true. For any bounded measurable function f:g — C define the
multiplication operator My on L,(g) by

(Myp)(a) = f(a) pla)

We say that f vanishes at infinity if for each & > 0 there exists a compact set 2 C g such
that | f(a)| < e for all a € g\Q.

Theorem 1.4 If f:g — C is a bounded measurable function which vanishes at infinity
then
lim [| M5S0 = S lpsp = 0

t—00

uniformly for all p € [1, 00].



The asymptotic estimates on the semigroup S will be deduced from estimates on the
kernel K. The initial kernel estimates are derived from an asymptotic expansion of K, in
terms of the kernel K(*) of S{9) given by Nagel, Ricci and Stein [NRS]. Their procedure
is based on comparison of G and (i, with the larger free group G. A similar method was
used in [ERS] to obtain Gaussian bounds on K and its derivatives in the unweighted case
via transference. The Nagel-Ricci—Stein analysis uses a particular type of asymptotic Lie
algebra which has an extra form of homogeneity. Analysis of the general situation requires
examination of the isomorphism relating the various asymptotic algebras. Combination of
these techniques establish Theorem 1.1. The estimates of Theorem 1.4, when g # g__(a), go
beyond simple bounds on the difference of the kernels and require more detailed analysis
of the algebraic structure. The relative difficulty of the two cases is analogous to the
complexity of analysis of elliptic operators with variable coefficients in contrast to operators
with constant coefficients.

In Section 2 we introduce the algebraic concepts required and recall various essential
results from [NRS]. In Section 3 we give the full definition of the operator H., and derive
the estimates on the associated semigroup kernels. Then in Section 4 we give the detailed
proofs of Theorems 1.3 and 1.4. We also discuss some similarities with the limit ¢ — 0.

2 Algebraic structure

In this section we first examine a special choice of the a; which gives an intrinsic description
of g..(a) particularly suited to the derivation of asymptotic Gaussian kernel bounds. The
definition is given in §3 of Nagel, Ricci and Stein [NRS]. We repeat their construction and
relate these special algebras to the general asymptotic Lie algebras. For the convenience
of the reader we give new proofs for some of their results. Subsequently we discuss some
properties of general asymptotic Lie algebras, their relation with the special Nagel-Ricci—
Stein class and the possible equality g = g (a) which is significant for the asymptotic
behaviour of the subcoercive semigroups.

Set d = dimg. Let (% )t>0 be the canonical dilations on the homogeneous Lie algebra
g and for all k € N set a;, = {a € §: %(a) = t"afor all ¢ > 0} = span{ay, : ||a]| = k}.
Then if g% are defined by (1) relative to g one has g® = g+ 3§, for all k € N. Let
Tr: @ — 4 be the projection. If A:g — g is the Lie algebra homomorphism such that
A(a@;) = a; for all s € {1,...,d'} then it is not hard to see that

g® = AE") (2)

forall k€ {1,...,r}. Let i = A=*(0) and define

r

i =P m(ing™)

k=1

k+1)

Since the restriction 7|, k) of 7, has kernel mg( and image ﬁk(iﬁﬁ(k)) 1t follows that

ing



dim 7 (inN ﬁ(k)) = dim(i N ﬁ(k)) —dim(in §|<k+1)) for all & € N. Therefore

dimi,, = Z dimmg(in ﬁl(k))
k=1

=Y dim(i N g*®) — dim(i N g**™) = dim(i N gV) = dimi . (3)
k=1
Lemma 2.1 ([NRS]) The space i, is an ideal in g.
Proof Let j,k € {1,....r}, w € a; and v € ing®. Then [w,7xv] € i by the
following argument. Obviously [w, 7zv] € &V and [w,v] € i N gt since i is an ideal

in §. Moreover, since v — 7xv € g*™ one has [w,v] — [w, 7] € g+ Therefore
[w, 73] = Fpilw, o] = Fjafw, 0] € TN GVTY) Ce. O

Lemma 2.2 ([NRS]) If k € N then Ax(ing") C g+Y).
Proof Let v € ing®. Since Av = 0 and v — 7w € g**™ it follows from (2) that
Afpo = A(Fpo —v) € g+, O
Next, for all k € {1,...,r} let b, be a vector subspace of & such that
ar =bh, ®a(ing®)
and set h = D_, f,. Then dimh = d by (3), since obviously
§=hdix
The second statement of the next lemma states that the same decomposition is also valid
for the ideal i instead of i..

Lemma 2.3 ([NRS])

I. The restriction A|6:6 — g is a bijection.
II. g=hai

IIL. g™ =@i_, A(h,) for all k€ {1,...,r}.

Proof We first show that .
g = APh) (4)
=k
for all k € N. This equality is trivial if & > r + 1. Moreover, A(@]_, [N)l) C A(gjk)) = g»
for all k € N. Now let k& € {1,...,r} and suppose that g**!) = A(Dj_,,, h,). Since
gk = b, ® (i N g(’“)) @ g%V it follows from Lemma 2.2 and the induction hypothesis
that

) = A@GM) = A(hy) + A(Fe(in a®)) + AgH)
A(Dy) + gl+t) 4 g+
= A+ A b)) =MD

[=k+1 =k

g

N



and (4) follows by induction. Setting & =1 in (4) gives A(EN)) — g. Since dimh = dimg —
dimie = dimg — dimi = dim g, Statement [ follows.

Since A is injective on f and i = ker A one has hNi = {0}. Therefore Statement II
follows from a dimension consideration.

Finally, the injectivity of A on § together with (4) yield Statement III. O

Now the appropriate choice of the ay, is evident. Set agf) = A(fN)k) foreach k € {1,...,r}.
Then g®) = @i_, a;"). Define ’yf ), [, -],EI), [+, -]9) and g__(aD) with respect to the family

of subspaces ugg ). We call g__(alD) an ideal asymptotic Lie algebra.

Define the linear map Ao:g — g..(alD) by

Al =Al; and Ay 0

i =

Next introduce the projections W,gl): g— aﬁf) forall ke {1,...,r}.
One has the following connection between A and A,.

Lemma 2.4 [fk e {l,...,r} and a € a; then W,EI)Ad = Ao a.

Proof Ifv e fNJk then Av € A(fN)k) = agf). Therefore WIEI)AU = Av = Av. Alternatively,
if v em(in g(’“)) then Av € gtV by Lemma 2.2. Hence WIEI)AU =0 = Av. Now the
lemma follows by linearity. a

Proposition 2.5 ([NRS]) The map A, is a Lie algebra homomorphism from g onto
g..(aD). Hence each g (aD) is isomorphic to @/i. as Lie algebras.

Proof Let j, ke {l,....r}, v € a; and w € a;. Then it follows from Lemma 2.4 that

[Asov, Apow]) = [W;I)Av,wlgl)Aw]( ) = 7T](_|_)k[ DAy, 7T( )Aw] =D [Av, Aw]

Itk ’

where the last equality follows because [W;I)AU, W,EI)Aw] — [Av, Aw] € guTF+Y . Since A is a
homomorphism it follows that

[Ascv, ] D) = 7D Ao, w]) = Awo([v, w])

by another application of Lemma 2.4. Thus A is a homomorphism from g to g (ah).
But Auo(g) = Aw(h) = A(h) = g by Lemma 2.3.1. So A, is onto. The second statement is
easy. O

The next result establishes that there are asymptotic Lie algebras which are not ideal.
The ideal asymptotic algebras are characterized by additional homogeneity properties.

Lemma 2.6 Let g._(a) be an asymptotic Lie algebra. The following conditions are equiv-
alent.

I. g..(a) is an ideal asymptotic Lie algebra.
II.  a; Cspan{ap): o € J(d'), ||of| =k} for all k € N.



Proof First note that
A(ag) = span{ap,) : « € J(d'), ||laf| = k}

for all k € N. But agf) = A(fN)k) C A(ay) for all k and hence Condition I implies Condition II.
Next assume Condition II holds and let & € N. Then a; C A(ax) by assumption.
Hence there exists a subspace f)i C a; such that dimbi = dimay and A(bi) = a;. Then
the restriction A|hﬁ is injective. So if we can prove that hi N 7x(iN g®) = {0} then
f)?g & me(in ﬁl(k)) = a; and g (a) is an ideal asymptotic Lie algebra.
Let £ € N and a € f)?g N me(in g(’“)). Then A(a) € A(f)i) = a;. Moreover, A(a) €
Arp(i N ﬁ(k)) C g**V by Lemma 2.2. Hence A(a) € ap N g+t = {0}. Since /\|hﬁ is

injective one deduces that « = 0. So f)?g NN ﬁl(k)) = {0}. O
The general asymptotic Lie algebra g..(a) constructed in the introduction and the ideal

asymptotic Lie algebra g_(a?)) are automatically isomorphic. In particular the linear map

®:g_(a)) — g_(a) defined such that

O(a) = mp(a)
for all £ € N and « € agf) is an explicit isomorphism. This is established in the next
lemma.
Now introduce EEI) = W{U{,)ai for all ¢ € {1,...,d'} and define a linear map V:g — g to

be super-homogeneous if ¥(g*®) C g*+Y) for all & € N.

Lemma 2.7

I. The map ® is a Lie algebra isomorphism.
II.  The map a — ®(a) — a is super-homogeneous.
HI. ®(Awd) =@ ") =a forallic{1,...,d}.

Proof For the super-homogeneity, it suffices to show that (¢ — I)(aﬁf)) C g*¥+Y for each
EeN. Ifke Nandve agf) then ®(v) — v = m(v) — v € g+ since v € g®). This
proves Statement II. Moreover, ® is surjective.

Let 7,k € {1,....r}, v € ay) and w € aﬁf). Then

[@(v), ®(w)]oo = [mjv, Tpw]oo = Tjpr([mjv, Tpw]) = 741 ([v, w])

where the last equality holds because [v,w] — [0, mpw] € gV, On the other hand,

[0, w]d) € a;ﬁ_)k and therefore

O([v,w]D)) = 7k, w] D) = 751 ([0, w])

using the fact that [v, w] —[v,w]!) € gu+*+Y This shows that ® is a homomorphism from
g..(aD) to g (a). Since ® is surjective it follows that ® is an isomorphism.

Next we prove Statement III. The first equality follows from Lemma 2.4. Let ¢ €
{1,...,d'}. Since Egl) c all) and a; — EEI) = a; — nlDa; € glv+Y one deduces that

i wy



and the second equality of Statement III is proved. O

The @; used in the definition of the limit operator H., do not form an algebraic basis as
they are not necessarily independent. This problem can be circumvented as follows. Since
@, € Ui_,a; for all ¢ € {1,...,d'} there exist " € {1,...,d'} and linearly independent
a(l‘”), e a&?,o) € U;_, ax such that

) (c0)

span{a(loo yeoy @y =span{ay, ..., ay}

For all s € {1,...,d"} set wl(»oo) = v if a§°°) € ag. Then %(aﬁm)) — ™ aﬁ“) for all £ > 0.

(o0) (c0)

Lemma 2.8 a; /,...,ag: " is an algebraic basis for g, (a).

Proof Let b be the smallest Lie subalgebra of g (a) which contains a(loo), cees ag,),o). Then
O(Aoa;) =@ € hforall e € {1,...,d'} and hence g_(a) = ®(A.g) C h. Therefore
a(loo), e agff)) is a weighted algebraic basis for g (a) with weights wYX)), e ,wfl?,o). O

Finally we make three remarks about the possible identification g, (a) = g of Lie
algebras.

Lemma 2.9 Let a = (a;) be a family of subspaces of g such that g® = g*+) @ ay for
ke{l,...,r}. The following are equivalent:

I. The subspaces a are a graded family of g, i.e., [a;,ar] C a;4x for all j,k € N.
II. g=g.(a) as Lie algebras.

Proof [t follows by construction that a is a graded family of g..(a) and hence Condition I1
implies Condition 1. Conversely the grading property of a implies [a,b]; = [a,b] for all
a,b € gand all ¢t > 0. Hence [a,b]. = [a,b] for all a,b € g and Condition II is valid. O

There are, however, examples for which no choice of a ensures g = g (a) as Lie algebras.

Example 2.10 Let g be the three-dimensional Heisenberg algebra with basis ay, as, a3
satisfying [aq,as] = a3 and all other commutators zero. Consider the algebraic basis
ay,as,as with weights 1,1,3. Then gV = g and g®® = g® = span{as}. Hence for
any possible choice of a there exist A\, u € R such that

a; = span{a; + Aas,as + paz}

a; = 0 and a3 = span{as}. Then [a;,a;] € as so no choice of a is graded. Thus there is no
choice of a such that g = g_ (a) as Lie algebras. Another way of verifying this is by the
observation that the g (a) are Abelian.

Even if one can choose a such that g = g (a) as Lie algebras it is not necessarily the
case that g._(a) is an ideal asymptotic Lie algebra.



Example 2.11 Let g be the Lie algebra of dimension five with basis by, ..., bs satisfying
[b1,b5] = ba, [b1,b3] = by and all other commutators zero. Consider the algebraic basis
a; = by, ay = by and a3z = b3 + bs with all weights equal to one. Then g(l) =g, g(z) =
span{bs, by}, g = span{bs} and g® = {0} for k > 3. Choosing a; = span{by, by, b5},
a; = span{bs}, az = span{bs} and a; = {0} for & > 3 one has [ay, a;] C agy, for all k1 € N
and hence g = g._(a) as Lie algebras. But g.(a) is not an ideal asymptotic Lie algebra
because a; € span{ap, : |a| = 1}, i.e., the criterion of Lemma 2.6 is not satisfied.

Now let {a} satisfy the equivalent conditions of Lemma 2.6 and consider the associated
asymptotic Lie algebra g (a). Since a; C span{ay, az,as} and dima; = 3 one must have
a; = spanqay, az, az}. Then

[G1,G3]oo = 72([6117@3]) = 7T2(54)
But b, € g® so ma(by) = 0. Hence
[a1, as]eo = 0 # by = [ay, az]

and consequently g # g, (a) as Lie algebras.

3 Kernel estimates

In this section we derive the asymptotic estimates on the semigroup kernels, i.e., we es-
tablish Theorem 1.1. First, however, we have to give a proper definition of the operator
H.. which implies that the semigroup S and kernel K(*) exist. We use the notation
of Sections 1 and 2. Let G, G and G be the connected, simply connected, Lie groups
with Lie algebras g._(a), g..(a)) and g. We denote the exponential maps by exp_., exp{)
and exp, respectively, with similar notation for the logarithms.

Introduce the unitary representation U of G in the Hilbert space Ly(Goo) by U(expa) =
L. (exp,, PAod). Note that dU(a;) = dLq (@;) for all ¢ € {1,...,d'} by Lemma 2.7.111.
Therefore H,, = dU(C). Let d", agoo) and wl(»oo) be as in Section 2. Then a(loo), cee agl(,),o) is
a weighted algebraic basis for g..(a) by Lemma 2.8. Hence (L2(Gw))oo(U) = Looo(Gso).
By the construction of the agoo) there exist <™ € C such that

dU(C)p = Z o) Aleo)s ©

ﬁEJ(d”)
1811, () <m0

for all ¢ € L2.(Go), where AEOO) = dLg., (agoo)) and [|5|| ) = wl(»fo) + ...+ wl(»fo) if
B =(i1,...,i,) € J(d"). Define the m-th order form C(®): J(d") — C by C{®)(3) = ),
Then dU(C) ¢ = dLg., (C) @ for all p € Ly.o(Go). Since U is a unitary representation
it follows from [EIR3], Theorem 9.2.111, that there exist p,r > 0 such that

Re(p, dLg,, (C)¢)) = Re(o, dU(C) @) = p(llelltrmg2)’ — v I3

for all ¢ € Ls.o(Go). But by inspection one deduces that (LQ(GOO));H/Q(U) = /Q;m/Q(GOO)7
(0) (o)

where the last space is with respect to the weighted algebraic basis a3, ..., a4 . More-
over, there exists a ¢ > 0 such that

c HS‘QHILGOO,m/Q S HS‘QH/U,m/Q

10



forall p € Lj, 5(Goo). Hence

Re(, dLa (C) @) = 1 c® (lollny mpa)” — v Il

for all ¢ € L2.(Go) and C) is a G oo-weighted subcoercive form. Thus it follows from
[EIR3] that H., generates a holomorphic semigroup S and that S has a smooth
kernel K(*) on G,. Define in a similar manner the operator

HD = Z Co dLG(I) (E(I)a)

o0 ’
aeJ(d)

the semigroup S and the kernel K> on G()
At this point the asymptotic operators and kernels are well-defined and we start with
the proof of the Theorem 1.1. This is based on the splitting

) (expa) — (A7 K ) (exp,, a
(A% K (expa) — (A K<) (exp,, )|
< (A K (expa) — (AT KDy explh a)
—(I,00)a 7 -(1,00 oo (oo
+ (@K expl a) - (AT K ) expoa)] L (5)

where ZELOO) =dL, (55”) forall ¢ € {1,...,d'}. The two terms are estimated separately.
The estimate on the first term establishes the theorem for an ideal asymptotic Lie algebra.
Its proof is based on a lemma which can be extracted from [NRS]. The bounds on the
second term are a consequence of the super-homogeneity of ¢.

Let H = dL~ 5(C') and let K be the kernel of the semigroup S generated by the closure of
H. Let bl, .. bd be a basis for b passing through f)l, ey f),, with order respecting the order
of the f)k Set dk = dimin g" for cach k € {1 ;74 1}. Sincei=1nN 3 there exists a
basis bd-|—17 e b for i such that bd Jet b is a basis for iNg® for all k € {1,....,r}.

If d — cik +1<:< d— dk-|—17 ie.,if bZ e@in g( ))\(1ﬂ g(k+1)) define bi = ﬁkl;i. Then,

by — by € gty (6)
Note that IN)Z # 0. As a result IN)d_H, cen ZN)J are independent and form a basis for i,,. Hence
bi,... by, ... ,ZN)J is a basis for §. Set &; = k if b; € az. Since dimfN)k = dimagf) = dim a;, for

all k it follows from the ordering of the basis b; and the fact that the weights of b; depend
only on the dim g that ©; = v; for all 7 € {1,...,d}. Define the modulus |- | on g by

d ~ |12V d ~
DI REDIGIEE
=1 =1

Moreover, set D = S, ;. Since Hisa homogeneous operator on the homogeneous group
G it follows from [EIR3], Proposition 5.5, that for all o € J(CZ) there exist ¢, 7 > 0 such
that N

(B*K,)(exp )| < c1~L/myp=llalls/m —7(la]m =)/ On=1) (7)

uniformly for all ¢ > 0 and a € g, where B; = dLa([N)i) and |ja|lz = 0y + ... + 0, if
a = (i1,...,1,). Set bgl) = A(ZNJZ) forall e € {1,...,d}. Then b(ll), o bgll) is a basis for g(!).

Y
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Using the bases b(ll), . ,bgll) and by, . .. ,ZN)J we fix the Lebesgue measure on the vector
spaces g = g_.(alD) and g. Then the Haar measures on &, G)) and (i are normalized such
that the exponential maps are measure preserving. Note that the restrictions of the maps
A and A to h have Jacobian equal to one. Define the linear map W:§ — g such that

w0 0 ifie{l,....d} ,
Yo bi—b ifie{d+1,....d}

Then i = {b+ \I/((N)) heiy) Moreover, the map W is super-homogeneous, by (6).
The basic lemma relates the kernels &, K and K,

Lemma 3.1 [ft > 0 then

(A“K,)(exp AG) = / db (A K,)(&p(a + b))

— /ioo db (A" K.)(e5p(a + b + U (b)) (8)
and —
(Z(I’Oo)a](,f([’oo))(expg) Aoot) = /l db (ga[&”t)(&f)(& + [N?)) (9)

Jorallaeh, t>0 and o € J(d').

Proof The result for the kernels, without derivatives, is stated in §1 of [NRS] but it is
not explicitly proved although its proof is implicit in the discussion of §6. Note that the
integrals in the lemma exist by the Gaussian bounds (7).

We only prove (8), the proof of (9) is similar. It follows as in [ERS], Lemma 3.2, that

[ dgelg) (A"K)(g) = [ die(exp Mog ) (A7K)(3)
for all ¢ € Co(G), o € J(d') and t > 0. Hence
/6 da p(AG) (A K;)(exp Ad) = /g da p(Aa) (A K)(6%p @)
= [ da(Aa+ (@) (A Kb+ ¥(a)
for all » € C.(g), t > 0 and o € J(d'), since U is super-homogeneous. Therefore

/6 dap(Ad) (A°K,)(exp Ad)

:/ﬁda/ioo db b (A(a+ b+ W(a+ b)) (AK,)(exp(a + b+ W(a + b))

_ /h da /ioo dbp(Aa) (A Ko)(expla + b+ w(b)))

because b -+ U(a + IN)) = b+ \I/((N)) c€iforall a e 6 and b € iso. Now the statement of the

lemma follows easily. a

12



Forall i € {1,...,d} and ¢ € C1(g) define D;p € C(g) by (D;p)(a) = %c,o(d —I—t[N)Z') o
Moreover, if a = Zil &b and o = (11,00 yln) € J(CZ) define a® = ¢, ... &,. (Although we

also use the notation a“ for an element in the complex universal enveloping algebra, the

meaning will be clear from the context.) Note that |a*| < |a|l*ls.
To bound the first term in (5) we need one more lemma.

Lemma 3.2 For all o € J(d') there exist ¢,7 > 0 such that
(DA, 0 659) ) (@)] < 4= llall/my=infm e=r(lalmi=)/im=)
forallie{l,...,d}, t >0 and a € g.

Proof It follows from the Campbell-Baker-Hausdorfl formula that there exist ¢;;5 € R
such that

d
(Bip)epa) = —(Dilp o)) @+ 3 3 eysd’(Dilp o)) (@)
7=1 0<|I8lls=1; -
for all 7 € {1,.. .,ci}, p € Cl(é) and a € g. If one temporarily orders the basis by, .. .,IN)J
such that vy < ... < 9; then the transition matrix from the D; to the B; is triangular,
with —1 entries on the diagonal. Then one can solve for the D; and it follows that there
are polynomial functions F;;: g — R such that
B d
(Dil¢ 0 &) ) (@) = —(Big)(expa) + Y Pyj(a) (Bjo) (D ) (10)

i=1

for all i € {1,...,d}, p € C'(G/) and @ € §. Then by scaling it follows that the P; are
homogeneous of degree v; — ;.
By (7) there exist ¢,7 > 0 such that

(BA" ) ()| < et

for all € {1,..., CZ} and @ € g. Then by an elementary estimate one deduces from (10)
that there exists a ¢ > 0 such that

[(DA(AF) o axp)) ()] < ¢ 72777

forall € {1,... ,CZ} and a € g. The statement of the lemma follows by scaling. a

Now we prove Theorem 1.1 for an ideal asymptotic Lie algebra by bounding the first
term in (5).
Fix a € J(d'). By (8), (9) and the Duhamel formula one has

(I,00)c

(A" K,)(exp Ad) — (A KONy (expD) Aodr)

= [ (AR (ol +b+w(b) — (A RK)(epa+ b))

1

:/m /1 )» _zd: [B]; (Di((A"K,) 0 &xp) ) (@ + b+ A (b))
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for all @ € h, where the ¢;; € R are such that W(b) = ZZ L Z] at1 Cij (8], b for all b € i,

and [b]] denotes the j-th coordinate of b with respect to the basis b, .. .,b;. Hence the
bounds of Lemma 3.2 together with the estimate |[b];| < |b]% give

(A7 K (exp Ad) — (AT K (expll) Aea)|

P
<c —(D+llall)/ Z Z |c”|/ d)\/ db|b|“ﬂt Ui fm =7 (Jatb A W (b)) (m =)

=1 j=d+1
<'Uz

forallt >1and a € §.
Since the map W, is super-homogeneous, by (6),~ there exists an M > 1 such that
|W(b)| <47t a+ b for all @ € h and b € i, with |a +b] > M. Then

i B2 < 2%+ b+ AU+ 22N WD) < 2% a4 b4+ AU 4 27 a4 b

and ) )
|~|2v_|_ |b|2v — |C~l—|-b|2U 22“+1|a—|—b—|—)\\11( )|2v

for all A € [0,1], a € h and b € i, with |@ 4+ b] > M. Then |a|™/(m=1) 4 [p|m/(m=1) <
16|EL—|—b—|—)\\I/() ml1f|a—|—b|2]\4. So

||/ =) o () <16 a4 b+ AW (D)™ Y 4 2
for all A €[0,1], @ €  and b € i. Therefore

(A" K ) (exp Ad) — (AT K ) (expll A

<o MO (o)) /mz Z |c”|/ d)\/ db |b|t l/m)vjt Bi—1;)/m

21] d—|—1

B L (T R A e (1 R AN
< e ™M = (Dtllal))/my=1/m ~16= 7 (|a|m =)/ (m=D)
d~ ] o~ = ~ ~
Z Z |c2]|</ dbt_(D_D)/m(|b| t—l/m)f/]6—16_1T(|b|mt_1)1/(m—1))
i=1 j=d+1 too

'U] <'Uz

forall @ € h and ¢ > 1. Since the factor between the brackets is finite and independent of
t and A,a = Aa for all a € b there exists a ¢ > 0 such that

(I,00)c

‘(Aa[(t)(exp a) — (Z Kt(l’oo))(expg) a)‘ < c’t_(D+||a||)/mt_1/m6_16_1T(|a|z)t_1)1/(m_1)(11)

uniformly for all @ € g and ¢ > 1, where | - |(7) is the modulus on g defined by

\Z& e Z &[>

So it remains to replace |- |7y by |-|. The two moduli |- |y by |- | are equivalent for large
distances.
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Lemma 3.3 There exists a C' > 0 such that C~" |aly < |a| < C'a|y for all a € g with
la] > 1.

Proof Forall 7,5 € {1,...,d} there exist ¢;; € R such that b(»I) = 2 ji v, 5w Cij bj for all
i€ {l,...,d}. Let a = X0 & b§ € g and suppose that [a|) > 1. Then
d

S (X Ge)h

J=1 ;v <v;

d

Z > Licijby=
=1 j; vy 2vi
Therefore

|2U_Z

7=1

2v /vy d

Z maX |C |2v/vj |§ |2v/vj

13 v; <wj

> iy

13 v; <y 7=1

d2u max |Cij|zv/% (1 4 |§i|2v/vi)

15 v <vj

IA
Mg

ECH
Il

o !

IA

(3 max |es |2v/%)<1+|a|2”><2(2d2” max Je /% )l

J=1 Jj=1

Hence there exists a C' > 0 such that |a| < C'|al(y) for all @ € g with |a| > 1. The other
estimate follows similarly. a

It follows from Lemma 3.3 that there exists a C' > 1 such that |a| < 14 C'|a(p for all
a € g. Then(|a|mt 1)1/(m 1) §202(|a|mt 1)1/(m 1)—|—2t 1/(m—1) §202(|a|mt 1)1/(m 1)_|_2
for all @ € g and ¢ > 1. Hence it follows from (11) that

(A" K (expa) — (A K (explD )| < o ¢ PHIID M1 m 270 el 0

uniformly for all « € g and ¢t > 1. This is the required estimate for the first term in (5).
The estimate of the second term in (5) requires the following lemma.

Lemma 3.4 If t > 0 then (Z(I’Oo)a](,f([’oo))(expg) a) = (Z(Oo)a[&”t(oo))(expoo ®(a)) for all
a€gandae J(d).

Proof Since ® is a Lie algebra isomorphism from g__(a'”)) onto g__(a) it follows from
Lemma 2.7.111 that H{)(p o W) = (H.)o ¥ for all p € C*(G.,), where ¥ = exp__ o
do logg)) is the lifted Lie group isomorphism from G!) onto G,. Then S,SI’OO)(cp o) =
(S,foo)cp) oW for all £ > 0. Hence [&”t(l’oo)(g) = ]&”t(oo)(lll(g)) for all ¢ > 0 and g € G'D. This
proves the lemma if |a| = 0. The lemma for general a then follows by differentiation and
Lemma 2.7.111. O

Now we are prepared to prove Theorem 1.1.

Proof of Theorem 1.1 Fix a € J(d'). Arguing as in the proof of Lemma 3.2 it follows
that there exist ¢, 7 > 0 such that

(D (A K)o exp.)) (@)] < et OHEAR = m =rlapi=tifn=
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forall 7 € {1,...,d}, t > 0 and « € g. Since ® — [ is super-homogeneous by Lemma
2.7.11 there exist ¢;; € R such that CI)(bEI)) = bgl) + g vy Cij by forall i € {1,...,d}. Let
a=y" & bﬁ” € g. Then it follows from Lemma 3.4 and the Duhamel formula that

—(I,00)c

(A K explD a) — (A K (exp,, a)

— (A KDY (exp, d(a)) — (A KDY (exp a)l

1 — OO ) oo
<y / AN 16 Leil [ (D (A K)o expo,) ) (a + A(®(a) — a))]
vj>jvi ’
< ct—(D+||oz||)/m Z /1 d\ |a 7(}) t—v]/m |CZ']‘|6_7(|a+/\(q>(a)_a)|mt_l)1/(m_1)
i 9

vy >

for all ¢ > 0. By Lemma 2.7.1I there exists an M > 1 such that |®(a) — a| < 47!]a] for all
a € g with |a| > M. Then |a|™/("=Y < 16|a + A(®(a) — )|/ "=V 4 M? for all a € g and
A€[0,1]. If C is as in Lemma 3.3 then

(AR expD a) — (A K ) (exp,, a)
< c€M2t_(D-|-||a||)/m t_l/m 6—16_1T(|a|mt—1)1/(m_1) Z (1 +C |a| t—l/m)vi Cij|
%)
V>

< ¢ t—(D-l-HOzH)/m t—l/m 6—32_1T(|a|mt_1)1/(m_1)

for a suitable ¢ > 0, uniformly for all « € g and ¢ > 1. This bounds the second term in
(5) and the proof of Theorem 1.1 is complete. 0

As a consequence of Theorem 1.1 one has the following kernel bounds for K.
Corollary 3.5 For all o € J(d') there exist ¢,7 > 0 such that
|(Aa[(t)(eXp Cl)| < ct—(D-|—||oz||)/m€—q—(|a|mt—1)1/(m_1) (12)

forallt > 1 and a € g. Hence there exists an M > 1 such that ||A%S¢||pmp < M t=llell/m
uniformly for all t >0 and p € [1, 00].

Proof It follows from [EIR3], Proposition 5.5, applied to the group G, that there exist
¢, 7 > 0 such that

(A ) (exp,, a)| < ct=DImpllal/mer(la ety o=

uniformly for all £ > 0 and @ € g_,. The first statement of the corollary then follows for
t > 1 from Theorem 1.1.

Finally, one has || A%S¢||p—p < |JAYKY||1 and the right hand side of (12) can be estimated
on Li(g.). Using the dilations one sees that [, da t=D/m g=r(alme= =l independent
of 1. Obviously t s tlell/m|| A2S,||,-,, is bounded on (0,1] uniformly for p € [1,00] (see
[EIR3] Corollary 8.3.11). O

The kernel bounds have immediate implications for strong convergence of the semi-
group.
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Corollary 3.6 Ifp € (1,00) then limi_o S; = 0 strongly on L.
Proof Let ¢ € C,(G). Then

1Seell3 = [ dg [ db [ dha(hn) Rilghi") Kilghy')o(he)

< [ dg [ dhs [ dhalo(h)| K (ghT") | Kilghs )] (k)]

for all t > 0. Arguing as in the proof of Lemma 2.2 of [EIRI1] there exist ¢/, 7" > 0 such
that

| dg 1 Kighi I 1Ki(ghy)|
< (242D/m / da e—7(1og(h1 exp(=a))[" = /(=1 —r(|log((expa)hy) 1)1/ (m=1)
g
< ¢ 4= DIm = (ol iz )™= m D
uniformly for all ¢ > 0 and &y, hy € . Hence

IS0l < ¢ P [ty [ dha fp(h)p(ha)| = Orestiats i e

< ¢ =Dim /G dhs /G dhs [o(h)] ()]

and limy—e. || Si]|2 = 0. Next, for all p € (1,2) one has
ISeelly < ISuells ™™ | See 57727

and as ||.S¢]|1—1 is uniformly bounded, it follows that lim;—.. ||S:p||, = 0. Similarly, since
||9¢||co—sco is uniformly bounded one deduces that lim;—.. ||Sipll, = 0 for all p € (2, 00).
Finally, since the |[.S¢]|,—, are uniformly bounded it follows that lim;_,., S; = 0 strongly on
L, for all p € (1,00). O

The values p = 1 and p = oo are truly exceptional for the strong convergence of 5 to
zero. For example, if H is an unweighted sublaplacian then ||Sioll1 = ||K:||1ll¢llr = |l¢ll
for each positive ¢ € Ly and ||Si¢]|co = ||@||ce for each constant ¢ € L.

One can also give a new proof of Theorem 3.5 in [ERS] which deals with unweighted
operators.
Define the modulus |- |" on G by

p
lgl" = sup{|e(g) — (e)| - ¥ € O (G), Z: ((Ap)[* < 1, o) real}

where A;i) denotes the left derivative in the direction a;. Moreover, for all p > 0 set
Vip)={g € G : g < p}|, the Haar measure (volume) of the ball of radius p.

Corollary 3.7 Suppose all weights w; equal one. Then for all o € J(d') there exist c,7 > 0
such that

Nnmy—1 1/(m—1)
(A" K)(g)] < eV (£)~Mmglelime=r(Uslym)

forallt >0 and g € G.

(13)
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Proof The estimates (13) are always valid for ¢ < 1 for suitable constants ¢ and 7 by
[EIR3] Theorem 1.1. Therefore we have to concentrate on bounds uniform for all ¢ > 1.

By the proof of Proposition IV.5.6 in [VSC] there exists a 71 > 1 such that |expa| <
Tl(m_l)/m la| for all @ € g such that |expa| > 1. Then it follows from Corollary 3.5 that
there exist ¢, 7 > 0 such that

—1 Nmg—1 1/(m—1)
(A“K)(g)] < ct=P/mgllolfme=rr ((lsl)7) (14)

for all t > 1 and g € G with |g]' > 1. But (|Jg|)™t™* < 1 for all ¢t > 1 and ¢ € G with
lg|" < 1. Hence, by enlarging c if necessary, one can assume that (14) is valid for all ¢ > 1
and all ¢ € . Therefore the estimates (13) are valid for all ¢ > 1 since there is a ¢/ > 0
such that V() < ¢/tP for all t > 1 (see [VSC], Theorem IV.5.8). O

4 Semigroup estimates

~(o0)

In the previous section we showed that the kernel K; converges to the kernel K, as ¢
tends to infinity. If g = g._(a) this immediately implies that the semigroup S converges
uniformly to the corresponding asymptotic semigroup S,

Theorem 4.1 [fg=g.(a) then there exists a ¢ > 0 such that
1S = 81y < et
uniformly for all t > 1 and p € [1,00]. Hence lim;_, ., HSt—S,fOO)Hp_}p =0 forallp € [1,0].

Proof Since one has the estimate ||S; — S,foo)Hp_}p < || K — Kt(oo)Hl the theorem is a direct
corollary of Theorem 1.1. a

The convergence of S to S on Ly(G';dg) immediately yields information about the
corresponding semigroups in each irreducible unitary representation of G'(= G.,). Let U
be an irreducible unitary representation of GG on a Hilbert space H. Then

s = Ui = [ dgKilg)Ulg)
is the strongly continuous semigroup with generator

HY =dU(C)= 3 c,dU(a)

aed(d)
Similarly StU’(OO) = U(Kt(oo)) is the strongly continuous semigroup with generator

HY =dUu(ct)y = Y ¢, dU(@)

a€J(d)

Proposition 4.2 If G = (G, then in each irreducible unitary representation (H,G,U) one
has

lim [|SF — 87 |us = 0

t—co

where || - ||us denotes the Hilbert—Schmidt norm on the space of Hilbert=Schmidt operators
on H.
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Proof Suppose t > 1 then
157 = 87 ss < (1157 lsss + 157 s ) 152, — 5]

where || - || denotes the norm on B(#H). But it follows from Theorem 1.1 that there exists
a ¢ > 0 such that

15T, = SECN < |[Kima — K51 < et — 1)~

uniformly for all + > 1. Therefore lim;_, ||SY — StU’(OO)HHS = 0. In fact this estimate
establishes bounds
157 — StU’(OO)HHS <ept™Hm

for all £ > 2. O

Example 4.3 Let g be the Heisenberg Lie algebra, of Example 2.10 and choose the alge-
braic basis a1, az, as with all weights equal to one. Then choosing a; = span(ay,az) and
ay = span(as) one has g = g_(a). Hence if I = —>7 | A? is the Laplacian in the left
regular representation H., = — Y7, A? is the sublaplacian and the difference between the
respective semigroups converges uniformly to zero on each of the L,-spaces.

We next consider the situation for which g # g_ (a) as Lie algebras. Since g = g_(a)
as vector spaces one can, however, compare the semigroups S; and S,foo) on Ly(g). One

might expect that lim_, Hgt — g,foo)Hp_}p = 0 but this is too optimistic.
Theorem 4.4 Ifg # g..(a) as Lie algebras then there is a b > 0 such that
liminf || S, — 8,5, > b

t—o00
Moreover, if p =2, or if the form C defining S is self-adjoint one may choose b = 1.
Proof Since g # g, (a) as Lie algebras there exist j, k € {1,...,d} such that

[0, 0x] # [b;, be]oo

Let 0 > 0. For ¢t > 0 define ¢, € Ly(g) by

— [F© =t o0 nys

pila) = ||Ko |2 Ko (a*e 1))

where § = 2r2, ﬁt(oo) = Kt(oo) 0 exp,, and a *., b = log_ (exp. aexp,, b) for all a,b € g,

Then ||¢¢]|2 = 1 by right invariance of the Haar measure on G.
The starting point for the proof is the estimate

At_ Atoo Ptll2 = Atoo Ptll2 — e At%‘a Atoo Py
(S = SN @il 2 > 1185 i3 — 2 Re(Sipr, S770)

for all t > 0.
Since

(5 e0)(a) = [KS7 Ko (a s £70) (15)
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for all t > 0 and a € g one has Hg,foo)cptﬂg = (o(1 4+ o)™")P/™ by scaling, uniformly for all
t > 0. So if we can show that

Jim (S0, S100) = 0 (16)

then
lipn inf | S, — 57|30 > (o(1+0) 77/

and the first part of the theorem follows for p = 2. Moreover, one may arrange that b = 1
for p = 2. But for dual variables p, g € [1,00] there is a A € (0,1) such that

15 = S ama < (18 = S m) (115 = S|y Y

Moreover, S and 5 are uniformly bounded on each L,-space, by the Gaussian bounds of
[ERS]. Therefore the first statement of the theorem then follows for all p € [1, o0]. Finally
the self-adjointness of €' implies

1S = S5l = 115 = 51 llosy
for dual exponents p, ¢ and therefore
L <liminf[|5; — 58720 < Timinf |15, — 5577

for all p € [1,00]. Thus the proof of the theorem is reduced to establishing (16).
First for all @ € g one has

IR (Sup @) = [ dbRilas (=) K5 (b £°85)
= [dbRila (16, e (=0)) K1)

for all t > 1, where K = K, o exp and a * b = log(exp aexpb) for all a,b € g. Hence by
(15) and Corollary 3.5 there exist C,7 > 0 such that

IKS)2 1(Sepe, S7000)]

70

= | [ da [ ab Koo (£ by e (=0) KE(0) K5 e £75)
= | [ da [ dbKul(aae (=8 b3)) 5 (1 by v (=) K3 (0) G 0
< [da [dbGul(aae (~1503)) + (17 5 (=0)) KS O B ()

for all t > 1, where
1/(m=1)

Gila) = C tDIme(la™™)

Then using the scaling law

K9 (a) = 7P K (@)
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and a subsequent change of variables @’ = ~,_1/m(a), b’ = v,-1/m(b) one finds
HK(TOO)H% |(§t99t7 gfoo)@tﬂ
< [da [ dbGi((a s (=875 b)) g (857217 by v (=) [ ()] IR @)
for all t > 1, where a b = v (v:(a) * 7:(b)). Therefore if we can show that
lim |(@ %o (—t™07% ;) 44 (17079 bj o (—b))| = o0

t—00

for almost all (a,b) € g x g then (16) follows by the Lebesgue dominated convergence
theorem and the proof of the theorem is complete.
Define P:g x g x g — g by
Pla,b;c) = (a0 (=€) * (¢ %o (D))
Then it follows from the Campbell-Baker—Hausdorff formula that
Pla,bje)=(a—c—3la,coac+...)x(c—b+ b, +...)
=a—b—fla—b,ce+ i[a—0bc] —[a, 0] + ...

2
=a*(=b)—1[a—b,cJ+ L[a—b,c]+...

where the dots denote a sum of multi-commutators in a, b, ¢ of order at least 3 and
the multi-commutators may be mixed in [+, -] and [, -], Since the weighted rank of g
equals r it follows that P is a polynomial of unweighted order at most r. Hence there exist
Ciapy € R such that

d
Pla,b;c) = ax(=b) — tfa — b,clo + 2[a — b, c] + > > Ciapy 0% b7 & b;
i=1  o,B~eJ(d)
3<la|+18 1+ vI<r

for all a,b,c € g.
Next, for all ¢ > 1 and «a,b, ¢ € g one has

(%0 (—€)) # (€ oo (D))
= 37 (7@ #eo (=€) # (e %o (1))

= 37 (1) e (=7(€)) # (32() #oe (—2(D))))

d
=ax (=) —3la—b cou+3la—bci+d 3 . i AIIHIBI = oy
i=1 a,p~NEJ(d
3<la 4191+ hI<r

Substitute ¢ = t™*~% b, in the previous identity. Then
(oo (=707 b7)) 0 (1707 by e (D)) (17)
= @ (=0) = 5177 ([0 = b.bj)ee = o — b, b))

d
1S T gy, IR e i

=1 a,ped(d)
p€No
3<al+|Bl+p<r
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where v, = (J,...,J) is the multi-index with p indices equal to j. Let ¢;; € R be such that

[bivbj] = Z Ciq by
qugi—l—vj
for all © € {1,...,d}. Then there exists an n € {l,...,d} with v, > v; + v; such that
Ckn 7£ 0, since [bk,b]] 7£ [bk,b]‘]oo.
For each a,b € g the right hand side of (17) is a Laurent polynomial in ¢. Consider the

coeflicient of
th—vJ t'U]‘|"Uk_'Un _ th—I—vk—vn

Since § = 2r% one obviously has
mé>mbé+ov,—uv, >md—r > 2’

But if p = 0 and |a| + |B] < r then ||a|| + ||| + mpd — pv; — v; < 2r2. Alternatively if
2 < p <vrthen |a||+ |8l + mpéd — pv; —v; = dmr? —r? —r > 2mr?. Therefore the
only possible contribution of the last term in the right hand side of (17) occurs with p = 1.
Since in addition 3 < |a| 4+ || + p this implies that in each of the contributions one has
la| + 3] > 2. Moreover, limy—e @ *; (—b) = @ %o, (—b) exists, so the term a*; (—b) gives no
contribution to the coefficient of ¢™*+tv~v»  Therefore there exist ¢iap € R such that the
coefficient of ™+~ equals

d
oo Ma—ni)enby >0 > s b
i,q 1=1 2<ar|+|B|<r

Vi — Vg =V —Un
Vg > Ui+

if @ =%, &b and b = YL, n;b;, where €% = ¢ and n’ = b°. This is an element of g
with the coefficient of b, equal to

Qla,b)= > H&—mi)cint+ Y. Crapén’
i 2<al+IBI<r

Vi =V
Since ¢g, # 0, one has Q(a,b) # 0 for almost all (a,b) € g x g. Thus

lim |(@ %o (—t™07% ;) #; (17072 bj ko (—b))| = o0

t—00

for almost all (a,b) € g x g and the proof is complete. a

Although Theorem 4.4 precludes the uniform convergence of S — S(*) to zero whenever
(i # (o, the next result shows that this is very nearly true.

Theorem 4.5 If f:g — C is a bounded measurable function which vanishes at infinity
and S the semigroup associated with a general asymptotic Lie algebra then

lim | M (Sy — 55N [psp = 0 = Tim [[(S; — S M,

t—00 t—00

uniformly for all p € [1, 00].
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Proof Foralla,b € gdefine axb = log(exp aexpb) € gand a*..b = log_ (exp., aexp, b) €
77(e0)

g... Moreover, set K= Ko exp and K;° = Kt( ) o exp,-
Let ¢,¢p € C(g) and t > 1. Then

(0 (5= 30 = | [ da [ dbiF(a) o) (Fata s (=8) = K an (-8)|
< [da [ dblia)llev)] rm # (=) = K™ (a x (=)
+ ‘/da/db;/; KO (a s (=b)) = K (a*o0 (—b)))‘

where all integrals are over g. We estimate the two terms separately.
For the first term we can use Theorem 1.1. Let ¢,7 > 0 as in Theorem 1.1 for the

a € J(d') with ||a|| = 0 and define Gy: g — R by Gy(a) = t=P/me=7(e =Y One has
[ da [ bl ()] |Kifax (<0)) = K (ax (b))
<t [da [ dbli(a)l ()] Gilax (~0))

= et/ (¢ o log |, (G o log) * | o log )
<etmlm |4 o log ||, [|Gr o log ||, lle o log ||, = dtm [ RicY | Py

since ||Gy o log||r, (@) = [|Gillri(q.,) is independent of ¢ by scaling. Here ¢ is the dual
exponent of p.

The second term is more elaborate. Note that it arises if g # g..(a) as Lie algebras.
Hence a % b # a *., b for some pair a,b € g.

It follows from the Campbell-Baker-Hausdorfl formula that there exist ¢;ng € R such
that

Pla,b)=a*b—a*. b_z Z Ciop a® b7 b;
lledlo +||ﬁ||v<vl
for all a,b € g (see also [NRS]). Then the Duhamel formula gives

[ da [ avta) o) (R ax (=b)) = K (a oo (<))

d 1 _ o~
-y X cmﬁ/o d)\/db/da;/;(a)cp(b) @ b (D) (@ %o (—b) + A Pla, b))
ol 51l <vi

where D; denotes the partial derivative in the direction b;. Next, the Campbell-Baker—
Hausdorfl formula establishes the existence of constants ¢;;,5 such that

d 1
T/\J)(a) = d * (—b) + A P(a, —b) =qg—5b + ZZ Z Cijap a” bﬁ )\j bZ
i=1j=0 ||a|||7lj+||llﬁ<llv$vi

for all a,b € gand A € [0,1]. Then for each A € [0,1] and b € g the map T}, is a bijection
from g onto g with Jacobian equal to one. Moreover, by induction it follows that there
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exist ¢;j,3 € R such that

d rd
T/\_,bl(a) :a+b+zz Z Eijagaabﬁ)\j b;
i=14=0 ||a|||r+”||ﬁ<||v$Ui

uniformly for all a,b € g and A € [0,1]. Then by Leibniz’ rule for all o, € J¥(d) with
|l + || )]0 < 7 there exist ¢jo,6 € R such that

pat1
(T5;(a)” b = > > Cjagrsa” b N
¥, 8 7=0

Il 118 le <llerlo+[15]]o

uniformly for all a,b € g and A € [0,1]. Arguing as in the proof of Lemma 3.2 it follows
that there exist ¢, 7 > 0 such that

(DK (a)] < et Plmgmvilme=r(lamemh/im=y

forallv € {1,...,d}, t>0and a € g. Then

| [ da [ dbii(a) o) (K 0w () = K0 (1)

X X e [ ax [ b [ aaF i) o6) (T5k) ¥ (DR o)

el +[1B]o <v:

P+l

d 1
SOVDY S X el il [ X [ db [ dalp (@) o(0)]
=1 Ol,ﬁ ’775 ]:0
[lello 181w <vi (IVllo+[18]]o <[]+ 8]0
| |BE| | N | ¢ P il m e (lapmam Y
Note that |||, + [|9]lv < ||l + || 5]l < vi. Therefore an elementary estimate gives
1 ; mr—1y1/(m—1
[an [ b [ da o (TTh @) o) o 5] [N =P/l el e
0 ?

1
S/ dA/db/d“W(Tii(Q))l (o(b)| 1=L /=l =1l
0
- (Jal t_l/m)H'VHv( b| t_l/m)”5””e—T(|a|mt_1)1/(’"—1)

1 —1 my—1\1/(m—1
< [ b [ da (T @) [(Nig) (8) P2 el e

1
=[x [ b [ dalita) (V) (0)] G (a,b)
uniformly for all ¢ > 1, where (Nyp)(b) = (1 + (|b]t~/™)") (b) and

G (a, b) = ¢~ PIm =2 rllansa (D AP (@) Y
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for all A € [0,1]. Using the transformation T} once again it follows that

¢y = sup supsup [ da G,W(a,b) < oo
\e[0,1] bEg >0

Similarly,

¢y = sup supsup [ db GEA)(a,b) < 0
A\€[0,1] a€g >0

and then, by interpolation,

[ b [ dali@1(Ne) ()] G a,b) < 7 ] | N,

uniformly for all A € [0,1] and ¢ > 0. Since all sums have a finite number of terms, one
deduces that there exists a ¢ > 0 such that

(&, (5= Se)| < et™m ol | Vel
forall t > 1 and ¢,¢ € C°(g). Hence

(S = SCYN el < et o]l

forallt>1and ¢ € L,,.
Next let f:g — C be a bounded measurable function which vanishes at infinity. Then,
with D; = 5, — S,foo), one has

H(St - SLSOO))Mpr%p < HDtNt_leHp—w + HDt([ - Nt_l)Mpr—w
< HDtNt_alﬁpHMprﬁp + HDth—mH([ - Nt_l)Mpr—w

1= al)”
< Oot—l/m IM ( .
< |/l +2M Sup ) |/ (a)l

for all ¢ > 1, where M is as in Corollary 3.5. But f is bounded and

t—l/m |a| r ‘ |a|r

t— 00 acyg 1 —|— |a|7’

lim su
t— 00 aEIg) 1 —I—

(v (@) =0
since f is bounded and vanishes at infinity. Therefore H(gt — §,foo))Mpr_>p —0ast — oo
and HMf(gt — g,foo))Hp_}p — 0 by duality. O

Finally we note that there is an analogue of the behaviour of the semigroups as ¢ — 0
with the asymptotics for ¢ — oco. For each weighted algebraic basis on a nilpotent Lie
algebra one can construct a contraction g, of g as ¢ — 0 and then proceed as before to

obtain Hy, S, K© etc. (see [NRS] [Heb] [EIR3]). For small ¢ one has good bounds on

the semigroup kernels,
‘(AaKt)(eXp a) — (A(O)a[&”t(o))(expo a)‘ < =@ Hlol)/my=1/m =7 (la|me=t)H/0m =D

forall t € (0,1] and a € g, where D’ is the local dimension and |- | the appropriate modulus
on the Lie algebra adapted to g,. Bounds of this type can be proved similarly to the proof
of Theorem 1.1 or, alternatively, from the proof of Theorem 7.2 in [EIR3].

Nevertheless, the uniform convergence of the semigroups as ¢ — 0 is valid only in a
special case.
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Theorem 4.6 [fp € [1,00] then lim;_g Hgt — g,fo)Hooﬁoo =0 if, and only if, g = g, as Lie
algebras.

Proof The proof is a repetition of the arguments in the proofs of the previous two
theorems. O
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