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Abstract

Consider the heteroscedastic polynomial regression model Y = Gy + 81 X +--- +
BpXP + +/Var(Y[X)e, where ¢ is independent of X, and Y is subject to random
censoring. Provided that the censoring on Y is ‘light’ in some region of X, we
construct a least squares estimator for the regression parameters whose asymptotic
bias is shown to be as small as desired. The least squares estimator is defined
as a functional of the Van Keilegom and Akritas (1999) estimator of the bivariate

distribution P(X < z,Y < y), and its asymptotic normality is obtained.

KEY WORDS: Asymptotic normality; Asymptotic representation; Bivariate distribu-
tion; Least squares estimator; Nonparametric regression residuals; Polynomial regression;

Right censoring.



1 Introduction

Fitting regression models with censored data has received considerable attention in
the statistical literature. For the more recent contributions see Tsiatis (1990), Ritov
(1990), Lai and Ying (1991a, 1991b, 1994), Zhou (1992a,b), Fygenson and Zhou (1994),
Fygenson and Ritov (1994), Akritas (1994), Stute (1993, 1996), Akritas, Murphy and
LaValley (1995), LeBlanc and Crowley (1995), Ying, Jung and Wei (1995), Akritas (1996)
and references therein. As outlined in Fygenson and Ritov (1994), the rank estimators of
Tsiatis (1990) and M-estimators of Ritov (1990) suffer from certain computational as well
as theoretical difficulties. In addition, the variance of the resulting estimator depends on
the density of the error distribution which is not estimated well with incomplete data.
These difficulties motivated Wei, Ying and Lin (1990), and Lin and Wei (1992a,b) to
devise inference procedures, similar to those derived from the likelihood ratio statistic in
the parametric case, in an effort to circumvent the difficulty of estimating the variance-
covariance matrix. The recent papers by Fygenson and Ritov (1994), Akritas, Murphy and
LaValley (1995), and Akritas (1996) propose estimators which are generally applicable in
the framework of the homoscedastic accelerated failure time model, are easy to compute,
and obtain variance estimators that bypass the need to estimate the density of the error
distribution.

Though the technology for fitting regression models with censored data is at present
quite advanced, all methods mentioned above pertain to the homoscedastic regression
model. (Zhou 1992a claims that his result also holds for heteroscedastic models; even so,
his derivations require the (very often) unrealistic assumption that the censoring distri-
bution does not depend on the covariate.) Since with uncensored data the least squares
estimator is consistent and asymptotically normal even in heteroscedastic regression mod-
els, we turn our attention to least squares estimation. As remarked in Akritas (1994),
existing methods for extending the least squares estimator to censored data give biased
results when there is heavy censoring at the upper tails of the conditional distribution
of the response given the covariate; see also the expressions of o*, §* in Theorem 2.1
of Fygenson and Zhou (1994), as well as the simulations (b) reported in their Table 1.
The reason for this is quite simple : the least squares estimator is a moments estimator
and estimation of moments cannot be achieved without information about the tails of the

distribution.



The least squares estimator we propose in this paper does not restrict to homoscedastic

regression models, but can be used under any heteroscedastic model

Y=08+5X+...+6,X?+/Var(Y|X)e, (1.1)

where E(e) = 0, Var(e) = o2 and ¢ is independent of X. The estimators also have the
advantage that their asymptotic bias can be made as small as desirable, provided there
is a region of X where the censoring of Y is ‘light’. The basic idea that leads to this nice
feature is that tail information can be transferred from such a region of light censoring to
other regions where censoring is ‘heavy’. In this way we obtain enough information about
the tails of the distribution in order to estimate moments in an accurate way. This idea
was proposed in Akritas (1994).

The present least squares estimator will be a functional of the Van Keilegom and
Akritas (1999) estimator of the bivariate distribution function, which is valid in the context

of any heteroscedastic nonparametric regression model
Y =m(X) + o(X)e, (1.2)

where the functions m and o are ‘smooth’ and ¢ is independent of X. As such it generalizes
the least squares estimators of Akritas (1996), Akritas (1994) and of Cristébal Cristébal et
al. (1987) which include both the ordinary least squares estimator as well as the ordinary
and generalized ridge regression estimators as special cases. See also Remark 2.1 below. (It
is assumed that a transformation, e.g. the logarithmic transformation, has been applied
on the typically positive censored response variable. Thus, (1.2) can be viewed as a
nonparametric and heteroscedastic accelerated failure time model.)

To set the notation, consider a bivariate random vector (X,Y’) having distribution
function F(z,y). Let C be a random variable censoring Y. It will be assumed that C'
is conditionally independent of Y given X, and also that X is always observable. Thus
the available data are realizations of the i.i.d. random vectors (X;, Z;,A;), i = 1,...,n,
where Z; = Y, ACy, and A; = I(Y; = Z;).

We describe first the Van Keilegom and Akritas (1999) estimator of F'(z,y). Like the
Akritas (1994) estimator, it is based on the relationship

T

Fla,y) = [ Flylt) dFx(@), (13)

— 00



where Fx is the marginal distribution function of X and F(y|t) is the conditional distri-
bution P(Y < y|X = t). Relationship (1.3) suggests the estimator

Flay)= [ Fuit)dbx(@), (14)
where F(y|t) is a suitable estimator of F(y|t) and Fx(t) is the empirical distribution
function of the X;. Noting that model (1.2) implies F'(y|z) = F (%ﬂ), where F, is

the distribution function of £, Van Keilegom and Akritas (1999) used the estimator

: s (y—m(z)
— L.
Pl = £ (1520, (15
where 7h2(z), &(x) are nonparametric regression estimators of m and ¢ and F, is the usual
Kaplan-Meier estimator evaluated from (Z; — 7m(X;))/6(X;). The estimator (1.5) for the
conditional distribution function and relation (1.3) lead to

z

Fey)= [ B (y‘T(t’")‘fl) dFx (1) (16)

-0

as an estimator for the bivariate distribution. Note that (1.5) will estimate well the tails
of F(y|x), even if there is heavy censoring at X = z, provided there is a region of z-values
where the censoring is ‘light’. This statement is made more precise in the next section.
The idea for estimating the parameters in a polynomial heteroscedastic regression
model with censored data is to express the ordinary least squares estimator as a functional
of the (bivariate) empirical distribution function of (X,Y’), and replace the uncensored
data empirical distribution function with F(z,y). A similar idea was also used in Akritas
(1994), and in Stute (1993, 1996), but these estimators suffer from the disadvantage
that their asymptotic bias increases as the censoring in the upper tails increases. In
addition, the estimator in Stute (1993, 1996) uses the often unrealistic assumption that
the censoring variable is independent from the response variable. As noted above, the
present estimator minimizes the undesirable effects of heavy censoring in the upper tails.
In the next section we give the precise definition of the least squares estimator, and we
state the assumptions. The main result on the asymptotic normality of the least squares
estimator is presented in Section 3, while the proofs are given in Section 4. This work is

part of Van Keilegom (1998) where more details can be found.



2 Definitions and Assumptions

Let (X;,Y;,C;, Z;,A;), i = 1,...,n, be n independent random vectors as defined in
Section 1 and let (X,Y,C, Z, A) have the joint distribution of each (X;,Y;,C;, Z;, A;).
We assume that regression model (1.2) is valid, where m and o are assumed to be a
location and scale functional, respectively. Note that if in model (1.2) m or o is replaced
by another location functional m* or scale functional o*, the resulting error variables €7,
i=1,...,n, are still i.i.d. and each € is independent of X;. (The terms ‘location’ and
‘scale’ functional are used here in the sense defined, e.g., in Huber 1981, p. 59, 202). We
do not restrict Y to be positive, but allow Y to represent any monotone transformation
(such as e.g. the logarithm) of the survival time of a patient involved in a clinical study.
%)ﬁl and the notations F(z,y) = P(X < z,Y <),
Fx(z) = P(X < z), F(ylz) = P(Y < y|z), G(ylz) = P(C < ylz), H(ylz) = P(Z < y|x)
and H,(y|z) = P(Z < y,A = 1|z). Assuming conditional independence of ¥ and C
given X, entails that 1 — H(y|z) = (1 — F(y|z))(1 — G(y|z)). Furthermore, set F.(y) =
P(e < y),Gely) = P55 < y), Hely) = P(E < y), Haly) = P(E < y,A = 1),
H(y|z) = P(E < y|z) and Hq(y|z) = P(E < y,A = 1|z). Finally, we use lower case

We will use the abbreviation F for

letters for the probability density functions of the distribution functions defined above.
Throughout the paper we will use the following location and scale functionals, which

are a special case of the general functional for L-statistics (see e.g. Serfling 1980)

m(z) = / F~Y(s|z)J(s) ds, / Pl s)ds — m?(z), (2.1)

where J(s) is a given score function satisfying [ J(s)ds = 1, and F~!(s|z) = inf{¢; F(t|z) >
s} is the quantile function of Y given z. The motivation behind this choice of location
functional is that by proper choice of J, the right tails of F(y|z) (which may be poorly
estimated due to the censoring mechanism) are not involved. Natural estimators for m(z)

and o(z) are

/1 H(s|z)J =/1 s) ds — m*(z), (2.2)

where F is the conditional Kaplan-Meier estimator introduced by Beran (1981)

~ . VVi(fE,an)
F(ylp)=1~ ] {1_ ?zlf(ZjZZi)Wj(xaan)}’

Z;<y,A;=1




and

Qn

K (55

Jj=1 an

K (=X
Wiz, an) = ( )

where K is a known probability density function (kernel) and {a, } is a sequence of positive
constants tending to zero as n — oo (bandwidth).

Let E; = %X(f;’) We estimate the distributions H, and F, by, respectively, the usual
empirical distribution function based on the F;’s and the Kaplan-Meier (1958) estimator
based on the (E’i, A;)’s. Note that E’l, cee, E,, are not independent. Thus,

A LA . n—i

H(y)=n"'Y I(E;<y), F(y=1- ]] (_——) ;

= By <y Ag=1 n—t+1

where E(,-) is the i-th order statistic of E‘l, cees E, and A) is the corresponding indicator.
This leads to the estimator in (1.6). A sufficient condition under which F'(z,y) has no
regions of undefined mass, is that there exists a subset R of the support of X such that
Tr(jz) < Ta(e), for all z in R, where 7 denotes the upper bound of the support of any
distribution function F'. Indeed, this condition guarantees that 75, < 7¢, and hence F,(y)
will be well estimated for all y.

Because the asymptotic theory for (1.6) is based on an i.i.d. representation for E,
which is valid up to any point smaller than 75, A 76,, Van Keilegom and Akritas (1999)
worked with the slightly modified version of (1.6),

A [~ (yAT—m(@)) -

Fr(z,y) = / E, (y—tﬁ) dFx(t), (2.3)
&(t)

where the Ty < To(t)+m(t) for t € Rx and where T' < 7g,. This is actually an estimator

of Fr(z,y) = [ F (M) dFx(t), which can become arbitrarily close to F(z,y) if

-

a(t)
15, < 7, and Ty, respectively T, is chosen sufficiently close to T'o(t) + m(t), respectively

Ty, for all t. The asymptotic properties of Fy(x,y), as well as of F,(y) and F(y|z), have
been studied in Van Keilegom and Akritas (1999). We refer to that paper for details.
Consider now the heteroscedastic polynomial regression model (1.1). Thus we assume
that E(Y|X) = X3, where Y is the n x 1 response vector and X denotes the n x (p+1)
design matrix whose k-th column contains the elements X¥,i = 1,...,n. The least squares

estimator is defined as the value of 8 which minimizes
/(y —Bo—=Pixz—...— ,Bpa:”)zdﬁ‘T(m, y) . (2.4)
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Note that Fir(z,y) does not use the particular structure of m(z) implied by the model
(1.1). Also, since (1.1) holds, model (1.2) holds for any location functional m and scale

functional o. Provided F,(c0) = 1, the solution to the minimization problem in (2.4) is

f mOy dFT($7 y)
Br = n(X'X)™ ; . (2.5)

fxpy dFT(xa y)

This is the same as the uncensored data least squares estimator with FT(x, y) replacing
the usual bivariate empirical distribution function corresponding to (X;,Y;). Similarly,
define

fxoy dFT(x7y)
Br =n[E(X'X)]™ '

2Py dFr(z,y).

Remark 2.1. Direct calculations reveal that in the homoscedastic linear regression model
with uncensored data, the proposed slope estimator is the same as that obtained by least
squares on the pairs (X;, 7(X;)), 7 = 1,...,n. Compare with Akritas (1996) and Cristébal
Cristébal et al. (1987). In particular, the latter paper shows that a similar class of estima-
tors in the uncensored homoscedastic case includes the ordinary least squares estimator
as well as the ordinary and generalized ridge regression estimators as special cases by

appropriate choices for the kernel function and the window.

Of course, Br estimates Br which becomes arbitrarily close to the true 3 by suitable
choice of T', provided 7z, < 7¢,. The results listed below will be shown under the following
conditions. Let T,(z € Rx) be such that T, < T(|z) and infyery (1 — H(T:|z)) > 0.

(A1)(z) The sequence a,, satisfies nal — 0 and na>*?’(loga;!)~* — oo for some § > 0.
(2¢) The support Ry of X is bounded, convex and its interior is not empty.
(i33) The probability density function K has compact support, [ uK(u)du =0 and K is

twice continuously differentiable.

(A2)(%) The function z — T, (z € Ry) is twice continuously differentiable and there
exist 0 < sg < s, < 1 such that s, < inf, F(Ty|z), so < inf{s € [0,1];J(s) # 0},
s1 > sup{s € [0,1]; J(s) # 0} and inf ep, infsocscs, f(F 7 (s|2)|z) > 0.

7



(i) The function J is twice continuously differentiable, f} J(s)ds =1 and J(s) > 0 for
all0 < s < 1.

(A3)(%) The distribution Fy is thrice continuously differentiable and inf,cg, fx(z) > 0.
(22) The functions m and o are twice continuously differentiable and inf,cg, o(z) > 0.

(292) The error variable ¢ has finite expectation.

(A4) The functions

n(z,d|z) = /f (2,6,v|z)J(F(v|z)) dvo~(z),

m(x
¢(z,8]z) = / £(z, 6, v|x)J(F(v|z))T() dvo~(z),
o(z
are twice continuously differentiable with respect to z, their first and second derivatives
(with respect to z) are bounded, uniformly in z € Ry, z < T, and 8, and for any 6 = 0, 1,
the first derivatives (considered as functions in z) are of bounded variation and the vari-

ation norms are uniformly bounded over all z.

(A5) The function y - P(m(X) + eo(X) < y) (v € IR) is differentiable for all e € IR

and the derivative is uniformly bounded over all e € IR.

Let L(y|z) stand for either H(y|z), Hi(y|z), He(y|z) or He1(y|x). We will use the nota-
tions {(y|z) = L'(y|z) = ;%L(y|x), L(ylz) = £L(y|z) and similar notations will be used
for higher order derivatives.

(A6)(i) L(y|z) is continuous.

(41) L'(y|r) = l(y|z) exists, is continuous in (z,y) and sup, , |yL'(y|z)| < oco.

(i4d) L"(y|x) exists, is continuous in (z,y) and sup, , [y*L" (y|z)| < oco.

(iv) L(y|z) exists, is continuous in (z,y) and sSup, , lyL(y|z)| < oo

(v) L(y|z) exists, is continuous in (z,%) and SUp, ly2L(y|z)| < oo.

(vi) L'(y|z) exists, is continuous in (z,y) and sup, , lyL'(y|z)| < oo.

(vii) L'(y|x) exists, is continuous in (z,y) and sup, , lyL'(y|x)| < oo.

(vidd) L"(y|r) exists, is continuous in (z,y) and sup, , [y*L" (y|z)| < oc.

Throughout the paper, the symbol K will be used for any constant, whose value may

differ from line to line.



3 Main Results

This section presents the asymptotic theory of the least squares (LS) estimator. The
asymptotic representation for the estimator involves the functions 7(z, d|z) and {(z, é|z)

defined in assumption (A4) and

olt,220,9) = (Z50.0,3) = S0 B O10) = S St

where S,(y) = 1 — F(y),

/ dH,(s) n I(z<y,6=1)
(1-H(s))? 1-Hez) |’

fe(za 57 y) = (1 - Fe(y)) {_

-0

yNz

&(z,6,ylz) = (1 - F(y|z)) {_ / i d_HII{(FJT;)))Q + I(fflyf,(i,;)l) } )

7 he(s]z) i d hei(s]7)
yi(y]2) :_[o T=H.()7 dHel(s)+_[o T=H.() and

f she(s|z) { d(she(s|z))
wmwﬁiﬁtﬁzﬁﬂﬁ@+i‘fia§“

We use the abbreviated notations n~!(X'X) = A, = (a,5) and n1E(X'X) = A =
(ars). The (k+1,£+1)-th element of A~ and A, will be denoted by, respectively, gie(A)
and gre(A,). Also, let G,s(A) = (§55(A)) be the matrix of the partial derivative of the
elements gre(A), k,£ =0, ..., p, with respect to a,,.

Theorem 3.1 Assume (A1)-(A5), H(y|z) and H1(y|z) satisfy (A6)(i)-(vi), He(y|x) and

nonsingular. Then,

BT,O - Bro n~t YR Uo(Xs, Ziy A))
: = n[B(XX)]"! -

BT,p - Brp nTIYr L UL(X, Zi, Ag)



[ 2° [y dF (=) d(Fx (2) — Fx(a))

+ B X)) :
J 2 [ ydF, (YI=) d(Fy (z) - Fx(z))

) [ 2%y dFp(z,y) op(n~12)
+32G ' JESNORS 0 o B
re=0 [ 2Py dFr(z,y) op(n~1/?)

where for k=0,...,p,
T.
k f Y- m(x)
\Ifk(t,z,é) = R{I —Zo ydgo (t,z,d, _0'(.’)3)—) de(l')
e f (t)) y — m(t)
+ ot /yd[( (2,0]t) + C(z, 6]t) (t) fe( =0 )]

— 00

Theorem 3.2 Let the assumptions imposed in Theorem 3.1 hold. Then, n*/?(By — Br)
N(0; %), where 3 = (o) and
4 p

Oy = CO’U{
1=0 =0
P t/\TX m P ;
; tdF, | ————= “tdFr(z, ) X",
ol St (50« £ [ saee

Zg& )X [ taF, (T

The proof of this result is straightforward.

4 Proofs
Proof of Theorem 3.1. Write
Bro — Bry [ 2% d(Fr(z,y) — Fr(z,y))
: = n(X'x)"! ;
IBT,p — Bryp [ 2Py d(Fp(z,y) — Fr(z,y))

10

t/\TX m(X)>+ Ep: gzs(A)/.’EitdFT(IE,t)Xr_*-s}.

(4.1)



. fxodeT(xay)
+ n((2'2)7 - [B(X'X)]7) :

f xpy dFT(xa y)
We start with the first term on the right hand side of (4.1).

[ Sy d(Fr(e,y) - Fr(z,)) (42)

= [ vl (P55E) -8 ()| i

w fo [yar, (PO dih (o) - P,
Using integration by parts, the first term on the right hand side of (4.2) can be written
/ Ri Iy < T.) [F (y;(—”;)(“’)) - F, (y;(—’z)(x))} dfx(z)dy  (43)
+ /17ka [ﬁ‘e (%@—)> - F, (%(x_))] df?’X(x).

This is somewhat similar to the first term of equation (5.4) in the proof of Theorem 3.5

as

in Van Keilegom and Akritas (1999), and a similar derivation shows that (4.3) equals

- ”_1;/ / " Iy < Tp)p (Xi,Zi,Ai,y;(—TZ)(x)) dFx(z)dy

2

_ n—li/xf[ Zz,A|X)+C(Z1,A|X)y_0(mx(§i)er (;,;(771)((;()) W

+ ’I’L—I;/CL‘ICTZ;QD (X,,Zz,A,,zx—o_-_—(—;nT(Q> de(ZL‘)

T oS XAy, [n(zi,AAXi) +<(Zi,Ai\Xi)ﬂ<iT—()’?)(X_i)] i, (TX——m(X)>
i=1 i
+ Op(’n_l/2)

and this equals n=!' 2%, Uy (X;, Zi, A;) + op(n~1/2). For the second term on the right
hand side of (4.1) we have that

n((X'X)7 = [BA'X)] ) = AT = A7 = (gu(4n) — gu(4))-

11



Since the distribution of (X, X?,..., XP) is nonsingular, it follows that A has full rank
and using similar techniques as in Theorem 17.8 in Arnold (1981), we also have that A,
has full rank with probability 1. Hence, a first order Taylor expansion applied to each
gri(An) — gri(A) yields that A1 — A~! is asymptotically equivalent to

zpj zpj Grs(A)(ars — ays) = i f: Grs(A) / 2" d(Fy(z) — Fx(z)). (4.4)

r=0s=0 r=0s=0

Finally, by the use of Bernstein’s inequality (Uspensky 1937), it is seen that
nT S U(Xy, Zi, ) is O(n~Y2(logn)Y/?) a.s. Therefore, since the second term on
the right hand side of (4.2) and the integral in (4.4) are O(n~'/2(logn)'/?) a.s., we can re-
place the factor n(X’X)~! in the first term on the right hand side of (4.1) by n[E(X'X)]|~1.
This finishes the proof.
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