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computation of the power spectrum of curvature perturbations going beyond the sudden-
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1 Introduction

The idea of black holes produced in the early Universe was firstly proposed by Novikov and
Zel’Dovic [1], followed shortly by the works by Hawking and Carr [2, 3], and has recently
attracted much attention as they may contribute to the gravitational wave (GW) detections
reported by the LIGO/Virgo/KAGRA collaboration (e.g. [4–12]). Furthermore, PBHs are
also currently in the spotlight as they could explain the totality of dark matter (or at least
a sizeable fraction of it) while being unavoidably related to a signal of second-order GWs,
potentially visible at future GW experiments. It is of particular interest that the induced
GW signatures of the formation of stellar mass PBHs fall within the reach of current Pulsar
Timing Array (PTA) experiments, in the nano-Hz frequency range, where the NANOGrav
Collaboration recently reported evidence for a stochastic common process [13] (and also
independently supported by other PTA data [14–16]). Also, at larger frequencies, LISA [17]
would be able to observe imprints of asteroidal mass PBH formation (e.g. [18–21]).

Different PBH formation mechanisms were devised in the literature. In this work, we
will focus on what is denoted as the standard scenario in which PBH formation occurs
by gravitational collapse of sufficiently large-amplitude perturbations in the density field
(see e.g. [22] for a review). In recent years, numerous studies have shown how a spectator
field, known as curvaton, can lead to the creation of large-amplitude perturbations during
inflation [23–27]. Under certain conditions, these perturbations can be responsible for the
generation of PBHs [28–38].

We study PBH production in the frame of a specific axion-like curvaton model [29, 31,
34], where a complex scalar field Φ = φeiϑ is introduced and its angular component ϑ is
dubbed curvaton. The rolling of the radial component φ down the potential during inflation
enhances by many orders of magnitude the angular perturbations δθ at small scales, while, at
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scales associated with Cosmic Microwave Background (CMB) observations, δθ is suppressed
and the main contribution to density fluctuations comes from the inflaton field, which lives in
an uncoupled sector. Exploiting these features, we are able to obtain a broad power spectrum
of curvature perturbations, i.e. a power spectrum which spans over many orders of magnitude
of scales k, in a concrete model of the early universe. As it will be shown in section 3, this
is crucial in order to make connection between observables related to PBH dark matter and
those associated with scalar-induced GWs.

As already discussed at length in the literature, NGs of the curvature perturbation ζ
play a major role in the computation of the abundance (see e.g. [39, 40]) for multiple reasons.
First of all, the criterion for PBH collapse is expressed in terms of a critical density contrast
threshold. This requires computing the abundance by deriving the statistical distribution
of overdensity perturbations δ, which in turn are non-linearly related to ζ at super-Hubble
scales (see e.g. [41]). This non-linear relation unavoidably introduces NGs in the distribution
of the curvature perturbation [42, 43], which we will refer to in the following as NGs from
non-linearities. Furthermore, curvaton dynamics leads to NG corrections in the probability
density function (PDF) of ζ itself [44–57]. Such corrections, denoted as primordial NGs, are
usually taken into account by means of the perturbative expansion

ζ = ζG + 3
5fNLζ

2
G + 9

25gNLζ
3
G + . . . , (1.1)

where ζG follows a Gaussian distribution. The above expansion is often truncated at the
quadratic order, assuming that fNL captures the leading non-gaussian correction. However,
the coefficients fNL, gNL, . . . are generally not independent and, in the case of the curvaton
model, can be resummed into an expression of the form ζ = log [X(ζG)] [58], where X will
be introduced in section 2.4. Most importantly, in the case of a broad power spectrum,
the computation of the abundance requires evaluating the power-series expansion in eq. (1.1)
beyond its radius of convergence, and thus leads to a mathematically flawed result, as recently
pointed out in ref. [59]. In this work, we apply the technique developed in ref. [59] to the
aforementioned curvaton model (see also ref. [60]) and compute abundance of PBHs by
considering both intrinsic and NGs induced by non-linearities in a non-perturbative way. As
we will see, this has important consequences for the predicted signal of scalar-induced GWs,
and in particular, allows to fit within a simple curvaton scenario both PBH dark matter and
a stochastic GW background (SGWB) compatible with NANOGrav and IPTA recent data.

The paper is organized as follows. In section 2 we study in details the axion-like curvaton
model, showing how it is able to produce a broad spectrum of curvature perturbations, going
beyond the sudden decay approximation. The major results of our work are presented in
section 3, where we compute the observables related to the model taking into account all the
sources of NGs. These are the PBH mass distribution and the associated SGWB. Conclusions
and discussion of results are presented in section 4.

2 Axion-like curvaton model

2.1 The inflationary dynamics

For simplicity, we work in the limit in which the Hubble rate during inflation is constant
(pure de Sitter background), and we indicate its value with Hinf . We consider the axion-like
curvaton model explored in refs. [29, 31, 34]. In these models the radial field is subject to
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the quadratic potential

V (φ) = c

2H
2
inf(φ− f)2 , (2.1)

which has a minimum at φ = f . Refs. [29, 31, 34, 61] justify the potential in eq. (2.1) in the
context of supergravity models.

If the radial field φ during inflation rolls down the quadratic potential in eq. (2.1),
starting from some large field value of Planckian order, the angular perturbations get a large
enhancement. This is easy to see explicitly. The equation of motion for φ (written in terms
of the number of e-folds N , defined by dN = Hdt, as time variable)

d2φ

dN2 + 3 dφ
dN

+ 1
H2

inf

dV (φ)
dφ

= 0 , (2.2)

admits the analytical solution

φH(N) = fH + c1e
N(−3−

√
9−4c)/2 + c2e

N(−3+
√

9−4c)/2 , (2.3)

where we introduce the a-dimensional field φH ≡ φ/Hinf and we define fH ≡ f/Hinf ; the
constants c1,2 are fixed by some initial condition φH(N∗) = φ∗ and, for simplicity, vanishing
initial velocity. We consider the case in which 0 < c < 9/4. In this case, the field value in
eq. (2.3) decreases exponentially fast starting from the value φ∗.

From the above expression we can easily compute the value φH(Nk), that is the value
of the field φH at the time Nk at which the mode with comoving wavenumber k crosses the
Hubble horizon a(Nk)H = k. We define

Nk = N∗ + log
(
k

k∗

)
, (2.4)

where k∗ is the comoving wavenumber that crosses the horizon at time N∗, that is a(N∗)H =
k∗. To fix ideas, we consider k∗ = 0.05 Mpc−1 as a reference scale with N∗ = O(60). We find

φH(Nk) = 1
2c̄

(
k

k∗

)−(3+c̄)/2{
φ∗

[
−3 + c̄+ (3 + c̄)

(
k

k∗

)c̄
]

(2.5)

− fH

[
−3 + c̄− 2c̄

(
k

k∗

)(3+c̄)/2
+ (3 + c̄)

(
k

k∗

)c̄
]}

,

with c̄ ≡
√

9 − 4c. This expression is important because it shows how the factor 1/|φH(Nk)|2
enters in the determination of the amplitude of the angular perturbations once they exit the
horizon. Consequently, one finds the analytical result

k3/2|δϑk| = 1√
2φH(Nk)

=⇒ Pδθ(k) = k3|δϑk|2

2π2 = 1
4π2|φH(Nk)|2 . (2.6)

The angular power spectrum grows as a power-law Pδθ(k) ∝ (k/k∗)nθ with spectral index
given by nθ = 3 −

√
9 − 4c. If the field φ rolls from Planckian values down to φH = O(fH),

one gets many orders-of-magnitude of power-law enhancement which is eventually crucial for
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the formation of PBHs or the generation of a sizable GW signal. More concretely, the power
spectrum of angular fluctuations ranges in between the two limiting values

1
4π2φ2

∗
[for k/k∗ = 1] ⩽ Pδθ(k) ⩽

1
4π2f2

H

[for k/k∗ ≫ 1] =⇒ ∆Pδθ ≡ φ2
∗

f2
H

, (2.7)

so that the enhancement is controlled by the ratio φ∗/fH .
Another relevant information is the time it takes for the power spectrum to fully grow

from its initial value at k/k∗ = 1 up to 1/4π2f2
H . Let us define this quantity as ∆N . If

we approximate the power spectrum with a power-law (since we are only interested in the
growing part), we find

Pδθ(k) ≈ 1
4π2φ2

∗

(
k

k∗

)3−
√

9−4c

(2.8)

which leads to

∆N = 1
3 −

√
9 − 4c

log
(
φ2

∗
f2

H

)
= log(∆Pδθ)

3 −
√

9 − 4c
. (2.9)

The result depends on c since it controls the slope of the growing power spectrum.
We show the power spectrum in eq. (2.6) in the left panel of figure 1 for fixed c but

different choices of φ∗ and fH as function of k/k∗ (see caption for details). In the right
panel of the same figure, we plot the function ∆N in eq. (2.9) as function of ∆Pδθ for
different values of c. For illustration we superimpose i) in red, the range of frequencies
2.5 × 10−9 ≲ f [Hz] ≲ 1.2 × 10−8 that is relevant for the observation of a potential SGWB
signatures by the NANOGrav experiment [13] (and other PTAs [14–16]) and ii) in blue the
range of mass in which PBHs may constitute the totality of dark matter observed in the
present-day Universe (given existing constraints [62]), 1018 ≲MPBH [g] ≲ 1021.

Starting from ad-hoc initial conditions to get the above result, i.e. φ∗ of planckian order,
is not entirely satisfactory and we address the degree of fine tuning required for setting our
initial conditions in appendix A.

At this stage, we can already make a number of relevant comments.

i) The power spectrum of angular perturbations δϑk can be enhanced during inflation
— triggered by the classical rolling of its radial counterpart — by several orders of
magnitude. The key equation is eq. (2.9). The a-dimensional ratio ∆Pδθ ≡ φ2

∗/f
2
H

controls the enhancement of the power spectrum and the parameter c controls the e-
fold time ∆N that is needed to complete such a growth, see figure 1. This is because
the larger c the faster the classical rolling of the radial field (see eq. (2.3)). In particular,
we remark that, as follows from the right-hand side of the inequality in eq. (2.7), the
smaller fH the larger the upper value reachable by Pδθ(k).

ii) By requiring the condition 9−4c > 0, we consequently fix the maximum spectral growth
to 3 and we can see from the left panel of figure 1 that Pδθ does not exhibit oscillatory be-
havior when reaching the plateau. In principle, violating the condition 9−4c > 0 would
cause φ to reach the minimum of the quadratic potential and oscillate around it, thereby
altering the shape of the angular power spectrum as described by eq. (2.6). In our case,
this does not occur due to the dominant role of the Hubble friction term, which brings
φ to f asymptotically and damps any oscillations. As a result, we will not generate
any significant oscillatory features on the PBH abundance nor on the SGWB spectrum
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φ *
=
10
6

φ *
=
10
5

φ *
=
10
4

c = 2

c =
0.5

c =
1

c = 1.5

Figure 1. Left panel: angular power spectrum for different choices of φ∗ and fH and fixed c = 27/16
(leading to a spectral growth nθ = 1.5). Right panel: different spectral growth as a function of
∆N depending on the assumed initial conditions for the radial field dynamics, i.e. different c. For
illustration, in both panels, we show the frequency range (converted in units of k/k∗) that is relevant
for NANOGrav and other PTA experiments and the mass range (converted in units of k/k∗) in which
the totality of the present-day dark matter abundance can be compatible with the PBH hypothesis
(see main text for details).

iii) In figure 2 we show the evolution of physical length-scales λphys = a/k (in units of
the present-day Hubble length 1/H0) throughout the history of the Universe from the
inflationary epoch until today. We assume instantaneous reheating and, after inflation,
standard ΛCDM cosmology. Experimental constraint on the tensor-to-scalar ratio can
be translated into an upper bound on the energy scale of inflation; in turn, this implies
an upper bound on the Hubble parameter during inflation [63]

Hinf

M̄Pl
< 2.5 × 10−5 , at 95% C.L. . (2.10)

M̄Pl is the reduced Planck mass (M̄2
Pl = 1/8πGN ≃ 2.4 × 1018 GeV). For us, inflation

takes place in a decoupled sector, and we only need to specify Hinf and N∗. We consider
a high-scale inflationary model with Hinf/M̄Pl = 10−6 and we take N∗ = 55 as the e-fold
time at which the pivot scale k∗ = 0.05 Mpc−1 exits the Hubble horizon during inflation.
The comoving scale k re-enters the horizon after inflation at the temperature

Tk =
(

90M̄2
PlH

2
inf

π2g∗

)1/4

e−N∗

(
k

k∗

)
, (2.11)

with g∗ the relativistic degrees of freedom. It is also interesting to mention here that,
if we convert the comoving wavenumber into frequency by means of k = 2πf , one finds
(see e.g. [11])

Tf ≃ 61 MeV
(

g∗
10.75

)1/6 ( f

10−9Hz

)
. (2.12)
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≃ 60 e-folds of inflation

reheating

horizon
crossing
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D
p.t.

radiation epoch

Figure 2. The black line shows the evolution of the physical Hubble horizon 1/H as a function of
the number of e-folds N , computed assuming slow-roll inflation and standard ΛCDM model. The
green region shows the evolution of the scales associated with CMB observations. The scales of
phenomenological interest for PBHs are those associated with a signal of second-order GWs compatible
with NANOGrav and PTA data (red region) and those at which PBHs account for the totality of
dark matter (blue region). In both cases it is crucial that such scales re-enter the Hubble horizon after
all the curvaton field has decayed into radiation otherwise PBHs production cannot occur by means
of gravitational collapse of the radiation fluid, as expected in curvaton models. Interestingly enough,
the horizon crossing of scales relevant for a detection by the NANOGrav collaboration occurs around
the time of QCD phase transition. This means that the phase transition due to the confinement of
the strong sector is of phenomenological relevance and has to be taken into account when computing
observables of the model.

The above estimate implies that comoving wavenumbers corresponding to frequencies
of order O(10−9) Hz re-enter the Hubble horizon when the temperature is of the order
of the QCD phase transition (see figure 2). This is expected to modify any cosmological
SGWB in the range of frequency detectable by PTA experiments [64–70]. Implications
of this idea are discussed in section 3.2.

2.2 The dynamics after inflation

The angular field ϑ constitutes a sub-dominant component of the energy-density budget
during inflation. In order to make the perturbations δϑk phenomenologically relevant, we
need to transfer them into radiation after the end of inflation. For this to happen, we shall
introduce — following the spirit of conventional curvaton models — a coupling between the
field ϑ and photons. After the end of inflation, the inflaton energy density is converted into
radiation. We assume instantaneous reheating. The reheating temperature is then given by

TRH =
( 90
π2g∗

)1/4
M̄

1/2
Pl H

1/2
inf ≃ 1015GeV

(106.75
g∗

)1/4 ( Hinf

10−6 M̄Pl

)1/2
. (2.13)

In eq. (2.13) we take g∗ = 106.75 (but we remind that g∗ is a function of T ). We assume
that the global U(1) symmetry is broken explicitly by some non-perturbative effect and the
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curvaton obtains the following potential

V(ϕ) = Λ4
(

1 − cos ϕ
f

)
≃ 1

2m
2
ϕϕ

2 , (2.14)

where the curvaton mass is mϕ = Λ2/f . We now have ϑ = ϕ/f . We simplify the analysis and
consider in eq. (2.14) the quadratic approximation1 in which we only have a mass term for ϕ.

The curvaton field remains approximately constant until the Hubble parameter falls
below the curvaton mass when the curvaton starts oscillating around the minimum of its
potential. Notice that the potential in eq. (2.14) is generated only after the temperature T
of the radiation bath drops below some value of the order of the confinement scale Λ. For
instance, in the case of the QCD axion we have

m2
ϕ(T ) =

{
c0(Λ4

QCD/f
2) for T ≲ T0

cT (Λ4
QCD/f

2) (ΛQCD/T )n for T ≳ T0
, (2.15)

with the parameters c0, cT and n that can be determined using the dilute instanton gas
approximation valid at high temperatures. Typical values are c0 ≃ 10−3, cT ≃ 10−7 and
n ≃ 7 with T0 ≃ 100 MeV and ΛQCD ≃ 400 MeV. In principle, we can postulate a situation
that mimics the one of QCD, and consider the temperature-dependent curvaton mass

m2
ϕ(T ) =

{
m2

ϕ for T ≲ Λ
m2

ϕ (Λ/T )n for T ≳ Λ , (2.16)

with zero-temperature value mϕ = Λ2/f . We remark that the temperature that controls the
curvaton mass does not need to equal the temperature of the SM bath. For instance, this is
the case if the curvaton mass is generated by couplings to a hidden sector that is not in kinetic
equilibrium with the SM. For simplicity, we take T in eq. (2.16) to be the temperature of the
SM bath (see ref. [72] for a critical discussion). For definiteness, we set n = 8 in eq. (2.16).

During curvaton oscillations, ρϕ ∝ a−3 and ργ ∝ a−4. Therefore, the curvaton compo-
nent of the energy density ρϕ increases with respect to the radiation component ργ . This
stage of the dynamics lasts until the Hubble rate H becomes of the order of the decay width
Γϕ of the curvaton. After this time, the decay of the curvaton into radiation becomes quickly
efficient. Schematically, the dynamics after the end of inflation is summarized in the following
sketch (with N =

∫
Hdt)

N = 0

reheating
curvaton constant

“first” radiation stage

Phase I
H ∼ mϕ

Nosc

curvaton oscillates

Phase II

Pϕ ≃ 0, ρϕ ∼ a−3 and ργ ∼ a−4

H ∼ Γϕ

Ndec

Phase III
curvaton decays to radiation

“second” radiation stage

Schematic of background evolution

(2.17)

We assume that ϕ decays as consequence of the following dimension-5 effective operator

LϕF F̃ = gaγγ

4f ϕFµνF̃
µν , (2.18)

1If we go beyond the quadratic potential, including for instance anharmonic corrections caused by cur-
vaton self interactions, the equation of motion of the curvaton becomes non-linear and NG acquires a scale-
dependence [71]. We leave this case for a future work.
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which gives the decay rate Γϕ

Γϕ =
g2

aγγm
3
ϕ

64πf2 ≃ gaγγ

( Λ
104 GeV

)6(1011 GeV
f

)5(108

τU

)
, (2.19)

that we have written in erms of the present age of the Universe τU ≃ 13.8 × 109 yr, while the
mass mϕ is

mϕ ≃ 106 eV
( Λ

104 GeV

)2(1011 GeV
f

)
. (2.20)

The lifetime τϕ = 1/Γϕ can be either much longer or much shorter than τU. Typically, the
cosmologically long-lived option τϕ ≫ τU is preferred since in this case ϕ can naturally serve
as dark matter whose abundance is generated by means of the misalignment mechanism (see
refs. [73, 74] for a review), but in the opposite regime, as we are considering in this work, ϕ
is not cosmologically stable and decays into radiation.

In order to describe the dynamics of the model after the end of inflation, we study
Einstein and fluid equations. Consider first the unperturbed background. The Friedmann
equation and the continuity equation are

Friedmann equation : 3M̄2
PlH

2 = ργ + ρϕ ,

continuity equation for each fluid : ρ̇α = −3H(ρα + Pα) +Qα , (2.21)

where in this case we have two background fluids, that are the radiation fluid with energy
density ργ = ργ(t) and pressure Pγ = Pγ(t) = ργ/3 and the homogeneous field ϕ = ϕ(t)
whose energy density and pressure are given by2

ρϕ = 1
2 ϕ̇

2 + V(ϕ) , Pϕ = 1
2 ϕ̇

2 − V(ϕ) . (2.22)

In eq. (2.21) Qα represents the energy transfer per unit time to the α-fluid. This transfer of
energy is due to the decay ϕ → γγ previously introduced, and we have Qγ = −Qϕ = Γϕρϕ.
All in all, the three relevant equations are

3M̄2
PlH

2 = ργ + ρϕ ≡ ρ , (2.23)
ρ̇γ + 4Hργ = +Γϕρϕ , (2.24)

ρ̇ϕ + 3H(ρϕ + Pϕ) = −Γϕρϕ . (2.25)

During phase II (see eq. (2.17)) the curvaton oscillates and one can take the approximation
Pϕ ≃ 0. This is because during this phase the curvaton field oscillates with a typical timescale
set by its mass, tϕ = 1/mϕ, which is smaller than the inverse Hubble rate, tϕ < 1/H. One
can, therefore, average over an oscillation and estimate ϕ̇ ≃ mϕϕ; from eq. (2.22) it follows

2The energy-momentum tensor in the FLRW geometry is given by Tµν
α = diag(ρα, Pα/a

2, Pα/a
2, Pα/a

2)
and for the scalar field ϕ energy density and pressure can be identified if one computes the components of
Tµν

ϕ = (∂µϕ)(∂νϕ) − gµν [(∂ρϕ)(∂ρϕ)/2 + V(ϕ)]. The continuity equation ρ̇α = −3H(ρα + Pα) (in the absence
of energy transfer, Γϕ = 0) simply follows from the temporal component of Tµν

α ;µ = 0. In the presence of
interactions between the fluids, notice that in general we have Tµν

α ;µ ̸= 0 for each individual fluid but, as a
consequence of the Bianchi identity, we must have the conservation equation

∑
α
Tµν

α ;µ = 0 for their sum.
This condition forces the relation Qγ = −Qϕ. We refer to appendix B for a more detailed discussion.
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that Pϕ ≃ 0. This is the approximation used in ref. [75]. This is a good description of the
classical field dynamics when the Hubble rate drops below the mass of the curvaton.3

We solve the system in eqs. (2.23)–(2.25) in two steps. First, we consider the evolution
during phase I. We set the initial conditions ργ(N = 0) = 3M̄2

PlH
2
inf and ϑ(N = 0) = ϑ0

(with vanishing initial velocity). We rewrite eq. (2.25) in terms of an evolution equation for
ϑ(N) with energy density and pressure given by eq. (2.22), and we use the number of e-folds
as time variable. To be more precise, the system we solve is

dH

dN
+ 3H

2 + Hργ

2ρ + 3HPϕ

2ρ = 0 , (2.26)

dργ

dN
+ 4ργ − f2ΓϕH

2

[(
dϑ

dN

)2
+ mϕ(T )2

H2 ϑ2
]

= 0 , (2.27)

dϑ

dN

d2ϑ

dN2 +
(
dϑ

dN

)2[
3 + d

dN
logH

]
+ mϕ(T )2

H2 ϑ

[
dϑ

dN
− nϑ

2
d

dN
log T

]
+ Γϕ

2H

[(
dϑ

dN

)2
+ mϕ(T )2

H2 ϑ2
]

= 0 . (2.28)

Notice that, as in the case of the conventional misalignment mechanism when the global U(1)
symmetry gets spontaneously broken during inflation, ϑ0 is a free parameter. We follow the
evolution of the system until the field ϑ and its pressure Pϕ start oscillating on timescales
shorter than the inverse Hubble rate. At this point, as discussed before, the pressure can be
safely neglected. Numerically, this first part of the dynamics lasts until T = Λ at e-fold time
NΛ.4 The subsequent evolution can be described by the same system in eqs. (2.23)–(2.25) in
which we now set Pϕ = 0. In this limit the system simplifies to

dH

dN
+ 3H

2 + HΩγ

2 = 0 , (2.29)

dΩγ

dN
+ ΩϕΩγ − ΓϕΩϕ

H
= 0 , (2.30)

dΩϕ

dN
− ΩϕΩγ + ΓϕΩϕ

H
= 0 , (2.31)

where we introduce the time-dependent quantities Ωγ ≡ ργ/ρ and Ωϕ ≡ ρϕ/ρ (with Ωγ +Ωϕ =
1 by definition). We solve the system in eqs. (2.29)–(2.31) with initial conditions given by the
solutions of eqs. (2.26)–(2.28) at time N = NΛ. We show in figure 3 the background dynamics
in terms of Ωγ and Ωϕ after the end of inflation for three benchmark sets of parameters.

It is also possible to describe the dynamics in a simplified way. During phase I, we can
set Γϕ = 0 and ρϕ = 0 (massless field frozen at some initial constant value). Furthermore, we
neglect the time-dependence of g∗ and set g∗ = 106.75. This is correct as long as this part of
the dynamics takes palace before the electroweak phase transition. Under these assumptions,
we find the following analytical solutions for the temperature and the Hubble rate

T (N) =
(

90M̄2
PlH

2
inf

π2g∗

)1/4

e−N , H(N) = Hinfe
−2N . (2.32)

3In the limit Pϕ → 0 the continuity equation ρ̇ϕ + 3H(ρϕ + Pϕ) = −Γϕρϕ can be written in the form
ϕ̈+ (3H + Γϕ)ϕ̇+ V ′(ϕ) = 0 and the factor Γϕ enters in the Klein-Gordon equation in the form of a damping
term.

4Numerically, we checked that the exact value of N at which we switch to phase II does not impact our
results as long as N ≳ NΛ.
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Figure 3. Here we set f = 1015 GeV, Hinf/M̄Pl = 10−6, ϑ0 = 0.01. In the left panel we have
mϕ = 5×108 GeV, in the central panel mϕ = 108 GeV and in the right panel mϕ = 5×107 GeV. The e-
fold time difference ∆N between T = mϕ andH = Γϕ increases from left to right. This implies that the
curvaton energy density has progressively more time to increase with respect to radiation (since during
this time interval it redshifts as non-relativistic matter) before decaying into the latter. In each panel
we quote the corresponding value of the parameter rdec defined in eq. (2.35). The numerical value of
rdec is computed at the timeNdec at whichH = Γϕ, as indicated on the labels of the top x-axis. Dashed
lines represent the model in the simplified setup (further details are provided in the main text).

In this simplified setup, we can compute the e-fold time NΛ defined by T (NΛ) ≡ Λ and the
e-fold time Nϕ defined by H(Nϕ) ≡ mϕ. We find

NΛ = 1
4 log

(
90M̄2

PlH
2
inf

π2g∗Λ4

)
, Nϕ = 1

2 log
(
Hinf
mϕ

)
. (2.33)

Notice that if we consider the case f ≪ M̄Pl then the previous relations (we remind that
mϕ = Λ2/f) imply that Nϕ < NΛ (see figure 3). This means that at time Nϕ when H(Nϕ) =
mϕ the temperature is of order T (Nϕ) ≃ (M̄Pl/f)1/2Λ ≫ Λ and the field ϑ does not fill yet the
effect of the non-zero mass. This means that identifying the time Nosc with Nϕ would not be
entirely correct. On the other hand, at time NΛ the temperature is T (NΛ) = Λ and the mass
mϕ(T ) fully formed (see eq. (2.16)). It is, therefore, more realistic to identify Nosc with NΛ.
At this time, we estimate the initial condition for the energy density Ωϕ to be Ωϕ(Nosc) =
Λ4ϑ2

0/3M̄2
PlH(Nosc)2 while for the radiation bath we have Ωγ(Nosc) = 1 − Ωϕ(Nosc). Given

these initial conditions, we solve the system in eqs. (2.29)–(2.31) for N > Nosc. The result is
also shown in figure 3 (dotted black lines).

Notice that it is important to have good control over the initial value of Ωϕ that is used
to solve the system in eqs. (2.29)–(2.31) since this value gets exponentially modified during
the dynamical evolution in phase II. In the so-called sudden decay limit (that is Γϕ = 0) we
indeed have the analytical solutions [75]

Ωγ(N) = 1
1 + peN

, Ωϕ(N) = peN

1 + peN
, (2.34)

with p ≡ Ωϕ/Ωγ at N = Nosc.
If we define the time-dependent quantity r(N) ≡ 3ρϕ/(3ρϕ + 4ργ), a key parameter in

the analysis of the following sections will be the weighted fraction of the curvaton energy
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Figure 4. We fix f = 1015 GeV, Hinf/M̄Pl = 10−6, ϑ0 = 0.01. In the left panel, we show the
evolution of r for the three values of mϕ shown in figure 3; we also identify the value of rdec, defined
as in eq. (2.35). In the right panel, we show the value of rdec as function of mϕ.

density to the total energy density at the time of curvaton decay, defined by5

rdec ≡ r(Ndec) = 3ρϕ

3ρϕ + 4ργ

∣∣∣∣∣
N=Ndec

= 3Ωϕ

4 − Ωϕ

∣∣∣∣∣
N=Ndec

, with H = Γϕ at N = Ndec .

(2.35)
We show the evolution of the parameter r in figure 4. More in detail, the left panel of figure 4
shows the evolution of r corresponding to the three benchmark models discussed in figure 3;
the right-hand panel, on the contrary, shows the value of rdec as function of mϕ (with the
parameters Hinf , f and ϑ0 fixed to the values quoted in the caption and in figure 3). The
time evolution of r clearly retraces the time evolution of Ωϕ, and features a maximum during
the oscillating phase of the curvaton. Notice that the numerical value of rdec depends on
its specific definition. If we define rdec strictly as in eq. (2.35), then we find rdec ≲ 0.6 even
for cases in which the energy density of the curvaton happens to dominate the total energy
density of the Universe before decaying (see the plateau in the right panel of figure 4). This
is due to the fact that the decay of the curvaton is not an instantaneous process that happens
at H = Γϕ but, as evident from figure 3 and figure 4, when H = Γϕ part of the curvaton
energy density was already converted back into radiation.

The importance of the parameter rdec is twofold. On the one hand, at the linear level,
it controls the fraction of perturbations that are transferred to radiation; we shall discuss
in more detail this effect in section 2.3. On the other hand, it also controls the impact of
non-gaussian corrections; we shall discuss this issue and its implications in section 3.

At this stage of the analysis, we can pause to try a first exploration of the parameter
space. Cosmologically, the relevant parameters are Ndec and rdec. As far as the fundamental
parameters are concerned, we focus our attention primarily on mϕ and f . In figure 5 we fix
Hinf/M̄Pl = 10−6 and, for the moment, we keep ϑ0 = 0.01.

We comment about the ϑ0-dependence in figure 6. Intuitively, we do not expect a
strong ϑ0-dependence for what concerns Ndec since the latter is determined by the equation

5Notice that in refs. [31, 34] this parameter is differently defined as the ratio between the energy densities
of the curvaton and radiation. More concretely, refs. [31, 34] define r to be κ ≡ ρϕ/ργ , and the relation with
r used in this work is given by r = 3κ/(4 + 3κ). We, therefore, adopt the more conventional definition of
r ≡ 3ρϕ/(3ρϕ + 4ργ) used in the curvaton literature.
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Figure 5. ϑ0 = 0.01. Scan over the parameter space of the model in light of the background analysis
discussed in section 2.2. The horizontal dashed red line indicates the assumed re-heating temperature
scale (2.13). The black hatched region identifies the parameter space for which τϕ ≥ τU.

H = Γϕ. In this equation, the decay width Γϕ does not depend on ϑ0; the value of the Hubble
parameter, on the contrary, does depend on ϑ0 since the size of ϑ0 controls the (initial value
of the) curvaton energy density which enters in the Friedmann equation, eq. (2.23). However,
as long as the curvaton does not dominate the energy budget of the Universe for long time,
this change does not alter much the evolution of H and, consequently, the time at which
H = Γϕ. This is confirmed by the numerical analysis shown in the left panel of figure 6 (see
caption for details). Consider now the value of rdec. Contrary to the previous argument,
we do expect a sizable dependence on ϑ0. The reason follows from what we already noticed
above eq. (2.34): the value of the curvaton energy density at the beginning of the oscillating
phase (controlled by ϑ0) gets exponentially modified by the dynamics during Phase II.

2.3 Perturbations at linear order: curvature power spectrum

At the linear order, the gauge invariant curvature perturbation on spatial slices of uniform
energy density reads [76]

ζ ≡ −ψ −H
δρ

ρ̇
, (2.36)

with ρ = ρϕ +ργ , ρ̇ = ρ̇ϕ + ρ̇γ and δρ = δρϕ +δργ ; ψ is the gauge-dependent curvature pertur-
bation that enters in the linear perturbations about a spatially-flat Friedmann-Robertson-
Walker background, as defined in eq. (B.1). We refer to appendix B for a more detailed
discussion.

It is customary to introduce individual curvature perturbations ζα each of which is
associated with a single energy density component, and similarly defined by ζα ≡ −ψ −
H(δρα/ρ̇α). Consequently, the curvature perturbation ζ can be equivalently written as

ζ = −ψ + [ρ̇ϕ(ζϕ + ψ) + ρ̇γ(ζγ + ψ)]
ρ̇

= ρ̇ϕ

ρ̇
ζϕ + ρ̇γ

ρ̇
ζγ . (2.37)
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Figure 6. Same as in figure 5 but for different values of ϑ0 (ϑ0 = 10−1, dashed red lines; ϑ0 = 10−3,
dot-dashed blue lines; solid black lines refer to ϑ0 = 10−2). As far as Ndec is concerned, on the left
panel we only show contours corresponding to Ndec = 15, 25, 35; similarly, on the right panel, we only
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This equation is exact. We are interested in the evolution of ζ in Fourier space, and more
concretely in its power spectrum. In other words, the goal is computing the quantity

Pζ(k) = k3

2π2 |ζk(Nf)|2 , (2.38)

where ζk(N) is the time-dependent Fourier mode of ζ for a given comoving wavenumber k ≡
|⃗k| and the notation in eq. (2.38) means that ζk(N) should be evaluated at some appropriate
time Nf after the mode ζk settles to its final value, that is conserved until horizon re-entry.
Importantly, the dynamics of ζ in controlled by the equation

dζk

dN
= −δPnad,k

ρ+ P
+ k2

3(aH)2
(
Ψk − Rk

)
, (2.39)

where R is the total comoving curvature perturbation, Ψ the curvature perturbation on
uniform shear hypersurfaces and δPnad the total non-adiabatic pressure perturbation (see
appendix B). This equation implies that ζk is conserved on super-horizon scales (that is
when k ≪ aH and the last term in eq. (2.39) can be safely neglected) and in the absence
of non-adiabatic pressure perturbations (that is the first term on the right-hand side of
eq. (2.39)). Since during phase II+III we have a non-zero δPnad (because of the relative
entropy perturbation between the curvaton and the radiation fluid, see eq. (B.30)), the time
Nf is given by i) anytime in between Ndec < Nf < Nk if the mode k re-enters the horizon
(at time Nk such that k/aH = 1) after the curvaton decay takes place or ii) simply by
Nf ≃ Nk < Ndec if the mode k re-enters the horizon before the curvaton decay.
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Figure 7. Left panel. Power spectra Pζ(k) in eq. (2.38) for four different representative values of mϕ.
We fix f = 3 × 1015 GeV and tune ϑ0 to get rdec = 0.5 in each of the four spectra. The dashed lines
correspond to the sudden decay approximation while the solid lines include the dynamics of phase
II+III (see the schematic in eq. (2.17) and discussion in section 2.3). Right panel. Same as in the left
panel but with mϕ = 108 GeV fixed and for two representative values of the decay constant f . To guide
the eye, on the top x-axis we indicate the k-range that is relevant for the generation of second-order
GWs detectable by the NANOGrav and other PTA experiments and the k-range that is viable for the
identification of the totality of dark matter with PBHs. The dashed regions shows the experimental
constraints coming from the analysis of CMB spectral distortion by the FIRAS collaboration [77–80].

Schematically, we describe the dynamics of perturbations for a given k-mode as sum-
marized in the following sketch:

N = 0

Inflation

dynamics described
in terms of δϑk

φ dynamics boosts δϑk

Phase I
No curvaton decay, Γϕ = 0

dynamics of δϑk

bridges N = 0 and Nosc
eqs. (B.23), (B.24)

Noscdynamics described in terms of
ζk, ζϕ,k, Rk and Rϕ,k with Γϕ ̸= 0

eqs. (B.29), (B.31), (B.32), (B.33)

Phase II + Phase III
curvaton oscillates and decays to radiation

Nf

Dynamics of k-perturbation, from δϑk to ζk

(2.40)
Figure 7 shows Pζ(k), computed by choosing the proper Nf for each k, for different

values of f and mϕ. We can deduce the qualitative behaviour of the power spectrum shape
under a change of parameters. We observe that decreasing f has the effect of increasing
the amplitude and enlarging the range of k where Pζ(k) is enhanced. This can be explained
by considering that the fast-rolling dynamics of φ lasts longer for smaller values of f (see
also eq. (2.19)). Hence, angular perturbations have more time to grow (see also eq. (2.7).
Moreover, as the curvaton decay width scales as Γϕ ∝ f−2, decreasing f means anticipating
decay into radiation. An early-time decay interests larger scales, resulting in a broader power
spectrum. Analogously, decreasing mϕ shrinks the power spectrum and pushes it up to higher
amplitude values. The reason to this has to be found, again, in the scaling of the decay width
Γϕ ∝ m3

ϕ. Also, decreasing the curvaton mass has the effect of increasing the e-fold time
difference ∆N between T = mϕ and H = Γϕ implying that now the angular perturbations,
and hence the amplitude of the power spectrum, have more time to grow (see also figure 3).
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Figure 8. Growth of the curvature perturbation for different modes. Left panel: the mode k in
exam re-enters the horizon at Nk > Ndec meaning that it still has some time to grow after the time of
curvaton decay. This reflects in an enhancement in the amplitude of the power spectrum with respect
to the sudden decay approximation. Right panel: the mode k in exam re-enters the horizon before
the curvaton decay and its value should be chosen at Nf ≃ Nk.

For each set of parameters, we show the power spectrum computed, as customary in
the literature, in the sudden decay approximation (see ref. [31] for a detailed analysis).
Additionally, in figure 7 we show that, by computing Pζ(k) studying the full evolution of
ζk, one gets an enhancement of roughly a factor 2 in the amplitude with respect to the
sudden decay approximation. This is a consequence of the fact that in the sudden decay
approximation one computes the plateau of the power spectrum at Ndec but, as shown in
figure 8, ζk continues growing after that and then ζk(Ndec) < ζk(Nf).

It is worth noticing that, by properly tuning the initial parameters of the model, we are
able to obtain a broad power spectrum which spans from the scales relevant to produce a
signal compatible with NANOGrav (and other PTA experiments) to the ones at which PBHs
can comprise the totality of dark matter, realising the scenario proposed in ref. [81] by means
of an explicit particle physics model of inflation.

Recently, loop corrections to the power spectrum of curvature perturbations in single-
field models featuring an Ultra Slow-Roll (USR) phase have been intensively discussed in
the literature [82–94], after the suggestion such scenario would be incompatible with Cosmic
Microwave Background (CMB) bounds on perturbations at large scales [82]. In reference [93],
it was however shown that, in realistic scenarios, carefully requiring fPBH ≤ 1 already force
the USR modes to induce loop corrections which remain of the order of a few percent,
thus retaining the perturbativity of the theory. Since, in the curvaton scenario discussed
here, the enhancement of curvature perturbations at small scales is due to the presence of a
spectator field, while the power spectrum at the scales relevant for the CMB is governed by a
decoupled sector, this scenario differs significantly the one discussed in the references above.
Nonetheless, it would still be valuable to evaluate the potential impact of loop corrections
within this framework. We leave this task for a future work.

2.4 Primordial non-gaussianities

Multi-field scenarios, as the curvaton model, can lead to sizeable NGs. We follow ref. [46]
and refs. therein. Requiring that the total energy density is uniform, conservation of energy
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allow us to relate the curvature perturbation to the energy density fraction of the curvaton

e4ζ − Ωϕe
3ζϕeζ − (1 − Ωϕ) = 0 . (2.41)

Here we have also assumed, as customary in curvaton models, that the contribution to
curvature perturbation coming from the radiation fluid is subdominant with respect to the
curvaton one at small scales. By solving the above equation perturbatively, we are able to
find an order-by-order relation between ζ and ζϕ where, in the flat gauge,

ζϕ = 1
3 log

(
1 + δρϕ

ρϕ

)
. (2.42)

After defining ζG = rdecζ
(1)
ϕ , where ζ(1)

ϕ is the first-order term in the expansion, the power
series for ζϕ can be resummed to the exact relation

ζϕ = 2
3 log

(
1 + 3

2rdec
ζG

)
. (2.43)

By plugging the above relation into eq. (2.41), and after defining

ζ = log
[
X(rdec, ζG)

]
, (2.44)

we get the forth-order polynomial equation

X4 − Ωϕ

(
1 + 3

2rdec
ζG

)2
X − (1 − Ωϕ) = 0 , (2.45)

which can be solved to find

X(rdec, ζG) ≡ 1√
2(3+rdec)1/3

{√
−3+rdec(2+rdec)+[(3+rdec)P (rdec, ζG)]2/3

(3+rdec)P 1/3(rdec, ζG)
(2.46)

+
√√√√ (1−rdec)
P 1/3(rdec, ζG)

− P 1/3(rdec, ζG)
(3+rdec)1/3 + (2rdec +3ζG)2P 1/6(rdec, ζG)

rdec

√
−3+rdec(2+rdec)+[(3+rdec)P (rdec, ζG)]2/3

}
,

and

P (rdec, ζG) ≡ (2rdec + 3ζG)4

16r2
dec

+
√

(1 − rdec)3(3 + rdec) + (2rdec + 3ζG)8

256r4
dec

. (2.47)

It will be useful in the following section to extract the leading order expansion of eq. (2.44),
which can be approximated at the second order in the Gaussian component ζG as

ζ2 ≡ ζG + 3
5fNL(rdec)ζ2

G , with fNL(rdec) ≡ 5
3

( 3
4rdec

− 1 − rdec
2

)
. (2.48)

It is typically assumed that computing the predictions of the model assuming only the leading
order correction to the Gaussian case provides a sufficiently good approximation. However,
we show in the next section that this is not the case when one calculates the abundance of
PBHs, which are extremely sensitive to non-gaussian corrections.
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3 Phenomenology: primordial black holes and gravitational waves

In this section we investigate the phenomenological properties of the axion-curvaton scenario
presented in this work. In particular, we compute the PBH abundance as well as the SGWB
associated to the enhanced perturbation at small scales, by fully accounting for the intrinsic
primordial NGs imprinted in the curvature perturbations. We show that by selecting specific
values for the parameters of the model, it is possible to obtain a broad power spectrum
that encompasses both the scales required for the totality of the dark matter in the form of
PBHs and those relevant for a GW signal that is consistent with the one potentially hinted
by PTA experiments. Moreover, we highlight that limiting our analysis to the quadratic
approximation, while also accounting for primordial NGs, leads to incorrect phenomenological
predictions when considering also the signal of GWs associated to PBHs formation.

3.1 Primordial black hole formation
When computing the PBH abundance we will follow the general prescription presented in
ref. [59] (see also refs. [60, 95]), where more details can be found. The approach is based on
threshold statistics on the compaction function, a fundamental variable defined as twice the
local mass excess over the areal radius

C(r, t) := 2 [M(r, t) −Mb(r, t)]
R(r, t)

= 2
R(r, t)

∫
S2

R

d3x⃗ [ρ(x⃗, t) − ρb(t)] = 2
R(r, t)

∫
S2

R

d3x⃗ ρb(t) δ(x⃗, t)︸ ︷︷ ︸
:= δM(r,t)

. (3.1)

Assuming spherical symmetry and adopting the gradient expansion approximation, on super-
horizon scale the relation between the density contrast δ and the curvature perturbation ζ is
non-linear [41, 96]

δ(r, t) = −2
3Φ

( 1
aH

)2
e−2ζ(r)

[
ζ ′′(r) + 2

r
ζ ′(r) + 1

2ζ
′(r)2

]
. (3.2)

The parameter Φ is introduced to keep track of how the equation of state of the Universe
changes due to the thermail history, which is particularly relevant for the formation of stellar
mass PBH across the QCD phase transition. In case of a constant equation of state parameter
ω = p/ρ, its value takes the form Φ = 3(1 + ω)/(5 + 3ω). However, when ω retains a time
dependence, deviations from the stationary solution are observed. In this work we adopt the
fit derived in ref. [11].

The non-linear nature of the above equation unavoidably introduces a certain amount
of NGs in the PDF of δ, and hence on that of C. Using the above expression and integrating
over the radial coordinate, eq. (3.1) takes the form

C(r) = −2Φ r ζ ′(r)
[
1 + r

2ζ
′(r)

]
= C1(r) − 1

4ΦC1(r)2 , (3.3)

where C1(r) := −2Φ r ζ ′(r) is defined as the linear component of the compaction function.
The latter can be recast in terms of its Gaussian counterpart as follows

C1(r) = CG(r) dF
dζG

, CG(r) := −2Φ r ζ ′
G(r) , (3.4)
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where F encodes the relation between ζ and the Gaussian component ζG. From eq. (2.44),
this is defined as F = log[X(rdec, ζG)]. We stress that C(r) depends both on ζG and CG which
are, by definition, gaussianly distributed. Therefore, their joint PDF can be computed as

PG (CG, ζG) = 1
2πσcσr

√
1 − γ2

cr

exp
(

− ζ2
G

2σ2
r

)
exp

[
− 1

2 (1 − γ2
cr)

(CG
σc

− γcrζG
σr

)2]
, (3.5)

where γcr ≡ σ2
cr/σcσr and the correlators are given by

⟨CGCG⟩ = σ2
c = 4Φ2

9

∫ ∞

0

dk

k
(krm)4W 2(k, rm)T 2(k, rm)Pζ(k) , (3.6)

⟨CGζG⟩ = σ2
cr = 2Φ

3

∫ ∞

0

dk

k
(krm)2W (k, rm)Ws(k, rm)T 2(k, rm)Pζ(k) , (3.7)

⟨ζGζG⟩ = σ2
r =

∫ ∞

0

dk

k
W 2

s (k, rm)T 2(k, rm)Pζ(k) , (3.8)

with Ws(k, r) = sin(kr)/kr while W (k,R) and T (k, τ) are given by

W (k,R) = 3
[sin(kR) − kR cos(kR)

(kR)3

]
,

T (k, τ) = 3
[sin(kτ/

√
3) − (kτ/

√
3) cos(kτ/

√
3)

(kτ/
√

3)3

]
. (3.9)

The transfer function T (k, τ) we adopt in this section is derived assuming a perfect radiation
fluid. Near the QCD epoch, the softening of the equation of state slightly affects the evolution
of modes within the sub-horizon regime. We will not include this effect here, as it is mitigated
by the adoption of a window function that also smooth out sub-horizon modes, while it only
concerns a tail of the PBH mass function around the solar mass. We will discuss in the next
section how this effect may be more important on the shape of the SGWB spectrum within
the PTA frequency range. The computation of PBHs NG abundance from the collapse of a
single mode is finally

βNG =
∫

D
K(C − Cth)γPG(CG, ζG)dCGdζG , (3.10)

with

D = {CG, ζG ∈ R : C(CG, ζG) > Cth ∧ C1(CG, ζG) < 2Φ} . (3.11)

The final mass distribution of PBHs at the end of formation era can be obtained by
integrating over all epochs when the formation is active, corresponding to epochs of horizon
crossing of momenta k where the curvature power spectrum is enhanced. For convenience,
we express the horizon mass MH in terms of the related power spectral modes through [11]

MH ≃ 17M⊙

(
g∗

10.75

)−1/6 ( k/κ

pc−1

)−2
(3.12)

where the parameter κ relates the size of the overdensity to the rm (that crosses the horizon
when its mass is MH) to the momentum k. We will fix this parameters below, adopting the
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results of numerical simulations [97]. The PBH abundance fPBH can be derived from the
mass fraction βNG as

fPBH(MPBH) ≡ 1
ΩDM

dΩPBH
d logMPBH

, with ΩPBH =
∫
d logMH

(
Meq
MH

)1/2
βNG(MH) ,

(3.13)
where Meq ≈ 2.8 × 1017 M⊙ is the horizon mass at the time of matter-radiation equality and
ΩDM is the cold dark matter density of the universe (ΩDM ≃ 0.12h−2 with h = 0.674 for
the Hubble parameter). Imposing that only over-threshold perturbations C ≥ Cth eventually
collapse to form PBHs, and using eq. (3.3), one finds that the critical values of the linear
component CG corresponds to

CG,th,± = 2Φ
(
dF

dζG

)−1
1 ±

√
1 − Cth

Φ

 , (3.14)

where we choose the minus sign as we focus only on type-I perturbations [97]. Thus, the
integration range is

CG,th,− ≤ CG ≤ 2Φ
(
dF

dζG

)−1
. (3.15)

The mass of the PBH formed follows the properties of critical collapse, and can be related
to the horizon mass MH using

MPBH = KMH

[(
C − 1

4ΦC2
)

− Cth

]γ

, (3.16)

where K and γ are parameters obtained by numerical simulations of the collapse. The above
expression can be inverted as

CG = 2Φ
(
dF

dζG

)−1
1 −

√
1 − Cth

Φ − 1
Φ

(
MPBH
KMH

)1/γ
 , (3.17)

so that now we can express the integration over dCGdζG in eq. (3.10) in terms of dMPBHdζG,
and then consider the differential mass fraction (3.13). Finally, the overall late-time universe
abundance of PBH of given mass MPBH comes out of the integration over the allowed horizon
masses MH , i.e. over the possible epochs of formation. We obtain

fPBH(MPBH) = 1
ΩDM

∫
Mmin

H (MPBH)
d logMH

(
Meq
MH

)1/2
[
1 − Cth

Φ − 1
Φ

(
MPBH
KMH

)1/γ
]−1/2

× K
γ

(
MPBH
KMH

) 1+γ
γ
∫
dζGPG(CG(MPBH, ζG), ζG|MH)

(
dF

dζG

)−1
, (3.18)

where the integrand also includes the determinant of the Jacobian and the horizon mass
dependence of the PDF PG(MH) is inherited by the smoothing scale rm(MH) controlling the
variances (σc, σcr, σr), fixing the horizon crossing epoch. In this work, we have followed the
prescription given in ref. [97] to compute the values of Cth and rm,6 which depend on the shape

6Notice that the prescription in ref. [97] to compute the threshold for PBH collapse only accounts for NGs
arising from the non-linear relation between the curvature perturbations and the density contrast. In principle,
also primordial NGs beyond the quadratic approximation should be taken into account when computing the
threshold value (see e.g. refs. [98, 99] for works in this direction). This is left for future work.
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Figure 9. Left panel. Broad power spectrum of the curvature perturbation obtained with the axion-
curvaton model assuming N∗ = 58. The black solid line refers to the power spectrum needed to obtain
fPBH ≃ 1 when computing the abundance of PBHs with a non-perturbative treatment of NGs. We
chose mϕ = 5.15 × 107 GeV, f = 4.20 × 1013 GeV, ϑ0 = 5.00 × 10−2. For comparison, we also show an
analogous scenario (red line) providing fPBH = 1 in the quadratic approximation and corresponding
to the choice of mϕ = 1.00 × 108 GeV, f = 6.30 × 1013 GeV, ϑ0 = 5.00 × 10−2. For both cases we
get rdec = 0.5. The shaded region shows the experimental constraints coming from the analysis of
CMB spectral distortion by the FIRAS collaboration [77, 80]. Right panel. fPBH(MPBH) computed
starting from the corresponding power spectrum in the Full (black solid line) and in the quadratic
(red dashed line) computation, as in the left panel. In both cases PBHs comprise all the dark matter
in the Universe. Constraints on fPBH shown in the plot are addressed in the main body of section 3.

of the power spectrum. As the power spectrum we obtained in the axion-curvaton scenario
we consider in this work is nearly scale-invariant, one gets Cth = 0.55 and krm = 4.49 ≡ κ.
The presence of the QCD phase transitions is taken into account by considering, as shown in
refs. [11, 100], that γ(MH), K(MH), Cth(MH) and Φ(MH) are functions of the horizon mass
for MPBH = O(M⊙).

The integrated abundance of PBHs is given by the integral

fPBH =
∫
fPBH(MPBH)d logMPBH. (3.19)

We tune the parameters of the axion-curvaton model requiring PBHs to account for the to-
tality of dark matter, i.e. fixing fPBH ≃ 1. It is instructive to compute the mass fraction of
PBHs including NGs both with the quadratic approximation (eq. (2.48)) and the exact func-
tional form (eq. (2.44)). This allows us to investigate the relevance of the non-perturbative
treatment of NGs which we adopt here based on ref. [59]. Figure 9 shows fPBH so computed,
together with the corresponding power spectrum obtained through the mechanism presented
in section 2.

In figure 9 one can see that the power spectrum of curvature perturbations grows from
its small value at large scales to the enhanced plateau at k ≳ 106 Mpc−1. We choose c = 1.6
in eq. (2.1), which implies a power law growth Pζ ≈ knθ of the curvature spectrum with
an index nθ = 1.4. It is interesting to notice that this growth is shallower than what it is
typically achieved in single field models of inflation characterised by an USR phase [101].
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In the right panel of figure 9 we show the most stringent experimental constraints on
fPBH (see ref. [102] for a review and�/bradkav/PBHbounds). Constraints from evaporation
include (see also [103–105]): CMB [106], EDGES [107], INTEGRAL [108, 109], Voyager [110],
511 keV [111], EGRB [112]; HSC (Hyper-Supreme Cam) [113], EROS [114], OGLE [115] and
Icarus [116] constraints come from microlensing-related observations;7 constraints coming
from modification of the CMB spectrum due to accreting PBHs are derived in ref. [118] (see
also ref. [119]); the range around M⊙ is constrained by LIGO observations on PBH-PBH
merger, as recently derived in ref. [11] (see also [9, 120–124]), while in gray we indicate the
future bound that next generation of ground based detectors will set on the PBH abun-
dance [125–130].

In accordance with what was observed in ref. [59], we find that for rdec = 0.5, the
effect of primordial NGs truncated to second order is that of enhancing PBHs abundance
with respect to the exact computation. Therefore, requiring no PBH overproduction (that
would surpass the dark matter abundance) imposes to decrease the amplitude of the power
spectrum in this approximate case. Such a difference between the approximated and exact
spectra has an important impact on the signal of second-order GWs and could in principle
be explored at GWs detectors, as shown in the following section.

It is important to note that, as we can see from the right plot of figure 9, there is
a second peak in fPBH(MPBH) around solar masses, which is caused by the softening of
the equation of state during the QCD cross-over phase transition [11, 12, 100, 131, 132].
While this enhancement may be sizeable, it is not sufficient to generate a large enough
abundance leading to a sizeable merger rate of stellar mass PBH mergers in this scenario. In
practice, the properties of this model, in combination with the FIRAS bound that force the
enhancement of perturbations to be placed at scales larger than around ≈ 105/Mpc, cause
the PBH abundance in the stellar mass range to be small.8 Furthermore, the reason why
the QCD peak is only visible in the exact computation has to be found in the left-hand plot
in figure 9. The quadratic approximation leads to an overproduction of PBHs, which has to
be compensated by a decrease in the amplitude of the power spectrum if one wants not to
overshoot the limiting value fPBH = 1. Readjusting the parameters to decrease the amplitude
of the power spectrum leads to a slight shift of the rising slope towards larger k, resulting in
a smaller abundances at high masses where the QCD transition would have an impact.

3.2 Scalar-induced gravitational waves

PBHs formation occurs as large curvature perturbations re-enter the Hubble horizon after
inflation and eventually collapse under the effect of gravity. The same enhanced scalar
perturbations emit tensor modes thanks to second-order effects around the epoch of horizon
crossing. This generates an observable SGWB (see ref. [133] for a recent review).

We compute the emission of GWs by accounting for the softening of equation of state at
the QCD era, which has an important role in shaping the spectral tilt in the PTA frequency
range, following ref. [68]. On the other hand, we will neglect higher order contributions to
the SGWB. This is because, differently from what happens in the case of PBH formation

7Note that the development of dark matter halos dressing PBHs may strengthen the microlensing con-
straints [117]. However, this effect is sensitive to assumptions on the relation between the mass of the PBH and
the one of the surrounding halo, as well as on the assumed radius of the halo itself. We leave the investigation
of this effect in scenarios where asteroidal mass PBH compose the entirety of the dark matter for future work.

8Changing the assumed value of c to larger numbers, i.e. larger nθ, would slightly alleviate such a conclusion
due to a steeper spectral growth around 104/Mpc.
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which are extremely sensitive to the non-gaussian tail of the curvature distribution, the
emission of GWs is dominated by the leading order in our case. Indeed, in the scenario we
consider, we have rdec = 0.5 that corresponds to fNL = 0.42 from eq. (2.48). Therefore, as
shown in refs. [20, 134–138], corrections from higher orders terms only amount to a negligible
contribution to the SGWB.

The emission of GWs is dictated by the second order equation [139–144][
d2

dη2 + k2 −
(1 − 3w(η)

2

)
H2
]
a(η)h

k⃗
(η) = 4a(η)S

k⃗
(η), (3.20)

where η is the conformal time, H ≡ aH is the conformal Hubble parameter, and the source
term is written in terms of the gravitational potential Φ the conformal Newtonian gauge as

S
k⃗

=
∫ d3q

(2π)3 eij(k⃗)qiqj

[
2Φq⃗Φ

k⃗−q⃗
+ 4

3(1 + w)
(
H−1Φ′

q⃗ + Φq⃗

) (
H−1Φ′

k⃗−q⃗
+ Φ

k⃗−q⃗

)]
. (3.21)

The evolution of the scalar perturbations is modified by the softening of the equation of state
around the QCD era. For this reason, we solve numerically the evolution of Φ

k⃗
given by (see

e.g. ref. [145])

Φ′′
k⃗

+ 3H(1 + c2
s )Φ′

k⃗
+ [2H′ + (1 + 3c2

s )H2 + c2
sk

2]Φ
k⃗

= 0, (3.22)

only for spectral modes re-entering the horizon close to the QCD phase transition around
k ≃ 106 Mpc−1, while using the analytical solution assuming perfect radiation (i.e. eq. (3.9))
otherwise. Adopting the Green’s function method, we solve for the tensor modes h

k⃗
, account-

ing for the time-varying equation of state. The power spectrum of tensor modes becomes

Ph(η, k) = 2
∫ ∞

0
dt
∫ 1

−1
ds
[

t(2 + t)(s2 − 1)
(1 − s+ t)(1 + s+ t)

]2

I2(t, s, η, k)

×Pζ (k(t+ s+ 1)/2)Pζ (k(t− s+ 1)/2) , (3.23)

and scales like the two powers of Pζ , due to the second order nature of the emission. We
denote P as the dimensionless power spectrum, following the convention adopted in the rest
of this work. The kernel function I(t, s, η, k) is computed by integrating over time the Green’s
function multiplied by the time-dependent source (see more details in ref. [68]).

The current abundance of SGWB can be computed accounting for the propagation as
free GWs after emission, whose energy density in the late time universe is sensitive to the
deviations from exact radiation dominated background due to the time dependence of g∗ and
g∗s. One finds [66, 146]

ΩGW(k)h2 = Ωr,0h
2
(
acHc
afHf

)2 1
24

(
k

Hc

)2
Ph(k, ηc). (3.24)

where Ωr,0 stands for the current radiation density if the neutrino were massless and we
denoted as ηc ≫ 1/k the time after which GW emission of a given mode k becomes negligible.
For concreteness, following the choice of ref. [68], we fix ηc = 400/k.

Two different effects modulates the SGWB around the nano-Hz frequencies, beyond
what is expected from our Pζ in a pure radiation background. The pre-factor (acHc/afHf)2 =(
g∗/g

0
∗
) (
g0

∗S/g∗S

)4/3 is typically denoted cg in the literature. This accounts for the departure
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Figure 10. Signal of second order GWs associated with the broad power spectrum obtained within
the curvaton model. When computing abundance of PBHs in the quadratic approximation (red line)
and requiring fPBH ≃ 1, one would find an amplitude which is smaller than the one required to
explain the tentative signal detected by the NANOGrav and IPTA collaborations. However, correctly
adopting the non-perturbative computation of the PBH abundance from ref. [59] (black line), we find
that it is possible to explain at the same time dark matter in the form of asteroidal mass PBHs and
the SGWB signal from NANOGrav and IPTA within the curvaton scenario. We plot constraints on
the signal of second-order GWs coming from NANOGrav 12.5 yrs experiment [13], IPTA-DR2 [16],
EPTA [148], PPTA [149], and future sensitivity for planned experiments like SKA [150], LISA [151],
BBO/DECIGO [152] and ET (power law integrated sensitivity curves as derived in ref. [153]). The
dashed line report the SGWB obtained neglecting the variation of sound speed during the QCD era
(around f ≈ 10−8Hz) but accounting for a temperature dependent overall factor cg.

of the cosmological expansion from the solution in perfect radiation when there is a variation
of effective relativistic degrees of freedom. In practice, it tracks the different dilution of the
energy density in the GW sector compared to the background, which is particularly relevant
across the QCD phase. On top of this, the smaller cs encountered around the QCD era
delays the oscillation of density perturbations right after its horizon re-entry, compared to
pure radiation dominated background, as a consequence of the smaller sound horizon cs/H.
This leads to an enhancement of the SGWB around f ≈ few nHz, a feature right in the
frequency range observed by PTA experiments.

Finally, we compute the signal of GWs associated with the abundance of PBHs in
figure 9, by plugging the corresponding power spectrum into eq. (3.24). Results are shown in
figure 10, where ΩGWh

2 is given as a function of the frequency f = k/2π.9 This plot shows
that the curvaton scenario discussed in this work is able to produce an enhanced and flat
power spectrum, that interestingly connects the asteroidal mass PBH dark matter and SGWB
at PTA frequencies, providing a concrete realisation of the scenario proposed in ref. [81].

One of the take-home messages of this paper is also contained in figure 10, that shows
how primordial NGs have important phenomenological relevance and must be considered with
care. Indeed, relying on the quadratic approximation when computing the PBH abundance
would already exclude the possibility of explaining both the totality of dark matter and
the tentative signal by NANOGrav 12.5 years observations, and other PTA datasets, within
a unified PBH formation scenario based on the curvaton model. On the other hand, as

9Notice that before the curvaton decays, its isocurvature perturbations may also induce second order
GWs [30, 147]. We neglect the isocurvature contribution and only focus on the adiabatic source, as it would
only affect the tail at large frequencies of the SGWB, while also being suppressed by powers of the small ratio
Γϕ/mϕ considered in this work (see eq. (2.19)).
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we have shown, the non-perturbative treatment of the NGs inherently induced in curvaton
scenarios invalidates this conclusion. As a by-product of this result, we also show that the GW
amplitude of PBH dark matter in the LISA frequency band is also modified when considering
the specific NG formation scenario discussed in this work.

Recently, ref. [154] (see also refs. [81, 155–160]) conducted a Bayesian analysis of the
latest PTA datasets to investigate whether a SGWB generated by curvature perturbations
could be compatible with the recently reported NANOGrav 12.5 [13] and IPTA-DR2 [16]
excess, assuming it is generated by GWs. Furthermore, in their study, they compared the
induced GW scenario with the leading astrophysical source candidate, i.e. supermassive black
hole binaries (SMBHBs), and found that a cosmological interpretation of the SGWB provides
a competitive explanation of the NANOGrav signal, while currently being disfavored by IPTA
observations over the latter.10 Overall, barring existing systematics in the computation of the
abundance, it is found that PTA upper bounds are currently compatible with the condition
fPBH ≤ 1. We notice, however, that their analysis is performed assuming Gaussian curvature
perturbations and peaked power spectra parameterised by a lognormal shape with a variable
width. As we discuss in this work, including primordial NGs (here derived within the curvaton
model) in the calculation of the abundance of PBHs can significantly affect the amplitude of
the power spectrum in order to explain the totality of dark matter, modifying the relation
with upper constraints presented in [154]. In the example presented in this section, with
rdec = 0.5, the spectral amplitude required to obtain fPBH = 1 is close to the one obtained
with Gaussian perturbations (and the only including the effect on non-linearities), while it
would be reduced if smaller values of rdec were considered (see also [59]).

Finally, it is interesting to notice that, as can be observed from the right panel of
figure 10, the model examined in this work can produce a SGWB signal at nHz frequencies
that deviates from the typical signal generated by the merger of SMBHBs, represented by
dashed lines, assuming quasi-circular orbits driven by GW emission [177].11 In particular,
beyond the small modulation induced by the QCD cross-over effect, the plateau is reached at
frequencies larger than around 20 nHz, where current PTA data are still dominated by pulsar
intrinsic noise (and not shown for clarity). We expect a clearer understanding of whether the
supposed SGWB signature may be due to astrophysical or primordial sources will be reached
with extended datasets and improved intrinsic noise modelling by PTA collaborations (see
e.g. [184] for a roadmap).

4 Conclusions

The recent detection of GWs has opened up a new window to investigate the composition
and properties of our universe. The goal of this paper was two-fold. Firstly, we aimed to
demonstrate that it is feasible to generate a broad enhanced power spectrum of the curva-
ture perturbations in a specific curvaton model. This was achieved by carefully selecting the
initial parameters of the model, which resulted in a broad power spectrum that encompasses
both the scales required for the totality of the dark matter in the form of PBH and those
relevant for GW signal that is consistent with the one potentially hinted by NANOGrav and

10Other cosmological candidates to explain the putative PTA signal are: annihilation of cosmic domain
walls [161, 162], first order phase transitions [163–169], cosmic strings [170–172], magnetic fields [173, 174]
and others [175, 176].

11We note, however, that several studies (e.g. [178–183]) based on a SMBHBs population synthesis codes
predict a signal with a different slope compared to the result depicted by the dashed lines ΩGW ∼ f2/3.
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other PTA experiments. Secondly, we showed in a concrete example the phenomenological
relevance of going beyond perturbative approaches when computing the PBH abundance in
presence of NGs.

We utilized linear cosmological perturbation theory to calculate the dynamics of cur-
vature perturbations. By carefully analyzing the evolution of each mode, ζk, we were able
to compute the power spectrum, Pζ(k), going beyond the sudden decay approximation. We
found that ζk continues to grow after the curvaton decay, resulting in an enhancement of
approximately a factor of O(2) in the amplitude of Pζ(k) compared to the sudden decay
approximation, which has important phenomenological consequences.

When computing the abundance of PBHs, we utilized the technique presented in ref. [59],
which accounts for both NGs induced by non-linearities and primordial NGs, predicted in the
curvaton model, and encoded in the exact expression in eq. (2.44). We compared this result to
approximations typically employed in the literature, which only include primordial NGs based
on perturbative expansion truncated at the quadratic order. We found that the quadratic
approximation of NGs leads to an overestimation of the PBH abundance compared to the
results obtained using the full non-Gaussian relation, due to the relevant impact of higher-
order terms and a violation of perturbativity in the computation of PBH abundance observed
for broad spectra [59]. This leads to an interesting phenomenological outcome: the amplitude
of ΩGW obtained by considering the exact relation ζ (ζG) = log [X (rdec, ζG)] can better
fit the tentative signal observed by NANOGrav and IPTA, as demonstrated in figure 10,
only if the NGs are correctly computed beyond the quadratic approximation, highlighting
the importance of a precise calculation of the impact of non-Gaussian corrections when
considering both PBH abundance and scalar-induced GWs. We expect the next data release
by PTA collaborations to provide more definite information on the possible cosmological
nature of the hinted SGWB, extending their constraining power on the physics governing the
early universe.
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A Fine tuning and initial conditions in the curvaton model

In order for the model to produce the needed enhancement of the angular perturbations,
φ has to start its rolling from some value φ∗ = O(M̄Pl). Ref. [185] justifies the Planckian
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initial condition by arguing the existence of some pre-inflationary phase during which the
field φ gets a negative Hubble-induced mass term. Instead of invoking some custom-made
pre-inflationary physics, let us try to understand if this initial condition can be considered
as a natural outcome of inflationary dynamics.

During inflation, the stochastic dynamics of the field φ in the de Sitter background is
described by the equation

d2φH

dN2 + 3dφH

dN
+ c(φH − fH) = ηH , ⟨ηH(N)ηH(N ′)⟩ = 9

4π2 δ(N −N ′) , (A.1)

where the left-hand side of eq. (A.1) describes the evolution of the long-wavelength modes
while the right-hand side represents the quantum noise sourced by the short-wavelength ones.
Notice that this stochastic picture is applicable in the range of values 0 < c < 9/4 that we con-
sider in section 2. A realization of the numerical solution of the above stochastic differential
equation is shown in the left panel of figure 11. One can compute several times the solution
of the above stochastic equation but it is very likely (in a way the we shall quantify in a mo-
ment) that the outcome will be always similar: the motion of the field φH remains confined
close to the minimum of the potential. More in detail, we can define the limiting values

φ± = fH ± 3
2πc , (A.2)

which correspond to the two dashed lines in figure 11. The random motion of the field φH

does not overcome these two values. This is simple to understand. When |φH | > φ±, the
classical displacement (per unit Hubble time) becomes larger than the amplitude of the
quantum jump and the field φH is pushed towards the minimum of the potential. We can
actually do better and compute the probability to find, after N e-fold of inflation and at some
position in space, some specific value of the field φH . This probability can be computed nu-
merically by solving many times eq. (A.1) and extracting from the resulting statistical sample
the corresponding PDF or by solving the Fokker-Planck equation. The two procedure agree,
and we find that, after few e-folds, the PDF is well described by the Gaussian distribution

pdf(φH) = 1√
2πσ

exp
[
−(φH − fH)2

2σ2

]
, with variance σ = 1

2π

√
3
2c . (A.3)

Clearly, the probability to find φH at Planckian values is an exponentially small number
and one should admit a certain degree of fine-tuning in the initial conditions of the model.

One can try to justify the small probability in eq. (A.3) with some anthropic reasoning.
In the context of the multiverse picture, one should multiply the small probability in eq. (A.3)
times the number of vacua in the landscape. The latter could well be a gargantuan number,
and it may turn what seems to be an extremely unlucky event (from the point of view of one
single universe) into a plausible property of the landscape.

This perspective is acceptable as long as we link the properties of the model to some
anthropic observable like the ratio of dark matter to baryon matter [186].

B Perturbations in a Friedmann-Robertson-Walker universe

In this appendix we review the formalism used in our analysis for the description of scalar
perturbations in a Friedmann-Robertson-Walker universe with multiple interacting fluids.
We refer the reader to ref. [76] for a more comprehensive discussion.
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Figure 11. Left panel: red dots represent the stochastic dynamics of the field φ in terms of the
number of e-folds N while the blue line is the quadratic potential in equation (2.1). Right panel: the
histogram represents the distribution of the different numerical solutions of equation (A.1) while the
red line is the Gaussian function in equation (A.3).

The perturbed line element is

ds2 = −[1 + 2A(t, x⃗)]dt2 + 2a(t)∂iB(t, x⃗)dxidt

+ a(t)2{[1 − 2ψ(t, x⃗)]δij + 2∂ijE(t, x⃗)
}
dxidxj . (B.1)

Derivatives with respect to the cosmic time t are indicated with a dot, ˙ ≡ d/dt. The
intrinsic curvature of a spatial hypersurface, R3, is given by R3 = (4/a2)∇2ψ.12 We split
the Einstein field equations Gµν ≡ Rµν − 1

2gµνR = 8πGNTµν into a zero-order system of
equations G(0)

µν = 8πGNT
(0)
µν describing the background dynamics (discussed in section 2.2)

plus linear perturbations δGµν = 8πGNδTµν (relevant for the computations carried out in
section 2.3). The reduced Planck mass M̄Pl is related to the Newton gravitational constant
GN by M̄2

Pl = 1/8πGN .
The stress-energy tensor of a fluid with energy density ρ, isotropic pressure P and

four-velocity uµ is given by Tµ
ν = (ρ + P )uµuν + Pδµ

ν .13 The total four velocity is subject
to the constraint uµuµ = −1. At the linear order in the perturbations, we have uµ =
(−(1 +A), a(∂iv+ ∂iB)) where v is the total scalar velocity potential. Consequently, we find

12We write ds2 = gµνdx
µdxν = [g(0)

µν (t) + δgµν(t, x⃗)]dxµdxν with g
(0)
µν (t) = diag(−1, a(t)2, a(t)2, a(t)2).

Notice that in eq. (B.1) the matrix ∂ijE(t, x⃗) is not traceless. Alternatively, one can define the perturbed
metric as

ds2 = −[1 + 2A(t, x⃗)]dt2 + 2a(t)∂iB(t, x⃗)dxidt+ a(t)2{[1 − 2D(t, x⃗)]δij + 2∂̄ijE(t, x⃗)
}
dxidxj , (B.2)

with ∂̄ij = ∂ij −(1/3)δij∇2E(t, x⃗). The matrix ∂̄ijE(t, x⃗) is now, by construction, traceless. Of course, D(t, x⃗)
in eq. (B.2) differs from ψ(t, x⃗) in eq. (B.1). In particular, using eq. (B.2) the intrinsic curvature of a spatial
hypersurface is now given by R̄3 = (4/a2)∇2(D + ∇2E/3). Consequently, the spatially-flat gauge is defined
by ψ = 0 if one takes eq. (B.1) but by D = −∇2E/3 if one takes eq. (B.2).

13We set to zero the anisotropic stress tensor. Scalar fields and perfect fluids cannot support anisotropic
stress.
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Tµ
ν = diag(−ρ, P, P, P ) + δTµ

ν with

δT 0
0 = −δρ , δT 0

i = (ρ+P )a(∂iB+∂iv) , δT i
0 = −(ρ+ P )

a
∂iv , δT i

j = δi
j δP . (B.3)

The 0
0 and 0

i components of the perturbed Einstein field equations — that are δG0
0 =

8πGNδT
0
0 and δG0

i = 8πGNδT
0
i, respectively — read

3H(ψ̇ +HA) − ∇2

a2
[
ψ +H(a2Ė − aB︸ ︷︷ ︸

≡ χ

)
]

+ 4πGNδρ = 0 , (B.4)

ψ̇ +HA+ 4πGN (ρ+ P ) a(B + v)︸ ︷︷ ︸
≡ V

= 0 , (B.5)

where we defined the scalar shear χ ≡ a2Ė−aB and the total covariant velocity perturbation
V ≡ a(B+ v). The off-diagonal spatial components of the perturbed Einstein field equations
give the time-evolution of the scalar shear

χ̇+Hχ−A+ ψ = 0 . (B.6)

Finally, the spatial trace of the perturbed Einstein field equations, combined with eq. (B.6),
gives

ψ̈ + 3Hψ̇ +HȦ+ (3H2 + 2Ḣ)A− 4πGNδP = 0 . (B.7)

Through the Bianchi identities, the Einstein field equations imply the local conservation
of total energy and momentum, that is ∇µT

µν = 0. In the multiple fluid case the total
energy-momentum tensor is the sum of the energy-momentum tensors of the individual fluids,
Tµν =

∑
α T

µν
α . For each fluid, we write the local energy-momentum transfer 4-vector as

∇µT
µν
α = Qν

α with the constraint
∑

αQ
ν
α = 0. At the zero-order in the perturbations, the

time component ν = 0 of ∇µT
µν = 0 gives ρ̇ + 3H(ρ + P ) = 0; at the linear order in the

perturbations, on the contrary, we find

δ̇ρ+ 3H(δρ+ δP ) − 3ψ̇(ρ+ P ) + ∇2

a2
[
(ρ+ P )(χ+ V )

]
= 0 . (B.8)

For a single fluid identified by the label α, ∇µT
µ0
α = Q0

α gives the zero-order result ρ̇α +
3H(ρα + Pα) = Qα while its perturbed version reads

δ̇ρα + 3H(δρα + δPα) − 3ψ̇(ρα + Pα) + ∇2

a2
[
(ρα + Pα)(χ+ Vα)

]
−AQα − δQα = 0 , (B.9)

where we defined the covariant velocity perturbation of the α-fluid as Vα ≡ a(vα +B) where
vα is the scalar velocity potential for the α-fluid. The total fluid perturbations are related to
the individual fluid quantities by

δρ ≡
∑

α

δρα , δP ≡
∑

α

δPα , V =
∑

α

ρα + Pα

ρ+ P
Vα , (B.10)

through which one can get eq. (B.8) by summing eqs. (B.9). In eq. (B.9) Qα is the energy
transfer to the α-fluid and δQα its perturbation. Momentum conservation, ∇µT

µi
α = Qi

α,
gives for the α-fluid the equation

V̇α +
[

Qα

(ρα + Pα)(1 + c2
α) − 3Hc2

α

]
Vα +A+ 1

ρα + Pα

(
δPα −QαV

)
= 0 , (B.11)
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where c2
α ≡ Ṗα/ρ̇α is the adiabatic sound speed of the α-fluid. We consider in the above equa-

tion the case of zero momentum transfer among the fluids. The total momentum conservation
equation ∇µT

µi = 0 is given by

V̇ − 3Hc2
sV +A+ 1

ρ+ P
δP = 0 , (B.12)

where c2
s ≡ Ṗ /ρ̇ is the total adiabatic speed of sound which can be written as a weighted

sum of the adiabatic sound speeds of the individual fluids

c2
s =

∑
α

ρ̇α

ρ̇
c2

α . (B.13)

In summary, the relevant equations are eqs. (B.4), (B.5), (B.6), (B.7) with the energy and
momentum conservation in eqs. (B.8), (B.9) and eqs. (B.11), (B.12).

We consider the description of the dynamics of the scalar perturbations in terms of
gauge-invariant quantities. We define i) the total curvature perturbation on uniform density
hypersurfaces

ζ ≡ −ψ −H
δρ

ρ̇
=
∑

α

ρ̇α

ρ̇
ζα , with ζα ≡ −ψ −H

δρα

ρ̇α
, (B.14)

ii) the total comoving curvature perturbation

R ≡ ψ −HV =
∑

α

ρα + Pα

ρ+ P
Rα , with Rα ≡ ψ −HVα , (B.15)

and iii) the curvature perturbation on uniform shear hypersurfaces

Ψ ≡ ψ +Hχ , with χ ≡ a2Ė − aB . (B.16)

From now on, we move to consider the dynamics in Fourier space. This implies the formal
substitution ∇2 → −k2, where k is the comoving wavenumber (with k ≡ |⃗k|). Furthermore,
each perturbed quantity should be now understood as a specific Fourier mode with comoving
wavenumber k. Notice that the system formed by eq. (B.4) and eq. (B.5), together with the
equations governing the background dynamics, gives the relation

3Ḣ(ζ + R) = k2

a2 Ψ , or equivalently − 3
2
(
1 + P/ρ

)
(ζ + R) = k2

(aH)2 Ψ , (B.17)

which shows that on super-Hubble scale, where k2/(aH)2 ≪ 1, we have −ζ ≃ R.
The evolution equation for ζα can be obtained by taking the time derivative of its

definition in eq. (B.14) and using eq. (B.9) for δ̇ρα (in conjunction with eq. (B.4) and the
background equations). We find

ζ̇α = −ḢQα

Hρ̇α

(
ζ − ζα

)
+ k2

3a2H

[
Ψ −

(
1 − Qα

ρ̇α

)
Rα

]
+ 3H2

ρ̇α

(
δPα − c2

αδρα
)︸ ︷︷ ︸

≡ δPintr,α

−H

ρ̇α

(
δQα − Q̇αδρα

ρ̇α

)
︸ ︷︷ ︸

≡ δQintr,α

, (B.18)
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where the combination δPα − c2
αδρα defines the so-called intrinsic non-adiabatic pressure

perturbation of the α-fluid Pintr,α. For a barotropic fluid, that is a fluid with equation of
state Pα = Pα(ρα), the intrinsic non-adiabatic pressure perturbation vanishes since in this
case we simply have δPα = (Ṗα/ρ̇α)δρα.

The combination δQα − Q̇αδρα/ρ̇α defines the so-called intrinsic non-adiabatic energy
transfer perturbations of the α-fluid δQintr,α. Notice that δQintr,α vanishes if the energy
transfer Qα is a function of the density ρα so that δQα = (Q̇α/ρ̇α)δρα.

From the definition in eq. (B.15) we write Ṙα = ψ̇−ḢVα−HV̇α. The evolution equation
for Rα, therefore, can be obtained from the momentum conservation in eq. (B.11). Using
the background equations and eq. (B.4), we find

Ṙα = (R − Rα)
(

Qα

ρα + Pα
− Ḣ

H

)
− c2

αρ̇α

ρα + Pα

(
ζα + Rα

)
+ H

ρα + Pα

(
δPα − c2

αδρα
)
. (B.19)

Similarly, eq. (B.8) gives the evolution equation for the total curvature perturbation ζ, and
we find

ζ̇ = − H

ρ+ P

(
δP − c2

sδρ
)︸ ︷︷ ︸

= δPnad

+ k2

3a2H

(
Ψ − R

)
, (B.20)

where on the right-hand side we used the definition of the non-adiabatic pressure perturbation
δP ≡ δPnad + c2

sδρ. In the presence of more than one fluid, the total non-adiabatic pressure
perturbation δPnad consists of two parts, δPnad ≡ δPintr + δPrel. The first part is due to the
intrinsic entropy perturbation of each fluid, δPintr =

∑
α δPintr,α with δPintr,α as defined in

eq. (B.18); the second part of the non-adiabatic pressure perturbation, δPrel, is due to the
relative entropy perturbation Sαβ ≡ 3(ζα − ζβ) between different fluids

δPrel = − 1
6Hρ̇

∑
α,β

ρ̇αρ̇β(c2
α − c2

β)Sαβ = − 1
2Hρ̇

∑
α,β

ρ̇αρ̇β(c2
α − c2

β)(ζα − ζβ) . (B.21)

From eq. (B.12), on the other hand, we get

Ṙ =
(
Ḣ

H
+ 3Hc2

s

)(
ζ + R

)
+ H

ρ+ P

(
δP − c2

αδρ
)

− k2

3a2H
Ψ . (B.22)

B.1 Perturbations dynamics in the axion-curvaton model
We now interpret eqs. (B.18), (B.19), (B.20), (B.22) in light of the curvaton model studied
in the main body of this paper. We have two fluid species, namely the curvaton and the
radiation field, that are identified, respectively, with the labels α = ϕ, γ. The curvaton field
decays into radiation with a decay rate Γϕ, which we take to be a constant.

Consider the dynamics during phase I. We set Γϕ = 0 so that we do not have energy
transfer between the scalar field and radiation. Furthermore we neglect the curvature per-
turbation and comoving curvature perturbation of the radiation. Hence the eqs. (B.14) and
eqs. (B.15) simply read as

ζϕ ≡ −ψ −H
δρϕ

ρ̇ϕ
= 2 δθ0

3 θ0
, and ζ ≡

∑
α

ρ̇α

ρ̇
ζα = ρ̇ϕ

ρ̇ϕ + ρ̇γ
ζϕ , (B.23)

Rϕ ≡ ψ −HVϕ = δθ0
θ0

H θ

δθ̇
, and R ≡

∑
α

ρα + Pα

ρ+ P
Rα = ρϕ + Pϕ

ρϕ + (4/3)ργ + Pϕ
Rϕ , (B.24)
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where in this case the time-dependent quantities are evaluated solving the system given by
eqs. (2.26)–(2.28). We can use these equations as the initial conditions for the system that
describe the evolution of the perturbations during phase II and III. For the sake of clarity,
we also introduced explicitly the subscript k to remark that perturbations are Fourier modes
with fixed comoving wavenumber k.

Now we consider the case of phase II+III, as defined in section 2.2. The scalar field ϕ
verifies the Klein-Gordon equation of motion ϕ̈ + 3Hϕ̇ + V ′(ϕ) = 0 and its energy density
and pressure are given by

ρϕ = 1
2 ϕ̇

2 + V(ϕ) , Pϕ = 1
2 ϕ̇

2 − V(ϕ) , (B.25)

with adiabatic speed of sound

c2
ϕ = Ṗϕ

ρ̇ϕ
= 1 + 2V ′(ϕ)

3Hϕ̇
. (B.26)

The energy transfer from the curvaton field to radiation is described by Qϕ = −Γϕρϕ (and,
consequently, Qγ = Γϕρϕ). Radiation is a perfect fluid with Pγ = ργ/3. The perturbations
in the energy transfer are described by δQϕ = −Γϕδρϕ and δQγ = Γϕδρϕ (where, as stated
before, we are assuming that δΓϕ = 0). Consequently, as discussed below eq. (B.18), we have

δQintr,ϕ = δQϕ − Q̇ϕδρϕ

ρ̇ϕ
= 0 . (B.27)

During this phase, we have Pϕ = 0, and the scalar field behaves as a pressure-less fluid.
Consequently, we have δPintr,ϕ = 0. Eq. (B.18), therefore, simplifies to

ζ̇ϕ = −ḢQϕ

Hρ̇ϕ

(
ζ − ζϕ

)
+ k2

3a2H

[
Ψ −

(
1 − Qϕ

ρ̇ϕ

)
Rϕ

]
. (B.28)

Using the background dynamics, and introducing the e-fold time as time variable, we recast
the previous equation in the form

dζϕ,k

dN

∣∣∣∣
phase II+III

= (3 + Ωγ)Γϕ

2(3H + Γϕ) (ζk − ζϕ,k) + k2

3(aH)2 Ψk − k2

(aH)2
H

(3H + Γϕ) Rϕ,k, (B.29)

where the notation |phase II+III remarks the fact that the corresponding evolution equation is
strictly valid during the oscillating and decaying phase. To close the system, we need the
evolution of ζ, R and Rϕ (given that Ψ is related to ζ and R via eq. (B.17)). Since radiation
has a well-defined equation of state, we also have δPintr,γ = 0. Consequently, we find

δPnad ≡ δPintr + δPrel = δPintr,γ + δPintr,ϕ + δPrel = δPrel = ρ̇γ ρ̇ϕ

3Hρ̇ (ζϕ − ζγ) = ρ̇ϕ

3H (ζϕ − ζ) .
(B.30)

where in the last step we used eq. (B.14). Eq. (B.20) gives

dζk

dN

∣∣∣∣
phase II+III

= (3H + Γϕ)Ωϕ

(3 + Ωγ)H (ζϕ,k − ζk) + k2

3(aH)2 (Ψk − Rk). (B.31)
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The evolution of Rk is governed by

dRk

dN

∣∣∣∣
phase II+III

=
[ 1
H

dH

dN
+ 4HΩγ − ΩϕΓϕ

H(3 + Ωγ)

]
Rk +

( 1
H

dH

dN
+ 1

)
ζk

− (3H + Γϕ)Ωϕ

H(3 + Ωγ) ζϕ,k − k2

3(aH)2 Ψk, (B.32)

while we find for Rϕ,k
14

dRϕ,k

dN

∣∣∣∣
phase II+III

= −
(Γϕ

H
+ 1
H

dH

dN

)
(Rk − Rϕ,k). (B.33)

The system formed by eqs. (B.29), (B.31), (B.32), (B.33) is subject to the relation

3
H

dH

dN
(ζk + Rk) = k2

(aH)2 Ψk (B.34)

We solve numerically the evolution described by eqs. (B.29), (B.31), (B.32), (B.33) , that is
valid during phase II and phase III (Pϕ = 0), in order to get the correct value of the curvature
perturbation ζk for the power spectrum defined in eq. (2.38).
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