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Notation
Set of numbers:

* Let 7 be a nonnegative integer, we denote with 7] the set {1,..., z}. In particular,
if n = 0 then [0] = 0.

* N denotes the set of natural numbers {0,1,2,... }.
* Z denotes the set of integer numbers {..., -2, -1,0,1,2,... }.
* R denotes the field of real numbers.
* C denotes the field of complex numbers.
(Linear) algebra:
* R denotes a commutative ring with unit.
* A denotes a commutative R-algebra.
¢ K denotes a field.
* V, U, W denote finite dimensional vector spaces over a field K.
* Hom(U, V') denotes the K-module of K-linear maps from U to V.
* End(V) denotes Hom(V, V).
* dim( /") denotes the dimension of V" as a K-vector space.

* Fixavector space U. Themap 1y : V' — U @ V is defined by ¢ (v) = (0, v): itis
the inclusion map.

* Fix a vector space U. Themap 7y : U @ V' — V is defined by 7y (#, v) = v: itis
the projection map.

* Form < nthe maps 7, : K" — K” and 1,,, : K” — K" denote, respectively,
the projection on the first 7 coordinates, and the inclusion map.

* V. denotes the projective limit of K” with maps 7, ,_1. It is an uncoutable dimen-
sional vector space.

* " denotes the dual of a vector space V.

* Sym} (V) denotes the symmetric K-algebra over the vector space 7*. If the char-
acteristic of the field is zero, its elements are the polynomial functions on V.
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* Mat(z) denotes the space of 7 X z-matrices with coefficients in the field K.
* Let M be an X m-matrix. Then M* denotes its transpose.
* Inc(N) denotes the monoid of order-preserving maps from N to N.

* An infinite-by-infinite matrix refers to a matrix with entries labelled by (7, /) € N X
N.

Geometry:
* Spec(R) denotes the spectrum (set of prime ideals) of a ring R.
* Let V" be a vector space. The coordinates of V" are the elements of a dual basis.
* With variety we mean a reduced affine scheme of finite-type over a field K.

* K[X] denotes the coordinate ring of a variety X.

‘U(J) denotes the vanishing locus of 7 in the variety X for an ideal / € K[X].

* Letp : X — Y be a morphism of varieties, then the corresponding map on rings is

denoted by ¢* : K[Y] — K[X].
* dim(X) denotes the dimension of the variety X.

Groups:

* G denotes a group. We use the multiplicative notation.

* 1 denotes the unit element of the group G.

* Sym(n) denotes the symmetric group on the set [7].

* GL, is the general linear group on K.

* GL(V) is the general linear group of the vector space V.

* Symdenotes the infinite symmetric group. Itis defined as the direct limit over Sym(#)
with the obvious inclusion maps.

* GL is the infinite general linear group. It is defined as the direct limit of GL,, with

inclusion maps GL,, — GL,.+; mapping ¢ to ( % (1) ) )

Categories:

* Alg denotes the category of K-algebras of finite-type.
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FI denotes the category of finite sets with injections, and FI°P the corresponding
opposite category.

PF denotes the Abelian category of polynomial functors over an infinite field K with
natural transformations, and

PF,, PF_,; denote the full Abelian subcategories of, respectively, homogeneous poly-
nomial functors of degree 4 and polynomial functors of degree at most 4 with nat-
ural transformations.

PFP! denotes the non-Abelian category of polynomial functors over an infinite field
K with polynomial transformations, and

| | . . .
PFZ0 s PFE(; denote the subcategories of, respectively, homogeneous polynomial func-

tors of degree 4 and polynomial functors of degree at most 4 with polynomial trans-
formations.

Sch denotes the category of schemes over K,

Top denotes the category of topological spaces.

Var denotes the category of varieties over K.

Vec denotes the category of finite dimensional vector spaces over K.

Let C, D be objects in some category (. Then Hom(C, D) denotes the collection
of arrows from C to D.

17



18



Chapter 1

Equivariant algebraic geometry

In general, one can study quantities attached to mathematical objects once these quantities
are finite. Notions like the height of an ideal or the dimension of a variety are finite while
working in a finite dimensional frame. In the context of infinite dimensional algebraic ge-
ometry we can look at quantities and qualities up to the action of a symmetry group. In
this thesis we take this point of view: the study of infinite dimensional varieties is always
meant “up to the symmetry” of the infinite general linear group, or the infinite symmetric
group, or both together.

r1 Stillman’s conjecture
I think that the moving question for this area of mathematics is the following.

Which classical properties can be carried over to the infinite dimensional world if we take
into account the action of a group, and which groups allow this?

However, in my experience, Stillman’s conjecture—which is no longer a conjecture— is
best cited for motivating this area of mathematics and, following this line, I recall it be-
low. Mike Stillman in [PSo9, Problem 3.14] asked if, given natural numbers 4y, ..., dy,
the projective dimension of an ideal generated by £ homogeneous polynomials of degrees
dy, ..., dj can be bounded independently of the number of variables involved in these poly-
nomials. This question was proven in by Tigran Ananyan and Mel Hochster in [AH204]
using the notion of strength of polynomials (and without passing to the infinite dimen-
sional setting). In [ESS19] there are two other proofs of the conjecture: the first extends
the approach of [AH20a] and establishes general results in the infinite dimensional setting
that imply the results of [AH20a]; the second approach uses topological Noetherianity of

19



polynomial functors of [Drai9], a powerful tool in infinite dimensional GL-equivariant al-
gebraic geometry. What matters for us is that the infinite dimensional setting is the natural
environment for formalising the techniques used in the proofs of Stillman’s conjecture.

1.2 Up to symmetry

In this section we explain what “up o the symmetry” of a group means. So let G be a group,
let X be a set, and recall we use the multiplicative notation for G.

Definition r.2.1. A left action of the group G on the set X is a binary operation
p:GXX —>X
such that
* forany g1, ¢» € Gandany x € X we have 9(¢2, 9(g1, x)) = @(g241, %), and
* o(lg,x) =xforanyx € X.
We denote by g - x the left action of ¢ € Gonx € X. A

Analogously, one defines the 7ight action of a group G on a set X. As any right action
can be turned into a left action, we will only be using the left action notation.

Definition r.2.2. Ifagroup G has an action (either left or right) on a set X, we say that X
is a G-set. )

In the case a G-set X lies in some category (, and the group G acts on X via morphisms
in ( we say that X is a G-object. For example, if X is a ring and the group G acts via ring-
homomorphisms on X, we say that X is a G-ring. Also, if Y is a subset of a G-set X we
say that Y is a G-stable subset if the restriction to ¥ of the action of G on X turns ¥ into a
G-set.

Example 1.2.3. In this example we work over C, the field of complex numbers. Consider
the space of # X n-matrices Mat(#) with entries in C and let GL, be the general linear
group on C”. The action g - M = gMg' forany g € GL, and M € Mat(n) turns
Mat(z) intoa GL,,-set. As Mat(#) is also an algebraic variety and the above action of GL,, is
given by automorphisms of Mat(#), then Mat(#) is also a GL,-variety. Consider the subset
M<,(n) of n X n-matrices of rank at most » for some positive integer ». If » > 7, then
M, (n) = Mat(n); otherwise M < (n) is a proper subset of Mat(7). The multiplication
of a matrix by any invertible matrix doesn’t change its rank and hence M, () is a GL,-
stable subset of Mat(#). For » < n the GL,-set M <,(n) is also a proper Zariski-closed
subset of Mat(#): it is defined by the vanishing locus of the (» + 1) X (7 + 1)-minors. In
particular, it is a closed GL,,-stable subset of Mat(#), or a GL,-subvariety of Mat(%), or
just a GL,,-variety. i

20



Definition r.2.4. Let X bea G-setand x € X be an element. We call theset G - x = {y €
X | y=g-xforsomeg € G} the orbit of x under G or the G-orbit of x. J‘

Example 1.2.5. Consider a nonzero complex symmetric matrix A € Mat(#) of rank » <
n. Then its GL,,-orbit is a GL,-subset that is not closed. Indeed, it consists of all symmetric
matrices in Mat(#) of exactly rank . However, the Zariski-closure of the GL,,-orbit of M/
is the space of symmetric matrices of rank at most 7 that isa GL,,-subvariety of Mat(z). 9

Example 1.2.6. Let [ be an ideal of a G-ring R, and suppose [ is a G-stable subset. Then /
is a G-ideal of R. N

When we define notions in the equivariant setting we take into account the action of
G. E.g. in the definition of G-Noetherianity of a G-ring R we look at ascending chains of
G-ideals.

Example 1.2.7. Thisis the dual of Example 1.2.3. We look at Mat(#) as an algebraic variety.
Its coordinate ring C[Mat(n)] is C[x;; | 47 € [#]]. The action of GL, induces an action
on C[Mat(#)] (by ring automorphisms) and the defining ideal of M <, () (generated by
the (» + 1) X (7 + 1)-minors) is stable with respect to this action. In particular itis a GL,-
ideal. Byl

Definition 1.2.8. Let X and ¥ be G-sets, and let @ : X — ¥ be a morphism. We say that
@ is G-equivariant if for every x € X we have:

g o) =o(g-x).
D

Proposition 1.2.9. Consider a G-equivariant morphism ¢ : X — Y and let Y' be a
G-stable subset of Y. Then its preimage 9~ (Y") along @ is a G-stable subset of X.

Proof. Letg € Gactonx € ¢~'(y) forsomey € Y. Then ¢(g - x) = g - p(x) by the
G-equivariance of ¢, and ¢ - y € ¥ because Y” is G-stable. Hence, ¢ - x € 7' (Y”). O

r2.x  Noetherianity

Noetherianity is one of the conditions for stabilisation we are interested in. Recall that
aring R is Noetherian if every ascending chain of ideals stabilises. Equivalently, a ring is
Noetherian if and only if every ideal is generated by a finite number of elements. We now
extend this definition in our G-equivariant setting.

Definition 1.2.10. Let R bea G-ring, and let X be the collection of G-ideals of R ordered by
inclusion. We say that R is G-Noetherian if every ascending chain of elements in X stabilises.

i)
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Example 1.2.11 (Hilbert’s Basis Theorem). Let4 be a finite-type algebra over a Noetherian
ring R and let the group G = {15} act. Then 4 is Noetherian in the classical sense. We say
A is {1g}-Noetherian. i

Proposition r.2.x2. Let H be a subgroup of G and consider a G-ring R. If R is H-Noetherian,
then R is also G-Noetherian.

Proof. Every ascending chain of G-ideals is an ascending chain of H-ideals that therefore
stabilises. O

Proposition 1.2.13. Let R' and R be G-rings, and let ¢ : R — R’ be a surjective G-
equivariant morphism of rings. If R is G-Noetherian then so is R'.

Proof. The pull-back in R of a chain of G-ideals in R” is a chain of G-ideals by Proposi-
tion 1.2.9 and this chain stabilises by the G-Noetherianity of R. Hence, the initial chain
stabilises too by the surjectivity of @. O

Below we propose an example of an infinite dimensional ring that 7s zot Noetherian
with respect to the action of the trivial group but that 7s Noetherian when the infinite
symmetric group Sym acts.

Exampler.2.14. Let R beaNoetherian ring, and consider the polynomial ring R [x1, %, . ... ]
in infinitely many variables, and let G = {1} act. Then the chain of ideals

(x1) € (%, 22) G-+
doesn’t stabilise. Hence this polynomial ring is not {15 }-Noetherian. a

Theorem 1.2.x5 ([Coh87]"). Let R bea Noetherian ring and k be a positive integer. Consider
the action of the group Sym on R|x;; | 7 € [k],j € Nl defined by 7 - x;; = x;,(;) for any
o € Sym. Then R|x;; | 7 € [k],j € N] i&s Sym-Noetherian.

Theorem 1.2.15 with £ = 1 states that R [x, x5, ... ] is Sym-Noetherian.

Proposition 1.2.16. 4 G-ring R is G-Noetherian if and only if every G-ideal is generated
by the G-orbits of finitely many elements.

Proof. Suppose R is G-Noetherian and suppose that a G-ideal [ is not generated by the
G-orbits of finitely many elements. Let 71, 7, . .. be elements of / such that:

(G-n) S (G- {rmm})c--

! Theorem 1.2.15 was first proven with the action of the monoid Inc(N) for # = 1and R a Noetherian domain
by Daniel H. Cohen; see [Coh67, Proposition 2]. Its strengthening to any & and to any Noetherian ring R (and
again under the action of Inc(N))) is [Coh87, Theorem 7] by the same author. Similar results were then indepen-
dently rediscovered for the action of Sym and £ = 1 [AHo7, Theorem 1.1] and also for any £ but over fields [HS12,
Theorem 1.1].
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where (G - {ry, ..., 7}) is the G-ideal generated by the set G - {ry,..., 7 }. These elements
exist by the assumption on J and the ascending chain of G-ideals above doesn’t stabilise.
This is in contradiction with the G-Noetherianity of R.

Suppose now that every G-ideal of R is generated by the G-orbits of finitely many ele-
ments. Consider a chain of G-ideals in R:

LchLc---

Then |y, I isa G-ideal of R and hence itis generated by the orbitsof 74, ... ., 7;. In particular
there exists a kg such that »; € Iy, forevery 7 = 1,..., # and therefore the chain stabilises at
k(). O

r.2.2 Topological Noetherianity

The ring-theoretic G-Noetherianity for the varieties we are interested in “is like the Arab
Phoenix: everybody swears it exists, but no one knows where it is”*—to be fair, we know
the Phoenix exists for some cases ([SS16; SS19; NSS16; SS22]). We will therefore be looking
at a weaker condition for stabilisation and seek for topological G-Noetherianity. The price
we pay is that our results are sez-theoretic.

So, let now X be a topological space and consider the poset Z of closed G-stable subsets

ordered by inclusion.

Definition r.2.x7. We say that X is topologically G-Noetherian if every descending chain
of elements in X stabilises. >

Example 1.2.18. Recall the definitions of the infinite general linear group GL, and of the
infinite dimensional C-vector space Vo, from Notation at page 15. Consider two copies of
V. The group GL acts on each of them: an element ¢ € GL gives a linear automorphism
of Vo, sending a vector v € Vo to avector g -v. Hence a point (v, w) € Voo ® Vo, is mapped
viagto (¢ - v, ¢ - w). By Theorem 1.2.15 together with Proposition 1.2.12, this space is ring-
theoretically GL-Noetherian as Sym is a subgroup of GL. However, we give a direct proof
of topological Noetherianity. Let C[x;, y; | 7 € N] be the coordinate ring of Voo ® Voo
where the x,’s are coordinates for the first copy of Vo, and the y,’s for the second one. We
want to describe all the closed GL-stable subsets of Voo @ V. Clearly, the following are
closed subsets:

1. the empty set,
2. the whole space,

3. the point (0, 0), where 0 is the zero vector,

*From “Cosi fan tutte” by W.A. Mozart. The libretto, by L. Da Ponte, reads: “¢ come l'araba fenice: che ci sia
ognun lo dice, dove sia nessun lo sa.”.
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4. theset Oy, = {(Ap, uv) | v € Vo) forafixed (4 : p) € P!, with defining ideal
(@, — 295 17 € N), and

5. finite unions of the latter.

We prove that the above list is complete. Let C be a closed subset. If C is empty, we are
in case 1. Suppose C is nonempty. Let (v, w) be a pointin C. If v = w = 0, and there
are no other points in C we are in case 3. If the vectors v, w are linearly independent, then
the closure of the GL-orbit of (4, w) fills the whole space— case 2. Suppose (1o, uv) € C
for a nonzero vector v € Vo and (1 : x) € PL. Then its GL-orbit gives the closed subset
Ch,p» and, as C is stable under GL, we have C;, € C. If C = €, or it is a finite union
of these closed subsets, we are in either case 4 or 5. Suppose it is not, and that C is not
the whole space. Let py, pa,... be nonzero points in C with distinct GL-orbits C. Vit for
some (1; : #;) € Plandi € N. Letf € Clx;,y; | 7 € N] be a nonzero element of the
defining ideal of C. Then, for each 7 € N the polynomial / must have a factor from the
ideal (;x; — A;9; | j € N), but Clx;, y; | 7 € N is a UFD, p;x; — A;y; are irreducible for
every 7, € N, and the degree of /" is bounded, hence this is impossible. In particular, the
list above is complete and the space Voo ® V. is topologically GL-Noetherian. A

Proposition x.2.19. Let X and Y be topological G-spacesandlet  : X — Y bea continnous
G-equivariant morphism. Suppose that @ is surjective and X is topologically G-Noetherian
then Y is topologically G-Noetherian too.

Proof. The pull-back along ¢ of any descending chain of closed G-stable subsets of ¥ is a
descending chain of closed G-stable subsets of X by Proposition 1.2.9 and the continuity
of @. The pulled-back chain therefore stabilises because X is topologically G-Noetherian.
By surjectivity, the initial chain stabilises too. O

Proposition 1.2.20. Let A be a G-ring and I be a G-ideal. Define Y = Spec(A) and
let X be the G-subscheme O(I). Suppose Y is topologically G-Noetherian. Then there exist
a,...,ay € I such that

X=0U(G-{ay...,ar})).

Proof. Suppose not. Then there exist elements a1, 45, ... in [ such that
V(G a1)) 2O0((G - {a, a2})) 2 -+

The above is an infinite descending chain of closed G-stable subsets of Y. This is against
the topological G-Noetherianity of Y. O

Remark 1.2.21. In this thesis, either when the action of a group is clear, or it is clear we
are looking up to an action, we might drop the notation referring to the group. For exam-
ple, if X is a topological G-space we might just say “X is a topological space”, and in the
case X is topologically G-Noetherian, we might just write “X is topologically Noetherian”.
However, in this chapter we try to mention the group involved. M
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1.3 Summary of the thesis

This Ph.D. thesis comprises three papers and a half: the papers [BDD22] and [CDDEF22]—
treating topological Noetherianity; the paper [BDDE22]—about properties of tensors with
high strength; and the first half of [CDD]— regarding the singular locus of GL-varieties.
The papers [BDS22] and [BDFK22] do not appear in this thesis but have been written dur-
ing my Ph.D. time.

This thesis is divided into four parts. You are reading Part I, The Overture. This first
chapter aims to be a gentle and informal introduction to the subject (I hope you agree!),
and now it describes the content of the thesis. Part IT, The Players, presents the objects and
the notions we will be working with for proving our results: Chapter 2 introduces poly-
nomial functors over infinite fields and their subvarieties, while the subsequent Chapter 3
presents the theory of polynomial functors defined over rings. These chapters are based on
[Bik2o; BDD22; BDDE225 BDES225 Draig; FS97; Toui4]. The successive Parts 11T and TV
contain all the results. Part 111, composed of Chapters 4,5, and 6, studies stabilisation of
varieties when the group GL acts. In Chapter 4, based on [BDD22], we prove topological
GL-Noetherianity for polynomial functors defined over rings with Noetherian spectrum.
Chapter s, based on the forthcoming paper [CDD], deals with stabilisation of the singular
locus of varieties in polynomial functors, while Chapter 6, based on [BDDE22], investi-
gates strength and universality of tensors.

Our study of geometric objects with a combined action of the infinite symmetric group
and the infinite general linear group is in Part IV consisting of Chapters 7 and 8. In Chap-
ter 7 we first formalise our point of view on varieties with action of Sym, and then of
Sym X GL. Eventually, we take Chapter 8 to prove that £ infinite products of polynomial
functors are topologically Symk X GL-Noetherian. These last chapters are based on, re-
spectively, [CEF1s; CEFN14; DEF22] and [CDDEF22].

1.3.1 The threads

The possibly most striking result in this area is that infinite dimensional algebraic varieties
acted upon by the infinite general linear group GL are topologically GL-Noetherian. This
means that any descending chain of closed subsets stable under GL stabilises or, equiva-
lently, these varieties are cut out by finitely many equations up to the action of GL. The
result has first been shown for quadrics and cubics, respectively in [Eggis] and [DES17].
It was then re-formulated and proven with the language of polynomial functors defined
over infinite fields in [Drai9]. After that, the geometry of polynomial functors has taken
more directions and, under the assumption of working over a field of characteristic zero, it
has been formalised with the language of GL-varieties in [BDES22]. In this paper we find
the starting point of the first thread of this thesis: “The Embedding Theorem” [BDES22,
Theorems 4.1, 4.2]. This theorem was already in [Drai9] but more like a silent actor rather
than one of the main characters. In this thesis, The Embedding Theorem is Theorem 2..4.1.
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It allows the use of induction on “the size” of varieties in polynomial functors as it de-
scribes a distinguished open subset of the variety in terms of “smaller” varieties. The thread
for Chapters 4,5, 6 and 8 relates to the above use of The Embedding Theorem. As men-
tioned before, in Chapter 4 we prove that polynomial functors defined over rings with
Noetherian spectrum are topological GL-Noetherian. Methods come from commutative
algebra and representation theory while the strategy relies on the line of the original proof
of [Draig]. Indeed, we make use of a (very intricate) triple induction after establishing the
corresponding Embedding Theorem for this setting. The results of Chapter s make use of
The Embedding Theorem of [BDES22] tout-court. In Chapter 6 we prove Theorem 6.1.6,
the “Parameterisation Theorem for GL-subsets”: under the assumption of working in char-
acteristic zero we prove that a proper GL-subset (not necessarily closed!) of a Vec-variety
can be covered by finitely many “smaller” Vec-varieties. In Chapter 8, restricting again to
characteristic zero, we prove Theorem 8.4.1: it is a parameterisation theorem for a specific
type of varieties (hence closed) enjoying the action of the group Symk X GL.

The second thread of this Ph.D. thesis regards the notions of strength and universality
and it is contained in Chapter 6. In the setting of infinite dimensional GL-varieties, there
are elements that can specialise to any element “defined in finite dimension” (in a suitable
sense). We name such elements #niversal and we find a link with (a generalisation of) the
notion of strength, a founding and fundamental concept in this area.
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Chapter 2

Polynomial functors over fields

In this chapter we describe polynomial functors over an infinite field K. These objects
firstly raised in the setting of representation theory [FLS94; FS97] but our interest lies in
their geometry. An introduction to polynomial functors is [FS97; Toui4], while a compre-
hensive geometric study (in their incarnation as spectra of finitely generated GL-algebras)
isin [BDES22]. This chapter is based on these works together with [Bik20; Drarg] and it s
intended to make this thesis self-contained.

2.1 Polynomial representations
Let 7/ be a K-vector space and G be a group. Recall that
* arepresentation (V, p) of G is a morphism of groups:

p:G— GL(V),

* and an algebraic group is an algebraic variety G that admits a group structure whose
multiplication map m : GX G — G (mapping (g1, £2) > gi£2), and inversion map
t: G — G (mapping g > g~ !) are regular morphisms.

Example 2.1r.x. Forevery z € N the group GL, is an algebraic group. 3

Let V" be a finite dimensional K-vector space and let (V] p) be a representation of GL,,. We
are interested in representations coming from geometry, namely, those for which the map

p:GL, — GL(V)
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is a morphism of algebraic groups. These representations are called “vational”. Indeed,
after picking a basis for /', we have

2 Y= (P/e,l(xz',j | 47 € [n])

dim(7)
AC) = | e Gy )

k=1

where py; is a polynomial in the variables x;; for 4,7 € [n], det((x;;)?._,) is the determi-

n

ij=1
nant of the matrix (x,;j)l’?jzl, and e is a natural number. In particular, the entries of the
right-hand-side are rational functions whose denominator is a power of the determinant
of (xl-,j)l’?jzl. We are interested when ¢ = 0, and in this case we speak about “polynomial

representations’.

Example 2.1.2. Let I be a vector space of dimension 7 together with basis {vy,..., v,}.
Every matrix ¢ = (x;;)?._, in GL,, gives an isomorphism g : /" — 1 defined by the usual

77=1
matrix-vector multiplication: g(v;) = X/, x;;0;. This is a polynomial representation with
Phi(xiy) = 2 forall &, 1 € [n]. A

Example 2.1.3. Let /" be as above, and consider the tensor product ' ® V. Then every
g= (xllj)zj‘=1 € GL, gives the automorphism g ® ¢ € GL(V ® V') defined by v @ w +—
¢+ v® g - wand extended by linearity. This is a polynomial representation: consider the
ordered basis {v; ® v; | 4,/ € [n]} where v; ® v; precedes v, ® vy if (4,7) < (k /) in the
lexicographic order. Then the ((%, /), (7 /))-th entry of the matrix g ® g is x, ;. a

2...1  Polynomial functors

Recall that Vec is the category of finite dimensional K-vector spaces with K-linear maps.
Let V and W be vector spaces in Vec. A polynomial map from V to W is an element of
Sym3 (V") ® W, where Sym} (V) denotes the symmetric K-algebra over the dual space
of V.

Example2.1.4. Let{x,...,x,} bethedualofabasis {vy, ..., v,} of V,andlet{wy, ..., w,}
be a basis for 177, An element £ of Sym3 (V") ® W is of the form:

f = sz‘(xl, - ,xn) ® w;,
=1

where p;’s are polynomialsin K [xy, . . ., x,,]. Thenf defines the (polynomial) mapf : V' —
W mapping the vector v = ZJ’.‘:I Aiv; with 2; € K to the vector 372, p;(dy,..., A,)w;. The
degree of f is the highest degree of the p;’s, and f is said homogeneons of degree d if all the
pi’s are homogeneous of degree d. As we are working over an infinite field, the assignment
Sym3 (V") ® W — Map(V, W)—the maps from V" to W — is injective. 3
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Example 2.r.5. Let I/ = K2 be a vector space with basis {1, v2} and coordinates x, y, and
let /W = K3 be a vector space with basis wi, wy, w3. Let f € Sym;<( V*) ® W be the
element x ® w; +xy @ wy + y3 ® ws. Then, with respect to the above bases, / maps a vector
(#,v) € V,withu, v € K, to the vector (s, uv, v®) € W. N

Definition 2.1.6. A polynomial functoris a functor P from the category Vec to itself such
that for all vector spaces U, V' € Vec the assignment

Pyy : Hom(U, V) = Hom(P(U), P(V))

is a polynomial map. If the degree of the map Py has a fixed bound independent from
U and V" we say that the polynomial functor P has finite (or bounded) degree. If for every
U, V the map Py is homogeneous of a fixed degree d, we say that the polynomial functor
P is homaogeneous of degree d. To simplify notation we write P(p) instead of Py (@) when
the domain U and the codomain 7 of a map ¢ is clear from the context. )

Remark 2.1.7. Note that after choosing bases, a map ¢ € Hom(U, V) corresponds to a
matrix with coefficients in K. The fact that Py is a polynomial map means that Py (@)
is a matrix whose entries are polynomials in the entries of @. M3

Example 2.1.8. Consider the functor S'@S": Vec — Vec. Itassigns to each V" € Vec the
space V' @ V and to each ¢ € Hom(U, V) the map ¢ @ @ that sends (v, w) to (¢ - v, ¢ - w).
Then, S' @ S'isa homogeneous polynomial functor of degree 1. 3

Example 2.1.9. Consider the functor 72(¥) = V' ® V assigningtoamap @ : U — V
themapp®@: U U — V' ® V thatsends # ® % to p(u) ® p(u) foru,u € U, and is
extended by linearity. Let {#;, ..., #,,} be a basis for U, {vy,..., v,} be a basis for V', and
let (%;/)ienje[m] be corresponding matrix for ¢. After ordering lexicographically the bases
{u; ® ”j}:;ﬂjzl and {v; ® v;} the map P(p) = ¢ ® @ corresponds to the 72 X 7> matrix
where the ((&, /), (4 j))-th entry is x4 ;%,;. So, the second tensor power T? is a homogeneous
polynomial functor of degree two. N

n
ij=1°

Example 2.1.10. Consider the functor T? @ St assigning to each /' € Vec the space
(Ve V)@ V,andtoeach @ € Hom(U, V) the map p® p@®¢@. This isa non-homogeneous
polynomial functor of degree 2. |

Other examples of polynomial functors are: the d-th symmetric power 4, the d-th
alternating power A%

Example 2.r.u. Consider the d-the symmetric power V' +— SUV). Itisa homogeneous
polynomial functor of degree 4. If V" has basis xi,.. ., x,, then Sd( V') is isomorphic to
K[xy,...,%,]4, the K-module of homogeneous degree-d polynomials (together with 0). In
this setting, linear maps d( @) forp: V' — W areinduced by substitutions of the variables
X1 . ., %, with linear forms in the variables yi, .. ., Y, With K [y1, ..., Y] = Si(wy. N
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Remark 2.1.12. Polynomial functors show another connection with polynomiality: they
behave like ordinary univariate polynomials. Indeed, they can be added via direct sums,
multiplied via taking the tensor products, subtracted via taking quotients (in the case one
is included in the other), and composed. Moreover, they are direct sums of unique ho-
mogeneous polynomial functors of non-negative degree (see Remark 2.1.13), we can shift
them by a constant as explained in Section 2.1.4, and we can define their derivative as in
Section 6.2.1. M

Remark 2.1.13. A polynomial functor P is the direct sum of its homogeneous compo-
nents. For every I € Vec the 7-th homogeneous component is defined by

Pi(V)={peP(V): PQidy)(p) = Xpforevery A € K },

and each P; is a homogeneous polynomial functor of degree 7. By the semi-simplicity of GL
we have P = @z‘zo P; ([Tours, Section 4.1.3]). If P is of bounded degree, then the above is
afinite direct sum. We note that Py is a constant polynomial functor, which assigns a fixed
vector space P(0) € Vectoall /" € Vec and the identity map to each linear map. We call P
pureif Py = {0}. M

Remark 2.1.14. PF denotes the category of polynomial functors with natural transfor-
mations. In particular, a natural transformation & : P — Q is given by /inear maps
a(V) : P(V) — Q(V) torevery V' € Vec plus the usual commutativity condition. A
check shows that PF is an Abelian category. N3

Remark 2.1.15. For reasons that will become clear later, our proofs rely on the fact that the
polynomial functors we are working with have bounded degree. Hence we will be working
with the full subcategories PF,, and PF.; that denote, respectively, homogeneous poly-
nomial functors of degree 4, and polynomial functors of degree at most d. By [Greo7,
Corollary 2.6¢] these categories are semisimple when Char(K) = 0 or Char(K) > d. M3

Remark 2.1.16. Let I € Vec. Note that GL( V) sits inside End(7). In particular, P(7)
is a polynomial GL(7")-representation. M

Definition 2.r.17. We say that a polynomial functor P is zrreducible if the only nonzero
subobject of P in PF is P itself. >

Remark 2.1.18. A polynomial functor P is irreducible if and only if for every V" € Vec we
have that P(7) is an irreducible GL(7")-representation. Indeed, this is true by the Fried-
lander and Suslin’s lemma of the following section. M

Example 2.1.19. Consider the polynomial functor 72, Forevery V' € Vecwe have 7%(V) =
S2(V) ® AN*(V). Then T2 is not irreducible but $2 and A\ are. a
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Remark 2.x.20. When the characteristic of the field is zero, an irreducible polynomial
functor corresponds to a Schur functor. Therefore, a generic polynomial functor is isomor-
phic to direct sums of Schur functors. As Schur functors are quotients of tensors powers,
we may refer to the elements of polynomial functors as “tensors”. We point at [FHo1] for

the theory of Schur functors. M

2.1.2 Friedlander and Suslin’s lemma

Consider a polynomial functor P. Recall that by Remark 2.1.16 for every vector space V' €
Vec the assignment P — P(V) gives a GL(V)-representation P(¥7"). Denote by

. Reng % the category of finite-dimensional polynomial representations of GL( ),

. chéL( ).<d the subcategory of finite-dimensional polynomial GL(7)-
representations of degree at most d,

. RepgL ().d the subcategory of homogeneous degree-d GL(7)-representations.
Then we have the following lemma by Erik Friedlander and Andrei Suslin.

Lemma 2.x.21 ([FS97, Lemma 3.4]). Let n > d and V be a vector space of dimension n.
Then the functor

f
PF; — Repg 4
assigning to a polynomial functor P the representation P(V') is an equivalence of categories.

In particular, when the dimension of ¥ is bigger than d the functor above extends to
an equivalence of categories

PF., — Rengm <

Example 2.1.22. The condition 7 > d is necessary. Consider the polynomial functor A%
the d-th alternating tensor power. It is a homogeneous polynomial functor of degree d.
The A%(V) is trivial for any V" of dimension strictly smaller than 4. N

2.1.3 Well-founded order

By a pre-order < on a class we will mean a reflexive and transitive relation. We also write
B > Afor A < B. Furthermore, write A < Bor B > A to mean that 4 < B but not
B < A. The pre-order is well-founded if it admits no infinite strictly decreasing chains
Al > Az >
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(Isomorphism classes of) polynomial functors are partially ordered by the relation <
defined by Q < Pif Q # P and for the largest ¢ with Q, 2 P, the former is a quotient of
the latter. This partial order is well-founded by Lemma 2.1.21. See [Draig, Lemma 12] for a

proof.

2.1.4 Shift operation

Definition 2.1.23. Given afinite dimensional vector space U, define the shift functor Shy
Vec — Vec by assigning to each V' € Vec the vector space U @ ¥, and to each map
@ € Hom(V, W) the map idy @¢. )

Let P be a polynomial functor. We denote with Shy; P the composition P o Shyy. Then
Shy Pis a polynomial functor assigning to each V€ Vec the vector space P(U @ V), and
to a morphism @ € Hom(V; W) the morphism P(idy ®p).

Example 2.1.24. Consider P := T2, then
Shy T?(M) =T>(UeV)=(U)e(UV)e(VeU)ae (Ve V).
Note in particular that the right-hand-side is different than 7%(U) @ T*(V) i

Remark 2.1.25. Thegroup GL(U® V") actson P(U® V). The space Shyy P(V) coincides
with P(U @ V') but by functoriality only the stabiliser GL(7") of U acts on it. M

Remark 2.1.26. Let P be a polynomial functor of degree d. After choosing bases we have

P(ridy @idy) = ) XM,
5720
i+j<d
for some matrices M;; € Kdim@PUeY))? Consider p € (Shy P);(V). By definition,
P(idy ®1idy)(p) = ldp for every A, and, since the field is infinite, A4;;(p) = 0 for every
(4.7) # (0,d). In particular, P(zidy ®@1idy)(p) = ldp for every u. M3

Remark 2.1.27. Let P be a polynomial functor of degree d. We show below that
ShyP=PaoP

with P’ a strictly smaller polynomial functor than P (note that P* = Shy P/P). The in-
clusionmap ¢y : V' — U @ V and the projection map 7z : U ® V' — V give linear mor-
phisms P(¢y) : P(V) = P(U®V)and P(zy) : P(US V) — P(V). Aszwy oy =idy,
we have that P(:y) is injective and P(7y) is surjective, and a check shows that both of
them respect the grading (they map elements of the e-degree part to elements of degree ¢).
Hence, Shy P = P @ P’ for some polynomial functor P’. Consider p € (Shy P)y(V),
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and note 0 - idy ®idy = ¢y o 7. By Remark 2.1.26 P(0 - idy ®idp)(p) = p, so that
P(ty)(P(zy)(p)) = pand therefore p € Py(V). Then the two polynomial functors have

isomorphic homogeneous degree-d components
Py = (Shy P)g
and P’ has strictly smaller degree than P. M

Example 2.1.28. In the setting of Example 2.1.24, P'(V) =UQ U UV &V ® U,
and it has degree one. a3

2.1.5 Dimension

In characteristic zero, when polynomial functors are direct sums of Schur functors, their
dimension is a polynomial in dim (/") with rational coefficients. The same holds for general
polynomial functors of bounded degree:

Proposition 2.1.29. Let P be a polynomial functor of bounded degree. Then there exists a
univariate polynomial fp in diim(V") of degree at most deg P with rational coefficients such
that for every V' € Vec:

dim(P(V)) = fp(dim(V)).
We call the polynomial fp the dimension function of P.
Proof: We do induction on the order < of Section 2.1.3. If the degree of P is zero, then
P(V) is a constant vector space, hence its dimension function is a constant polynomial and
the statement is true. Suppose now that deg P > 0 and that the statement holds for every
polynomial functor of degree strictly smaller than the degree of P. In particular, we can
assume P homogeneous of degree d. Let U be a one-dimensional vector space and consider
Shy P = P& P’ with P’ := Shy P/P. By Remark 2.1.27 deg P < deg P. Therefore we
have:

fr(n+1) = fpep (n) = fp(n) +fp (n),
where, by induction, fpr is a polynomial of degree at most 4 — 1. There exists only one
function p satisfying both p(z + 1) — p(n) = fp(z) and p(0) = dim(P({0})). The

function p is a polynomial of degree at most d', so we set fp = p and get the statement. O
Example 2.1.30. Forevery I/ € Vec we have

* fra(dim(7)) = dim(T?(7)) = dim(7)?,

* feo(dim(1) = dim($2(V)) = (") = $(dim(7)? + dim(V)),

* and £ (dim(7)) = dim(A2(V)) = § (dim(V)? ~ dim(V)).

'Actually, p has degree one more than the degree of fpr.
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2.2 Geometry

In this section, we equip polynomial functors with their natural Zarisk: topology. We de-
scribe the regular maps, the closed subsets (the Vec-varieties), and the connection with in-
finite dimensional GL-varieties.

2.2.1 Polynomial functors as affine spaces

Forevery ' € Vec the vector space P( V) is naturally an affine space. Indeed, choose a basis
for P(V') and consider the polynomial functions on P(7") with respect to that basis. These
are polynomials on the duals of the basis vectors. The Zariski-closed subsets are given by
the vanishing loci of these polynomials. In other words, the coordinate ring K [P(7)] of
P(17) is given by the symmetric K-algebra Sym} (P(V)*) on P(V)*.

Example 2.2.1. Let V' € Vec, then the space S'(7) = V is an affine space with coordinate
ring K [x1, . .., X4im ()] where «; are the dual elements of a basis of V. b

This topology behaves well with respect to functoriality: a polynomial functor P is also
afunctor into the category of affine varieties. Indeed, for any linear morphism ¢ : V" — W
the corresponding map P(¢) is a morphism of afline varieties as P(p) is a linear map.

Moreover, one gets a contravariant functor to K -algebras of finite-type by considering
the symmetric K -algebra on the dual. Summing up, one can look at a polynomial functor
P as a functor to

* finite dimensional vector spaces: V' + P(V) € Vec;

* topological spaces: V' +— P(V') € Top;

* affine K-varieties: V' +— P(V") € Var;

* K-algebras of finite-type: V' + Sym% (P(V)*) € Alg;

* affine K-schemes of finite-type: ¥+ Spec (Symy (P(¥)*)) € Sch.

When we take one of the geometric points of view on P, we change the notation accord-
ingly. For example, let P and Q be polynomial functors, then:

P Q)(V)=PV)xQ(V)

where the right-hand-side is the fibre product over Spec K. In particular, according to the
splitting into homogeneous components, we have P(V) = Po(V) X... x Py(V).

Remark 2.2.2. The coordinate ring K[P(V)] is a polynomial GL(7")-representation
over K. The (right) action of ¢ € GL(V") on K[P(V)] is given by P(g)*. M
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The following proposition is nothing but a very well-known fact in geometry. We single
it out as we will be using this property a lot.

Proposition 2.2.3. Let P and Q be polynomial functors. Then
K[(Pe Q)] =K[P(V)] & K[Q(V)].

In particular, we will be looking at equations in K [(P @ Q) (V)] as polynomials with
variables in (Q(77))* and coeflicients in K[P(V")]. Another consequence of the above
proposition is the definition of the GL-grading. Suppose that the polynomial functor P
has degree d and consider its decomposition into homogeneous components, namely P =

@?:0 P;. The above proposition implies that
K[P(N] =K[P V] ®K[PV]®- - ®K[PV].

Let x be a coordinate of P;(¥)* and consider ¢ = Aidyr € GL(V). Then the action of ¢
on x gives Xx. Hence, besides the standard grading on K[ P(7")] that assigns degree one to
each element of P(7')*, we have the GL-grading: the coordinates of P;(7") have GL-degree
i

2.2.2  Morphisms

In this section we introduce the morphisms between polynomial functors. They play the
role of regular maps in classical algebraic geometry.

Definition 2.2.4. Let P and Q be polynomial functors. A polynomial transformation
a : P — Q of polynomial functors is given by a polynomial map (V) : P(V') — Q(V)
for every V' € Vec such that for every ¢ € Hom(U, V') the diagram
a(U)
P(U) —— QU
PU,V(@)\L Qur(e)
a(V)
P(V) — Q)

commutes. A

Example 2.2.s. In this example we think about elements of S* (7) and $*( V) as, respec-
tively, linear and quadratic forms. Consider 2 : S 1@ S — 52 defined as follows. For every
V' € Vec the maps 2(V) : S' (V) @ S (V) — S2(V) is given by a(V) (4, L) = hls, the
multiplication of the two linear forms. Note that for every ¢ € Hom(U, V') the diagram

sy @ sS'(Uy 2Dy s2(u) (o) — 2 4,
g,wl lsz(gp) given by ¢€B¢\L \LSZ(SD)
1 1 a(V) 2 a(V)
SUV)y e SH(V) == S2(V), (p(h), p(l2)) —= o(L)p(lr)
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commutes. Then, « is a polynomial transformation. N

Remark 2.2.6. Homogeneous polynomial transformations of degree one are the natural
transformations we used in Section 2.1.2. With respect to these latter maps, polynomial
functors form the Abelian category PF. On the other hand, the category PFPl of polyno-
mial functors equipped with polynomial transformations is not Abelian: the image might
no longer be a polynomial functor. M

Remark 2.2.7. For us a subfunctor Q of a polynomial functor P is a subobject of P in
the category PF. In particular, Q is a polynomial functor, and P = Q & P’ where P’ is a
polynomial functor. M

2.2.3 Subvarieties of polynomial functors

After we established how a polynomial functor P is an affine space we now want to define
its “varieties”. Look at a polynomial functor P as a functor from Vec to Sch.

Definition 2.2.8. Let X, Y : Vec — Sch be functors. Letz : X — Y be a natural
transformation. We say that « is a dlosed embedding if a(V') : X (V) — Y (V') is a closed
embedding for every V' € Vec. We say that a functor X : Vec — Sch admitting a closed
embeddingz : X — Pinsome polynomial functor Pis an affine Vec-scheme. The category
of affine Vec-schemes is the full subcategory (whose objects are affine Vec-schemes) in the
functor category Sch¥e. »

The following is our main object of study: it is our notion of variety in polynomial
functors.

Definition 2.2.9. Let X be an affine Vec-scheme. If X (V) is a reduced affine scheme for
every I € Vec, we say that X is a Vec-variety. D

We can think of a Vec-variety X of P as a functor X : Vec — Sch such that X (V) c
P(V) is a subvariety and X (@) = P(@)|y,, for every ¢ € Hom(U, V).

Example 2.2.10. LetM <, be the functor assigning toevery ' € Vec, the subset M <, (V)
of tensors of rank at most 7 in 72(¥), and to every @ € Hom(U, V) the restriction to
M, (U) of ¢ ® @. Note that M, (V) is a Zariski-closed subset of V" ® V" for every
V € Vec,and ¢ ® p(M<,(U)) € M, (V) for every ¢ € Hom(U, V). Then, together
with the reduced structure, M, is a Vec-variety. N

Let X and Y be Vec-varieties. A morphism of Vec-varieties is a natural transformation
a : X — Y such that for every @ € Hom(U, V') we have Y (@) 0 a(U) = a(V') o X(p).
The category of Vec-varieties is the full subcategory whose objects are Vec-varieties in the
category of affine Vec-schemes.
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Remark 2.2.11. Clearly, the category of affine Vec-schemes is closed under taking closed
embeddings. It is also closed under taking finite products. Indeed, the product of X, ¥ :
Vec — Sch in Sch¥ is given by V' = X (V) x Y(V); and furthermore, given closed
embeddings X — P and Y'— O, the assignment

X(V)yxY(V)— P(V)xQ(V)
defines a closed embedding of the product X x Y into the polynomial functor P& Q. M

Lemma 2.2.x2. The category of affine Vec-schemes admits fibre products.

Proof- First note that for morphisms of affine Vec-schemes X — Y, Z — Y the fibre
product X Xy Z of X and Z over Y exists in the functor category Sch¥¢ and is given by

X xy Z2)(V) =X(V) Xy Z(V).

Moreover, since Y (V) is affine (or more generally since Y (V) is separated, see [Stacks, Tag
01KR]) the natural morphism X (V) Xy 1) Z(V) — X (V)xZ(V) isaclosed embedding.
The statement then follows by Remark 2.2.11. ]

Definition 2.2.03. Leta : P — Q be a polynomial transformation. We define the 7mage
of « to be the functor Im(«) defined by assigning (7)) (P(V)) to every V' € Vec and
the maps Q(@)|,., (1, to every @ € Hom(U, V). By taking the closure of a (V) (P(V))

inside Q( V), we define the dosure of the image of 2 and denote it by Im «. Note that Im «
is a Vec-variety of Q. J‘

The following proposition is immediate.

Proposition 2.2.14. Let X bea Vec-variety of a polynomial functor P, and let € Hom(V, W).
Then:

1. if' @ is injective, then P(p) restricts to a closed embedding X (V') — X (W),
2. if @ is surjective, then P(@) restricts to a surjective morphism X (V) — X (W); and

3. if V. = W and @ is a linear isomorphism, then P(p) restricts to an automorphism
X(V) = X(V)—and indeed, the map GL(V)XX (V) — X(V), (@, p) — P(@)p

is an algebraic group action.

Proof. We prove the first item; the rest is proved in a similar fashion. If ¢ is injective, then
let ¥ € Hom(W, V) be such that ¥ o ¢ = idp. Then P(y) o P(¢) = P(y o @) =
P(idy) = idp(y) by functoriality. It follows that P(@) is an injective linear map, hence
defines a closed embedding P(¥) — P(W), and this restricts to a closed embedding
X(V) - XxX(W). O
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Definition 2.2.15. Let X be a nonempty Vec-variety such that if X = Z; U Z, for Z;, Z,
two Vec-subvarieties of X, then either X = Z; or X = Z,. In this case we say that X is
irreducible. >

Remark 2.2.16. Let X be a Vec-variety of a finite degree polynomial functor P. Then X
is zrreducible it and only if X (V) is an irreducible variety for every € Vec. The “only if”
part is a consequence of Theorem 2.4.3. M

Remark 2.2.r7. Polynomial functors are always irreducible Vec-varieties, but they might
not be irreducible objects in PF. M3

2.2.4 Infinite dimensional varieties

We now show how the language of polynomial functors fits in the frame of infinite dimen-
sional GL-equivariant algebraic geometry.

For n € Ny define the map 7, : K” — K" 1 tobe the projection onto the first 7z — 1
components. The collection P(K”) with the morphisms P(7,) forms an inverse system.
Denote with Py, its inverse limit. Explicitly, up to isomorphism one has:

Py = {(pn)nEN € l_[ P(Kn) | P(?FJ)(PJ) =pi-1 for all] € N>1},
neN

and the natural projections Ze,, : Poo — P(K™) are given by mapping (p;);eN to p,. Itis

a topological space with respect to the inverse limit topology.

Remark 2.2.18. The inverse limit topology coincides with the Zariski topology induced
by the ring h_n}” K[P(K"™)]: the direct limit of K[P(K")] with maps P(z,)*. Up to iso-
morphism we have

lim K[P(K")] = () K[P(K")]

and the direct limit maps are the natural inclusions of K [P(K")] into the direct limit. Let
I'beanideal of |, K[P(K")], and let I, be its preimages in K [ P(K™)] along the natural
inclusions. Then one has:

V) = [ Foon(V(L)),

showing that the Zariski topology sits inside the inverse limit topology. As the inverse limit
topology is the coarsest topology making the maps 7z,, continuous and these are continu-
ous with respect to the Zariski topology, one gets the opposite inclusion too. In particular,
P, coincides with the K-points of the scheme:

Spec (h_n}K[P(K")]) .

n
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M

Remark 2.2.19. We now describe the action of GL on the affine space P,. Consider an
element ¢ € GL. In particular g belongs to GL,, for a fixed #. For every 7 denote by g; the

-]

where I; denotes an identity matrix of size 7 X 7. Define g - (py+:)r>0 as (P(g;) (Pn+i))iz0-
This action is well defined by the commutativity of the diagram:

matrix

P(Kn+z‘—1) P{ (#n4:) P(Knﬂ‘)

P(gz'—l)l lp(gz)

P(Kn+i71) é(”nﬂ,) P(Kn+l)
M

Let X be a Vec-variety of P. Let Xo, be the inverse limit of X (K”) with P(7,). LetZ, be
the defining ideal of X (K™”) inside K [P(K™)]. Then the inverse limit X, is a subvariety of
P, given by ‘U (I, 1,) and it is stable under GL, in particular it is a GL-variety. Viceversa,
given a polynomial functor P with inverse limit P, and given a GL-variety ¥ in P, we
can construct a Vec-variety X of P such that its inverse limit X, satisfies Xoo = Y. Details
follow. Consider the (radical) ideal of ¥ in K[Pw], and let I; € K[P(K")] be the preim-
ages along the inclusions. Let X (K”) be the vanishing locus of Z; in P(K”) and note that for
every 7 the inclusion J; C ;41 holds. For every vector space 7 of dimension 7 consider an
isomorphism ¢ : K — V, and define X (V) = P(¢)(X(K")). One can check that these
data give a Vec-variety X of P, and, by construction, its projective limit satisfies Xoo = Y.

Example 2.2.20. 772 is the space of infinite-by-infinite matrices, while M <, is the sub-
space of infinite-by-infinite matrices of rank at most 7. a3

Remark 2.2.21. The above shows that there is a one-to-one correspondence between Vec-
varieties of P and GL-varieties in Pe. M

Remark 2.2.22. A polynomial transformation 2: P — Q naturally yields a continuous

map P — Qw also denoted by a. M

2.2.5 Linear endomorphisms

Elements of GL are N X N matrices of the block form

)

where ¢ € GL, for some 7 and I, is the infinite identity matrix.
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Definition 2.2.23. Let £ O GL be the monoid of N X N matrices with the property that
each 7ow contains only finitely many nonzero entries.

Example 2.2.24. For every integer 7 > 1, let @; € K" be a matrix. Then the block
matrix
?1
P2

is an element of E. N

We define an action of £ on P as follows. Let p = (po, p1,...) € P and @ € E. For
each integer 7 > 0, to compute g; in

q=(90,91,--.) = P(p)p

we choose 7; > 0 such that all the nonzero entries of the first 7 rows of @ are in the first ;
columns. Now, we let ¥; € K*** be the 7 X 7, block in the upperleft corner of @, so that

o= 1Y)

and we set g: = P(¥) J Note that if we replace n; by alarger number 7;, then the result-
ing matrix ;kl satisfies ;k, ¥; o w, where 7 : K iy K7 is the projection. Consequently,
we then have

P(§i)ps; = P P(m)ps, = P(Yi)pay

so thatg;, is, indeed, well-defined. A straightforward computation shows that, for ¢, ¥ € E,
we have P(y) o P(@) = P(y o @), so that E does indeed act on Pe. For infinite degree-d
forms, the action of ¢ € E is by linear variable substitutions x; e @;%;. Note that,
since each x; appears in the image of only finitely many %, this substitution does indeed
make sense on infinite degree-d series. Since GL C E, an E-stable subset of P, is also GL-
stable. The converse does not hold, since for instance E also contains the zero matrix, and
P(0)f = 0 # P(g)f for all nonzero f € Py and ¢ € GL when the polynomial functor P
is pure. However, it is easy to see that closed GL-stable subsets of P, are also E-stable. In

particular, we have GL-f = P(E)f.

2.3 Strength

We now introduce a classical measure for homogeneous polynomials and we then extend
it to elements in any polynomial functor. The strength of polynomials plays a key role
in the resolution of Stillman’s conjecture by Tigran Ananyan and Mel Hochster [AH204;

42



AH20b], the subsequent work by Daniel Erman, Steven Sam and Andrew Snowden [ESS19;
ESS21d; ESSara], and in David Kazhdan and Tamar Ziegler’s work [KZ18b; KZ20]. Also
see [BBOV22; BBOVar; BVar; BDE9; BO21; DES17] for other recent papers studying
strength.

2.3.1 Definitions and examples

Definition 2.3.1. Let # > 1be an integer and let / € K[xy,..., x,]4 be a homogeneous
polynomial of degree d > 2. Then the strength of f, denoted str(f), is the minimal integer
k > 0 such that there exists an expression

f=g1]91+---+g/ebk

where g; € K[x1,...,%,]4 and b; € K[xy,...,x,]4-4, for some integer 0 < d; < d for
each7 € [£]. >

Example 2.3.2. Fix integersd > 2 and £ > 0. The elements in S4(V) of strength < £
form a subset of S%. Over an algebraically closed field of characteristic zero this set is closed
ford = 2, 3 but not for d = 4; see [BBOV22]. N

Example 2.3.3. In the context of Definition 2.3.1, we set P := @le (§% ® 4% and
Q = S%and define « by

ot(gl, bl, ces b ble) = g1191 +... +g/eb/e.
This is a polynomial transformation P — Q. S|

Example 2.3.4. Let Q, R be polynomial functors and ¢: Q ® R — P alinear morphism.
Then (g, 7) = (g ® r) defines a bilinear polynomial transformation Q ® R — P. &

Inspired by these examples, we propose the following definition of strength for ele-
ments of homogeneous polynomial functors. We are not sure that this is the best definition
in arbitrary characteristic, so we restrict ourselves to characteristic zero.

Definition 2.3.5. Assume that char K = 0. Let P be a homogeneous polynomial functor
of degree d > 2 and let I € Vec. The strength of p € P(V) is the minimal integer £ > 0
such that

P:”I(qbrl) +... +“1€(q/e:7k)

where, for each 7 € [£], Q;, R; are irreducible polynomial functors with positive degrees
addingup tod, a;: Q; ® R; — Pisabilinear polynomial transformation and ¢; € Q;(V)
and r; € R; (V) are tensors. )
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Remark 2.3.6. Positive degrees of two polynomial functors cannotadd up to 1. So nonzero
tensors p € P(V') of homogeneous polynomial functors P of degree 1 cannot have fi-
nite strength. We say that such tensors p have infinite strength. Note that the strength
of 0 € P(V') always equals 0. M

Proposition 2.3.7. Assume that chatr K = 0. For each integer d > 2, the strength of a
polynomialf € S (V) accordin g to Definition 2.3.1 equals that according to Definition 2.3.5.

Proof. The inequality > follows from the fact that«; : S g 4= 5 54, (oh)—g-his
a bilinear polynomial transformation. For the inequality <, suppose thatz: Q @ R — s4
is a nonzero bilinear polynomial transformation, where Q and R are irreducible of degrees
e <dandd—e < d. So Qand R are Schur functors corresponding to Young diagrams with
e and d — e boxes, respectively, and Q ® R admits a nonzero linear morphism to 54, whose
Young diagram is a row of d boxes. The Littlewood-Richardson rule then implies that the
Young diagrams of Q and R must be a single row as well, so that Q = S*and R = S$47¢ and
also that there is (up to scaling) a unique morphism Q® R = §°® S - 54, namely, the
one corresponding to the polynomial transformation (g, b) +— g - b. O

2.3.2 Some properties

The strength of a tensor in P quickly becomes very difficult when P is not irreducible as
the following examples show.

Example 2.3.8. Take P = (54)®¢ for some integer ¢ > 1. Then the strength of a tuple
(fis---» /) € P(V) is the minimum number £ > 0 such that

fir-oosfe € span{gy,..., g1}
where g1,..., g1 € S4(V) are reducible polynomials. a
Example 2.3.9. Consider P = §* & A%, so that P(V) = V ® V, and assume that K
is algebraically closed. The only possibilities for Q and R are Q(V) = R(V') = V. The
bilinear polynomial transformations 2 : Q @ R — P are of the form

() =anu@v+bv@u=c(u@v+vQ@u)+du®®v—vQun)

for certaina, b, ¢, d € K. We note thatstr(4) = [rk(4)/2] when4 € S*(V) and str(4) =
rk(4)/2 when 4 € N\*(V).In general, we have

tk(A) /2, tk(A+A7) )2, tk(A—A7) /2 < str(A) < 1k(A4), tk(A+AT)/2+1k(A—-AT) ]2
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forall4 € V' ® V, where each bound can hold with equality. For example, for the matrix

0 1
0 0
A=
0 1
0 0
we have k(A + A7) /2 =1k(A4 — A7) /2 = str(4) = rk(A). a

Example 2.3.10. Again take P = $* @ A? and consider P(K?) = K?*2. Assume K is
algebraically closed. The matrix

clearly has strength < 2. We will show that A4 has strength 2 whenever x = +2 and strength
1 otherwise. In particular, this shows that the subset of P(K?) of matrices of strength < 1
is not closed. Suppose 4 has strength 1. Then we can write 4 as az ® v + bv ® # with
4, b e Kandv, u € K2. Letey, ¢; be the standard basis of K. Without loss of generality,
we may assume that # = ¢; + Ae; and v = ¢; + ue; for some 2, ¢ € K. We get

a+b=1 ap+ bl =x,
al+by =0, Ap =1

Using A = x ' and b = 1 — 4, we are left with au? + (1 —a) = sz anda + (1 — a)u* = 0.
The latter gives us z # +1and @ = u? /(4> — 1). We get 4 + 1 = xu. Now, if x # +2, then
such ap # +1 exists. So in this case 4 indeed has strength 1. If x = +2, the only solution is
u = 1. Hence 4 has strength 2 in this case. N

2.3.3 Strength in infinite dimension

Let P bea pure polynomial functor. If P = § 4 then the elements of P can be thoughtofas
homogeneous series of degree 4 in infinitely many variables x;, x5, . . .. Here, closed subsets
of Py, are defined by polynomial equations in the coefficients of these series. On Po, acts
the group GL and in the case of degree-d series, an element g € GL,, € GL maps each of
the first # variables x; to an invertible linear combination of xy, ..., x, and the remaining
variables to themselves.

Example 2.3.11. On degree-d forms, GL has dense orbits, such as that of
f =21 Xy + X1 X Xod

The reason is that this series can be specialised to any degree-d form i finitely many vari-
ables by linear variable substitutions. This implies that the image of GL-f in each §' d(K™)
is dense. Hence GL-f is dense in sa. N
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For every pure polynomial functor P, the group GL has dense orbits on Pe,—in fact,
uncountably many of them: see [Bik2.0, Section 4.5.1]. We now extend the notion of strength
to elements in the infinite dimensional setting.

Definition 2.3.12. Assume thatchar X' = 0. Let P be ahomogeneous polynomial functor.
The strength of a tensor p € P is the minimal integer £ > 0 such that

p=ai(q,nr) +... +ar(qe 1)

for some irreducible polynomial functors Q,, R; whose positive degrees sum up to 4, bilin-
ear polynomial transformations a;: Q; ® R; — P and elements ¢; € Q;c0 and 7; € R;co.
If no such k exists, we say that p has infinite strength. >

2.3.4 A quasi-order on infinite tensors

Definition 2.3.13. For infinite tensors p, g € P, we writep < gif p € P(E)q. In this case,
we say that g specialises to p. >

Remark 2.3.14. The symbol < or < was used for the order on polynomial functors in
Section 2.1.3. This cannot lead to confusion: the type of objects involved is completely

different. M

From the fact that £ is a unital monoid that acts on P.,, we find that < is transitive and
reflexive. Hence it induces an equivalence relation = on Pe, by

p=qgep=gandg=p,
as well as a partial order on the equivalence classes of =.

Example 2.3.15. Fix an integer £ > 1 and consider the polynomial functor P = (§ 1yok,
Atupleq = (q1,...,qk) € P hasa dense GL-orbit if and only if gy,..., g € Sk are
linearly independent. Suppose that g has a dense GL-orbit and let 4 be the N X & matrix
corresponding to ¢. Then 4 has full rank. By acting with an element of GL C E, we may

assume that
(Hk)
A=
B

where B is again an N X £ matrix. Now, take

I
oc = (Ck, I ) eE
and note that p_34 = (I; 0)7, so that P(p_g)q = (x1,...,x;). So any two tuples in

Po, with a dense GL-orbit are in the same equivalence class. Moreover, the element of £
specializing one tuple to the other can be chosen to be invertible in £ as pc@_¢ = loo. 3
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There is an obvious relation between < and orbit closures, namely: if p < ¢, then
2 € GL-q. The converse, however, is not true.

Example 2.3.06. Letp = x (xl2 + x% +...),9 = x13 + x; +... € §3. As every cubic

polynomial is sum of powers of linear forms, the GL-orbit of ¢ is dense in 53, and hence

pE 83 = GL-g. However, we have p £ g: suppose that

fi=mgln, x0,...) + b(xg, x3,...) € S3(E)q

for some ¢ € S% and h € S2.. As only finitely many variables x; are substituted by linear
forms containing x; when specialising ¢ to f, we see that

xg(x1, %2,...) + h(x, x3,...) € S3(E)(x13 +xg +... +xz)

for some integer » > 1and he S3 . From this, it is easy to see that g has finite strength.
Hence f # pas xlz + x% +... hasinfinite strength. So indeed p £ ¢.
iy

In order to have a tensor p € P, with a dense GL-orbit, the polynomial functor P
must be pure. For some time, we believed that when this is the case all elements p € Po
with a dense GL-orbit might form a single ~-equivalence class. When P has degree < 2,
this is in fact true; see Example 6.4.4. However, it doesn’t hold for cubics.

Example 2.3.17. Let p,g € S, be as before. Now also consider » = p(xy, x3,...) +
q(x2, x4,...). Wehaveq = 7(0, x1, 0, x2,...) < randsoS2, = GTq C GL-7. Hence bothg
and  have dense GL-orbits. And, we have 7 £ 4: indeed, otherwisep = 7(x1, 0, %2, 0,...) <
r < g,butp £ g. a

Indeed, the poset of equivalence classes for points in 52, of infinite strength is isomor-
phic to N; see [BDS22].

2.4 The Embedding Theorem

In this section we work with polynomial functors of bounded degree defined over a field
K of characteristic zero.

Theorem 2.4.x (The Embedding Theorem). Let P be a polynomial functor and let X be
a proper Vec-variety of P. Let R be an irreducible subfunctor of P and let w : P — PR be

the projection transformation. Let X' be the closure of the projection of X along . Then one
of the following holds:

L X=21X)=X"XR,
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2. there exists a_finite dimensional vector space U and an equation b € K[P(U)] not
entirely vanishing on X such that the dashed arrow below coming from the compositions

of the diagram is a closed embedding:

ShyX ———% Shy P

I |

Shy X[1/h] —--3 Shy P/R[1/h].

Remark 2.4.2. The natural map mentioned in case 2 is the restriction of the projection
map Shy P — Shy P/R to the open subset of Shyy X where b doesn’t vanish. Moreover,
we can rephrase case 2 by saying that Shyy X [1/h] is isomorphic to a Vec-subvariety Z of
Shy P/R[1/5]. M

2.4.1 Applications of the Embedding Theorem
The Embedding Theorem first appeared in the proof of topological Noetherianity of poly-

nomial functors.

Theorem 2.4.3 ([Draig, Theorem1]). Let X be a Vec-variety. Then every descending chain
of Vec-subvarieties
X=Xy2Xi2X,2...

stabilises, that is, there exists N > 0 such that for each n > N we have X, = X,,41.

Another corollary of The Embedding Theorem is the following proposition. It is also
known as “The Shift Theorem” in [BDES22, Theorem s.1].

Proposition 2.4.4. Let X be a Vec-variety of a polynomial functor P, then there exist a
[finite-dimensional vector space U, an equation b € K[P(U)] not identically vanishing on
X (U), a polynomial functor Q, and a finite-dimensional affine variety B such that

Shy X[1/h] = Bx Q.

Proof. In the case X is the polynomial functor P the statement of the theorem is true for
Q = Pand B being a point. Assume then X to be proper and proceed by induction on the
ordering of polynomial functors. The base case is when P has degree zero and X is a proper
closed subvariety B of the (finite-dimensional) affine space. In this case, X = B, so the base
case of the induction is settled. Suppose P is not constant, X is proper, and assume the
statement true for every Vec-variety of a polynomial functors P* with 2 < P. We apply
Theorem 2.4.1 to X and P choosing R to be an irreducible subfunctor in the highest degree

48



part of P. The theorem gives two possibilities. In the case 1, we have X = 77 !(7(X)).
Define P’ := P/R and note that

X=2z(X)XRCP

By construction P’ < P, hence we can apply the induction hypothesis to z(X). Therefore
there exist a finite-dimensional vector space U, a polynomial functor Q, an equation 4, and

a finite-dimensional affine variety B such that Shyy #(X)[1/h] = B x Q. Hence
Shy X[1/h] = Shy (W(X) x R) [1/h] = Shy #(X)[1/5] x Shy R = Bx Q x Shy R.

Since Q ® Shy R is a polynomial functor, we proved the theorem for this case.
In the possibility 2 of The Embedding Theorem, there exists a Vec-subvariety Z C Shy P/R[1/h]
such that

Shy X[1/h] = Z. (2.1)

As Shy P/R < P (because the highest degree parts of P and of any of its shifts are iso-
morphic and R was taken in the top-degree part of P), the induction hypothesis applies to
Z, and hence there are a polynomial functor Q, a finite-dimensional vector space U’, an
equation /', and a finite-dimensional affine variety B such that

Shy Z[1/0'] = Bx Q.

As the shift of an isomorphism is still an isomorphism and the restriction of an isomor-
phism is an isomorphism too, the map in (2.1) induces the isomorphism

Shyeu X[1/h- K] = Shy Z[1/4'] = B % Q,

where /' denotes both the equation in K [(Shy P/R) (U’)] and its pull-back along the
projection map Shy P — Shy P/R. This proves the theorem. |

Remark 2.4.5. In the case X is proper and there is an R in the top-degree part of P for
which case 2 applies, we have that the polynomial functor Q of Theorem 2.4.4 satisfies
Q < Pin the order of polynomial functors given in Subsection 2.1.3. This is true because
in the proof Q is (isomorphic to) the subfunctor of Shyygy» P/Shy R that is smaller than
P. M3

2.4.2 Dimension functions

Definition 2.4.6. Let X be a Vec-variety of a polynomial functor P. We define the dimen-
ston function fx of X to be:

Sx(n) = dim(X(V)),
where V" is a vector space of dimension 7 and dim(X (7)) is the dimension of X (V") as a
variety. D
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Recall Proposition 2.1.29. Below we prove that also the dimension functions of Vec-
varieties are eventually polynomials with rational coefficients:

Proposition 2.4.7. If X is a proper Vec-variety of a polynomial functor P, then its dimen-
sion function is eventually a polynomial with rational coefficients whose degree is at most the
degree of P. In other words, there exists a polynomial py in n with rational coefficients such

that for any n big enough we bave fy(n) = px(n).

Proof. Assume X irreducible, so that dim(X (U @ V)) = dim(X(U @ V)[1/h]) for
any equation 4 not vanishing identically on X. By Proposition 2.4.4 there are a finite-
dimensional vector space U, an equation 4, a polynomial functor Q, and a finite-dimensional
affine variety B such that Shy X[1/h] = B X Q. Say that the dimensions of U, V, and B
are, respectively, &, 7, and & then

Sx(k+n) = fon, xy6 (7)) = fo(n) + .

In particular for any 7 bigger than & we have

Jx(n) =fo(n—k)+0.

By Proposition 2.1.29 the function fp is a polynomial with rational coefficients, and hence
for n > k the function fx (») is the polynomial fp (7 — &) + b thought as a polynomial in
n. Since b is an integer, fy () has rational coeflicients too.

In the case X is notirreducible, we can consider its irreducible components. The number of
irreducible components is finite because P is Noetherian by Theorem 2.4.3. Let Xj,..., X,
be the irreducible components of X. The dimension function of each of them is eventually
apolynomial with rational coefficients by the above reasoning. Hence, the polynomial with
the biggest leading term among those is eventually the dimension function of X and this
proves the theorem. O

We want to prove the following

Proposition 2.4.8. Let X be an irreducible Vec-variety of a polynomial functor P of degree
d. Suppose that case 1 of Theorem 2.4.1 never applies for any irreducible subfunctor R of P
of highest degree. Then the dimension function fx of X is eventually a polynomial of degree
strictly less than d.

Proof. There exists an U, a b, a Q, and a B as in Proposition 2.4.4 such that
Shy X[1/h] = BxQ, (2.2)

and Q < P by Remark 2.4.5. In particular, the degree of Q is smaller than or equal to
the degree of P. Say that the dimension of U is k and the dimension of B is 4. By the
irreducibility of X we have that

Sx(n) = fon, xpim (n — k) = fo(n — k) + b
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for n > k. In particular, the dimension function fy is eventually a polynomial of degree
at most the degree of Q by Proposition 2.1.29. Suppose that the degree of Q is d and let
S be an irreducible subfunctor of Q. Define Q" = Q/S, so that Q = Q' & S, and con-
sider the morphism B x Q" X § — Shy P induced by the isomophism (2.2). Fix a point
p=1(bq") € Bx Q,and consider the restriction of the above map to {p} X S. Its image
gives an irreducible component of degree 4 in Shyy P. With an abuse of notation, name it
S too. In particular, Shyy X[1/h] = § x X" for some Vec-variety X"’ C Shy P/S. The
morphism Shyy P — P induced by the map Py — p restricts to an isomorphism on the
top degree part, namely, on part of degree d. As this morphism is also surjective, we deduce
that X = § X X’ with X" being a Vec-variety of P/R. This is against the assumption that 1
of Theorem 2..4.1 never applies to X

We deduce that the degree of Q is strictly smaller than 4 and therefore the dimension func-
tion of X is eventually a polynomial of degree strictly smaller than d. O
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Chapter 3

Polynomial functors over rings

In this chapter we introduce polynomial functors defined over rings and their associated
topological spaces. In Section 3.1 we set the notation up and recall some classic results.
Polynomial laws and the coordinate ring of a module are the topics of Section 3.2, while
Section 3.3 describes the topological space Ay associated to a module A1. Finally, we in-
troduce polynomial functors defined over rings and develop the geometry needed for the
proof of topological Noetherianity in Chapter 4. This chapter is fully based on parts of
[BDD22]. The polynomial functors that we study are often referred to as “strict polyno-
mial functors” in the literature, e.g. in [FS97; Toui4]; we will drop the adjective “strict”. We
do not know whether the polynomial functors over finite fields studied in [Piro2] admita
similar theory. We will use work of Roby on polynomial laws [Rob63] and work of Touzé
on polynomial functors [ Toui4] but indeed only more elementary parts of their work such
as the generalisation of Friedlander-Suslin’s [FS97, Theorem 3.2] to general base rings R;
see [Touis4, Théoréme 7.2].

3.1 Notation and classical results

For this chapter and Chapter 4, since we will be working over a ring R, we modify our nota-
tion from page 15 as follows. Recall that R denotes a commutative ring with unit. Now, the
letters U, V" denote R-modules, Hom (U, V') denotes the R-module of R-module homo-
morphisms from U to V. In particular, End(U) := Hom(U, U),and U* := Hom(U, R).
When we pick an R-algebra 4 —namely, when we write something like:“Let 4 be an R-
algebra”— we assume it is commutative. However, not all R-algebras we deal with are
commutative. When we speak about a morphism of rings, we assume it is unital. If 4
is an R-algebraand M, N are A-modules, then Hom (M, N) denotes the A-module of 4-
module homomorphisms from M to N. If F is a field and M is an F-module, dimp (M)
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denotes the dimension of M as an F-vector space. If D is an R-algebra that is a domain,
GL, (D) denotes the invertible 7 X z-matrices with coefficients in D. Alg, denotes the
category of R-algebras.

3..1 Additional notation

Let p be a prime ideal of R, then we write K}, for the fraction field of the domain R /p. If
R is a domain, then we write K := K¢ for the fraction field of R. Except where specified
otherwise, tensor products are over R, and we use the terms R-domain and R-field for R-
algebras that, as rings, are domains and fields, respectively.

3.2 From finitely generated to free modules.

The following lemma, which we will later generalise to polynomial functors, is well-known;
we give a proof for completeness.

Lemma 3.x.x. Let R be a domain, let M be a finitely generated R-module, and let N be a
submodule of M. Then there exists a nonzeror € R and elements v, ..., v, € N such that
R[1/r1®N isa finitely generated free submodule of R[1/r] @ M with basis1Quy, . .., 1Qv,,
and such thar R[1/r] ® M is the direct sum of R[1/r] ® N and another free R[1/r]-module.

Note that tensoring with X yields that z = dimg (K ® N).

Proof. The vector space K ® N is contained in the finite-dimensional vector space K ® M.
Hence there exist vy,...,v, € N such that 1 ® vy,...,1 ® v, is a basis of X ® N, and
Untls-- > Um € M such that1 ® vy4y,...,1 ® vy, is a basis of a complement of K ® N in
K ® M. We claim that both statements hold with X replaced by R[1/7] for some nonzero
7.

To see this, extend vy, . . ., vy, With v,,41, ..., v to a generating set of the R-module A1,
Then foreachj =m+1,...,/ we have,in K ® M,

m

1®U]-=ch]®vl-

i=1

for certain coefticients ¢; € K. This identity means that there exists a non-zero element
7 € R and suitable coefficients cl'.j in R such that

m
1®uv = Z(cl']/r) ®v;
=1

holds in R[1/r] ® M. Hence R[1/r] ® M is generated by 1 ® vy,...,1 ® v, and these
elements do not have any nontrivial linear relation over R[1/7] since their images in K ®

54



M do not satisfy any such relation over K. It follows that R[1/r] ® M is free with basis
1® vy,...,1 ® v,,. Furthermore, R[1/7] ® N contains the R[1/7]-module spanned by
1®uvy,...,1®v,; and conversely, if v € R[1/7] ® M is an element of R[1/7] ® N, then it
cannot have a nonzero coefficient on any of the last 7 — » basis elements, because in K @ M
the image of v is a linear combination of the first 7 basis elements and the basis elements
do not satisty any linear relation there. Hence R[1/7] ® N C R[1/r] ® M is free with
basis1 ® v1,...,1 ® v,,. |

3.2 Polynomial laws and the coordinate ring of a module

3.2.1 Polynomial laws

We follow [Rob6s, Chapter 1]. Let M, N be R-modules. Recall that Algy is the category
of R-algebras.

Definition 3.2.1. A polynomial law ¢: M — N is a collection of maps
(@A T AQM — A ®N)A€AlgR

such that for every R-algebrahomomorphisma: 4 — Bthe following diagram commutes:

AM - 4o N

zx®idMl la@id]\[
o8B

BOM——BQ®N.
i

Example 3.2.2. Suppose that Af and N are the free modules R? and R, respectively, so
that 4 ® M and 4 ® N are canonically identified with A? and 4. Then the collection
(¢4)4 defined by @ 4(x, ) = xy +y2 forx, y € A isapolynomial law A4 — N, and indeed

one that is homogeneous of degree 2 in the sense of Definition 3.2.5 below. N
More generally, the name polynomial law derives from the following fact.

Lemma 3.2.3. Consider two R-modules M and N. Suppose that M is finitely generated
and let {v\, ..., v,} be a set of generators. Let o: M — N be a polynomial law. Then @ is
completely determined by the element:

,,,,,

This gives an injective map ¢ from the collection of polynomial laws from M to N to the module
R[x1,...,x,] ® N. In the case where M is free with basis vy, ..., vy, this injective map is a
bijection.
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Proof. Let A bean R-algebra, letay, ..., a, € Abeelementsandleta: Rxy,...,x,] — 4
be the R-algebra homomorphism sending x; > ;. Then the diagram associated to  shows
that p4(a1 ® v1 + -+ + a, ® v,) = (a2 ® idy):(p) and hence ¢ is injective. If M is free
with basis vy,..., v,, then o4(a; ® v1 + -+ - + 4, ® v,) = Zjﬁ(m, oeesdy) ® wy defines a
polynomiallaw ¢: M — N forevery 3 f; ® w; € R[xy,..., x,] ® N. O

Example 3.2.4. If Ris an infinite field, then a polynomial law ¢ from M4 = R” to N = R™
is in fact uniquely determined by @z, which is required to be a polynomial map, i.e., a map
all of whose 7 coordinate functions are polynomials in the 7 coordinates on M. So then
the set of polynomial laws from A to N is precisely the set of polynomial maps from the
vector space M to the vector space N.

For a general ring R, we denote by A% the affine scheme Spec(R [, - - - , x,,]). The set
of polynomial laws from R” to R™ is the set of morphisms A% — A% defined over R.
Of course, such a2 morphism need not be determined by its map pz: R” — R™, butit s
determined by the maps @4: A" — A” for all R-algebras 4. This motivates the definition
of polynomial laws. N

Definition 3.2.5. A polynomial law ¢: M — N is homogeneous of degree d if for each
R-algebrad and alla € 4, m € A ® M, we have ¢ 4(am) = ad¢,4(m). D

Writing R[4, . . ., %,] 4 for the set of homogeneous polynomials of degree d, we see that
the injection from Lemma 3.2.3 maps a homogeneous polynomial law /4 — N of degree
dtoanelement of R[xy,...,x,]s ® N.

Proposition 3.2.6. Let Mj, ..., My, N be R-modules and let o My X --- X My — N
be a multilinear map. Then @ extends to a homogeneous polynomial law of degree d (also
denoted @). After identifying A ® (My X - X Myg) = AQ M X -+ X A ® My, we have

P4 Za,‘l®mﬁ,...,zéz,ﬂ®mm = Z ag - a, @ @(my,...,my,)

3 14 Leensly
forall R-algebras A, a;,, ..., a;) € Aandm; € M,,...,m;, € M,

Proof. The maps @4 are well-defined as the maps Al My x - -xMy;— A®N sending
(av,...,ag, my,...,mg) & ay---agp(my - - - my) are multilinear. The collection (@4)4
is a homogeneous polynomial law of degree d and pr = ¢. O

Remark 3.2.7. Composition of R-module homomorphisms is a bilinear map. By the
proposition, we can thus view this operation as a polynomial law. M

A homogeneous polynomial law ¢: M — N of degree 0 is the same thing as an ele-
ment of N (namely, the element @z (0), which equals ¢ 4(2) for any R-algebra 4 and any
element m € 4 ® M); we call these polynomial laws constant. A homogeneous polynomial
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law M — N of degree 1 is the extension of an R-module homomorphism A4 — N asin
the proposition above (namely, the map pz: M — N, which in this case is R-linear and
uniquely determines g4 for all 4 € Algy); we call these polynomial laws /znear.

The following proposition says that, in many ways, polynomial laws behave like ordi-
nary polynomial maps between vector spaces. For proofs we refer to [Rob63].

Proposition 3.2.8. Ler ¢, y: M — N, y: N — O be polynomial laws between R-
modules.

1. The collection ¢ + ¥ := (@4 + Ya) 4 s a polynomial law M — N, homogeneous of
degree d if o, ¥ are.

2. We bave p = 3.3, @4 for unique polynomial laws ¢;: M — N of degree d, where
for each R-algebra A and each m € A ® M we have @4 4(m) = 0 for all but finitely
many d’s (g is called the homogeneous component of @ of degree d); moreover, if M
is finitely generated, then only finitely many of the g are nonzero.

3. The collection y o @ = (v4 © ©4)4 15 a polynomial law M — O, homogeneous of
degree de if @, Y are homogeneous of degrees d, e, respectively.

4. If N =R then o -y = (m — @4(m)ya(m)) 4 is a polynomial law M — R,
homaogeneous of degree d + e if @,  are bomogeneous of degrees d, e, respectively.

Proposition 3.2.9. Letp: MOM’' — N bea polynomial law between R-modules. Then @
has a unique decomposition @ = ZZ;:O P (i) such that ;) : M & M’ — N isa bihomoge-
neous polynomial law of degree (3, ), i.e., afteridentifying A9 (M&M') = AQMSARM’,
we have P(if),d (am, bm’) = ﬂllbe(l;j))A(m, m') for all R-algebras 4, a,b € 4,m € AQM
andm' € AQM'. Moreover, if  is homogeneous of degree d, then Plij) = 0 foralli+j # d.

Proof. Suppose that such a decomposition exists and let 4 be an R-algebra. Then we have
Papse) (sm, tm) = Z P (i), dlse] (57, tm') = ZJ’AZJ’A?(,;J»),A(M, m') € @SZ‘Z’]‘A ®N
i i 7,j=0
forallm € 4 ® Mand m" € A ® M’. This shows that the ¢(;;) are unique. If @ is
homogeneous of degree d, setting s = #, we see that @ = 3, .—j @(;) and hence p(;;) = 0
for 7+ # d. What remains to show the existence of the decomposition. In fact, defining
P(ij),4(m, m") to be the coefficient of ' in @[, (sm, tm’), it is easy to show that the
@(;j) are bihomogeneous polynomial laws of degree (7, /) adding up to ¢. O

The class of R-modules, in addition to its structure of Abelian category with R-module
homomorphisms as morphisms, has the structure of a (non-Abelian) category with poly-
nomial laws as morphisms. Both structures will be important to us, but we reserve the
notation Modg, for the category in which the morphisms are R-module homomorphisms
(i.e., homogeneous polynomial laws of degree 1).
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Definition 3.2.10 (Base change). If B is an R-algebra, then the tensor product functor
Modr — Modjp, which sends /inear polynomial laws over R to linear polynomial laws
over B, can be extended to a functor from the category of R-modules with polynomial laws
over R to the category of B-modules with polynomial laws over B: on objects, the functor is
just M +— B ® M, and a polynomial law (@A)AeAlgR : M — N is mapped to (@A)Aemgﬁ
where, for a B-algebra 4, the map @4 is interpreted as a map 4 ® (B M) = AQr M —
A®RNEA®B(B®RN). D

3.2.2 The coordinate ring of a module

Let M be a finitely generated R-module.

Definition 3.2.xx. We write R[] for the set of polynomial laws A4 — Rand R[M],; C
R[] for the subset of homogeneous polynomial laws of degree d. The addition and mul-
tiplication from Proposition 3.2..8, the grading from Definition 3.2.5 and the identification
R[M]y = R give R[M] = EB;:O R[M], the structure of a Z5y-graded commutative
R-algebra. We call this R-algebra the coordinate ring of M. >

Remark 3.2.12. In [Rob63, Chapitre III], various algebras associated to an R-module A4
are introduced, but they are different from our R-algebra R[A{]. One important difter-
ence is that for us, the elements of M play the role of geometric objects, whereas there, the
algebras consist of elements in divided or symmetric powers of M. M

As usual with coordinate rings, the association M + R[A] is a contravariant func-
tor from the category of R-modules with polynomial laws to the category of R-algebras: a
polynomiallaw ¢: M — N hasa pull-back map ¢*: R[N] — R[M] sendingf +— foop.
If @ is linear, then ¢# is a graded homomorphism.

If M is generated by vy,..., v,, then the injection ¢z R[M] — R[xy,...,x,] of
Lemma 3.2.3 is a graded ring homomorphism. The following lemma says precisely which
subalgebra its image is.

Lemma 3.2.13. Let 2 N — M be a surjective R-module homomorphism. Then the map
v* isa graded isomorphism from R[M] to the graded R-subalgebra of R|N| whose degree-d
part equals

{f €R[N]; |Vu €ker(y) : fot, =f}

wheret, : N — N (called translation by u) is the affine-linear polynomial law v — v + u.

Proof. Letg € R[M],and write f = y*(g) = g o ¢. To see that ¢* is injective, note
that £y = g4 o (idy ® ¥) for all R-algebras 4. Soif f4 = 0, thengy = Oasidy @y is
surjective. To see that the image is contained in the subalgebra, it is enough to note that
Va4 =idy®y and sz, 4(m) = m+1® uandso ¢ o t, = ¢ as polynomial laws. Now, let
f € R[N],beapolynomial law such that f oz, = f forall # € ker(y). It remains to show
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that f = g o ¢ forsome ¢ € R[M],. Asidy ® y is surjective, we set g4(m) = f4(n) for
any z € A ® N mapping to m. To do this, we need to show that f;(#) = f4(»") whenever
n—n' € ker(idy ® ¥). Since the functor 4 ® — from R-modules to 4-modules is right-
exact, we have ker(idy ® ) = 4 @ ker(y). Take b = f o ((n, n") = n+n"). Then we sce
that

ham1®u) =f1(n+1Q®u) = (f ot,)4(n) = f4(n) = hy(n,0)

for all R-algebras 4, n» € 4 ® N and # € ker(y). It follows that h(;j) 4(n, 1 ® #) = 0
whenever j > 0. And, we have b0 4(n, n") = f4(n). So

fan+a®u) =hy(na®u)
= haoya(ma®u) + X% ha_ina(ba®u)
=fa(n) + XL, & haia(b1® u)
= f4(n)

forallz € A® N,a € Aand u € ker(y). Soif n — n’ € ker(idy ® ¥), then f4(n) =
fa(n"). This shows g4 is well-defined. It is straightforward to check that ¢ = (g4)4 is a

homogeneous polynomial law of degree 4. |

Example 3.2.14. When R is an infinite field and both A4 and N are finite-dimensional
vector spaces over R, R[M] is just the subring of R[] consisting of all polynomials that
are constant on fibres of the projection N — M. a

The following example shows that, even when R is Noetherian and A/ is finitely gen-
erated, R[] need not be Noetherian.

Example 3.2.15. Let R = K[¢]/(#*) where K is a field of characteristic zero, and let M :=
K[z]/(2). Then M = R/(z) is an R-module generated by a single element v := 1+ (¢) and
R[] is the subring of R[x] spanned by all homogeneous polynomials / = ex? such that
f(x+at) =f(x)foralla € K. Now c(x + at)? = ex® + cdatx®! and hence we need that
¢ € (¢) whenever d > 1. Hence R[M] is the vector space over K spanned by 1, #, zx, w2 ...
with the multiplication (#'x)(#x) = 0. Observe that R[] is not Noetherian, since the
ideal span{s, #x, £x?, ...} is not finitely generated. On the other hand, the quotient R[] red
of R[M] by its ideal of nilpotent elements is K. N

However, we will see later that if Spec(R) is Noetherian and A/ is finitely generated,
then a certain topological space Ays defined using R[] is also Noetherian. In Exam-
ple 3.2.15, this is a consequence of the fact that Spec(R[AM]) = Spec(K) is Noetherian. See
also Remark 3.3.17.

Example 3.2.16. Now consider a field K of characteristic 2 and set R := K [¢]/(¢*). The
same computation as above shows that cx’ with odd 7 can only be in R[M] C R[x] if ¢
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is in (#). But for even 7, cx’ is in R[M] regardless of ¢ € R. Hence R[M] is the K-vector
space with basis
1, ¢ x, xz, txz, tx3, x4, tx4, ...

and R[M]™d = K[x?] asa graded algebra. 3

If B is an R-algebra, then the base change functor from Definition 3.2.10 sends poly-
nomial laws A4 — R to polynomial laws B ® M — B. This yields an R-algebra homo-
morphism R[M] — B[B ® M] and hence a B-algebra homomorphism B ® R[M] —
B[B ® M]. The tollowing example shows that this needs not be an isomorphism.

Examples.2.x7. LetR = Zand M = Z/27Z, generated by asingle elementv = 142Z. Then
by Lemma 3.2.13, R[] is the subring of R[x] spanned by all homogeneous univariate
polynomials f such that f (x+24) = f(x) foralla € Z. Only the constant polynomials have
that property, so R[M] = R. Now take the Z-algebra B = Z/2Z =: FF,, which is a field,
and B ® M is the one-dimensional vector space over that field, so B[B® M] = Fp[x]. 3

However, when B is a localisation of a domain R, then the map 75 an isomorphism:

Proposition 3.2.18. Suppose that R is a domain. Let M be a finitely generated R-module
and let S be a multiplicative subset of R not containing 0. Set R’ = S™'R. Then

R @R[M] = ST'R[M] = R'[R' @ M] = R'[S™'M].

Proof. The first and last isomorphisms are standard. For the middle isomorphism, we
choose generators my, ..., m, of M and embed R[] as a graded R-subalgebra 4 of
R[x1,...,x,]. Since localisation is exact, ST' R[] is then isomorphic to the R’-algebra
S™'4 € R’[x1,..., %,]. On the other hand, using the generators 1 ® m,...,1 ® m,, the
R’-algebra R'[R’ ® M] also embeds as a graded R’-subalgebra B of R'[xy,...,x,]. The
canonical map R’ ® R[M] — R’[R’ ® M] translates into an inclusion S714 C B,
s0 it remains to show that B € S™14. For this, let O be the kernel of the R-module ho-
momorphism R” — M given by the generators my, ..., m,. Again since localisation is
exact, STIO = R’ ® O is the kernel of the corresponding R’-module homomorphism
(R")" = R"® M. Letf € Bandlets € Sbesuch thatg := sf € R[xy,...,x,]. Then,
since f € B, one has that f oz, = f forallx € S1o c (R)?, by Lemma 3.2.13 applied
to the R’-module R” ® M. In particular, the multiplication by s gives ¢ 0 #, = ¢ over
R’ forall# € O C R”. Since R is a domain, the same holds over R and hence g € 4,
again by Lemma 3.2.13 but now applied to the R-module M. Hence f = s7'¢ € S714, as
desired. O

Like in ordinary algebraic geometry, the coordinate ring of a direct sum is the tensor
product of the coordinate rings.
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Proposition 3.2.x9. Let M, N be finitely generated R-modules. Then
R[M & N] = R[M] ® R[N].

Proof. Elements of R[M] and R[N] induce elements of R[AM & N] via composition
with the projections M @ N — M and M & N — N, respectively. The product of
such induced polynomial laws A @ N — R gives a bilinear map R[M] x R[N] —
R[M & NJ]. This induces an R-linear map R[M] ® R[N] — R[M & N], which is
in fact a homomorphism of R-algebras. Denote by R[AM & N] 4. the R-submodule of
R[M & N1 consisting of all bthomogeneous polynomial laws of degree (, ¢). It suffices to
show that R[MON] 4.y = R[M]4®R[N],. To see this, first suppose that M, N are free.
In this case, we get R[x1, ..., X Y15 Vi) (de) = RI%0 -5 %0]a ® R[Y1, ..., Ym]e when
X Y have degrees (1, 0), (0, 1), respectively. In general, let : M" — Mandy: N' - N
be surjective R-linear maps from finitely generated free R-modules. Then we see that

{f € RIM' & N'](4) | Vi1 € ker(@)Vuy € ker(¥) : f 0 tyuy) =} =

{f € RIM') g | Yur € ker(p) : fot,, =f}®{g € RIN'], | Vu; € ker(y) : got,, =g}
and hence R[M & N4, = R[M]s® R[N].. O

Example 3.2.15 shows that the coordinate ring of a module is quite a subtle notion.
However, we will see that in the proof of our Theorem 4.1.1, by a localisation we can always
pass to a case where the module A/ is free. In that case, by Lemma 3.2.13, R[] is just a
polynomial ring over R.

3.3 The topological space A/

We first make precise what we mean with a topological space over a category. Denote by
Forget, the forgetful functor from the category D to Set (when it exists). For convenience,
if Pis a functor from (' to D, we denote by P the composition Forget, oP.

Definition 3.3.1. Let F : ( — Set be a functor. A subser X of F is a functor from
C — Setsuch that X(C) c F(C) forevery C € (and X¢p(p) = Fep(@)|y, for every
C, D € ( and for every ¢ € Hom((C, D). i)

Remark 3.3.2. Let X and Y be subsets of a functor P :  — Set. The union X U Y of X
and Y is the subset (X U Y)(A) = X (A) U Y (A). Analogously, one defines the zntersection
X NY of X and Y, infinite unions, and infinite intersections. Moreover, we denote by 0

the subset of P such that 0(4) = 0 c P(4) forevery 4 € C. hEN

Definition 3.3.3. Consider a functor P : ( — Setand let / be an index set. A topology T
on P is given by a collection of subsets {X; };e; of P containing P and 0, and that is closed
under taking arbitrary intersections and finite unions. We say that the couple (2, T) is a

topological space over (. )
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Remark 3.3.4. A functor P withatopology T of closed subsets {X; } ;¢ gives rise toa func-
tor P : ' — Top, assigning to an object C the topological space P(C) with {X;(C) };es as
collection of closed subsets. M

3.3.1 The space A,/

We now construct the topological space A for M a finitely generated R-module. To be
precise, Ay is a topological space over the category Domp of R-domains with R-algebra
monomorphisms, in the sense of Definition 3.3.3. In what follows, we use the term “njec-
tions" to refer to R-algebra monomorphisms.

Definition 3.3.5. Define A,/ to be the rule assigning to each D € Domg, the set D ® M.
A subset of Ay is a rule X that assigns to each D € Domy, a subset X (D) of D ® M in
such a manner that ¢ ® idas maps X (D) into X (E) for all injections :: D — E. For every
subset S € R[], the rule U(S) assigning

D US)(D) = {meDM|VfeS:fm) =0}

is a subset of Ays. We say that X C Ay is dosed it X = U(S) for some S C R[M].
This collection of closed turns Ay into a topological space over Domy, in the sense of
Definition 3.3.3. We call this topology the Zariski topology on Ayy. >

Remark 3.3.6. If D is an R-domain, then we can make D ® A into an topological space
by defining the closed subsets to be ‘V(S) (D) for S € R[M]; we will call this the Zariski
topology (over R) on D ® M. To see that these sets are preserved under finite unions,
one uses ‘V(S) (D) U O(T)(D) = U(S - T)(D), which holds since D is a domain. For
any R-algebra homomorphism D — E between R-domains (not necessarily injective), the
induced map D ® M — E ® M sends ‘U(S) (D) into ‘U(S)(E). Furthermore, if D — E
is injective, then that induced map is continuous with respect to the topologies on D ® M
and E® M. So A,y induces a functor from Domp to Top and the ‘U(S) are closed subsets.
We will not consider closed subsets of D ® M on their own. M

Remark 3.3.7. We think of A, as the “affine space” corresponding to M. Note that in
the definition of closed subsets of A s we require S to be independent of D, i.e., not every
rule assigning to D € Domyp, a subset of the form ‘U(S) (D) is a closed subset of Azs. To
see that this is desirable, consider R = Z, M = R and let X, be the rule such that X, (D) =
{0} = O({x})(D) when 0 < char D < nand X,,(D) = D = U(0)(D) otherwise. Then
X1 2 X; 2 X3 2... isa descending chain of rules and X1 (F) = F, # {0} = X,(F,)
for every prime number p > 0. M

Definition 3.3.8 (Base change). If Bisan R-algebra, and D is a B-domain, then D® M =
D ®p (B ® M) also carries a Zariski topology over B, coming from closed sets defined by
subsets of B[ B ® M. This refines the Zariski topology on D ® M over R. If X is a closed
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subset of Ay, then we write X3 for the closed subset of A ggas that maps a B-domain D to
X(D). )

Let X be a subset of A ;. Then we define the ideal of X to be
Ix = {f € R[M] | VD € DomgVx € X(D) : fp(x) = 0}

As fp maps elements into a domain, we see that Ty is a radical ideal of R[A/]. We define
the closure of X in Ay to be the closed subset X = U(Zy) of Ayy.

Let @: M — N be a polynomial law between finitely generated R-modules. Then the
maps (@p)peDom;, define a continuous map Ayr — Ay, ie., for every injection i: D —
E, the diagram

A (D) —2 An(D)

l®idMl J/l®idN

An(E) =2 An(E)

commutes, so @(X) = (D +— op(X(D))) is a subset of A for each subset X of A,r, and
for every subset S € R[N, the subset

27 (V) = (D= o5 (V(S)(D))p
of Ay is closed (as ¢1_)1 (V(S)(D)) = U(¢*S)(D) holds). As usual, we have

p(X) C p(X)

for all subsets X of A ;.
When M is free and finitely generated, we have the usual correspondence between
closed subsets and radical ideals.

Proposition 3.3.9. Let M be a finitely generated free R-module of rank n. Then the rule
sending an element x € D ® M of Ay to g, = {f € R[M] | fp(x) = 0} € A} =
Spec(R[M]) is surjective and maps closed subsets of Ay to closed subsets of Ay, Moreover,
that map from closed subsets of Ay to closed subsets of A% is a bijection. In particular, we have
To(sy = rad(S) for any subset S C R[M].

Proof. Note that for every R-domain D and element x € D ® M, the set q, € R[M] is
a prime ideal. Let € R[M] = R[xy,..., x,] be a prime ideal. Then we have q = q, for
x=(+0q...,x,+q) € (R[M]/q) @ M. Next, let. S C R[M] be a set. Then we see
that {q, | x € V(S)(D), D € Dompg} = {q € Spec(R[M]) | q 2 S}. So closed subsets
of A are mapped to closed subsets of A% Clearly, every closed subset arises from a closed
subset of Ayys. To see that this map is injective, we note that

Tos) = ﬂ G = ﬂ q = rad(S) and V(S) = V(rad(S)).
x€U(S) (D) q€Spec(R[M])
DeDompg q2S8
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Hence U(S) is uniquely determined by its associated subset of A%. O

While we have defined closed subsets of Ay by looking at all R-domains D, it actually

suffices to look at algebraic closures 1?,, where p € Spec(R). For p € Spec(R), we write
Ky = Frac(R/p) for the fraction field of R/p.

Proposition 3.3.10. Let X be a subset of Apr. Then

= () {feR[M] | f e ‘7Xu<7>}-
peSpec(R)

Proof. Clearly, the inclusion C holds. Let f € R[M] be such that fz— € Ty x5 for
P P

all p € Spec(R). Let D be an R-domain and let p be the kernel of the homomorphism

R — D. Then there exists a field L containing Frac(D) and Fp. By the Nullstellensatz, the

fact that fKT € 7){(1{7) implies that /7 € Tx(r). It follows that fp vanisheson X (D). O

Corollary 3.3.11. A dosed subset X of Apr is uniquely determined by its values X (Ky)
where p runs over Spec(R).

Proof. This follows from the previous proposition since X = ‘U(Tx). O

The proof of Theorem 4.1.1 follows a divide-and-conquer strategy in which the follow-
ing two lemmas and their generalisations to closed subsets of polynomial functors (Lem-
mas 3.4.20 and 3.4.21), play a crucial role.

Lemma 3.3.02. Let R be a ring with Noetherian spectrum and r an element of R. Let
PL ..., Pp be the minimal primes of R (7). Then two closed subsets X, Y C Apg are equal if
and only if Xr(1/r) = Yr[1/r) and Xgjp, = Yryp, foralli =1,..., k.

Proof. Suppose that Xg[1/,] = Yr[1/»] and Xgjp, = Yryp, foralls = 1,..., k. Let K be
an R-field and let R — K be the corresponding homomorphism. If the image of 7 in X is
zero, then R — K factors via R/p; forsomez =1,..., kand hence K isa (R/p;)-domain.
In this case, we have X (K) = Xp/p,(K) = Yryp,(K) = Y(K). If the image of r in K is
nonzero, then K naturally is an R[1/7]-field. In this case, we have X (K) = Xp[1/,(K) =
Yz(1/-(K) = Y(K).So X = Y by Corollary 3.3.11. O

Lemma 3.3.03. Let R C R’ be a finite extension of domains and let X, Y C Ay be closed
subsets. Then X =Y if and only if Xg» = Y.

Proof. The extension R C R’ satisfies lying over, i.c., for every prime p € Spec(R) there is
aprime q € Spec(R”) with p = q N R. The lemma follows by Corollary 3.3.11. O
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3.3.2 Noetherianity of A/

We now prove that the topological space Ay is Noetherian.

Proposition 3.3.14. If R has a Noetherian spectrum and M is a finitely generated R-
module, then the topological space A yr over Domp, s Noetherian.

Thus let R be a ring.
Lemma 3.3.15. [f Spec(R) is Noetherian, then so is Spec(R[x]).

Proof. This is an application of [ESS20, Theorem r.1] with trivial group. O

Lemma 3.3.16. Assume that Spec(R) is Noetherian and set N = R”. Then A is Noethe-
rian, i.e., any chain X1 2 X5 2 - -+ of closed subsets of Ay stabilises eventually.

Proof. Consider the chain Ty, € Tx, C --- of radical ideals in R[N] = R[x,...,x,].
Since the latter ring has a topological spectrum, this chain stabilises. Since X; = U(7y,),
so does the chain X C X, C ---. |

Proof of Proposition 3.5.14. Let R be a ring with Noetherian spectrum, let 1 be a finitely
generated R-module, andlet X7 2 X, 2O - - - beachain of closed subsets of A ;. Since M is
finitely generated, there exists a surjective R-module homomorphism ¢: N = R — M
for some 7. This defines a (linear) polynomial law N — A1 and so a continuous map
Ay — Ay Set Y; = ¢_1(XZ'), which is the closed subset of Ay such that Y;(D) =
(1 ® ) 1 (X;(D)) for all R-domains D. By Lemma 3.3.16, the chain ¥; 2 Y, 2 ---
stabilises, i.e., ¥, = Y4 forallz > 0. So,since1 ® ¢: D ® N — D ® M is surjective
for every R-domain D, we have X; (D) = (1 ® ¢)(Y;(D)) for every 7 and D, and therefore
X, =X, forallz > 0. |

Remark 3.3.r7. If two ideals 7 and J in R[AM] define the same closed subset in
Spec(R[AM]), then they have the same radical and hence define the same closed subset in
Ajr. But it could possibly happen that two ideals that define the same closed subset in
Ay do not define the same closed subset in Spec(R[A4]). In particular, the proof above
does not show that Spec(R [A1]) is a Noetherian topological space. Indeed, we don’t know
whether this is the case. M

Question 3.3.18. Suppose that Spec(R) is Noetherian and let M be a finitely generated

R-module. Is Spec(R[M]) Noetherian? Is the map from radical ideals of R[M] to closed
subsets of Apr a bijection?
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3.3.3 Dimension

Proposition 3.3.19. Let R be a domain, let M be a finitely generated R-module and let X
be a closed subset of Ay, Then the function

Spec(R) = Zs 4
p = dimg (X (Kp))

is constant in some open dense subset Spec(R[1/r]) of Spec(R).

Proof. By Lemma 3.1.1, there exists a nonzero » € R such that R[1/r] ® M is free. It
suffices to prove the statement for the domain R[1/7], the R[1/7]-module R[1/r] ® M
and the closed subset Xz[1/,] of Ar[1/-]@as. S0 we may assume that A is free, say of rank
m, and so X is a closed subset of A%;let I C R[xy, ..., x,,] be its vanishing ideal. Choose
an arbitrary monomial order on monomials in xy, .. ., x,,. For each nonzero » € R, let M,
be the set of leading monomials of 7zonzc polynomials in R[1/7] ® I; this is an upper ideal
in the monoid of monomials. By Dickson’s lemma applied to the m-tuples in N of the
exponents of monomials, there exists an 7 such that M4, is inclusion-wise maximal. Choose
monic polynomials fi, ..., fz € R[1/7][x1, ..., x,] whose leading monomials generate the
upper ideal M. Then fi, ..., /3 generate the ideal R[1/7] ® /—indeed, otherwise there
would be some element /' in the latter ideal whose leading monomial is not divisible by any
of the leading monomials of the £;; and letting 7 be the leading coefficient of /" we would
find that M,,~ strictly contains M, a contradiction. Moreover, again by maximality of A4,
the f; satisfy Buchberger’s criterion: every S-polynomial of them reduces to zero modulo
fis - > fx when working over R[1/7][x1,. .., %,]. Then for each p € Spec(R[1/r]), the
images of the f; generate the ideal K ® 7 = K}y ®g[1/-] (R[1/7] ® I); and still satisfy
Buchberger’s criterion. Hence these images form a Grobner basis, and since the dimension
of X (ITI,) can be read of from the set of leading monomials, that dimension is constant for

p € Spec(R[1/7]). O

Proposition 3.3.20. Let R be a domain, M a finitely generated R-module, and X a closed
subset of Apy. Then there exists a nonzero r € R such that the following holds: for any f €
R[M], if f vanishes identically on X (K), then [ vanishes identically on X (Fp) forallp €
Spec(R[1/7]).

Proof. As in the previous proof, it suffices to prove the statement in the case that M/ is free
of rank m. Let / € R[xy,. .., x,,] be the vanishing ideal of X. This time, for each nonzero
7 € R, let M, be the set of leading monomials of monic polynomials in R[1/7] [x1, .. ., %]
some power of which lies in R[1/r] ® I. Choose r such that M, is maximal, and f3,..., f; €
R[1/7][x1,..., %] monic, whose powers lie in R[1/7] ® 1, and whose leading monomials
generate the upper ideal M. Then the images of fi, ..., f; form a Grobner basis of the
radical ideal of K ® J. Now assume that f € R[AM] vanishes identically on X (K), and
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let ¢ be the image of / in R[1/7][x1,...,%,]. Then by the Nullstellensatz, some power
of ¢ reduces to zero modulo f;, ..., f¢. But then that reduction holds modulo p for every
p € Spec(R[1/r]), so g vanishes identically on X(]?p) for all such p. O

3.4 Polynomial functors and their properties

3.4.1 Polynomial functors over a ring

For reasons that will become clear later, we will only be interested in polynomial functors
from the category fgfMod, of finitely generated free R-modules into either Modp, the
category of modules over R, or fgMod , the category of finitely generated modules over
R. In all these categories morphisms are R-module homomorphism.

Definition 3.4.1. A polynomial functor P: fgftMod, — Mody consists of an object
P(U) € Modp, for each object U € fgfMod, and a polynomial law

Pyy: Hom(U, V) = Hom(P(U), P(V))
for each U, V' € fgfMod,, such that the diagram

Hom(V; W) & Hom(U, V) - s Hom(U, W)

lPV,WEBPU,V \LPU,W

Hom(P(V), P(W)) @ Hom(P(U), P(V)) ———— Hom(P(U), P(W))

commutes for every U, V, W € fgfMod,. Here the bilinear horizontal polynomial
laws are given as in Remark 3.2.7. Moreover, for every U € fgfMod, we require that
Pyy(idy) = idpy) and we require that P has finite (or bounded) degree, i.c., there is a
uniform bound d € Zs such that for all U, V" the polynomial law Pg; - has degree at most
d. )

Polynomial functors fgfMod, — Modpy form an Abelian category PFy in which a
morphism «: Q — P is given by an R-linear map 2y: Q(U) — P(U) foreach U €
fgfMod , such that the diagram of polynomial laws

Hom(U, V) L} Hom(Q(U), Q(V))

lpuy lﬂyo—

—oay

Hom(P(U), P(V)) ———— Hom(Q(U), P(V))

commutes for all U, V. Note that post-composing with ) and pre-composing with 2y
are R-linear maps and hence, indeed, (linear) polynomial laws.
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For every R-algebra 4 and R-modules U, V, W, let — o 4 — be the 4-bilinear extension
of the R-bilinear composition maps —o—: Hom (¥, W)xHom(U, V') — Hom(U, ).
So (= o4 —)4 is the polynomial law extending — o —. Then the diagram above says that

Pyya(p)og 1®@ay) = (1®ay) oy Qur.a(e) (3.1)

for all R-algebras 4 and ¢ € 4 ® Hom(U, V). Note that to check that the diagram
commutes, it suffices to check that this equality holds for 4 = R[xy,...,x,] and ¢ =
X Q@+ +x, ® @, where @y,..., @, is a basis of Hom(U, V).

Recall that for all R-modules U, V, there is a natural 4-linear map

AQHom(U, V) —» Homy (AR U,A® V).

For U, V' € fgfMod,, this map is an isomorphism. Thus an element ¢ of 4 ® Hom (U, V)
can be thought of as an “element of Hom(U, V') with coordinates in 4”. Viewing

Quv,4(@), Puy.4(@) as maps, (3.1) implies that the diagram

auvd

A8 QU) —2 5 4 P(U)

\LQU' v.4(@) lPuV,A (?)

A®QV) —X 5 40 P(V)

commutes; here 2y 4 is the 4-linear extension of ¢y When 4 is a polynomial ring over R,
the map
A® Hom(Q(U), P(V)) = Homy(4 ® Q(U), 4A® P(V))

is injective and so the reverse implication also holds. So the family (z¢/)¢ is a morphism
of polynomial functors if and only if the last diagram above commutes for all 4, U, V; .
This is closer to the definition of polynomial functors over infinite fields, and generalises
as follows.

Definition 3.4.2. Let P, Q be polynomial functors. We define a polynomial transfor-
mation a: Q — P be a rule assigning to every U € fgfMod, a polynomial law
ay: Q(U) — P(U) such that the last diagram above commutes for all R-algebras 4 and
peA®Hom(U V). A

Justlike polynomial laws generalise R-module homomorphisms, and the latter are pre-
cisely the linear polynomial laws, polynomial transformations generalise morphisms of
polynomial laws, and the latter are precisely the linear polynomial transformations.

Remark 3.4.3. If R is an infinite field, then a polynomial functor

P: fgfMod, — fgMod,, = fgfMod,
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is the same thing as a functor from the category of finite-dimensional R-vector spaces to

itself such that for all U, 7' € fgfMod, the map
Pyy: Hom(U, V) —» Hom(P(U), P(V))

is a polynomial map. This is the set-up of Chapter 2. If R is a field but not necessarily
infinite, then a polynomial functor fgfMod, — fgfMod, is a strict polynomial functor
in the sense of Friedlander-Suslin [FSo7]. RN

Many of our proofs will involve passing to the case of (infinite) fields and invoking
arguments from [Draig]. This is facilitated by the following construction.

Definition 3.4.4 (Base change). Let B be an R-algebraand let P: fgfMod, — Mody be
a polynomial functor. Then P induces a polynomial functor Pp from fgfMod; to Mod
as follows: first, for each finitely generated free B-module U fix a B-module isomorphism
Yu: U — B ® Ug, where Uy is a free R-module of the same R-rank as the B-rank of U.
Then, set Pg(U) = B ® P(Ugr). Next, for each B-algebra 4, we need to assign to every
¢ € 4 ®p Homp(U, V') an image in 4 ® Hompg(Pg(U), Pg(V")). For this, note that

A®gHomg(U, V) = A®zHomp(B® Ugr, B® V)
=~ 4 ®p (B ® HOIn(UR, Vr))
= 4 ® Hom(Ug, Vg),

where the isomorphism in the first step is 14 ®g (¢ 0 — o ;kl}l) and the second isomor-
phism follows from the freeness of Ug and Vx. Via these isomorphisms, @ is mapped to
an element of 4 ® Hom(Ug, V'x). Applying Py, v, to this element yields an element of
A®Hom(P(Ugr), P(Vg)) = A®p(B®Hom(P(Ur), P(Vr))), and applying the natural
map B ® Hom(P(Ug), P(Vxz)) — Homp(B ® P(Ug), B® P(Vy)) in the second factor
(which may not be an isomorphism since P(Ug), P(Vr) need not be free) yields an ele-
ment of 4 ® Homp(Pg(U), Pg(V')). It is straightforward to check that Pp thus defined
is a polynomial functor from fgfMod , to Modp. A different choice of isomorphisms ¥/
yields a different but isomorphic polynomial functor Pg. N

Remark 3.4.s. In this construction we have made use of the fact that P is a polynomial
functor from finitely generated free R-modules to R-modules. The choice of #¢’s could
have been avoided as follows: instead of working with fgfMod , we could have worked
with the category whose objects are finite sets and whose morphisms / — [ are given
by I x J matrices with entries in R. Then P;; would have been a polynomial law from
the module of 7 X J matrices to Hom(P(/), P(1)). However, the set-up we chose stresses
better that we are interested in phenomena that do 7ot depend on a choice of basis in our

free modules. M

Definition 3.4.6. A polynomial functor P: fgfMod, — Mody is called homogeneous of
degree d if the polynomial law Py; - is homogeneous of degree d foreach U, V' € fgfMod,,.
i)
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Every polynomial functor P: fgfMod, — Mody is a direct sum Py @ --- @ Py,
where P;: fgfMod, — Modp is the homogeneous polynomial functor of degree 7 given
on objects by P;,(V) = {v € P(V) | Pyyrin(t ® idp)(v) = £ ® v}; and Py is
the restriction of the degree-7 component of the polynomial law Py;p- to P;(U). Here we
identify R[z] ® Hom(P(V), P(V')) with Hom(P(V), R[] ® P(V')). We might denote
with P, g the base change (P,)p of P, the e-th component of P, with the R-algebra B.

3.4.2 Duality
Definition 3.4.7. Let P: fgfMod, — Mody be a polynomial functor over R. Then
we obtain another polynomial functor P*: fgfMod, — Mody, by setting, for each I €
fgfMod,, P* (V') := P(V*)" = Hom(P(V*), R) and for each p € 4 ® Hom (U, V),
Py (@) = Py u-a(9"),
where ¢” is the image of @ under the natural isomorphism
A®Hom(U, V) = A® Hom(V*, U™)

(here we use that U, V" are free) and the outermost * again represents a dual. >

The dual functor P* of P has the same degree as P and will play a role in Section 4.2.10.
To avoid having too many stars, we will there think of it as the functor that sends "™ to
P(V)*. If P takes values in fgfMod , then (P*)* is canonically isomorphic to P.

3.4.3 Shifting

Let U be a finitely generated free R-module.

Definition 3.4.8. We define the shift functor Shy : fgfMod, — fgfMod, that sends
V= U® Vand @ — idy ® @. For a polynomial functor P: fgfMod, — fgMod, we
set Shy(P) := P o Shy, called the shift of P by U. >

Lemma 3.4.9. The composition Shy(P) is again a polynomial functor fgfMod, —
fgMod,, the projection U®V — V yields a surjection of polynomial functors Shy (P) — P
and inclusion the V- — U@V yields a section P — Shy (P) to that surjection. In particular,
Shy (P) = P & (Shy(P)/P). Furthermore, Shy (P) [P has degree strictly smaller than the
degree of P.

Proof. The proofin [Drar9, Lemma14] (in the case where R is an infinite field) carries over
to the current more general setting. O
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3.4.4 Dimension functions of polynomial functors

Let P: fgfMod, — fgMod, be a polynomial functor. For p € Spec(R), set f(n) =
dimg, (Kp ® P(R")). It turns out that these functions are polynomials in 7, and depend
semicontinuously on p. To formalise this semicontinuity, we order polynomials in Z[x]

by f > gif f(n) > g(n) forall » > 0; this is the lexicographic order on coefficients.

Proposition 3.4.10. For each p € Spec(R) the function f: Zso — L is a polynomial
with integral coefficients of degree at most the degree of P. Furthermore, the map p — fy is
upper semicontinuous on Spec(R) in a strong sense: both the sets {p | f = f} and {p | fp >
[} are dosed for all f € Z[x].

Proof. We proceed by induction on the degree of P. If P has degree 0, then P(R”) is a fixed
R-module U, and f; is the constant polynomial that maps 7 to dimg, (K ® U). In this
case, if f € Z[x] has positive degree, then f, > f and f, > f are either both trivially true
for all p or both trivially false for p (depending on the sign of the leading coeflicient of f),
so we need only look at constant £

In this case, the result is known; we recall the argument. Let R* — U be a surjective
R-module homomorphism, and let /V be its kernel. Since tensoring with K, is right-exact,
1 ® N spans the kernel of the surjection K — K}, ® U for each p.

The statement that dimg, (K ® U) is upper semicontinuous is therefore equivalent
to the statement that dimension of the span of 1 ® N in K7 is lower semicontinuous. And
indeed, the locus where this dimension is less than £ is defined by the vanishing of all £ X &
subdeterminants of all £ X # matrices (with entries in R) whose rows are & elements of V.

For the induction step, assume that the proposition is true for all polynomial functors
of degree < d and assume that P has degree d > 1. Then consider the functor Shz (P),
which by Lemma 3.4.9 is isomorphic to P @ Q for Q := Shp(P)/P of degree < d.

By the induction hypothesis, the proposition holds for Q: the function gp(7) =
dimg, (Kp ® Q(R")) equals a polynomial with integral coefficients for all » > 0, and
P > gp is semicontinuous. Now we have

foln+1) = dimg, (Kp ® P(R' @ R"))
= dimg, (Kp ® P(R")) + dimg, (Kp ® Q(R")) = fo(n) +gp(n).

This means that f;, () is the unique polynomial with (Afy)(2) = fo(n +1) — fo(n) =
gp(n) forn > 0and £, (0) = dimg, (K, ® P(0)); this f;, has integral coefficients and degree
at most d.

For the semi-continuity statement, note that f, > £ is equivalent to either gp, = Af}, >
Af, orelse gp > Af and moreover f,(0) > £(0). Both possibilities are closed conditions
on p. Similarly, f, > f is equivalent to either g, > Af orelse g > Af and £,(0) > £(0),

which, again, are closed conditions. |
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3.4.5 Local freeness

We now generalise Lemma 3.1.1 to polynomial functors.

Proposition 3.4.1x. Let R be a domain, P: fgftMod, — fgMod a polynomial functor
and S a subobject of P in the larger category of polynomial functors fgfMod, — Modp.
Then there exists a nonzeror € R such that R[1/r] @ S(U) and R[1/r] ® P(U) are finitely
generated free R[1/r]-modules for all U € fgfMod g, and the latter is a direct sum of the
former and another free R[1/r]-module.

Note that we do not claim that the complement is itself the evaluation of another sub-
object; i.e., Sg[1/-] needs not be a summand of Pg[y/,] in the category of polynomial func-
tors over R[1/7].

Proof. Again, we proceed by induction on the degree of P. If P has degree 0, then so does
S and then the statement is just Lemma 3.1.1. Suppose that the degree of Pisd > 0 and that
the proposition holds for all polynomial functors of degree less than d.

By Lemma 3.4.9, for each 7 we have

P(R™) = P(R") ® Q(R")
where Q = Shg (P)/P has degree < d. Similarly, we have

S(R™) = S(R") & N(R")
where N = Sh(85)/S C Q. It follows that

P(R") =P(0) ® Q(0) ® Q(R") @ --- & Q(R"™") and

S(R") =S5S(0)dN(O)dN(RH @ --- & N(R™™).
Now by Lemma 3.1.1 there exists a nonzero 7y such that R[1/79] ® P(0) is the direct sum
of a free R[1/7y]-module and R[1/79] ® S(0), which is also free. And by the induction
hypothesis there exists a nonzero 1 € R such that for each m, R[1/7] ® Q(R™) is a direct

sum of two free R[1/7]-modules, one of whichis R[1/71] ® N (R™). Then r := ror; does
the trick for the pair 2, S. O

3.4.6 The Friedlander-Suslin lemma

The Friedlander-Suslin lemma relates polynomial functors of bounded degree to repre-
sentations of certain associative algebras called Schur Algebras. To introduce these, let
U € fgftMod, and let 4 > 1 be an integer. The bilinear polynomial law

—o—: End(U) x End(U) — End(U)
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given by composition yields an algebra homomorphism
R[End(U)] — R[End(U) X End(U)] = R[End(U)] ® R[End(U)]
which maps the part R[End(U)] <4 of degree < d into

§ R[End(U)], ® R[End(U)]; € R[End(U)] <4 ® R[End(U)] <4
a,b>0
a+b<d

Taking the dual R-modules, we obtain a map
R [End(U)]*Sd@R [End(U)]*Sd — (R[End(U)] <4®R[End(U)]<y)* — R[End(U)]*Sd.

We set S<4(U) = R[End(U)]7,. The first map is, in fact, an isomorphism due to
the fact that S<4(U) is finitely generated and free as an R-module. Indeed, if U is free
with basis #,. .., #,, then End(U) is free with basis (E,]-)Z.zl, where Eju; = pu;, and
R[End(U)] <y is free with basis the monomials x* of degree < d in the coordinates x;; dual
to the Ej;, and hence R[End(U)]% , is free with the dual basis (s,),, where « runs over all
multi-indices in ZZ" such that || = 211 a;; < d. Welet — % —: S<4(U) x S<4(U) —
S<4(U) be the bilinear map associated to the map above.

Definition 3.4.12. The R-module S<,(U) with the bilinear map — * — is called the Schur
algebra of degree < d on U, and (given a basis of U), the basis (s,),, is called its distinguished
basis. N

The Schur algebra is associative (but not commutative unless z = 1); this follows from
the associativity of composition in End(U). Explicitly, the coefficient of s, in the product
sz * sp is computed as follows: First, expand the composition (sz ;i Ey) © (Xpi ywiErt),
where the x;; and yy, are variables, as >, Z(Zj X)) Eq =t X 2y Then expand 27 as a
polynomial in the x;; and the y, and take the coefficient of the monomial x”‘yg .

The map End(U) — S<,(U) that sends @ to the R-linear evaluation map

R[End(U)]<a = R, f = fr(P)

is an injective homomorphism of associative R-algebras, so S<;(U)-modules M are, in par-
ticular, representations of the R-algebra End(U). In fact, they are precisely the polynomial
End(U)-representations of degree < d, i.e., those for which the map End(U) — End(M)
is not just a homomorphism of (noncommutative) R-algebras but also a polynomial law
making certain diagrams commute. Since we will not need this interpretation, we skip the
details.

Now suppose that P is a polynomial functor fgfMod; — Modz of degree < 4. Then
P(U) naturally carries the structure of an S<;(U)-module as follows: the polynomial law

Pyy: End(U) — End(P(U))
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has degree < d and therefore we have

n
PU,U,R[xlbxlz ,,,,, X ] (Z Xy ®Eﬁ) = Z ' ® Pa

ij=1

for certain endomorphisms ¢, € End(P(U)). Now the basis element s, of S<;(U) acts
on P(U) via @,; it can be shown that this construction is independent of the choice of basis

of U.

Theorem 3.4.13 (Friedlander-Suslin lemma, [Toui4, Théoréme 7.2] and [FS97, Theorem
3.2]). Let U € fgftMody have rank > d. Then the association P +— P(U) is an equiva-
lence of Abelian categories from the full subcategory of P g consisting of polynomial functors
fgfMod, — Modz of degree < d to the category of S<4(U)-modules.

To conclude this section, we observe that Schur algebras behave well under base change:
if 4 is an R-algebra, then we have a commuting diagram (up to natural isomorphisms):

(PFR)<y —— {S<4(U)-modules}

P—Py l lM =AM

(PFy) <y —— {(4 ® S<4(U))-modules}

where the lower horizontal map is evaluation at 4 ® U and the 4-algebra 4 ® S<,;(U) is
canonically isomorphic to the Schur algebra S<;(A4 ® U) on the free A-module 4 ® U.

3.4.7 Irreducibility in an open subset of Spec(R)

Let R be a domain and let P: fgfMod, — fgMod be a polynomial functor. As before,
for each prime p € Spec(R) we set K, = Frac(R/p); in particular, K = K is the
fraction field of R. Recall that the base change functor yields a polynomial functor Px;, over
the field K, for each p € Spec(R), and also a polynomial functor PKT over the algebraic

closure 1?,3 of K. The goal of this section is to transfer certain properties of P to P, for
p in an open dense subset of Spec(R).

Proposition 3.4.14. Let Q be an irveducible subobject of Py in the Abelian category of poly-
nomial functors over K and assume that Qf is still irreducible. Then there exists a subobject
Q of P in the category of polynomial functors fgfMod, — Modg such that Qx = Q and
QKT is an irreducible subobject of Prin the Abelian category of polynomial functors over K,y
for all primes p in a dense open subset Spec(R[1/r]) € Spec(R).

Remark 3.4.15. Note that we don’t require that Q is a functor into fgMod ; we may not
be able to guarantee this if R is not a Noetherian ring. M
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In order to prove this proposition, we use the following lemma.

Lemma 3.4.36. Let A be a (not necessarily commautative) associative R-algebra and N an
A-module that is, as an R-module, finitely generated and free. Suppose that K ® N is an
irreducible (K ® A)-module. Then there exists a dense open subset Spec(R[1/7]) € Spec(R)
such thm‘]?n ® N is an irreducible (ITp ® A)-module for all p € Spec(R[1/r]).

Proof. Letuy,..., v, bean R-basis of N. Foreachj € [#] and eacha € A letc,;; € Rbe
the structure constants determined by

avjz E cd,z;jvl-.

-
Foreachk =1,..., 7 —1, we will construct a constructible subset Z; of the Grassmannian
Grr(k, ) over R whose set of Kp-points, for p € Spec(R), is the set of k-dimensional
(ITp ® A)-submodules ofl?p ® N. The construction is as follows: for each J C [7] of

size k consider the £ X 7z matrix X; whose entries on the columns labelled by / are a k X £

identity matrix over R and whose other entries are variables x;, 7 € [£],7 € [#] \ /. Recall

(n—=F)

k . .
that Grg (k, 72) has an open cover of affine spaces A RX over R on which the coordinates

are precisely these x; withj ¢ /. Forj € J we write x;; € {0, 1} for the corresponding entry
of Xj. Note that, foreach m = 1,..., kand each 4 € A4, we have

(1®a) mej®v ZZcﬂ,jxmj®v,€R[xzj|z€ lLjel \j]

J=1 =1 j=1
and we define the row vector of coefficients

n

Vam = ch,l',jxmj

7= i=1

with entries in the coordinate ring R[x;; | 7 € [£],/ € [n] \ ]] ofA/Z}("_k).

Let Cy be the closed subset ofA/]e;}(”_k) defined by the vanishing of all (£+1) X (£+1)-
subdeterminants of the matrices
i

for all choices of @ € 4 and m = 1,...,k. For each prime p € Spec(R), the sub-
set C](Fp) C Grr(k n)(Kp) parameterises the £-dimensional (Kp ® A)-submodules of

E@N = Fp[n] that map surjectively to Ej. In particular, by the assumption that K®N
is still irreducible, the image of C; in Spec(R) does not contain the prime 0, for any £ and
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any k-set/ C [z]. In other words, the morphism C; — Spec(R) is not dominant. Set
Zk = Uscin) 1= ?], a finite union of locally closed subsets of the Grassmannian. Then

Z, — Spec(R) is still not dominant, and neither is (UZ;II Zk) — Spec(R). Hence there

exists a nonzero 7 € R that lies in the vanishing ideal of the image; the open dense subset

Spec(R[1/7]) € Spec R then has the desired property. O

Proof of Proposition 3.4.14. By the Friedlander-Suslin Lemma (Theorem 3.4.13) and the fact
that the Schur algebra behaves well under base change, it suffices to prove the corresponding
statement for all d € Zso, U = R%, and all S-;(U)-modules that are finitely generated
over R (which, of course, is equivalent to being finitely generated as an S<4(U)-module).

So let M be a finitely generated S<;(U)-module and let N be an irreducible (K ®
S<4(U))-submodule of K ® M that remains irreducible when tensoring with K. Define

N={veM|1®veN}.

A straightforward computation shows that NV is a (not necessarily finitely generated)
S<4(U)-submodule of M.

By Lemma 3.1.1 there exist a nonzero » € R and elements vy,...,v, € N such that
R[1/r] ® N is a free R[1/r]-module with basis 1 ® vy,...,1 ® v,. Then Lemma 3.4.16
applied with R equal to R[1/7] and 4 equal to R[1/7] ® S<4(U) shows that ITp ® N is
an irreducible (K, ® S<4(U))-submodule of Fp ® M for all p in some nonempty open
subset Spec R[1/(75)] € Spec(R[1/r]) C Spec(R). m|

3.4.8 Closed subsets of polynomial functors

Closed subsets of a polynomial functors play the role of affine varieties in finite-dimensional
algebraic geometry. In this subsection, P is a fixed polynomial functor fgfMod, —
fgMod, of finite degree.

Forany U, V' € fgfMod , we have a sequence of polynomial laws

X (pp)—0(p)

Hom (U, V) x P(U) —2 "\ Hom(P(U), P(V)) x P(U) P(V),

whose composition we denote by @ ;7. We also let Iy : Hom(U, V) xP(U) — P(U)
be the linear polynomial law given by projection. Recall that ®¢; ;- and Iy both yield
continuous maps from Agom 1y xp(U) — Ap(ry.

Definition 3.4.r7. We define Ap to be P. A subset of Ap is a rule X that assigns to each
U € fgfMod, a subset X (U) of Ap(y) (see Definition 3.3.5) in such a manner that

Oy (7 (X (V) € X (V)
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forall U, V' € fgfMod . The subset X C Ap is closed if X (U) is a closed subset of Ap(¢r

forall U € fgfMod,. The closure of X is the closed subset X of Ap assigning X (U) to U
forall U € fgftMod,. )

Itis worth spelling out what this means. Let U, V" be finitely generated free R-modules,
let Dbean R-domainandlet p € D®Hom(U, V). Then the condition is that Py y;p (@) €
D ® Hom(P(U), P(V)) maps X (U)(D) € D® P(U) into X (V) (D). In the particular
case where V' = U, this condition can be informally thought of as the condition that X (U)
is preserved under the polynomial action of End(U). Leta: Q — P be a polynomial
transformation and let X be a subset of Q. Then 2(X) = (U + ay(X(U))) is a subset of
P.

Definition 3.4.18. For X C Ap, we define the ideal Ty of X to be the rule assigning
Txw)y € R[P(U)] to U forall U € fgfMod,. The rule 7y is an ideal in the R-algebra
over the category fgfMod, defined by U + R[P(U)], i, forall € Hom(U, V') we
have Zx (V) o Pyyr(p) € Ix(U). >

Definition 3.4.19 (Base change). If X C Ap is a closed subset and B is an R-algebra,
then we obtain a closed subset Xp of Ap, by letting, fora U € fgfMod , Xp(U) be the
closed subset X (Ur)p of Ap, () = Apep(uy)> where Uy is the free R-module such that
U = B ® Ug from the definition of Pg. A

We will use the following lemmas very frequently in our proof of Theorem 4.1.1.

Lemma 3.4.20. Let R be a ring with Noetherian spectrum and r an element of R. Let
DL ..., g be the minimal primes of R/ (r). Then two closed subsets X, Y C Ap are equal
ifand only if Xp(17,) = Yr(1/r] and Xryp, = Yryp, foralli =1,..., k.

Proof. This follows from Lemma 3.3.12 with X (U), Y (U) for every U € fgfMod,. O

Lemma 3.4.21. Let R C R’ be a finite extension of domains and let X, Y C Ap be closed
subsets. Then X =Y if and only if Xgr = Yp.

Proof. This follows from Lemma 3.3.13 with X (U), Y (U) for every U € fgfMod,. O
Lemma 3.4.22. Ler U € fgfMody and g € R[P(U)]. Then

Y(V)(D)={pe D& P(V)|Vp e D®Hom(V,U) : gp(Prup(p)(p)) = 0}

Sorall V € tgtMod and R-domains D defines a closed subset Y C Ap. The subset Y is the
biggest closed subset of Ap such that g is in the ideal of Y (U).

Proof. Itis easy to check that Y'(V7) is a subset of Ap(y) for all V' € fgfMod and that
Y is a subset of Ap. We need to check that Y is a closed subset of Ap, i.e., that Y(V) is a
closed subset of Ap(y) forevery V' € fgtMod .
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Let @y,..., @, beabasis of Hom (¥, U). For every R-algebra A4, consider the map

.....

We have

GAxnn] © PVUAx100] (v ® prt+- X, ® %)|A®P(V) = Z xﬂgzx,A

n
a€Z?

where g, 4: A ® P(V) — A. We get polynomial laws g, = (gz4)4 € R[P(V)]. Set
Sy =A{g. | « € Z2}. We claim that Y (V) = U(Sy). Let D be an R-domain and take
p € Y(V)(D). Then, viewing p as an element of Y (V) (D[x, ..., x,]), we see that

forall p € D[xy,...,x,] ® Hom(V,U). Usingp = %1 ® @1 + -+ + x, ® @,, we get
2 € U(Sy) (D). Conversely, suppose that p € U(Sy) (D). Then

D515, ] (PYUD 1 ] (K1 ® @1+ - + 2, ® 0,)(p)) =0

Specializing the x; to elements of D, we find that

ao(Prupl@1® g1+ +a,®p,)(p)) =0
forallay,...,a, € D.Sop € Y(V)(D).So Y(V) = U(Sy) is indeed closed. O

Remark 3.4.23. Itis not true in general that
Y(V)(D) ={p e X(V)(D) | Yo € Hom(V, U) : hp(P(@)p(p)) = 0}.

For an example, take R = F,, P(V) = Vand b = & —x € R[x] = R[P(R)]. Then the
right hand side above consists of allp € D® V' = D" such thata” = x for every coordinate

of p while the left hand side also has the requirement that (ax)? = ax foralla € E for every
D-domain E. So Y (V) (D) = 0. M

3.4.9 Gradings

Let P: fgfMod, — fgMod, be a polynomial functor. For each U € fgfMod,, the
R-algebra R[P(U)] has two natural gradings: first, the ordinary grading that each co-
ordinate ring R[] of a module A has (see Definition 3.2.11); and second, a grading
that takes into account the degrees of the homogeneous components 2, as follows. Write
P=Py@®P @@ Py sothat R[P(U)] is the tensor product of the R[P;(U)] by
Proposition 3.2.19. Then multiply the ordinary grading on R[P;(U)] by 7 and use these
to define a grading on R[P(U)], called the standard grading. The standard grading has
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an alternative characterisation, as follows: /' € R[P(U)] is homogeneous of degree ; if

Fa(Puua(a ®idy)(v) = #f4(v) forall4 € Alg, and allv € 4 ® P(U). We have

[oe]

fape (o + 2o + - - - +tdvd) = thﬁ;A(vo +o++oy)
7=0

forall 4 € Alg, and v; € 4 ® P;(U) where f; is the part of f of standard degree ;.

Lemma 3.4.24. For any closed subset X C Ap and any U € fgtMod y, the ideal Tx (U) is
homogeneous with respect to the standard grading.

Proof. Take f € Tx(U) and let D be an R-domain. Then

0 = fo11(Puupp (¢t ® idy) (oo + o1 + -+ +02)) = fop (vo + 101 + - - - + t%0y)

forallv; € D® P;(U) such thatvy + 01 + - - - +v4 € X(U) (D). Hence the homogeneous
parts of f are also contained in Tx (U). O
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Part II1

Stabilisation under GL
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Chapter 4

Topological GL-Noetherianity
over rings

This chapter contains the proof of topological Noetherianity of polynomial functors de-
fined over rings with Noetherian spectrum. It is fully based on the paper [BDD22] and it
relies on the notions of Chapter 3 from which we also import the notation of Section 3.1.
In Section 4.1 we review the main objects and ideas and explain the motivation together
with the relations with the literature. In the subsequent Section 4.2 we present the proof.
In the final Section 4.3 we present some applications.

4.1 Introduction

Theorem 2.4.3 on topological Noetherianity of polynomial functors defined over infinite
fields was used in work by Daniel Erman, Steven Sam, and Andrew Snowden [ESS19;
ESS21b; ESS21¢] and by Jan Draisma, Michat Lasor, and Anton Leykin [DLL19] in new
proofs of Stillman’s conjecture. In this context, Erman-Sam-Snowden asked whether the
Noetherianity of polynomial functors also holds over Z; this would show that their proof
of Stillman’s conjecture yields bounds that are independent of the characteristic, just like
another proof by Erman-Sam-Snowden [ESS19] and the original proof by Tigran Ananyan
and Mel Hochster [AH20a].

In Section 4.2 we settle Erman-Sam-Snowden’s question in the affirmative. Indeed,
rather than working over Z, we use the language of Chapter 3 and work over a ring R
whose spectrum is Noetherian—this turns out to be precisely the setting where topological
Noetherianity also holds for polynomial functors.
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4.1 The frame and the result

So let R be a ring. In Section 3.2 we reviewed the notion of polynomial laws from an R-
module A/ to an R-module N. In the special case where N' = R, these polynomial laws
form a graded ring R[] (see Section 3.2.2). This ring, playing the role of “the coordinate
ring of a module”, is used in Section 3.3 to define a topological space Ay, in such a man-
ner that any polynomial law ¢: M — N yields a continuous map, also denoted @, from
Apr — An. Recall that Ay is a topological space over the category Domy, of R-domains
with R-algebra monomorphisms in the sense of Definition 3.3.3.

If M is freely generated by 7 elements, then R[] is the polynomial ring R[x, . . ., %]
and the poset of closed sets in Ay is the same as that in the spectrum of R[A1]. In general,
however, we do not completely understand the relation between A,z and the spectrum
of R[M] (see Remark 3.3.17), and we work with the former rather than the latter. The
following result is a topological version of Hilbert’s basis theorem in this setting.

Proposition (Proposition 3.3.14). If R has a Noetherian spectrum and M is a finitely gen-
erated R-module, then the topological space Ayr over Domp is Noetherian.

Interestingly, it is not true that if R is Noetherian and A/ is finitely generated, then
R[] is Noetherian (see Example 3.2.15), so “topologically Noetherian” is the most nat-
ural setting here. A special case of the theorem (taking M free of rank 1) is that if R has
a Noetherian spectrum, then so does the polynomial ring R[x]. This special case, a topo-
logical version of Hilbert’s basis theorem, is easy and well-known; e.g., it also follows from
[ESS20, Theorem 1.1] with a trivial group G.

Following [Rob63], in Section 3.4 we recalled the notion of polynomial functors from
the category fgfMod,, of finitely generated free R-modules to the category Mody of R-
modules. These polynomial functors form an Abelian category. The subcategory of poly-
nomial functors from fgfMod , to the category fgMod , of finitely generated, but not nec-
essarily free, R-modules is not an Abelian subcategory when R is not Noetherian, but it is
closed under taking quotients, and this will suffice for our purposes.

Given a polynomial functor P: fgfMod, — fgMod , aclosed subsetof Apisarule X
thatassigns to each finitely generated free R-module U a closed subset X (U) of Ap(y/) such
that the continuous map corresponding to the polynomial law

Hom(U, V) x P(U) — P(V), (@ p) = Pur(p)(p)

maps the pre-image of X (U) under the projection on P(U) in Apjom(y; 7y xp(v) into X (V)
(see Section 3.4.8 for details). If ¥ is a second such rule, then we say that X is a subset of ¥ if
X(U)isasubsetof Y (U) foreach U € fgfMod . Our main result, then, is the following.

Theorem 4.r.1. Let R be a commutative ring whose spectrum is a Noetherian topological
space and let P be a finite-degree polynomial functor fgfMod, — fgMod. Then every
descending chain X, 2 X, 2 ... of dosed subsets of Ap stabilises: for all sufficiently large n
we have X, = X,41.
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Proposition 3.3.14 is the special case of Theorem 4.1.1 where the polynomial functor has
degree 0, i.e., sends each U to a fixed module M and each morphism to the identity idyy.
It is the base case in our inductive proof of Theorem 4.1.1.

We recall two fundamental properties of polynomial functors over rings that are fun-
damental in our proof. The first is the Friedlander-Suslin’s lemma stating equivalences of
Abelian categories between polynomial functors fgfMod , — fgMod of degree < 4 and
finitely generated modules for the non-commutative R-algebra R[End(U)] , (called the
Schur algebra) for any U € fgfMod,, of rank > d; see Section 3.4.6.

The second fundamental fact, discussed in Section 3.4.7, is that if R is a domain and P
a polynomial functor from fgfMod , to Mod such that Frac(R) ® P is irreducible, then
Frac(R/p) ® P is irreducible for all primes p in some open dense subset of Spec(R). This
is an incarnation of the philosophy in representation theory that irreducibility is a generic
condition.

The global proof strategy is as follows: we show that the induction steps in [Drar9],
where Theorem 4.1.1 is proved when R is an infinite field, can be made global in the sense
that they hold for Frac(R/p) for all p in some open dense subset of Spec(R); and then we
use Noetherian induction on Spec(R) to deal with the remaining primes p. The details of
this approach are quite subtle and beautiful.

The big picture is depicted in the following diagram:

Finitely generated R-modules M | _ _ _ _ »| Topological spaces Ay “fixed/finite dimension”
| |
l l
v
Polynomial functors Pover R | - _ __ »|  Topological spaces Ap “varyingfinfinite dimension”
“linear algebra” “geometry”

Building on the notion of finitely generated R-modules, on the left we pass to polynomial
functors over R. Here many results carry over, such as the fact that the rank is a semicon-
tinuous function on Spec(R); see Proposition 3.4.10. We regard this as “linear algebra in
varying dimensions”. In the other direction, we construct the topological space Azs and
enter the realm of algebraic geometry; the closed subsets generalise affine algebraic vari-
eties. Finally, both constructs come together in the construction of the topological space
associated to a polynomial functor P. Here we use both results from the “linear algebra” of
polynomial functors, such as Friedlander-Suslin’s lemma, and results about the topologi-
cal spaces Ay, to prove that A p is Noetherian. Furthermore, we establish the fundamental
result that the dimension function of a closed subset of A p depends on primes in Spec(R)
in a constructible manner; see Proposition 4.3.6.
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4.1.2  Further relations to the literature

The paper [ESS21b] establishes finiteness results for (cone-stable and weakly upper semi-
continuous) ideal invariants in polynomial rings over a fixed field. As Daniel Erman pointed
out to us, at least part of their results carry over to arbitrary base rings with Noetherian
spectrum. In particular, [ESS21b] establishes the Noetherianity of a space Yy that param-
eterises homogeneous ideals generated in degrees d = (dy, ..., d,). While they work with
certain limit spaces, the “functor analogue” of their Yy in our setting would be a func-
tor from fgfMod to the category of functors from Domp to sets that sends a finitely
generated free R-module U = R” to the functor that maps an R-domain D to the set of
GL, (D)-orbits of ideals in R[xy, ..., x,] generated by homogeneous polynomials of de-
grees dy,..., d,. Then Y4 admits a surjective map from the space Aga g...q04, —a functor
from fgfMod,, to functors from Domyp, to topological spaces, and one can give Yy the quo-
tient topology. Theorem 4.1.1 implies that Yg is then Noetherian, provided that Spec(R) is
Noetherian.

Our work does not say much about Noetherianity of the coordinate rings R[Ap], let
alone about Noetherianity of finitely generated modules over them. Currently, these much
stronger results are known only when R is a field of characteristic zero and P is either a
direct sum of copies of S [SS16; SS19] or P = S% or P = A? [NSS16] or P = S' @ 5% or
P=S'® A\*[SS22].

Like [AHz20a], recent work [KZ18a; KZ18b] implies that polynomials of high strength,
and high-strength sequences of polynomials, behave very much like generic polynomials or
sequences. Like Corollary 4.3.1, their results are uniform in the characteristic of the field.
But the route that David Kazhdan and Tamar Ziegler take is entirely different: first a theo-
rem is proved over finite fields by algebraic-combinatorial means, with uniform constants
that do not depend on the finite field, and then model theory is used to transfer the result
to arbitrary algebraically closed fields.

In [BDE19] it is shown that in any closed subset of the polynomial functor §4 defined
over Z, the strength of polynomials over a ground field of characteristic 0 or characteristic
> d is uniformly bounded from above. While of a similar flavour as Corollary 4.3.1, that
result—in which the restriction on the characteristic cannot be removed—does not follow
from our current work. Far-reaching generalisations of [BDEi9], but only over fields of
characteristic zero, are topics of [BDDE22; BDES22].

4.2 Proof of GL-Noetherianity over rings

In this section we prove Theorem 4.1.1. Let R be a ring whose spectrum is Noetherian and
let P: fgfMod, — fgMod  a polynomial functor of finite degree. We will prove that any
chain Ap 2 X; 2 X5 2 - - of closed subsets eventually stabilises.
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4.2.1  Reduction to the case of a domain

Since Spec(R) is Noetherian, the ring R has finitely many minimal primes py, ..., P¢. By
Lemma 3.4.20 with » = 1, the sequence Ap 2 X; 2 X, 2 --- stabilises if and only
if the sequence APR/D[ 2 Xir/p, 2 Xorsp, 2 --- stabilises for each 7 € [£]. So from
now on we assume that R is a domain, we write K, := Frac(R/p) for p € Spec(R),
K = K(g) = Frac(R), and we let X, ]?p be algebraic closures of K, K, respectively.

4.2.2 A stronger statement

We will prove the following stronger statement which clearly implies Theorem 4.1.1.

Theorem 4.2.1. Let (R, P, X) be a triple consisting of a domain R with Noetherian spec-
trum, a polynomial functor P: fgfMod, — fgMod of finite degree and a closed subset
X C Ap. Then (R, P, X) satisfies the following conditions:

1. Everydescending chain X = X1 2 X, 2 - - - of dlosed subsets of X eventually stabilises.

2. There exists a nonzero r € R such that the following holds for all U € fgfMod p:
if f € R[P(U)] vanishes identically on X (U) (K), then [ vanishes identically on
X(U)(Ky) for all primes p € Spec(R[1/7]).

Remark 4.2.2. Condition (2) of the theorem means that 7y, ,, is determined by Zx...
More precisely, setting R” = R[1/r], for every U € fgfMod,,, the ideal

Tx (U) = Ix, vy € R [Prr(U)]
is the pull-back of the ideal in K[Pg (K ® U)] of the affine variety Xp/ (K ® U). RN

The proof of Theorem 4.2.1 is a somewhat intricate induction, combining induction
on P, Noetherian induction on Spec(R) and induction on minimal degrees of functions
in the ideal of X —for details, see below.

Notation 4.2.3. For any fixed triple (R, P, X), we denote conditions (1) and (2) of The-
orem 4.2.1by X(R, P, X). D

4.2.3 The induction base

If P has degree zero, then X is just a closed subset of Ap(p). Here, the Noetherianity
statement is Proposition 3.3.14 and the statement about vanishing functions is Proposi-
tion 3.3.20.
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4.2.4 The outer induction

To prove the theorem for P of positive degree, we will show that X(R, P, X) is implied by
X(R', P', X") where X" is a closed subset of Ap and (R’, P’) ranges over pairs that have
one of the following forms:

(i) (R, P") = (R/p, Pg/p) for some nonzero prime p of R; or

(ii) (R’, P’) where R’ is a domain that is a finite extension of a localisation R[1/7] of R,
deg P’ < degP =: d, for K’ := Frac(R’) we have P}, # Py and for the largest ¢
such that the homogeneous parts P{; « and P, g are not isomorphic, the formerisa
quotient of the latter.

In both cases, we write (R, P) — (R, P"). We consider the class IT of all the pairs (R, P).
The reflexive and transitive closure of the relation — is a partial order on II.

Lemma 4.2.4. The partial order on 11 is well-founded.

Proof. Suppose that we had an infinite sequence
(Ro, Py) = (R, Py) = (Rp, Po) — -+

of such steps. By the Friedlander-Suslin’s lemma, any sequence of steps of type (ii) only
must terminate (see also [Drarg, Lemma 12]). So our sequence contains infinitely many
steps of type (i).

Each step (R, P) — (R’, P’) induces a morphism «: Spec(R’) — Spec(R). This
morphism « has the property that for irreducible closed subsets C & D C Spec(R’),

we have 2(C) € «(D). This holds trivially for steps of type (i), where the morphism
a: Spec(R/p) — Spec(R) is a closed embedding, and also for steps of type (ii) by elemen-
tary properties of localisation and of integral extensions of rings (see, e.g., [Eisos, Corollary
4.18 (Incomparibility)]).

Let a;: Spec(R;) — Spec(R;-1) be the morphism induced by (R;-1, Pi-1) —
(R, P;) and take; = a0 - -oz;: Spec(R;) — Spec(Ry). Then the mapsj; have the same
incomparability property as the ¢;. Hence, whenever the step (R;—1, Pi—1) — (R, P;) isof
type (i), there is the inclusion of irreducible closed sets im«; & Spec(R;-1) and therefore

im ; € im f3;_ is a strict inclusion. This contradicts the Noetherianity of Spec(Ro). O

By Lemma 4.2..4 we can proceed by induction on I, namely, in proving that (R, P, X)
holds, we may assume Z(R’, P, X”) whenever (R', P") « (R, P).

Lemma 4.2.5. Let 7 € R be a nonzero element and let vy, . .., Py be the minimal primes

of R/ (7). Assume that Z(R[1/r], Pr[1/), XRr[1)r]) and Z(R[Pi; Pryp,» Xryp,) foreachi €
[£] bold. Then £(R, P, X) holds as well.
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Proof. By Lemma 3.4.20, we see that condition (1) for (R, P, X) follows from condition
(1) for (R[1/7], Pri1/r)> Xr[1/r1) together with Z(R/9;, Pryp,» Xr/p,) for each i € [£].
Condition (2) for (R, P, X) follows from condition (2) for (R[1/7], Pr[1/r]s Xr[1/7])- O

Combining this lemma with our induction hypothesis, we see that in order to prove
(R, P, X) it suffices to prove X(R[1/7], Pr(1/r], Xr[1/r]) for some » € R. So we may
replace (R, P, X) by (R[1/r], Pr[1/r]> X&[1/»]) whenever this is convenient.

4.2.5 Finding an irreducible factor

Now let P: fgfMod, — fgMod be a fixed polynomial functor of degree d > 0 over a
domain R with Noetherian spectrum. Recall that X is the fraction field of R.

Suppose first that the base change Px has degree < d. Then K ® Py(U) = 0 for
all U € fgfMod,. In particular, this holds for U = R?. So since Py(U) is a finitely
generated R-module, there exists a nonzero 7 € R such that R[1/7] ® P;(U) = 0. By the
Friedlander-Suslin’s lemma (Theorem 3.4.13), we then find (P;)g[1/,] = 0. In this case, we
replace (R, P, X) by (R[1/7], Pr[1/-]» XRr[1/r])- By repeating this at most 4 times, we may
assume that the base change Py has the same degree as P.

We want a polynomial subfunctor A of the top-degree part P; of P whose base change
with K is an irreducible polynomial subfunctor of (2,)%. In the nextlemma, we show that
such an M exists after passing from R to a suitable finite extension of one of its localisations.

Proposition 4.2.6. There exist a finite extension R’ of a localisation R[1/r] of R and a
polynomial subfunctor M of the top-degree part of the polynomial functor Pr such that the
base change Mz is an irreducible polynomial subfunctor of P,

Proof. The Sz (Kd)-module PdK(K ) = K ® Py(R?) is finite-dimensional and hence
has an irreducible submodule N”. It is finitely generated, say of dimension » > 0. Let
Z a;@mfori=1,...,nbe a K -basis. By the Friedlander-Suslin’s lemma, the irreducible
submodule N’ corresponds to an irreducible polynomial subfunctor N of P,%. The ele-
ments &, are algebraic over the fraction field K of R. Let » € R be the product of all the
denominators appearing in their minimal polynomials. Then R" = R[1/7][a1,..., a,] isa
finite extension of the localisation R[1/7] of R since the «; are integral over R[1/7]. Con-
sider the submodule M’ of the S;(R’?)-module Pz ((R')?) generated by the elements
Zj a;; ® my;. By the Friedlander-Suslin’s lemma, 41" corresponds to a polynomial sub-
functor M of P,z whose base change Mz = N is an irreducible polynomial subfunctor
Ofpd,f‘ O

Letr € R and R’ be as in the previous proposition. We would like to reduce to the case

where R” = R. As before, we can replace (R, P, X) by (R[1/7], Pr{1/r}> X&[1/r]) s0 that
R’ is a finite extension of R. We now prove a version of Lemma 4.2.5 for such extensions.
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Lemma 4.2.7. Assume that Z(R’, Prr, Xg+) holds. Then Z(R, P, X) holds as well.

Proof. By Lemma 3.4.21, condition (1) for (R’, P, Xp’) implies condition (1) for
(R,P,X). Let #/ € R’ be a nonzero element as in condition (2) for (R, Pg/, Xz'), i.e.,
for every U € fgfMod,,, every f € R’[Pg/(U)] vanishing identically on Xz (U) (K)
also vanishes identically on Xz (U) (E) for every prime ideal p € Spec(R’[1/7']). Now
(") N R is not the zero ideal, since # is nonzero and integral over R. Pick any nonzero
r € (#") N R. We claim that condition (2) holds for (R, P, X) with this particular 7.
Indeed, let Ur € fgfMod, and take U = R’ ® Ug. Let f be an element of
R[P(Ug)] vanishing identically on X (U] 2)(K). Then f is naturally induces an element
of R'[Pg:(U)] vanishing identically on Xz (U) (K) = X(Up)(K). So we see that f van-
ishes on Xz (U) (Fq) for each g € Spec(R’[1/7']). Since R’ is integral over R, for any
p € Spec(R) there exists an q € Spec(R’) with ¢ N R = p; and if, moverover, the prime
ideal p does not contain , then the prime ideal q does not contain *. Hence f vanishes
identically on Fp, as desired. |

We replace (R, P, X) by (R’, Pr/, Xg’), so that there exists a polynomial subfunctor A4
of the top-degree part Py of P such that the base change M7 is an irreducible polynomial
subfunctor of P e

4.2.6 Splitting off A1

Proposition 3.4.11 guarantees that after passing to a further localisation (and using Noethe-
rian induction for the complement), we may assume that for each U € fgfMod,, the R-
module P(U) is the direct sum of a finitely generated free R-module and the (also finitely
generated free) R-module M (U). In particular, both P and P’ := P/M are polynomial
functors fgfMod , — fgfMod,,.

Let z: P — P’ be the projection morphism. For a closed subset X C Ap, we define
the closed subset X* C Ap as the closure of 7(X). Note that (R, P) — (R, P’) and
hence 2(R, P/, X”) holds. In particular, we may and will replace R by a further localisation
R[1/r] which ensures that, if f € R[P"(U)] vanishes identically on X" (U) (K), then it
vanishes identically on X’ (U) ([Tp) for all p € Spec(R).

4.277 The inner induction

We perform the same inner induction as in [Draig, Section 2.9]. Let oy € {0,1,..., o0}
denote the smallest degree, in the standard grading, of a homogeneous element of
R[P(U)] = RIM(U)] ® R[P'(U)] (here we use that P(U) is the direct sum of the
R-modules M(U) and P'(U)), over all U € fgfMod,, that lies in the vanishing ideal
of X(U) but does not lie in the vanishing ideal of the pre-image in Ap(y) of X' (U) <
Ap(yy. Note that dy = 0 is, in fact, impossible, since the coordinates on R[A(U)] have
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positive degree, so that a degree-0 homogeneous element of R[P(U)] that lies in the ideal
of X(U) is an element of R[P’(U)] that lies in the ideal of X" (U). At the other extreme,
dy = oo means that X (U) is the Cartesian product of X" (U) with Ay forall U. We
order closed subsets of Ap by ¥ < X if either Y/ € X’ orelse Y’ = X’ but dy < dy.
Note that, by the outer induction hypothesis for X(R, P, X”) and since {0, 1,..., 0o} is
well-ordered, this order is well-founded. Hence when proving (P, R, X), we may assume
that 2(P, R, Y) holds forall Y < X.

First suppose that dy = co. Then, for all proper closed subsets ¥ of X, we have ' < X
and so 2(R, P, ) holds by the inner induction hypothesis. It follows that condition (r)
holds for (R, P, X). Condition (2) for (R, P, X) follows from condition (2) for (R, P’, X”),
with the same 7 € R to be inverted. Indeed, if f € R[P(U)] = R[M(U)] ® R[P'(U)]
vanishes identically X (U) (K) = A M(U) (K) xX"(U)(K), then, regarding /" as a polyno-
mial in the coordinates on A (U) with coeflicients in R[ P’ (U)], those coefficients must
all vanish identically on X’ (U) (K), hence on X’ (U) (1?1)) forall p € Spec(R[1/7]).

4.2.8 A directional derivative

Next, suppose that 1 < 9y < oo. Let f € R[P(U)] = R[M(U)] ® R[P'(U)] be a
homogeneous polynomial of degree dx in the standard grading, which lies in the ideal of
X (U) but not on the preimage in Ap(y) of X’ (U). Expanding f as a polynomial in the co-
ordinates on R[M (U)] with coefficients in R[ P’ (U)], one of those coefficients does not
lie in the ideal of X’ (U). Our assumptions together with Corollary 3.3.11 guarantee that,
in fact, that coefficient does not vanish identically on X* (U) (K), so that f does not vanish
identically on the pre-image of X’ (U) (K) in Apw (K). We then proceed as in [Draro,
Lemma 18]. Let vy, ..., v,, be an R-basis of M (U) and extend this with v,,,41, ..., v, to an
R-basis of P(U), inducing an isomorphism R[P(U)] = R[xy,. .., x,]. The expression

n

m
fR[xl,...,xn,yl,.,.,ym,tj (Z X Qv+ Z t}f] ® U]) €R [xl) s X Yo Ymo t]

=1 7=
explicitly reads as
F+tyn 20+ 592,005 X+ By Xl 5 X))

Take p = lif charR = 0 and p = char R otherwise. A Taylor expansion in ¢ turns this
expression into

F ) + 2 (bl(xl,...,xn)ﬁ 4o +/om(x1,...,xn))/z;) +1 g

for some integer ¢ > 0, polynomial g € R[xy,..., %, Y1,..., ¥m t] and homogeneous
polynomials b; € R[P(U)] of (standard) degree dy — p°d not all vanishing identically on
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X(U)(K). Specialising the variables y; to values ; € {0, 1}, we get that
b(xs,. o 2) = > d by, x,) € R[P(U)]
i=1

does not vanish identically on X (U) (K).

Letp € K ® P(U) bea point in X (U) (K) such that hz(p) # 0. Relative to the
chosen basis of P(U), we may write p = (ay, ..., @,). Reasoning as before, let » € R be the
product of all the denominators appearing in the minimal polynomials of the 2; over K so
that " = R[1/r][ay, - - -, a] is a finite extension of R[1/7] containing all 2;. Replacing
R by R’ and using Lemma 4.2.7, we can therefore assume that p € X (U)(R) satisfies
hr(p) # 0. Further replacing R by R[1/hg(p)], we find that hp(p) # 0 for all R-domains
D. Define Y to be the biggest closed subset of X where b does vanish.

Lemma 4.2.8. We bhave
Y(V)(D)={peX(V)(D) | VYo e DeHom(V,U) : hp(Prup(p)(p)) =0}
Jforall V€ tgtMod y and R-domains D.

Proof. The closed subset Y is the intersection of X with the biggest closed subset of Ap
where / vanishes. So the lemma follows from Lemma 3.4.22.. O

LetX = X; 2 X, 2 --- be asequence of closed subsets of X. Since ¥ < X, the
statement 2(R, P, ¥) holds by the inner induction. In particular, the intersections of the X;
with Y stabilise. This settles part of condition (1) of (R, P, X). We now develop the theory
to deal with the complement of Y. This will afterwards be used to settle both condition (2)
for (R, P, X) in Section 4.2.10 and complete the proof of condition (1) in Section 4.2.11.

4.2.9 Dealing with the localised shift

In [Drarg, Lemma 25], it is proved that for all p € Spec(R) and V" € fgfMod,, the projec-
tion Shy(P) — Shy(P)/M induces a homeomorphism of Shyy (X)[1/h] (V) (Fp) with
a closed subset of the basic open (Shy (P) /M) [1/b] (V) (Fp) This proof uses that pr
is irreducible, which is why we have localised so as to make this true. The proof shows
that, indeed, for each linear function x € (1?p ® M(V))*, the p°-th power # lies in the
sum of the ideal of Shy/ (X) [1/5] (V) (Kp) in Ky [Kp ® P(U @ V)][1/h] and the subring
Ky[Ky ® (P(U® V)/M(V))]. We globalise this result as follows: forall 7 € fgfMod,,
define

N(V) = {x e M(V)* |« € Tsnycoypym (V) + RIP(U @ V) [ M(V)][1/h]}.
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There is a slight abuse of notation here: M1 (V) is a submodule of P(U & V'), so M(V')*
is naturally a quotient of P(U & V)" rather than a submodule. But the projection
PU V) = P(UV)/M(V) admits a section (indeed, we have arranged things
such that P(U @ V) is isomorphic to the direct sum of the free R-modules M (V") and
P(U® V)/M(V)), and any section yields a section M (V)" — P(U & V')*. Two such
sections differ by adding elements from (P(U & V') /M (V'))*, which is contained in the
second term above, so N (V) does not depend on the choice of section.

Recall from Section 3.4.2 that V™ + M (V)" is a polynomial functor M™* of degree d.

Lemma 4.2.9. The association V* +— N(V') is a polynomial subfunctor of M*.

Proof. Let 4 be an R-algebra and take V, W € fgfMod,. Take y’ € 4 ® N(V) and
¢ € 4 ® Hom(V*, W*) corresponding to ¢ € A ® Hom( ¥, V). Then

A Hom(M(W),M(V)) = A® Hom(M(V)*, M(W)*)
= Homy (A M(V)*, A M(W)¥).

Denote the image ofM’;/*’ W*’A(ga*) =Mw,y4(@)inHomy(AQM(V)*, AQM(W)*)
by My, p.4(@)*. We need to show that My, p,4(@)*(y') € A ® N(W). This condition is
A-linear in y’, so we may assume that )’ = 1 ® y withy € N(V).

Choose 4 = R[xy,...,%,] and ¢ = 2, % ® @; where the ¢; form a basis of
Hom (7, V). Then in particular we need that

Conversely, by specializing the x; to @; € A for any R-algebra 4, this in fact suffices. As M
is a subfunctor of P, we may here replace M by P.
Since P(V) is free, the R-linear map

PWZV,R[xl,...,x,LJ(Zixz' ® ?z’)*|P(V)*: P( V)* - R[xl:---;xn] ® P( W)*

induces a homomorphism ®@: R[P(V)] — R[xy,...,x,] ® R[P(W)] of R-algebras. As
taking the p°-th power is additive, an element z is contained in R[xy, ..., x,] ® N(W) if
and only if ' is contained in

Rxp, s %] @ (Tshy () (1751 (W) + R[P(U @ W) [ M(W)][1/h]).

So we now need to show that CD(y)]’[ = Cb(yf’[) is contained in this latter set. Since
y € N(V), we have)/ﬁ = g1 + g forsome gy € s, (x)[1/6](V) and g € R[P(U &
V)[M(V)][1/h]. Now we note that ®(g1) € R[x1, ..., %,] ® Tsn, x)[1/5] (W) asin the
proof of Lemma 3.4.22 and ®(g2) € R[xy,...,x,] ® R[P(U & W)/ M(W)][1/h]. So
indeed

MR [x1ya] (2% ® 01) (1 ® y) € Ry, ] @ N(W)

holds. m]
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Lemma 4.2.30. For every V€ fgtMod,, every element of M(V')* has a nonzero R-
multiple in N (V).

Proof. By [Draig, Lemma 25], any element x of M(¥7)* has 1 ® ¥ € K ® N(V) C
K ® M(V)*; in the symbol C we use that M (7), and hence M (V)*, are free. Clearing
denominators, we find that 7 € M (V)* for some nonzero » € R. O

Lemma 4.2.11. Thereexists a nonzeror € Rsuchthat R[1/r]@N (V) = R[1/r] @M (V)*
holds for all V' € fgftMod .

Proof. Recall that the degree of the polynomial functor M is 4 and consider V' = R4 By
Lemma 4.2.10 and the fact that M (V) is finitely generated, there exists a nonzero » € R
such that R[1/7] @ N(V) = R[1/r] ® M(V)*. The Friedlander-Suslin’s lemma, for
polynomial functors over R[1/7], gives that then R[1/r] ® N(V) = R[1/r] @ M(V)*
for every V. O

We now replace R by the localisation R[1/7] and may henceforth assume that N (V) =
M(V)*.

4.2.00 Proof of condition (2)

To establish condition (2) for (2, R, X), we will first prove an analoguous statement for the

localised shift.

Lemma 4.2.12. There exists a nonzero r € R such that the following holds for all V' €
fgtMod,: if ¢ € R[P(U @ V)] vanishes identically on Shy (X)[1/h](V) (K), then g
vanishes identically on Shy (X)[1/h] (V) ([Tp)for all primes p € Spec(R[1/r]).

Proof. Assume that ¢ € R[P(U & V)] vanishes identically on Shy (X)[1/h](V) (K).
View ¢ as a polynomial in the coordinates x; of M (V)" corresponding to a basis of A (V")
with coefficients in R[P(U & V) /M (V)]. By the conclusion of Section 4.2.9, we have
N(V) = M(V)*, which means that each xf‘ is a sum of an element in R[P(U &
V)/M(V)][1/h] and an element in the ideal of Shy/ (X)[1/h](V). We then find that
alsog]’e =g + g withg € R[P(US V) /M(V)][1/h] and g2 € Tsn, x)[1/5)(v)- Let
Z be the closure of the projection of Shy(X)[1/h] to (Shy (P)/M)[1/h]. Since both g
and g, vanish identically on Shy;(X)[1/5](7)(K), g1 vanishes identically on Z(7)(K).
By the outer induction hypothesis, after a localisation that doesn’t depend on g; oron V/,
one concludes that gy vanishes identically on Z( V") (Fp) forall p € Spec(R). But then g*,
and hence g itself, vanish identically on Sh¢ (X) [1/h] (V) (fp) O

Now we can establish condition (2) of (R, B, X):
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Proposition 4.2.13. There exists a nongero r € R such that the following bolds for all V' €
fgtMod ,: if ¢ € R[P(V')] vanishes identically on X (V) (K), then ¢ vanishes identically
on X (V) (E)foral[pm’me; p € Spec(R[1/7]).

Remark 4.2.14. Foreach fixed V/, such an r exists by Proposition 3.3.20. Taking the prod-
uct of such 7’s, the same applies to a finite number of s, so we may restrict our attention
to all V7 of sufficiently large rank; we will do this in the proof. M

Proof of Proposition 4.2.13. By the inner induction hypothesis, after replacing R by a local-
isation R[1/7], we know that if ¢ € R[P(V")] vanishes identically on Y (7") (K), then it
vanishes identically on Y (V) (ITp) forall p € Spec(R).

For any /' € fgfMod, and p € Spec(R), define Z( V)(Fp) = X( V)(I?p) \
Y (V) (Fp) It suffices to show that with a further localisation we achieve that for any
V' € tgftMod,, if ¢ € R[P(V)] vanishes identically on all points of Z(V) (K), then it
vanishes identically on all points of Z(7") (IT;,) for all p € Spec(R). In proving this, by
Remark 4.2.14 above, we may assume that 7 has rank at least that of U. Hence we may
replace V'by U @ V.

Such a g that vanishes identically on Z(U @ V) (K) vanishes, in particular, identically
on Shy (X)[1/h](V)(K). Lemma 4.2.12 says that (after replacing R by a localisation that
does not depend on g or V), ¢ also vanishes identically on Shyy (X)) [1/5] (V) (1?,,) for all
p € Spec R. This basic open is actually dense in Z(U & V) ([?p), as one sees as follows:
Z(UsT) (Fp) is the image of the action

GL(Ky ® (U ® 1)) X Shy (X)[1/b] (V) (Ky) — X (U & V)(Ky).

If the basic open were contained in the union of a proper subset of the irreducible com-
ponents of Z(U & 1) (1?;,), then, by irreducibility of GL(ITp ® (U V)),sowould the
image of that action, a contradiction. Hence g then vanishes identically on Z(7) (1?;,) for
all p € Spec(R). O

Remark 4.2.15. Note that, unlike Y, the Z defined in the proof'is not a subset of X in the
sense of Definition 3.4.17. M

4201 Proof of the Noetherianity of X

Finally, we prove condition (1) of Z(R, 2, X). Let X = X; 2 X, 2 --- be asequence of
closed subsets of X. Recall from Section 4.2.8 that the intersections of the X; with Y sta-
bilise. Now, consider again the projection Shyy(P)[1/h] — (Shy (P)/M)[1/h]. Welet Z!
be the closure of the image of Shy/(X;) [1/h] in (Shy (P) /M) [1/h]. Since the polynomial
functor (Shy (P)/M) is smaller then P, we have Noetherianity for (Shy (P)/M)([1/h]
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and therefore the sequence Z] 2 Z, 2 - - - stabilises. We now conclude from this that the
sequence of Shy (X;) [1/h]’s also stabilises.

Lemma 4.2.06. Let X" C X' C X be dosed subsets, assume Shy(X')[1/h] <
Shy (X')[1/h] and let Z" C Z' be the closures of their images in (Shy (P) /M) [1/b]. Then
z"czZ.

Proof. Since Shyy(X")[1/h] © Shy(X")[1/h], we have
Shy (X)) [1/b](V) € Shy(X")[1/h)(V)

for some V' € fgfMody. This means that Tsh, x)[1/6] (V) 2 Tshyxryiyp) (V). Let
¢ € R[P(U & V)][1/h] be an element of the former ideal that is not contained in the
latter. Then the same holds for gpg. By the conclusion of Section 4.2.9, g]’[ is a sum of
an element gy in R[P(U & V) /M(V)][1/h] and an element g5 of Tsh, x)p1751(¥) S
Tshy (x7y[1/6] (V). This means that g is also an element of Tsp,,, (x~)[1/5] (¥) not contained
in Tsh, (xy[1/51 (V). Hence

Tshy (xy [yl (V)OR[P(US V) [M(V)][1/ ] 2 Tshy, x 1y (VINRIP(USY) [M(V)][1/h]

holds. The formerideal of R[P(U® V') /M (V')][1/h] equals Tz~ (V') and the latter equals
I (V).SoZ" (V) € Z'(V)and hence Z"” € Z'. O

By the lemma, the fact that the sequence of Z! stabilises implies that the sequence of
Shy (X;)[1/h]’s also stabilises. Now again, we write

Z (V) (Kp) = X: (V) (Kp) \ Y (V) (Kp)

forall V' € fgfMod, and p € Spec(R). We consider the descending sequence of Z;’s.
What is left to prove for the Noetherianity of X is the following result.

Lemma 4.2.x7. The sequence Zy 2 Z 2 - - - stabilises.

Proof. Let m be the rank of U. As in equation (*) in [Drar9, Section 2.9], for every p €
Spec(R), we have:

Z(Us V)([Tp) ={peX;(Us V)([Tp) :h(g-p) # 0forsomeg € GL(E@(U@ 18))7
and the right-hand-side can be written as:
U g Sho1/n )&,
geGL(K,®(UaV))

So the sequence of Z;’s restricted to V' € fgfMod,, of rank > m stabilizes. As the
sequence of X, (RF)’s stabilizes for each & € {0,...,m — 1} by Proposition 3.3.14, the un-
restricted sequence of Z;’s also stabilizes. O
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Since both the sequence of X; N Y’s and Z;’s stabilize, using Corollary 3.3.11, the se-
quence of X;’s also stabilizes. So the closed subset X is Noetherian. This concludes the
proof of condition (1) for (R, £, X) and hence the proof of Theorem 4.1.1.

4.3 Applications

In this section we present some applications. The first part concerns the existence of upper
bounds for the degrees of defining equations for closed subsets of polynomial functors.
We will not find explicit upper bounds but we show how these are independent on the
field of definition and on the dimension. Note that for “defining equations” we mean the
set-theoretic defining equations. The second part concerns how dimensions of such closed
subsets behave “for 7 tending at infinity”.

4.3.1  Upper bounds for degrees of defining equations

Our original motivation is the following: let 2, Q be (finite-degree) polynomial functors
from the category of finitely generated free Z-modules to itself and let 2: Q — Pbea
polynomial transformation. Define the closed subset X of Ap as the closure of the image
of . Specifically, for a natural number #, the pull-back along ez defines a ring homomor-
phism Z[P(Z")] — Z[Q(Z")], and X (Z") is the closed subset of Spec Z[ P(Z")] defined
by the kernel of that ring homomorphism. Theorem 4.1.1 implies the following.

Corollary 4.3.x. There exists a uniform bound d such that for all n € Zso and all fields K,
X(K™) € K ® P(Z") is defined by polynomials of degree < d.

This corollary has many applications; here is one. If 7" is a finite-dimensional vector
spaceoverafield Kand 7' € V' ® V' ® V isatensor, then T is said to have slice rank < rif
T can be written as the sum of 7 terms of the form (v ® A), wherev € Vand4 € V'@V,
and ¢ is a cyclic permutation of 1, 2, 3 permuting the tensor factors. If X is algebraically
closed, then being of slice rank < 7 is a Zariski-closed condition [ST].

Corollary 4.3.2. Fix a natural number r. There exists a uniform bound d such that for
all algebraically closed fields K and for all n € Zs, the variety of slice-rank-< r tensors in
K" ® K" ® K” is defined by polynomials of degree < d.

The same holds when the number of tensor factors is increased to any fixed number,
possibly at the expense of increasing 4, and similar results hold for the set of cubic forms
of bounded g-rank [DES17] or for the closure of the set of degree-e forms of bounded
strength in the sense of [AHz20a]. We stress again that “defined by” is intended in a purely
set-theoretic sense. We do not know whether the vanishing ideals of these varieties are gen-
erated in bounded degree, even if the field K were fixed beforehand.
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Proof'of Corollary 4.3.2. Consider the polynomial functor P that sends a free Z-module Z”
toZ" ® Z" ® Z", and the polynomial functor Q that sends Z” to Z” @ (Z” ® Z"). For any
r-tuple (a3, .. ., g,) of cyclic permutations of 1, 2, 3 we have a polynomial transformation

4

QO = B (A (0, 42) > ) a0 ® 4y),
=1

whose image closure is defined in uniformly bounded degree ¢ by Corollary 4.3.1. The va-
riety of slice-rank-< 7 tensors is the union of these image closures over all 7-tuples of cyclic
permutations, hence defined in degree at most ¢ - 3”, independently of the algebraically

closed field and independently of . O

Remark 4.3.3. Overafield K of characteristic zero, the irreducible polynomial functors P
are precisely the Schur functors, and any polynomial functor is isomorphic to a direct sum
of Schur functors. These always admit a Z-form, i.e., a polynomial functor Pz over Z
such that K ® Pz = P, which moreover has the property that it maps free Z-modules
to free Z-modules [ABW82]. The Z-form need not be unique; e.g., the Schur functor
over K that maps 7 to its d-th symmetric power S$4(1), comes both from the functor
from free Z-modules to free Z-modules that sends U to S4(U) and from the functor that
sends U to the sub-Z-module of U®4 consisting of symmetric tensors. These two functors
are non-isomorphic Z-forms. In applications such as the above, where one looks for field-
independent bounds, it is important to choose the Z-form that captures the problem of
interest. MM

Example 4.3.4. Again over R = Z, consider the polynomial transformation 2: (§%)* —
S* that mapsaquadruple (41, . . ., g4) of quadratic forms to qf+- . '+q/2l. Let X be theimage
closure as above. If X is algebraically closed of characteristic zero, then Xx (K*) is a hyper-
surface in S%(K) of degree 38475 [BHORS12], so the degree bound from Corollary 4.3.1
must be at least that large. On the other hand, if K is algebraically closed of characteristic
2, then the image of « is just the linear space spanned by all degree-four monomials that are
squares, and hence only linear equations are needed to cut out this image. 3

Remark 4.3.5. Over algebraically closed fields of positive characteristic, irreducible poly-
nomial functors are still parameterised by partitions, but polynomial functors are no longer
semisimple, and the Z-forms from Remark 4.3.3 do not always remain irreducible; standard
references are [CL74; Greo7]. The typical example is that, in characteristic p, the functor
S? contains a subfunctor that maps 7 to the linear space of p-th powers of elements of

V. M3

4.3.2 Dimension functions of closed subsets of polynomial functors

To illustrate that the proof method for Theorem 4.1.1 can be used to obtain further re-
sults on closed subsets of polynomial functors, we establish a natural common variant of
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Propositions 3.3.19 and 3.4.10. For each p € Spec(R) define the functionfy : Z>o — Zx¢
as fp(n) = dim(X (R”)(Kp)).

Proposition 4.3.6. Foreach p € Spec(R), fp(n) is a polynomial in n with integral coeffi-
cients for all n > 0. Furthermore, the map that sends P to this polynomial is constructible.

Proof sketch. Both statements follow by inductions identical to the one for Theorem 4.1.1,
using that, in the most interesting induction step, for » > m := rk(U) the dimension of
XKT(KP ) is the maximum of the dimensions of YKT(KP ) and

(Sho (O [1/hD)g, (K"

Furthermore, for the case where X-—— % is the pre-image ofo, we use Proposition 3.4.10,and

for the base case in the induction proof for the constructlblhty statement we use Proposi-
tion 3.3.19. O

Example 4.3.7. Take R = Z, take P = S°, and let X be the closed subset defined as

the image closure of the polynomial transformation (51)* — $3, (s, w) > v* + w?; see
Section 4.3 for similar polynomial transformations. Then XFP(Kpn) has dimension 2 for

p # (3) and dimension # for p = (3), since in the latter case the set of cubes of linear forms
is a linear subspace of the space of cubics. This is an instance of Proposition 4.3.6. N
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Chapter s

Intermezzo: a glance at
singularities

In this chapter we consider polynomial functors in bounded degree defined over a field K
of characteristic zero and we use the notation of page 1s.

s.x  Stabilisation of the singular locus

There are meaningful notions of singularity for the infinite dimensional setting, for ex-
ample using embedding codimension; see [CFD2.2]. However, we are interested in the be-
haviour of the singular locus of a Vec-variety X in the following sense: forevery I € Vec we
consider Sing(X (7)), the singular locus of X (77), and we look at its behaviour for dim (V")
tending to infinity. In particular, our notion of singularity remains the classical one of fi-
nite dimensional algebraic geometry. The following example was the initial inspiration for
our result.

Example s.r.1. Itis well known that the singular locus of the variety of matrices of rank at
most 7 is the variety of matrices of rank at most » — 1. This statement is independent of the
size of the matrices, provided that both sizes are strictly greater than 7. In this chapter we
establish a far-reaching generalisation of this phenomenon: we will show that the singular
locus of a Vec-variety is itself a Vec-variety. 3

s...1  Description of the result

Our main result is as follows.
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Theorem s.1.2 (Stabilisation of Singularities Theorem). For any finite-degree polynomial

functor P over a field K of characteristic zero, and for any Vec-variety X of P, there exists a
unique Vec-subvariety Y of X such that for all V' € Vec of sufficiently large dimension we
have Y (V') = Sing(X (V). Furthermore, for all V we then have Sing(X (V) € Y (V).

We will denote this Vec-variety ¥ by Sing(X), but warn that, for low-dimensional 7,
it will in general not be true that Sing(X) (7)) = Sing(X (7)); see the following example,
which formalises Example 5.1.1.

Example s.1.3. Consider the second tensor power 7% and the Vec-variety M, defined
by the vanishing of all (» + 1) X (7 + 1)-subdeterminants. For dim(7") < 7, the variety
M <, (V) coincides with the ambient space, with empty singular locus. On the other hand,
for dim(V") > 7, the singular locus of M, (V) is precisely M<,_1 (V). Hence we have
Sing(M<,) = Mc,—1. Indeed, Sing(M<,) (V) = Sing(M<,(V)) for dim(V) > r,
while Sing(M<,(V)) € M<,—1 (V) for dim(V) < 7. i

5.2 Proof of stabilisation of the singular locus

s.2.1 Reduction to the irreducible case

Lemma s.2.1. Suppose that Theorem s.1.2 holds for irreducible Vec-varieties of P. Then it
holds for all Vec-varieties of P.

Proof. By Noetherianity guaranteed by Theorem 2..4.3, X admits a unique decomposition
XiU- - -UX, where each X is an irreducible Vec-variety of P, and not contained in the union
Uj#Xj; this means that X;(7") ¢ Uj# X;(V) forall V' of sufficiently large dimension.
Then, for each V" with dim( V") > 0, we have

Sing(X (7)) =

| Jsing(x:(7))

u (U(xy( V)N X( V)))
i#f

By assumption, Sing(X; (7)) agrees with Y;(7") for some closed subvariety ¥ of X, and
dim (7)) > 0, and each of the intersections X; N X; define Vec-subvarieties of X, hence
the theorem follows from the fact that the class of Vec-subvarieties of X is preserved under
finite unions. O

s.2.2 The irreducible case

Proof of Theorem s.1.2. The uniqueness of the Vec-variety ' C X such that Y(V) =
Sing(X) (V) for all V" of sufficiently high dimension follows immediately from the fact
that Y'(¥) for dim(7") > 0 determines Y (7”) for small 7 by Proposition 2.2.14.
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To prove the existence of ¥, by Lemma 5.2.1 we may assume that X is irreducible. We
proceed by induction on the polynomial functor P, using the well-founded order from
Section 2.1.3. For deg(P) = 0, X (V) is just a fixed closed subvariety, independent of 7, of
the fixed finite-dimensional affine space P( V), and we may set ¥'(V") := Sing(X (V")) for
all 7.

Suppose next thatd := deg(P) > 0, suppose that the theorem holds for all polynomial
functors Q < P, and let R be an irreducible subfunctor of the top-degree part of P. Since
char K = 0, we may write P = P’ @ R where P’ < P. Let 7 : P — P’ be the projection
along R and define X" (V') := #(X (V)). Then X’ is a Vec-variety of P’.

By Theorem 2.4.1, there are two possibilities. In the first case, we have X (V) =
X'(V) x R(V) for all 7/, and then clearly Sing(X (V7)) = Sing(X’ (V")) x R(V) for all
V. By the induction assumption, there exists a unique closed subvariey Y’ of X" such
that the latter equals Y’ (7)) X R(V) for all V" of sufficiently high dimension. Then with
Y ==Y’ x R, wehave Y (V') = Sing(X (V")) for all I/ of sufficiently high dimension.

The previous paragraph applies as long as there exists an irreducible subfunctor R to
which the first case applies. We may therefore assume that no such subfunctor exists. Then,
by Proposition 2..4.8, the dimension polynomial of X has degree strictly less than d.

So now, fixing any irreducible subfunctor R of Py, we find U, f, 7, b, P”, Z as in the
second part of Theorem 2.4.1. Then Shy(X)[1/h] = Z < P"[1/h] where P =
Shy(P)/R < P, and by the induction assumption there exists a Vec-variety 1 of P’/ [1/ 5]
such that, for dim( /) at least some #;, we have Sing(Z (V")) = Y’ (V).

Now, for any V' € Vec, Shy(X)[1/h](V) = Z(V), and we use this isomorphism
to identify Y’ (V") with a locally closed subset of X (U @ V7). On the latter variety acts
GL(U @ V) by automorphisms by Proposition 2..2.14, hence preserving the singular locus.
Take dim(7") > ny, so that Y’ (V) is the locus of singular points in X (U @ V') where b
is nonzero. Then foranyp € Y’ (V) themap GL(U & V) — X (V),g > ¢ - p maps
GL(U @ V) into Sing(X (U @ V')), and in fact an open dense subset of GL(U @ V) into
Y’(V). This implies that the closure Y’ (V) of Y (V) inX (U@ V) isa GL(U ® V')-stable
closed subset of Sing(X (U @ V)).

For W € Vec, we define Y1 (W) C X (W) asfollows. Choose any vector space ¥ with
dim(V) > n1anddim(U®V) > dim(7¥) and any surjectivelinearmap g : UV — W
and set

Yi(w) = P(@) Y (D).

Lemma s.2.2. The rule Y1 defines a Vec-variety of X with Y1(W) C Sing(X (W) for ail
W with diim(W) > ny + dim(U). More precisely, for such large W, Y1 (W) is the closure
in X (W) of the set

{p € Sing(X(W)) | 3y € Hom(W, U) : h(P(¥)p) # O}.

Proof. We first show that Y1 (77) does not depend on the choice of (sufficiently large)
andof @. Let ¢’ : U ® V' — W be another surjective linear map. Without loss of
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generality, assume that dim(7”) > dim(V"). Write ker ¢’ = 4; & A, where dim(4,) =
dim(V”) — dim(¥"). Then ¢’ factors as
¢ =pogoliduxy)og

where ¢ € GL(U @ V) maps 4> into a subspace By of V’, ¢ : V' — V is alinear map
with kernel By, and ¢; € GL(U @ V) maps the image of 4; under (idy X¢) 0g», which has
dimension dim(U & V) —dim( ), into ker ¢. Now, by the above, ¢, preserves Y’ (V) g1

preserves Y’ (V'), and by definition id¢y Xy maps the former onto the latter. We conclude

that @' (Y’ (V")) = (Y (V)), and then the same holds when we take the closure on both
sides.

Furthermore, that Y; is (covariantly) functorial in /7 is immediate from the definition,
and so is the fact that Y1(17) is closed in X () for every W € Vec. That Y1(W) is
contained in Sing(X (1)) for dim(}¥") > n1+dim(U) follows from the discussion before
the lemma. Finally, for 1% of this dimension, we may fix any isomorphism ¢ : U @ V' —
W, and then Y1(W) = P(@)Y’ (V') by the independence of Y1 (77) of the choice of .
Then take ¢ = 7y o @‘1 where 7y : U @ V' — U is the projection. Then for any point
of the form g := P(p)p with p € Y’ (V') we have b(P(y')q) = h(P(zy)p) # 0. m|

Next we vary R, U, f, , and hence b. Let Z C X be the Vec-subvariety defined by the
vanishing of 4// partial derivatives b= ﬁf /(07) for f an element in the ideal of X (), for
some U, and 7 an element in R () where R is an arbitrary irreducible subfactor of P,.

Lemma s5.2.3. Forall V of sufficiently large dimension, Z(V') C Sing(X (V)).

Proof. First, since polynomial functors in characteristic zero form a semisimple category,
P, is the sum of its irreducible subfunctors R. Therefore, the directional derivatives
Gf/(ﬁ?) vanish on Z(V) for all 7 € P;(V'). We construct the Jacobi-matrix for X (V")
as follows: the rows correspond to a generating set of the ideal, the first ny = ny(V)
columns correspond to coordinates on Py (V), and the last n; = #,4(V") columns cor-
respond to coordinates on Pz( 7). By Proposition 2.1.29, 7.4 grows as a polynomial of
degree < d in dim(7") and n, grows as a polynomial of degree 4 in dim(7”). Furthermore,
the dimension polynomial of X (7”) has degree < d by Proposition 2.4.8. This implies that
the codimension ¢ = ¢(¥V) of X (V) in P(V') grows as a polynomial of degree d in V" and,
for dim(7") > 0, any ¢ X ¢-submatrix of the Jacobi matrix intersects the last 7, columns.
On Z(V), the last z; columns are identically zero. Hence Z(¥7) C Sing(X(V)), as de-
sired. O

Now, by Noetherianity of Theorem 2..4.3, the closed subvariety Z of X is defined by
finitely many b; := 0f;/0r; fori = 1,..., k, defined with respect to the vector space U;.
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For each 7 = 1,..., k, we construct, as above, a closed subvariety Y; of X such that, for
dim(7") > 0, we have

Y;(V)={peSing(X(V)) |3y : V- U; : b,(P(y)(p)) # 0}
Now, for dim(7") > 0, we have
(ryu---ux(r)yuz(¥) = Sing(X(V))

sothatY == Y; U --- U Y} U Zis a Vec-subvariety of X as desired. |
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Chapter 6

Strength and stabilisation

In this chapter we make use of the notation at page 15, and we work with polynomial func-
tors defined over an infinite field K that, for the relevant results, will typically be asked to
be algebraically closed and of characteristic zero. In particular, we work with polynomial
functors of Chapter 2. Moreover, from Section 2.3 we use the notion of strength, the quasi-
order < on infinite tensors, and the equivalence relation = (see Section 2..3.4 for the latter
two). In Section 6.1 we present our two main theorems: Theorem 6.1.6, called “The Param-
eterisation Theorem for GL-subsets™, and Theorem 6.1.14, called “The Extreme Elements
Theorem™”. In this same section we cite the relevant literature. Section 6.2 contains our
proof of The Parameterisation Theorem while Section 6.3 spells out the details for proving
The Extreme Elements Theorem by constructing the extreme elements. Finally, in Sec-
tion 6.4 we present some more examples.

6.1 Introduction

Definition 6.x.1. Let P be a polynomial functor. A subser X of P is a functor from Vec to
Vec such that X (V) ¢ P(V) for every V' € Vecand Xy (@) = Fur(@)|y,, for every
U, V' € Vec and for every ¢ € Hom(U, V). A

Recall our convention on subfunctors of a polynomial functor of Remark 2.2.7, and
note that a subset X of a polynomial functor P such that X (V) is Zariski-closed in P(7)
for every ' € Vec is a Vec-variety of P.

"This is a local name appearing only in this thesis.
*See above.
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6.1.1 Kazhdan-Ziegler’s theorem: universality of strength

Theorem 6.1.2 (Kazhdan-Ziegler [KZ20, Theorem 1.9]). Let d > 2 be an integer. Assume
that K is algebraically closed and of characteristic 0 or > d. Let X be a subset of S Then
either X = S% or else there exists an integer k > 0 such that each polynomial in each X (U)
has strength < k.

This theorem is a strengthening of [BDE19, Theorem 4], where the additional assump-
tion is that X is closed. The condition that K be algebraically closed cannot be dropped.
Indeed, consider the following example.

Example 6.1.3. Take K = R and let X (V) be the set of positive semidefinite elements in
S%(V), 1., those that are sums of squares of elements of /. Then X is a subset of $%. 43

Note now that there is no uniform upper bound on the strength of positive definite
quadratic forms. The condition on the characteristic can also not be dropped, but see Re-
mark 6.1.15.

Corollary 6.1.4 (Kazhdan-Ziegler, universality of strength). With the same assumptions on
K, for every fixed number of variables m > 1and degreed > 2 there existsanr > 0 such that
for any number of variables n > 1, any polynomial f € K [x1, ..., %,]4 of strength > r and
any polynomial g € Ky, ..., ymla there exists a lincar variable substitution x; v ¥ c;y:
under which f specialises to g.

Proof. Foreach U € Ve, define X (U) C S4(U) as the set of all f such that the map

Hom(U, K™) — S*(K™)
o S (p)f

is not surjective. A straightforward computation shows that this is a subset of S, Tt is
not all of §%, because if we take U to be of dimension d(dim(5%(K™))), then in S4(U)
we can construct a sum f of dim (SE(K™)) squarefree monomials in distinct variables and
specialise each of these monomials to a prescribed multiple of a basis monomial in S4K™).
Hence f ¢ X(U). By Theorem 6.1.2, it follows that the strength of elements of X (U) is
uniformly bounded. O

6.1.2  Our generalisation: universality for polynomial functors

Let P, Q be polynomial functors. Recall that Q is smaller than P, denoted Q < P, when
P and Q are not (linearly) isomorphic and Q, is a quotient of P, for the highest degree d
where P; and Qy are not isomorphic. We say that a polynomial functor P is pure when

P({0}) = {0}.
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Remark 6.1.5. Let Q < P be polynomial functors and suppose that P is homogeneous
of degree d > 0. Then Q, must be a quotient of P;. So we see that Q @ R < P for any
polynomial functor R of degree < 4. M

The following is our first main result.

Theorem 6.1.6 (Parameterisation Theorem for GL-subsets). Assume that K is alge-
braically closed of characteristic zero. Let X be a subset of a pure polynomial functor P
over K. Then either X(U) = P(U) for all U € Vec or else there exist finitely many
polynomial functors Q, ..., Qp < P and polynomial transformations a;: Q; — P with
XW) c Uf.;l im(a; ) forall U € Vec. In the latter case, X is contained in a proper closed
subset of P.

If we assume furthermore that P is irveducible, then in the second case there exists a integer
k > 0such that for all U € Vec and all p € X(U) the strength of p is at most k.

This is a strengthening of a theorem from [BDES22] (also in [Bik2o, Theorem 4.2.5]),
where the additional assumption is that X be closed.

Remark 6.1.7. When Pisirreducible of degree 1, then P(U) = U. In this case, the subsets
of Pare P and {0}. So indeed, the elements of a proper subset of P have bounded strength,
namely 0. PN

Again, the condition that K be algebraically closed cannot be dropped, and neither can
the condition on the characteristic; however, see Remark 6.1.15. Theorem 6.1.6 has the same
corollary as Theorem 6.1.2.

Corollary 6.1.8. With the same assumptions as in Theorem 6.1.6, let U € Vec be a fixed
vector space. Then there exist finitely many polynomial functors Qy,. .., Qp < P and polyno-
mial transformations a;: Q; — P such that for every V' € Vec and every f € P(V') that is
not iz Ule im(a; ) the map Hom(V, U) — P(U), @ — P(@)f is surjective.

If P is irreducible, then the condition that f ¢ Ule im(e; ) can be replaced by the
condition that f has strength greater than some function of dim(U) only.

6.1.3 Application to strength

Recall Section 2.2.4 where Pe is introduced. We now look at point p € Po, whose orbit
under GL is dense in Peo. They have interesting properties.

Corollary 6.1.9. Suppose that GL-p is dense in Pos. Then for each integer n > 1, the image
of GL-p in P(K™") is all of P(K™).

Proof. For V' € Vec, define

X (V) = {P(p)P(m,)p | n > 1,9 € Hom(K", V)} € P(V),
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which is exactly the image of GL-p under the projection Poo — P(K™) followed by an
isomorphism P(@), where ¢: K” — I is a linear isomorphism. We see that X is a subset
of P. Foreach I € Vec, the subset X (V) is dense in P( V) since GL-p is dense in Pes. So
X = P by Theorem 6.1.6. O

Corollary 6.1.10. Assume that char K = 0 and that P is irreducible of degree > 2. Then
an element of Pey has infinite strength if and only if its GL-orbit is dense.

Proof. If p € Py has finite strength, thenleta;: Q; X R; — P be as in the definition above
and let

k
a=a+.. e Q= QOR) > P

=1

be their sum, so that p € im(«). Consider the closed subset X = im(a), i.e., the closed
subset defined by X (V) = im(ay) forall /" € Vec. As dim(Q(K")) is a polynomial in 7
of degree < d, while dim(P(X")) is a polynomial in 7 of degree d, we see that X (K") is a
proper subset of P(K™) forall z > 0. Since p € X, it follows that GL-p is not dense.
Suppose, conversely, that GL-pis notdense. Then itis contained in X, for some proper
closed subset X of P. Hence p has finite strength by Theorem 6.1.6. O

Example 6.r.11. Let P, Q be homogeneous functors of the same degree d > 2 and let
p € P be an element of infinite strength. Then (p,0) € P ® Qoo also has infinite
strength, but the orbit GL-(p, 0) is not dense. i

Remark 6.1.12. In Section 6.3 we will use a generalisation of notation introduced here:
for an integer m > 0 we will write Peo_,, for the limit limn P(K =1y over all integers
n > m. This space is isomorphic to Pe,, but the indices have been shifted by 7. On Peo_,
acts the group GLeo—,, = GL, which is defined as the union of GL(K"1=171) over all
n > m. We denote the image of an element p € Pe_,, in P(K#1=Dmly by p141-1m]- The
inclusions ¢, : K1?1=171 — g7 sending v > (0, v) allow us to view Peo_y, as a subset of

Po. M3

Corollary 6.1.13. Let P be a homogeneous polynomial functor of degree d > 2 and m > 0
an integer. Let p € Poo_yy, be a tensor whose GLoo—p-0rbit is not dense and let g € Poo be an
element with finite strength. Then the GL-orbit of p + q € Pes 15 also not dense.

Proof. Note that p is contained in the image of #: Qoo — Poo—m for some polynomial
transformation 2: Q — P with Q < P [Bik2o, Theorem 4.2.5] and g is contained in the
image of : Roo — Poo for some polynomial transformation f: R — P with deg(R) < d.
Sosince Q® R < P by Remark 6.1.5, we see that p+¢ is contained in a proper closed subset
of P. Hence its GL-orbit is not dense. O
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6.1.4 Minimal classes of elements with dense orbits

With respect to the quasi-order defined in Section 2.3.4, there always exists minimal ele-
ment / with dense orbits. Recall that this minimality relates to a monoid £ of linear en-
domorphisms extending GL, described in Section 2..2.5. This result is a consequence of the
following theorem. Note that the theorem states also the existence of a maximal element.

Theorem 6.1.14 (Extreme Elements Theorem). Suppose that K is algebraically closed of
characteristic zero. Let P be a pure bomogeneous polynomial functor over K. Then there exist
tensors p, v € Poo whose GL-orbits are dense such that p < q < r forall ¢ € Po whose
GL-orbit is dense.

The elements p that have this property form a single ~-class which lies below the =~-
classes of all other g € Po whose GL-orbit is dense. For the construction of such a tensor
P € Poo, see Section 6.3.1. For the construction of the tensor 7 € Pe,, see Section 6.3.4.

Remark 6.1.15. In both our Main Theorems, we require that the characteristic be zero.
This is because the results in [Bik2o] and [BDES22] require this. However, the proof of
topological Noetherianity for polynomial functors in [Draig] does not require character-
istic zero, and shows that after a shift and a localisation, a closed subset of a polynomial
functor admits a homeomorphism into an open subset of a smaller polynomial functor.
In characteristic zero, this is in fact a closed embedding, so that it can be inverted and
yields a parameterisation of (part of) the closed subset. In positive characteristic, it is not a
closed embedding, but the map still becomes invertible if one formally inverts the Frobe-
nius morphism; this is touched upon in [BDES22]. This might imply variants of our The-
orems 6.1.6 and 6.1.14 in arbitrary characteristic, but we have not yet pursued this direction
in detail. M

6.2 Proof of the Parameterisation Theorem for GL-
subsets

6.2.1 The linear approximation of a polynomial functor

Let P be a polynomial functor over an infinite field and let U, V" € Vec. Then P(U® V) =
@ze:o Qd;f((]) V) where

QiU V) ={veP(UdV)|VsteK: Pisidy®ridy)v = st0} C Pp(U V).

The terms with ¢ = 0 add up to P(U), and the terms with e = 1 add up to a polynomial
bifunctor evaluated at (U, V') thatislinear in /. This is necessarily of the form 2’ (U)® V,
where P’ is a polynomial functor. In other words, we have

P(UaV)=PU) & (P'(U)® V)@ higher-degree terms in V.
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We informally think of the first two terms as the linear approximation of P around U. Now
suppose that we have a short exact sequence

0—->P—>0Q—>R—0
of polynomial functors. This implies that for all U, I we have a short exact sequence
{0} = P(UdV)—=>QUaV)—>R(UV)— {0}
and inspecting the degree-1 parts in /" we find a short exact sequence
0->P —->Q >R —0

This, and further straightforward computations, shows that P +— P’ is an exact functor
from the category of polynomial functors to itself.

Remark 6.2.1. For U € Vec fixed we defined Sh;; P in Section 2.1.4. Then we have
Shy(P),(V)={veP(UaV)|VteK: P(idy ®tidy)v = v}

and from this we see that Q. (U, V) = Shy(P).(V) N Pyye(U & V). In particular,

when P is homogeneous of degree d, we see that P(U @ V') = @io Qui-e(U, V) where
Qi-e(U, V) = Shy(P).(V). Also note that, in this case, Shi/(P)o(V) = P(U) and
Shy (P) (V) = P(V) via the inclusions of U, V into U & V. M

Example 6.2.2. If P = S then the formula

d
s‘ver =@s - Wesm=s e e e

e=0
identifies P’ with §971. a3

Example 6.2.3. Let K be an algebraically closed field of characteristic p. Then S? contains
the subfunctor P(V) = {# | v € V'}. Wehave P(U @ V') = P(U) & P(V'), and hence
P =0. A
6.2.2  Proof of the Parameterisation Theorem

In this subsection we prove Theorem 6.1.6. We start with a result of independent interest.

Theorem 6.2.4. Let P be a pure polynomial functor over an algebraically closed field Kof
characteristic 0 or > deg(P) and let X be a subset of P such that X (V') is dense in P(V') for
all V' € Vec. Then, in fact, X (V') isequal to P(V') forall V' € Vec.
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Example 6.1.3 shows that the condition that K be algebraically closed cannot be
dropped. We do not know if the condition on the characteristic of K can be dropped, but
the proof will use that the polynomial functor 2’ introduced in Section 6.2..1 is sufficiently
large, which, by Example 6.2..3, need not be the case when char X is too small.

Proof. Letg € P(K™). For each k > n, we consider the incidence variety
Zp = {(g,7) € Hom(K*, K") x P(K*) | tk(p) = nand P(p)r = g}.

We write ¢; = dimg P(K*). Since for every ¢ € Hom(K*, K”) of rank 7 the linear
map P(p) is surjective, Z; is a vector bundle of rank ¢, — e, over the rank-z locus in
Hom(K*, K”). Hence Zj is an irreducible variety with dim(Z;) = kn + ¢ — ¢,. We
therefore expect the projection I1: Z;, — P(K*) to be dominant for # > 7. To prove
that this is indeed the case, we need to show that for z € Z; sufficiently general, the local
dimension at z of the fibre I[1™! (T1(2)) is (at most) dim(Z;) — ¢; = kn — ¢,,. By the upper
semicontinuity of the fibre dimension [Har92, Theorem 11.12], it suffices to exhibit a single
point z with this property, and indeed, it suffices to show that the tangent space to the fibre
at z has dimension (at most) k7 — ¢,,.
To find such a pointz,set U := K” and V' := K*7 and consider

z = (my, P(ty)g +r) € Zy,

wherezy: U® V' — Uis the projectionandy: U — U @ V is the inclusion and where
we will choose » € P/(U) @ V' C P(U @ V). Note that then

P()g+re P(U)@ (P (V)@ V) P(UaT)

and that P(zy )7 = 0 so that z does, indeed, lie in Zy.
The tangent space 7,117 (I1(z)) (projected into Hom(K*, K™)) is contained in the
solution space of the linear system of equations

P(ry +ey)(P(w)g+r) =g mod &

for y. By the rank theorem, the dimension of this solution space equals kn =
dim(Hom(K*, K)) minus the rank of the linear map

Hom(U @ V,U) — P(U), ¥ — the coeflicient of ¢ in P(zy + y) (P(ty)g + 7).

So it suffices to prove that for all £ > 7 there is a suitable 7 such that this linear map is
surjective. In fact, we will restrict the domain to those ¥ € Hom(U @ V, U) of the form
w o my wherezy: U@ V' — V is the projection and w € Hom(V; U). Then

P(ry +ey)(P(ww)q) = P((wy + ew o wy) o 1y)g = P(idy)g = ¢
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So P(1y7)q does not contribute to the coeflicient of ¢ and this coefficient equals
P(idy +idy) (idp/(U) ®w)r

where idy +idy: U @ U — U is the map sending (#y, #) to #; + #5. Note that the
codomain of idp' () ® w equals P’ (U) ® U € P(U & U), so that the composition above
makes sense. Below we will show that for k—» = dim(V") > nandsuitabler € P (U)QV
the linear map

Q[JJV,,: Hom(V; U) — P(U)
o P(idy +idU)(idp/(U) Qw)r

is surjective.

Hence there exists a # such that Z, — P(K*) is dominant. By Chevalley’s theorem,
the image contains a dense open subset of P(X %), and this dense open subset intersects the
dense set X (K*). Hence there exists an element p € X(K*) and a Q€ Hom(K*, K™)
such that P(p)p = ¢. Finally, since X is a subset of P, also ¢ is a point in X (K”). Hence
X(K") = P(K") for each n, as desired. O

Lemma 6.2.5. Let P be a polynomial functor over an infinite field K with char(K) = 0 or
char(K) > deg(P) and let U € Vec. Then for V € Vec with dim(V) > dim(U), there
existsanr € P'(U) ® V such that

Qpy;,: Hom(V, U) = P(U)
w = P(idu+idU)(idp/(U) ®w)r

is surjective.

Proof. When char(K) = 0, the Abelian category of polynomial functors is semisimple,
with the Schur functors as a basis. When char(K) = p > 0, the situation is more
complicated. The irreducible polynomial functors still correspond to partitions [Greo7,
Theorem 3.5]. A degree-d irreducible polynomial functor is a submodule of the functor
T(V) = V®ifand only if the corresponding partition is column p-regular [Jam8o, The-
orem 3.2]. Luckily, this is always the case when d < p. And, the Abelian category of poly-
nomial functors of degree < p is semisimple [Greo7, Corollary 2.6¢]. Now, if P, Q are such
polynomial functorsand 7y € P/ (U)®V and, € Q' (U)® I have the required property
for P, Q, respectively, then

ri= () e@U)V)e(QU)e W) (P (U)eQ(U)e (Ve W)
=P Q) (Ve W)

has the required property for P @ Q. Hence it suffices to prove the lemma in the case where
P is an irreducible polynomial functor of degree d. We then have 7 = P & Q, where
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T(V) = V® and Q is another polynomial functor. By a similar argument as above, if
7 € T"(U) ® V has the required property for T, then its image in 2’(U) ® V" has the
required property for P. Hence it suffices to prove the lemma for 7.

Now we have

TWUWe)=TU)e(VeUU®---U)da(U®VeUQ- ---®U)
&0 (URURU®: --®V)® terms of higher degree in 7,

so that 7" is a direct sum of d copies of U + U®4~1 We take 7 in the first of these copies,
as follows. Letey, . . ., ¢, be a basis of U and set

ri= Z Va6 @ By,

a€[n]d1

where the v, are a basis of a space V" of dimension n?1. For every 8 € [#]9 " and 7 € [n],
the linear map w that maps v to ¢; and all other v, to zero is a witness to the fact that

¢ ®cp ® - ®ep,  isin the image of Q7. Hence this linear map is surjective. |

Lemma 6.2.6. Assume that K is algebraically closed of characteristic zero. Let P, Q be poly-
nomial functors. Assume that P isirreducible of degreed, Q hasdegree < d and letar: Q — P
be a polynomial transformation, then there is a uniform bound on the strength of elements of
im(ay) that is independent of V.

Proof. Let R be the sum of the components of Q of strictly positive degree. Any elementin
im(ay) is also in im(fy-) for a polynomial transformation 8;-: R — P obtained from « by
a suitable specialisation. Write R = RW ... R® where the R\ are Schur functors of
degrees 0 < d; < d. The polynomial transformation /4 factors uniquely as the polynomial
transformation

k
S RO ... RO 5 F = @ ®S€z'R(l')
€156, 20 7=1

Y eids=d

(ry...,mp) (;ﬂf‘”1 R ® rf%)q ,,,,, e
and a /inear polynomial transformation y: F — P. Asy islinear, we see thatstr(yy-(v)) <
str(v) forall ' € Vecand v € F(V). So it suffices to prove that the elements of the subset
im(9), which depends only on Q and d, have bounded strength. We have

®c ®e Qe ®¢
str(ry @ @7, ey S Z str(ry @@, ) < Z 1

150056520 €156 20
2 eidi=d Yiedi=d
as ), ¢; > 2 whenever )’ ¢;d; = d. So this is indeed the case. |
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Proof'of Theorem 6.1.6 (Parameterisation Theorem for GL-subset). Let X be a subset of a
pure polynomial functor P over an algebraically closed field K of characteristic zero. For

each V' € Vecdefine Y(V) = X(V).If Y isa proper closed subset of P, then by [Bik2o,
Theorem 4.2.5] there exist finitely many polynomial transformations «;: Q; — P with
Q; <Pand Y (V) € U, im(a; ) forall V7 € Vec. Since X C Y, we are done. Otherwise,
it Y(V) = P(V) forall V, then Theorem 6.2.4 implies that also X () = P(V) forall V.
The last statement follows from the previous lemma. O

Proof of Corollary 6.1.8. Let X be the subset of P constisting of all elements f € P(V") such
that
Hom(V, U) — P(U)
p— P(p)f

is not surjective. By Theorem 6.1.6, it suffices to prove that X # P. As before, we claim
thatin fact X (V) # P(V) already when dim (V) > (deg(P))(dim(P(U))).

First suppose that P is irreducible. Then P is a Schur functor. Take V = K
and ¢ = dim P(U). Then it is known that Hom(Vy, U) - P(Vy) spans P(U). Let
P(@1)p1, ... P(@e)pe be a basis of P(U), let ¢;: V) — VSM and 7;: Vg — V) be the
inclusion and projection maps and take

p=PU)pi+...+ P()pe € P(VED).
Then P(p; o ;) (p) = P(@;)p;. Hence
Hom(V&, U) — P(U)
p— P(p)p

is surjective.
Next, suppose that P = Q @ R and that there exist /' € Q(V) and g € R(W) such
that

Hom(V, U) — Q(U) and Hom (W, U) — R(U)
p = Qlp)f p = R(p)g
are surjective. By induction, we can assume such f ¢ exist when dim(V) >
(deg(P))(dim(Q(U))) and dim( ) > (deg(P))(dim(R(U))). Now, we see that
Hom(V @& W,U) — P(U)
p = P(p)(P(u)(f) + P(12)(g))

is surjective. This proves the first part of the corollary. For the second statement, we note
that when P is irreducible the elements of im(«;) have bounded strength. As the bound

depends only on X and X only depends on dim(U), we see that / ¢ Ule im(e;) forall £
with strength greater than some function of dim(U) only. O
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6.3 Proof of The Extreme Elements Theorem

6.3.1 Construction of the minimal class

Let P be a homogeneous polynomial functor of degree d > 0 over an algebraically closed
field K of characteristic zero. Decompose

p=rPWg...qp0

into Schur functors. For each U € Vec of dimension > d the GL(U)-module P (U) is
irreducible (and in particular nonzero). Let ¥ € Vec be a vector space of dimension d. Let
V(40 be a copy of V foreach 7 = 1,..., ¢ and choose any nonzero q(l’i) e p® ( V(l’i)).
We write

q(l) = q(lyl) +...+ q(l)g) IS P(l) ( V(l)l)) DD P(f)(V(Lg)) g P( W(l))

where WO = D ... g OO We take independent copies wh=rig.. o
V00 of WM and copies gV = g +... +4%0 € P(WD) of g1 and set

gi=qV+4%P +... ePy

where we concatenate copies of a basis in the éd-dimensional space w® o identify weg
@ W wich K44

Example 6.3.1. Let P = §® A%, s0 that we may take V' = K. We may take g := 4 €
SV DY) and q(l’z) =Xy A Axoyy € /\d( V' 12)) where xy, ..., xgand X441, . . ., Xou
are bases of (WD) and 7 (42), respectively. We then have

d d
g = (] +xg01 A ANxog) + (65, F 03441 A s A Xgg) + 3
We will prove, first, that any ¢ constructed in this manner has a dense GL-orbit in Pe,

and second, thatg < p forall p € P, with a dense GL-orbit.

6.3.2 Density of the orbit of 4
Proposition 6.3.2. The GL-orbit of g is dense in Peo.

Proof. Tt suffices to prove that for each U € Vec and each p € P(U) there existsa k > 1
and a linear map @: wOe...e Ww® - Usuch that P(gD)(q(l) +...+ q(k)) = p.
Furthermore, we may assume that U has dimension atleastd. Fix alinear injection¢: V' —
U. Now g(") = P(1) (q(f’")) is a nonzero vector in the GL(U)-module P (U), which is
irreducible. Hence the component p<") of pin P@(U) can be written as

p(i) — p(g(l,l'))g(i) +. .+ P(g(kz’yl‘))q(l’)
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for suitable elementsga’i), .. .,g(k"”‘) € End(U). Do this forall7 = 1,..., ¢. By taking the
maximum of the numbers #; (and setting the irrelevant g(f’f) equal to zero) we may assume
that the &; are all equal to a fixed number £; this is the & that we needed. Now we may define
@ by declaring its restriction on V07 to be equal to g(j’") o 1. We then have

P@)(qp+...+q) =

k
J=1

4 4
p(g(ﬁl’))g](i) — p(i) =

7

as desired. O

6.3.3 Minimality of the class of g
Proposition 6.3.3. We have g < p for every p € Poo with a dense GL-orbit.

Proof. Letp € Po be a tensor with a dense GL-orbit and write p = (po, p1, p2, .. .) with
pi € P(K?). Take mg = no = 0. There exists a linear map @o: K™ — K™ such that
P(@0)pPmy = qn, = 0, namely the zero map. Write #; = ng + 20d. Our goal is to contruct,
for each integer 7 > 1, an integer 7; > m;_; and a linear map ¢;: KUmil=lmial _ gy ()
such that the linear map @, : K" — K" making the diagram

K = Kt @ Klmd=lmia) 7 Kot @ W) = K"

K71 W(l)

commute satisfies P(9;)pm, = qn, =gV +... + 4.
Let 7 > 1be an integer. As observed in Section 6.2.1, we can write

P(K" @ V) = P(K™) @ Ri(V) @ @& Re1 (V) ® P(V)

where R; = Shg-1 (P); is a homogeneous polynomial functor of degree . Writing K- Nas
K™t @ KN=Imi-1] e obtain a corresponding decomposition

P=Pmtrt... +rg +p

where 77 € Rjco—,_; and p’ € Poo—p,_, and we claim that p” has a dense GLoo -, -orbit;
here we use the notation from Remark 6.1.12.,

The polynomial bifunctor (U, V') + P(U & V') is a direct sum of bifunctors of the
form (U, V) — Q(U) ® R(V') where Q, R are Schur functors. It follows that R;(V")
is the direct sum of spaces Q(K™') ® R(V') where Q, R are Schur functors of degrees
d — j,j, respectively. Hence the elements 7y, ..., 741 have finite strength. Also note that
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Pmi_y € P(K™1) has finite strength. So by Corollary 6.1.13, we see that the GLeo—,,_, -orbit
of p’ must be dense.

The tuple (7,...,74-1) € EB - Rj co—m,_, may not have a dense GLoo—,_,-orbit.
However, there exists a polynomial functor R less than or equal to Ry & - - - ® Ry_; with
R({0}) = {0}, an » € Reo—s,_, and a polynomial transformation

ﬁt:(ﬂl,...,dd_l):R—)Rlﬂa"'GDRd_l

such that 7 has a dense GLoo—,,_, -orbitand a(7) = (7y,..., 74-1). Since P is homogeneous
of degree d > deg(R), the pair (7, p") has a dense orbit in Reo—s,_; ® Poo—m,_, by [Bikzo,
Lemma 4.5. 3] Hence, by Corollary 6.1.9, there exists an #; > m;,_; + ld and a linear map
/78 Klmid=lmial 5 (@) quch that R(¥) 7 [m -] = OandP(;h)p (sl —[mia] = q(").

Since polynomial transformations between polynomial functors with Zero constant
term map zero to zero, the first equality implies that, forallj = 1,...,d - 1,

Ri(Y) 7 m)~(mia) = BiW)ai (P m =i 1) = (R[]~ [ ]) = 27(0) = 0.

Thus, informally, applying the map #; makes p specialise to the required q("), while the
terms 71, . . ., 74— are specialised to zero.
We define @; as above and we have

d-1
P(@i)pm; = P(@i-1 @ idyp) ) P(id,_, & ¥2) | pomiy + Z ()=t ]+ Ploms = [ |
J=1
d-1
= P(@z’—l 52 id»pV(t’)) Pmi t+ Z Rj(%’)”j,[m,-]—[m,ﬂ,l] +P(¢z’)p,[ml.]_[ml._l]
7=1

= P(pr-1 ®idyy0) oy +4) = g + 4 =M+ 44",

Iterating this argument, we find that the infinite matrix

Po
141
V2 =le
¥3

has the property that P(e)p = q(l) + q(z) +... = ¢, as desired. O

Remark 6.3.4. Note that the element ¢ € E constructed above has only finitely many
nonzero entries in each row 4nd in each column! M
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Remark 6.3.5. Fix an integer # > 0. Then we have the following strengthening of
the previous theorem: we have (xy,...,x,9) < (6,..., 6, p) for every (..., 0, p) €
(SL)® @ P, with a dense GL-orbit. Here g is defined as before in variables distinct from
X1,...,%. To see this, note that a tensor in (S%)®* @ P., with a dense GL-orbit is of the
form (@, ..., ¢, p) where ..., ¢ € SL are linearly independent and p € P, has a dense
GL-orbit. By acting with an invertible element of E as in Example 2.3.15, we may assume
that ¢; = x;. Take 7o = . Similar to induction step in the proof of the previous theorem,
there exists an integer 720 > 4 and a linear map y: Klmol=lkl 5 K70 such that the linear
map @9 = idy+y: K¥ @ Kl=IF — k70 satisfies P(00)pmy = Gy = 0. We now
proceed as in the proof of the theorem with these 72, 720, @o to find the result. M

Proof of Theorem 6.1.14, existence of p. The existence of a minimal p among all elements
with a dense GL-orbit follows directly from Propositions 6.3.2 and 6.3.3. O

6.3.4 Maximal tensors

Next, we construct maximal elements with respect to < of Py, for any pure polynomial
functor P. We start with z-way tensors, then do Schur functors and finally general poly-
nomial functors. Let d > 1 be an integer and let T% be the polynomial functor sending
Vi 17,

Lemma 6.3.6. There exists a tensor vy € TS such that p < ry forallp € T,

Proof. Ford =1, we know that the element 71 = x; € TL satisfies p = nforalpe TL.
Now suppose thatd > 2 and that 74—y = 41 (x, x,...) € T satisfies p = rq-qforall
pE T2 We defineary € T4 satisfying p < 7, forallp € T4,

Forj € {L,...,d}, we define the map — ®; —: TL x T4 — T4 as the inverse limit of
the bilinear maps —®; —: V"X yed-l _, ped gch that i ® (1® ®V_ 18V @ ®
v4) =01 ® - - - ® vy for all finite-dimensional vector space V" and all vectors vy, ..., vy € V.

Now, we take
(o]
i=3

=1 j

d
%(ij1) ®f 7d-1(Xu(i52) %1(3i3)> - - -)
=1

wheres: Nx{L,...,d}xN — Nisany injective map. We claim thatp < r,forallp € T4,
Indeed, any such p can we written as

r=2

=1 j

d
% ®; pi(Xp, %41, -+ )
=1

with pi, po,... € 791 and by assumption we can specialize 7;_; to p; using an element of
E for all 7. Combined, this yields a specialization of 7, to p. Note here that x,(;;1) + x;
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and x,(;j4) > Gk for & > 1in such a way that x, occurs, when ranging over £, in only
finitely many ¢; ;; when 7 < ¢ and x does not occur in €;;; when 7 > ¢. This means that

the specialization of 7 to p indeed goes via an element of E. So for all d > 1, the space T4
has a maximal element with respect to <. ]

Lemma 6.3.7. Let P be a Schur functor of degree d > 1. Then there exists a tensor r € Poo
suchthatp < v forall p € Pe.

Proof. The space P is a direct summand of T2 Let » be the componentin P, of 77 from
the previous lemma. Then p < rforall p € Pw. O

Proof of Theorem 6.1.14, the existence of v. Let P be a polynomial functor and write

p=PDg...q pW®

as a direct sum of Schur functors. Foreachz € {1,...,k}, let r; = r;/(xpx2,...) €
P‘Eé) be a tensor such that p; < 7 for all p; € Pg,) and take » =
(71 (%1, X152 ) 7 (X X2p> . . .)) € Poo. Thenp < rforallp € Pe. O

6.4 Further examples

In this section we give more examples: we prove that tensors in P, with a dense GL-orbit
for a single equivalence class when P has degree < 2, we compare candidates for minimal
tensors in a direct sum of $%’s of distinct degrees and we construct maximal elements in Pe
for all P with P({0}) = {0}.

6.4.1 Polynomial functors of degree < 2

Example 6.4.1. Take P = S @ S'. Then a pair (1, w) € S, @ S, has one of the following
forms:

1. the pair (v, w) with o, w € SL, linearly independent vectors;
2. the pair (lu, uu) with u € S%, nonzeroand [1 : «] € P or
3. the pair (0, 0).
In the first case, the pair (v, w) has a dense GL-orbit and is equivalent to (x1, x,). When

uv — Aw = 0 for some 4, ¢ € K, then this also holds for all specialisations of (v, w). So the
poset of equivalence classes is given by:
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(0,0)

where a point [ : 4] € P! corresponds to the class of (s, uu) with # € S., nonzero and
all points in P! are incomparable. 3

Example 6.4.2. Take P = S2. By Proposition 6.3.3 each infinite quadric

1<i<y

of infinite rank specialises to the quadric g = x1x, +x3x4 +. . . via a suitable linear change of
coordinates. Here each variable is only allowed to occur in only finitely many of the linear
forms that xy, x,, . . . are substituted by. Conversely, it is not difficult to see that g specialises

to p as well by applying the following element of E:

1 a11 0 0 0 0
0 a2 1 a2 0 0
0 a;3 0 a3 1 as
0 a14 0 a4 0

We conclude that the infinite-rank quadrics form a single equivalence class under ~ and
that the rank function is an isomorphism from the poset of equivalence classes to the well-
ordered set {0, 1, 2,..., oo}. N

Example 6.4.3. Take P = /\2. By Proposition 6.3.3 each infinite alternating tensor

P= Z a;ix; N X;

1<i<y

of infinite rank specialises to g = x1 A %2 + x3 A x4 +.... And, g specialises to p as well by
applying the following element of E:

1 0 0 0 0 O
0 a12 1 0 0 0
0 a13 0 a3 1 0
0 a4 0 a4 0 a3y
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As before, we conclude that the infinite-rank alternating tensors form a single =-
equivalence class and that the rank function is an isomorphism from the poset of equiv-
alence classes to the well-ordered set {0, 1, 2,..., oo}. S|

Example 6.4.4. Take P = ($H)* @ (82)® @ (A\?)® for integers 4, b,¢ > 0. By Re-
mark 6.3.5, any tuple in Pe, with a dense GL-orbit specialises to the tuple

(X1 w5 X Y1Y2 + V212042 F oo oo s V2bo1V2b + Vib—1Yab + - - >

ZIANZ2+ 2241 N2oet2 o vosen 5 820-1 N B20 + B4—1 N Z4c +

where y2ip4j = Xar2ibs2ice; for i 2 0and 1 < 7 < 2band 224047 = Xg42(i+1)br2ic+j fOri = 0
and 1 < j < 2¢. By the previous examples, each of the entries in this latter tuple indepen-
dently specialises to any tensor in the same space. So the entire tuple also specialises to any
other tuple in Pe,. So the tuple with a dense GL-orbit again form a single ~-equivalence

class. S|

6.4.2 Non-homogeneous polynomial functors

The proof of Proposition 6.3.3 relies on the fact that P is homogeneous. Apart from the
slight generalisation from Remark 6.3.5, we don’t know if such a result holds in a more
general setting.

Question 6.4.5. Take P = S* ® S>. Does there exist a tensor q € Poo with a dense GL-orbit
such that g < p for all p € Poo with a dense GL-orbit?

The next example compares different candidates for such a minimal element.

Example 6.4.6. Take P = Sh @St @ @S withl <dy <dy <+ <dj. By [Bik2o,
Lemma 4.5.3], an element (f3, - - - , /) € Poo has dense GL-orbit if and only if /; € Sﬁ{j has
dense GL-orbit forall 2 = 1,..., k. In particular, the elements

=(qW,...,q") = (xd1 +xd1 +...,...,xf"+xgk+...)

and ., .,
p:(p(l), . (/e))—(x +xk+1 TR kk+xzz+ .)

have dense GL-orbits. Clearly g < p. By Corollary 6.1.9, there exists an # > 1 and linear
forms@,...,0,inxi,...,x; such that q(]) t,...,0,) = de’ forj=1,..., k. Take

&m+z’ = gi(xlmﬂy cees xlon+n)

forh > landi € {1,..., k}. Then we see thatqij)(&mﬂ,..., Cppan) = xz;v. forj=1,..., k.
So since
0

q =q,(1])+q,(1])(xn+1,...,x2n)+...
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we see that q(f) (b,0,...)= p(f). Let 4 be the £ X 7 matrix corresponding to 6, ..., ¢, and

take
A

€= % eFE

Then P(e)q(f) = q(j)(€1; 6,...).Sop < g. Hencep ~ ¢. =
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Part IV

Stabilisation under Symk XGL
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Chapter 7

Vec-varieties over FI

In this chapter and in the following Chapter 8 we look at varieties with the actions of Sym
and GL combined. In Section 7.1 we introduce varieties with Sym-action and their func-
torial counterpart, that makes use of the the category FI of finite sets with injections. In
Section 7.2 we describe varieties enjoying both the symmetries of Sym and of GL via the
functorial language of FI°P x Vec-varieties, and, for reasons that become clear in Chap-
ter 8, we will study the even larger category of (FI°P )¢ X Vec-varieties for varying k. On
these varieties the group Sym/e x GL acts, and we will see that in this generality topologi-
cal Noetherianity doesn’t hold; see Remark 7.2.2. In Chapter 8 we restrict our attention to
(FI°P)* x Vec-varieties of product-type, and we will prove they are topologically Noetherian.
From now to the end of the thesis X denotes a field of characteristic zero.

=1 Varieties over FI

The literature on FI-modules is [CEF15; CEFN145 NR19]. However, [DEF22] is the main
reference for this section.

We denote by FI the category where the objects are finite sets, and the morphisms are
injections. In particular, given a finite set S, the group Sym(S) of the permutations of the
elements of S are morphisms in this category. Any functor ' : FI — (7 encodes objects
having symmetries of a symmetric group. Indeed, for every finite set S the group Sym(.S)
actson F(S) via F (o) foreach o € Sym(S). The following example hints at the connection
between functors over FI and infinite dimensional varieties with an action of Sym.

Example 7.x.x. The infinite affine space is defined as the spectrum of K [x1, x5, ... ] the

polynomial ring in infinitely many variables. The group Sym acts on this algebra (and hence
on the variety) by the K-algebra automorphism ¢ - x; = x,(;) for & € Sym. a3

127



The ring of Example 7.1.1 can be seen as a direct limit of a certain FI-algebra that we

define below.

Definition 7.x.2. An Fl-algebra is a covariant functor F from FI to the category Alg of
K-algebras.

Let F be an FI-algebra, then F assigns to any finite set S a K-algebra F(S) and to each
injective map ¢ : § — T a morphisms of K-algebras F(¢) : F(S) — F(T) such that
F(idg) = idp(s) and F(t o 7) = F(¢) o F(7). Let F be an Fl-algebra, and consider the
direct limit F, over z € N of the F(¢,) : F([n]) — F([n+1]) wheres, : [#] — [z+1]
are the inclusions. Then F is a K-algebra stable under the action of Sym.

Example 7.1.3. Consider the functor F : FI — Alg that assigns to each finite set S the K-
algebra K [x; | 7 € S]. Given an injection ¢ : § — T, define the corresponding morphism
F(1) : F(S) — F(T) mapping x; to x,(;). Then F is an FI-algebra over K and the direct
limit F is the Sym-ring K [x1, x5, ... ] of Example 7.1.1. N

Recall Theorem 1.2.15: let R be a Noetherian ring and let Sym act on the algebra R [ x;; |
i € [k],j € Nl byo - x;; = x;,(). Then R[x;; | 7 € [k],j € NJ is Sym-Noetherian
(see footnote 1 at page 22 for the relevant literature). This theorem implies that if Z is a
finite-dimensional variety, then the topological space AN equipped with the inverse-limit
topology of the Zariski topologies, is topologically Sym-Noetherian: if

X12X2X32...

is a descending chain of closed subsets, each stable under the infinite symmetric group Sym
permuting the copies of Z, then X, = X,,,; forall z > 0. The condition of £ being a fixed
positive integer is necessary as the following example shows.

Example 7.1.4. Consider the ring K'[x;; | 47 € NJ with the action of Sym X Sym given
by (4, 7) - x;j = %7(i),7()- This ring is zot Sym X Sym-Noetherian by [[512, Example 3.8],
and with their same argument one can also show that the spectrum is not topologically
Sym X Sym-Noetherian. We sketch the argument below.

Recall by Proposition 1.2.20 that every closed subscheme stable under G of a G-scheme
is cut out by the G-orbits of a finite number of elements of its defining ideal. Consider the

ideal

I = (x1,1x1,2xz,2x2,1, x1,1x1,2x2,2x2,3x3,3x3,1:'--);

and let X be its corresponding vanishing locus in Spec(K [«;; | 77 € NJ). Let

k
f/e = (l_[ xz;z‘xz;z‘+1) X1, k+1Xk+1,1

=1
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be the £-th generator of 1. Suppose that the orbits of /7, - - -, f;, for 71 < -+ < 7, cut out
set-theoretically X. Let £;; be the infinite zero matrix with a one in the (7 7)-th position.
Then the point

1+l

p= Z(Ez',i +Ej1) + Ejqnia0 + Ejion

i=1
is in the vanishing locus of (the orbits of) £, - - - , /7, but it is not a point of X because
fi+1(p) # 0. The proof uses that to each polynomial one can associate a bipartite graph,
e.g. the monomial /i corresponds to the bipartite graph:

o il

Denote by FI°P the opposite category of FI.

Definition 7.x.5. An FI°P-scheme is a covariant functor from FI°P to the category of
schemes. >

In particular the composition of an Fl-algebra with the functor Spec : Alg — Sch
gives an FI°P-scheme.

7.2 The categories of (FI°P)* x Vec-varieties

In this section we look at varieties where both the group Sym and the group GL act to-
gether. Recall Definition 2.2.3 of Vec-variety from Chapter 2.

720 (FI°P)* X Vec-varieties

Definition 7.2.1. Let £ € Zso. An (FI°P)F x Vec-variety is a covariant functor X from
(FI°P)* to the category of Vec-varieties. )

Explicitly, an (FI°P)F x Vec-variety is given by the following data: for any k-tuple
(St ...,S,) we have a Vec-variety X (S,...,S;), and for any k-tuple of injective maps
t = (S = Ty..o,4 + S — Tp), we have a corresponding morphism
X() : X(T,..., Ti) = X(Si,...,S) of Vec-varieties and the usual requirements that
X(T o l) = X(l) OX(T) andX(idSI, ceey idgk) = idX(Sl ,,,, Sp)-

As for Vec-varieties, there are natural notions of morphism and closed immersion of
(FI°P)* x Vec-varieties, and for fixed #, the (FI°P)* x Vec-varieties form a category: the
full subcategory in the corresponding functor category. We call an (FI°P)* x Vec-variety
Noctherian if every descending chain of closed (FI°P)* x Vec-subvaricties stabilises.
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Remark 7.2.2. In particular, any contravariant functor from FI to finite-dimensional
affine varieties, i.e., an FI°P-variety, is trivially an FI°P X Vec-variety. In this generality,
FI°P-varieties are certainly not Noetherian: see the already mentioned [HS12, Example 3.8]
in Section 7.1.4.

However, we will be largely concerned with (FI°P)* x Vec-varieties defined as follows.
Let Zy,..., Z; be Vec-varieties, define

X(Sp.. s Sp) = 2 X X 23 (7.1)

andfor: = (u,...,4) : (Sp...,S%) — (T1,..., T}) define X () as the product of the
natural projections Z7 — Z5 associated to ¢;. We will prove that (FI°P)* x Vec-varieties
of this form are, indeed, Noetherian. M

Remark 7.2.3. If X is an (FI°P)* x Vec-variety, then the group Sym/“ X GL acts on the
inverse limit

lim  X([r],..., [2]) (K").

This gives a functor from (FI°P)* x Vec-varieties to (infinite dimensional) schemes
equipped witha Sym/6 x GL-action. Unlike the correspondence between polynomial func-
tors and their inverse limits, this is not quite an equivalence of categories (even under rea-
sonable restrictions on the Syrnk x GL-action). For example, X ([71],..., [7:]) could be
empty for large 7, and a fixed nontrivial GL-variety for smaller 7,. We will consider an ex-
plicit example of this type later in Example 8.3.18. In that case, the inverse limit is empty
but the (FI°P)* x Vec-variety is not trivial. Our theorems will be formulated in the richer
category of (FI°P)* X Vec-varieties. M

7.2.2 Partition morphisms and the category PM

Suppose that we are given a point p in some X (S}, . .., S¢) (V), where X is as in (7.1). Then
the components of p labelled by one of the finite sets S; may exhibit different behaviours,
which prompts us to further partition S; into subsets labelling components where the be-
haviour is similar. For instance we can think about the following example.

Example 7.2.4. Let Z be the space of N x N-matrices over the field K, equipped with the
GL-action givenby ¢ - 4 := g4 gT. Let X be the closed Sym x GL-stable subvariety of zZN
consisting of all infinite matrix tuples (A4}, A2, . . .) such that each 4; is either symmetric or
skew-symmetric. It is easy to see that X is defined by the Sym X GL-orbit of the equation
(%112 +2121) (%112 —%121), where x; is the (7, £)-entry of the /th matrix. In this case we would
like to sort the components of a point into the ones consisting of a symmetric matrix and
the ones consisting of a skew-symmetric matrix. )
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Inspired by the above example, we want to define a type of morphisms capturing this
feature. Indeed, we will say that p lies in the Zmage of some partition morphism defined
below.

Definition 7.2.5. Let X be an (FI°P)* x Vec-variety and let ¥ be an (FI°P)! x Vec-variety.
A partition morphism Y — X consists of the following data:

L. amap7: [/] — [k];and

2. for each /-tuple of finite sets (73, ..., 77) a morphism

p(Th,. . 1) Y(Tho, Ty =X || T || 75
jer (1) jer (k)

of Vec-varieties in such a manner that for any /-tuple ;; € Homgy (S}, 7;) the follow-
ing diagram of Vec-variety morphisms commutes:

X (|_|jE7r’1(1) 7}’ (XS] |_|j€7r’1(/e) T)

Y (t150e0s l/)‘ lX(U/e”—lm s e =14y lj)

Yo S) ———— X (Uierry S5 » Ujery 5)-

)

Remark 7.2.6. Note that if we take # = / and # = id[], then a partition morphism is just
a morphism of (FI°P ) X Vec-varieties. M

There is a natural way to compose partition morphisms: if (7, @) is a partition mor-
phism ¥ — X as above and (p, ¥) is a partition morphism Z — Y, where Z is an
(FI°P)” x Vec-variety, then (7, @) o (p, ¥) is the partition morphism given by the data
7o p: [m] — [k] and the morphisms

ol || Rosos || Ra|ow(Ru. R

nep~l(1) nep~(1)

Z(Ry,...,R,) = X |_| R,,..., u R,|.
n€(wop)~1(1) ne(mwop) L (k)

A tedious but straightforward computation shows that partition morphisms turn the class
of (FI°P)* x Vec-varicties, with varying &, into a category. We call this category PM.
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Remark 7.2.7. In [NS20] partitions of N into finitely many subsets feature in the classi-
fication of symmetric subvarieties of infinite affine space (A)N, and while our proofs in
Chapter 8 do not logically depend on this classification, that paper did serve as an inspira-
tion. M

Definition 7.2.8. Let X be an (FI°P)* x Vec-variety, ¥ an (FI°P)! x Vec-variety, and
(m @) + ¥ — X apartition morphism. Let Sy,..., S, € Fland V' € Vec. The (set-
theoretic) image of (7, @) in X (S}, ..., S;) (V) is defined as the set of all points of the form
X5 u)(V) 0 @(Th,..., T1)(V))(g) where Ty, ..., Ty are finite sets, ¢ is a point in
Y(Ty,..., T;)(V), and each 4 is a bijection from S; to |_|j€,,-1(l-) T;. The partition mor-
phism (7, @) is called surjective if its image in X (Sy,..., Sp) (V) equals X (S, ..., Sp) (V)
for all choices of S,..., S, and V. D

Remark 7.2.9. In the previous definition, each bijection ¢; induces a partition of the set
S;. Furthermore, if a partition morphism (7, @) is surjective and for every 7 the Vec-variety

X(0,...,0,{+},0,...,0),

where {*} is a singleton in the 7-th position, is nonempty, then the map  is automatically
surjective, so that 7z induces a partition of [/] into £ labelled, nonempty parts. This is our
reason for calling the morphisms in PM partition morphisms. MM

The following example rephrases Example 7.2.4 in the current terminology.

Example 7.2.10. Let Z be the Vec-variety that maps V" to V' ® V, and let Z;, Z; be the
closed Vec-subvarieties consisting of symmetric and skew-symmetric tensors, respectively.
Consider the FI°P x Vec-variety defined by S +— Z5, and for every finite set Slet X () be the
closed Vec-subvariety given by the points x = (x;);e5 € Z(V ) such that each component
x; is either symmetric or skew-symmetric. Note that X is a closed FI°P X Vec-subvariety.
Let Y be the (FI°P)? X Vec-variety defined by

Y(Sl, Sz) = lel XZgZ.

We now construct a partition morphism ¢ : ¥ — X as follows. The map 7 : [2] — [1]
is the only possible, and for every V' € Vec and (S, S») € (FI°P)? the map

P(S1, ) (V) : Y(S1,$2) (V) = Zy(V) X Zo (V)52 — X (S U SH)(V)

is defined by:
((xfl )51651; (xJZ )12652) — (xI)IESIUSZ'

Note that the partition morphism ¢ is surjective. N
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Chapter 8

Sym*xGL-Noetherianity for
products of polynomial functors

In this chapter we prove topological Symk x GL-Noetherianity for # infinite products of
polynomial functors. In Section 8.1 we describe our initial question that served as motiva-
tion for the development of the theory in Section 7.2. Indeed, Theorem 8.1.1 and Theo-
rem 8.2.1 can be reformulated in the language of FI°P X Vec-varieties and (FI°P)* x Vec-
varieties, respectively; see Section 8.3. Recall that in Section 7.2.2 we introduced the cat-
egory PM with morphisms between such varieties, in which, for the reasons explained in
Example 7.2.4 and above it, £ varies. In Section 8.4 we formulate and prove the Parameter-
isation Theorem for (FI°P)* x Vec-subvarieties of (FI°P)* x Vec-varieties of product-type,
the core technical result of this chapter. The statement says that if X is a proper closed
(FI°P)F x Vec-subvariety of a variety Z of product-type

k
Z:(SpnSu?) e [ |20,

=1

where the Z; are Vec-varieties, then X is covered by finitely many morphisms in PM from
(FI°P)Z X Vec-varieties of product-type that are, in a suitable (and very subtle!) manner,
smaller than Z. The details of the order on product-type varieties are in Section 8.3.3. In
Section 8.5 we use the Parameterisation Theorem to prove thatall (FI°P) x Vec-varieties of
product-type are Noetherian, and obtain Theorem 8.2.1 and Theorem 8.1.1 as corollaries.
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8.1 Description of the result

Given a GL-variety Z, the group Sym X GL acts naturally on ZN_and our main goal in this
chapter is to prove the following theorem.

Theorem 8.1.x. Let Z be a GL-variety over a field of characteristic zero. Then VAR topolog-
tcally Sym X GL-Noetherian. In other words, every descending chain

X12X,2...

of dlosed Sym x GL-stable subsets of 7N eventually stabilises. Equivalently, any Sym X GL-
stable closed subset of ZN s defined by finitely many Sym X GL-orbits of polynomial equa-

tions.

Theorem 8.1.1 generalises the results mentioned in Section 7.1: taking for Z a finite-
dimensional affine variety with trivial GL-action, one recovers the Sym-Noetherianity of
ZN. and on the other hand, if Z is a GL-variety, then considering chains X; 2 X, 2 ...
in which each X; is of the form ZZN with Z; C Z a GL-subvariety, one recovers the GL-
Noetherianity of Z.

The proof of Theorem 8.1.1 will reflect these two special cases. We will use the proof
method from [Draig] for the GL-Noetherianity of Z, and similarly, we will use methods
for Sym-varieties from [DEF22]. In fact, we do not explicitly use Higman’s lemma in our
proofs as is classically done [AHo7; HS12; Drai4], and en passant we give a new proof of
the Sym-Noetherianity of ZN for a finite-dimensional variety Z. However, our proof only
yields a sez-theoretic Noetherianity result, while in the pure Sym-setting (much) stronger re-
sults are known (recall Theorem 1.2.15), and even finitely generated modules over such rings
with a compatible Sym-action are Noetherian [NR19]. In the pure GL-setting, however,
such stronger Noetherianity results are known only for very few classes of GL-varieties; see
the second paragraph of Section 4.1.2.

8.2 Setting up the proof
8.2.1 A generalisation
Interestingly, we prove Theorem 8.1.1 by establishing first the following more general result.

Theorem 8.2.x. Let Zy,. .., Z, be GL-varieties over a field of characteristic zero. Then the
variety Z}\] X +ee X Z}j is Symk X GL-Noetherian.

Here Sym/e X GL is to be read as (Symk) x GL, i.e., there is one copy of GL that acts

diagonally, and there are £ copies of Sym that act on separate copies of N. We believe it
is impossible to prove Theorem 8.1.1 without considering multiple copies of Sym. Indeed,

B34



the need for this generalisation comes from the fact that, in order to cover a proper closed
Sym x GL-stable subset of 7N we often need to partition N into finitely many parts, such
that for the indices 7 in one of these parts, the points in Z labelled by those indices behave
in a similar fashion. Example 7.2.10 illustrates this point.

8.2.2 Surjective partition morphisms and Noetherianity

We want to prove Theorem 8.2.1 exploiting the theory of (FI°P)* x Vec-varieties. This
section is dedicated to explain how we derive Noetherianity from surjective partition mor-
phisms. The reader should wait Section 8.3 for the definition of product-type varieties and
the meaning of “smaller”— that comes from a well-quasi-order < on product-type vari-
eties. Also the fact that we can cover a proper closed subvariety X in a product-type variety
with some smaller product-type varieties comes later: it is indeed the content of the Param-
eterisation Theorem §.4.1in Section 8.4.

In the setting of Theorem 8.2.1 we consider the GL-variety Z§X~ . -XZ?. Asafirststep,
we translate it into a closed (FI°P)* x Vec-subvariety Z of an appropriate (FI°P)* x Vec-
variety Z’ of product-type. For product-type varieties we define a well-quasi-ordering, so we
can apply induction and assume that Noetherianity holds for all FI°P! X Vec-varieties of
product-type smaller than Z’. A closed Symk X GL-stable subset of Z?I X oo X Z}:I gives
a closed (FI°P)* x Vec-subvariety X in Z. Clearly, one of the inclusions X € Z € Z’ can
be assumed to be strict. We then construct partition morphisms into Z’ such that their
domains are FI°P’ X Vec-varieties of product-type strictly smaller than Z’, and such that
the union of their images contains X. The following two results—that are immediate—
guarantee that X is Noetherian too.

Lemma 8.2.2. Let X be an (FI°P)F x Vec-variety, X" a closed (FI°P)F x Vec-subvariety
of X, and let (m, ) be a partition morphism _from an (FI°P) x Vec-variety Y to X. Then
Y’ = (m 0)"NX') defined by

Y (T T) = oL, DX ] T [ 3
jer1(1) jer (k)

is a closed (FI°P)! x Vec-subvariety of Y, and the data of @ together with the restrictions of
the morphisms (T4, .., T;) gives a partition morphism from Y' to X. Moreover, if (m, )
is surjective, then so is its restriction to Y’ — X',

Proposition 8.2.3. If (7, @) is a surjective partition morphism from Y to X, and Y is a
Noetherian (FI°P)! x Vec-variety, then X is a Noetherian (FI°P ) x Vec-variety.

Proof. LetX; 2 X, 2 ... be a descending chain of closed (FI°P)* x Vec-subvarieties. By
Lemma 8.2.2, the preimages ¥; := (7, ) 7' (X;) are closed (FI°P)! x Vec-subvaricties of Y.
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Hence the chain ¥; 2 Y5 2 ... stabilises by assumption. The surjectivity of (7, ) implies
the surjectivity of its restriction to ¥; — X;. This implies that X; is uniquely determined
by Y7, and hence the chain X; 2 X, 2 ... stabilises at the same point. O

Finally, as explained in Section 8.5, we go back to the original setting of Theorem 8.2.1
via inverse limits of these (FI°P)* X Vec-varicties.

Remark 8.2.4. Note that in the Example 7.2.10 the partition morphism ¢ is surjective,
and the (FI°P)? x Vec-variety ¥ (of product type) is “sznaller” than Z in the sense that
both Z; and Z, are quotients of Z. M

8.3 Product-type varieties

We now introduce the (FI°P)* x Vec varieties of product type. Essentially, these are the vari-
eties from Remark 7.2.2, but for our proofs we will need a finer control over these products.
Therefore, we will work over a general base Vec-variety 1, and keep track of the “constant
parts” B; of the Vec-varieties whose products we consider.

Definition 8.3.1. Let Y be a Vec-variety and &, 7y,..., n; € Zs. For each 7 € [£], let
B; be a Vec-subvariety of 1 X A™, and Q; be a pure polynomial functor. By construction
each Vec-variety B; X Q; has a morphism to 1" induced by the projection ¥ x A™ — Y.
We define the (FI°P)* x Vec-variety Z = [Y;B; X Qy,..., By X Q] via

Z(St,..8) = (B X Q1) Xy ... Xy (B X Q1) Xy (B2 X Q2) Xy ... Xy (By X Qp),

where for every index 7 € [k] the fibre product over ¥ of B; X Q, with itself is taken [S5;]
times, and these copies are labelled by the elements of S;. The morphism Z(T3,..., T) —
Z(81,...,8) corresponding to ¢ : § — T is the projection as in Remark 7.2.2. We also
write the above product in a more compact notation as

(Bix Q)3 Xy -+ Xy (By x Q).

We say that Z is an (FI°P)* x Vec-variety of product-type (over Y). »
Note that Z(Sy, ..., S;) is naturally a closed Vec-subvariety of

k
Y x H(Am X Qz')Si)
=1

where each product is over Spec(K). Clearly, if £ = 0, then by definition Z = Y.

When we talk of (FI°P)* x Vec-varieties of product-type, we will always specify each
B; together with its closed embedding in ¥ X A™; the reason being that, in the proof of
Theorem 8.1.1, we aim to argue by induction on both ¥ and #,.
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Remark 8.3.2. The settings of Theorem 8.1.1 and Theorem 8.2.1 can be rephrased in our
current terminology as follows. Consider Vec-varieties Zj, . .., Z;. Then for every 7 € [£]
there exist #; € Z, a finite dimensional affine variety 4; € A, and a pure polynomial
functor Q; such that Z;, € A4; X Q;. Define Y to be a point, and B; := ¥ X 4;. Then the
variety Z}V X oo X Z}j of Theorem 8.2.1is a subvariety of the product-type (FI°P)* x Vec-
variety

[Y;Bl X Ql:-“:Bk X Q/C],
with £ = 1 being the special case addressed in Theorem 8.1.1. M

Remark 8.3.3. In [DEF22], for FI°P-varieties (no dependence on Vec), the notion of
product-type is more restrictive. Essentially, there the last three authors considered a single
finite-dimensional affine variety Z with a morphism to a finite-dimensional, irreducible,
affine variety Y, with the additional requirement that K [Z] is a free K[ Y]-module. This
then ensures that each irreducible component of z5 maps dominantly to Y. In [DEF22]
this is used to count the orbits of Sym(S) on these irreducible components. M

The following example describes the partition morphisms between product-type vari-
eties. It is particularly relevant as the partition morphisms we will be dealing with in our
proof of the Parameterisation Theorem 8.4.1 are of this shape.

Example 8.3.4. LetZ" == [Y;B{X Q,..., By X Q)land Z = [Y;B1X Qy,..., B X Qx]
be an (FI°P) x Vec-variety and an (FI°P)* x Vec-variety of product-type over Y and Y,
respectively. We want to construct a partition morphism (7, @) : Z' — Z. Consider the
following data:

* let7 : [[] — [k] be any map;
* leta : Y' — Y be a morphism of Vec-varieties;

* andforeach; € [/]letj; : BJ’ X Q]’ — By (j) X Qr(;) be a morphism of Vec-varieties
such that the following diagram commutes:

/ / [B
B X Qf —— Br(j) X Qu(y) (8.1)

| |

V' — Y

Foreach (73,..., 1)) € FI we define the morphism of Vec-varieties

p(Ty.. T): 2T, Ty > 2 || T || 15
jer (1) jexl(k)
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as follows. Let S; = | |jc,-1(;) T}, then for any V" € Vec the element

(Y1 g )eemy e € (By X Q) L7y xyr -+ xy (B x Q) 1)

is mapped to the element

() B gDt yert0)ieli) € Brx QDS (F) Xy - xy (Be x QD).

By construction, the pair (7 @) is a partition morphism Z" — Z. Conversely, every par-
tition morphism Z’ — Z is of this form. Indeed, from a general partition morphism
Z' — Z, a is recovered by taking all T} empty and ﬂj is recovered by taking 1} a sin-
gleton and all 7j» with ;* # ; empty. That (8.1) commutes then follows by applying
the commuting diagram from the definition of a partition morphism to the morphism

0,...,0,...,0) = (0,...,{+},...,0) in F. iy

8.3.1 The leading monomial ideal

We introduce a size measure for a closed subvariety B C ¥ x A”.

Definition 8.3.5. Let Y bea Vec-variety, n € Z5( and Ba closed Vec-subvariety of ' X A”.
For V' € Vec consider the ideal 7(B(V)) of K[Y (V)][x1,...,x,] defining B(V). We fix
the lexicographic order on monomials in x4, . . ., x,,, and denote by LM (B) the set of those
monomials that appear as leading monomials of monzc polynomialsin 7(B(7)), i.., those

with leading coefficient1 € K[Y (V)]. >
The following lemma shows that LA (B) is well-defined.
Lemma 8.3.6. The set LM(B) does not depend on the choice of V.

Proof. Let V' € Vec and consider the linear maps: : 0 — Vandz : V' — 0. If
f € 1(B(V)) is monic with leading monomial x*, then applying ¥ (¢)* to all coefficients
of f yields a polynomial in 7(B(0)) which is monic with leading monomial x*. This shows
that the leading monomials of monic polynomials in 7(B( 7)) remain leading monomials
of monic elementsin 7(B(0)). One obtains the converse inclusion by applying ¥ (7)*. O

The following lemma monitors the size of LM of the constant parts after a base change
in product-type varieties. See Proposition 8.3.11.

Lemma 8.3.7. Let Y' — Y be a morphism of Vec-varieties, let B be a closed Vec-subvariety
of Y Xx A", and define B’ := Y’ Xy B C Y’ x A”. Then LM(B’) 2 LM(B).

Proof. Pulling back a monic equation for B(¥V') along Y’ (V) X A” — Y (V') X A” yields
amonic equation for B’ (V) with the same leading monomial. O
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8.3.2 Shifting over tuples of finite sets
We now describe the shift operation in the context of (FI°P)* x Vec-varieties.

Definition 8.3.8. Let X be an (FI°P)* x Vec-variety and let S = (Sy,...,S5;) € FI*. Then
the shift Shg X of X over S is the (FI°P)* x Vec-variety defined by

(Sth)(Tl,..., Tp) = X(Sl Ury,...,Su T/e)

and, for injections ¢; : T; — T7,

(Shs X) (o1, ...» 1) = X (ids, Uey, ..., ids, Leg). >

Remark 8.3.9. Consider an tuple § = (Sy,...,5;) in (FI°P)* and define the covariant
functor Shg : (FI°P)* x Vec — (FI°P)* x Vec by assigning to each tuple (73, ..., T})
the tuple ($1 U Ty,..., S, U T3) and to each morphism ¢ : (¢1,..., )  (T,..., Tp) —
(r/,..., Tk’) the morphism ¢ U idy. In particular Shg X is the composition X o Shy. M

Remark 8.3.10. Let IV € Vec. While, as sets, She X(71,..., T3)(V) and X (S U
Ty, ..., 8, U Tp) (V) coincide, the action of the £ copies of the symmetric group on them
is different. Indeed, the groups Sym(S; U 77) X - - - X Sym(S; U T3) and Sym(77) X - - - X
Sym(T}) act by functoriality on the latter and on the former, respectively. hEN

With the following proposition we describe what happens when the shift operation is
performed on product-type varieties.

Proposition 8.3.xx. The shift She Z over § = (Sy,...,S8) of an (FI°P)* x Vec-variety
Z = [Y;B1 X Qu..., Br X Q] of product type is itself isomorphic to a variety of product-

t_ypt’:
Shsy Z = [Y';B{ X Qy,..., B, X Q]

with

Y = (B x Q)3 Xy ... Xy (Byx Q)Y and
B, =Y’ Xy B,

Furthermore, each B, is naturally a Vec-subvariety of Y’ X A", and we have LM(B.) 2
LM(B)).

Proof. Straightforward; for the last statement we use Lemma 8.3.7. O

In analogy with [Drarg, Lemma 14] and [DEF22, Section 3.3], the shift operation
doesn’t increase the “complexity” of product-type varieties. Indeed, we have Shs Z < Z
according to the order in Section 8.3.3.
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8.3.3 Well-founded orders

In this section we recall the well-founded pre-order on polynomial functors of Section 2..1.3.
Building on it, we define well-founded pre-orders

* on varieties appearing in the definition of (FI°P ) X Vec-varieties of product-type,
* on product-type varieties, and

* on closed subvarieties of a fixed product-type variety.

Order on polynomial functors

Definition 8.3.12. For polynomial functors P, Q, we write P < Qif P = Q orelse, for the
largest e with P, # Q,, P, is a quotient of Q,. >

Order on Vec-varieties of type 5 X Q

Consider Vec-varieties Y, Y, integers z, »’, pure polynomial functors Q, @, and Vec-
subvarieties BC Y X A”, B’ C Y’ x A" . We say that B’ x Q' < Bx Qif:

1. Q' < Qin the order of Definition 8.3.12; or

2. Q' = Q,n =nand LM(B’) 2 LM(B).
This is a pre-order on Vec-varieties of this type.
Remark 8.3.13. We remark that < is defined on Vec-varieties with a specified product de-
composition B x Q where B is a Vec-variety with a specified closed embedding into a specified
product Y x A” of a Vec-variety ¥ and some 7. Itis nota pre-order on Vec-varieties without
further data. M
Lemma 8.3.14. The pre-order on Vec-varieties defined as above is well-founded.
Proof. Suppose we had an infinite strictly decreasing chain

Bl><Q1 >BzXQ2>...

with B; € Y; X A”. Then we have Qi > Q> > .... By the well-foundedness of > on

polynomial functors, there exists aj > 0 such that both Q; and #; are constant for 7 > ;.
But then LM(B;) € LM(B;41) < ..., which contradicts Dickson’s lemma. O
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Order on product-type varieties

Consider an (FIP)* x Vec-variety Z := [Y;B; X Qy, ..., By X Q¢], and an (FI°P)’ X Vec-
variety Z' = [Y'; B] X Qi,...,B} X Q;] We say that Z' < Z if there exists a map 7 :
[/] — [#] with the following properties:

L B]’ X QJ’ = By(j) X Qz(j) holds forallj € [/],and

2. forallj whose 7-fibre 77! (7(7)) has cardinality at least 2 we have B]' X QJ’ < By(j) X

Qr(j)-

3. If 7 is a bijection, then either at least one of the inequalities in (1) is strict, or else Y’
is a closed Vec-subvariety of Y.

Lemma 8.3.15. Suppose Z' < Z is witnessed by m = [I] — k] and suppose that at least one
of the following holds:

 l#kor
* at least one of the inequalities in (1) is strict.
Then we have Z' < Z.

Proof. Assume, on the contrary, that o : [£] — [/] witnesses Z < Z’. Construct a
directed graph I" with vertex set [/] U [£] and an arrow from each j € [/] to z(f) and an
arrow from each 7 € [k] to (7). Like any digraph in which each vertex has out-degree 1,
I' is a union of disjoint directed cycles (here of even length) plus a number of trees rooted
at vertices in those cycles and directed towards those roots. Moreover, those cycles have the
same number of vertices in [/] asin [£].

The assumptions imply that at least one of the vertices of I" does not lie on a directed
cycle. Without loss of generality, there exists an 7 € [£] notin any cycle such that; := o(7)
lies on a cycle. Let 7 be half the length of that cycle, so that (¢7)”(7) = j. Then we have

B;XQ; < Bﬂ-(]) XQW(]') <...X B”(W)n—l (j)XQ”(m)n—l %) < B,(m)”(J)XQI(m)”(]) = BJIXQJ/
where the strict inequality holds because o7'(f) has at least two elements: 7 and

n—=1¢7 CP _ . 8 / / / ’
7(om)”~"(f). By transitivity of the pre-order from Section 8.3.3, we ﬁndBj X Q/ < B] X Qj’
which however contradicts the reflexivity of that pre-order. O

Lemma 8.3.16. The relation < is a well-founded pre-order on varieties in PM of product-
l’ypf.
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Proof. For reflexivity we may take 7 equal to the identity. For transitivity, if z : [/] — [£]
witnesses Z' < Zand o : [k] — [m] witnesses Z < Z", then 7 := ¢ o 7 witnesses Z' <
Z"" —here we note that if [771(7(7))| > 1 for some; € [/], then either |[z~!(z(;))| > 1 or
else |77 (a(7(7)))| > 1; in both cases we find thatB]f X Qj’ < B’r’(_/) X Q;,(/‘)’

For well-foundedness, suppose that we had a sequence Z; > Z, > Z3 > ..., where

Zz’ = [YﬁBz‘,l X Qz',b'- .,B,;k,, X Q};kf]’

and where 7; : [k;41] — [4;] is a witness to Z; > Z;;1. We note that £, > 0 for all 7.
Otherwise 0 = k; = k1 =...and then Z; = Y; > Z;;3 = Y;q > ... implies that ¥; 2
Yix 2 ..., which contradicts the Noetherianity of the Vec-variety Y;, see Theorem 2.4.3.

From the chain, we construct an infinite rooted forest with vertex set [£;] U [£2] LI...
as follows: [£1] is the set of roots, and we attach each j € [k;41] via an edge with 7;(;);
the latter is called the parent of the former. We further label each vertex j € [£;] with the
product B;; X Q;;.

We claim that 7; is an injection for all 7 > 0, i.c., that there are only finitely many
vertices with more than one child. Indeed, if not, then by K6nig’s lemma the forest would
have an infinite path starting at a root in [£;] and passing through infinitely many vertices
with at least two children. By construction, the labels B x Q decrease weakly along such
a path and strictly whenever going from a vertex to one of its more than one children, a
contradiction to Lemma 8.3.14.

For even larger 7, the 4; are constant, say equal to 4, and hence the 7; are bijections.
After reordering, we may assume that the 7; all equal the identity on [£]. Moreover, for all
such 7 we still have B;; X Q;; > Biy; X Qi = ... forallj € [k], and all these chains
stabilise. When they do, we have ¥; 2 Y41 2 ..., which is a strictly decreasing chain of
Vec-varieties—but this again contradicts the Noetherianity of Vec-varieties. O

Order on closed subvarieties of product-type varieties in PM

Consider the (FI°P)* x Vec-variety Z = [Y;B; X Qy,..., B X Q] and let X be a closed
(FI°P)F x Vec-subvariety of Z; X is not required to be of product-type. We define

k
oy = min . {Z [S;] : X(Sy,...,S) ;tZ(Sl,...,Sk)}
i=1

Let X and X’ be closed (FI°P)* x Vec-subvarieties of Z, then we say X' < X if 0yr < dy.
This is a well-founded pre-order on the (FI°P)* x Vec-subvarieties of Z.

Remark 8.3.r7. Iff is a nonzero equation for X (S, ..., ;) (V) with X; |S;| = dx, thenf
may still “come from smaller sets”. More specifically, there might exista &-tuple (S}, ..., S| /;)

with [S7] < |S;] forallZ € [k] and with strict inequality for atleast one 7, an FIk-morphism
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vi= () (S 8)) = (Sn- ., 5), and an element /7 € K[Z(S],..., 5) (V)]
such that Z(1)(V)*(f’) = f. This is related to Remark 7.2.3. The following example

demonstrates this phenomenon. N

Example 8.3.18. Consider the FI°? X Vec-variety Z := [{0}; K]. The coordinate ring
K[Z(S)] is isomorphic to the polynomial ring over X in | S| variables. Letz € Z.o and
define the proper closed variety X of Z by

Z(S) for|S| < m

0 otherwise.

X(S) = {

Then dy is equal to 7 and computed by the element 1 € K [Z([#])], which is the image of
1 € K[Z(0)] under the natural map K[Z(0)] — K[Z([=])]. eh

8.4 The Parameterisation Theorem in product-type va-
rieties

The goal of this section is to prove the following core result, which says that any proper
closed subset of an (FI°P)* X Vec-variety of product-type is covered by finitely many smaller
such varieties.

Theorem 8.4.1 (Parameterisation Theorem). Consider an (FI°P)* x Vec-variety Z of
product-type and let X C Z be a proper closed (FI°P ) x Vec-subvariety. Then there exist
a finite number of quadruples consisting of:

e anl € Zsy;

o an (FI°P)! x Vec-variety Z' of product type with Z' < Z;
© aktupleS = (Sy,...,S) € FI¥; and

* a partition morphism (m, @) : Z' — Shs Z;

such that forany Ty, ..., Ty, € FI%, any V' € Vec,andanyp € X (T, ..., Tp) (V) there exist:
one of these quadruples; finitesets Uy, . . ., Uy; and bijections o; : T; — S; U Uy such that p lies
in the image under Z(ay, . .., a1) (V') of the image of (m, @) in Shs(Z) (U, ..., Up) (V) =
ZS U ly,..., S ulUy)(V).

Remark 8.4.2. Recall Definition 7.2.8 of the image of a partition morphism. Explicitly,
the conclusion above means that there exist finite sets Uy, ..., U and, for each 7 € [£],a
bijection ¢; : U; — Ler1(s) U].’, and a pointg € Z'(Uy, ..., U)(V) such that

(Z(o1,..., ) (V) 0 (Shs Z) (11, ..., 1) (V) 0 (U, ..., U))(V))(q) = p.

Informally, we will say that all points in X are b:z by finitely many partition morphisms
from varieties Z’ in PM of product-type with Z’ < Z. M
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8.4.1 A key proposition

The proof of Theorem 8.4.1 uses a key proposition that we establish first. The reader may
prefer to read only the statement of this proposition and postpone its proof until after
reading the proof of Theorem 8.4.1 in Section 8.4.4.

Proposition 8.4.3 (The Key Proposition). Let Y be a Vec-variety; n € Zs; B a closed Vec-
subvariety of Y X A"; Q a pure polynomial functor; and X a proper closed Vec-subvariety of
BXQCYXA"XQ.

Then there exist a proper closed Vec-subvariety Yy of Y, a Vec-variety Y' together with a
morphisma : Y — Y; k € Ly and, foreachl = 0,..., k, integers nj € ZLs; closed Vec-
subvarieties By C Y' X A™; pure polynomial functors QJ and morphisms By + By X Q) —
B x Q such that the following properties hold:

1 Foreachl = 0,...,k By X Q) < B X Q in the preorder from Section 8.3.3, and the
following diagram commautes:

B[X@LBXQ

|

Y ——— 7Y

2. Letm € Ly, V € Vec, and points py,...,pn € X(V) C Y(V) X A" x Q(V)
whose images in Y (V') are are all equal to the same pointy € Y (V') \ Yo(V'). Then
there exist indices [; € {0, ..., k} forj € [m] andpozm‘;p € B, (V) x Qy (V") whose
imagesin Y' (V') are all eqmzl to the same pointy" and xucb thatﬁ; (V) (pj) pjfor
allj € [m].

Remark 8.4.4. The condition 1@1} (V)( p]f) = pj» together with the commuting diagram in
(1), implies (y") = y. M3

To apply Proposition 8.4.3 in the proof of Theorem 8.4.1 we will do a shift over an
appropriate &-tuple of finite sets. After this shift, we deal with the points of X lying over Y}
by induction, while we cover those in the complement by a partition morphism constructed
with the morphisms ¢ and ﬂj’s, and whose domain is a product-type variety strictly smaller
than Z. Before proving Proposition 8.4.3 in Section 8.4.3, we demonstrate its statement in
two special cases.

Example 8.4.s. Consider the case where ¥ = SpecK and n = 0; then B C ¥ x A”
is also isomorphic to Spec K. Let Q be an arbitrary polynomial functor. In this case,
X is a proper closed Vec-subvariety of Q and by [BDES22] there exist £ € Zs, (finite-
dimensional) varieties By, ..., By, pure polynomial functors Qy,..., Qr < Q and mor-
phisms&; : B;xQ; — Qsuch that X is the union of the images of the 4;. This is an instance

144



of Proposition 8.4.3 with Yy = 0, ¥’ = ¥, and ¢ = idy. Note that then B; X Q; < Q since
Q; < Q, so the specific choice of embedding B; C A is not relevant.

Example 8.4.6. Consider the case where Y is constant, that is, just given by a (finite-
dimensional) variety, and Q = 0. Since X is a proper closed subvariety of B C ¥ x A”,
there exista I € Vecand a nonzero function ' € K[BV] that vanishes identically on X7.

Then f is represented by a polynomial in K[YV][x, ..., x,], also denoted by /. We
may reduce / modulo 7(BV) in such a manner that its leading term ¢ - x* has the property
that ¢ € K[YV] is nonzero and x* ¢ LM(B). Then we take for ¥j the closed subvariety
of Y defined by the vanishing of ¢ and for Y the complement ¥\ Yp, withe : ¥* — ¥
being the inclusion. Furthermore, we take # = 1, and B; to be the intersection of B with
Y’ x A” and with the vanishing locus of / in ¥ X A”. Then LM(B;) 2 LM(B) and
since ¢ is invertible on Y and f vanishes on By, x* € LM(B;) \ LM(B). To verify (2) of
Proposition 8.4.3, we observe that the p; all map to the same pointin ¥ = ¥\ Yo, ie., p;
lies in the set By C B, and we can just takepj’. i= pj forall;. a3

8.4.2 Iterated partial derivatives

The main idea for proving Proposition 8.4.3 comes from Lemma 8.4.7 below, that is an
extension (or better an iteration) of [Draig, Lemma 18].

Lemma 8.4.7. Let P be a polynomial functor and let R, .. ., R, be irreducible polynomial
functors of positive degree such that

P=P ®R & --OR,

Denote with R<, the functor @;:1 R;. Let B be a Vec-subvariety of P" and let X be a proper
closed Vec-subvariety of B X R <, such that X is not isomorphic to X' X Ry X - - - X R, with X’
a closed Vec-subvariety of B. Let | be a non-zero defining equation of X (Up) in K[B(Up) X
R<;(Uy)] for some Uy € Vec. Then there exist

* vector spaces Uy, ... ., Uy with partial sums Ug; = @220 U,
* indices 0 =59 <51 < -+ < 5, and,
* for cach | € [k], nonzero coordinates x; € R(U,)", nonzero functions b; €

K[P'(U<t) X Rey(U<y)), and functions vy in K[P'(U<;) X R<y (U<p) /Ry, (U))]
such that

by=x;-hi_1+r,

and moreover the function by, vanishes on X (U<p).
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Sketch. First, choose s;, as the maximal index in [#] such that f involves coordinates in
R, (Up)*; if no such index exists, then £ is set to zero, and we may take by = f €
K[B(Up)]. For a subspace U, of sufficiently high dimension (at least d;, := deg(R,,)
suffices), act on f with “upper triangular” elements of the Lie algebra gl(Uy & Uj) that
transform coordinates on R;, (Up)™ to coordinates on R;, (Uy)*. This yields a new poly-

nomial that vanishes on X (U ® U,) but is now of the form f = x; - b + 7, where
h € K[B(Up) x Q(Uy)] is (nonzero and) of lower degree than £, and where 7 does not

contain coordinates in R, (U;)*. Now lets;_; be the maximal index in such that 4 involves
coordinates in R,, , (Up)*. We will allow s;_; = sz, which will be the case if / was not lin-
ear in the coordinates in R, (Up)*. Again choose a vector space Uy of sufficiently high

dimension, and act on f with upper triangular elements of g1(Uy @ Uj—;) to obtain

flee'(x/e—l'j;"';)"'i

where x_; is a coordinate in Ry, | (Up—-1)*,7 does not involve coordinates in Ry, | (Up-1)*,
7 may be different from 7, but still does not involve coordinates in R, (I)*, and b €

K[B(Uy) x Q(Up)] has smaller degree than b. Continuing in this fashion, we eventually
find a polynomial

bk = X/e(x’k_l ( .. (xz(xlb() + }"1) + }"2) . ) + V/e—l) + 7 (8.2)

where by € K[B(Up)]. Now it is clear how to define the intermediate 4. O

8.4.3 Proof of The Key Proposition

This section contains the proof of the Proposition 8.4.3, and, for clarity’s sake, we spell it
out in a concrete example at the end.

Remark 8.4.8. We recall that, for any Vec-variety Z and any U € Ve, the shift Shy Z of Z
over U is the Vec-variety defined by Shy Z(V') = Z(U @ V). There is a natural morphism
Shy Z — Z of Vec-varieties: for V' € Ve, this morphism (Shy Z) (V) =Z(U & V) —
Z(V) isjust Z(my ), where 7y is the projection U @ V' — V. M3

Lemma 8.4.9. Let Y be a Vec-variety, n € Lz, and B a closed Vec-subvariety of Y X A”.
Then for any U € Vec, Shy B is a dosed Vec-subvariety of (Shy Y) X A”*, and LM(B) =
LM(Shy(B)).

Proof. This follows from Lemma 8.3.7. O

Remark 8.4.10. Let X be a Vec-variety, U € Vecand f € K[X(U)]. We define
(Shy X)[1/£7] to be the Vec-variety given by V' +— X (U @ V')[1/f], where we identify
with its image under the natural map K [X(U)] — K[X (U & V)]. Note that the action
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of the group GL on the coordinate ring of Shyy X is the identity on the element /. In par-
ticular, for every V' € Vec, (Shy X[1/f1)(V) € Shy X (V) is the distinguished open set
of points not vanishing on the single equation /. M

Proof of Proposition 8.4.5. Since X is a proper closed subvariety of B x Q, there exista U €
Vec and a nonzero / € K[B(Up) x Q(Up)] that vanishes on X. As a first step, we apply
the machinery of Lemma 8.4.7.

Decompose Qas Ry @ - - - @ R,, where the R; are irreducible polynomial functors and
deg(R;) < deg(Ryq) foralls = 1,...,2 — 1. Write R¢;, '= Ry @ --- ® Ryand R, =
Ry ® -+ ® Rsysothat Reg = {0} and R, = {0}.

By Lemma 8.4.7, from f we can construct a sequence of vector spaces U, . .., U with
partial sums Ug; = @f‘:o U; (note that U<y = Up), indices 0 =59 <5 < --- < 53 < ¢,
nonzero coordinates x; € R, (U;)* for [ € [k], nonzero functions b; € K[B(Ug;) X
R<, (U] forl = 0,..., kand functions ; € K[B(U<;) X (R<,(U<;)/R,,(Up))] for
[ € [k] such that

by=x;- b1 +n (A)

foreach/ =1,..., kand such that /;, that vanishes on X (U;).

Now hy € K[B(Up)] is represented by a polynomial in K[Y (Up)] [y, ..., %,], and
after reducing modulo 7(B(U))), we may assume that its leading term equals ¢ - ¥ where
c € K[Y(Up)] is nonzero and x* ¢ LM(B).

Nowset U := Ucp = Uy @ - - - @ Uy. Then we construct the relevant data as follows.

1. Define ¥} as the closed Vec-subvariety of ¥ defined by the vanishing of ¢, so that

Yo(V) = {y € Y(V') | Vo € Hom(V, Up) : ¢(Y(p)y) = O}.

2. Set Y’ := (Shy Y)[1/c] witha : Y’ — Y the restriction to Y’ of the natural
morphism Shy ¥ — Y.

3. Let By be the closed Vec-subvariety of (Shys B) [1/¢] defined by the vanishing of the
single equation by. Note that By is a closed Vec-subvariety of Y X A™ with ng := 7.
Define Qp := Qand fy : By X Qo — B x Q as the identity on Q and equal to the
restriction to By of the natural morphism Shyy B — B on By. Note that LM(By) 2
LM(B) by virtue of Lemma 8.4.9, and since by € 7(Bo(Uj)) has leading term ¢ - x*
and ¢ is invertible on Y, we have x* € LM(By) \ LM(B). Thus By X Qp < Bx Q.

4. Forl € [£], set
Q/ = ((ShURSﬂ)/(RSJ/(U) S Rsz)) @ R>5[-

Here we recall that, for any pure polynomial functor R, the top-degree part of Shy R
is naturally isomorphic to that of R, and its constant part is isomorphic to R(U) (see
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[Drarg, Lemma 14] for the first statement; the second is proved in a similar fashion).
So, since we ordered the irreducible factors R, by ascending degrees, R;; is naturally a
sub-object of the top-degree part of Shys R <,; and the constant polynomial functor
R<;,(U) is the constant part of Shyy R<,,. Both are modded out, and we have Q; <

0.
. Forl € [k], we define B; as

B, = (Shy B)[1/¢] X R<, (U) x Al
CY' XA"X R, (U)x Al =Y x A™.

where ; = n+dim(R <, (U))+1. Note that the factor R<,, (U) is precisely the con-
stant term modded out in the definition of Qj; the role of the factor Al will become
clear below.

. To construct B; : By X Q; — B x Q we proceed as follows. Let X; be the closed
Vec-subvariety of B X R, defined by the vanishing of 4;. Then (A) shows that,
on the distinguished open subset (Shyy ;-1 X7)[1/5;-1], the cooordinate x; can be
expressed as a function on Shy_, , B X ((Shy,,_, R<;)/R,;) evaluated at U}. Since
R,, is irreducible, each coordinate on it can be thus expressed; this is a crucial point
in the proof of [Drarg, Lemma 25]. This implies that the projection

ShUsl—l B x ShUsl—l RSJJ - (ShUsl—l B) X (ShUgl—l RSJ/)/RJ/

restricts to a closed immersion of (Shy, | X7)[1/k;-1] into the open subset of the
right-hand side where 4;_; is nonzero. This statement remains true when we replace
Uq;-1 everywhere by the larger space U. After also inverting ¢, we find a closed im-
mersion

(Shy X)) [1/h1-11[1/¢] — (Shy B)[1/c] X (Shy R<,)) /R, X Al,

where the map to the last factor is given by 1/b;_;. By [Bik2o, Proposition 1.3.22]
the inverse morphism from the image of this closed immersion lifts to a morphism
of ambient Vec-varieties

¢:B; X (Shy Rey) [ (R<y (U) @ Ry)
= (Shy B)[1/c] X (Shy R<,) /Ry, X Al
- ShU(B X RSJ[)
that hits all the points in (Shy X;) [1//;-1][1/¢]. Finally, we define §; == ) X idR»,

where £ is the composition of z and the natural morphism Shy/ (B X R<;) — B X
Re,.
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Property (1) in the proposition holds by construction. We now verify property (2). Thus
let V' e Vec,m € Zsg,and let py,..., p, € X (V) C Y(V) x A" x Q(V). Assume that
the images of py, ..., p, in Y (V) are all equal to y, and that y ¢ Y, (V). By definition of
Yo, this means that there exists a € Hom(V, U) such that c(Y (p)(y)) # 0.

On the other hand, we have 5, (X (¢)(p;)) = 0 for all /, because /, vanishes identically
onX. Forj € [k] define

l; == min{/ | V¢ € Hom(V, U) : b(X(y)(p;)) = 0}.

Put differently, /; is the smallest index / such that the projection of p; in B X R, lies in
X; € BX Rg,. Note that, if /; > 0, then there exists a linear map ¢ : /7 — U such that

b1 (X (¥)(p;)) # 0.

Since Hom(7; U) is irreducible, there exists a linear map ¢: /° — U such that first,
c(Y(p)(y) # 0;and second, by, 1 (X (@) (p;)) # 0 forallj with ; > 0.

We now define the pj’ as follows. First, we decompose p; = (p;1, p;2) where p;; €
B(V) X RSU] (V)andp;, € R>51j (V). Similarly, we decompose the pointpj’, = (P]l',l’P]/‘,Z)
to be constructed.

1. Set p]’; , =P for all ;. Recall that we had defined 5o := 0, so that this implies that if
l; = 0, then the component pj’., ,of p]’ in Q equals the component p; 5 of p; in Q.

2. Ifl; = 0, then p;; € B(V), andpj’;1 € By(V) € (Shy B)[1/c](V) is defined as
B(p ®idy)(p;1). Note thatp]’;1 does indeed lie in By (V); this follows from the fact
l; = 0,50 that ho(B(¢) (p;1)) = 0 forall ¢ : V' — Up, and hence also for all ¢ that
decomposeas ¢’ o (@ ® idy).
Furthermore, note that 8y (V) (pj’) = pj; this follows from the equality 7} o (¢ ®
idy) = idp. Also, the image ofpj’. inY' (V) equals Y (e @idp)(y) = y'.

3. If/ == [; > 0, then p;; € B(V) X Re,, (V) withs; > 1, andp]';1 is constructed as
follows. First apply (B X R<;,)(@ @ idy) to p;1 and then forget the component in
Ry, (V). The morphism ) was constructed in such a manner that £/ (V") (pj’ D =P
and therefore 8;(V) (pj’) = p;- Note that also the image of pj’ in Y’ (V) equals y'.

O

Example 8.4.11. Let Y be the polynomial functor V' — V' @ V and let K [x;y; | 7 €
[dim(7")]] be the coordinate ring of ¥ (7). We interpret vectors of 7" as linear polynomial
functions on V*. Consider the Vec-subvariety B of ¥ X Al defined by y; — tx; (where ¢ is
the coordinate of Al), consisting of the points (v, Ao, 1) withv € 7 and 1 € K. Note
that K[B(V)] = K[t,x; | £ € [dim(V)]] and LM(B) = {0} € K[¢]. Let Q(V) be
the space of homogeneous degree-2 polynomial functions on 7* and let K'[z;; | 47 €
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[dim(7)] and7 < ;] be its coordinate ring. Note that Q is an irreducible polynomial
functor so, in the notation of Proposition 8.4.3, we have R = R; = Q. Define the Vec-
subvariety

XcBxQcYxAl'xQ

to be given by the points (v, w, A, g) such that the set {w?, g} is linearly dependent. An
equation for X is
y1221,2 = 29192211 = 0.

The minor in the left hand side can be written as
(7212 — 20%0211) € K[B(Up) X Q(Up)]

with Uy = K?, the vector space spanned by the elements of the canonical basis e}, ¢,. Say
thates, e5 span U; = K. Acting on the above element with the (upper triangular) elements
Ey 3 and E; 4 of the Lie algebra gl(Uy & U)) gives:

— 2.2 2
bl = 23)4(961 r ) + 2(z1,4x1x3 — 221}3361)64 — z1)1x3x4)z‘

that, by construction, vanishes on X (Uy @ U}). Note thatz34 € Q(Uy)*, by = xlztz €
K[B(Uy)] (hencesetc := xlz), and therest belongs to K [B(Up @ Uy) x Q(Up® Uy) / QU]
Moreover, for any j > 7 > 4 the action on by of first E4; and then £3; gives:

2.2 2
237 (%7 27) + 221,200 — 221,121 — 21,1%%)2°.
Hence, setting the above equation to zero gives the relation:

2
2(=1 2156 — 221X — 21,1%%7)
zz’,j = .

242
Xt

Define 7;; to be the numerator of the right hand side above. For7 € [z] andj € [m] let
po,; and py; be points in X' (V) such that

e they are all not contained in the vanishing locus of the orbit ofc,

* they have all the same projection to Y (7). Moreover,

* the points py,; are contained in vanishing locus of the orbit of by, while
* the points p ; are not.

Let v be a nonzero linear form and A a nonzero scalar. Then the points pg,’s are of the form
(v, 0,0, 9;) —where the second entry is the zero vector, the third is the zero scalar, and g;
is any quadratic form; while the points p; ,j’s are (v, Ao, 4, ijz) where Y isa scalar.”

'In this example either we have all points of the first type or of the second as they need to have the same
projection on Y (V).
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Let @ : V' — U be such that by (Xp(p17)) # 0 foreveryj € [m] and c(Xp(prs)) # 0
for (k1) € {0} X [#] U {1} X [m]. We now construct the data of the proposition.

Set U = Uy ® Uy, Y’ := Shy Y'[1/c], define By to be the vanishing locus of by in
Shy B[1/c] € Y’ x Al In particular, #* € LM(By). Set Qo := Q,s0 By X Qp < BX Q,
and let the map:

{@():B()XQ()—)BXQ

be B(”V)\Bo X idgy forevery V' € Vec. Define gy ; := (Bpeid, ((v, 0, 0)), g) and note that
by definition of ¢ these points are in By X Qy. Clearly they all have the same projection to
Y* and Bo(V) (7)) = poy-

Consider now py ; and note that Xpgiq,, (p1,;) € Shy (BX Q)(V)[1/chg]. Consider the
map:

Shy (BxQ)[1/cho] — Shy (BxQ)/QxA! = Shy BXQUxA'xShy Q/(QU®Q) =: BixQ

where the coordinate on Al is given by 1/ ho(Xp(p1:)), and let pj . be the image of
Xoeidy, (p1,,) along this map. Consider the map

Bi: Shy(Bx Q)/Qx A — Shyy(Bx Q) — BX Q.

The first arrow is given by the identity on the coordinates not in QF, while the coordi-
nates z;; in QV" are given by 7; ;¢ where ¢ is the coordinate of Al The second arrow instead
projects on the part BV x QV. Clearly, the image of pi’l. along the above mapispy;. 43

8.4.4 Proof of The Parameterisation Theorem

This section contains the proof of The Parameterisation Theorem for (FI°P)* x Vec-
subvarieties of (FI°P)* x Vec-varieties of product-type.

Proof of Theorem §.4.1. The (FI°P)F x Vec-variety Z is of product-type, hence by Defini-
tion 8.3.1it can be written as

Z=[Y;B1 X Q1. B X Q]

for some Vec-subvarieties B; of ¥ X A and pure polynomial functors Q;. Furthermore,
X is a proper closed (FI°P ) x Vec-subvariety of Z.

We prove, by induction on the quantity dy, that all points in X can be hit by partition
morphisms from finitely many (FI°P)* x Vec-varieties Z’ of product-type withZ" < Z. So
in the proof we may assume that this is true for all proper closed (FI°P) x Vec-subvarieties
X' ¢ Zwith oy < dy.

Let (S,...,S;) € FI* be such that D18 = dx and X (Sy,..., ) # Z(Sy,...,Sk)-
If all S; are empty, then set Y’ := X (0,..., 0), a proper closed Vec-subvariety of Y, B! :=
Y' Xy Band Z == [Y'; B X Qy,..., B, X Op]. The partition morphism (id[), @) with
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o(Ty,..., Ty) the inclusion [,(B; x Q;) T — T1,(B; x Q)" has X in its image, and we
have Z' < Z because the Q; remain the same, LM(B’) 2 LM(5;) by Lemma 8.5.7, and
Y” is a proper closed Vec-subvariety of Y. In this case, no shift of Z is necessary.

Next assume that not all S; are empty. First we argue that the points of X (77,..., T})
where, for some 7, |T;| is strictly smaller than [S;], are hit by partition morphisms from
finitely many Z" < Z. We give the argument for 7 = k. Define the 4-tuple S to be shifted
overasS = (0,...,0, ;) € FI*, and define the (FI°P)*~! x Vec- variety Z' of product-
type

Z = [(Bex Qo) By X Q... By | X Qpei]
with B! = (B X Q1)+ Xy B;. Consider the partition morphism (7, @) : Z — Shg Z
where 7 : [k —1] — [k] is the inclusion and @(T3, ..., T¢—1) is the natural isomorphism
of Vec-varieties

Zl(ﬂ)--': T/e—l) - (ShSZ)(YE)) T/e—l) 0) =Z(T1,..., T/e—b T/e)

Note that 7 witnesses Z' < Z since the Q; with 7 < & — 1 remain the same and
LM(B)) 2 LM(B;) by Lemma 8.3.7. Furthermore, since # — 1 < &, we have Z’ < Z
by Lemma 8.3.15. All points in X where the last index set has cardinality | 7}| are hit by
this partition morphism. Since there are only finitely many values of |7} that are strictly
smaller than |S}|, we are done.

So it remains to hit points in X (73, ..., T) where | T;| > |S;| for all 7. In this phase we
will apply Proposition 8.4.3.

As by assumption not all S; are empty, after a permutation of [£] we may assume that
S; # 0. Let * be an element of S, and define 5/; =8, \ {*}. Consider the Vec-varieties

Z(Spy.., ) = (Bux Q)3 Xy -+ Xy (By X Qu)y Xy (B x Q) and
? = Z(Sl,...,S/e_l,.S.’/;) = (B X Ql)?} Xy - Xy (Bp X Qk)‘)s}

Set B, := YXyBp C Y XA, and note that X (Sy,.. ., k) isa proper closed Vec-subvariety
of By X Qk. We may therefore apply Proposition 8.4.3 to Y, n, By, Qrand X (8, ..., 8%).

First consider the proper closed Vec-subvariety Y, of Y promised by Proposi-
tion 8.4.3, and let X" be the largest closed (FI°P)/€ X Vec-subvariety of Z that intersects
Z(Sy...,Se_1,8) in Yy. Then X'(SI,...,ST/e) # Z(Sl,...,&;), and therefore dyr <
dy — 1 < dx. Hence, by the induction hypothesis, all points in X’ (73,..., T}) can be
hit by finitely many partition morphisms from varieties Z* < Z of product-type.

Next we consider the remaining pieces of data from Proposition 8.4.3. First, we have
the Vec-variety ¥’ with a morphismea : ¥/ — Y. Further, we have an integers € Z( and
foreach7 = 0,..., swe have integers n/; ;> Vec-varieties B; L SY "5 At ; pure polynomial
functors Q; s and morphisms By, : B, X Q.. — B X Qy satistying the conditions (1)
and (2).
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Define B, := Y’ Xy B;fori =1,...,k —1and the (FI"P)k“ x Vec-variety
Z = YB XQ,....B, X Qu1, B, x Q... B, X Q. ]

Now the map 7 : [k +s5] — [£] thatis the identity on [k — 1] and maps [£ + 5] \ [£ 1]
to {k} witnesses that Z’ < Z; here we use that B;Jrj X Q/'Hj < B X Qpforj € {0,...,s5} by
the conclusion of Proposition 8.4.3, and also Lemma 8.3.7 to show that B, X Q; < B; X Q;
fori € [k —1]. In fact, we have Z’ < Z by Lemma 8.3.15.

Now the base variety Y’ of Z’ comes with a morphism « to the base variety Y of Shy Z;
we have morphisms 3, : B, X Q; — E, x Q;for7 =1,..., k— 1(the natural map B, — ]5’:
times the identity on Q) and the morphisms j4; : B;Hj X Q//“J' — By % Q. defined earlier.
By Example 8.3.4, these data yield a partition morphism (7, @) : Z" — Shg Z. We have to
show that this partition morphism hits all points in X that are notin X”.

First we show, fora /' € Vec, thatapointp € Shg X ( ﬁ, e ﬁ)( V') whose projection
to Y (V) is notin Yo () lies in the image ofg)(ﬁ, ety ﬁ)(V) To this end, we write

p= ((Pi,z)teﬁ)ie[le]
with
pir € Shs X(0,...,0,{t},0,...,0)(V) = Y(V)xy (1 B:(V)XQ;(V) C Y (V)xA"XQ:(V)

where the singleton {¢} is in the 7-th position. We write p;, = (3, 4;, b;,) withy € Y(V),
a;, € A%, and b;, € Q;(V).

By definition of a fibre product, the p;; all have the same projectionyin Y()\ Yo (V),
and hence we can apply (2) of Proposition 8.4.3 to the points py,, with z € ﬁ This yields
integers /; € {0,...,s}and points p},, € B, (V) X Q. (V) fort € Ty whose images
in Y’(V) are all equal, say to y’ € Y')( V), and which satisféy B, (V) (p/;t) = pi, forall z.
This implies that2(y") =y.

Define .

T,;+j ={teT} |, =}

j=0,...,5andset T := 7} fori=1,...,k—1.InZ(T/,..., T/;+;) we define the point
q = (qz‘,t)reT;)ie[/eﬂ] as follows. We set g;, to be (¥, a;, b;,) fori = 1,...,k — 1 and
t € T],and q;; =p/’”forz' =k...,k+sandt € T/. Then

o(T{,...., T, )(q) = p,

as desired.
Now, more generally, consider a point p in X(7T3,..., Tp) (V) \ X' (Ty,..., Tp)(V),
where the cardinalities satisfy |7;| > |S;|. Then there exists an FIk—morphism L=
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(teeste) + 8§ = (Ty,..., Tp) such that X (1) (p) ¢ Yo(V). Define T; == T; \ Im(s)
and extend ¢ to an isomorphism ¢ : S LI (Ty..., Tp) — (Ty..., Tp) by defining ¢;
on 7; to be the inclusion. Consider X()(p) € X(SuU (fl, R ?/;))( V). This is also
a point in Shg X ( Ty..., FY:/;)( ") whose projection to 17( V') does not lie in Yo(V). We
can therefore find a point ¢ as described above showing that X (:°) () is in the image of
(m, @) : Z' — Shg Z; by Definition 7.2.8, then so is p. O

8.5 Proof of SymxGL-Noetherianity

The most general version of our Noetherianity result is the following.
Theorem 8.5.1. Any (FI°P)* x Vec-variety of product-type is Noetherian.

Proof. We proceed by induction along the well-founded order on objects of product-type
in PM from Section §.3.3.

Let Z be an (FI°P)* x Vec-variety of product-type and let X; 2 X, 2 ... be a de-
scending chain of closed (FI°P)* x Vec-sub-varieties. Then either all X; are equal to Z,
or there exists an 7y such that X' := X; is a proper closed (FI°P)* x Vec-subvariety of
Z. In the latter case, by Theorem 8.4.1, there exist a finite number of objects Zy, ..., Zx
in PM of product-type, along with &-tuples Sy,..., Sy € FI* and partition morphisms
(7, ) : Z; — Shs; Z such that every point of X is hit by one of these. By the induction
hypothesis, all Zjs are Noetherian. For each 7, by Lemma 8.2.2, the preimage in Z; of the
chain (Shg; X;);x, is a chain of closed subvarieties, which therefore stabilises. As soon as
these N chains have all stabilised, then so has the chain (X;);—here we have used a version
of Proposition 8.2.3. O

To deduce from this Theorems 8.1.1 and 8.2.1, we consider GL-varieties Z3, ..., Z;, as
well as the product Z = ZF XX Z}:I. Recall Remark 7.2.3.

Proof of Theorem 8.2.1. We need to prove that any descending chain Z 2 X; 2 ... of
Symk X GL-stable subsets of Z stabilises.

To each Z; is associated a Vec-variety, which by abuse of notation we also denote Z;; see
Remark2.2.21. Furthermore, Z; is a closed subvariety of B, X Q; for some finite-dimensional
variety B; and some pure polynomial functor Q;, and hence Z is a closed subvariety of

(Bix Q)N x -+ x (B x Q.
Now each X; defines a closed (FI°P)* x Vec-subvariety)?i of
Z:=[Y;BxQy..., B x O,
where Y is a point. By Theorem 8.5.1, the X; stabilise. As soon as they do,sodo the X;. O

Proof'of Theorem 8.1.1. Apply Theorem 8.2.1 with & = 1. O
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