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ABSTRACT: Soft particles such as microgels can undergo significant and anisotropic
deformations when adsorbed to a liquid interface. This, in turn, leads to a complex
phase behavior upon compression. To date, experimental efforts have predominantly
provided phenomenological links between microgel structure and resulting interfacial
behavior, while simulations have not been entirely successful in reproducing
experiments or predicting the minimal requirements for the desired phase behavior.
Here, we develop a multiscale framework to link the molecular particle architecture to
the resulting interfacial morphology and, ultimately, to the collective interfacial phase
behavior. To this end, we investigate interfacial morphologies of different poly(N-
isopropylacrylamide) particle systems using phase-contrast atomic force microscopy
and correlate the distinct interfacial morphology with their bulk molecular architecture.
We subsequently introduce a new coarse-grained simulation method that uses
augmented potentials to translate this interfacial morphology into the resulting phase
behavior upon compression. The main novelty of this method is the possibility to efficiently encode multibody interactions, the
effects of which are key to distinguishing between heterostructural (anisotropic collapse) and isostructural (isotropic collapse) phase
transitions. Our approach allows us to qualitatively resolve existing discrepancies between experiments and simulations. Notably, we
demonstrate the first in silico account of the two-dimensional isostructural transition, which is frequently found in experiments but
elusive in simulations. In addition, we provide the first experimental demonstration of a heterostructural transition to a chain phase
in a single-component system, which has been theoretically predicted decades ago. Overall, our multiscale framework provides a
phenomenological bridge between physicochemical soft-particle characteristics at the molecular scale and nanoscale and the
collective self-assembly phenomenology at the macroscale, serving as a stepping stone toward an ultimately more quantitative and
predictive design approach.

■ INTRODUCTION

Adsorption of colloidal particles to liquid interfaces is ubiquitous
and relevant in both fundamental science and technological
applications.1−3 For example, in functional soft matter
applications, the presence of adsorbed particles imparts kinetic
stability of emulsions,4,5 liquid marbles,6,7 and foams.8,9

Additionally, colloidal particles can serve as masks to obtain
complex nanoscale surface patterns.10−13 Furthermore, since
liquid interfaces confine the particles on two dimensions, they
serve as ideal templates for fundamental studies of colloidal
interaction, crystallization, and self-assembly.1,3,14

At liquid interfaces, colloidal particles are able to self-assemble
into ordered two-dimensional (2D) crystals.15 Depending on
the balance between attractive capillary and van derWaals forces
and repulsive dipole and electrostatic forces,3 monodisperse
spherical particles typically form hexagonal close-packed or non-
close-packed structures.16 In recent years, the interfacial
behavior of soft-particle systems at liquid interfaces has been
attracting attention.17 In contrast to their rigid analogues, soft
particles can deform significantly and anisotropically under the

influence of surface tension18 and may assume a characteristic
core−corona morphology19−22 to cover more interfacial area
than assumed from their bulk diameter. This change in
morphology leads to a more complex interfacial phase behavior.
At low surface pressure Π (corresponding to a large available
area per particle AP), soft particles typically assemble into a
hexagonal non-close-packed configuration in which the particle
coronae are in contact.12,17,21,23−29 Upon compression to
decrease the available area at the interface, different phase
behaviors may be observed: either the hexagonal phase remains
intact, with a lattice constant that decreases continuously
(continuous transition) or discontinuously (isostructural
transition) upon compression, or a symmetry-breaking tran-
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sition occurs toward a new phase without hexagonal order. We
refer to the latter as a heterostructural transition.
Despite their broad relevance, the 2D phase behavior of soft

particles is still confounded by significant discrepancies between
the theory and experiment. For example, the isostructural
transition is experimentally among the most commonly
observed behaviors,12,21,23−28,30,31 yet in computer simulations,
it has proven difficult to model a discontinuous transition
between non-close-packed and close-packed hexagonal phases.
Thus far, this isostructural transition could only be predicted by
the simulation32 and theory33−35 for very short shells that do not
match the experiments. Conversely, 2D heterostructural
transitions toward, e.g., chain,36−40 cluster,41 honeycomb,42 or
quasicrystalline42,43 phase can be simulated via relatively simple
Jagla pair potentials.36,44,45 However, to date, no experimental
single-component system has exhibited such heterostructural
behavior, even though the synthesized particles should, at first
sight, behave according to Jagla.36,44,45 These apparent
incongruities in experiments and simulations underline the
need for a more rigorous understanding of the relationship
between molecular soft-particle properties, interfacial morphol-
ogy, and macroscopic interfacial phase behavior.
In this work, we seek to address these discrepancies, at least on

a qualitative and semiphenomenological level, by developing a
multiscale-based framework for the 2D phase behavior of
monodisperse soft particles. We combine experiments and a
novel simulation approach to connect the collective phase
behavior on the macroscale to the single-particle morphology on
the nanoscale. Our framework recognizes that the emergent
phase behavior ultimately stems from (anisotropic) two- and
many-body interactions among particles; these interactions, in
turn, must follow from the molecular architecture of each
individual particle. Thus, by tailoring the morphology that the
microgels assume at the liquid interface via their molecular
architecture, we are able to achieve continuous, isostructural,
and heterostructural 2D transitions.

■ RESULTS AND DISCUSSION

In the following, we consider the phenomenology of three
different 2D phase behaviors of single-component soft-particle
systems. First, the continuous regime corresponds to a
continuous decrease in lattice spacing upon compression while
preserving the overall hexagonal lattice structure. The
heterostructural regime is characterized by a change in the
symmetry upon compression, for example, from hexagonal to
chain phases. At last, the isostructural case is characterized by a
discontinuous transition that proceeds via hexagonal clusters of
close-packed particles that nucleate within a non-close-packed
hexagonal phase. As detailed below, our simulation approach is
able to phenomenologically capture all different phase transition
regimes by invoking only a small number of free parameters. In
combination with experiments, this approach allows us to
recognize common qualitative features among particles from the
same regime and to provide hypotheses connecting the
interfacial morphologies with the macroscopic phase behavior.

From Molecular Architecture to Interfacial Morphol-
ogy. For our experiments, we use poly(N-isopropylacrylamide)
(PNIPAM) microgels with (N,N′-methylenebisacrylamide)
(BIS) as a cross-linker as a widely used model system with
well-established synthesis protocols.46 As the first particle
system, we synthesize a microgel with very low cross-linking
density (1 mol % BIS), as used in our previous work.24 The
second and third particle systems are silica−PNIPAM core−
shell structures,12 providing two distinct length scales, which are
given by the hard silica core and the soft PNIPAM shell,
respectively. We capitalize on the known difference in reactivity
of the cross-linker BIS compared to the NIPAM monomer,47,48

which leads to a cross-linking gradient from the center toward
the periphery of microgels,49 and vary the uniformity of the
cross-linker distribution while keeping the overall concentration
similar (5 mol % BIS). In the second particle system, we create a
nonuniform cross-linking density through a batch synthesis
process of the PNIPAM shell. In this case, the monomer and

Figure 1. Molecular architecture of soft microgel systems controls their interfacial morphologies. (a) Schematic illustration of the hypothesized
interfacial morphology. (b−d) Corresponding AFM phase (b) and height (c) images. Cross-section (d) measured along the white lines of (c),
highlighting the difference in their interfacial morphologies. Images 2 × 2 μm2.
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cross-linker are present at the beginning of the reaction. The
higher reactivity of the cross-linker means that it is more rapidly
consumed in the course of the reaction. Therefore, a decrease in
the cross-linking density from the core toward the periphery of
the microgel shell is expected. In the third particle system, we
pursue the opposite strategy and ensure a uniform cross-linking
density throughout the shell by continuous feeding of the
monomer and cross-linker. This feeded synthesis ensures that
the ratio between both molecules remains constant throughout
the course of the reaction.12,50,51 Note that with the exception of
the second particle system, all particle systems have been
synthesized and used in the literature before. Here, our aim is to
re-examine their interfacial behavior in the framework of our
simulation method and to interpret the resulting phase
transitions on the basis of their interfacial morphology and the
(an)isotropy of the pressure-induced collapse.
To first connect the molecular architecture of the individual

particle systems with their interfacial morphology, we assemble
the particles at the air/water interface without compression
(surface pressure Π = 0) and deposit them onto a solid
substrate.17 We then characterize their morphology in the dry
state using atomic force microscopy (AFM) (Figure 1).
Although drying will cause changes to the overall microgel
dimensions, we assume that the morphology of the particle at
the interface remains intact. We and others have previously
shown that both the interfacial morphology and the hexagonal
symmetry of the assembly phases are effectively preserved after
transfer to a solid substrate and that they resemble the shape of
microgels imaged directly at the interface.17,21,23,26 This
observation indicates that capillary forces are unlikely to change
the microgel morphology, which is further supported by the
known affinity of microgels to silica surfaces.52 It is known that
microgels deform at the air/water interface and assume a
characteristic core−corona morphology, where the core consists
of the more cross-linked central region of the microgel, while the
corona forms as an extremely thin polymer layer, presumably by
dangling polymer chains stretching out from the microgel
periphery.17,19−22 Because of its very thin nature, this corona is
often not visible in scanning electron microscopy (SEM) and
AFM height images but can be clearly recognized by its contrast
in AFM phase images.17

We observe that all three particle systems expand at the liquid
interface under the effect of surface tension and assume a core−
corona morphology visible in the AFM height and phase images
(Figure 1b,c). Although their composition and bulk dimensions
are comparable (Figure S1a), the three different particle systems
exhibit substantial differences in their interfacial morphology.
The AFM height image of the loosely cross-linked microgels
(Figure 1(1)) without the silica core displays a broad, flattened
profile with a continuous and regular thinning from the center,
resulting from the particle’s high degree of deformability (Figure
1c, top). In addition, the AFM phase image clearly reveals a
corona surrounding the central region, which is too thin to be
seen in the AFM height image (Figure 1c, top). We therefore
hypothesize that the shape of themicrogels at the liquid interface
will be similarly three-dimensional with a continuous decrease in
height toward the periphery, as seen in the AFM height image.
This interfacial morphology is found for different simulation
approaches describing the deformation of soft particles at
interfaces.22,53 For the core−shell particles with nonuniform
cross-linked shells (Figure 1(2)) we observe a well-defined core
in the AFMheight image with an abrupt transition to the corona,
which is only visible in the AFM phase image due to its very thin

nature. We assume that the same morphology is present at the
liquid interface, i.e., these particles exhibit a very flat and
extended two-dimensional corona. This morphology reflects the
ability of the loosely connected polymer chains at the outer
periphery of the microgel shell to extend at the interface to
minimize surface tension. For the core−shell particles with
uniform cross-linking density (Figure 1(3)) we observe a more
continuous density profile from the center to the periphery. In
the AFM height image, a deformed polymeric shell surrounding
the silica core is visible. The AFM phase image reveals the
presence of an additional, extremely thin corona. The uniform
cross-linker distribution in this sample prevents the polymer
chains to fully extend at the interface. As a consequence, the shell
retains an appreciable volume around the silica core, which
transitions into a thin corona at the periphery away from the
core. Although samples (2) and (3) have comparable interfacial
dimensions, the interfacial region covered by the thin corona is
much reduced in sample (3).

Augmented Potential Simulation Model. To model the
phase behaviors of the three different systems in silico, we
require a simulation method that can account for all of the
relevant soft-particle properties but that at the same time is
sufficiently computationally efficient to simulate a large
collection of particles.22,54−61 Although coarse-grained molec-
ular dynamics (MD) simulations with simple pair potentials are
already capable of predicting continuous and heterostructural
transitions,36,44,45 the 2D isostructural phase transition has not
yet been captured by conventional MD methods. Here, we
invoke a recently introduced, more advanced simulationmethod
based on augmented variables,62,63 allowing us to explicitly
account for a partial or full collapse of the coronae, as well as for
isotropic and anisotropic corona deformations, depending on
the specific particle morphology and surface pressure. This
augmented approach can effectively capture many-body effects
without the need for adding many-body potentials.64−68 As
argued below, this simulation methodology not only reproduces
the well-established continuous and heterostructural transitions
but also naturally captures the 2D isostructural transition in
single-component systems.
To accurately reflect the essential features of each particle

system in simulations, we recognize that (i) the effective particle
size at a given surface pressure follows from the particle softness,
(ii) the softness effectively follows from the swollen nature of the
polymer network, and (iii) the cross-linking gradient within this
network sets the degree of isotropy; that is, whereas loose
polymer chains at the interface may behave independently of
each other to yield an anisotropic (2D) corona deformation,
more cross-linked chains must behave in a more concomitant
and therefore more isotropic manner. We account for these
effects by letting the typical equilibrium interaction ranges σij
between particles i and j evolve as augmented, dynamical
variables that can vary between extended and collapsed states
depending on the local particle environment. We also note that
within our approach, and similar to standard coarse-grained
simulations of binary mixtures,69 the size of individual particle i
is not an explicit model parameter but rather follows implicitly
from the pair interaction parameter σij. Importantly, this also
allows us to describe anisotropic particle deformations in the
case of nonuniformly cross-linked shells, namely, by letting σij
and σij′ differ among two neighboring particles j and j′. For visual
purposes, we will assume that the effective particle radius ri is
given by ri = ri,min = minj(σij/2), where index j runs over all
possible neighbors of particle i.
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As detailed in the Materials and Methods section and further
below, we can capture all three experimental particle systems by
tuning only two parameters: an energy barrier Δ that sets the
presence of distinct internal length scales in the particle
morphology and a parameter λm that sets the degree of isotropy
in particle compression and therefore the strength of multibody
interactions. For all bare pair interactions, we use a generalized
Lennard-Jones (LJ) potential. While this choice of potential is a
relatively simple approximation for microgel interactions, it is
able to phenomenologically capture attractive and low-
compression capillary effects, and furthermore, its short-ranged
nature allows for computational efficiency. Additionally, the
augmented potential approach can be extended to describe
multicomponent mixtures.70 We choose the potential parame-
ters such that the preferred particle sizes in simulations are
consistent with the experiment, as explained inmore detail in the
Materials and Methods section. In Figure 2, we sketch our
augmented potential and the corresponding physical scenarios;
the augmented potentials are also discussed in more detail in
Figure 6a.
Collective Interfacial Phase Behavior. We now analyze

the collective phase behavior of the three distinct soft-particle

systems confined at a 2D liquid interface. Experimentally, we
characterize the systems at the air/water interface using the
simultaneous compression and deposition method17,23 and
employ ex situ scanning electron microscopy (SEM) combined
with custom-written image analysis software (details in
Supporting Information) to establish the different structural
phases. The surface pressure−area density curves for the
different systems are shown in Figure S1b. As expected, the
loosely cross-linkedmicrogels (sample 1; 1 mol % BIS) show the
largest interfacial areas. Both core−shell particle types exhibit
comparable surface pressure−area density curves that are shifted
to lower microgel areas as a result of the solid core and higher
cross-linker concentration (sample 2, 3; 5 mol % BIS). One
notable difference between the core−shell systems is the shift to
lower areas per particle for sample 2, especially at high
compression. This shift reflects the larger compressibility of
the thinner corona in the particle system with nonuniform cross-
linking density, Figure S1c. We compare the observed interfacial
phase behavior to the results of our augmented potential model
and discuss how the phase behavior can be ultimately
rationalized from the molecular architecture via the differences
in interfacial morphology.

Figure 2. Augmented potential-based simulation scheme used to capture the different interfacial morphologies and simulate the resulting phase
behavior. (a−c) Schematic illustration of the response of the different particle systems to compression. The average shape is indicated by dashed blue
lines. To model the effect of the compression on the particle shape and to capture all of the phase transition regimes, we use augmented potentials as a
function of the interaction distance σij, as indicated on top of the individual schematics. (a) Shape of loosely cross-linked microgel particles is
represented by setting a barrierless (Δ = 0) augmented potential (eq 2) to mimic the fact that such particles always push to expand to their equilibrium
size and by excludingmany-body effects (λm = 0). (b) The shape of core−shell particles with a nonuniformly cross-linked shell is represented usingΔ >
0 in the augmented potential defined in eq 2, thus creating ametastable state that corresponds to core−core contacts that can be reached for sufficiently
high surface pressure. (c) Uniformly cross-linked shells are modeled by including multibody effects. In contrast to loosely cross-linked shells, this
particle system is only allowed to collapse isotropically; this effectively reduces the repulsion among all neighboring particles in a strongly correlated
manner. We simulate this multibody effect by setting λm > 0. See the Materials and Materials section for more details.
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Loosely Cross-Linked Particles: Continuous Regime. Upon
compressing microgels with a low cross-linking density (particle
system (1)), an interfacial behavior classified as the continuous
regime is found. The name continuous refers to the fact that the
lattice spacing decreases continuously, while no second-order
phase transition is observed. Indeed, Figure 3 shows the
distinctive uniform shrinkage of microgels upon compression,
giving rise to a continuous transition from a non-close-packed to
a close-packed hexagonal order. This continuous regime is not
generally observed for pure microgels. Indeed, as we discuss
below, such systems, especially with higher cross-linking
densities, typically exhibit isostructural phase transitions.23−27

The continuous regime is exclusively observed for very soft
microgels with low cross-linking densities.24

In our experiments, the softness is associated with the
characteristic stretched-out morphology of such particles visible
in the AFM images taken in the dry state (Figure 1(1)). In
agreement with results from different simulation approaches, we
infer that these particles assume a semispherical morphology at
the liquid interface. This quasi-three-dimensional structure
causes a rapid increase of overlap volume between the coronae
of two neighboring microgel particles upon compression at the
interface, i.e., with increasing surface pressure.71 Assuming that
the net (repulsive) interaction energy is proportional to the
overlap volume of the coronae and that the overlap volume

Figure 3.Microgels with a very low cross-linking density behave according to the continuous regime. Comparison between experimentally observed
phases (a) and simulations with augmented potentials (Δ = λm = 0) (b) for microgel particles showing a continuous transition from a hexagonal non-
close-packed to a close-packed phase. The area per particle AP decreases from the left to right. The experimental scale bar is 5 μm, while simulated
particles are red in their expanded size and follow a gradient toward yellow during compression. The microgel particles gradually shrink upon
compression while preserving their hexagonal lattice. A statistical analysis of the distributions of the nearest-neighbor distances upon compression is
shown for both experiments and simulations (c). Data sets are progressively shifted vertically by 0.15 for clarity.

Figure 4. Core−shell particles with nonuniform cross-linked distribution in the shell behave according to the heterostructural regime. Comparison
between experimental phases (a) and simulations with augmented potentials (Δ > 0, λm = 0) (b) showing a heterostructural transition from a
hexagonal non-close-packed to a chain to a hexagonal close-packed phase. The area per particle AP decreases from the left to right. The experimental
scale bar is 2.5 μm, while simulated particles are red in their expanded size and follow a gradient toward yellow while collapsing. Signatures of the
heterostructural transition are the chains of collapsed particles forming at intermediate compression. (c) shows the distribution of the nearest-neighbor
distance upon compression. Data sets are progressively shifted vertically by 0.15 for clarity.
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between quasi-three-dimensional spheres grows nonlinearly
with the particle−particle distance, it follows that the repulsion
rapidly increases with compression. This effectively forces the
particles to simply pack closer together in a continuous manner.
The continuous regime also naturally appears in our

augmented simulation approach with a single equilibrium
distance corresponding to two expanded microgels in contact
(Figure 2a). We recall that the continuous regime can also be
captured by simpler36,44 or more refined72 coarse-grained
models using convex repulsion potentials. In the augmented
scheme, this convexity appears in both the particle−particle
interaction and the augmented potential; in fact, the augmented
potential VA, which we use to describe this microgel system, is
always convex if we set Δ = 0 (see the Materials and Methods
section). As shown in Figure 3, our simulations closely
reproduce the experimental phase behavior: a decrease in the
area per particle preserves the hexagonal lattice but monotoni-
cally decreases the lattice constant.
The statistical distribution of nearest-neighbor distances

further underscores that the continuous transition is adequately
captured both in experiments and simulation (Figure 3c). It can
be seen that the typical interparticle distance and thus the lattice
spacing decrease continuously upon compression. This behavior
is consistent with the fact that such particles lack a defined core
and therefore do not possess an additional internal length scale,
rendering our augmented potential with a single length scale (Δ
= 0) suitable for modeling.
Core−Shell Particles with a Nonuniformly Cross-Linked

Shell: Heterostructural Regime. Figure 4 shows the exper-
imental and numerical results for the heterostructural transition
regime, which exhibits phase transitions from a hexagonal non-
close-packed phase to a characteristic, network-forming chain
phase and finally to a hexagonal close-packed structure upon
compression. The transition is further confirmed in the nearest-
neighbor distance distribution, which reveals the chain phase by
the coexistence of collapsed and more extended particle pairs.
The two peaks that appear as satellites at the highest
compression in simulations are related to diagonal nearest

neighbors, found for particles in double chains or more
compressed states with multiple neighboring particles in
contact. In the experiments, these peaks are not accurately
resolved at the highest compression, but the anisotropic shape of
the nearest-neighbor peak hints at similar pairs. Our
experimental data with nonuniformly cross-linked particles
(particle system (2)) constitute the first single-component
system exhibiting such a heterostructural transition. Previously,
the only observed chain phases occurred in soft binary mixtures
with similar assumed interfacial morphologies.71,73,74

The ability to achieve this phase transition experimentally
stems from the theoretical insights gained from our simulations
(Figure 2), which demand not only two distinct internal particle
length scales but also an anisotropic type of interaction, such that
σij and σij′ can be distinct for a given particle i with neighbors j
and j′. We can realize both of these requirements in core−shell
particles with a nonuniform cross-linked distribution in the shell
and, thus, more loosely connected polymer chains in the
periphery. To understand the rationale behind this, let us first
recall from Figure 1(2) that these particles assume a pronounced
core−corona morphology with a well-defined hard-core and a
thin, quasi-two-dimensional corona when adsorbed at the liquid
interface. The clear distinction between the core and corona
naturally satisfies the two-length-scale prerequisite. The second
condition requires the corona to be anisotropically compressible
at the interface in any direction. Physically, this enables the
system to leverage a tradeoff in repulsive corona overlaps upon
compression: rather than letting all pairs of particles undergo a
partial, uniform overlap (or collapse) of their coronae, the
system may minimize its total free energy by avoiding any
overlap among neighboring particles in one direction, at the cost
of fully overlapping in another. This leads to a chain phase in
which the intrachain interactions correspond to core−core
contacts, while the interactions between adjacent chains are
governed by extended corona−corona contacts. On the
molecular level, such anisotropic corona deformations can be
achieved by loosely connected polymer chains that can interact
with neighboring particles independently from one another.

Figure 5. Core−shell particles with a uniformly cross-linked shell behave according to the isostructural regime. Comparison between experimental
phases (a) and simulations with augmented potentials (Δ > 0, λm > 0). (b) Transition from hexagonal non-close-packed to hexagonal close-packed.
The area per particle AP decreases from the left to right. The experimental scale bar is 5 μm, while simulated particles are red in their expanded size and
follow a gradient toward yellow while collapsing. A characteristic of the isostructural transition is the coexistence of clusters of collapsed particles and
expanded particles at intermediate surface pressure. (c) Distribution of the nearest-neighbor distance upon compression. Data sets are progressively
shifted vertically by 0.15 for clarity.
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Thus, the ideal corona should consist of many individual long
polymer chains with as few chemical or physical cross-linking
points as possible. The experimental results in Figure 4 suggest
that our chosen particle morphology realizes this scenario,
indicating that in the batch synthesis method the cross-linker is
indeedmainly integrated around the inner region of the polymer
shell. Finally, with these findings, we can also infer why previous
experimental studies on core−shell particles have not found
heterostructural transitions, namely, due to a too high cross-
linking density in the periphery that prevents anisotropic corona
interactions.
In contrast to experiments, the heterostructural regime is less

difficult to find in silico and has been theoretically predicted
decades ago for particles interacting via soft repulsive, Jagla-type
potentials.36,44,45 Indeed, since many-body correlation effects
can be ignored due to the flexibility of the coronae in all
directions, it suffices to let particles interact through a relatively
simple pairwise potential. This interaction, however, must
include two different length scales to account for the distinct
core−core and corona−corona contacts. For Jagla-like
potentials used in standard MD simulations, one has to be
careful and additionally destabilize the continuous regime by
invoking a nonconvex potential (or g > 1 in Jagla’s
terminology).71 We note that this Jagla-based perspective can
also be united with the observed interfacial morphology (Figure
1(2)). Again assuming that the repulsive interaction energy
scales with the overlap volume, we expect a near-linear ramp
potential for two-dimensional corona morphologies, as opposed
to the more semispherical conformations discussed in the
previous section.71 In our simulation scheme, we rely on the
augmented potential VA by setting Δ > 0 to incorporate the two
required length scales, without a stringent convexity require-
ment on the bare interaction potential (Figure 2b). An
additional advantage of this augmented ensemble approach
over the Jagla approach is that particles can also be attractive
(see theMaterials andMethods section and eq 1) to account for,
e.g., low-compression capillary effects.75

Core−Shell Particles with a Uniformly Cross-Linked Shell:
Isostructural Regime. The third phase regime concerns the
isostructural phase transition of soft particles. In Figure 5, we
show the results obtained from our augmented simulations,
combined with the corresponding experimental results for
core−shell particles with a uniformly cross-linked distribution in
the shell. The distinctive growth of close-packed hexagonal
clusters is evident at intermediate compression for both
simulations and experiments. Furthermore, the histograms in
Figure 5c show a bimodal distribution of interparticle distances,
corresponding to either expanded or collapsed pairs. A small
shift of the compressed peak can be seen in the experimental
data, which is not resolved in the simulations. In the simulations,
the particles can only form large or small contacts, given by the
two energy minima. In the experiments, although the solid core
provides a physical barrier toward further collapse, there is still
microgel in between the cores even in the collapsed region. This
microgel layer can apparently be slightly compressed in the
course of the experiment.
To understand the physical origins of the discontinuous

isostructural transition, we first recognize that particles must
exhibit a sharp and isotropic collapse upon compression.
Naturally, the sharp distinction between a collapsed and
extended state also requires two internal particle length scales.
Core−shell particles with a relatively densely and uniformly
cross-linked shell (particle system (3)) are a typical example of

such particles. Figure 1(3) shows their interfacial morphology,
clearly satisfying the prerequisite of having two distinct length
scales. Additionally, with the continuous-feeding synthesis
method, the resulting polymer shells contain more uniformly
distributed cross-linking points, which is consistent with the
continuous decrease in height from the core to the periphery, as
seen in Figure 1(3). In this molecular architecture, the chains are
much more constrained by the presence of crosslinkers across
the entire volume of the shell, which reduces both the length of
free dangling chains at the periphery and the freedom of the
chains to move independently from each other. Upon
compression, such uniformly cross-linked particles are therefore
forced to distribute the stress across the entire shell. This, in
turn, prohibits the formation of a chainlike phase since the
corona is no longer able to collapse in one direction while
simultaneously remaining extended in another. Instead, we
postulate that the collapse of any pair of particles now imposes a
shrinkage of the coronae in all directions and thus facilitates
collapse events with other neighboring particles, favoring an
isostructural transition. The collapse event is also affected by the
particle core. For larger core sizes, capillary attraction
increasingly destabilizes the interfacial corona−corona mor-
phology and therefore facilitates the isostructural transition.12,21

Noteworthily, the isostructural phase transition is also often
observed in conventional microgel systems without a solid
core.23−27,31 In this case, we hypothesize that the required two
length scales arise from the typical fried-egg or core−corona
morphology that microgels assume at the interface. This
morphology, caused by a higher cross-linking density within
the core region, leads to a stiffer and therefore less compressible
core.19,20,22

From the modeling side, the isostructural regime has been
difficult to capture in standardMD simulations. For example, the
Jagla potential only predicts a continuous transition between the
two hexagonal phases and not an isostructural phase transition,
regardless of the chosen pair potential.45,71,74 From our insights,
we can attribute these earlier discrepancies to the fact that
pairwise potentials in conventional MD models impose
interactions that are fixed a priori so that all particle pairs
always interact in the same way at a given interparticle distance.
However, in reality, an isotropic particle collapse induced by one
neighbor will concomitantly affect the interactions with all other
neighboring particles. Indeed, it follows from the interconnected
polymer shell that the collapse will lead to a significant change in
particle conformation in all possible directions. To adequately
model the isostructural regime, it is therefore crucial to
incorporate local many-body effects into the simulations such
that any isotropic particle deformation is immediately translated
to a change in the net pair potentials with neighboring particles.
Keeping these considerations in mind, we can adopt our

augmented simulation scheme to describe the isostructural
regime. Specifically, we account for distinct collapsed and
extended states by setting Δ > 0 in the augmented potential VA;
for the required local many-body effects, we impose one
additional constraint by setting λm > 0 (Figure 2c). To
understand the latter, let us first recall that in the
heterostructural regime every particle i is allowed to interact
independently (i.e., with a different σij) with each of its
neighbors j. A pair ij can then either be in an expanded state σij∼
σ+ or, if compressed, in a collapsed state σij ∼ σ−. In the
isostructural regime, we assume that once a particle i collapses
with one of its neighbors such that the minimum particle radius
becomes ri,min < λmσ−/2, it will also immediately collapse with all
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of the other neighbors j that are already involved in a collapse
elsewhere (i.e., with rj,min < λmσ−/2). Subsequently, we then
impose that σij = ri,min + rj,min = σ−. This mimics the effect that
each collapse after the first is facilitated by the presence of other
collapsed particles nearby, as we sketch in the bottom right panel
of Figure 2. When λm = 0, this effect is suppressed and each pair
collapses individually. When λm ∼ 1, this multibody interaction
becomes relevant because the resulting λmσ−/2 is an available
state. Note that this also effectively suppresses the formation of
chainlike structures since a stable chain phase would require that
σij = σ+ for interactions between particles in adjacent chains (also
see the Materials and Methods section and Figure 7).

■ CONCLUSIONS

In this work, we put forward a multiscale-based perspective of
soft-particle behavior at liquid interfaces, allowing us to relate
collective interfacial phase behavior to the interfacial morphol-
ogy and the molecular architecture of soft particles. We study
three archetypal soft particles that exhibit the characteristic
phase behaviors of continuous, heterostructural, and isostruc-
tural transitions. Our experimental observations are supported
by an augmented variable simulation model that is able to
capture all experimentally observed phase transitionsinclud-
ing the elusive 2D isostructural transitionby tuning only two
coarse-grained model parameters.
The general insights inferred from this work can be

summarized as follows:

(i) The continuous transition is characterized by a single
length scale and repulsion energy that increases non-
linearly (convexly) with the particle−particle distance.
Soft particles without a hard-core and a loosely cross-
linked structure are the perfect prototypes for this
continuous regime since their quasi-semi-spherical
interfacial morphology can be assumed to yield a net
convex interaction potential.

(ii) For a heterostructural phase transition, where non-close-
packed and close-packed hexagonal phases are separated
by other ordered phases such as chains, a core−shell
particle with two distinct internal length scales is required.
Additionally, the corona needs to be anisotropically
compressible to allow particles to collapse in one
direction, i.e., within a chain, while avoiding overlap in
another, i.e., between two adjacent chains. We demon-
strate that this phase behavior can be experimentally
realized for core−shell particles with a nonuniformly
cross-linked shell, where the periphery consists of long
dangling chains with minimal cross-linking.

(iii) At last, the isostructural regime, which is characterized by
a discontinuous transition from a non-close-packed to
close-packed hexagonal phase, also requires two internal
particle length scales, either provided by a core−shell
architecture or via the inhomogeneous cross-linking
densities of pure microgels. However, as opposed to the
heterostructural case, the particles must collapse isotropi-
cally to distribute the pressure load in every direction.
Experimentally, this behavior is favored by a more
uniformly cross-linked shell that forces the polymer
chains to compress in a concomitant manner. Theoret-
ically, the effect of such isotropic shell deformations gives
rise to local many-body correlations with neighboring
particles, which in turn facilitates nearby particle collapses

to ultimately yield a complete and discontinuous
isostructural phase transition.

It is our hope that this framework, which qualitatively links the
molecular architecture of soft particles to their interfacial particle
morphology and resulting collective phase behavior, can serve as
a starting point for an ultimately more quantitative and
predictive rational-design platform. To this end, efforts in the
quantitative characterization of the interfacial morphology, for
example, by scattering methods, are required, which may allow
determination of critical parameters marking the transition
between the different regimes. Such efforts will not only provide
a better fundamental understanding of soft materials at the
interface but can also stimulate the discovery of new self-
assembled structures by rationally targeting molecular archi-
tectures required for more complex, theoretically predicted
assembly phases.

■ MATERIALS AND METHODS
Experiments. A detailed description of the PNIPAM-based core−

shell particle synthesis by precipitation polymerization can be found in
previous work12,24 and in the Supporting Information. In short,
PNIPAM microgel particles (continuous regime) with 1 mol % cross-
linker (N,N′-methylenebisacrylamide) (BIS) were synthesized in a
one-pot reaction.24 Silica−PNIPAM core−shell particles undergoing a
heterostructural phase transition were obtained by surface functional-
ization of Stöber silica cores (dC = 160 nm) with methacrylate moities
to anchor the polymer shell to the surface. Then, a PNIPAM microgel
shell (5 mol % BIS) was added onto the cores in a one-pot, batch
method. For the core−shell particles undergoing an isostructural phase
transition, we used the same synthesis as above but continued to add
additional monomer and cross-linker via a continuous-feeding process
(5 mol % BIS).12 The interfacial phase diagram of the core−shell
particles at the air/water interface was obtained by the simultaneous
compression and deposition method23,24 using a Langmuir trough
followed by characterization using SEM (Zeiss Gemini 500). The
morphology was investigated by AFM (JPK NanoWizzard) in the AC
mode using a MikroMash NSC-18/AL BS cantilever.

Simulation Model: Augmented Ensemble. In our simulations,
two particles separated by a distance rij interact through the following
potential63
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which is a modified Lennard-Jones (LJ) potential with energy well
depth ϵ. Parameter σij is the sum of the radius σi of particle i and the
radius σj of particle j. The potential is plotted in Figure 6b for different
values of σij. The coefficients c2l are determined by requiring that the
first three derivatives of V vanish at the adimensional cutoff distance xc
= 2. These corrections to LJ are fundamental in the augmented
ensemble because the cutoff distance might be coupled to augmented
variables and can thus change over time, preventing the use of constant
tail corrections.76 It is important to use an attractive potential to model
the capillarity effect at the interface.75

Augmented Potentials. Augmented potentials and variables are
phenomenologically built to closely reproduce experimental results,
similarly to fictitious pairwise potentials.77,78 In this section, we explain
the physics behind them. The first step is the choice of what augmented
variables represent. In the Supporting Information, we use σi as
augmented variables, following refs 63 and 79. We show that this
approach is well suited to model particles that can expand and collapse,
which is the case for, e.g., polymer stars, coils, brushes,80,81 and
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responsive particles.19,82−84 However, the soft particles that we want to
model here can collapse only when the reciprocal pressure of a pair of
particles exceeds the threshold, so it is not possible to have a single
collapsed particle between only expanded neighbors. We model this
feature by using the interaction distances σij as our augmented variables.
If σij is large, then we have a pair of widely spaced expanded particles,
while if σij decreases the two particles can get closer as if they are
collapsing. Noticeably, the dynamics of σij is coupled to the positions by
the pairwise potential since eq 1 does depend on σij. This produces a
force acting on σij equal to −∂V(rij,σij)/∂σij. To bound the augmented
variables in a physical regime, we add an external augmented potential
VA(σij) that acts only on the augmented variables. The potential has to
be phenomenologically built to reproduce the correct physics of the
system. In particular, we propose

V K K( ) ( ) 5 ( )ij ij ijA 0
4 2

0σ σ σ σ σ= [ − − Δ] − Δ − (2)

which is based on a standard double-well potential with a barrier height
of KΔ2 (represented by the first term of eq 2). The values of σ0 and Δ
control the position of two (or one for Δ = 0) minima σ± = σ0 ± Δ1/4.
Setting Δ = 0 is an easy way to model (in the augmented ensemble)
particles whose stiffness increases with compression, the fundamental
requirement of the continuous regime. Alternatively, Δ > 0 introduces
the two length scales required for the heterostructural and isostructural
regimes. For the simulations reported in Figures 3, 4, and 5, we calculate
the precise values of σ0 and Δ that match the experimental
measurements (measured and reported in the Supporting Informa-
tion): σ0 = 1500 nm is the preferred size in the continuous regime, σ+ =
480 nm and σ− = 170 nm are the two length scales in the
heterostructural regime, and σ+ = 950 nm and σ− = 500 nm for the
isostructural case. Consequently, we are able to see the effect of the
compression at the same area per particle that we measure in the
experiments. Furthermore, we add to the double-well potential a linear
term to favor the configurations with σij ∼ σ+ to model the fact that a
pair of microgels prefers to stay at its expanded size, where the polymer
chains have more space to move. The particular coefficient −5KΔ we
use in eq 2 is calculated imposing that VA(σ−) − VA(σ+) = 10KΔ2

corresponding to 10 times the energy barrier such that the
configurations with σij∼ σ− are very short-lived and thus only favorable
at high compression. At last, the prefactor K represents the overall
magnitude of the potential that dictates the energy scale and thus the
stiffness of the particle. Then, the augmented variables evolve following
the augmented force FA
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leading to the equation of motion

m t F( ) ( )ij ijAσ σ̈ =σ (4)

where mσ is a fictitious mass for the σij dynamics. In the Supppporting
Information, we write down the full (pseudo)-Hamiltonian that
governs the equations of motion.

We plot the augmented potentials in Figure 6a. It is clear that the
energetically favored states correspond to σij ∼ σ+. That value
represents two particles in contact while being at their maximum size
in the expanded state of radius σL, so σ+ = 2σL. To collapse to the small
size of σ− = 2σS, the pair has to spend some energy and cross the barrier.
Numerically, σ+ and σ− correspond to the average diameter of particles
in the collapsed and expanded AFM pictures, respectively.
Furthermore, the VA collapsed state is made metastable by the linear
term such that particles always expand if not compressed. Since σij can
change, it means that the pairwise interaction in eq 1 has to readjust
according to the global and local environment probed by σij. In this
sense, we show in Figure 6b that the equilibrium length becomes
smaller for collapsed pairs.

At last, with the support of Figure 7, we discuss the effect of many-
body interactions to distinguish between the heterostructural and
isostructural simulations. Since every particle i is involved in N

Figure 6. (a) Augmented potentials as a function of the interaction
distance σij. The black line represents eq 2 when Δ = 0, such that the
potential is effectively (σij − σ0)

8. The blue line corresponds to Δ > 0,
provoking the appearance of a second length scale. The minimum at σ+
= 2σL represents the favorable situation of expanded particles, while the
metastable minimum at σ− = 2σS is the collapsed state. (b) Pairwise
potential defined in eq 1 as a function of the central distance r. Since the
interaction distance is treated as a variable, the potential can shift over
time. See the Materials and Methods section for more details.

Figure 7. Effect of the augmented potential on the particle size. (a)
Stable state σij = σ+ corresponds to two expanded particles of size σL in
contact, while the metastable σij = σ− corresponds to the contact of two
collapsed particles of size σS. (b) In the heterostructural regime,
chainlike structures are stable for intrachain interaction ranges of σij =
σ− and interchain interaction ranges of σij = σ+. (c) In the isostructural
regime, setting λm > 0, we impose that if a particle is collapsed in the
chain direction it is also more likely to collapse with its other neighbors,
creating the typical close-packing hexagonal domains.
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interactions with all of the others j, the simplest way to define the size of
each particle is through

r min
2i

j

ij
,min

σ
=

(5)

We say that a particle is collapsed if ri,min ∼ σS, so i has to reduce the
value of σijwith just one of its neighbors j to be considered collapsed. As
a consequence, even if ri,min∼ rj,min∼ σS, it is possible that σij≫ σ− = 2σS.
This means that two particles that are collapsed might still have a long
range repulsion that requires additional energy to eventually collapse.
From a microscopic point of view, this extra repulsion is attributed to
the loosely cross-linked shell, which, being characterized by long
dangling polymer chains, is able to rearrange to occupy more space
around the core−core contacts. This effect (sketched in Figure 7b)
leads to chain formation because particles want to assume a phase
where the contacts are minimal, so all of the energy is invested in
collapsing only two contacts per particle within the chains, producing
the heterostructural regime. Finally, to describe the isostructural
regime, we have to prevent this anisotropic effect.We do so by imposing
that if ri,min + rj,min < λmσ− → σij = σ−. We set λm = 0 (no multibody
effects) to reproduce the results in Figures 3 and 4, while we set λm =
1.01 to produce Figure 5. This additional λm-dependent rule mimics the
effect of isotropic compression such that a partial collapse induced by
one neighboring particle will be felt by all neighbors; these in turn can
then stimulate a full collapse. This also suppresses the chain phase that
requires σij = σ+ to stabilize the interactions between neighboring
chains, as we show in Figure 7c.
Computational Details. We perform two-dimensional MD

simulations with periodic boundary conditions to model the interfacial
layer. All of our interfaces are equilibrated in the canonical NVT
ensemble, at constant particle number N = 500 and temperature T; the
volume V = L2 is used as the control parameter. We use the leap-frog
integration method coupled to a Berendsen thermostat85 to keep T
constant, and we vary L to approach the desired area per particle AP =
L2/N. After equilibrating the interface for 106 time steps of size dt =
10−3 reduced units at T = 2ϵ and large AP, we gradually compress the
system reducing L and in turn AP. During the compression, we use the
FIRE algorithm86 to minimize the energy and find the inherent
structure at target AP, mimicking the experimental quench that happens
at the interface. As discussed in the previous section, the values ofΔ and
σ0 are dictated by the experiments: (i) σ0 = 1500 nm is the preferred size
in the continuous regime (andΔ = 0 to have a single minimum), (ii) σ+
= 480 nm and σ− = 170 nm set σ0 andΔ for the heterostructural regime,
and finally (iii) σ+ = 950 nm and σ− = 500 nm determine σ0 andΔ in the
isostructural regime. The stiffness parameter instead dictates the
response of the microgels to compression, and we tailor it to reproduce
the experimental measurements by using the following values: K = 0.01
ϵ nm−8for the continuous regime (Figure 3), K = 1 ϵ nm−8 for the
heterostructural regime (Figure 4) and K = 0.05 ϵ nm−8 for the
isostructural regime (Figure 5), where ϵ is the unit of energy. For the
many-body interactions, we set λm = 0 to disable such effects in the
continuous and heterostructural regimes, while we set λm = 1.01 to
obtain the isostructural regime. The last unit that we set is the
augmented mass mσ = m = 1[M] that represents the inertia of the
augmented variable, dictating how rapidly a pair can change σij, and we
sat that equal to the ordinary massm. The importance of the augmented
potential compared to the standard LJ interaction can be tweaked either
through K or mσ, but we suggest to modify K and let mσ = m to avoid
numerical instabilities. We repeat the procedure for M > 50 randomly
generated configurations to verify the consistency of the results and get
better statistics for the histograms.
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Antonopoulou, M.-N.; Gnan, N.; Ninarello, A.; Isa, L.; Zaccarelli, E.
Microgels Adsorbed at Liquid−Liquid Interfaces: A Joint Numerical
and Experimental Study. ACS Nano 2019, 13, 4548−4559.
(23) Rey, M.; Fernández-Rodríguez, M. Á.; Steinacher, M.;
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(75) Ciach, A.; Peķalski, J. Exactly solvable model for self-assembly of
hard core−soft shell particles at interfaces. Soft Matter 2017, 13, 2603−
2608.
(76) Frenkel, D.; Smit, B. In Physics Today; Frenkel, D.; Smit, B., Eds.;
Academic Press: San Diego, 2002; Vol. 50, p 638.
(77) Weeks, J. D.; Chandler, D.; Andersen, H. C. Role of Repulsive
Forces in Determining the Equilibrium Structure of Simple Liquids. J.
Chem. Phys. 1971, 54, 5237−5247.
(78) Dijkstra, M.; Brader, J. M.; Evans, R. Phase behaviour and
structure of model colloid-polymer mixtures. J. Phys.: Condens. Matter
1999, 11, 10079−10106.
(79) Berthier, L.; Flenner, E.; Fullerton, C. J.; Scalliet, C.; Singh, M.
Efficient swap algorithms for molecular dynamics simulations of
equilibrium supercooled liquids. J. Stat. Mech.: Theory Exp. 2019, 2019,
No. 064004.
(80) Likos, C. N.; Blaak, R.; Wynveen, A. Computer simulations of
polyelectrolyte stars and brushes. J. Phys.: Condens. Matter 2008, 20,
No. 494221.
(81) Louis, A. A. Beware of density dependent pair potentials. J. Phys.:
Condens. Matter 2002, 14, 9187−9206.
(82) Senff, H.; Richtering, W. Temperature sensitive microgel
suspensions: Colloidal phase behavior and rheology of soft spheres. J.
Chem. Phys. 1999, 111, 1705−1711.
(83) Lin, Y.-C.; Rotenberg, B.; Dzubiella, J. Structure and position-
dependent properties of inhomogeneous suspensions of responsive
colloids. Phys. Rev. E 2020, 102, No. 042602.
(84) Baul, U.; Dzubiella, J. Structure and dynamics of responsive
colloids with dynamical polydispersity. J. Phys.: Condens. Matter 2021,
33, 174002.
(85) Berendsen, H. J. C.; Postma, J. P. M.; van Gunsteren, W. F.;
DiNola, A.; Haak, J. R.Molecular dynamics with coupling to an external
bath. J. Chem. Phys. 1984, 81, 3684−3690.
(86) Bitzek, E.; Koskinen, P.; Gähler, F.; Moseler, M.; Gumbsch, P.
Structural Relaxation Made Simple. Phys. Rev. Lett. 2006, 97,
No. 170201.

Langmuir pubs.acs.org/Langmuir Article

https://doi.org/10.1021/acs.langmuir.1c00541
Langmuir 2021, 37, 5364−5375

5375

https://doi.org/10.1007/BF00659460
https://doi.org/10.1007/BF00659460
https://doi.org/10.1103/PhysRevE.66.051803
https://doi.org/10.1103/PhysRevE.66.051803
https://doi.org/10.1016/j.jcis.2013.05.042
https://doi.org/10.1016/j.jcis.2013.05.042
https://doi.org/10.1039/C9SM01161G
https://doi.org/10.1039/C9SM01161G
https://doi.org/10.1039/C9SM01161G
https://doi.org/10.1039/D0SM00026D
https://doi.org/10.1039/D0SM01823F
https://doi.org/10.1039/D0SM01823F
https://doi.org/10.1039/D0SM01823F
https://doi.org/10.1021/acs.langmuir.9b01208
https://doi.org/10.1021/acs.langmuir.9b01208
https://arxiv.org/abs/2102.01536
https://arxiv.org/abs/2102.01536
https://doi.org/10.1021/acs.macromol.9b01122
https://doi.org/10.1021/acs.macromol.9b01122
https://doi.org/10.1021/acs.macromol.9b00099
https://doi.org/10.1021/acs.macromol.9b00099
https://doi.org/10.1021/acs.macromol.9b00099
https://doi.org/10.1088/1361-648X/aaa0f4
https://doi.org/10.1088/1361-648X/aaa0f4
https://doi.org/10.1021/acs.macromol.7b01600
https://doi.org/10.1021/acs.macromol.7b01600
https://doi.org/10.1021/acs.langmuir.9b03486
https://doi.org/10.1021/acs.langmuir.9b03486
https://doi.org/10.1021/acs.langmuir.9b03486
https://doi.org/10.1021/acsami.0c01600
https://doi.org/10.1021/acsami.0c01600
https://doi.org/10.1021/acsami.0c01600
https://doi.org/10.1103/PhysRevX.8.031050
https://doi.org/10.1103/PhysRevX.8.031050
https://doi.org/10.1103/PhysRevE.99.012106
https://doi.org/10.1103/PhysRevE.99.012106
https://doi.org/10.1103/PhysRevE.99.012106
https://doi.org/10.1103/PhysRevB.31.5262
https://doi.org/10.1103/PhysRevB.31.5262
https://doi.org/10.1103/PhysRevB.39.5566
https://doi.org/10.1103/PhysRevB.39.5566
https://doi.org/10.1088/0953-8984/10/19/003
https://doi.org/10.1088/0953-8984/10/19/003
https://doi.org/10.1088/0953-8984/14/4/312
https://doi.org/10.1088/0953-8984/14/4/312
https://doi.org/10.1103/PhysRevLett.121.058003
https://doi.org/10.1103/PhysRevLett.121.058003
https://doi.org/10.1103/PhysRevLett.73.1376
https://doi.org/10.1103/PhysRevLett.73.1376
https://doi.org/10.1039/D1SM00318F
https://doi.org/10.1039/D1SM00318F
https://doi.org/10.1039/D1SM00318F?ref=pdf
https://doi.org/10.1021/jacs.7b08503
https://doi.org/10.1021/jacs.7b08503
https://doi.org/10.1103/PhysRevX.10.031012
https://doi.org/10.1103/PhysRevX.10.031012
https://doi.org/10.1021/acs.langmuir.8b02605
https://doi.org/10.1021/acs.langmuir.8b02605
https://doi.org/10.1021/acs.langmuir.8b02605
https://doi.org/10.1021/acs.langmuir.8b01382
https://doi.org/10.1039/C7SM00191F
https://doi.org/10.1039/C7SM00191F
https://doi.org/10.1063/1.1674820
https://doi.org/10.1063/1.1674820
https://doi.org/10.1088/0953-8984/11/50/304
https://doi.org/10.1088/0953-8984/11/50/304
https://doi.org/10.1088/1742-5468/ab1910
https://doi.org/10.1088/1742-5468/ab1910
https://doi.org/10.1088/0953-8984/20/49/494221
https://doi.org/10.1088/0953-8984/20/49/494221
https://doi.org/10.1088/0953-8984/14/40/311
https://doi.org/10.1063/1.479430
https://doi.org/10.1063/1.479430
https://doi.org/10.1103/PhysRevE.102.042602
https://doi.org/10.1103/PhysRevE.102.042602
https://doi.org/10.1103/PhysRevE.102.042602
https://doi.org/10.1088/1361-648X/abdbaa
https://doi.org/10.1088/1361-648X/abdbaa
https://doi.org/10.1063/1.448118
https://doi.org/10.1063/1.448118
https://doi.org/10.1103/PhysRevLett.97.170201
pubs.acs.org/Langmuir?ref=pdf
https://doi.org/10.1021/acs.langmuir.1c00541?rel=cite-as&ref=PDF&jav=VoR

