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Common Complements of Linear Subspaces and the Sparseness of MRD Codes\ast 

Anina Gruica\dagger and Alberto Ravagnani\dagger 

Abstract. Motivated by applications to the theory of rank-metric codes, we study the problem of estimating the
number of common complements of a family of subspaces over a finite field in terms of the cardinality
of the family and its intersection structure. We derive upper and lower bounds for this number, along
with their asymptotic versions as the field size tends to infinity. We then use these bounds to describe
the general behavior of common complements with respect to sparseness and density, showing that
the decisive property is whether or not the number of spaces to be complemented is negligible with
respect to the field size. By specializing our results to matrix spaces, we obtain upper and lower
bounds for the number of maximum-rank-distance (MRD) codes in the rank metric. In particular, we
answer an open question in coding theory, proving that MRD codes are sparse for all parameter sets
as the field size grows, with only very few exceptions. We also investigate the density of MRD codes
as their number of columns tends to infinity, obtaining a new asymptotic bound. Using properties
of the Euler function from number theory, we then show that our bound improves on known results
for most parameter sets. We conclude the paper by establishing general structural properties of the
density function of rank-metric codes.
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A rank-metric code is a linear space of matrices over a finite field \BbbF q in which every non-
zero matrix has rank bounded from below by an integer d (called the minimum distance of the
code). Originally introduced by Delsarte for combinatorial interest [10], in the last few decades
rank-metric codes have been extensively studied in connection with various applications in
information technology [12, 16, 22, 25] and several areas of pure and applied mathematics,
including combinatorial designs, rook theory, semifields, polymatroids, and linear sets; see [5,
8, 10, 14, 18, 23, 24] among many others.

An open question in coding theory asks one to compute the asymptotic density of rank-
metric codes having maximum dimension, also known as maximum-rank-distance (MRD)
codes; see for example [1, 6]. In more detail, one fixes a value for the minimum distance
and attempts to compute the asymptotics, as q \rightarrow +\infty , of the proportion of MRD codes
having that distance within the set of codes sharing the same dimension. To date, three
independent approaches have been developed in the attempt to solve this problem, based on
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80 ANINA GRUICA AND ALBERTO RAVAGNANI

enumerative combinatorics, the theory of spectrum-free matrices, and semifields; see [1, 6, 13].
All these techniques show that \BbbF q-linear MRD codes are not dense within the set of codes
having a certain dimension. This is in sharp contrast with the behavior of maximum distance
separable (MDS) codes in the Hamming metric and of \BbbF qm-linear MRD codes, which are
natural analogues of \BbbF q-linear MRD codes and are instead dense as the field size tends to
infinity [6, 20].

In this paper, we reinterpret the above question as a broader problem intersecting com-
binatorial geometry and extremal combinatorics, which is interesting in its own right. More
precisely, we study the problem of estimating the number of complements shared by a family
of subspaces of \BbbF N

q , say \scrA , all of which have the same codimension k. The bounds that we
derive take into account the intersection structure of the spaces in \scrA (i.e., how many sub-
space pairs intersect in a given dimension), as well as the cardinality of \scrA . The question of
estimating the density of MRD codes turns out to be a very special instance of this general
problem.

Our strategy to obtain upper and lower bounds for the number of common complements
of the spaces in \scrA relies on the rigidity of certain graphs constructed from a linear lattice. We
introduce a simple notion of regularity of a bipartite graph with respect to a function defined
on its left-vertices, which we call an association. This extends the concept of left-regularity
and defines a set of numerical parameters of the underlying graph. We then describe the
aforementioned complements as the isolated right-vertices of such a regular bipartite graph,
estimating their number in terms of the fundamental graph's parameters. In turn, these
parameters can be computed using classical methods from the theory of critical problems in
combinatorial geometry.

Of particular interest for us are the asymptotic versions of these bounds which, under
certain assumptions, lead to the following general behavior of the common complements with
respect to sparseness/density. If the cardinality of \scrA is negligible with respect to the field
size q, then almost all k-subspaces of \BbbF N

q are common complements of the spaces in \scrA ; more-
over, the proportion of noncommon complements is on O(| \scrA | /q) as q \rightarrow +\infty . Vice versa, if
the cardinality of \scrA is preponderant with respect to the field size q, then the common com-
plements are sparse (precise asymptotic estimates will be given). In our asymptotic analysis,
we find particularly useful the notion of an asymptotic partial spread, which we propose as the
asymptotic analogue of the classical and homonymous definition from discrete geometry.

In the second part of the paper we turn to the theory of rank-metric codes, specializing
our results to matrix spaces over \BbbF q. Our main result is an upper bound on the number of
MRD codes with given parameters; see Theorem 5.7. We also prove that the density of n\times m
MRD codes of minimum distance d is on

O
\Bigl( 
q - (d - 1)(n - d+1)+1

\Bigr) 
as q \rightarrow +\infty ;

see Theorem 5.9 for a precise statement. This shows that MRD codes are very sparse, unless
d = 1 or n = d = 2, answering the question stated at the beginning of this introduction.

The third part of the paper concentrates on the asymptotic density of n\times m MRD codes
as m \rightarrow +\infty . We apply the graph theory machinery described above and obtain an upper
bound on the limit superior of the density of these codes. Our estimates involve the EulerD
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COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 81

function \phi from the theory of q-series. In fact, with the aid of Euler's pentagonal number
theorem we show that our asymptotic bounds improve on known results for most parameter
sets. The question of determining whether or not MRD codes are sparse for m large remains
open.

In the last section of the paper we investigate some general properties of density functions
in the rank metric, without restricting to MRD codes necessarily. This also gives us the chance
to reinterpret known results from a new perspective.

Outline. The remainder of the paper is organized as follows. In section 1 we illustrate the
problems we study and introduce the relevant terminology. Section 2 contains preliminary
formulas on linear spaces and tuples of functionals, which we will need repeatedly throughout
the paper. In section 3 we present our main results, deriving upper and lower bounds for the
number of common complements of a family of subspaces using a graph theory approach. The
asymptotic versions of these bounds are obtained in section 4. We study the density function
of MRD codes (and sometimes of more general rank-metric codes) for q \rightarrow +\infty and m \rightarrow +\infty 
in sections 5 and 6, respectively. Finally, structural properties of the density functions of
rank-metric codes are established in section 7.

1. Problem formulation. In this section we recall some concepts from combinatorial ge-
ometry and state the main problems studied throughout the paper, illustrating their connec-
tion with the theory of rank-metric codes. In the following, q denotes a prime power and \BbbF q

is the finite field of q elements. We let

binq(a, b) =

b - 1\prod 
i=0

qa  - qi

qb  - qi

be the q-binomial coefficient of integers a \geq b \geq 0; see, e.g., [27]. It is well known that
binq(a, b) counts the number of b-subspaces of an a-space over \BbbF q.

Definition 1.1. Let X be a vector space over \BbbF q and let W \leq X be a subspace. A comple-
ment of W in X is a subspace W \prime \leq X with W \oplus W \prime = X, i.e., a complement of W in the
lattice of subspaces of X (we denote by ``\leq "" the inclusion relation of linear spaces).

This paper focuses on the problem of estimating the number of complements shared by a
collection of subspaces. A strong motivation to study this problem comes from the theory of
rank-metric codes, as we will explain shortly.

Problem 1.2. Let X be a vector space of finite dimension N \geq 3 over \BbbF q and let 1 \leq k \leq 
N  - 1 be an integer. Let \scrA be a nonempty collection of subspaces of X, all of which have
codimension k. Give upper and lower bounds for the number of common complements in X
of the spaces in \scrA .

When studying Problem 1.2, we take into account structural properties of the set \scrA of
combinatorial flavor, as we will explain later. In this paper we also investigate the asymptotic
version of Problem 1.2 as the field size tends to infinity, which can be stated as follows.

Problem 1.3. Let Q be the set of prime powers and let (Xq)q\in Q be a sequence of vector
spaces, all of which have the same dimension N \geq 3 over \BbbF q. Let 1 \leq k \leq N  - 1 be an
integer and let (\scrA q)q\in Q be a sequence of nonempty collections of linear spaces, all of whichD
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82 ANINA GRUICA AND ALBERTO RAVAGNANI

have codimension k, with Aq \leq Xq for all q \in Q and all Aq \in \scrA q. Determine the asymptotic
behavior as q \rightarrow +\infty of the ratio | \scrF q| /binq(N, k), where \scrF q is the collection of k-subspaces
Wq \leq Xq that intersect some space in \scrA q nontrivially.

In the notation of Problem 1.3, we say that the family of subspaces (\scrF q)q\in Q is sparse if
limq\rightarrow +\infty | \scrF q| /binq(N, k) = 0 and dense if limq\rightarrow +\infty | \scrF q| /binq(N, k) = 1.

The asymptotic version of Problem 1.2, which we will study in section 4, is closely con-
nected to an open question in coding theory on the density of MRD codes. We now briefly
review some concepts from coding theory and explain this connection more in detail.

In the following, m and n denote integers with m \geq n \geq 2 and \BbbF n\times m
q is the space of n\times m

matrices with entries in \BbbF q.

Definition 1.4. A (linear rank-metric) code is a nonzero \BbbF q-linear subspace \scrC \leq \BbbF n\times m
q . Its

minimum distance is the integer

d(\scrC ) := min\{ rk(M) | M \in \scrC , M \not = 0\} .

A rank-metric code cannot have large dimension and minimum distance simultaneously.
The trade-off between these quantities is captured by the following result of Delsarte.

Theorem 1.5 (singleton-like bound; see [10]). Let \scrC \leq \BbbF n\times m
q be a nonzero rank-metric

code. We have

dim(\scrC ) \leq m(n - d(\scrC ) + 1).

The most studied rank-metric codes are those having the maximum possible dimension
allowed by their minimum distance.

Definition 1.6. A code \scrC \leq \BbbF n\times m
q is called MRD if it attains the bound of Theorem 1.5

with equality.

The coding theory problem we are interested in asks one to compute the asymptotics, as
the field size tends to infinity, of the proportion of MRD codes among all codes with a given
dimension. More formally (and more generally), we propose the following terminology.

Definition 1.7. For 1 \leq k \leq mn and 1 \leq d \leq n, let

\delta q(n\times m, k, d) :=
| \{ \scrC \leq \BbbF n\times m

q | dim(\scrC ) = k, d(\scrC ) \geq d\} | 
binq(mn, k)

denote the density (function) of rank-metric codes with minimum distance at least d among
all k-dimensional codes. Their symptotic density is instead limq\rightarrow +\infty \delta q(n\times m, k, d), when the
limit exists.

The following is currently an open question in coding theory.

Problem 1.8. Compute limq\rightarrow +\infty \delta q(n \times m,m(n  - d + 1), d) for all 1 \leq d \leq n, when it
exists.

We are also interested in determining the asymptotic density of MRD codes as their
number of columns tends to infinity, which is another open problem.D
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COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 83

Problem 1.9. Compute limm\rightarrow +\infty \delta q(n \times m,m(n  - d + 1), d) for all 1 \leq d \leq n, when it
exists.

In this paper, we regard the above two problems as special instances of Problem 1.3.
This allows us to solve Problem 1.8 and to make progress on Problem 1.9 in sections 5
and 6, respectively. In those sections, we will also survey the literature centered around these
problems and briefly describe the three approaches that have been explored so far to solve
them.

In the following remark we describe in more detail the connection between Problems 1.2,
1.8, and 1.9. This will be needed in later sections.

Remark 1.10. Consider the collection \scrU of subspaces U \leq \BbbF n
q having dim(U) = d  - 1.

For any U \in \scrU , denote by \BbbF n\times m
q (U) the set of all matrices whose column-space is contained

in U . It is easy to see that \BbbF n\times m
q (U) is a linear space of dimension m(d  - 1) and that

every element of \BbbF n\times m
q (U) has rank smaller or equal to d  - 1 for all U \in \scrU . Finally, let

\scrA = \{ \BbbF n\times m
q (U) | U \in \scrU \} . By definition, the common complements of the spaces in \scrA are

the rank-metric codes \scrC \leq \BbbF n\times m
q that do not contain any matrix of rank smaller equal to d - 1

and with dimension dim(\scrC ) = mn - m(d - 1) = m(n - d+ 1). This means that the common
complements of the spaces in \scrA are exactly the MRD codes of minimum distance d in \BbbF n\times m

q .
This interpretation of MRD codes as common complements of linear spaces will be crucial in
our approach.

We conclude this section by stating a fifth problem considered in this paper. Although
our main focus is not on this question, its solution will facilitate the study of Problem 1.3.
We need the following terminology.

Definition 1.11. Let X be a vector space over \BbbF q. A cone in X is a nonempty subset K \subseteq X
with \lambda v \in K for all v \in K and \lambda \in \BbbF q.

Let S \subseteq X be a set with 0 \in S. We say that a subspace W \leq X distinguishes S if
W \cap S = \{ 0\} . If this is not the case, then we say that W intersects S and write W  \triangleleft S.

Problem 1.12. Let X be a vector space of finite dimension N \geq 3 over \BbbF q and let K \subseteq X
be a cone. For 1 \leq k \leq N , give upper and lower bounds for the number of k-spaces W \leq X
that distinguish K.

In the notation of Problem 1.12, the task of computing the exact number of k-spaces W
distinguishing K is known to be difficult in general. This is the celebrated critical problem
for combinatorial geometries, proposed by Crapo and Rota in [7, Chapter 16]. Its solution
heavily depends on the combinatorics of the cone K, in a precise lattice theory sense; see [11,
17, 21, 29]. There is also a very nice connection between Problem 1.12 and Sperner theory,
which indirectly provides a partial solution for it. We will comment on this in Remark 3.9.

Remark 1.13. Since the union of linear subspaces is clearly a cone, at a first glance Prob-
lem 1.12 might be seen as a special instance of Problem 1.2. Our approach to the latter
problem however takes into account information that gets lost when replacing a collection of
subspaces with their union. More precisely, the bounds that we will derive take into account
the cardinality of \scrA (in the notation of Problem 1.2) as well as their intersection structure, i.e.,
the number of subspace pairs intersecting in a given dimension. Both these pieces of informa-D
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84 ANINA GRUICA AND ALBERTO RAVAGNANI

tion are lost when replacing \scrA with
\bigcup 

\scrA . For this reason, in this paper Problems 1.2 and 1.12
are treated as very different questions. We will return to this discussion in Remark 3.10 and
Example 3.11.

2. Counting linear spaces and functionals. The goal of this section is to provide a combi-
natorial interpretation for the following expression, which will be used repeatedly throughout
the paper to derive bounds and their asymptotic versions.

Notation 2.1. For a prime power q and nonnegative integers N , k, and \ell with N \geq 3,
k < N , and N  - 2k \leq \ell \leq N  - k, let

\nu q(N, k, \ell ) := binq(N, k) - 2qk(N - k) + q(2k - N+\ell )(N - k)
N - k - 1\prod 

i=\ell 

(qN - k  - qi),(2.1)

where throughout this paper a product over an empty index set is 1 by convention.

We will show that \nu q(N, k, \ell ) counts the number of k-subspaces of an N -space over \BbbF q

having a particular property. More precisely, the following holds.

Theorem 2.2. Let N , k, and \ell be as in Notation 2.1. Let X be an N -space over \BbbF q and let
A,A\prime , B,B\prime \leq X be (N  - k)-subspaces with \ell = dim(A \cap B) = dim(A\prime \cap B\prime ). We have

| \{ W \leq X | dim(W ) = k, W  \triangleleft A, W  \triangleleft B\} | = | \{ W \leq X | dim(W ) = k, W  \triangleleft A\prime , W  \triangleleft B\prime \} | .

In words, the number of k-spaces W \leq X intersecting (N  - k)-spaces A,B \leq X only depends
on \ell = dim(A \cap B). Moreover, this number is precisely \nu q(N, k, \ell ).

Theorem 2.2 will be established after a series of preliminary results on linear functionals,
which are natural objects in the theory of critical problems [7, 17]. While there are more
direct approaches to obtain a closed formula for the quantity in Theorem 2.2, the expressions
we obtained with such approaches are difficult to estimate as q \rightarrow +\infty (and we will need these
asymptotic estimates in section 4).

To simplify the study of \nu q(N, k, \ell ), throughout this section we fix a prime power q, an
integer N \geq 3, and a vector space X having dimension N over \BbbF q. The particular choice of X
is irrelevant. We start by introducing the following simple concepts.

Definition 2.3. (1) A functional on X is a linear function f : X \rightarrow \BbbF q. The space of
functionals on X is denoted by X\ast .

(2) Let r \geq 1 be an integer. The kernel of an r-tuple F = (f1, ..., fr) \in (X\ast )r is the linear
space ker(F ) := ker(f1) \cap \cdot \cdot \cdot \cap ker(fr).

(3) Let S \subseteq X be a set with 0 \in S and let r \geq 1 be an integer. We say that F \in (X\ast )r

distinguishes S if ker(F ) distinguishes S. Similarly, we say that F intersects S if
ker(F ) intersects S. In the latter case we write F  \triangleleft S. Finally, we let

\tau q(r, S) := | \{ F \in (X\ast )r | F distinguishes S\} | .

A celebrated theorem by Crapo and Rota [7, Chapter 16] expresses \tau q(r, S) in terms of
the combinatorics of the set S. More precisely, it shows that \tau q(r, S) is obtained by evaluating
the characteristic polynomial of the geometric lattice generated by S at qs.D
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COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 85

Definition 2.4. Let S \subseteq X be a subset with 0 \in S. We denote by \scrL (S) the geometric
lattice whose elements are the subspaces of X having a basis made of elements of S, ordered
by inclusion. We also let \mu S and rk(S) denote its M\"obius function and rank, respectively
(note that rk(S) is simply the dimension of the space generated by the elements of S). The
characteristic polynomial of S is

\chi (S, \lambda ) :=
\sum 

W\in \scrL (S)

\mu S(W )\lambda \mathrm{r}\mathrm{k}(S) - \mathrm{d}\mathrm{i}\mathrm{m}(W ) \in \BbbZ [\lambda ].

For some sets S, the characteristic polynomial \chi (S, \lambda ) can be explicitly computed, although
this is a very difficult task in general.

Example 2.5. For a k-space A \leq X we have \chi (A, \lambda ) =
\prod k - 1

i=0 (\lambda  - qi). This formula is well
known and follows, for example, from [26, section 3].

We can now state the result of Crapo and Rota.

Theorem 2.6 (see [7, Chapter 16]). Let S \subseteq X be a subset with 0 \in X and let r \geq 1 be an
integer. We have

\tau q(r, S) = qr(N - r) \chi (S, qr).

In particular, for all k-spaces A \leq X we have

\tau q(r,A) = qr(N - k)
k - 1\prod 
i=0

(qr  - qi).

Counting functionals that distinguish a set of vectors is equivalent to counting spaces that
distinguish the same set. For some parameters, the mentioned relation between functionals
and spaces is particularly simple, as the next lemma illustrates.

Lemma 2.7. Let S \subseteq X be a subset with 0 \in S. Fix any integer k with the property
that k \geq max\{ dim(W ) | W \leq X, W distinguishes S\} . The number of k-spaces W \leq X
distinguishing S is

\tau q(N  - k, S)\prod N - k - 1
i=0 (qN - k  - qi)

.

Proof. Define the sets

A := \{ F \in (X\ast )N - k | F distinguishes S\} ,
B := \{ W \leq X | dim(W ) = k, W distinguishes S\} .

Let \varphi : A \rightarrow B be the map defined by \varphi : F \mapsto \rightarrow ker(F ) for all F \in A. We claim that \varphi is
well-defined. To see this, note that dim(ker(F )) \geq N  - N + k = k. Since we have k \geq 
max\{ dim(W ) | W \leq X, W distinguishes S\} by assumption, it must hold that dim(ker(F )) =
k. This shows that \varphi is indeed well-defined. As a next step, we compute the size of the fiber
of an arbitrary W \in B as follows,

| \varphi  - 1(W )| = | \{ F \in (X\ast )N - k | ker(F ) = W\} | =
N - k - 1\prod 
i=0

(qN - k  - qi),
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where the latter equality is not difficult to see and is left to the reader. Therefore

\tau q(N  - k, S) =
\sum 
W\in \bfB 

| \varphi  - 1(W )| = | B| 
N - k - 1\prod 
i=0

(qN - k  - qi),

as desired.

The final step towards a combinatorial interpretation for \nu q(N, k, \ell ) is the following formula
relating tuples of functionals distinguishing linear spaces. The proof technique combines
the aforementioned result by Crapo and Rota (Theorem 2.6 above) with Stanley's modular
factorization theorem for geometric lattices [26].

Lemma 2.8. Let A,B \leq X be subspaces. For all r \geq 1 we have

\tau q(r,A \cup B) \tau q(r,A \cap B) = \tau q(r,A) \tau q(r,B).

Proof. Consider the geometric lattice \scrL (A\cup B); see Definition 2.4. The rank of A\cup B is
rk(A\cup B) = dim(A+B). It is easy to see that A is a modular element of \scrL (A\cup B) and thus
we can use Stanley's modular factorization theorem [26, Theorem 2] as follows:

\chi (A \cup B, \lambda ) = \chi (A, \lambda )
\sum 

W\in \scrL (A\cup B)
W\cap A=\{ 0\} 

\mu A\cup B(W )\lambda \mathrm{r}\mathrm{k}(A\cup B) - \mathrm{d}\mathrm{i}\mathrm{m}(A) - \mathrm{d}\mathrm{i}\mathrm{m}(W )

= \chi (A, \lambda )
\sum 

W\in \scrL (B)
W\cap A=\{ 0\} 

\mu B(W )\lambda \mathrm{d}\mathrm{i}\mathrm{m}(B) - \mathrm{d}\mathrm{i}\mathrm{m}(A\cap B) - \mathrm{d}\mathrm{i}\mathrm{m}(W ).(2.2)

We now apply again Stanley's modular factorization theorem to the lattice \scrL (B) and the
modular element A \cap B of \scrL (B), obtaining

\chi (B, \lambda ) = \chi (A \cap B, \lambda )
\sum 

W\in \scrL (B)
W\cap A=\{ 0\} 

\mu B(W )\lambda \mathrm{d}\mathrm{i}\mathrm{m}(B) - \mathrm{d}\mathrm{i}\mathrm{m}(A\cap B) - \mathrm{d}\mathrm{i}\mathrm{m}(W ).(2.3)

Using (2.2) and (2.3) together we get \chi (A \cup B, \lambda )\chi (A \cap B, \lambda ) = \chi (A, \lambda )\chi (B, \lambda ). Finally, the
statement of the lemma can easily be derived by combining the latter identity with Theo-
rem 2.6.

We are now ready to establish the main result of this section, providing a combinatorial
interpretation for \nu q(N, k, \ell ).

Proof of Theorem 2.2. Fix arbitrary (N  - k)-spaces A,B \leq X that intersect in dimension
\ell . The largest dimension of a subspaceW \leq X that distinguishes A\cup B is at most k. Therefore
by Lemma 2.7 we have

(2.4) | \{ W \leq X | dim(W ) = k, W  \triangleleft A and W  \triangleleft B\} | =

binq(N, k) - \tau q(N  - k,A)\prod N - k - 1
i=0 (qN - k  - qi)

 - \tau q(N  - k,B)\prod N - k - 1
i=0 (qN - k  - qi)

+
\tau q(N  - k,A \cup B)\prod N - k - 1
i=0 (qN - k  - qi)

.
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Using Lemma 2.8 we can rewrite the last term of this expression as

\tau q(N  - k,A \cup B)\prod N - k - 1
i=0 (qN - k  - qi)

=
\tau q(N  - k,A)\tau q(N  - k,B)

\tau q(N  - k,A \cap B)
\prod N - k - 1

i=0 (qN - k  - qi)
.

Finally, by the second part of Theorem 2.6 we have that

| \{ W \leq X | dim(W ) = k, W  \triangleleft A and W  \triangleleft B\} | =

binq(N, k) - 
2qk(N - k)

\prod N - k - 1
i=0 (qN - k  - qi)\prod N - k - 1

i=0 (qN - k  - qi)

+
q2k(N - k)

\prod N - k - 1
i=0 (qN - k  - qi)2

q(N - \ell )(N - k)
\prod \ell  - 1

i=0(q
N - k  - qi)

\prod N - k - 1
i=0 (qN - k  - qi)

,

which simplifies to \nu q(N, k, \ell ). Note moreover that this expression does not depend on the
choice of A and B, concluding the proof.

3. Upper and lower bounds. In this section we present some of the main results of this
paper, providing an answer to Problems 1.2 and 1.12. The approach we take is based on
the study of isolated vertices in bipartite graphs. Throughout the paper we use the following
definition of bipartite graph and isolated vertex.

Definition 3.1. A (directed) bipartite graph is a 3-tuple \scrB = (\scrV ,\scrW ,\scrE ), where \scrV , \scrW are
finite nonempty sets and \scrE \subseteq \scrV \times \scrW . The elements of \scrV \cup \scrW are called vertices. We say
that a vertex W \in \scrW is isolated if there is no V \in \scrV with (V,W ) \in \scrE .

Finally, a bipartite graph \scrB = (\scrV ,\scrW ,\scrE ) is left-regular of degree \partial if for all V \in \scrV we
have \partial = | \{ W \in \scrW | (V,W ) \in \scrE \} | .

We start with a very simple upper bound for the number of nonisolated vertices in a
left-regular bipartite graph.

Lemma 3.2. Let \scrB = (\scrV ,\scrW ,\scrE ) be a bipartite and left-regular graph of degree \partial > 0. Let
\scrF \subseteq \scrW be the collection of nonisolated vertices of \scrW . We have

| \scrF | \leq | \scrV | \partial .

Proof. We count the elements in the set A = \{ (V,W ) \in \scrE | V \in \scrV , W \in \scrF \} in two ways,
obtaining

| \scrV | \partial = | A| =
\sum 
W\in \scrF 

| \{ V \in \scrV | (V,W ) \in \scrE \} | \geq | \scrF | .

The latter inequality follows from the fact, by assumption, no vertex in \scrF is isolated.

The next step is to derive a lower bound for the number of nonisolated vertices in a
bipartite graph. We concentrate on a class of such graphs that exhibit strong regularity
properties with respect to certain maps defined on their left-vertices. More precisely, we will
use the following concepts.

Definition 3.3. Let \scrV be a finite nonempty set and let r \geq 0 be an integer. An association
on \scrV of magnitude r is a function \alpha : \scrV \times \scrV \rightarrow \{ 0, ..., r\} that satisfies the following:D
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88 ANINA GRUICA AND ALBERTO RAVAGNANI

(1) \alpha (V, V ) = r for all V \in \scrV ;
(2) \alpha (V, V \prime ) = \alpha (V \prime , V ) for all V, V \prime \in \scrV .

Definition 3.4. Let \scrB = (\scrV ,\scrW ,\scrE ) be a finite bipartite graph and let \alpha be an association
on \scrV of magnitude r. We say that \scrB is \alpha -regular if for all (V, V \prime ) \in \scrV \times \scrV the number of
vertices W \in \scrW with (V,W ) \in \scrE and (V \prime ,W ) \in \scrE only depends on \alpha (V, V \prime ). We denote this
number by \scrW \ell (\alpha ), where \ell = \alpha (V, V \prime ) \in \{ 0, ..., r\} , i.e., we have

\scrW \ell (\alpha ) = | \{ W \in \scrW | (V,W ) \in \scrE , (V \prime ,W ) \in \scrE \} | 

for any pair (V, V \prime ) \in \scrV \times \scrV such that \alpha (V, V \prime ) = \ell .

Note that an \alpha -regular bipartite graph \scrB as in Definition 3.4 is necessarily left-regular of
degree \partial = \scrW r(\alpha ). The following lemma gives a lower bound for the number of nonisolated
vertices.

Lemma 3.5. Let \scrB = (\scrV ,\scrW ,\scrE ) be a finite bipartite \alpha -regular graph, where \alpha is an asso-
ciation on \scrV of magnitude r. Let \scrF \subseteq \scrW be the collection of nonisolated vertices of \scrW . If
\scrW r(\alpha ) > 0, then

| \scrF | \geq \scrW r(\alpha )
2 | \scrV | 2\sum r

\ell =0 \scrW \ell (\alpha ) | \alpha  - 1(\ell )| 
.

Proof. Define the set A = \{ (V, V \prime ,W ) \in \scrV 2 \times \scrW | (V,W ) \in \scrE , (V \prime ,W ) \in \scrE \} . Since all
vertices in \scrW \setminus \scrF are isolated, we have

| \scrF | \cdot | A| = | \scrF | 
\sum 
W\in \scrF 

| \{ V \in \scrV | (V,W ) \in \scrE \} | 2

\geq 

\Biggl( \sum 
W\in \scrF 

| \{ V \in \scrV | (V,W ) \in \scrE \} | 

\Biggr) 2

,(3.1)

where the latter bound follows from the Cauchy--Schwarz inequality. As in the proof of
Lemma 3.2, we have\sum 

W\in \scrF 

| \{ V \in \scrV | (V,W ) \in \scrE \} | =
\sum 
V \in \scrV 

| \{ W \in \scrW | (V,W ) \in \scrE \} | = \scrW r(\alpha ) | \scrV | .(3.2)

Therefore combining (3.1) with (3.2) we obtain

| \scrF | \cdot | A| \geq \scrW r(\alpha )
2 | \scrV | 2.(3.3)

Observe moreover that, by the definition of an association,

| A| =
r\sum 

\ell =0

\sum 
(V,V \prime )\in \scrV 2

\alpha (V,V \prime )=\ell 

| \{ W \in \scrW | (V,W ) \in \scrE , (V \prime ,W ) \in \scrE \} | 

=
r\sum 

\ell =0

\scrW \ell (\alpha ) \cdot | \{ (V, V \prime ) \in \scrV 2 | \alpha (V, V \prime ) = \ell \} | 

=

r\sum 
\ell =0

\scrW \ell (\alpha ) | \alpha  - 1(\ell )| .(3.4)
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COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 89

Since \scrW r(\alpha ) > 0, by (3.3) we have | A| \not = 0. Therefore to conclude the proof it suffices to
combine (3.3) with (3.4).

We now apply Lemmas 3.2 and 3.5 to derive upper and lower bounds for the number of
common complements of a collection of subspaces. This will provide an answer to Problem 1.2,
establishing the main result of this section.

Theorem 3.6. Let X be a vector space of finite dimension N \geq 3 over \BbbF q and let 1 \leq k \leq 
N  - 1 be an integer. Let \scrA be a nonempty collection of subspaces of X, all of which have
codimension k. Let \scrF be the collection of k-spaces W \leq X that are not common complements
of the spaces in \scrA . We have

\nu q(N, k,N  - k)2 | \scrA | 2\sum N - k
\ell =0 \nu q(N, k, \ell ) \cdot | \{ (A,A\prime ) \in \scrA 2 | dim(A \cap A\prime ) = \ell \} | 

\leq | \scrF | \leq | \scrA | \nu q(N, k,N  - k).

In particular, if | \scrA | \geq 2 and

\ell max := max\{ dim(A \cap A\prime ) | A,A\prime \in \scrA , A \not = A\prime \} ,
then

\nu q(N, k,N  - k)2 | \scrA | 
\nu q(N, k,N  - k) + (| \scrA |  - 1) \nu q(N, k, \ell max)

\leq | \scrF | \leq | \scrA | \nu q(N, k,N  - k).

Proof. We apply Lemmas 3.2 and 3.5 to the bipartite graph \scrB = (\scrA ,\scrW ,\scrE ), where \scrW 
is the collection of k-subspaces of X and (A,W ) \in \scrE if W intersects A. We define an
association \alpha of magnitude N  - k on \scrA by setting \alpha (A,A\prime ) := dim(A\cap A\prime ) for all A, A\prime \in \scrA .
By Theorem 2.2, the graph \scrB is \alpha -regular with \scrW \ell (\alpha ) = \nu q(N, k, \ell ) for all \ell \in \{ 0, ..., N  - k\} .
Note that \scrW N - k(\alpha ) = \nu q(N, k,N  - k) > 0, since every subspace has a complement. The
desired upper and lower bounds on | \scrF | now follow directly from Lemmas 3.2 and 3.5.

To prove the last part of the statement, observe that the map \ell \mapsto \rightarrow \nu q(N, k, \ell ) is increasing
in \ell . This can be seen, for example, from (A.1) in the appendix. Therefore

N - k\sum 
\ell =0

\nu q(N, k, \ell ) | \alpha  - 1(\ell )| \leq 
N - k - 1\sum 
\ell =0

\nu q(N, k, \ell \mathrm{m}\mathrm{a}\mathrm{x}) | \alpha  - 1(\ell )| + | \scrA | \nu q(N, k,N  - k)

= \nu q(N, k, \ell \mathrm{m}\mathrm{a}\mathrm{x})

N - k - 1\sum 
\ell =0

| \alpha  - 1(\ell )| + | \scrA | \nu q(N, k,N  - k)

= \nu q(N, k, \ell \mathrm{m}\mathrm{a}\mathrm{x}) | \scrA | (| \scrA |  - 1) + | \scrA | \nu q(N, k,N  - k).

Combining this with Lemma 3.5 we obtain

| \scrF | \geq \nu q(N, k,N  - k)2 | \scrA | 2

| \scrA | \nu q(N, k,N  - k) + | \scrA | (| \scrA |  - 1) \nu q(N, k, \ell \mathrm{m}\mathrm{a}\mathrm{x})
,

which is the lower bound in the second part of the statement.

Note that the lower bound on | \scrF | in Theorem 3.6 takes into account the number of spaces
to be complemented, but also their ``intersection structure."" More precisely, it takes into
account how many subspace pairs intersect in a given dimension. The latter information will
be crucial when deriving upper bounds on the density function of MRD codes in section 5;
see in particular Theorem 5.7.
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Remark 3.7. A lower bound for the number of common complements of a collection of
subspaces was obtained in [28, Theorem 5]. Following the notation and the assumptions of
Theorem 3.6, the result of [28] states that if | \scrA | \leq q, then the number of common complements
of the spaces in \scrA is at least q + 1 - | \scrA | . For | \scrA | = q, the lower bound of [28] is 1, whereas
the bound given in Theorem 3.6 is negative. Therefore, for this particular case, the result
of [28] is sharper. For | \scrA | < q and sufficiently large q, it is possible to check that the bound
following from Theorem 3.6 is at least as good as the one in [28].

We conclude this section with an upper and lower bound for the number of spaces of a
given dimension that distinguish a given cone. This provides an answer to Problem 1.12.

Theorem 3.8. Let X be a vector space of finite dimension N \geq 3 over \BbbF q and let K \subseteq X
be a cone with | K| \geq q. Let 1 \leq k \leq N  - 1 be an integer. Denote by \scrF the collection of
k-subspaces W \leq X that intersect K. We have

| K|  - 1

q  - 1
binq(N  - 1, k  - 1)

1 +

\biggl( 
| K|  - 1

q  - 1
 - 1

\biggr) \biggl( 
qk - 1  - 1

qN - 1  - 1

\biggr) \leq | \scrF | \leq | K|  - 1

q  - 1
binq(N  - 1, k  - 1).

Proof. This time we apply Lemmas 3.2 and 3.5 to the bipartite graph \scrB = (\scrV ,\scrW ,\scrE )
defined as follows: \scrV is the collection of 1-subspaces generated by the nonzero elements of
K, \scrW is the collection of k-subspaces of X, and (L,W ) \in \scrE if L \leq W . We further define an
association \alpha on \scrV by setting \alpha (V, V \prime ) := dim(V \cap V \prime ) for all V, V \prime \in \scrV . It is easy to see that
\alpha has magnitude 1 and that the graph \scrB is \alpha -regular. Moreover,

\scrW 0 = binq(N  - 2, k  - 2), \scrW 1 = binq(N  - 1, k  - 1),

| \alpha  - 1(0)| = | \scrV | (| \scrV |  - 1), | \alpha  - 1(1)| = | \scrV | .

The upper bound on | \scrF | is an immediate consequence of Lemma 3.2 and the fact that \scrB 
is left-regular of degree \scrW 1, as observed right after Definition 3.4. Furthermore, by applying
Lemma 3.5 we get

| \scrF | \geq | \scrV | binq(N  - 1, k  - 1)2

binq(N  - 1, k  - 1) + (| \scrV |  - 1) binq(N  - 2, k  - 2)
.

The lower bound in the statement can easily be obtained from this inequality using the fact
that | \scrV | = (| K|  - 1)/(q  - 1), along with the definition of the q-binomial coefficient and some
straightforward computations.

Remark 3.9. While drafting this paper, we found that the lower bound on | \scrF | in Theo-
rem 3.8 can also be derived from a known result in Sperner theory. More precisely, lengthy
computations show that the lower bound of Theorem 3.8 coincides with that of [4, Lemma 12]
for \ell = 1 (and the same value of k). This result is used in [4] towards the derivation of a
polynomial LYM inequality for the linear lattice and is more general than our Theorem 3.8.
Although both proofs partially rely on the Cauchy--Schwarz inequality, our argument has a
more ``enumerative"" flavor thanks to the concept of an association. This allows us to avoidD
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the eigenvalue machinery in the proof of [4]. In this paper, the best bounds are obtained by
applying Theorem 3.6 (rather than Theorem 3.8), which is instead not related to the problems
studied in [4].

Remark 3.10. We continue the discussion started in Remark 1.13. Even though the union
of linear subspaces is a cone, Theorems 3.6 and 3.8 have different applicability. Theorem 3.6
can be used when information about the intersection structure of the subspaces to be com-
plemented (along with their number) is known, without requiring any particular knowledge
about the cardinality of their union. Vice versa, Theorem 3.8 can be used to give an answer
to Problem 1.2 when the size of

\bigcup 
\scrA is known.

The following example illustrates two situations in which the information needed to com-
pute the lower bounds in Theorems 3.6 and 3.8 is completely available, showing that Theo-
rem 3.6 provides a sharper bound in both scenarios. This will be the case also when estimating
the density function of MRD codes in sections 5 and 6.

Example 3.11. 1. Let X be a vector space of dimension 5 over \BbbF 2. Select a subspace X \prime \leq 
X of dimension 4 and let \scrA be a 2-spread of X \prime ; see [15, Chapter 4]. Then any two
(distinct) elements of \scrA intersect in \{ 0\} and | \scrA | = (24  - 1)/(22  - 1) = 5. Denote by
\scrF the family of 3-subspaces of X that intersect at least one element of \scrA . The lower
bound of Theorem 3.6 reads | \scrF | \geq 141 and the one of Theorem 3.8 reads instead
| \scrF | \geq 139. Since

\bigcup 
\scrA is a 4-dimensional subspace of X, all 155 subspaces of X of

dimension 3 intersect some element of \scrA .
2. Let X be a vector space of dimension 5 over \BbbF 2. Select a subspace X \prime \leq X of dimen-

sion 3 and let \scrA be the collection of 2-subspaces of X \prime . We have | \scrA | = bin2(3, 2) = 7.
Denote by \scrF the family of 3-subspaces of X that intersect at least one element of \scrA .
The lower bound of Theorem 3.6 reads | \scrF | \geq 131, while that of Theorem 3.8 reads
| \scrF | \geq 112 and is therefore coarser. Again, all 155 subspaces of X of dimension 3
intersect at least one element of \scrA .

4. Asymptotic results. This section is entirely devoted to the asymptotic versions of
Theorems 3.6 and 3.8. These will be stated in the following language.

Notation 4.1. We will use the Bachmann--Landau notation (``big O,"" ``little o,"" and ``\sim "")
to describe the asymptotic growth of real-valued functions defined on an infinite set of natural
numbers; see, e.g., [9]. We also denote by Q the set of prime powers and omit ``q \in Q"" when
writing q \rightarrow +\infty .

In the remainder of the paper we will repeatedly need the asymptotic estimate for the
q-binomial coefficient as q grows, i.e.,

binq(a, b) \sim qb(a - b) as q \rightarrow +\infty (4.1)

for all integers a \geq b \geq 0. In the following we will apply this well-known fact without explicitly
referring to it.

For convenience of exposition and to simplify arguments in the following, we start by
establishing the asymptotic version of Theorem 3.8.

Theorem 4.2. Let (Xq)q\in Q be a sequence of vector spaces, all of which have the same
dimension N \geq 3 over \BbbF q. Let (Kq)q\in Q be a sequence of cones with Kq \subseteq Xq and | Kq| \geq qD
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for all q \in Q, and let 1 \leq k \leq N  - 1 be an integer. For q \in Q, denote by \scrF q and \scrF \prime 
q

the collections of k-subspaces Wq \leq Xq intersecting and distinguishing Kq, respectively. The
following hold.

(1) We have
| \scrF q| 

binq(N, k)
\in O

\biggl( 
| Kq| 

qN - k+1

\biggr) 
as q \rightarrow +\infty .

In particular, if | Kq| \in o(qN - k+1) as q \rightarrow +\infty , then

lim
q\rightarrow +\infty 

| \scrF q| 
binq(N, k)

= 0.

(2) We have
| \scrF \prime 

q| 
binq(N, k)

\in O

\biggl( 
qN - k+1

| Kq| 

\biggr) 
as q \rightarrow +\infty .

In particular, if qN - k+1 \in o(| Kq| ) as q \rightarrow +\infty , then

lim
q\rightarrow +\infty 

| \scrF \prime 
q| 

binq(N, k)
= 0.

Proof. In the following, all asymptotic estimates are for q \rightarrow +\infty . By the upper bound
in Theorem 3.8 we have

| \scrF q| 
binq(N, k)

\leq 

| Kq|  - 1

q  - 1
binq(N  - 1, k  - 1)

binq(N, k)
,

which establishes the first part of the statement by taking the limit. For the second part, ob-
serve first that | \scrF q| +| \scrF \prime 

q| = binq(N, k). Therefore by the lower bound for | \scrF q| in Theorem 3.8
we have

| \scrF \prime 
q| 

binq(N, k)
\leq 1 - 

| Kq|  - 1

q  - 1
binq(N  - 1, k  - 1)

binq(N, k)

\biggl( 
1 +

\biggl( 
| Kq|  - 1

q  - 1
 - 1

\biggr) \biggl( 
qk - 1  - 1

qN - 1  - 1

\biggr) \biggr) .(4.2)

The latter inequality can be rewritten as

| \scrF \prime 
q| 

binq(N, k)
\leq 

1 - qk - 1  - 1

qN - 1  - 1
 - | Kq|  - 1

q  - 1

\biggl( 
binq(N  - 1, k  - 1)

binq(N, k)
 - qk - 1  - 1

qN - 1  - 1

\biggr) 
1 +

\biggl( 
| Kq|  - 1

q  - 1
 - 1

\biggr) \biggl( 
qk - 1  - 1

qN - 1  - 1

\biggr) .(4.3)

Note that the quantity

binq(N  - 1, k  - 1)

binq(N, k)
 - qk - 1  - 1

qN - 1  - 1
=

qk  - 1

qN  - 1
 - qk - 1  - 1

qN - 1  - 1
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is positive for any q. Thus from (4.3) we obtain

| \scrF \prime 
q| 

binq(N, k)
\leq 

1 - qk - 1  - 1

qN - 1  - 1

1 +

\biggl( 
| Kq|  - 1

q  - 1
 - 1

\biggr) \biggl( 
qk - 1  - 1

qN - 1  - 1

\biggr) \leq 1\biggl( 
| Kq|  - 1

q  - 1
 - 1

\biggr) \biggl( 
qk - 1  - 1

qN - 1  - 1

\biggr) ,

from which the second part of the statement follows easily by taking the limit.

Remark 4.3. Theorem 4.2 does not predict any asymptotic behavior in the case where
| Kq| \sim \gamma qN - k+1 as q \rightarrow +\infty for some constant \gamma \in \BbbR >0. The following Proposition 4.4
shows that for any such \gamma the family (\scrF \prime 

q)q\in Q is not dense. Right after Proposition 4.4 we
will include an example showing that, when | Kq| \sim qN - k+1 as q \rightarrow +\infty , (\scrF \prime 

q)q\in Q may or may
not be sparse.

The following result is easy to obtain by computing the asymptotics in (4.2). The details
of the proof are omitted.

Proposition 4.4. Let (Xq)q\in Q be a sequence of vector spaces, all of which have the same
dimension N \geq 3 over \BbbF q. Let (Kq)q\in Q be a sequence of cones with Kq \sim \gamma qN - k+1 for
q \rightarrow +\infty , where \gamma \in \BbbR >0 is a constant. Let 1 \leq k \leq N  - 1 be an integer and for q \in Q denote
by \scrF \prime 

q the collection of k-subspaces Wq \leq Xq distinguishing Kq. We have

lim sup
q\rightarrow +\infty 

| \scrF \prime 
q| 

binq(N, k)
\leq 1

\gamma + 1
< 1.

We now provide the examples mentioned in Remark 4.3, illustrating two possible behaviors
in the case | Kq| \sim qN - k+1 as q \rightarrow +\infty .

Example 4.5. (1) Let (Xq)q\in Q be a sequence of linear spaces, all of which have the same
dimension N \geq 3 over \BbbF q. Let 1 \leq k \leq N - 1 be an integer and fix a sequence (Kq)q\in Q
of (N  - k+1)-spaces with Kq \leq Xq for all q \in Q. By dimension considerations, for all
q \in Q, there are no k-spaces in Xq avoiding the cone Kq. In particular, the k-spaces
avoiding Kq are (trivially) sparse.

(2) By definition, them-dimensional rank-metric codes in \BbbF 2\times m
q of minimum distance 2 are

exactly the m-dimensional spaces distinguishing the cone of matrices of rank strictly
smaller than 2. There are \bfitb q(2\times m, 1) \sim qm+1 such matrices for q \rightarrow +\infty ; see the
estimate in (5.2) below. As shown in [1, Corollary VII.5], we have \delta q(2 \times m,m, 2) \sim \sum m

i=0( - 1)i/i! > 0 as q \rightarrow +\infty . In particular, the m-dimensional subspaces of \BbbF 2\times m
q

distinguishing the ball in \BbbF 2\times m
q of radius 1 are not sparse.

We now turn to the main result of this section (Theorem 4.7). As we will see later, of par-
ticular interest for the study of MRD codes are families of linear spaces that, asymptotically,
behave like a partial spread (we refer the reader to [3] for the notion of partial spread in finite
geometry). More precisely, we propose the following concept.

Definition 4.6. Let (Xq)q\in Q be a sequence of vector spaces of the same dimension N \geq 3
over \BbbF q. Let (\scrA q)q\in Q be a sequence of collections of subspaces Aq \leq Xq, all of which have the
same dimension k. We say that (\scrA q)q\in Q is an asymptotic partial spread if
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94 ANINA GRUICA AND ALBERTO RAVAGNANI\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\bigcup 

Aq\in \scrA q

Aq

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \sim | \scrA q| qk as q \rightarrow +\infty ,

i.e., if the cardinality of the union
\bigcup 

Aq\in \scrA q
Aq has the largest possible asymptotics for the given

parameters.

We are now ready to state the asymptotic version of Theorem 3.6. The result gives
asymptotic estimates for the proportion of common complements of a collection of subspaces.
Notice that part (2) of the next theorem will play a central role in establishing Theorem 5.9,
which is one of the main results of this paper.

Theorem 4.7. Let (Xq)q\in Q be a sequence of vector spaces, all of which have the same
dimension N \geq 3 over \BbbF q. Let 1 \leq k \leq N  - 1 be an integer and let (\scrA q)q\in Q be a sequence
of nonempty collections of linear spaces, all of which have codimension k with Aq \leq Xq for
all q \in Q and Aq \in \scrA q. For q \in Q, denote by \scrF q and \scrF \prime 

q the collections of k-subspaces
Wq \leq Xq that intersect some Aq \in \scrA q and that distinguish every Aq \in \scrA q, respectively. Then
the following hold.

(1) We have
| \scrF q| 

binq(N, k)
\in O

\biggl( 
| \scrA q| 
q

\biggr) 
as q \rightarrow +\infty .

In particular, if | \scrA q| \in o(q) as q \rightarrow +\infty , then

lim
q\rightarrow +\infty 

| \scrF q| 
binq(N, k)

= 0.

(2) Suppose that (\scrA q)q\in Q is an asymptotic partial spread. Then

| \scrF \prime 
q| 

binq(N, k)
\in O

\biggl( 
q

| \scrA q| 

\biggr) 
as q \rightarrow +\infty .

In particular, if q \in o(| \scrA q| ) as q \rightarrow +\infty , then

lim
q\rightarrow +\infty 

| \scrF \prime 
q| 

binq(N, k)
= 0.

(3) Suppose that q \in o(| \scrA q| ) as q \rightarrow +\infty and that there exist q \in Q and an integer \ell with
max\{ 0, N  - 2k\} \leq \ell < N  - k  - 1 or \ell = max\{ 0, N  - 2k\} = N  - k  - 1 that satisfy the
following property:

max\{ dim(Aq \cap A\prime 
q) | (Aq, A

\prime 
q) \in \scrA 2

q , Aq \not = A\prime 
q\} \leq \ell \forall q \in Q, q \geq q.(4.4)

Then the following hold.
(3a) If \ell = max\{ 0, N  - 2k\} , then

| \scrF \prime 
q| 

binq(N, k)
\in O

\biggl( 
q

| \scrA q| 

\biggr) 
as q \rightarrow +\infty .
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(3b) If \ell > max\{ 0, N  - 2k\} , then

| \scrF \prime 
q| 

binq(N, k)
\in O

\biggl( 
q

| \scrA q| 
+ q - N+k+\ell +1

\biggr) 
as q \rightarrow +\infty .

In either case we have

lim
q\rightarrow +\infty 

| \scrF \prime 
q| 

binq(N, k)
= 0.

Before proceeding with the proof of Theorem 4.7, we describe its statement from a more
``qualitative"" viewpoint.

Remark 4.8. Theorem 4.7 illustrates the general behavior of the common complements
of the spaces in (\scrA q)q\in Q as the field size grows. With the only exception being when \ell =
N  - k  - 1 (the case in which we are not able to predict the behavior), the decisive property
for sparsity/density is whether or not the integer sequence (| \scrA q| )q\in Q is negligible with respect
to the field size q in the asymptotics. It is interesting to observe that Theorem 4.7 does not
extend to the case where, for example, | \scrA q| \sim q as q \rightarrow +\infty . We will elaborate on this at
the end of the section; see Example 4.10.

In the remainder of the section we establish Theorem 4.7. We start with a technical
lemma, whose proof can be found in the appendix.

Lemma 4.9. Let N , k, and \ell be integers as in Notation 2.1. The following estimates hold
as q \rightarrow +\infty :

\nu q(N, k, \ell ) \sim 

\left\{         
qk(N - k) - 2 if max\{ 0, N  - 2k\} \leq \ell < N  - k  - 1

or \ell = N  - k  - 1 = max\{ 0, N  - 2k\} ,
2qk(N - k) - 2 if \ell = N  - k  - 1 > max\{ 0, N  - 2k\} ,
qk(N - k) - 1 if \ell = N  - k,

\nu q(N, k,N  - k)2

binq(N, k)
 - \nu q(N, k, \ell ) \sim 

\left\{     
qk(N - k) - N+k - 1 if \ell = N  - 2k,

qk(N - k) - k - 1 if \ell = 0,

 - qk(N - k) - N+k+\ell  - 1 if \ell > max\{ 0, N  - 2k\} .

Proof of Theorem 4.7. All asymptotic estimates in this proof are for q \rightarrow +\infty . We exam-
ine the three cases in the statement separately.

(1) By Theorem 3.6 we have

| \scrF q| 
binq(N, k)

\leq | \scrA q| 
binq(N, k)

\nu q(N, k,N  - k),

which, together with Lemma 4.9, gives the desired asymptotic estimate.
(2) Consider the cone

Kq :=
\bigcup 

Aq\in \scrA q

Aq.

Since \scrA q is an asymptotic partial spread by assumption, we have Kq \sim | \scrA q| qN - k.
The statement now follows from Theorem 4.2(2).D
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96 ANINA GRUICA AND ALBERTO RAVAGNANI

(3) Denote by \ell \mathrm{m}\mathrm{a}\mathrm{x} the maximum on the left-hand side of the condition in (4.4). Since
| \scrF q| + | \scrF \prime 

q| = binq(N, k), the lower bound for | \scrF q| in Theorem 3.6 tells us that, for
all q \geq q,

| \scrF \prime 
q| 

binq(N, k)
\leq 1 - \nu q(N, k,N  - k)2 | \scrA q| 

binq(N, k) (\nu q(N, k,N  - k) + (| \scrA q|  - 1) \nu q(N, k, \ell \mathrm{m}\mathrm{a}\mathrm{x}))

\leq 1 - \nu q(N, k,N  - k)2 | \scrA q| 
binq(N, k) (\nu q(N, k,N  - k) + (| \scrA q|  - 1) \nu q(N, k, \ell ))

,(4.5)

where the latter inequality follows from the fact that \ell \mapsto \rightarrow \nu q(N, k, \ell ) is increasing (for
this, see again (A.1) in the appendix). Define the difference

\Delta q(N, k, \ell ) :=
\nu q(N, k,N  - k)2

binq(N, k)
 - \nu q(N, k, \ell ).

We rewrite the inequality in (4.5) as follows:

| \scrF \prime 
q| 

binq(N, k)
\leq \nu q(N, k,N  - k) - \nu q(N, k, \ell ) - | \scrA q| \Delta q(N, k, \ell )

\nu q(N, k,N  - k) + (| \scrA q|  - 1) \nu q(N, k, \ell )
.(4.6)

Since q \in o(| Aq| ) and max\{ 0, N - 2k\} \leq \ell < N - k - 1 or \ell = max\{ 0, N - 2k\} = N - k - 1,
using the asymptotic estimates from Lemma 4.9 we get

\nu q(N, k,N  - k) - \nu q(N, k, \ell ) \sim qk(N - k) - 1,(4.7)

\nu q(N, k,N  - k) + (| \scrA q|  - 1) \nu q(N, k, \ell ) \sim | \scrA q| qk(N - k) - 2.(4.8)

If \ell = max\{ 0, N  - 2k\} , then Lemma 4.9 tells us that \Delta q(N, k, \ell ) is positive for q
sufficiently large. Therefore case (3a) follows by combining (4.6), (4.7), and (4.8). In
particular, limq\rightarrow +\infty | \scrF \prime 

q| /binq(N, k) = 0.
Now suppose that \ell > max\{ 0, N  - 2k\} , which in turn implies \ell < N  - k  - 1. Using
again Lemma 4.9 we obtain

\Delta q(N, k, \ell )

qk(N - k) - 2
\sim  - q - N+k+\ell +1.

Combining this estimate with (4.6), (4.7), and (4.8) one establishes case (3b). Finally,
the fact that limq\rightarrow +\infty | \scrF \prime 

q| /binq(N, k) = 0 follows from q \in o(| \scrA q| ) and \ell < N  - k - 1,
which implies  - N + k + \ell + 1 \leq  - 1.

We conclude this section with two examples focusing on the case | \scrA q| \sim q as q \rightarrow +\infty ,
which is not covered by Theorem 4.7. We show that in such a case the common complements
can be sparse or not.

Example 4.10. (1) Let (Xq)q\in Q be a sequence of linear spaces, all of which have the same
dimension N \geq 3 over \BbbF q. Fix a sequence (Vq)q\in Q of 2-dimensional spaces Vq \leq Xq.
For q \in Q, denote by \scrA q the set of 1-dimensional subspaces of Vq. We then have
| \scrA q| \sim binq(2, 1) \sim q as q \rightarrow +\infty . In particular, there are no (N  - 1)-dimensional
subspaces of Xq that distinguish Vq and the common complements of the spaces in \scrA q

are sparse.D
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(2) Let m \geq 2 be an integer. By Remark 1.10, the MRD codes of minimum distance 2
in \BbbF 2\times m

q are the common complements of binq(2, 1) \sim q subspaces of \BbbF 2\times m
q having

dimension m, where the estimate is for q \rightarrow +\infty . Their asymptotic density is then
\delta q(2 \times m,m, 2) \sim 

\sum m
i=0( - 1)i/i! > 0 as q \rightarrow +\infty ; see [1, Corollary VII.5] and the

discussion right after our Theorem 5.3. In particular, they are not sparse.

5. The density function of rank-metric codes. In this section we apply the theory de-
veloped in the previous sections to matrix spaces over a finite field, obtaining upper and lower
bounds for the density functions of MRD codes. By computing the limit as q \rightarrow +\infty in these
bounds we then solve Problem 1.8, stated in the introduction of this paper. In particular, we
prove that MRD codes in \BbbF n\times m

q of minimum distance d are sparse unless d = 1 or d = n = 2.
Before presenting the main theorems of this section and their proofs, we briefly survey

the current literature connected to Problem 1.8. This will also serve to put our results in the
context of previous work.

Notation 5.1. For ease of exposition, throughout this section we work with fixed inte-
gers m, n, and d with m \geq n \geq 2 and 1 \leq d \leq n.

The density limit considered in Problem 1.8 has been studied in [1, 6, 13], showing in
particular that

lim sup
q\rightarrow +\infty 

\delta (n\times m,m(n - d+ 1), d) < 1 whenever d \geq 2.

This result appears quite surprising when thinking of MRD codes as the rank-metric analogues
of MDS codes in the Hamming metric, which are classically known to be dense. It turns out
that the approach developed in this paper provides a clear explanation for the divergence in
the behavior of these two classes of codes; see Remark 5.11 below.

The methods used in [6], [1], and [13] are very different from each other. The approach
of [6] uses a combinatorial machinery based on families of codes that are balanced with respect
to a given partition of the ambient space, leading to the following result.

Theorem 5.2 (see [6, Corollary 6.2]). If d \geq 2, then

lim sup
q\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq 1/2.

A sharper bound is obtained in [1] using the theory of spectrum-free matrices, combined
with a probability argument. The result reads as follows.

Theorem 5.3 (see [1, Theorem VII.6]). We have

lim sup
q\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq 

\Biggl( 
m\sum 
i=0

( - 1)i

i!

\Biggr) (d - 1)(n - d+1)

.

In [1] it is also shown that the bound of Theorem 5.3 is sharp whenever d = n = 2 (and
for arbitrary m \geq 2). This means that, in general, MRD codes are neither sparse, nor dense.

Finally, in [13] the exact density of MRD codes with parameters m = n = d = 3 is
computed, showing that these 3 \times 3 codes are sparse. The approach of [13] is based on an
original argument that connects full-rank square MRD codes with the theory of semifields.D
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Theorem 5.4 (see [13, Theorem 2.4]). We have

\delta q(3\times 3, 3, 3) =
(q  - 1) (q3  - 1) (q3  - q)3 (q3  - q2)2 (q3  - q2  - q  - 1)

3 (q7  - 1) (q9  - 1) (q9  - q)
.

In particular, limq\rightarrow +\infty \delta q(3\times 3, 3, 3) = 0.

In this paper we approach Problem 1.8 from a different viewpoint, which allows us to obtain
sharper bounds for the density function of MRD codes. As an application, we conclude that
MRD codes are sparse as q \rightarrow +\infty , unless d = 1 or n = d = 2. We therefore show that
the nonsparseness result of [1] for d = n = 2 is the only nontrivial exception to a general
``sparseness behavior.""

We start with an upper bound on the density of MRD codes, which is the main result of
this section. In the statement, we will need the following quantity.

Notation 5.5. For a prime power q and nonnegative integers u and i with u \leq n and
2u  - n \leq i \leq u, we let \theta q(n, u, i) denote the number of pairs (U,U \prime ) of u-spaces U,U \prime \leq \BbbF n

q

with the property that dim(U \cap U \prime ) = i.

The next lemma gives a closed expression for \theta q(n, u, i).

Lemma 5.6. Let q, u, and i be as in Notation 5.5. We have

\theta q(n, u, i) =
u\sum 

j=i

( - 1)j - iq(
j - i
2 ) binq(n, i) binq(n - i, j  - i) binq(n - j, u - j)2.

Proof. We will use M\"obius inversion in the lattice of subspaces of \BbbF n
q . For a subspace

W \leq \BbbF n
q , let f(W ) := | \{ (U,U \prime ) | U,U \prime \leq \BbbF n

q , dim(U) = dim(U \prime ) = u, U \cap U \prime = W\} | . Observe
that for all W \leq \BbbF n

q we have

g(W ) :=
\sum 
L\leq \BbbF n

q

L\geq W

f(L) = binq(n - dim(W ), u - dim(W ))2.

We now use the M\"obius inversion formula for the lattice of subspaces of \BbbF n
q (see, e.g., Propo-

sition 3.7.2 and Example 3.10.2 in [27]), finding that for every W \leq \BbbF n
q of dimension i we

have

f(W ) =
u\sum 

j=i

( - 1)j - iq(
j - i
2 )

\sum 
L\geq W

\mathrm{d}\mathrm{i}\mathrm{m}(L)=j

g(L)

=
u\sum 

j=i

( - 1)j - iq(
j - i
2 ) binq(n - i, j  - i) binq(n - j, u - j)2.

The desired expression for \theta q(n, u, i) can be obtained by summing the previous identity over
all subspaces W \leq \BbbF n

q having dimension i.

Our main result on the density function of MRD codes is the following. It provides an
upper bound for the number of MRD codes with given parameters in terms of the quantities \nu 
and \theta defined/computed earlier in the paper (Notation 2.1 and Lemma 5.6).D
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Theorem 5.7. Suppose d \geq 2 and let k = m(n - d+ 1). We have

\delta q(n\times m, k, d) \leq 1 - binq(n, d - 1)2 \nu q(mn, k,m(d - 1))2

binq(mn, k)
\sum d - 1

i=0 \nu q(mn, k,mi) \theta q(n, d - 1, i)
.(5.1)

Proof. For q \in Q, consider the collection \scrU q of subspaces Uq \leq \BbbF n
q with dim(Uq) = d - 1 \geq 

1. We follow the notation of Remark 1.10 and let \scrA q = \{ \BbbF n\times m
q (Uq) | Uq \in \scrU q\} for all q \in Q.

Note that | \scrA q| = binq(n, d - 1) and that the MRD codes \scrC q \leq \BbbF n\times m
q of minimum distance d

are precisely the common complements of the spaces in \scrA q. Furthermore, for Uq, U
\prime 
q \in \scrU q we

have

dim(\BbbF n\times m
q (Uq) \cap \BbbF n\times m

q (U \prime 
q)) = dim(\BbbF n\times m

q (Uq \cap U \prime 
q)) = mi

for some i \in \{ 0, 1, ..., d - 1\} . Therefore,

mn - k\sum 
\ell =0

\nu q(mn, k, \ell ) \cdot | \{ (Aq, A
\prime 
q) \in \scrA 2

q | dim(Aq \cap A\prime 
q) = \ell \} | 

=

d - 1\sum 
i=0

\nu q(mn, k,mi) \theta q(n, d - 1, i).

The desired bound now immediately follows from Theorem 3.6.

Experimental results indicate that the quantity on the right-hand side (RHS) of (5.1) is
asymptotically q - (d - 1)(n - d+1)+1 as q \rightarrow +\infty . Since this asymptotic estimate does not seem
immediate to derive, we will obtain the sparseness of MRD codes using the concept of an
asymptotic partial spread we introduced in Definition 4.6.

Definition 5.8. The ball of radius 0 \leq r \leq n in \BbbF n\times m
q is the set of matrices M \in \BbbF n\times m

q

with rk(M) \leq r. It is well known that its size is

\bfitb q(n\times m, r) :=

r\sum 
i=0

binq(n, i)

i - 1\prod 
j=0

(qm  - qj) \sim qr(m+n - r) as q \rightarrow +\infty .(5.2)

The following result computes the asymptotic density of MRD codes as q \rightarrow +\infty for all
parameter sets, showing that they are (very) sparse whenever n \geq 3 and d \geq 2. This solves
Problem 1.8.

Theorem 5.9. We have

\delta q(n\times m,m(n - d+ 1), d) \in O
\Bigl( 
q - (d - 1)(n - d+1)+1

\Bigr) 
as q \rightarrow +\infty .

Moreover,

lim
q\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) =

\left\{     
1 if d = 1,\sum m

i=0
( - 1)i

i! if n = d = 2,

0 otherwise.D
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100 ANINA GRUICA AND ALBERTO RAVAGNANI

Proof. The statement immediately follows from the definitions if d = 1. We henceforth
assume d \geq 2. For q \in Q, denote by \scrA q the family in the proof of Theorem 5.7. We have
| \scrA q| = binq(n, d - 1) \sim q(d - 1)(n - d+1) as q \rightarrow +\infty . Since all the spaces in \scrA q have dimension
m(d  - 1) and \bfitb q(n \times m, d) \sim q(d - 1)(m+n - d+1) as q \rightarrow +\infty by (5.2), this shows that (\scrA q)q\in Q
is an asymptotic partial spread; see Definition 4.6. Therefore the first part of the statement
follows from Theorem 4.7. In particular, the density limit is zero whenever n \geq 3 and d \geq 2.
The limit for n = d = 2 has already been computed in [1, Proposition VII.5].

Remark 5.10. In [13, Theorem 2.4] it was shown that \delta q(3 \times 3, 3, 3) \sim 1
3q

 - 3 as q \rightarrow +\infty .
On the other hand, our Theorem 5.9 gives that \delta q(3 \times 3, 3, 3) \in O(q - 1) as q \rightarrow +\infty . This
shows that the asymptotic bound of Theorem 5.9 is not sharp in general.

We now turn to explaining why MDS and MRD codes behave so differently with respect
to density properties.

Remark 5.11. The approach developed in this paper offers an explanation for why MDS
and MRD codes exhibit different behaviors with respect to sparseness and density. Recall
that, for 1 \leq k \leq n, a k-MDS code is a k-dimensional subspace C \leq \BbbF n

q that does not contain
any nonzero vector of Hamming weight strictly smaller than n - k + 1; see [19, Chapter 11].
For a subset S \subseteq \{ 1, ..., n\} , let \BbbF n

q (S) \leq \BbbF n
q denote the space of vectors x \in \BbbF n

q with xi = 0 for
all i /\in S. Then k-MDS codes can be seen as the common complements of the spaces of the
form \BbbF n

q (S), where S \subseteq \{ 1, ..., n\} has size n  - k. The number of such spaces is
\bigl( 
n
k

\bigr) 
, which is

negligible with respect to q as q \rightarrow +\infty . We can therefore use Theorem 4.7 to explain why
MDS codes are dense as the field size tends to infinity: They are the common complements
of a collection of subspaces whose cardinality is negligible with respect to the field size.

For the case of MRD codes the situation is exactly the opposite. As Remark 1.10 shows,
MRD codes are the common complements of a collection of subspaces that form an asymptotic
partial spread and whose cardinality, for n \geq 3 and d \geq 2, is far from being negligible with
respect to the field size q as q \rightarrow +\infty . In particular, they must be sparse by Theorem 4.7.

Combining Theorems 3.8 and 4.2, and the estimate in (5.2) we can also study the density
function of rank-metric codes for any minimum distance and any dimension (not just MRD
codes). In the next result we give upper and lower bounds for this function and their asymp-
totic versions as q tends to infinity. For the case of MRD codes, we find that the bounds one
obtains are in general worse than the ones given in Theorem 5.7; see Figure 5.1, which reflects
the general behavior we observed.

Theorem 5.12. For all 2 \leq d \leq n and 1 \leq k \leq mn we have

1 - \delta q(n\times m, k, d) \leq (\bfitb q(n\times m, d - 1) - 1) binq(mn - 1, k  - 1)

(q  - 1) binq(mn, k)
,

\delta q(n\times m, k, d) \leq 1 - 
(\bfitb q(n\times m, d - 1) - 1)

\biggl( 
qk  - 1

qmn  - 1

\biggr) 
(q  - 1) + (\bfitb q(n\times m, d - 1) - q)

\biggl( 
qk - 1  - 1

qmn - 1  - 1

\biggr) .

D
ow

nl
oa

de
d 

11
/3

0/
22

 to
 1

31
.1

55
.9

2.
12

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 101

2 5 10 15 20 25 30
0

0.05

0.1

0.15

Values of q

Theorem 5.12

Theorem 5.7

Figure 5.1. Comparison of the upper bounds for \delta q(3 \times 5, 5, 3) as q \rightarrow +\infty in Theorem 5.7 (red) and in
Theorem 5.12 (blue).

In particular,

1 - \delta q(n\times m, k, d) \in O
\Bigl( 
q(d - 1)(m+n - d+1) - (mn - k) - 1

\Bigr) 
as q \rightarrow +\infty ,

\delta q(n\times m, k, d) \in O
\Bigl( 
q - (d - 1)(m+n - d+1)+(mn - k)+1

\Bigr) 
as q \rightarrow +\infty .

Therefore,

lim
q\rightarrow +\infty 

\delta q(n\times m, k, d) =

\Biggl\{ 
1 if (d - 1)(m+ n - d+ 1) \leq mn - k,

0 if (d - 1)(m+ n - d+ 1) \geq mn - k + 2.

Remark 5.13. It is interesting to observe that Theorem 5.12 does not extend to the case
k = mn  - (d  - 1)(m + n  - d + 1) + 1. Proposition 4.4 shows that, for this value of k,
lim supq\rightarrow +\infty \delta q(n\times m, k, d) \leq 1/2. On the other hand, in [1, Corollary VII.5] the asymptotic
density of 2 \times m MRD codes of dimension m was computed as q \rightarrow +\infty , proving that
limq\rightarrow +\infty \delta q(2 \times m,m, 2) > 0. This shows that, in general, rank-metric codes of dimension
k = mn - (d - 1)(m+ n - d+ 1) + 1 are neither sparse, nor dense, as q \rightarrow +\infty .

6. Asymptotic density of MRD codes for \bfitm \rightarrow +\infty . In this section we study the
asymptotic density of MRD codes as their number of columns, namely, m, tends to infinity.
Although our approach is not powerful enough to compute the ``exact"" asymptotic density in
this setting, as we will see it improves on known results for several parameter sets.

Notation 6.1. In the following we fix a prime power q and integers n, d with n \geq 2 and
n \geq d \geq 1. We omit ``m \in \BbbN , m \geq n"" when writing m \rightarrow +\infty .

As for section 5, we start by surveying the previous literature. The analogue of Theo-
rem 5.2 for m \rightarrow +\infty is the following.D
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102 ANINA GRUICA AND ALBERTO RAVAGNANI

Theorem 6.2 (see [6, Corollary 6.4]). For all d \geq 2 we have

lim sup
m\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq (q  - 1)(q  - 2) + 1

2(q  - 1)2
\leq 1

2
.

The analogue of Theorem 5.3 for m \rightarrow +\infty is [1, Theorem VII.6], which we directly state
in the language of this paper for convenience. The equivalence with [1, Theorem VII.6] easily
follows from the estimate in (6.2) below and [1, Theorem VII.1].

Theorem 6.3 (see [1, Theorem VII.6]). For all d \geq 2 we have

lim sup
m\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq 
\infty \prod 
i=1

\biggl( 
1 - 1

qi

\biggr) q(d - 1)(n - d+1)+1

.

In order to derive the asymptotic version of Theorem 5.7 for m \rightarrow +\infty , we will first
compute the asymptotics of the quantities it involves (Lemma 6.5 below). For ease of notation,
let

\pi (q) :=
\infty \prod 
i=1

\biggl( 
qi

qi  - 1

\biggr) 
.(6.1)

The quantity \pi (q) arises in the asymptotic estimate of the q-binomial coefficient binq(ma,mb)
as m tends to infinity. More precisely, for all integers a > b > 0 we have

binq(ma,mb) =
mb - 1\prod 
i=0

\bigl( 
qma  - qi

\bigr) 
(qmb  - qi)

= qmb(ma - mb)
mb\prod 
i=1

1 - qi - ma - 1

1 - q - i

\sim qm
2b(a - b) \pi (q)(6.2)

as m \rightarrow +\infty . We will need this estimate later.

Remark 6.4. The infinite product \pi (q) in (6.1) is closely related to the Euler function \phi ;
see [2, section 14] for a standard reference. The latter is the function \phi : ( - 1, 1) \rightarrow \BbbR defined
by

\phi (x) :=

\infty \prod 
i=1

(1 - xi)(6.3)

for all x \in ( - 1, 1). We then have \pi (q) = 1/\phi (1/q) for all q \in Q. In particular, \pi (q) > 1 for
all q \in Q. A classical result in number theory, due to Euler himself, expresses the infinite
product in (6.3) as the infinite sum

\phi (x) = 1 +
\infty \sum 
k=1

( - 1)k
\Bigl( 
xk(3k+1)/2 + xk(3k - 1)/2

\Bigr) 
= 1 - x - x2 + x5 + x7  - x12  - x15 + \cdot \cdot \cdot .

This is the famous pentagonal number theorem [2, Theorem 14.3]. From the above expression
for \phi as a power series, we deduce the following asymptotic estimates:

\phi (x) \sim 1 as x \rightarrow 0, \phi (x) - 1 \sim  - x as x \rightarrow 0.(6.4)D
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The next result gives an asymptotic estimate for \nu q(mn,m(n - d+1),mi) for 1 \leq i \leq d - 1
as m \rightarrow +\infty . We will need it to establish Theorem 6.6. Note that we only examine dimensions
that are a multiple of m, as for other dimensions MRD codes do not exist. Furthermore, we
will only need multiples of m as intersection dimensions. The proof of the next lemma can be
found in the appendix.

Lemma 6.5. Let d \geq 2 and let 0 \leq i \leq d  - 1 be an integer. The following asymptotic
estimates hold as m \rightarrow +\infty :

\nu q(mn,m(n - d+ 1),mi) \sim 

\Biggl\{ 
qm

2(n - d+1)(d - 1) (\pi (q) - 1)2 /\pi (q) if 0 \leq i \leq d - 2,

qm
2(n - d+1)(d - 1) (\pi (q) - 1) if i = d - 1.

We are now ready to derive the asymptotic version of Theorem 5.7 as m \rightarrow +\infty .

Theorem 6.6. For all d \geq 2 we have

lim sup
m\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq 1

binq(n, d - 1) (\pi (q) - 1) + 1
.

Proof. To simplify the notation throughout the proof, let km = m(n - d+1). All estimates
in the following are for m \rightarrow +\infty . The upper bound on \delta q(n\times m, km, d) given in Theorem 5.7
reads

\delta q(n\times m, km, d) \leq am + bm  - cm
am + bm

,(6.5)

where

am =
\sum d - 2

i=0 \nu q(mn, km,mi) \theta q(n, d - 1, i),

bm = \theta q(n, d - 1, d - 1) \nu q(mn, km,m(d - 1)),

cm =
binq(n, d - 1)2 \nu q(mn, km,m(d - 1))2

binq(mn, km)
.

The three quantities above can be conveniently estimated individually with the aid of
Lemma 6.5. All the computations are tedious but straightforward, so we only include the
final results:

(6.6)

\left\{       
am \sim (\pi (q) - 1)2 /\pi (q)

\sum d - 2
i=0 \theta q(n, d - 1, i) qkm(mn - km),

bm \sim \theta q(n, d - 1, d - 1) (\pi (q) - 1) qkm(mn - km),

cm \sim binq(n, d - 1)2 (\pi (q) - 1)2 /\pi (q) qkm(mn - km).

Using Notation 5.5 directly we find\sum d - 2
i=0 \theta q(n, d - 1, i) = binq(n, d - 1) (binq(n, d - 1) - 1),

\theta q(n, d - 1, d - 1) = binq(n, d - 1).

This allows us to rewrite (6.6) as

(6.7)

\left\{       
am \sim (\pi (q) - 1)2 /\pi (q) binq(n, d - 1) (binq(n, d - 1) - 1) qkm(mn - km),

bm \sim (\pi (q) - 1) binq(n, d - 1) qkm(mn - km),

cm \sim binq(n, d - 1)2 (\pi (q) - 1)2 /\pi (q) qkm(mn - km).
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104 ANINA GRUICA AND ALBERTO RAVAGNANI

Now observe that the three estimates in (6.7) are of the form am \sim afm, bm \sim bfm, and
cm \sim cfm, where fm = qkm(mn - km) and a, b, c \in \BbbR are positive constants in m. Moreover, one
can check that

a+ b - c

a+ b
=

1

binq(n, d - 1) (\pi (q) - 1) + 1
\not = 0.

Therefore the desired theorem follows by taking the limit superior as m \rightarrow +\infty in (6.5).

As for the case where q \rightarrow +\infty , the bound on the density of MRD codes that one obtains
from Theorem 5.7 is better than the one from Theorem 3.8. We elaborate on this in the
following remark.

Remark 6.7. For m sufficiently large, the bound on \delta q(n \times m,m(n  - d + 1), d) obtained
from Theorem 3.8 is worse than the one of Theorem 5.7 (which we in turn derived from
Theorem 3.6). This is true even in the asymptotics. More precisely, recall the following
estimate for the size of the ball:

\bfitb q(n\times m, d - 1) \sim binq(n, d - 1)qm(d - 1) as m \rightarrow +\infty .(6.8)

Using this estimate, one can obtain the following asymptotic version of the bound of Theo-
rem 5.12:

lim sup
m\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq q  - 1

binq(n, d - 1) + q  - 1
whenever d \geq 2.(6.9)

An easy computation shows that the upper bound in Theorem 6.6 is always sharper than the
one in (6.9).

Remark 6.8. The asymptotic upper bound of Theorem 6.6 is sharper than the bound
of [1, Theorem VII.6] for q sufficiently large, n \geq d \geq 2 and n > 2, while it is coarser for
small values of q. To show this, we first rewrite [1, Theorem VII.6] (in the form stated in
Theorem 6.3) as

lim sup
m\rightarrow +\infty 

\delta q(n\times m,m(n - d+ 1), d) \leq 1

\pi (q)q(d - 1)(n - d+1)+1
.

We now prove that

lim
q\rightarrow +\infty 

\pi (q)q(d - 1)(n - d+1)+1

binq(n, d - 1)(\pi (q) - 1) + 1
= 0 for n \geq d \geq 2 and n > 2,(6.10)

from which it immediately follows that the bound of Theorem 6.6 is sharper than the one of
[1, Theorem VII.6] for q sufficiently large. To see why (6.10) holds, we note first that

lim
q\rightarrow +\infty 

\biggl( 
1 - 1

qi

\biggr) q

=

\Biggl\{ 
1/e if i = 1,

1 if i \geq 2.

Therefore limq\rightarrow +\infty \phi (1/q)q =
\prod \infty 

i=1

\bigl( 
1 - 1/qi

\bigr) q
= 1/e. Since \pi (q) = 1/\phi (1/q), as already

observed in Remark 6.4, we have limq\rightarrow +\infty \pi (q)q = e. Furthermore, using the asymptotic
estimates in (6.4) we find that
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Theorem VII.6 in [1]
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Figure 6.1. The upper bounds for lim supm\rightarrow +\infty \delta q(3\times m,m, 3) from Theorem 6.6 (red) and [1, Theorem
VII.6] (blue).

\pi (q) - 1 =
1 - \phi (1/q)

\phi (1/q)
\sim 1

q
as q \rightarrow +\infty .

Combining this with the estimate for \pi (q)q given above we obtain, for n \geq d \geq 2,

\pi (q)q(d - 1)(n - d+1)+1

binq(n, d - 1)(\pi (q) - 1) + 1
\sim e(d - 1)(n - d+1)+1

q(d - 1)(n - d+1) - 1
as q \rightarrow +\infty .

The fraction on the RHS of the previous estimate approaches 0 as q approaches +\infty , thereby
establishing the desired limit in (6.10).

A comparison of the two bounds we just discussed can be seen in Figure 6.1. The plot
shows that for (n, d) = (3, 3) the bound of Theorem 6.6 is sharper than [1, Theorem VII.6]
for all prime powers q \geq 9, and coarser for 2 \leq q \leq 8. The two bounds are decreasing and
increasing in q, respectively.

7. Further properties of density functions. We devote the last section of the paper to
general properties of the density function of rank-metric codes. More precisely, we initiate
the study of how density functions relate to each other as the parameters (n,m, d, k) change.
As an application of our results, we reinterpret the bounds of [1] via shortening and duality
considerations.

Notation 7.1. In the following, q is a prime power and n, m, d denote positive integers
with m \geq n \geq 2 and 1 \leq d \leq n. When writing ``q \rightarrow +\infty "" or ``m \rightarrow +\infty ,"" the other
parameters are treated as constants. As in section 4, the limit for q \rightarrow +\infty is taken over the
set of all prime powers, denoted by Q.

Lemma 7.2. Every MRD code \scrC \leq \BbbF n\times m
q with minimum distance d \geq 2 admits a unique

basis of the form \biggl\{ \biggl( 
Eij

Aij

\biggr) 
| 1 \leq i \leq n - d+ 1, 1 \leq j \leq m

\biggr\} 
,(7.1)
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where Aij \in \BbbF (d - 1)\times m
q is a suitable matrix and Eij \in \BbbF (n - d+1)\times m

q denotes the matrix having a
1 in position (i, j) and 0 elsewhere. Moreover, all the matrices in (7.1) have rank exactly d.

Proof. The result follows from the fact that the projection \pi : \scrC \rightarrow \BbbF (n - d+1)\times m
q on the

first n  - d + 1 rows is an isomorphism. Injectivity is a consequence of the fact that \scrC has
minimum distance d and bijectivity follows from cardinality considerations. The last part of
the statement can be seen by observing that \scrC has minimum distance d and that all matrices
in (7.1) have n - d zero rows.

Proposition 7.3. Suppose n \geq 3 and 2 \leq d < n. We have

\delta q(n\times m,m(n - d+ 1), d) \leq \delta q(d\times m,m, d) \delta q((n - 1)\times m,m(n - d), d)
Bq(n\times m, d)

Aq(n\times m, d)
,

where

Aq(n\times m, d) = binq(mn,m(n - d+ 1)),

Bq(n\times m, d) = binq(md,m) binq(m(n - 1),m(n - d)).

Proof. We start by showing that every MRD code \scrC \leq \BbbF n\times m
q with minimum distance d

can be decomposed as (the embedding of) a direct sum of an MRD code in \BbbF d\times m
q and an MRD

code in \BbbF (n - 1)\times m
q , both of which have minimum distance exactly d. For this, let \scrC \leq \BbbF n\times m

q

be an MRD code with minimum distance d. By Lemma 7.2, \scrC has a basis of the form\biggl\{ \biggl( 
Eij

Aij

\biggr) 
| 1 \leq i \leq n - d+ 1, 1 \leq j \leq m

\biggr\} 
with Aij and Eij as in the statement of the lemma. We let \scrC 1 be the code with basis\biggl\{ \biggl( 

E1j

A1j

\biggr) 
| 1 \leq j \leq m

\biggr\} 
.

It is easy to see that \scrC 1 is (after a suitable embedding) an MRD code in \BbbF d\times m
q with minimum

distance d. Furthermore, we have that the code \scrC 2 generated by the basis\biggl\{ \biggl( 
Eij

Aij

\biggr) 
| 2 \leq i \leq n - d+ 1, 1 \leq j \leq m

\biggr\} 

is (again after embedding) an MRD code in \BbbF (n - 1)\times m
q , which also has minimum distance d

by the second part of Lemma 7.2. It is not hard to see that the mapping \scrC \mapsto \rightarrow (\scrC 1,\scrC 2) is
injective, from which we obtain

| \{ \scrC \leq \BbbF n\times m
q | d(\scrC ) = d, \scrC is MRD\} | \leq 

| \{ \scrC \leq \BbbF d\times m
q | d(\scrC ) = d, \scrC is MRD\} | \cdot | \{ \scrC \leq \BbbF (n - 1)\times m

q | d(\scrC ) = d, \scrC is MRD\} | .

Dividing both sides by Aq(n\times m, d)Bq(n\times m, d) yields the desired result.D
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It is well known that the dual of an MRD code in \BbbF n\times m
q of minimum distance d is an MRD

code in \BbbF n\times m
q of minimum distance n - d+2; see, e.g., [10, Theorem 5.5]. Since the map that

sends a code to its dual is a bijection, this simple fact can be rephrased in terms of density
functions as follows.

Proposition 7.4. For all d \geq 2 we have

\delta q(n\times m,m(n - d+ 1), d) = \delta q(n\times m,m(d - 1), n - d+ 2).

We now combine Propositions 7.3 and 7.4 in order to illustrate how the density functions
of MRD codes with different parameters behave with respect to each other.

Corollary 7.5. For all d \geq 2 we have

\delta q(n\times m,m(n - d+ 1), d) \leq \delta q(2\times m,m, 2)(n - d+1)(d - 1) binq(2m,m)(n - d+1)(d - 1)

binq(mn,m(n - d+ 1))
.

Proof. By applying Proposition 7.3 n - d+ 1 times one obtains

\delta q(n\times m,m(n - d+ 1), d) \leq \delta q(d\times m,m, d)(n - d+1) binq(md,m)(n - d+1)

binq(mn,m(n - d+ 1))
.(7.2)

By applying the same proposition d - 1 times one obtains

\delta q(d\times m,m(d - 1), 2) \leq \delta q(2\times m,m, 2)(d - 1) binq(2m,m)(d - 1)

binq(md,m(d - 1))
.(7.3)

Moreover, using Proposition 7.4 we find that \delta q(d\times m,m, d) = \delta q(d\times m,m(d - 1), 2) which,
combined with (7.2) and (7.3), yields the desired result.

Remark 7.6. Taking the limit superior in Corollary 7.5 as q \rightarrow +\infty and m \rightarrow +\infty , and
combining it with [1, Corollary VII.5], we obtain the same asymptotic bounds for the density
of MRD codes as [1, Theorem VII.6]. The q-binomial coefficients can be estimated using (4.1)
and (6.2).

Appendix A. Some proofs.

Proof of Lemma 4.9. We establish the two groups of asymptotic estimates separately.
Easy computations show that

\nu q(N, k, \ell )

qk(N - k)
(A.1)

=

N\prod 
i=N - k+1

\biggl( 
1 - 1

qi

\biggr) 
 - 2

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
+

N - k - \ell \prod 
i=1

\biggl( 
1 - 1

qi

\biggr) k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
k\prod 

i=1

\biggl( 
1 - 1

qi

\biggr) .

First note that
k\prod 

i=1

\biggl( 
1 - 1

qi

\biggr) 
\sim 1 as q \rightarrow +\infty .
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The different cases are treated separately and for each of them we focus on computing the
asymptotics of the numerator of the right-hand side of (A.1).

Case 1. We first assume max\{ 0, N  - 2k\} \leq \ell < N  - k - 1. Note that for q \rightarrow +\infty we have

N\prod 
i=N - k+1

\biggl( 
1 - 1

qi

\biggr) 
= 1 +O

\biggl( 
1

q3

\biggr) 
,

 - 2

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
=  - 2 +

2

q
+

2

q2
+O

\biggl( 
1

q3

\biggr) 
,

N - k - \ell \prod 
i=1

\biggl( 
1 - 1

qi

\biggr) k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
= 1 - 2

q
 - 1

q2
+O

\biggl( 
1

q3

\biggr) 
,

which all together show that the numerator's asymptotic for q \rightarrow +\infty is q - 2.
Case 2. Next assume that \ell = N  - k  - 1 = max\{ 0, N  - 2k\} . If k = N  - 1 we have

N\prod 
i=2

\biggl( 
1 - 1

qi

\biggr) 
 - 

N - 1\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
 - 1

q

N - 1\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
=

1

q2
+O

\biggl( 
1

q3

\biggr) 
as q \rightarrow +\infty ,

since all terms in the expression which are preponderant with respect to q - 2 vanish. We leave
the case k = 1 to the reader.

Case 3. Assume that \ell = N  - k  - 1 > max\{ 0, N  - 2k\} . The numerator in (A.1) reduces
to

N\prod 
i=N - k+1

\biggl( 
1 - 1

qi

\biggr) 
 - 

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
 - 1

q

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
=

2

q2
+O

\biggl( 
1

q3

\biggr) 
as q \rightarrow +\infty ,

from which the statement follows.
Case 4. Assume that \ell = N  - k. By convention (Notation 2.1) we have

N - k - \ell \prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
= 1

and therefore the numerator of the RHS of (A.1) becomes

N\prod 
i=N - k+1

\biggl( 
1 - 1

qi

\biggr) 
 - 

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
=

1

q
+O

\biggl( 
1

q2

\biggr) 
as q \rightarrow +\infty .

The desired estimate follows.
In order to prove the second group of asymptotic estimates, observe first that by Nota-

tion 2.1 we have

\nu q(N, k,N  - k)2

binq(N, k)
 - \nu q(N, k, \ell ) =

q2k(N - k)

binq(N, k)
 - q(2k - N+\ell )(N - k)

N - k - 1\prod 
i=\ell 

(qN - k  - qi).

D
ow

nl
oa

de
d 

11
/3

0/
22

 to
 1

31
.1

55
.9

2.
12

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

COMMON COMPLEMENTS AND THE SPARSENESS OF MRD CODES 109

Using the definition of the q-binomial coefficient we find that the above expression reduces to

qk(N - k)

k\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
 - 

N - k - \ell \prod 
i=1

\biggl( 
1 - 1

qi

\biggr) N\prod 
i=N - k+1

\biggl( 
1 - 1

qi

\biggr) 
N\prod 

i=N - k+1

\biggl( 
1 - 1

qi

\biggr) .

The asymptotic estimates can be conveniently derived from this formula, examining the vari-
ous cases separately.

Proof of Lemma 6.5. By (A.1) we have

\nu q(mn,m(n - d+ 1),mi)(A.2)

= qm(n - d+1)m(d - 1)

\left(       
mn\prod 

i=m(d - 1)+1

\biggl( 
1 - 1

qi

\biggr) 
m(n - d+1)\prod 

i=1

\biggl( 
1 - 1

qi

\biggr)  - 2 +

m(d - 1 - i)\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
\right)       .

By the definition of \pi (q) from (6.1) we have

mn\prod 
i=m(d - 1)+1

\biggl( 
1 - 1

qi

\biggr) 
m(n - d+1)\prod 

i=1

\biggl( 
1 - 1

qi

\biggr) \sim \pi (q) as m \rightarrow +\infty .(A.3)

Furthermore, as m \rightarrow +\infty , we have

m(d - 1 - i)\prod 
i=1

\biggl( 
1 - 1

qi

\biggr) 
\sim 

\Biggl\{ 
1 if i = d - 1,

1/\pi (q) if i < d - 1.
(A.4)

Combining (A.2), (A.3), and (A.4) the desired result follows.
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