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Abstract: We present a general emulation-based framework to address the distributed control
of multi-agent systems over packet-based networks. We consider the setup where information
is only transmitted at (non-uniform) sampling times and where packets are received with
unknown delays. We design local dynamic periodic event-triggering mechanisms to generate the
transmissions. The triggering mechanisms can run on non-synchronized digital platforms, i.e.,
we ensure that the conditions must only be verified at asynchronous sampling times, which may
differ for each platform. Different stability and performance characteristics can be considered as
we follow a general dissipativity-based approach. Moreover, Zeno-free properties are guaranteed
by design. The results are illustrated on a consensus problem.
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1. INTRODUCTION

Distributed and multi-agent control systems, including the
consensus problem, have attracted a lot of attention in re-
cent years. When these systems communicate via a packet-
based network, information is sparsely available. In these
cases, event-triggered control can be used. Event-triggered
control consists of generating the input signal and updat-
ing it over the packet-based network at some time instants,
which are based on the available plant/agent information,
to guarantee relevant stability and performance properties,
see, e.g., Heemels et al. (2012). A triggering condition
is thus synthesized and monitored to decide whether a
new transmission is needed. Due to the fact that these
conditions are often processed on a digital platform, it is
essential to take the sampling behavior of the platform
into account, especially when fast sampling is not possible,
e.g. in case of low-power electronics, in which case we
talk of periodic event-triggered control, see, e.g., Heemels
et al. (2013). Moreover, in practice, the communication
network suffers from imperfections such as time-varying
and unknown delays, which may destroy stability of the
closed-loop system. While there is abundant literature on
the event-triggered control of multi-agent systems, see,
e.g., Nowzari et al. (2019) and references therein, to the
best of our knowledge, none of the proposed approaches in
the literature consider all of the following aspects:
(1) nonlinear multi-system setup,
(2) fully distributed and asynchronous configuration,

) implementability on digital platforms,
) unknown and time-varying sampling and transmis-

sion delays,
) general stability and performance properties for (pos-

sibly unbounded) attractors (as in consensus).
Many works treat a subset of these aspects. A prominent
example is, e.g., the recent work by Yu and Chen (2021),
which provides important advancements on the nonlinear
case with (large) unknown transmission delays while tak-
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ing sampling into account. The main focus of our paper
is providing a unifying framework addressing all of these
aspects.

The main contribution in this paper is the development
of a unified framework for the design of Zeno-free, decen-
tralized and asynchronous periodic event-triggering mech-
anisms that can be implemented on local digital platforms.
The setup proposed in this paper captures a wide range
of relevant multi-agent (but also centralized) control prob-
lems by adopting a general dissipativity-based framework.
Using this framework, we can consider distributed stabi-
lization of nonlinear systems, output-regulation problems
(of which the consensus-seeking problem is a particu-
lar case) and vehicle-platooning problems (in which £,-
contractivity, p € [1,00), is of interest as a string stability
guarantee). A notable advantage of our setup is that clock
synchronization is not required. Hence each local platform
can sample and transmit independently of all other plat-
forms, making the algorithm fully distributed.

2. PRELIMINARIES

For space reasons, some preliminaries are omitted. An
extended version of this paper including all notations that
are used can be found on arXiv, see Scheres et al. (2022).

We consider hybrid systems of the form H(C, F,D,G)
given by € = F(£,v), when £ € C C X, and £T € G(§),
when £ € D C X, where v € L2 is an exogenous input
(disturbance) and X C R™ with ne € Ny, see Goebel
et al. (2012) and Heemels et al. (2021). For these hybrid
systems, we are interested in the following dissipativity
property, which is close in nature to the one used in Teel
(2010).

Definition 1. Let s : X x R™ — R be a supply rate and
S C X be a closed non-empty set. System 7 is said to
be s-flow-dissipative with respect to S, or in short, (s,S)-
flow-dissipative, if there exists a locally Lipschitz function
U : X = Ry, called a storage function, such that

2405-8963 Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license.
Peer review under responsibility of International Federation of Automatic Control.

10.1016/j.ifacol.2022.07.254



Koen J.A. Scheres et al. / IFAC PapersOnLine 55-13 (2022) 168—173 169

(1) there exist Koo-functions a, @ such that for all £ € X,
a(léls) < U(E) < a(léls), where |€|s denotes the
distance of £ to the set S,

(2) forall§ € C, v € R™ and f € F(§,v), U°(& f) <
s(&,v), where U° denotes the generalized directional

derivative of Clarke,
(3) forall ¢ e D and all g € G(£), U(g) —U(€) <0. O

3. SYSTEM SETUP
8.1 Multi-agent systems

We consider the setting where multiple agents, each with
a local digital platform, communicate with each other
via a packet-based network to achieve a common goal
such as stabilization, consensus, L,-performance, etc.,
which will be captured by a dissipativity property as in
Definition 1, as explained further below. To be precise,
we consider a collection of N € N5 ¢ heterogeneous agents
A1, As, ..., Ay, which are interconnected according to a
digraph G(V,€) where V := {1,2,...,N}. The digital
platform of each agent is used for the implementation of
algorithms and control computations. Due to the digital
nature, measurements are not continuously available, but
only on specific sampling times, as explained in more detail
in Section 3.3. The dynamics of the i*" agent, i € N :=
{1,2,..., N}, are given by

-Ai . {xl = fl(xa Z/J\imavi)a (1)

yi = hi(w;),
where x; € R"% is the local state vector, x :=
(w1,22,...,2N) € R" with ng := ),y ne is the globa

state vector, v; € R™ is a local exogenous disturbance or
input, y; € R™: i the local output, y := (y1,¥2,...,yn) €
R™ with n, := ),y 1y, is the global output and ;" €
R™ is agent A;’s estimate of the outputs of agents A,,,
m € V", where V" denotes the collection of all agents that
transmit information to agent A;, as will be explained in
more detail in Section 3.2. We assume that the functions f;
are continuous and that the functions h; are continuously
differentiable. The maps f; may depend on the entire
vector x, implying that we can allow physical couplings
between agents, for example in an interconnected physical
plant, see Fig. 1 for an illustration.
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Fig. 1. Example of a networked control setup with several agents
connected to a packet-based network and a physical connection
between A; and As.

Typical systems that can be captured by a multi-agent

system are, e.g., (physically uncoupled) agents, a fleet of

vehicles seeking consensus, or a distributed plant (with
physical couplings) with distributed controllers. To design
the controllers, we proceed with an emulation-based ap-
proach in which a (local) controller is designed such that,
in the absence of a network, i.e., when 7i* = y for all
i € VI the system satisfies the desired stability and

performance criteria. Since the controller is implemented

on a digital platform, we assume that either the controller
is static and updated during the sampling times of the
output (see Section 3.3), or, when the (local) controllers
are dynamic, that they run on a separate platform, whose
sampling times are much faster and hence they operate in
(near) continuous-time.

3.2 Transmitted outputs

Due to the usage of a packet-based network, agent A;,
i € N, does not have continuous access to the output
ym of agent A,,, m € VI". Instead, agent A; only has an
estimate 72, of y,,, m € Vi collected in the estimation
vector gt := (g%, 45, ..., k) € R™. For all m € N\ VI,

i is not relevant and simply set to zero.

At discrete times i, k € N, i € N, that satisfy 0 =
th < ti < ..., the output y; of agent A; is broadcasted
over the network to all (connected) agents A,,, where
m € VU with VU the collection of all agents that receive
information from agent A;. Due to possible network delays,
the estimate g™, m € V2" is updated after a delay of
AY™ > 0. Note that the delays are different for each
(receiving) agent. The update of the estimate 3™, i € NV,
m € V9", can be expressed as

Gt + AT = wilth)- (2)

In between transmissions, the estimate 3" is generated by
a zero-order-hold (ZOH) device, i.e.,

() =0, (3)

for all ¢ € (¢} +A}™, ¢4 + AP, with i € N, m € VU,
keN.

The transmission times tj are determined by an event
generator or triggering mechanism. Inspired by Girard
(2015) and Dolk et al. (2017), we consider dynamic event
triggering rules, where an auxiliary variable 7; € Ry,
i € N, whose dynamics are designed in the sequel, is used

to determine the transmission times ti, k € N, see Section
3.4.

3.8 Digital platform

The triggering mechanism of each agent is implemented
on the local digital platform, which has its own sampling
times. The sequence of sampling times of agent A; is
denoted {s },,en, where s? denotes the n'! local sampling
instant of agent A;. Transmissions generated by .A; occur
on a subset of the sampling instants, i.e.,

{ti.}ven C {55 }nen. (4)
Inspired by Wang et al. (2020), we consider the general
setting where the inter-sampling times satisfy
0 < di <8pp1 =5, < Thiasps (5)
where d; is an arbitrarily small but positive constant and
Tuasp denotes the mazimum allowable sampling period
(MASP) for agent A;, i € N. The sampling times {s’, }nen
and {s },en of agents A; and A;, respectively, are a priori
not related for ¢« # j. In other words, all agents operate
independently and asynchronously.

Due to the agents operating asynchronously, the arrival
times i + Ay™, k € N, of new information at agent A,,

from agent .4; may not coincide with the sampling times
{8} nen of agent A,,, hence information may be received
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in between consecutive sampling times of agent A,,. How-
ever, the sampling-induced delay (the time between the
arrival of information from agent A4; and the next sampling
instant of agent A,,) can be included in the total delay

denoted Z:m. Therefore, the total delay ZZ’m is equal to

the combined communication delay Azm and sampling-
induced delay. Through this setup, we obtain

{t + A, Yeen € {7 }nen (6)
for all m € N and i € VoI,

We adopt the following assumption on the total delays
A" keN.
Assumption 1. For each i € N, there is a time-constant

TYAD such that the delays are bounded according to
0< A" < TK{[AD <ty — ty, for all m € VP and all
k € N, where 7, denotes the mazimum allowable delay
(MAD) for agent A,. O

Assumption 1 is a “small delay” condition, which also
implies that packets sent from A; to A,,, m € V", are
received in the same order that they are transmitted.

Since the sampling-induced delays are never larger than
the local MASP m{{xsp at agent m, we have that

THAD = Tatagp + AL for alli € Nym € VP k€ N. (7)
3.4 Triggering rule

Our goal is to employ dynamic event triggering, which
relies on locally available information, namely output mea-
surements. Due to this information only being available at
the sampling instants {s? },ecn, the design of, e.g., Dolk
et al. (2017) cannot be directly used. Instead, we consider
an event-triggering mechanism (ETM) in the form

thoy = inf{t >t} + Hupr | (8)
ni(t) + vi(yi(t), 5P (8), 73(t)) < 0,t € {s} }nen},

for i € N, k € N, with ¢t§ = 0 and where Tpp > 0
denotes the (enforced lower bound on the) minimum inter-
event time (MIET) of agent A;, n; € Ry is the auxiliary
variable mentioned earlier, 7P := (3}, 52, ..., ") is the
vector of estimates of the output y; at the agents A,,,
m € VU, Variable 7, € R is a local timer that is
set to zero after each transmission of the output y; over
the network, and whose dynamics are given by 7; = 1
in between two successive transmissions of agent A;. The

function v; : R™vi x RN"wi x Ry g — Ry is to be designed.

At first glance it might seem unnatural that agent A;
has to know the estimates 7°"* due to the presence
of the unknown and time-varying delays. However, this
information is only needed when 7; > TKAIET, and since
ToaET = Tuap as we will see in Section 5, all agents A,,,
m € VU will have received the latest transmission of
agent A; for 7; > Tigpy. Due to the fact that a ZOH is
used to generate the estimated output, see (3), g°"* is thus
the vector consisting of the last value of the output y; sent

by agent A;, which is available at agent A; for 7; > g

The ETM (8) satisfies the constraints that arise from the
usage of a digital platform, as the trigger condition in (8)
only has to be evaluated at the local sampling times s¢,,
n € N. The triggering variable 7); generated locally by
agent A;, i € N/, evolves according to

= Wi(G") — i), (9a)

{ni + 0i(yi, qu:)}’ for all t € {t} }ren,

{ni +vilys, 59 1)}, 4 (9b)
for all t € {s! tnen \ {t4 ren,

where the functions ¥; : R™ — R, p; : R™ x RN™w.i —

R>0, ¢; € Koo and the constant mi;pr € Rso are designed
in Section 5.3.

ni(th) e

Remark 1. In (9a), a continuous-time differential equa-
tion is used. However, since the ‘external’ variable 7™
is constant in between consecutive sampling times, exact
discretization or numerical integration can be used to
compute 7; a posteriori based on the elapsed time since
the previous sampling time. For instance, if ¢;(n;) =
a;1n; with a constant «; # 0, we obtain the exact dis-
cretization 7;(si, ;) = e~ Ena1 =5y ((s8)%) + o M1 —
e~ 1= W, (i ((s5)T)). Hence, exact solutions to
the differential equation can be obtained on a digital plat-
form. However, we consider the dynamics of 7; as presented
in (9) to facilitate the modeling and stability analysis later
on. O

3.5 Objective

Given the descriptions above, the problem considered
in this paper can now be stated informally as follows.
Consider a collection of maximum allowable delays Ty,
i € N, satisfying Assumption 1. Our objective is to
propose design conditions for the time constants 74 g (=
Tyap)s the functions W, ¢;, 0; and v;, i € N, as in (8)
and (9), such that the resulting system has the desired
(and to be specified) closed-loop stability, performance
and robustness properties formalized in terms of suitable
dissipativity properties.

4. HYBRID MODELING

To facilitate the modeling of the overall networked system,
some helpful notation is introduced in this section.

4.1 Network-induced errors

For alli € N and m € V", we denote the network-induced
error e} as the difference between the output y; of agent
A; and the estimate y™ of the output y; at agent A,,.
For all i € N and m € N\ V2" i.e., for all redundant
variables, we set e = 0. Hence, we have

i
m o, {ﬂzm_yzv imeVEUt,

€ 0, if me N\ Vyour,
We define two separate concatenations of the network-
induced error associated to agent A;, i € N. The first one,

(10)

denoted e§U := (e}, €2,...,el) € E;, where E; := E;(1) x
EZ(Q) X ... X El(N) and with
R™i  if m € VUL,
Ei(m) = {{Ony}, otherwise,

is the concatenation of the network-induced errors as-
sociated to the output y;. The second, denoted e;* :=
(671, 6%, ey 63\/) € ]Ei, with E; := El(l) XEQ(Z) X XEN(Z),
is the concatenation of network-induced errors of the esti-
mated outputs available at agent A;, 1 € N'. Moreover, we
define the concatenation of all network-induced errors el
fori € N,ase:= (et el ... ell) € Ewith E := E; xEgx
... xEn. Observe that |e|> = 3, o\ [€9" > = 3, o p [eP]2.
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4.2 Clock variables

To be able to cast the overall system described in Section
3 in the form of H(C, F, D, G), we need to introduce some
auxiliary variables. Each agent A;, i € N, has two local
timers. We already saw that 7; captures the time elapsed
since the last transmission of agent A;, see (8). The second,
denoted o;, keeps track of the time elapsed since the
last sampling instant of agent A;, i.e., ¢;(t) = 1 for all
t € R\ {s,}nen and is reset to zero at each sampling
instant, i.e., o;(t*) = 0 for all t € {s% },en. Observe that
7; takes values in R and that o; takes values in T; :=
[0, T4 asp] due to (5). Their concatenations are defined as
7:=(T1,72,.-.,TN) € Rgo and ¢ := (01,092,...,0n) €T
with T:=T; x Ty x ... x Ty.

4.8 Indicator variables

We also define two indicator variables, ¢/* € {0,1} and
b7* € {0,1}. The variable £]* is used to indicate whether
the most recently transmitted output value y; of agent A;
has been received by agent A,, (¢J* = 0), or that it still has
to be received by agent A, (¢/* = 1). Since information
received by agent A, is processed at the sampling times,
we assume that information is buffered if it is received
between sampling instances. The variable b]" indicates
whether agent A,,, will process (i.e., update y™ ) the most
recently transmitted output Value by A; (b = 1) or
that g™ will not be updated at its next samphng 1nstance
(" = 0). We dlstmgulsh between these two “events”
ensure that updates of ¥ align with the sampling times of
agent A,,, as described in (6). A graphical representation
of /i and b]" is drawn in Fig. 2.

DA
X X

Sp' n+1 X W .
4 4 4 v 4 v o

\ !

i Tli./IvAD i

tk et

1

ot 1 \

0
b (1)] [ I |

Fig. 2. Graphical representatlon of the indicator variables £]" and
b7". Blue dots indicate s}, k € N.

Observe in Fig. 2, for all ¢t € [th, ti + A;"], €7(t) +
b7 (t) = 1. The sum of b and ¢" indicates whether
the most recently transmitted information of agent A;
has been received and processed by agent A,, (£I* +
b = 0) or that it still has to be received or processed
by agent A, (7" +b = 1). Moreover, due to Assumption
1, both £7* and b]* are guaranteed to be zero for all
T = Tyap- To elucidate, we have that ¢ + b € {0,1}
for all ¢ € Ryp. These variables are concatenated as
Ci= (008, 05 2 0% N) € 0,1}V and b =
(b, b3, DA, b3, b3, bN) € {0,117,

Additionally, we define for all i € A/, the memory variable
r; € R™i that stores the value of the y; at the tranbmibbion

times t}c, k € N. Hence, ; has dynamics 7; = 0 and r =i
if A; transmits its output value. The concatenation is
denoted r := (r1,72,...,rN) € R™.

Based on the above, we can write the update of the local
error e during the sampling times {s!, },en of agent A;

as c((s1)%) = € (s}) + diag(B" (s}
eln(st)), where bi" := (b%, b5, ..., bY).

4.4 Owverall system

Using these definitions, the networked system (1) can
be cast into the form of a hybrid system H(C,F,D,G)
with state & (z,e,m,0,7m,£,b,m) € X, where n :=
(m,m2,...,mN) € Rgo and X := {(z,e,7,0,7,0,b,n) €
R" x ExRE) xTxR"™ x {0, 1V % {0, 1} xRE, | Vi,m e
N (€7 + b =0) v (e + b =1 A7 € [0, Tap)) }-

For space reasons, we omit the exact expressions of C, F', D
and G, but we point out that the model can be constructed
such that a jump is enforced when (" =1V bj" =1 and
T, = Tiap, OF when o; = Tijxqp- As such, the hybrid
model complies with Assumption 1 and with (5). Details
of the exact expressions for C, F', D and G can be found
in the full version of this paper, see Scheres et al. (2022).

4.5 Formal problem statement

We can now state the problem of Section 3.5 formally as
follows.

Problem 1. Given the system H(C, F,D,G), provide de-
sign conditions for the time-constants T{sp, Tifer € R>0
with Tt = Thap and the functions ¥, ;, 0; and v; as
in (8) and (9), for ¢ € N, such that, under Assumption
1, the system H is persistently flowing! and (3, S)-flow-
dissipative for a set S C X, for a given supply rate § : X x
R™ — R of the form

(11)

5(& ) = e(n),

where £ € X, v € R™ and ¢ = (p10n), 020m), .,
en(nn)) with ; as in (9). O

s(z,e,v) —

As shown in, for example, Van der Schaft (2017); Teel
(2010), the use of dissipativity allows the consideration of
various important system properties such as asymptotic
stability, input-to-state stability, £,-stability with p €
[1, 00) and passivity, from a unified point of view. Thus, the
supply rate s and the set & capture the desired stability,
performance and robustness requirements.

5. DESIGN CONDITIONS

To ensure that the hybrid system has the desired perfor-
mance and stability properties, the following conditions
have to be satisfied.

5.1 Growth of the network-induced error

We require that the dynamics of the network-induced error
satisfy the following property.

Condition 1. For each ¢ € N, there exist functions H; :
R" x R™ x R™ — R and constants L; > 0 such that

for all m € Vo, z € R, e € RV™ and v € R™,
|fy.i(z,e,v)] < Hiw, e, v) + Lilei], (12)
where f, i(z,e,v) = 2 (zl)fz(x hi®(z) + el v) with §;(m)
given by 6;(m) = 1 when m € V¢ and d6;(m) = 0
otherwise, and hi™(z) = (81(i)h1(z1),02(i)ha(x2),. ..,
(5N(Z)hN(,TN)) with hZ(LL'Z) in (1) Od

1 Persistently flowing in the sense that maximal solutions have an
unbounded domain in ¢-direction, see Goebel et al. (2012).
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Inequality (12) is related to y;, which, due to the use of
ZOH devices, is directly related to €, as é]* = —d;(m)y;.
In essence, Condition 1 is a restriction on the growth
of the network-induced error between transmissions. This
condition is naturally satisfied for linear systems or when
the vector fields f; are globally bounded and h; are globally
Lipschitz.

5.2 Lower-bounds on the Minimum Inter-event Times and
Mazimum Allowable Delays

To obtain lower-bounds on the minimum inter-event times
Tyer and the maximum allowable delay 7y, for each
agent A;, i € N, we first characterize the influence of
the transmission errors e;" on the state x and the desired
stability /performance property by means of the following
condition.

Condition 2. There exist a locally Lipschitz function V :
R"* — R and a non-empty closed set X' C R"*, K-
functions ay, < @y, continuous functions ¢; : RN —
R0, constants u;,y; > 0, i € N, such that for all z € R™=

ay(|zlx) < V(z) < av(|z|x), (13)

and for all y € R™, e € RV™ v € R™, and almost all
r € R

(VV(2), f(z,e,v)) < s(z,e,0) = 3, cnrsi(GM)
+ Yien (= mNiHZ (@, e, v) + 77 [ ?) - (14)
with N; the cardinality of V9", and H; from (12). ]

Condition 2 constitutes an Ly-gain condition from |e$"!|

to H;. In case of a linear system, this condition can always
be verified if the system is controllable, for instance. In
the absence of a network, i.e., when e = 0, (13)-(14) imply
an (s, X)-dissipativity property. However, this property is
affected by the network-induced error e, and our objective
is to design the triggering mechanisms such that the
dissipativity property still holds for the networked system.

The constants 7; as in Condition 2 are used to determine
Tyt and Tyap, ¢ € N, via the following condition.

Condition 3. Select 7t .. > 0 and i ,p > 0, i € N, with

max
i i i
Thax = TMAD T Tuagp such that

31(0)b0,i (Tinax) = AF7i(1)¢1,i(0), (15)
¥i(1)@1,i(1i) = 3:(0)¢o,i(7:), for all 7; € [0, Tyap), (16)
where ¢; ,;, [ € {0, 1}, evolves according to

Lo =— (2Li0oni + 70 (08, +1)), (1)
for some fixed initial conditions ¢;,(0), { € {0,1}, that
satisfy 5i(1)¢1,:(0) = 3i(0)o,i(0) > A77i(1)¢1,:(0) > 0,
where, for each ¢ € N and | € {0,1}, the functions
Li : {0,1} = Rsg and #; : {0,1} — R are given by

Ly =N/ NiLi, () = Ay, (18)
with N; the cardinality of V' and where u; and ; satisfy
Condition 2. The constants A\; € (0,1) and ¢ € (0,1],
i € N, are tuning parameters. If the above conditions are
satisfied, Tipy is defined as Tijpr = Thax — Tuasp- O

Condition 3 can always be ensured, as long as sufficiently

fast sampling is available. In practice, based on the con-
stants i, (Thaxs Twap) Curves can be generated to intu-

itively select appropriate values for \;, ¢ ;(0) and ¢1,;(0).

These conditions are similar to the conditions in Dolk et al.
(2017), even though PETC or the effect of sampling is not

considered. Indeed, in the continuous-time case, i.e., when
TMASP approaches zero, T{pr = Tax- Lhis statement

underlines that, if faster sampling is used, the continuous-
time ETC behavior is recovered in the proposed setup.

5.3 Event-triggering Mechanism Design

To facilitate the design of the ETM, consider the following
condition.

Condition 4. For i € N, consider the function H; satis-
fying Condition 2. There exist locally Lipschitz functions
H, : R — Ry that for all e € R¥w v € R™ and
x € R satisfy H,(7i") < H;(z, e, v). a

The function ¥; in (9a) is given by, for any 7,

Ui(3") = (") + (1 — ) NHF(3"),  (19)
where ¢; and H; come from Conditions 2 and 4, respec-
tively. The function p; is given by, for any y; € R™v¢ and
:’y\put c RNny,i

7
Aout)

0i(Yi, U 1= golef (20)
with €p '= (’yi(o)d)o,i(Tﬁ/HET + O’i) — ’71(1)(}5171(0))\12) where
@14, L € {0,1} as in (17) and ; : {0,1} — R is as in (18).
Finally, the function v; : R™ x R>9 =2 R is defined as

vi(yi, 57", 7) o= (1= wi(73))%:(0)e, €82, (21)
where €, := — (Qﬁo,i(Tﬁ/HET) — ¢o.i(Tiger + Ui)) and
{1}, for 7 € [0, ppr)
wi(m) € < [0,1], for 7y = T (22)

{0},
Note that v; is single-valued for all 7, # 7ijpr, and
set-valued for 7; = T{ypy. Since the proof holds for all
points in the set-valued map, in essence we can use the
discontinuous version (w;(r;) = 1 if 7, < Tiypr and 0
otherwise) to verify the condition in (8). Hence, the fact
that v; is set-valued is not an issue with respect to (8).

3
for 7 > Tgy-

In the proposed setup, each agent needs to know (and
compute) constants ¢, and ¢, on-line due to the depen-
dence on ;. If, from a computational standpoint, this
is infeasible, a conservative upper-bound can be used
by taking £, = (3i(0)h0,i(Thax) — 7i(1)¢1,:(0)A7) and
ey = (0,i(Thax) — G0,i(Tirrer)), Which can be computed
a priori.

We emphasize that the local ETMs as described by (8),
(9), (19), (20) and (21), can operate fully asynchronously
in the sense that clock synchronization or acknowledgment
signals are not required.

5.4 Main result

Given the ETM design and the corresponding hybrid
model presented above, we can now state the following
result. Its proof is provided in the full version of this paper
available on arXiv, see Scheres et al. (2022).

Theorem 1. Counsider the system H(C, F, D, G) where ¥;,
0; and v; are given by (19), (20) and (21), respectively.
Moreover, suppose that Conditions 1-4 hold. Then the
MAS described by H is (§,S)-flow-dissipative with the
supply rate § : X x R™ — R as given in (11) and S =
{{eX |z e X, e=0, n=0} In addition, if there are
no finite escape times during the flow 2, then the system
‘H is persistently flowing. |

2 The absence of finite escape times during flow is meant here in
the sense that case (b) in Prop. 2.10 in Goebel et al. (2012) cannot
occur.
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Theorem 1 implies that the desired stability and/or per-
formance properties, guaranteed by the local controllers in
absence of the network, are preserved by the original dissi-
pativity property when the network is taken into account.

6. CASE STUDY

We apply the results to the single-integrator consensus
problem, where we have a multi-agent system with N €
Ny agents. All agents have state z; € R, i € N, whose
dynamics evolve according to &; = u; with u; € R the
control input. The output of the system is the state xz;, i.e.,
y; = x;. We assume that the graph G(V, £) with Laplacian
matrix L is connected and undirected, i.e., LT = L.
The control objective is for the states of all agents to
asymptotically converge, i.e., limy—o0 [2;(t) — zm(t)| = 0
for all 4, m € N. To achieve conbenbus we 1mplement the
control law

Ui == Y pevp(@ (23)

We consider the Lyapunov candidate V (z) = 2T Lz where
x = (x1,%2,...,2N). According to Dolk et al. (2019),
the derivative of this Lyapunov function can be upper-
bounded as (VV (z), —Lx — Le) < > ;e p (—diz? — ciu? +
(2 — ay)|€el|?) with d; := 6(1—alN;), ¢; := (1= 8)(1—al;)
and v; = va~IN; + o;, and where § € (0,1), a € (0, &)
and a; > 0 are tuning parameters. The theorem below
shows the exact expressions for all the required conditions.
Its proof is omitted for space reasons.

Theorem 2. The system with local dynamics &; = wu;
and local controller (23) satisfies Conditions 1, 2 and 4
with H; = |u;|, Li = 0, s(z,e) = > ,cn (—diz? — peed),
X:{xGRN|x1:xgz...:xN},gl-zo,ui:ciN%,

vi = Va~IN; + a5, and H, = |u,|. O

Constants 7., and 71, can be generated via an intuitive
procedure, as described in Dolk et al. (2019). Theorem
2 implies that asymptotic consensus is achieved with the

proposed control configurations in this paper.

We simulate the same system as Dolk et al. (2019) with
non-uniform and time-varying transmission delays. How-
ever, in our case we implement our periodic event-triggered
control framework instead of continuous-event triggered
control as in Dolk et al. (2019). The system has N = 8
agents which are connected as described by a graph G with
undirected edges (1,2), (1,8), (2,3), (2,7), (3,4), (3,6),
(4,5), (5,6), (5,8) and (7,8). We use the parameters § =
a; = 0.05, a = 0.1 and ¢; = 0.5 for all i € N. Given these
tuning parameters, we obtain v; = 4.478 and ¢; = 0.76
for agents i € N with two neighbors (i.e., N; = 2, thus
agents Py, Py, Ps and P;) and v; = 5.482 and ¢; = 0.665
for agents ¢ € N with three neighbors (i.e., N; = 3, thus
agents Py, P35, P5 and Pg). The function ¢;(n;) is designed
as @;(n;) = —ey(n;) with €, = 0.05. We select \; = 0.2 for
all agents, and pick ¢o;(0) = 5 and ¢1,; = 2. For these
values, we obtain (72,.,7ap) = (0.12,0.016) for agents
i€ J\/ for which N; = 2 and ( maxﬂ'MAD) (0.09,0.012)
for agents i € N for which N; = 3. We select 74z = 0.07
(riqrr = 0.05) for all agents for which N; = 2 (N; = 3),
respectively, Tiiagp = 1072 and d; = 1073 foralli € N. At
each sampling moment s!, the next sampling moment is
scheduled randomly such that s, € [s) +d;, s’ + T{asp]
for each i € N, hence the sampling of each agent is ape-
riodic, asynchronous and independent of the other agents.
The state evolution and inter-event times are depicted in
Fig. 3, confirming our main theorem.

i i
itel—xy, —el).
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Fig. 3. States and inter-event times for the example in Section 6.

7. CONCLUSION

We presented a framework for the design of Zeno-free
dynamic periodic triggering mechanisms for the control
of nonlinear multi-agent systems via a packet-based net-
work. The method can cope with non-uniform and time-
varying delays. By ensuring that the conditions of the
local trigger mechanisms only have to be verified at the
local (asynchronous) sampling times, the proposed frame-
work is suitable for implementation on digital platforms.
With a dissipativity property, the framework can handle
several relevant stability and performance properties such
as asymptotic (set) stability, input-to-state stability, £,-
stability with p € [1,00) and consensus, from a unified
point of view. Thereby, capturing a wide range of systems
to which these techniques can be applied.
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