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Maneuvering Angle Rigid Formations With Global
Convergence Guarantees

Liangming Chen, Zhiyun Lin, Senior Member, IEEE, Hector Garcia de Marina, Member, IEEE,
Zhiyong Sun, and Mir Feroskhan

Abstract—Angle rigid multi-agent formations can simultane-
ously undergo translational, rotational, and scaling maneuvering,
therefore combining the maneuvering capabilities of both distance
and bearing rigid formations. However, maneuvering angle rigid
formations in 2D or 3D with global convergence guarantees is
shown to be a challenging problem in the existing literature even
when relative position measurements are available. Motivated by
angle-induced linear equations in 2D triangles and 3D tetrahedra,
this paper aims to solve this challenging problem in both 2D and
3D under a leader-follower framework. For the 2D case where
the leaders have constant velocities, by using local relative position
and velocity measurements, a formation maneuvering law is
designed for the followers governed by double-integrator
dynamics. When the leaders have time-varying velocities, a sliding
mode formation maneuvering law is proposed by using the same
measurements. For the 3D case, to establish an angle-induced
linear equation for each tetrahedron, we assume that all the
followers’ coordinate frames share a common Z direction. Then,
a formation maneuvering law is proposed for the followers to
globally maneuver Z-weakly angle rigid formations in 3D. The
extension to Lagrangian agent dynamics and the construction of
the desired rigid formations by using the minimum number of
angle constraints are also discussed. Simulation examples are
provided to validate the effectiveness of the proposed algorithms.

Index Terms—Angle rigid formations, formation control, formation
maneuvering, global convergence, multi-agent systems.

1. INTRODUCTION

ULTI-AGENT formations have been extensively stu-
died [1] to enable numerous impactful applications,
such as target search and rescue [2], unknown environment
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exploration [3], and cooperative surveillance [4]. In most of
these practical applications, the agents are required to have the
capability of not only achieving a specific formation shape,
but also maneuvering collectively as a whole in translation,
rotation, scaling, and with even more complicated motion
forms [5]-[12].

To achieve the aforementioned formation maneuvering task,
various control approaches have been proposed, which can be
categorized into different types according to the constraints
used to specify the desired formation shape [7], [13], [14]. For
relative position-constrained formations [15]-[17], since the
inter-agent relative positions are invariant when the associated
agents translate with the same magnitude, translational forma-
tion maneuvering can be achieved, assuming that the agents’
coordinate frames are aligned. Since inter-agent distances are
invariant under the agents’ translation and rotation, both
translational and rotational formation maneuvering are
achieved for distance rigid formations [18]. Also, since inter-
agent bearings are invariant under the agents’ translational and
scaling motions [13], both translational and scaling formation
maneuvering are achieved for bearing rigid formations [13],
[19], [20], where the results hold for an arbitrary dimensional
space provided that the agents’ coordinate frames are aligned.
Under a leader-follower framework, the bearing-constrained
formation tracking problem has been investigated in [21],
[22], where the translational formation maneuvering is achi-
eved by using relative position and absolute velocity measure-
ments. Unlike the distance and bearing rigid formations alone,
angle rigid formations can undergo simultaneously transla-
tional, rotational and scaling maneuvering because any angle
constraints are invariant under these three types of formation
maneuvering motions [7], [23], [24]. With the advantage of
having more formation maneuvering freedoms, angle rigid
formation maneuvering algorithms have been designed in [7]
for single-integrator agents, and in [25] for double-integrator
agents. However, their convergence to their respective desired
formations under the designed formation maneuvering
algorithms [7], [25] is only locally guaranteed. Due to the high
nonlinearity in the angle rigid formations’ closed-loop
dynamics, it is challenging to determine the attraction region
of the locally convergent formations [1], [26].

Motivated by the aforementioned drawbacks, we aim to
achieve the formation maneuvering of angle rigid formations
with global convergence, where the agents can have their own
local coordinate frames, and the maneuvering motions include
translation, rotation and scaling. Different from the maneu-
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vering approaches in [7], [25], [27], we employ angle-induced
linear equations in 2D triangles and 3D tetrahedra to design
linear formation maneuvering laws in 2D and 3D, respec-
tively. We consider that the agents are governed by double-
integrator dynamics and the available sensor measurements
are relative positions and velocities. Compared with the
existing results, the main contributions of this paper are
summarized as follows:

1) Compared with relative position-constrained, distance-
constrained and bearing-constrained formation maneuvering
approaches, the proposed angle-constrained formation maneu-
vering laws enable the maneuvering motions of simultaneous
translation, rotation and scaling. Compared with relative
position-constrained and bearing-constrained formations whi-
ch require agents to have aligned coordinate frames, angle
rigid formations allow agents to have non-aligned local
coordinate frames.

2) Compared with the existing 2D angle-constrained
formation maneuvering laws guaranteeing local convergence
[7], [25] and angle-constrained flocking law guaranteeing
almost global convergence [27], both of our proposed 2D and
3D angle-constrained formation maneuvering laws have
global convergence guarantees.

3) Although both the angle-displacement [8] and affine [5],
[28], [29] formation maneuvering approaches enable the
maneuvering motions of simultaneous translation, rotation and
scaling, the number of leaders required for maneuvering
motion control in these works is higher than that of our work
which only requires 2 leaders in both 2D and 3D cases.
Specifically, the number of leaders should be at least 3 for the
algorithms in [5], [29] in 2D, while at least 4 for the
algorithms in [5], [8], [29] in 3D.

The rest of the paper is organized as follows. Section II
presents the preliminary findings. Sections III and IV
introduce the maneuvering strategies of angle rigid formations
in 2D and 3D, respectively. Some discussion is conducted in
Section V. Simulation results are provided in Section V1.

II. PRELIMINARIES

A. Notations

We consider a multi-agent system consisting of N >d+1
mobile agents in R space, where d = 2,3 represent the cases
of 2D plane and 3D space, respectively. Let V ={1,2,...,N}
be the set of the agents which are labeled from 1 to N. The
agents’ positions are denoted by p =[p],p;,....p 1" € R4V,
where agenti’ s position is p; e R%. Let Iy, ly, ® Amax
Amin, det() be the N-by-N identity matrix, N X 1 column vector
of all ones, the Kronecker product, the maximum eigenvalue,
the minimum eigenvalue of a real-valued symmetric matrix,
and the determinant of a square matrix, respectively. Let
R(0) e SO(2) be the 2D rotation matrix with rotation angle
0e[0,2m). Let R.(#)€SOQ),R(p)eSOB)and R (p)€
S O(3) be the 3D rotation matrices along the X,Y and Z axes
with rotation angles 6 e R,¢ e R and ¢ € R, respectively. In
this paper, we assume that each agent holds an unknown but
fixed coordinate frame }; to conduct relative measurements
regarding its neighbors. We define }, as the global coordinate
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frame. In 2D, let R;;,ES 0(2) be the 2D rotation matrix
describing the rotation from 3, to ;.

B. Angle Rigid Formations

As introduced in [23], since each interior angle is associated
with three vertices, we use the notion of angularity instead of
a graph to describe multi-agent formations with angle
constraints. For the vertex set V ={1,2,...,N}, define a three-
vertex triplet (i, j,k) to dgscribe the angle constraint «ijk
between the rays jiand jk. Then, we define AC VX VX
V ={(, j,k),i, j,k € V,i # j # k} as an angle set, of which each
element is a triplet. Because constraining «ijk is equivalent to
constraining «kji, the notation of the triplet (i, j,k)is
equivalent to (k, j,i). The combination of the vertex set V, the
angle set A and the position configuration p € R% is called
an angularity which we denote by A(V, A, p). If (i, j,k) € A,
then {j,k} € N;,{i,k} € Nj,{i, j} € Ny where N represents
agent i’ s neighbor set. Two angularities A(V,A,p)and
A(V,A,p") are said to be equivalent if their corresponding
angles defined in A have the same magnitude, and said to be
congruent if all possible angles formed by three vertices of V
have the same magnitude [23]. Then, angle rigidity of
angularities is formally defined as follows.

Definition 1 [23]: An angularity A(V, A, p) is angle rigid if
there exists an € > 0 such that every angularity A'(V,A,p’)
that is equivalent to A(V,A,p) and satisfies ||p’ — p|| < € is
also congruent to A(V, A, p). We say A is globally angle rigid
if every angularity that is equivalent to it is also congruent to
it.

We say A is a triangular angle set if for every (i, ji,k1) €
A, there also exists {(ji,k1,i1), k1,01, 1)} S A [30]. Then, a
triangular angle set A can be written in the form of

A=A{....>1, J1, k), (s ki, i), ks iy, ), -} (1)
and S, ik, =131, j1, k), (1, k1,01), (k1,i1, j1)} is denoted by
the triangular angle set of Aijjik;. We say A(V,A,p) is a
triangular angularity if A is a triangular angle set. The
number of triangles in the triangular angularity A(V,A, p) is
denoted by n%; € N*. Then, we say A is a tetrahedral angle
set if A is a triangular angle set and for every triangular angle
subset Sn;, jix, €A, there always exists a vertex m €V, m #
i#j#k such that SAiljlm €A, SAilklm €A, SAjlklm eA.
Then, a tetrahedral angle set A can be written in the form of

A=, Sniy j1k>Saiy jims SaiskymsSajikyms -} )
and we denote the corresponding tetrahedral angle set of
Givjrkimas  Sppyivkom = (Saiyjvk»Saiy jum> Sairkyms Sajikym)-
We say A(V,A,p) is a tetrahedral angularityif A is a
tetrahedral angle set. Denote by nﬁ € N* the total number of
tetrahedra in the tetrahedral angularity A(V,A, p).

We say that a multi-agent formation is angle rigid if its
corresponding angularity A(V,A,p) is angle rigid. The
desired angle rigid formation is described by a set of angle
constraints

fa@):=1....a5;..1" eRM (k,i,j)e A (3)

where azii represents the desired angle among agents k,i, j.
Note that the description of the desired formation is not
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related to the agents’ positions, but only related to the
magnitude of the desired angles among agents. In this paper,
we are interested in the maneuvering of triangular formations
in 2D and tetrahedral formations in 3D, respectively.

C. Problem Formulation

Consider an N -agent formation consisting of two leaders
which will determine the whole formation’s maneuvering
motions, and N —2 followers which only have local relative
measurements with respect to their neighbors. Without loss of
generality, we assume that agents 1 and 2 are leaders, and
denote by V;={1,2},V,={3,...,N} the sets of the leaders
and followers, respectively. Then, the position vector p can be
partitioned by p = [p'T, p/ 71", where p' =[p],p; 1" € R* and
pl = [p].....p1" € RYN=2) Then, the leaders’ moving
trajectories can be described by

(1) = s(12® QON)]P'(0) + 12 @ WD) )
where s(f) € R, Q(0(1)) € SO(d), and w(r) e R? represent the
scaling, rotational and translational maneuvering parameters,
respectively, 6(f) e R when d =2, and 6(f) € R® when d = 3.
We consider that the followers are governed by double-
integrator dynamics

pi®) =vi(?), vi(t) =ui(t), Yi=3,...,N %)
where v; and u; represent agent i’s velocity and control input,
respectively. We also make the following assumptions:

1) The desired angularity A(V, A, p*) is angle rigid where
A is a triangular angle set in the 2D case, A is a tetrahedral
angle set in 3D case, and p* € RN is an arbitrary configur-
ation that satisfies all the angle constraints defined in f#(a").

2) The two leaders never collide with each other.

3) For the case of constant-velocity leaders, no communi-
cation is needed among the followers, while for the case of
leaders with time-varying velocities, inter-agent communi-
cation is needed. For both cases, each follower i measures
relative positions and velocities regarding its neighbors N;.

Given the desired angles in fz(a*) and the above three
assumptions, the aim is to design u;(¢) for (5) such that

1y o (1) = fy) = 0.¥(G. k) € A. ©)

Since the formation’s translation, rotation and scale are
exactly determined by the two leaders and the desired
formation is angle rigid, the objective (6) indeed describes the
requirement of the formation maneuvering. Since the methods
of calculating the angles a;j(¢) in the 2D and 3D cases are
different, we will introduce the maneuvering of 2D formations
and 3D formations in the follow-up sections, separately.

III. MANEUVERING 2D ANGLE RIGID FORMATIONS

In this 2D case, we define the signed interior angle
aiij € [0,2m) among three non-coincident agents k, i, j as

arccos(biTibik), ifbiijﬁ( >0

@ij = 27r—arccbs(biijik), otherwise

(7

Pj—Pi

where b;;:= To=pil is the bearing from agenti to agentj,
J Kl

b = R(5)bi =[] | 1bix (see [23] for more details).

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 9, NO. 8, AUGUST 2022

A. Angle-Induced Linear Equations in Triangles

Since an angle constraint (7) is highly nonlinear with
respect to agents’ positions p;,pjand py, it is a challenging
task to achieve (6) with a global convergence guarantee. Now,
we introduce the transformation of the nonlinear angle
constraints existing in triangles into linear algebraic equations,
under which the nonlinear control objective (6) shall be
transformed into a linear form. Taking three interior angles
ij@ijk and  ajy; from non-degenerate triangle Aijk as an
example, according to [30], one has

(pj—pd/llp;— pill = RGawij)(pr— pd/lpk—pill. - (8)
—H?]‘.:Z” = ZEZ’;: and (8), the angle-

induced linear equation in Aijk can be written as

Using the law of sines

£ p) = A2 a)py + A?ijk(a)p j+ AL (@)

= sinai(pi — px) = sinaijpR " (@xij)(pi — pj) = 0
)
where a represents those interior angles that are associated
with Aijk, p represents the configuration of the agents, and the

coefficient matrices
i ik . .
Al.A” (@) = (sma/jkilz —sin a,'ijT(akij)> e R?*?
Aijk o T 2x2
Aj () := 81na,~ij (a(k,'j) eR

AL @) = —sina b, € R¥2.

(10)

To avoid collinearity among three neighboring agents which
degrades (9), the desired configuration p* is assumed to be
generic!, where none of the triangles defined in A are
degenerate. For a triangular angularity A(V,A, p) with
multiple triangles in A, writing the corresponding angle-
induced linear equations (9) from the triangular angularity into
a compact form yields

Ma(a(p)p =0 11
where M 4(a) € R¥2%2N can be written in the form of
--- Vertexi --- Vertex j --- Vertexk ---

IstA
Aijk 0 AR o A%k o A%

i j k
nath A

(12)

whose row blocks are indexed by the triangles defined in the
triangular angle set A and column blocks are indexed by the
vertices (more details can be found in [30]). According to [23,
Lemma 2], the maximum rank of M #(a) is 2N —4. According
to the partition of V into the leaders’ set V; and the follo-
wers’ set V¢, the matrix M #(a) can be correspondingly parti-
tioned as Ma(a) = [M;{(a),M;(a)] where M (a) € R2Lx4
and Mi;((a) € R2IXCN-4 Define

L)  Lip(a)
Lp(a) Lrp(a)

L(a) = M;[(Q)Mﬂ(a) = € RZVNX2N (13)

1 This follows the definition in [31, Section 1.2].

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on November 07,2022 at 10:51:19 UTC from IEEE Xplore. Restrictions apply.



CHEN et al.: MANEUVERING ANGLE RIGID FORMATIONS WITH GLOBAL CONVERGENCE GUARANTEES

where  Ly(a) = (ML)TM, e R4, L) = (M) M) €
RAXN-4) L) =( M; )T Mlﬂ c R(2N74)><4’ and L;p(a)=
(M;)TM; € RON-HXCN-4 " Then, one has the following
lemma.

Lemma 1:1f A*(V,A,p*) is angle rigid, then L (a*)p™+
Lff(a*)pf * =0, and the matrix Lrs(a*) is positive definite.

The proof of Lemma 1 can be straightforwardly obtained by
using [13, Theorem 1], [32, Theorem 4], or [8, Lemma 3].

B. Maneuvering Control for the Case of Leaders With Constant
Velocities

Since the desired formation is assumed to be angle rigid, by
Lemma 1, the desired positions and velocities for the follo-
wers can be determined by p/*(f):=— ;}(a*)l:fl((l*)pl(t)
and v*() = —L;;(a*)ﬁ ﬂ(a/*)pl(t), respectively. Then, we
define the position error p/(r) := p/(r) — p/*(¢), and the velo-
city error ¥/(f):=v/(r)=v/*(t). Therefore, the nonlinear
control objective (6) can be equivalently transformed into the
following linear form:

limiseo p/ () =0,  limy_eo ¥ (1) = 0. (14)

Since each follower i € V¢ has no knowledge of its absolute
position p;, but can measure the relative position p; — p; with
respect to its neighbors j € NV, it is still challenging to design a
distributed formation maneuvering algorithm to achieve (14).

Now, we design the formation maneuvering law for the
followers in the compact form as

ul (1) ==k | Ly (@)p! 0)+ Li(a)p' ()]

— ko [ Lp@ W () + Lot W (0)] (15)
where k, >0,k, >0 are the position and velocity feedback
gains, respectively, and w/ () = [u],...,u]" € R*V4 Accor-
ding to (13), the component form of the formation maneu-
vering law (15) can be written as

i) = _kp Z (AiAij]k] (a/*))Tfl.Aijlkl @, p(t)
(i, j1k1)eA
), APR@)T @ )

(Ja.isko)eA

D R e I e O )

(j3k3.)eA

—k| D@ @) A @ (o)

(i, j1:k1)eA

N Z (AiAjzikz (O’*))Tf;»AjZikz (a*, V(t))

(o.ikp)eA

£ @R @ )| (16)

(J3-k3.HeA
ij1k * : * : *
where £V (", p(1) = sina’;  (pi() = piy (1) = sinay;
RT(oz;:lijl)(pi(t)—pj1 (1)) is the weighted sum of the relative
position measurements (p; — px,) and (p; —pj,), tki, j1i} €N,

and similarly f2*(a*, p(1)) = sin @ (D) = pro(0) =
Sina;iszT(aszzi)(ph(t) — pi(1)), and A is a subset of A satis-
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fying |A| = n’; such that (i, j,k) € A then (jk,i) ¢ A, (k,i, J) ¢
A. Note that p (D —Di,(t) can be obtained by the
measurements of p;, () — p;(t) and p;(¢) — px, (¢). It can be seen
that the maneuvering control law (16) only requires each
follower i € V¢ to have relative position p; — p; and relative
velocity v; —v; measurements with respect to its neighbors
j € N;. Now, we present the main results.

Theorem 1: If the desired triangular angularity A*(V, A, p*)
is angle rigid and the two leaders have constant velocities,
then under control law (16), the formation maneuvering
objective (6) is achieved with a global convergence guarantee.

Proof: The designed control law (16) is linear with respect
to the agents’ positions p, which is always well-defined even
when an inter-agent collision occurs. Substituting the control
law (15) into (5), one has

Br) 4k Ly @B +kpLys@)p (=0 (17)
where we have used the fact that the two leaders have constant
maneuvering velocities, i.e., j/(f)=0. Since the coefficient
matrix Lrr(a™) in (17) is constant, the characteristic polyno-
mial of the dynamical system (17) can be written as

detl P hy-s+k, Lrp(@)A+kpLyp(@)] =0 (18)
where A € C represents the solution of (18). Since Lys(a) is
positive definite, there must exist a nonsingular real matrix Q €
RCN-HXC2N-4) such that Lyp(e*) = Qdiaglay, ..., an-4107},
where a; >0 represents the i th real eigenvalue of Lyr(a®).
Then, one has

2N—4
detl 2 Loy + ko Lyp(@)A+k, Lol = [ [ (2 +kaid+kpay).
i=1

Since k, >0,k, >0, all the solutions associated with the
polynomial (18) have negative real parts. Therefore, p(f) and
V(1) = ps(r) will globally and exponentially converge to zero.

|

Now, we provide a toy example to illustrate the controller
(16).

Example 1: Consider that agents 1 and 2 are the leaders,
agent 3 is the follower, and A ={(1,2,3)}. Following the
definitions given after (16), the control law for agent 3 can be
written by:

uz = —k,A5'2 (@) (sin a5, (p1 - p3) —sine| ;3R (@5,)
X (p1 = p2) —kyA§' P (@) (sin gy, (v = v3)

. T
—sinaj,zR " (a5, (v — vz))

where py — p2 = (p1 — p3) — (p2 — p3) can be obtained from the
measurements of p; —pszand pp— p3, and A§123(a/*) follows
the definition given in (10).

Remark 1: Compared with the previous results [7], [25],
[27] on maneuvering angle rigid formations with local or
almost global convergence guarantees, the designed maneuve-
ring law (15) can guarantee global convergence. This is
mainly because of the transformation of the nonlinear angle
constraints (3) imposed on each triangle into linear algebraic
equations (11). In addition, although this paper only considers
double-integrator dynamics for the followers, formation man-
euvering laws for single-integrator dynamics can be similarly
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obtained by following [5].

Remark 2: Suppose that each follower i € V¢ holds a local
coordinate frame ), to measure the relative positions and
velocities with respect to its neighbors. Taking the first
component (AiAij k)T fl.mj kg, p(®) in (16) as an exa-
Aijlkl(a/*

mple, one has that f; , p(t)) measured in agent i’s local

sina Ry (pi0) = pia () =

R, fiAij K1 (@*, p(#). Tt follows that the first component mea-
sured in Y ; becomes R;(AI.AU ki (@)’ fiAU kg, p(1)). For the
remaining components in (16), one can obtain similar forms.
By following [23], it can be verified that the control law (16)
can be implemented in each agent’s local coordinate frame.
This is an advantage compared with those displacement-
constrained or bearing rigid formations that requires all agents
to have aligned coordinate frames.

coordinate frame };becomes

C. Maneuvering Control for the Case Of Leaders With Time-
Varying Velocities

Since the angle constraints in fg(a*) are invariant to the
formation’s translation, rotation and scaling, the full maneu-
vering of translation, rotation and scaling can be achieved by
commanding the two leaders to move with the correspon-
dingly translational, rotational and scaling velocities, respec-
tively. Specifically, one can manipulate the parameters in the
two leaders’ moving trajectories (4) to achieve:

1) Translational Maneuvering: 5(t) = 0,0(t) = 0,yu(t) # 0;

2) Rotational Maneuvering: $(t) = 0,0(t) = wt,w(t) = 0, wh-
ere w, 1s a constant scalar;

3) Scaling Maneuvering: 5(t) # 0,0(t) = 0,y(t) = 0.

However, if the desired maneuvering includes a rotational
maneuvering, then p'(r) # 0, which cannot be handled by (16).
Therefore, we now discuss the extension of the maneuvering
algorithm (16) into the case in which the two leaders have
time-varying velocities, i.e., p'(r) # 0.

When p/(f) can be measured by some followers (or
measured by the leaders and communicated to some
followers), one can employ consensus-based distributed
estimators to design the formation maneuvering law, see e.g.,
[5], [13], [29], [33]. Instead, we discuss the case where the
leaders’ accelerations are unavailable, and employ the sliding
model control approach to design the maneuvering control
law. According to [34, Section II.B.2], a sliding mode-based
reaching law can be designed as $(x) = —y;sign(s(x))—k;s(x)
where y; and k; are positive scalars, and s(x) is the sliding
surface. Based on the above sliding mode-based reaching law,
we design the sliding surface as

sT(0) = ko[ L@ W (0)+ Lot W ()]
+kp L@ Lep@)p! O+ La@Hp' o] (19)

where s/ =[s],...,s}]T € R*¥=* Inspired by [29], we design
the sliding mode-based maneuvering law as

k
' = —ysign(s’) —ki s — k—"u:ffm*)vf + L@ )] (20)

where k; is a positive scalar.
Theorem 2: 1f the desired triangular angularity A*(V, A, p*)
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is angle rigid, the two leaders have bounded time-varying
velocities, and vy is sufficiently large, then under (20), the
formation maneuvering objective (6) is achieved with a global
convergence guarantee.

Proof: Taking the time-derivative of (19) and using (20)
yield

§ = k| Lpp@)p 1)+ L@ 0)]
+hp L) [Lyp@ W (0)+ Ly W (0)]

= k| Ly (@) (=nisign(s) — ki s") + Ly 0)].
Now, we prove the stability by constructing the Lyapunov
function as V= O.S(Sf)T.E}}.(a*)sf >0. Taking the time-
derivative of V; yields

Va = k(s [-ysign(sh) — ks’ + Ly (@) L)' ()]

= —koyills I —kikys”Ts" + kos!T L7 (@) Ly @).
@1
Using the facts (sf)TLJZ}.(a/*)Lfl(oz*)p'l(t) < ||Sf||2||.£}},(a’*)><
Ly(@)Ip Ol and [1s'[ly > 115”112 yields

Va < —kiklIs|I?
—1, = * ../ f
— ko (71 = IL; H@) L@ IRIB' Ol s 2.

Since ”.E;}(CY*)Lf[((I*)”Q is constant and ||/(1)ll, is upper
bounded, one can choose sufficiently large y; such that y; >
Y2 = Suplzo|ILE}(Q*)lﬂ(a*)I|2||1'7'l(t)||2, under Vlvhich Vy< -

2k1ky Amin(Lrr)Va = ko(y1 = ¥2) 2 Amin(Lrp)V; . It follows
from [34] that s/ converges to zero within a finite time. Since
Lyr(@*) >0 in (19), using the input-to-state stability theorem
for (19), one has (Lyr(a@")p/ (1) + L(@")plH) -0, ie., the
desired formation maneuvering is achieved with a global
convergence guarantee. ]

At the formation design stage, one can use the information
of Lyr(a®), L(a™), and l'(1)ll> to properly select y;. Due to
the second component of s/ in (19), the sliding mode-based
maneuvering law (20) indeed needs the communication
among the neighboring followers. However, the acceleration

estimation and the leaders’ acceleration measurements are not
needed in (20) [29].

(22)

IV. MANEUVERING 3D ANGLE RIGID FORMATIONS

To globally maneuver 3D angle rigid formations by emplo-
ying angle-induced linear equations, it has been demonstrated
in [8] that the construction of each angle-induced linear
equation needs to associate at least five agents. This indicates
that each agent should have relative position measurements
with respect to at least four neighbors. To reduce the number
of neighbors that each agent should have, we propose to
associate only four agents to construct an angle-induced linear
equation under the following assumption.

Assumption 1: Assume in 3D that all the agents’ coordinate
frames have a common Z direction.

Different from [35], [36] where an additional virtual coor-
dinate is assigned to each agent, Assumption 1 practically
requires the agents to have the sensing capability of the
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direction of the global Z -axis, which can be fulfilled by
equipping each agent with a gravity sensor or extracting a
common vertical direction via image processing [37]. In the
follow-up subsections, we first introduce an angle-induced
linear equation established on a tetrahedron, then define the
desired Z-weakly angle rigid formation, and finally design the
formation maneuvering law for the followers.

A. Angle-Induced Linear Equations in Tetrahedra

A shown in Fig. 1, we take four agents 1, 2, 3, 4 in a tetrah-
edron as an example to illustrate the process of establishing an
angle-induced linear equation among them. Consider a coor-
dinate frame });_yyz Whose origin is p; and X, Y, Z-axes point
towards the same directions as the X,Y,Z-axes of Zg,
respectively. For a non-coplanar tetrahedron {1234, we
perpendicularly project the three points 2, 3, and 4 into the
X1Y plane, and then get the projected points 2’, 3, and 4/,
respectively.

Fig. 1.  Establish an angle-induced linear equation for £61234.

According to the planar angle-induced linear equations (8)
existing in 2D triangles, two angle-induced linear equations
existing in the planar A2’14’ and A4’13’ can be written as

(pr —pD)/lp2 — pill = R(aa 12/ )(par — p1)/llpa — p1ll - (23)

(py —p)/llp3 = pill = R(aar13)(par — pD)/llpa — p1ll - (24)
R((I4/12/) 0

0 1
along the Z-axis, au 12 €[0,27),a413 €[0,27) are signed

angles whose definition follows (7), and py € R?,i =2,3,4 are
the positions of i"in },. We consider in this section that
except for @y177, 4’13 Or generally )iy > Ut iy K ’S®i1j|k1m| €
A, all the other angles’ magnitude is within [0,7]. Assume
that 1,2’,4’ are not collinear, and that 1,4’,3’ are not collinear.
According to the law of sines, py,i = 2,3,4 satisfy

where R (aq127) = [ ] € SO(3) is the rotation matrix

lp —pill _ sinaxay  llpy —pi1ll _ sinazg
lpy —pill — sinawa1” llpy —pill - sinews’
Since the vectors py — p; are a projection of p; — p; to the
X1Y plane, the relation between p; and p; can be described by

(25)

1 00 .
P —p1 = |:0 1 0:|(pi_p])7l = 2’374' (26)
0 0 0

Substituting (25) and (26) into (23) yields
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Sina42/1(Paxy — Plxy) = sinaora 1R(@412/)(Paxy — P1xy)  (27)
where pivy, = [pi(1), pi2)]" € R2,i=1,2,3,4, pi(j) represents
the jth element of the vector p;. Similarly, substituting (25)
and (26) into (24) yields

Sin @43/ 1(P3xy — Plxy) = Sinaya 1R(@413 ) (Paxy — Plxy).  (28)

Note that (27) and (28) represent the final angle-induced
linear equations of the nodes 1, 2, 3, and 4 in the X1Y plane,
which is valid under the assumption that 1,2’,4" are not
collinear, and 1,4’,3’ are not collinear. However, if 1,2’,4’ are
collinear, then (27) will be degraded into a trivial equation.

Instead of focusing on the X1Y plane, we now establish Z
directional constraints among the four points. Suppose that
P2, P3, pa are not in the X1Y plane. According to Fig. 1, the Z
directional constraints can be described as

Sgn(sinam)u - sgn(sina3lz)M
lp2z — Pl lp3z — Pl
Sgn(Sinazlz)M = Sgﬂ(SiHCMlz)M (29)
lp2: — picll lpaz — picll

where p;, = p;i(3),i =1,2,3,4, and the sgn() function is used
to distinguish the different sign of (p;)’s Z coordinates with
respect to the X1Y plane. For (29), using the law of sines in

’ ’ sgn(sinaz1z)llp2—puzll _
212, ~3137and 4213, senGinaziNps,—piell
COSo1z SINa23]

cosaszsinas, Where a1y, a31y, 31,3 are scalar angles,

and we have used the facts that cosapiz =sinasiy X
sgn(sinazjz) _ sgn(sinasiz)
sgn(sinay|z) ~ sgn(sinaziz)’

sgn(sin@ai P2z —piell _ cosanizsinays : .
has SenGIn @) pa—pidl = cosasgsinas Then, it follows that:

one has

sgn(sinay;z) and Similarly, one also

cos a3z sinsn1(p2; — p1z) = cos@z1z sina231(p3; — piz)

COs 41z Sina@41(p2; — P1z) = Cos @21z sin@41(paz — p1z) (30)
which are the two remaining angle-induced linear constraints
of £$41234. However, if py, p3, ps are in the X1Y plane, then
(30) will be reduced to trivial equations.

By summarizing (27)—(30), the overall angle-induced linear
equations among agents 1, 2, 3, 4 can be described by

FE2 @, p) = AL ) py + AL P @) py

+AT P @ps + A P @ps =0 (3D

where API24eRO3ji=1,... 4 are defined as AD12=

[sinay 4 1R(ay12) — sinagyily 021
0 a] — a
1x2 1 12 41234 _
sinaz 4 R(as13) — sinawzilp 02x1 2
| O1x2 azi —an
[sinagpr1ly 0axi 02x2 02x1
0 —a
O1x2 A2 4o1234 b2 M gen3 _
0250 01 [ sinagszly O | 4
| O1x2 ann O1x2 O1x1
[—sinaza1R(aa127)  Oxi
O1x2 O1x1 )
. a = COS sin @ a =
_sinave R@wry) Ong [ 4N 212 231, 4
01x2 —asy

COS 31z SiN@331,da] = COS oz SiN @4, dry = COS@4|z SINAD] -
It is obvious that ADZ4(a) + AD124(e) + AL () +
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Af1234(a)=0. Note that the coefficient matrices Al?bm“e
RO3 j=1,...,4 are only related with the interior angles of
{1234 and the angles formed by the edges of £1234 and the
Z-axis. Moreover, according to the definition of the angles
shown in Al@m“ eRO3 j=1,...,4, one has that Af>1234,i=
1,...,4 are invariant with respectto {£1234’s translation,
scaling, and rotation along the Z-axis.

Lemma 2: For a tetrahedron £61234 with projected points
2/,3",4' if 1,2’,4’ are not collinear, and 1,4’,3’ are not
collinear, and py, p3, p4 are not in the X1Y plane, then

Rank[A41>1234(a)’A§>1234(Q)’A§>1234(a)’Af1234(a,)] -6

Proof: Construct a submatrix S| € R®® from the matrix
[A41>1234(a)’A£51234(a,)’A?1234(a),A2‘&1234(a)] as

Sing4’2'112 82><2 02x1 82x1

_ —air  Oixi

Sl — 1x2 . 1x2 . 32

02x2 sinagz1lh O O (32)
01x2 O1x2 O1x1  —an

One can easily verify that under the given assumptions,
6 > Rank(S') > Rank(S |) = 6, which completes the proof. H

The above analysis takes {61234 as an example. Now, we
consider a tetrahedral angularity A(V,A,p) with multiple
tetrahedra defined in the tetrahedral angle set A. One can
write all the angle-induced linear equations from the
tetrahedral angularity A(V,A, p) into a compact form

Ma(a(p))p =0 (33)
_ N .
where Ma(a(p)) € RN can be written by
- Vertexi --- Vertex j --- Vertexk --- Vertexm ---
Ist&>
&ljkm 0 AAzjkm 0 A;ﬁijkm 10 A&tjkm 0 Ai;i_jkm 0
nfth N
(34)

whose row blocks are indexed by the tetrahedra defined in the
tetrahedral angle set A and column blocks are indexed by the
vertices.

B.  Desired ZWeakly Angle Rigid Formations and Their
Properties

Note that the angle-induced linear equation (31)
associated with not only the interior angles in £1234, but also
the angles formed by the edges of 1234 and the Z-axis.
Therefore, except for the angles defined in the tetrahedral
angle set A, we need to additionally impose angle constraints
formed by the edges of 41234 and the Z-axis such that these
coefficient matrices in (31) can be uniquely determined.
Towards this end, we first define a set mapping such that these
additional angle constraints can be included in a new angle
set.

Definition 2: For a tetrahedral angle set> A={Sy;, j kym;>-->

Sei,j ok om, )» define the set mapping M as
nﬂ ﬂﬂ nﬂ Vlﬂ

2 Although S iy jikym S&; o ky, MY be nonempty, this will not affect the
total effective number of ang e ‘constraints in A.
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M A= A=ASpi, jikym» (15 11,2), (k1 i1, 2), (my, i1, Z),, ...,

S&ini%jngkngmn% , (jn%, ing,z), (kn%, inﬁ’z)’ (mn%, ing,z)}
where ( '1,i1,Z_)> describes the angle constraint formed by the
rays i1 j; and i1 Z.

Definition 3: A 3D angularity A(V,A,p)where p is
generic, A is obtained from A under the mapping M, and A
is a tetrahedral angle set, is said to be Z-weakly angle rigid if

{Plaju(p’) = ai(p),Y(j,i,k) € A}
= {P’|P’ = sc[In ®Rz(ec)]p+ Iy®we,s: € R+,

6. € R,w, € RY)
i.e., to maintain the given angle constraints in A, A can only
translate, scaling, and rotate along the Z-axis.

Before presenting the results, we first need to make an
assumption.

Assumption 2: For each tetrahedron &ijkm in the desired
3D tetrahedral angularity A(V,A,p*) with generic p*, we
assume that i, j/,m’ are not collinear, i,k’,m’ are not collinear,
and pj,pz,p,"n are not in i’s XiY plane.

Now, we have the following theorem.

Theorem 3: For a 3D Z -weakly angle rigid angularity
A(V,A,p), if Assumption 2 holds, then Rank(Mz(a(p))) =
3N -6 and Span{p,(Iy ®R.(¢))p,1y®[1,0,0]",1y®[0,1,0]",
1y ®[0,0,1]7} € Null(M4(a(p))), where ¢ €R is an arbitrary
number.

Proof: We first prove the null space of Mg(a(p)). Since

@ljkm( ) + A&tjkm( )+ A&l/km( ) + A&t]km( ) =0, {Iy®
[1,0,0]7, 1N®[0,1,O]T,1N®[0,0,1]T} lie in the null space of
Ma(a(p)). Then, according to (31) one has

fﬁz]km(a, p) = A@zjkm(a,)pl+A®z]km(a,)p]+A@z;km(a,)pk

+ A" @)py =0 (35)
which implies that p lies in the null space of Ma(a(p)). To

prove that (IN®R (¢))p also lies in the null space of
M a(a(p)), we need to check

£ @, (y @ RoA)p) = A; T @R-(9)pi

@ 1N
S @R ()pj + A (@RP)pi
&
" (@RAQ)pm. (36)
Taking Aﬁ”km(a)RZ(gv) in (36) as an example, one has
& m
" (@)R:(p)
—sina jpiR(@mij) Ole]
= . R 01><2) (())1 1 Re(#)
— SINAk ! i X ik %1
[ 132 —cosajizsina jmi]RZ(go)_
—sina jr iRy ij) 02x1]
- R )[ O1x2 O1x1
R.(p) —sin ak/ 'iR(@w i) 02x1
1><2 —COSCl'jiZ smajmi ]
R (I> @
=| ) & %o)] w (@) = [L®R(D)IA, " (@) (37)
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R 0
@ 2“] and  R(awij)R(p) =
Oix2 1 '

R(@)R(ayyij). Substituting (37) into (36) yields

where we used Rz(go)z[

£ @ (Iy® RA9)p) = [LOR(@)]S " (@.p) =0
i.e., Iy ®R.(¢))p lies in the null space of Ma(a(p)).
Finally, we prove that Rank(M#(a(p))) = 3N —6. Accor-
ding to the Euler-Rodrigues formula, R,(¢) can be written as

R.(¢) = cosglz +sinpB + (1 —cos ) B, (38)
0 -1 0 0 0 O

where By =|(1 0 O0f,B,=|0 0 0| Therefore, the vec-
0 0 O 0 0 1

tor (Iy®R;(¢))p can be decomposed into three components,
where the first component (cos¢)p is linearly dependent of p,
and the remaining two components sing(I/y® Bj)p,(1—
cos¢)(Iy ® By)p are linearly independent of {p,1y®[1,0,0]",
Iy®[0,1,0]", 1y ®[0,0,1]7}. Therefore, there are at least six
linearly independent vectors lying in the null space of
Mag(a(p)), i.e., Rank(M #(a(p))) < 3N — 6. Now, suppose that
Rank(Ma(a(p))) <3N -6, ie., there exists at least one
nonzero vector v € R3" such that Ma(a(p))y=0and 7 is
linearly independent of the aforementioned six vectors in the
kernel of M#(a(p)). According to the structure of Ma(a(p)),
¥ can maintain all the angle constraints given in A. However,
this contradicts with the fact that A is Z-weakly angle rigid,
i.e., v must be the combination of p’s translation, scaling and rota-
tion along Z axis (corresponding to the existing six vectors in
the kernel of M#(a(p))). Therefore, one has Rank(M #(a(p))) =
3N-6. ]
In the 3D case, we also define p=[p'T,p/T]", where
p'=[p.p;1T €RCand p/ =[p],....,p}]" € R The ma-
trix M #(a*) can be correspondingly parti;ioned by Ma(a*) =
[M[?{(a*),M;(a*)] where Mlﬂ(a*) eR¥™ and M;(a*) €

A _
ROAXBN-6)

. Now, we define a new matrix

Ly Ly 3NX3N

= = 1eR 39
L Lyy (39)
where Ly =(M,)"M., e RS, L)y = (M%)TM; € ROXGN-6),
Ly = (M)TM, € RON-O%6 and  Lpp = (W))TM), €
RGBN-6)X(3N-6)_

Lemma 3: If A*(V, A, p*) in 3D is Z-weakly angle rigid and
Assumption 2 holds, then L (a@*)p™ + Lss(a*)p/* =0, and
the matrix Zf r(a™) is positive definite.

Proof: Firstly, according to (33) and Theorem 3, one dire-
ctly has _[:fl(a*)pl*+.[:ff(cx*)pf* =0. The proof of Lsr(a™)
being positive definite can be obtained by following the same
line as the proof of Lemma 1. [ |

L(@) = Rz(@)Ma(a) = [

C. Formation Maneuvering Algorithm Design in 3D

Consider that the desired 3D formation is specified by a
desired Z -weakly angle rigid angularity A(V,A, p*). Using
Lemma 3, the desired positions and velocities of the follo-
wers can be written by p/*(f):= —Z}}(a*)jﬂ(a*)pl(t),
v () = —Z}}(a*)[:ﬂ(a*)v’(t). Therefore, the nonlinear con-
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trol objective (6) in this 3D case can also be transformed into
the linear form (14).

For the case that the two leaders have the same constant
velocity, i.e., p(f) =0, we design the formation maneuvering
formation law for the followers in the compact form as

up(t) = —kp [ Lys(@)p! 0+ Ly(a)p'0)]

—k| L@ w0+ Lp@m@)]  (40)

where us(t) = [u3,...,u}]T € 3N According to (39), the
component form of the formation maneuvering law (40) can
be similarly obtained following (16). Now, we have the main
results.

Theorem 4. Suppose Assumption 2 holds. If the desired 3D
angularity A*(V, A, p*)is Z-weakly angle rigid and the two
leaders have the same constant velocity, then under (40), the
maneuvering objective (14) is globally achieved.

Proof: Substituting the control law (40) into (5), one has

b0+ ke Lys@)pr) +kpLys(@)p =0 (41)
where we used jp'(r) = 0. Since (41) is a linear system, L_ff is
positive definite and k), > 0,k, > 0, p(¢) and ¥ ¢(r) = p (1) will
globally and exponentially converge to 0. [ ]

Note that for the case where the leaders have time-varying
moving velocities, one can design a similar formation
algorithm as (20) to achieve the desired maneuvering. Now,
we provide a simple example to illustrate the controller (40).

Example 2: Consider agents 1 and 2 as the leaders, agents 3
and 4 as the followers and S ;.34 € A. Following the
definitions given after (16), the control law for agent 3 can be
written as:

u3 = —kp(AS 4@ ) TAT 2@ (p1 - p3)
_AéblZ:M(a*)(pz _p3) _Af1234(a*)(p4 _p3)]
_ kV(Aéa1234(a*))T[Aia]234(a*)(vl _ V3)

— AL @)y —v3) AT P (42)

where A?m“(a*) follows the definition given in (31). ]

Remark 3: Although the angle-displacement and affine
formation maneuvering approaches (see e.g., [5], [8], [28],
[29]) also enable the maneuvering motions of simultaneous
translation, rotation and scaling, the number of leaders should
be at least 4 in [8], and at least 3 for 2D maneuvering and at
least 4 for 3D maneuvering in [5] and [29]. Compared with
these available maneuvering approaches, both of our proposed
2D and 3D maneuvering laws only need 2 leaders. Although
the proposed bearing-constrained formation maneuvering law
in [13] also only needs at least 2 leaders, it requires all the
agents’ coordinate frames to have the same orientation.
Compared with [24] and [27], no inter-agent communication
is required in (15) and (40). A requirement of the 3D
maneuvering algorithm (40) is that the desired formation
should satisfy Assumption 2, which holds when p*.

Remark 4: Due to the existence of two leaders, both
Lsr(@*) in 2D and Ls(a*) in 3D are positive definite.
However, if there are no leaders or only one leader, then L
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and Ly are not positive definite and the current control
design may not guarantee the convergence to the desired
formation. This is because the null space of L(*) and L(a*)
contains some vectors whose corresponding interior angles are
not equal to the desired angles, such as sing(/y ® B;)p* and
(1 =cos@)(Iy® By)p* in L(a*).

V. EXTENSION TO LAGRANGIAN DYNAMICS AND MINIMUM
NUMBER OF ANGLE CONSTRAINTS

A. Formation Maneuvering With Lagrangian Agent Dynamics

In practice, many mechanical systems can be modeled by
Lagrangian dynamics, i.e.,

Mi(ppi+ Ci(pi, p)pi + 8i(pi) = i, Vi€ Vg (43)
where i represents the ith agent, p; € R? is the state, d denotes
the degrees of freedom, M;(p;) is symmetric and positive
definite, C;(p;, p;) is the Coriolis and centrifugal term, g;(p;) is
the gravitational term, and 7; is the control input. Inspired by
[38], one can design the following controller:

7i = Ci(pi, poPi + 8i(pi) + Mi(piui, Vi€ Vi (44)
such that the model (43) can be transformed into a double-
integrator dynamical model p; = u;, where we have used the
fact that the inertial matrix M;(p;) is always positive definite.
Therefore, by substituting our proposed formation maneu-
vering laws (16) and (40) into (44), one can directly derive the
formation maneuvering control law 7 for the followers
governed by Lagrangian agent dynamics.

B. Construction of Desired Angle Rigid Formations by Minimum
Number of Angle Constraints

For the 2D case, since the sum of three interior angles in
each triangle is constant, only two independent triplets exist in
each Sai, jix,- (i1, j1,k1) € A. Therefore, to construct the desi-
red angle rigid formation, one can select 2n—4 angle
constraints from n—2 triangles, which is the minimum
number of constraints to guarantee triangular angle rigidity
[23]. The combination form of these n—2 triangles can be
constructed by using the Type-I vertex addition (Case 1) in
[23].

For the 3D case, the minimum number of angle constraints
in Ais (4%3+3)= nfﬁ since each tetrahedron has 4 triangular
faces and three additional angle constraints with respect to the
Z-axis. However, many of these angle constraints in A are
dependent. Instead, we now show how to use the minimum
number of angle constraints, i.e., 3n—6, to make A Z-weakly
angle rigid.

The first step uses three angle ccgl)straints: @3,,,@],; and the
angle a’f32,123) between the ray 3Z and the plane Pjr3. As
shown in Fig. 2, the first two angle constraints will make the
interior angles of A123 unique, and the third angle constraint
will allow A123 to only translate, scale, and rotate along the Z-
axis. Subsequently, we use similar angle constraints to add
agents 4,...,N sequentially, see Fig. 2, of which each agent
needs three angle constraints. Note that to distinguish A123

%

and the reflected A1’2’3, we require that 37103 is the angle

— - =
between 3Z and the normal vector of 21 x23. The same case
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applies to all the remaining vertices from 4 to N. Then, it can
be verified that all the interior angles and the angles between
the edges of those tetrahedra and Z -axis are uniquely
determined. Therefore, only 3 (N —2) angle constraints are
needed for this construction.

Fig. 2.

angle constraints.

Construct Z-weakly angle rigid formations by minimum number of

VI. SIMULATION EXAMPLES

This section presents two simulation examples with 4 follo-
wers to validate the effectiveness of the proposed formation
maneuvering algorithms in 2D and 3D, respectively.

A. Formation Maneuvering in 2D Under Controller (15)

In this simulation, we consider agents 1 and 2 as leaders and
agents 3 to 6 as followers. The agents’ initial states are:
p1(0) =[-1;-3],p2(0) = [1;-3], p3(0) =[0.4;-4.6], p4(0)=
[1.1;=5], ps5(0) =[-2;-3.7], ps(0) = [2;-3.5], p1(0) = [0;1],
p2(0)=1[0;1], p3(0) =[0.1;-0.1], p4(0) =[0.2;0.1], ps5(0) =
[-0.1;-0.1], p6(0) = [0.4;-0.3]. The desired formation is
shown in Fig. 3. The control gains are k, =3,k, =12. We
assume that the two leaders have the capability of autonom-
ously maneuvering through a 2D unknown environment with
obstacles, which can be achieved by using high-level motion
planning algorithms. This simulation uses a polynomial form
to plan the maneuvering parameters [29, Section V.B]. The
agents’ moving trajectories are shown in Fig. 4, which include
translational, rotational and scaling maneuvering. The
evolution of angle errors is shown in Fig. 5, which converge

4 4]
3 = 2|
g2 RE)
- -2\
1 2 BN
AP
0 \ BN
2 -10 1 2 3 4 ~ 2 0 2 4 76
x (m) x (m)
Fig. 3.  The desired formations in 2D and 3D.
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101 r=95s |:| 1=205s
8r p Tt —m o -
6 L
E 4
= 27
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_2 L
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-4 -2 0 2 4 6 8 10 12 14
x (m)
Fig. 4. Formation maneuvering trajectories in 2D under (15).
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Fig. 5. Evolution of angle errors in 2D under (15).

to zero. The angle errors are observed to be nonzero during
the maneuvering process because the leaders have time-
varying velocity and the followers only execute (16).

B. Formation Maneuvering in 2D Under the Sliding Mode
Controller (20)

In this simulation, we use the same initial states and desired
formation as those in Section VI-A. The control gains are
k, =6,k, =1,v1 =5,k =10. The simulation results are sh-
own in Figs. 6 and 7. Compared with Figs. 4 and 5, the
convergence speed is faster and the overshoot is larger in
Figs. 6 and 7.
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Fig. 6. Formation maneuvering trajectories in 2D under (20).
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Fig. 7. Evolution of angle errors in 2D under (20).
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C. Formation Maneuvering in 3D Under Controller (40)

We consider agents 1 and 2 as leaders and agents 3 to 6 as
followers. The agents’ initial states are: p;(0) = [-4+3 \/5;0;
2.5/V3], pa(0)=[-4;2;-2], p3(0) = [-4.4; -2.2; -2.42],
p4(0) = [-4.4;0;6.01],p5(0) = [-5.5;1.65;2.2], pe(0) = [-4.95;
3.3;-0.55], p1(0) = [0;1.1;0], p2(0) = [0;1.05;0], p3(0) =
[0.1;0.2;-0.1], p4(0) =[0.2;-0.1;0.1], p5(0)=[0.2;-0.1;
—0.2], p(0) =[0.1;0.1;0.1]. The desired formation consists of
three tetrahedra 1234,81345,{3456, which is shown in
Fig. 3. The control gains are k, = 16,k, = 6. The agents’ mo-
ving trajectories are shown in Fig. 8, which demonstrates the
capability of simultaneous translational, rotational and scaling
maneuvering. The evolution of angle errors is shown in Fig. 9.
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730_
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Fig. 8. Formation maneuvering trajectories in 3D under (40).
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Fig. 9. Evolution of angle errors in 3D under (40).

VII. CONCLUSION

This paper has successfully achieved the maneuvering of
angle rigid multi-agent formations in 2D and 3D with global
convergence guarantees. For the 2D case, a formation
algorithm has been designed to globally maneuver angle rigid
formations using only relative position and velocity
measurements in agents’ local coordinate frames. For the 3D
case, we have established angle-induced linear equations by
assuming that all the agents have a common Z direction. Then,
we have proposed a formation algorithm to maneuver Z-
weakly angle rigid formations, where the number of each
agent’s required neighbors is reduced to three.
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