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Abstract—M:itscherlich’s function is a well-known three-parameter non-linear regression function
that quantifies the relation between a stimulus or a time variable and a response. It has many
applications, in particular in the field of measurement reliability. Optimal designs for estimation
of this function have been constructed only for normally distributed responses with homoscedastic
variances. In this paper we generalize this literature to D-optimal designs for discrete and continu-
ous responses having their distribution function in the exponential family. We also demonstrate that
our D-optimal designs can be identical to and different from optimal designs for variance weighted
linear regression.
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1. INTRODUCTION

In different fields of science (e.g., chemistry, biology, medicine, and pharmacology) the relation
between a stimulus or a time variable (x) and a response variable (y) is being studied. These relations
help us quantify the beneficial or maximum levels of stimuli or time periods for the use of drugs,
pollutants, foods, and other substances. These relations are typically non-linear in both the stimulus
or time variable and the model parameters. For instance, the three-parameter Michaelis-Menten
curve E(y|z) = 81 + Bax/[Bs + ] is frequently used for chemical and biological applications [5, 7,
20], the four-parameter logistic growth curve E(y|z) = 81 + (B4 — B1)[1 + (x/F2)%] 7" is typically
used for biological assays [8, 27], the four-parameter non-linear exponential growth or decay curve
E(ylz) = B1 + Pox + B3 exp{Bsx} is used in biology and medical sciences [12, 17], and the three-
parameter one-compartmental model E(y|x) = p1[exp{—/pB2x} — exp{—S3x}]/[B3 — B2] is often used
in pharmacokinetics [4, 9, 10].

Precise estimation of non-linear models may require a substantial amount of testing. Designing
optimal experiments may therefore help reduce testing and possibly reduce also other resources (e.g.,
time, costs). A parameter estimation criterion for optimal designs is D-optimality [14], which maximizes
the determinant of XX for linear regression functions, with X the design matrix. For non-linear
functions D-optimality is obtained by maximizing the determinant of the Fisher information matrix [ 14].
D-optimal designs have been studied for different types of non-linear functions for both continuous and
count responses.

Under assumption of normality, y; = E(y;]z;) + &, with &; ~ N(0,02) i.i.d., [5] provided D-optimal
designs for the two-parameter (8; = 0) Michaelis-Menten curve, while [7] discussed D-optimal de-

signs for this two-parameter Michaelis-Menten curve under heteroscedastic residual errors, i.e., g; ~
N(0,v(E(y;|x;))), with v a known function. In [18], a D-optimal design for the three (3; = 0) and
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2 HEIDARI et al.

the four parameter logistic growth curve!) was provided, respectively. In [13], this work on logistic
curves was extended to heteroscedastic residuals, i.e., &; ~ N(0, 02E(y;|z;)[1 — E(y;|x;)]), when 81 = 0
and 84 =1 holds. Under the same parameter restrictions, [13] also provided D-optimal designs
for the asymmetric logistic growth curve, i.e., E(y;|a;) = [1 4 (2/82)%]7", with r > 0. In [8], D-
optimal designs for the full four and five parameter logistic growth curve (E(y;|z;) = 1 + (B4 — f1)[1 +
(x/B2)%3]~" were studied with residuals having a heteroscedastic variance of the form [E(y;|z;)]”, with
~v > 0. D-optimal designs for the two-parameter (where 52 = 0 and 53 = 1 and where 81 = 52 = 0)
and three-parameter (32 = 0) exponential decay model were provided by [12] under the assumption of
homoscedastic residuals, while [17] provided a D-optimal design for the full four-parameter exponential
growth model (among others), also under homoscedastic residuals. Finally, [19] discussed D-optimal
designs for the three-parameter one-compartmental model under homoscedastic residuals, while [8]
studied D-optimality of this compartmental model under heteroscedastic residuals using [E(y;|z;)]”
(again).

For count responses y;, the Poisson, Binomial, and Negative Binomial distributions have been used
frequently [11, 22, 25, 26, 28], but these papers discuss optimal designs for forms of E(y;|z;) that
can be rewritten into a linear function in the parameters, i.e., satisfying the definition of generalized
linear models [21]. Interestingly though, [11] provided D-optimal designs for the class of generalized
linear models with distributions in the exponential family a few years earlier. Contrary to the work
on generalized linear models, [20] discussed D-optimal designs for mixed effects Poisson regression
with the full three-parameter Michaelis-Menten curve. The random part only affected the constant or
intercept 81 and they also discussed designs without this random component.

One specific or special non-linear regression function is the three-parameter Mitscherlich function
[1], given by E(y|x) = 81 + P2 exp{fsx}, with 51 € R, B2 # 0, B3 # 0, and with z the stimulus or the
logarithmically transformed stimulus variable. Note that the original formulation of the Mitscherlich
function in [23] assumed that the parameters 8y and 3 were both negative. In some areas [6, 12], the
Mitscherlich function is referred to as the three parameter decay model when the variable x is time. In
that case the parameter (s is typically considered negative. The reason that the Mitscherlich function is
special, is that it can be naturally used to investigate violations of linearity in different directions, which
is less obvious for the other non-linear functions just discussed. Indeed, linearity can be obtained in two
ways:

B3 =1:E(y|log(x)) = B1 + Bar,
B1 = 0:log(E(y|r)) = log(B2) + B, (1)

with the log the natural logarithm. In case both constraints 5; = 0 and 53 = 1 are satisfied, the system
may be referred to as proportional to stimulus x. This makes the Mitscherlich function a very relevant
function for the validation of measurement systems where violation of linearity plays an important role.

As far as we know, D-optimal designs for the Mitscherlich non-linear function have only been
discussed under the assumption of a normally distributed response y with homoscedastic residual
variances [1, 6, 12]. For measurement systems these restrictive distributional assumptions may only
be true for special cases. In (micro)biology the distribution of the biological response may typically
deviate from normality. For instance, the biological response can be discrete, when a number of events
or microorganisms is being observed. Furthermore, in chemical and (micro)biological analyses, the
residual variance may typically depend on the level of the response, i.e., a mean-variance relation may
exist. Thus, there are many applications where an extension of the current D-optimal designs for the
Mitscherlich function is needed. Here we will generalize the D-optimal designs for estimation of the
Mitscherlich function, when the discrete or continuous distribution function for the response y is from
the exponential family in its natural form [2, 21]. We also consider the situation where the dispersion

Y Although the Michaelis—Menten curve is in principle a special form of the logistic growth curve (using reparametrization
Bi(L) = Bi(M), Ba(L) = B3 (M), Bs(L) = 1, Ba(L) = Bi(M) + Ba(M), and stimulus o(L) = =~ (M)), one may be
inclined to think that literature on optimal designs for Michaelis—Menten is implied by optimal designs for logistic curves.
However, optimal designs are typically minimally optimal, which means that the number of stimulus values in the optimal
design is set equal to the number of parameters in the non-linear function and both functions have different numbers
of parameters. Additionally, when they do study for instance two-parameter versions, the two-parameter logistic curve
(B1(L) = 0 and B4(L) = 1) is typically different from the two-parameter Michaelis—Menten curve (81 (M) = 0), since
B3(L) is not considered equal to one, making research on these non-linear curves disjoint.
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parameter is not known. Due to the general formulation of our D-optimal design, the complicated proofs
that have been used by others for their special settings, become rather simple.

The next section will introduce our generalized non-linear model, the log-likelihood function,
Fisher’s information matrix, and the D-optimality criterion. In Section 3 we present our main result.
We will construct the D-optimal design for the Mitscherlich non-linear function using three stimuli
levels (minimally D-optimal [19]). We also provide examples for the well-known distributions in the
exponential family of distributions. In Section 4 we discuss transformations of the Mitscherlich non-
linear function to further generalize our results. We also show that our work generalizes the D-optimal
designs in literature [1, 6, 12]. Furthermore, we show that our D-optimal design can be constructed
from a D-optimal design for weighted linear regression, extending [1] directly to the distributions in
the exponential family. However, when heteroscedastic residual variances are introduced, D-optimality
can not be obtained through weighted linear regression anymore, demonstrating that D-optimality and
weighted least squares are different approaches and only identical under specific conditions. We finalize
with Section 5 summarizing and discussing our work.

2. STATISTICAL MODEL

Let y;; be response j € {1,2,...,n;} at stimulus z;, i € {1,2,...,m}, and all y;; being mutually
independently distributed. The distribution of y;; is an element of the exponential family?) having
density f(y|0;, ¢) = exp{[y0; — b(0;)]/a(P) + c(y, @)}, with y € R, 6; an unknown parameter that will
depend on stimulus x;, ¢ an (un)known dispersion parameter, and a(-), b(-), and ¢(+, -) known functions
[21]. It is assumed that the range of y does not depend on 6; and ¢. Furthermore, function b(-) is
at least twice differentiable, with &'(-) and b”(-) the first and second derivative. As a consequence, we
have E(yij|z;) = p = b/'(0;) and VAR(y;j|x;) = b"(0;)a(¢). Using the canonical link function g, the
relation between 6; and p; is given by 6; = g(u;). Our model includes the well-known distributions
Poisson, Binomial, Negative Binomial, Gaussian, Gamma, and Inverse Gaussian with their canonical
link functions.

The Mitscherlich function we will study is p; = 81 + 521‘?3 with constraints 85 > 0, 83 > 0, and
x; > 0 the stimulus of interest. Note that we allow a stimulus that can be equal to zero, which was
not implemented in earlier formulations. Restrictions on parameter 3; are determined by the type of
distribution for y;;. For instance, 81 € R is allowed for the normal distribution, 8; > 0 is needed for the
Poisson distribution, and 81 > 0 is required for the Gamma distribution. Our choice for the Mitscherlich
function fits very well with measurement system analysis where we expect typically non-negative values
when we choose certain levels for the stimulus. Thus we will assume that 8, > 0.

2 1. Maximum Likelihood Estimation

If we define yi = (y’il7 Yi2y -+ Yin, )T7 y = (y17 Y2, Ym)T7 and 13 = (/617 /827 /83)Ta the log_likelihOOd
function can be written as

t(B:¢ly) = Zi [(4i;0; — b(0:)) /a(@) + c(yij, ¢)]
=1 j=1
a() D 1.9 (i) = nib(g(si) +Z§1:C(yija¢)y (2)
=1 i=1 j=1

where y;. = Z?;l y;; is the sum of the observations at stimulus x;. The maximum likelihood estimates
(MLESs) for the parameters 3 and ¢ can be obtained by solving the following likelihood equations:

, _OBly) L~ O _
s, = 0B _a((b);(yz. nipi) g' (14:) 9Bs =0 Vk= 1,2,3,

PNote that there exists a more general formulation of the exponential family of distributions of the form f(y|6;) =
exp{T'(y)n(0:) — A(6;) + B(y)}, but that we have selected its more restrictive natural form with 6; the canonical
parameter when ¢ is known [2]. Furthermore, if ¢ is unknown our formulation may not be a two-parameter exponential
family anymore [21]. Irrespective of its formal definition, we will focus on densities f(y|6:, ¢) = exp{[y8: — b(6:)]/a(¢) +
c(y, @)} where ¢ is allowed to be unknown.

MATHEMATICAL METHODS OF STATISTICS Vol.31 No.l 2022
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= ) S i) i)+ 0 ) =0, (3)

i=1 i=1 j=1

where ¢/ (1;) = 0g(i) /i, @' (@) = da(@)/0¢, and ¢ (yij, @) = Oc(yij, ¢)/0¢. The 4 x 4 Fisher infor-
mation matrix I4x4(83, @) is obtained by the (negative) expected values of the derivatives of the score
functions in (3), but the elements of I4.4(3, ¢) are also equal to the variances and covariances of the
score functions [16, Theorem 1.1, p. 406]. Using the derivatives of the score functions and taking
expectations (see for details Appendix A), the variances and covariances of the score functions become

VAR((}, ) = ang i) (8‘“>
e 51 ) i)

=1 j=1

O Ol
Ut )= i Yol () (57)
COV(EBk,E;) = 0. (4)

Orthogonality of the score functions for the location parameters 3 and the score function for the
dispersion parameter ¢ has been obtained earlier[3]. Furthermore, when ¢ would be known (e.g., ¢ = 1),
the Fisher information matrix I1x4(8, ¢) reduces to a 3 x 3 matrix I3x3(3)/a(¢), fully determined by
the score functions £ in (4), and with I3.3(8) independent of ¢. Note that COV(¢j ,£}) = 0 for
all k € {1,2,3}, implies that the covariance of the MLEs for f and ¢ is zero too, but this does not
necessarily imply that the variance VAR(3) of MLE 3 is independent of ¢ or the variance VAR(¢) of

MLE ¢ s independent of 3, since the corresponding elements of the inverse Fisher information may still
depend on ¢ or 3 through its density, respectively.

2.2. D-Optimality Criterion

D-Optimality is defined by maximizing the determinant of the Fisher information matrix I4x4(3, ¢),

see [14, 15]. Due to the (asymptotic) independence of the ML estimators 3 and ¢, the determinant of
the Fisher information matrix can be rewritten as [I1x4(8, ¢)| = VAR((})[I3x3(8)|/a(¢). In case the

variance VAR(¢) of MLE ¢ is independent of 3, i.e.,
IVAR(L,)
OB

we can focus on determinant |I3.3(3)|, as if the dispersion parameter ¢ would be known.?) Condition (5)
is satisfied for exponential families of distributions of the form f(y|0,n) = exp{n[yd; — b(6;)] + d1(y) +
da(n) + ne(y)}, where n = 1/a(¢), since the derivative ¢}, /0n of the score function £, is independent
of y and 3 (see [29, formula (1.22), p. 8]). Condition (5) holds for all well-known distribution functions
Poisson, Binomial, Negative Binomial, Gaussian, Gamma, and inverse Gaussian (see [29, Table 1.1]),
but we can not rule out that there may exist an exotic distribution function in our formulation of the
exponential family of distributions for which condition (5) would not hold.

=0, Vke{1,2,3}, (5)

We are interested in the smallest number of stimuli that would maximize determinant |I4x4(3, ¢)|,
i.e., the locally minimal D-optimality criterion [19]. Assuming that condition (5) holds true, we can focus

$Note that we do not need a fourth stimulus to be able to estimate parameter ¢. The reason is that the MLE of 8 can be
obtained independently of the estimation of ¢ because the likelihood equations for 3 do not involve the parameter ¢, see
(3). Additionally, ¢ can be estimated from the variability in the observations ys; if n > 1, since VAR (yij|z:) = b”(6:)a(¢)

and 6; can be estimated with MLE B and x;.

MATHEMATICAL METHODS OF STATISTICS Vol.31 No.1 2022
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on only three stimuli 1, x9, and x3, since determinant |I3x3(3)| contains only three parameters. Thus
we are looking for stimuli x1, x9, and x3, with ;1 < x9 < z3, such that
argmax  |I3x3(8)|, (6)

L<zi<zo<z3z<U

with L > 0 and U < oo a known lower and upper bound on the range of stimuli, respectively, typically
determined by practical limitations. With the help of Matlab we were able to express the determinant
|I3x3(8)] in an explicit form equal to

ﬁ% |:(l‘11‘2)53 log <i?> - (1‘11‘3)53 log (

[t is important to realize that the sample sizes nq, no, and ng do not influence the choice of stimuli z1,
x9, and x3 for maximization of (7), since only the product nineng is involved in (7). Thus if the optimal
design is known and the total sample size n = ny + ne + ng is determined, it would be best to choose
the same sample size in each stimulus to maximize precision, or equivalently to minimize the variance
of the parameter estimates.

I

) Gamry g ()] 2 i]i[l[nig’mi)]. (™

3. MAIN RESULTS: D-OPTIMAL DESIGNS

Here we will focus on finding the optimal values for x1, x2, and z3 that would maximize determinant
|I3x3(B)| in (7) under constraint L < 21 < 9 < z3 < U, with L > 0 and U < co. We will see that the
choice of the three stimuli depends on the mathematical behavior of the link function g. Note that our
results will be D-optimal when either ¢ is known or otherwise when condition (5) is satisfied. Our main
results are formulated in the following three theorems. The proofs are provided in Appendix B.

Theorem 1. If ¢'(u) >0, and ¢"(u) <0 holds, then the optimal stimulus «5** for x1 that

maximizes determinant |I3x3(8)| in(7), is the smallest possible stimulus value, i.e., m(l)pt = L.
Proof. See Appendix B. U
The two conditions on the link function in Theorem 1 indicate that we are studying concave

increasing link functions. This is satisfied for the identity link function g(u) = p with p € R, the log
link function g(u) = log(p) with pu € (0, 00), the square root link function g(u) =/ with € (0, 00),
the negative inverse link function g(u) = —p~! with 1 € (0,00), and the half negative inverse-square
link function g(u) = —0.5u~2 with u € (0,00). Thus for these link functions we need to choose the
first stimulus x1 as small as possible if we want to maximize the determinant of the Fisher information
matrix. For the logit link function g(u) = log(u/[N — p]) with € (0, N) the condition ¢”(u) < 0 is
only guaranteed when o < N/2. Thus when p > N/2, we do not know if stimulus 1 should be selected
as small as possible.

Theorem 2. If ¢'(u) >0, ¢" () <0, and ¢" (u)p + 29’ (1) > 0 holds, then the optimal stimulus
xgpt for x3 that maximizes determinant |Is«3(8)|in(7), is the largest possible value, i.e., a:gpt =U.

Proof. See Appendix B 0.

The third condition ¢”(u)p + 2¢’ (1) > 0 in Theorem 2 for link function g would be satisfied for
most of the link functions (e.g., g(p) = p, g(p) =log(p), g(p) = /i, g(p) = log(p/[N — pl), and
g(n) = —p1), but it does not hold for the canonical link function g(u) = —0.5u~2, with u € (0, 00),
for the inverse Gaussian distribution. Recall that the canonical link function g(u) = log(u/[N — p]) of
the Binomial distribution satisfies condition ¢”(x) < 0 only when p < N/2. Thus the third stimulus z3
should be chosen as large as possible for most canonical link functions, but for the inverse Gaussian and
Binomial distribution with their canonical link function it may be possible to obtain better designs when
we stay away from the boundary value U (see Section 3.1).

Theorem 3. Assume that ¢'(u) >0, and ¢" (1) < 0 holds and let x1 and x5 be given stimuli,
then the optimal stimulus x5 for x5 that maximizes determinant |I3x3(8)| in (7), is obtained by
solving the following equation

B2B39" (112) [(331332)63 log <Z> — (z123)% log <Z’> + (z973)% log <i3>]

2

MATHEMATICAL METHODS OF STATISTICS Vol.31 No.1 2022
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x x
+ 29" (u2) [ﬁga:fP’ log <x2> + ﬁgl‘?g log <$2> + xf‘“’ - x?‘“’] =0. (8)
1

The optimal solution x3P" is an element of interval (z1,x3) and satisfies constraint (s log(:rgpt) <
(25 log(3°) — 21" log (a7*) — (25° — 27*)]/[a5* — 7°].

Proof. See Appendix B. U

Theorems 1—3 all formulate optimal choices of only one stimulus, conditionally on the other two
stimuli, whether these other two stimuli are chosen optimally or not. The theorems tell us what to do
with this one stimulus to maximize determinant |I3x3(3)| when the other stimuli are already provided.
For Theorem 3 it shows that the best choice for z9 € (1, x3) is the value that solves Eq. (8), if we wish
to maximize determinant |I3x3(8)].

Corollary 1. /f the conditions of Theorem 3 hold and x1 = 0, then the optimal stimulus a:gpt for
x9 that maximizes determinant |I3y3(8)| in (7), is obtained by solving equation

Baag" (2) 5" log (ii) +2' (n2) [ﬁs log (ii) B 1] =0 (9)

and the optimal solution satisfies 0 < 23" < z3exp{—f;'}.

Proof. Substituting z; = 0 in (8) leads directly to Eq. (9), since the value of the third stimulus is
always larger than zero (i.e., z3 > 0) to guarantee that we have three different stimuli. Furthermore, sub-
stituting z; = 0 in the boundaries on azgpt results in the lower and upper boundary 0 and z3 exp{—,Bg_l},
respectively. O

Corollary 1 and Theorem 3 demonstrate that the optimal value x;pt for the second stimulus depends
on the two other stimuli 27 and z3, and on the link function g through its derivatives ¢’ and ¢”.
Equations (8) and (9) also show that distributions with the same link function result in the same D-
optimal design. Thus the D-optimal designs for a Poisson and Negative Binomial distributed response
y are identical, since they both have canonical link function g(u) = log(x) and they just differ in the

dispersion variable ¢. Whether all three model parameters 3 are involved in a:gpt, depends on the link
function (see Section 3.1), but it always involves the power parameter Ss.

3.1. Examples of D-Optimal Designs

We will discuss D-optimal designs for the well-known distribution functions of the exponential family
of distributions using their canonical link function. Note that it is common practice to use the canonical
link functions in modeling data from measurement reliability studies. As illustration we will assume a
measurement system analysis for which the stimuli can range from L = 0 to U = 15. We will consider
six combinations of parameter settings for 5 € {0.5,1.0}, 82 € {0.8,1.0,1.2}, and 53 € {0.9,1.0,1.1}.

Gaussian distribution. For the Gaussian distribution with the identity link function, Eq. (8) can
be solved explicitly. Theorems | and 2 imply that the first and third optimal stimulus should be chosen

equal to x(l)pt = L and a:gpt = U, respectively. Then the optimal second stimulus is equal to
25" = exp { (U log(U) — L% log(1)]/[U — L] - 57 |, (10)

which depends only on the power parameter 83 (and not on the intercept 51 and slope 2). In case the

lower boundary L is equal to zero, the optimal second stimulus reduces to :L"gpt = Uexp{—ﬁgl}, which
is equal to the upper bound on x;pt mentioned in Corollary 1. Table 1 shows the optimal stimulus mgpt
for our illustration. Since B3 ~ 1, the stimulus is approximately 36.8% of the upper boundary U = 15.

Poisson and negative binomial distribution. The canonical link function is g(x) = log(u), which

implies that 2" = L and 23" = U (Theorems 1 and 2, respectively). A solution for Eq. (8) can only be

obtained numerically and this equation contains all three parameters of the Mitscherlich function. When
L =0, Eq. (9) reduces to

51+ 0] [satog () = 2| + sugaton ([ ) =0, (1)

MATHEMATICAL METHODS OF STATISTICS Vol.31 No.l 2022
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Table 1. Optimal value for the second stimulus 2 for different distributions of the exponential family (L = 0 and
U =15)

Parameters Gaussian Poisson Gamma Binomial
A Pa Bs N =25 N =50 N =100
0.5 1.2 0.9 4.94 2.24 0.70 2.65 241 2.32
0.5 | | 5.52 2.67 0.90 3.16 2.87 2.76
0.5 0.8 1.1 6.04 3.10 1.14 3.66 3.33 3.20
1.0 1.2 0.9 4.94 2.58 1.12 3.04 2.77 2.67
1.0 1 1 5.52 3.02 1.38 3.57 3.25 3.13
1.0 0.8 1.1 6.04 3.47 1.68 4.08 3.71 3.58

which can not be solved explicitly either and still depends on all three parameters. However, the
optimal solution for the second stimulus x;pt is inside the interval [U exp{—28;'},U exp{—35'}].
Indeed, the left-hand side in (11) is non-negative when pslog(U/xz2) > 2, which means that mgpt €
[U exp{—285'},U). In addition, the left-hand side in (11) is non-positive if 83 log(U/x2) < 1, which
means that :rgpt € (0,U exp{—p5'}], but this was already known from the upper boundary in Corollary

1. When the intercept 81 = 0, the optimal value for the second stimulus becomes a:gpt =U exp{—263_1},
which is different from the solution of the Gaussian distribution. Table 1 shows that the optimal stimulus

a:gpt is substantially lower than the solution of the Gaussian distribution with the identity link function.

Gamma distribution. The canonical link function g(u) = —p~! together with Theorems 1 and 2,

imply that 23" = L and 23" = U. The solution of Eq. (8) can be determined numerically and it involves
all three parameters (31, B2, and (3 of the Mitscherlich function. If we assume again that L = 0, Eq. (9)
reduces to

B1 + Boxh® + B183log(wz) = 13 log(U), (12)

which can be solved numerically for different values of 81, 82, and 5. In case 81 = 0, the optimal second

stimulus becomes equal to :rgpt = 0, but these results are not allowed for a gamma distribution with a
positive range. The parameter ; should be positive when we allow the stimulus x; to be equal to zero.

Table 1 shows that the optimal stimulus :rgpt is still close to zero when 51 > 0.

Binomial distribution. To solve Egs. (8) oreven (9)for the Binomial distribution with canonical link
function g(u) = log(u/[N — p]) is very tedious and does not easily reduce into manageable functions.
The solution m;pt depends on all three parameters 31, B2, and B3 of the Mitscherlich function and
numerical approaches should be used to determine the D-optimal design. When 31 + BoU% < N/2

we know that 23" = L and 23" = U based on Theorems 1 and 2. Thus for our illustration with L = 0
and U = 15 and the six selected combinations of parameter settings 8; € {0.5,1.0}, 82 € {0.8,1.0,1.2},
and 33 € {0.9,1.0,1.1} in Table 1, a sample size of N = 34 would be enough to satisfy the condition

¢"(11) < 0in Theorems 1—3. Thus for N = 50 and N = 100, we know that z"" = L = 0 and 23" = U =
15, but for N = 25 we do not know this. Investigating the optimal stimuli ; € [0, 15] using numerical
calculations (just calculating the determinant for a grid of stimuli using step size h = 0.01) still shows

that x(l)pt =0 and a:gpt = 15. Table I shows the results of the optimal stimulus :rgpt for all settings. The

results show that a:gpt is close to the optimal value of the Poisson, which is not a surprise since the
Binomial and Poisson distribution are very similar, in particular when the sample size N is increasing.

This resemblence between the two distributions may explain why the optimal stimulus " and 3" are
still equalto L = 0 and U = 15 when N = 25.
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Table 2. D-optimal design for the Inverse Gaussian distribution with canonical link function g(u) = —0.54~2 and
boundaries L =0and U = 15

Parameters Optimal design® Equidistant designs, %
By Ba Bs AP g Isxs(B)]  d=60  d=30  d=15
0.5 1.2 0.9 0 0.26 5.21 1.455 70.8 55.4 21.0
0.5 1 1 0 0.36 5.32 1.697 64.5 65.2 32.3
0.5 0.8 1.1 0 0.48 5.58 2.192 51.8 68.8 45.3
1.0 1.2 0.9 0 0.57 11.34 0.045 64.9 734 45.9
1.0 1 1 0 0.72 10.65 0.053 51.3 73.7 59.4
1.0 0.8 1.1 0 0.91 10.53 0.068 36.0 66.4 69.8

* We have assumed that the sample sizes are equal to one (n1 = no = ng = 1) for calculation of Isx3(3).

Inverse gaussian distribution. Since the canonical link function g(u) = —0.51~2 does not satisfy
the conditions of Theorem 2, i.e., ug” (1) + 24’ (1) = —pu=3 < 0 for p € (0, 00), it is not known how to

choose the optimal value for the third stimulus x3, but we know from Theorem 1 that m(l)pt = L. If we
assume that L = 0, determinant |I3x3(3)| becomes equal to

ningns By * B3 [(132563)53 log(“’;g)r [51 + 529653} - [51 + 5233?} - (13)

Given the parameters B1, B2, and B3 a grid search for z9 and z3 can be conducted to maximize (13).
Table 2 shows the optimal stimuli for a measurement study where the stimuli can range from L = 0 to

U = 15. We used a step size of 0.01 in our grid search. Table 2 shows that a:gpt is far away from the
boundary U = 15 and x;pt is relatively close to L = 0.
The optimal solution for the second stimulus should satisfy Eq. (9), which can be rewritten in

By [ Baws® — 28] log(33) + 2 | 81 + Baa’?| = 0. (14)

In case 62:1:53 — 201 > 0 the left-hand side in (14) is positive, while it is negative when z2 gets close

to zero. This implies that x;pt € (0,[261/B2]/P3), illustrating that x;pt can never be far away from zero
(unless Bs is close to zero). This upper bound on x5 can be useful in a grid search for maximization of

(13), since x5 should never go beyond [2/3;/52]/% and x5 should never start before [28; /32]"/#* when

Pl reaches this bound.

[0}
Ly
Furthermore, in a measurement system analysis it is common to use equidistant stimuli designs,
either in the original scale or otherwise in the logarithmic scale. Considering the D-optimal design
in Table 2, an equidistant design in the logarithmic scale is closer to the D-optimal design than an
equidistant design in its original scale, although the dilution factor varies with the parameters 1, 52,
and (3. The efficiency of these so-called dilution designs with respect to the optimal design is provided
in Table 2 for different dilution factors d (and taking x5 = U). It is obvious that our D-optimal design is
substantially more eficient than a dilution experiment.

4. RELATIONS TO EARLIER WORK AND EXTENSIONS

As we mentioned earlier, D-optimal designs for the Mitscherlich function were already obtained
for the normal distribution with homogeneous residual variances [1, 6, 12], but they used different
parametrizations of the Mitscherlich function. Here we will show that these parametrizations are
irrelevant and that their D-optimal results follow from our work. We will also show that under certain
conditions our D-optimal solution can be obtained from minimizing a weighted least squares. However,
when we start considering heteroscedastic residual variances, which may be typical in measurement
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reliability studies, these two approaches for optimal designs can also be different. This shows that
weighted least squares solutions and D-optimal designs are not always identical. We finish with
a discussion on extending our work to transformations of the Mitscherlich function (5 + ﬁg:pf3),
making our general results even more general.

4.1. Existing D-Optimal Designs

In our results we formulated the Mitscherlich non-linear function as E(y;;|z;) = 81 + ﬁQl‘fP’, with
x; a non-negative stimulus, and f2 and s both positive. However, Box and Lucas [1] introduced the
Mitscherlich function as E(y;;|z;) = 81 — B2 exp{—/S32;}, with B2 > 0 and 83 > 0, Han and Chaloner
[12] used E(yij;|2:) = 1 + B2 exp{—p32}, with f2 > 0 and B3 > 0, and Dette et al., [6] used E(y;;|z;) =
B1 + Bo exp{zi/ﬁg}, with By > 0 and 35 > 0. Due to these reparametrizations, the published D-optimal
designs are difficult to compare. Here we will show that it is reasonably straightiorward to calculate their
D-optimal designs from our results. We will show that their results are just obtained from reformulations
of our own form E(y;;|z;) = 51 + ,623:’?3 with 85 > 0and 83 > 0.

For Dette et al.’s formulation under their assumption of normality with homoscedastic residual
variances, we need to both reparametrize 83 and transform the stimulus. Our stimulus x; can be
taken equal to x; = exp{z;} and the power parameter 33 can be taken equal to 85 = 1/53. Here the
transformation for the stimulus is an increasing function of z;, thus Theorems | and 2 indicate we need

pt

to choose 2" as small as possible and ngt as large as possible. In case z; represents time, the smallest

value could potentially be zero, implying that z" > 1. Using optimal solution (10) with L = exp{z{"},

pt

U = exp{z3"}, B3 = 1/f3, and 25" = exp{z3""}, the optimal solution 23" is now equal to

ot _ A" expla B} — A exo{ B} 5 (15)
2 - ~ ~ )
exp{23"/Bs} — exp{=]"/Bs)
which was indeed presented in [6].

The optimal solutions for the other two formulations can be obtained in a similar way. For the
formulation of Box and Lucas, we can take x; = exp{z;}. If one realizes that our proofs of Theorems 1—3
remain correct if both B2 and fB3 become negative (instead of being both positive), we obtain also
zi’pt = Zmin, ngt = Zmax, With zmin and zmax the minimal and maximal allowable value for stimulus z,
and zgpt satisfies (15) with B3 replaced by —,63_1, which was obtained by [1]. For the formulation of Han

and Chaloner, with 2; = exp{—z;}, we obtain z(fpt = Zmax, zgpt = Zmin, and
t t t t
Lont _ zfp exp{—,Bgzi’p }— zgp exp{—,Bgzgp } 1
= t t ;
exp{—,Bgz;p }— exp{—ﬂgzgp } B3

which was reported by [12]. The order for 2" and 23" is changed, since the stimulus z; = exp{—z} is
now a decreasing function of z;.

4.2. Weighted Least Squares and Heteroscedasticity

The optimal design for the Mitscherlich function that was proposed by Box and Lucas [1] in 1959,
was based on the linearization of the Mitscherlich non-linear function and the maximization of the
determinant of the corresponding design matrix (as if they were constructing a D-optimal design for
a linear regression problem [24]). Their design matrix was equal to

Opr Opr Ow

0B 98 96 1 i Byxilog (z1)
o Ola Olg ’

Oz Opz Ous 1 x§3 Bgmg3 log (z3)

0B1 0Bz 0pB3
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and they maximized determinant | X7 X| over L < 21 < x93 < 23 < U, assuming that at each stimulus
the same sample size was used. For an imbalanced design the determinant becomes | X WX|, with W
a 3 x 3 diagonal matrix with nq, ne, and ng at the diagonal. Under the assumption of normality with the
identity link function, this linearization with an imbalanced design leads to the maximization of | I3x3(3)|
in (7), see also the variances of the score functions in (4). However, for other distributions, with another
canonical link function than the identity, our D-optimal design would deviate from the optimal design of
[1] since the linearization should involve the link function.

To generalize the approach of [1], we should change X” X such that it represents the variances in (4).
Thus if we would choose weight matrix W by

n1g' (p1)/a(o) 0 0
W= 0 nag (112) /a(®) 0 (17
0 0 n3g' (uz)/a(¢)

and maximize determinant |[X”WX]|, we would maximize determinant |I3x3(3)| in (7). Thus by
changing the least squares approach of [1] to a weighted least squares approach, we obtain the D-
optimal designs for the Mitscherlich non-linear function for any of the distributions in the exponential
family that satisfy condition (5). It should be noted that the weight w; = n;a=!(¢)g’' (1;) in (17) is equal
to w; = ni[VAR(y;;)] 71, the typical weights used in a weighted linear regression approach.

If we return to the normal distribution again and assume that the dispersion parameter ¢ depends
on the mean y, i.e., yi; ~ N (s, a20(u)), with ¢ a positive function that is twice differentiable, and o
known, the Fisher information matrix I343(8) becomes equal to (Appendix C):

, 1 s B log ()
Z nih(fe) xf3 :1:2253 ﬁ2x363 log(z;) (18)
i=1 83 2083 B3 2
ﬁQl‘i log(acz) 621'7, IOg(xl) [621‘1 1Og($l)]

with k() = 0.5[¢" (1) /()] + [02p(p)] 1, ¢’ the first derivative of ¢, and with the summation in (18)
taken element wise. This Fisher information matrix has strong similarities with the Fisher information
matrix for constructing optimal designs for the Michaelis—Menten curve studied in [7]. If we now

take the weight w; = n;[VAR(y;;)] 7! and consider XWX, we obtain matrix (18) with h(y;) equal
to [o2p(u;)] 7. Thus under heteroscedasticity, the usual inverse variance weight w; = n;[VAR(y;;)] 7!
does not lead to a D-optimal design, but if we choose the weight w; = n;h(u;), with h(u;) as defined in
(18), XTWX becomes equal to (18).

The determinant of I3x3(3) in (18) becomes equal to (7) with ¢'(u;) replaced by h(p;), making
use of Matlab. Thus the solutions x1, z9, and z3 that maximize |I3x3(3)| are determined by our
Theorems 1, 2, and 3 when the following three conditions are satisfied h(u) >0, A'(u) <0, and
ph! (1) + 2h(p) > 0. If we would assume that the dispersion parameter is a power function of the mean,
i.e., o(u) = pP, with p > 0, we obtain that h(p) = 0.5p? =2 + o272, K (1) = —plpu =+ o 2P~ 1,
and ph'/(u) 4+ 2h(u) = [2 — plo~2p~P. Thus conditions h(u) > 0 and h'(u) < 0 are always satisfied
when p > 0, but condition ph/(u) + 2h(p) > 0is only satisfied when 0 < p < 2, implying that we would
only choose z3 equal to its maximum value when p < 2. When we assume that :L'(l)pt =0and p € (0,2],

the optimal solution azgpt follows from (9) with ¢’ = h, and should satisfy equation

2-p)  ph | DA zz\ _p? 2
1 =
Bl ozt g |5 \e) T T o
with pig = By + Bazh®.
Unfortunately, when ¢ would be unknown, the D-optimal design is not determined by determinant
I3y 3(B) anymore, even though condition (5) is still satisfied. Indeed, the variance of the score function
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with respect to o is independent of 3, since VAR(¢.) = 0.5n/0* (Appendix C). The issue is that the
covariances between the score functions with respect to 3 and the score function with respect to o are
no longer equal to zero (Appendix C).

4.3. Transformations of the Mitscherlich Function

Our results provide D-optimal designs for E(y;j|x;) = 81 + ,ngf3, with 81 >0, 82,83 > 0, x; > 0,
and y;; having a distribution in the canonical exponential family with 6; = g(51 + ,62%53). If we wish
to study the non-linear function E(y;;|z;) = ¥(61 + ,Bga:’f3), with canonical link function g, the log-

likelihood function in (2) and determinant |I5x3(3)| in (7) both change due to the transformation . The
determinant becomes

)P [mag! (i) {0 ()}
1=1

with M (x|B) = (z122)% log(xa/x1) — (z123)% log(x3/x1) + (x2x3)% log(xs/x2), wi = p1 + ﬁga:f?’,
and v’ the derivative of ¥. If we now define the function g through its derivative §' (1) = ¢'(v(u)) [’ (11)]?,
the second derivative of function § would become §”(u) = g"” (1(p)) [’ ()] + 29" (1) )" (1)’ ().
Based on the proof of Theorem 1, 2" should be chosen equal to L when (1) = ¢/ (¢(1)) [ (12)]2
non-negative and decreasing in p (i.e., ¢” (¥ ()W (1)]? + 24’ (¥ (p))¥" ()Y’ (1) < 0). 1f we also have
that ug”(u) + 27 (1) > 0, 23" should be chosen equal to U. The optimal stimuli 23 should satisfy
Eq. (8) with ¢'(u2) and g’ (u2) replaced by ¢’ (u2) and §”(u2), respectively.

To illustrate these results, let’s assume we would like to study the square root transformation
Y(p) = /p of the Mitscherlich function p = 81 + B2 and assume that the canonical link function
is equal to g(p) = log(p), with > 0. Then the function § () = 0.254~3/2 is a positive decreasing
function and §”(u) = —0.375u~%/2 is negative for all > 0. Furthermore, the condition zg” (1) + 2 (1)
is equal to 0.125,3/2 and positive for all ;> 0. Thus the combination g(x) = log(x) and () = N

: { { t .
results into 2] = L, 23" = U, and z3"" can be obtained from

—0.758253 [(Lx2)63 log (fraczsL) — (LU)P8 log (g) + (22U)% log <g >]
2

U t
i [ﬁ3L53 log (”CL?) + BsU% log <x2> 4L Uﬂ _o.

On the other hand, when we would like to study the exponential transformation ¢ (u) = exp{u} and
the canonical link function is still g(u) = log(p), with p >0, we do not satisfy the criteria. The
function ¢’ (1) = exp{u} is still positive, but it is clearly not a decreasing function, since the derivative
J"(n) = exp{u} is always positive. Thus D-optimal designs for the combination ¥ (u) = exp{u} and
g(pn) = log(p) may be different from what Theorems 1—3 seem to indicate. Thus our theorems only
apply to certain combinations.

5. SUMMARY AND DISCUSSION

In this paper, we determined D-optimal designs for responses having their distribution in the
exponential family and their mean equal to the three-parameter Mitscherlich non-linear function,
Transformations of the Mitscherlich function are possible too, but only under certain conditions. The
D-optimal criterion is independent of estimation of the dispersion parameter if the precision of the
estimation of the dispersion parameter is independent of the parameters of the Mitscherlich function,
a condition that holds for all well-known distribution functions. It would be interesting to know if there
exists an example within our formulation of the exponential family for which this condition does not hold.

[t was demonstrated that the canonical link function plays an important role in selecting the optimal
values of the three stimuli. For most distribution functions we should choose the first stimulus as small
as possible and the third stimulus as large as possible, but for the inverse Gaussian distribution the
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third stimulus can be substantially smaller than the maximum allowable stimulus. The middle stimulus
depends on the parameters, the optimal first and third stimulus, and the canonical link function. For the
Binomial distribution, the conditions on the canonical (logit) link function in our theory may also not
always be satisfied. Hence, the canonical link function has a strong effect on how to choose the stimuli
(as we illustrated).

We showed that our results are an extension of earlier results [1], and that their approach of
linearization of the Mitscherlich function can be extended easily by including weights. Our D-optimality
criterion is identical to the D-optimality criterion of a weighted linear regression problem, where the
weights are the traditional inverse variances of the response at the selected stimuli. However, when the
residual variance would be heterogeneous, linearization of the Mitscherlich function does not lead to a
D-optimal design anymore.

We believe that the Mitscherlich non-linear function has not received enough attention, while we
believe it is a very useful stimulus-response function for validation studies of measurement systems.
The Mitscherlich function is an extension of the two-parameter linear or log-linear regression function
and therefore useful to investigate linearity of the system. Our results may help formulate an optimal
design for maximizing the precision of the estimators of the parameters of the Mitscherlich function and
then evaluate linearity of the measurement system.

Altough we were able to formulate D-optimal designs for the Mitscherlich function with a large
class of probability distributions, testing for linearity may require alternative optimal designs, since
two different models are being compared that would not have the same D-optimal design. Secondly, it
would be of interest to determine the optimal settings in case more than three stimuli are being selected,
for instance to test the goodness-of-fit of the Mitscherlich function. Thirdly, more work is needed to
understand the optimal designs for transformations that may not satisfy our conditions. Finally, we
believe that our work may be extended to other non-linear functions that have similar characteristics as
the Mitscherlich function.

Appendix A

Here we will determine the Fisher information matrix for the parameters 3, using the second
derivatives of the log likelihood function. An explicit formula for determinant |I5x3(3)|in (7) can then be
determined using for instance Matlab.

The second derivative 9%4(3, ¢ly)/(0Bx)? of the log likelihood function in (2) with respect to gy, is

given by
1 & a:ul 2 "neoo O 2 . 82,“1’ R

i=1
Using [16, Theorem 1.1, p. 406], we obtain that the variance of the score function %k is equal to
VAR(£}, ) = —E[0*((8, ¢ly)/ (9B )?]. This leads to the first variance in (4), since Ely;. — nipi] = 0.

The second derivative 824(3, ¢ly)/(0¢)? of the log likelihood function in (2) with respect to ¢ is
given by

=30 S [ A () — bg() — (i )]

=1 j=1

with ¢’ (-, ) the second derivative with respect to the second argument. Using again [16, Theorem 1.1,
p. 406], the variance of the score function £ is equal to VAR(() = —E[0%(8, ¢ly)/(0¢)?]. Since
Ec (yij, ¢) = o' (9)Elyijg(pi) — b(g(1i))l/a*(¢), with ¢ (yij, ) = dc(yij, ¢) /D¢, the variance VAR(L))
becomes equal to the second equation in (4).

The second derivative 924(3, ¢ly)/(93,08) of the log likelihood function in (2) with respect to 3,
and B, with r # s, is given by

m

1 o\ Ol O w, O Oy, %
a(6) 2= [_”"9 i) o, ap, Wi~ mask) <~" i) 9g, ap, (”")aﬂraﬁsﬂ |

MATHEMATICAL METHODS OF STATISTICS Vol.31 No.l 2022



D-OPTIMAL DESIGNS 13

Using the same [16 , Theorem 1.1, p. 406], the covariance of the score functions EIBT and E’BS is
equalto COV(£}; , 5)) = —E[0%¢(B, ¢ly)/(08.03s)]. Using again that E[y;. — n;pu;] = 0, the covariance
COV(£},, t5,) becomes equal to the third equation in (4).

The second derivative 924(3, ¢ly) /(08 0¢) of the log likelihood function in (2) with respect to 3, and
¢ is given by

_a/(¢) < / 8/%’
a2(6) ; [(yi._niﬂi)g(ﬂi)aﬁk :

Using [16 , Theorem 1.1, p. 406], the covariance of the score functions ¢ and K; is equal to
Cov(ey, . by) = —E[0%4(B, ¢ly)/(0B:0¢)]. Since Ey;. = n;u;, the covariance Cov(¢ey, ., £;) becomes
equal to zero.

Appendix B

Here, we will provide the proofs of Theorems 1—3.

Proof of Theorem 1

We may assume that n; = nge = ng =1 without loss of generality and introduce z; = a:f?’ with
B3 > 0. The determinant |I3x3(3)| can now be written as

[I3x3(8)| = B3 283" (B + Baz1)g (1 + Baz2)d (B1 + Bazs)[h(21]22, 23)]%,

with function h(z1|29, 23) = 212210g(7?) — 2123 10g(7?) + 2223 log(Z}). We will demonstrate that the
determinant |I3.3(3)] is a decreasing function of z; € [0, z2) for any value of zo > 0 and z3 > 29, which
proves that we should choose x1 as small as possible.

Since we assumed that ¢” () < 0, the function ¢'(u) is a non-increasing function in . Since pq is
an increasing function in 27 (82 > 0), we have demonstrated that ¢’(u1) is a non-increasing function
in z; and thus in 2. We will now demonstrate that h(z;|z9, 23) is decreasing in z; by showing that
Oh(z1|z2,23)/0z1 < Oforall z; € [0, z2).

The derivative of h(z1|z2, z3) with respect to z; is given by
W (2122, 23) = (23 — z2) log(21) + 22(log(22) — 1) — 23(log(23) — 1),

which is an increasing function in z;. It is clear that for z; approaching 0 from above, lim,, ;o h'(21 |22,
z3) = —oo, that &' (21|29, 23) = 0 at z; = 2¥ with
log(20) = z3(log(z3) — 1) — z9(log(z2) — 1)7
z3 — 22

and that h'(z1 |22, z3) is negative for z1 € [0,2?). If we can show that log(z{) > log(22), then we can
conclude that h(21 |22, 23) is a decreasing function on the interval [0, z2). Inequality log(29) > log(z2)
is identical to z3(log(z3) — log(z2)) > 23 — 22, using standard algebra. If we now choose zo = azs,
with 0 < a < 1, inequality log(z)) > log(22) results in inequality a — log(a) > 1. Since a — log(a) is
a decreasing function for a € (0,1) and a — log(a) is equal to one for a = 1, we have demonstrated that
z? > z9 and that h(zq |29, z3) is a decreasing function in z;.

Furthermore, h(z2|z2,23) is equal to zero, which means that h(z1|z2,23) > 0 for z; € [0, z3) and
hence [h(z1|29,23)]? is a decreasing function in z; on the interval [0, z2). This implies that ¢’(8; +
Ba21)[Rh(21]22, 23)]? is a decreasing function in 21 on the interval [0, 22) and thus |I3x3(3)] is a decreasing
function in 21 on the interval [0, z:2).
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Proof of Theorem 2

Again we assume that n; = ny = ns =1 and introduce z; = ZL‘Z-BS with 83 > 0. The determinant
|I3x3(83)| can now be written as

Isx3(B)| = B3 B39’ (B + B221)d (B1 + Baz2)g (B1 + Pazs) (2321, 22)]°,
with function h(zs|21, 22) = z122l0g(7?) — 212310g(7?) + 2223 log (23 ). We will demonstrate that deter-
minant |I3x3(3)] is an increasing function in z3 € (22, 00), under the stated conditions of Theorem 2 for
any value of z; > 0 and z9 > 21, which proves that we should choose x3 as large as possible. To do this,
we may just study the product function D(23) = ¢/(B81 + B223)[h(23]21, 22)]?, since all other elements in
|I3x3(3)| are positive constants with respect to zs.
If we denote h'(z3|21,22) as the derivative of h(z3|z1,22) with respect to 23 and define C'(u) =
g"()p + 24’ (w), the derivative of D(z3) with respect to z3 can be written as
0D(z
o) = ag () sl 22)* + 2 (a0, 22 (ol 2)
23/ (23)21, 22)}

h(z3]z1, 22)

2
= [h(z?"i;’zz)] [9"(#3)52@, + 29/ (u3)

[ (2321, 22)]

= [9”(u3)u3 — B1g" () + 29/ () 2 311 22)]

. h(zs|z1, 22)
) /
_ [h(Z?"Z’@)] [C(us) — B19" (us) + 29’ (us) (Z?;z}zz(j?jflzzz)z) - 1>] ' "

Based on the assumptions of Theorem 2, we have that C(u3) > 0, —81¢” (u3) > 0, and 2¢'(u3) > 0.
Furthermore, the term [h(z3)21, 22)]% /23 is non-negative for all z5. If we can now demonstrate that
the term 23h/ (23|21, 22)/h(z3]21, 22) > 1, we have demonstrated that the derivative 9D(z3)/0z3 is non-
negative, indicating that D(z3) is increasing.

If we rewrite h(z3|z1, z2) into h(z3|21, 22) = A1 + Agzzlog(z3) + Aszs, with A} = 2129 log(zf ), Ag =
z9 — 21, and As = zlog(z1) — z2log(22), the derivative of h(z3|z1,22) with respect to z3 is given
by h'(z3|21,22) = Ag + Aglog(z3) + As. Since As > 0, h'(z3]21,29) is an increasing function with
lim,, o0 I/ (23]21, 22) = oo. The function (23|21, 22) is equal to zero in z3 = 23, with

Az + Ay z9log(z2) — 21 log(z1)
log(29) = — = —1.
Og(z?)) A2 29 — 21
If we can demonstrate that log(2) < log(z2), we would obtain that A’(z3|21,22) > 0 for z3 € (29, 00),
and thus h(z3|z1, z2) is an increasing function. Since h(z2|21, 22) = 0, h(z3|21, 22) would also be positive
on (z2,00).

If we now choose 21 = azg, with a € [0,1), the solution log(29) is equal to [log(z) — alog(z2) —
alog(a) — 1+ a]/[1 — a]. Then inequality log(23) < log(z2) results in @ — alog(a) < 1. The function
a — alog(a) is an increasing function in a € [0, 1), since its derivative is equal to —log(a), and it is equal
to one when a = 1. Thus inequality log(23) < log(z2) is guaranteed.

Knowing that h(z3|21,22) > 0 for 23 € (22,00), we can see that inequality z3h'(z3|21, 22)/h(23]21,
z9) > 1lis equivalent to the following inequality

23h! (23]21, 20) /M (23|21, 22) > 1 &= Agzz3 — A1 >0
<= 23 > z129log(za/21) /22 — 21].

If we can prove that z1 25 log(22/21)/[22 — 21] is smaller than or equal to 25, we have demonstrated that
23h/ (23|21, 22) /h(z3]21, 22) > 1 holds for 23 € (29,00). If we again take 21 = azy, with a € [0, 1), we
obtain that z129log(22/21)/[22 — 21] = —azzlog(a)/[1 — a] and this function is smaller or equal to 2o
when —alog(a)/[1 — a] < 1. This results again in a — alog(a) < 1, which we already demonstrated to
be true.

Thus we have finally shown that 9D(z3)/0z3 > 0 under the stated conditions of Theorem 2, making
the determinant |I3x3(8)| an increasing function in z3 on the interval (22, 00).
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Proof of Theorem 3

We start again with the assumption that n; = ne = ng = 1 and we introduce z; = ZL‘Z-BS with 83 > 0.
The determinant |I3x3(3)| can now be written as

T3x3(B)| = B3 2829 (B1 + B221)g' (B1 + PBaza)g' (B1 + Bazs)[h(2a21, 23))%,
with function h(22|z1, 23) = z12210g(3?) — z123108(7?) + 222310g(Z2). We will now study D(z2) =
g (B1 + Pazo)[h(22]21, 23)]? as function of z in the mterval (21, 23), since the remaining part of the
determinant is just a constant.

Function h(z2|z1, 23) is rewritten into h(z2|21, 23) = —Aj22log(z2) + Aoz — Az, with Ay = 23 — 21,
Ag = zglog(z3) — z1log(z1), and As = z123log(z3/21). The terms A; and A3 are both positive when
zg > z1 > 0, but the term A, is only positive when we may assume that z3 > 1. Note that h(z1|z1, 23) =
h(Z3|Z1, Zg) = 0 and the derivative h,(Z2|21, 23) = 8h(22|21, 23)/8Z2 is equal to A2 — A1 — A1 log(zz),
which is a decreasing function in zo. The solution 2§ of A’(22|21,23) = 0 is unique and satisfies
log(28) = [Ag — A1]/A;. 1T we can demonstrate that log(z1) < log(29) < log(z3), we would know that
h(z2|z1,23) is increasing on interval 23 € (21,29) and decreasing on interval z9 € (29, 23) and thus
always positive on z3 € (21, 23).

Inequality log(z1) < log(29) is equivalent to inequality z3 — 21 < 23[log(z3) — log(21)]. If we choose
21 = azs, with a € [0,1), the inequality becomes 1 — a + log(a) < 0, which holds for a € [0, 1), since
1 —a+log(a) is an increasing function on interval a € [0, 1) with lim,—,1[1 — a 4+ log(a)] = 0. Inequality
log(29) < log(z3) is equivalent to inequality z1[log(z3) — log(21)] < (23 — 21). If we choose 21 = az3,
with a € [0, 1), the inequality becomes 1 — a + alog(a) > 0, which holds for a € [0,1), since 1 —a +
alog(a) is a decreasing function on interval a € [0,1) with lim,_;[1 —a + alog(a)] = 0. Thus this
proves log(z1) < log(29) < log(z3).

Maximizing D(z2) in z9, can be done by setting the derivative equal to zero. Since h(z2|z1, 23) is
positive on zy € (z1, 23), setting the derivative 0D(z2)/0z2 equal to zero leads to the following equality

Bag" (n2)h(z2]21, z3) + 24 (n2)h' (z2]21, 23) = 0, (20)

which is identical to Eq. (8). We now need to demonstrate that Eq. (20) has at least one so-
lution for a value of 25 € (21,23). Rewriting Eq. (20), leads to B2g”(u2)/g (u2) = —2h (23|21,
z3)/h(z2|z1, 23). The left-hand side is smaller or equal to zero for any z5, while the right-hand side is
negative for z9 € (21, zg), zero at z9 = zg, and positive for 25 € (zg, z3), using the results on h'(22|21, 23)
and h(zz]z1, z3) above. Since we also have that lim,,|,, —2h'(22|21, 23)/h(22]%1, 23) = —00 when 2
goes down to zj, we now know that a solution must occur for 29 € (21,29], thereby satisfying the
constraint in Theorem 3.

Appendix C

Here, we will assume that y;; ~ N(,uz-, O'QQO(/LZ')) is normally distributed with a mean pu; equal to the
Mitscherlich function E(y;;|z:) = i = 1 + 52:1: , and with 8; > 0. We will provide the elements of the
Fisher information matrix for estlmatlon of 07 = (51 B2, B3, ?). The log likelihood function is given by

m n;

(Bly) = ZZ log(2m) + log(0?) + log((ui)) + (yij — 1)/ (o> p(1i))]

21]1

with y = (y1,¥2, -, ym)" and yi = (yi1, yi2, -+ Yin,)" - The four score functions £ = d¢(]y)/dpy,
k€ {1,2,3}, and ¢/, = 90(8y)/9(c?) are now given by

v S i) Wi~ i (i) (i — )] O
e Z;Zl[ o%p(u)  lop(u)? | 0By
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ZZ[Jz— Yij — 1i)° ]

4
=1 j=1 oto(u)

Alter tedious algebraic calculations using the score functions directly, the variances and covariances of
the score functions can be calculated. They are given by

D |1 () 1 i\’
VARE) = ;nl [2 <s0(uz-)> i ff%(m)] <8ﬁk>
VAR(. ) = 421%,

N W =l (h A 1 Op; O
COV( ﬁr?gﬁs)_znz [2 <Q0(/L7,)> +U2g0(,ul)] 8/8T8IBS’

i=1

J a:u'z
COV(Ef,. l2) =, QZ [ ]M

Since we have Ou; /081 = 1, Op; /0B = :1: 8 and Ou,; /0B = ﬁgl‘ﬁ?’ log(z;), we obtain that the matrix
I3x3(B) is given by (18).
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