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Summary

Numerical modelling of metal soap formation in historical oil paintings
The formation of metal soap is a common degradation mechanism affecting historical

oil paintings in museum collections worldwide. Metal soap formation is governed by a
series of complex chemical reactions between saturated fatty acid molecules that are re-
leased from the oil binder and metal ions originating from the pigments. Metal soap forms
initially in an amorphous state, and may ultimately develop into crystalline metal soap
aggregates. These aggregates can reach relatively large sizes that disfigure the paint sur-
face and protrude through it, resulting in paint loss. Furthermore, the formation of metal
soap may promote other degradation mechanisms, such as craquelure and delamination.

Current research into metal soap formation principally focuses on the identification
and analysis of metal soap extracted from oil paintings, or on the chemical processes
involved in the formation of metal soap. The mechanical behaviour of oil paintings due
to metal soap formation, however, has received little attention and is therefore poorly
understood.

The objective of this dissertation is to gain in-depth insight into the chemo-mechanical
behaviour of historical oil paintings due to metal soap formation. The research described
here covers two main topics: i) the development of a chemo-mechanical damage model
that describes metal soap formation inside an oil painting, specifically focusing on the for-
mation of lead soap protrusions; and ii) the development of an analytical model that can
be used to extract the material properties of embedded (paint) materials from indentation
tests. The main conclusions of this thesis are summarised below.

The chemo-mechanical response of historical oil paintings due to metal soap forma-
tion is studied by means of a chemo-mechanical damage model. This model consists of
a diffusion-reaction model that is sequentially coupled to a mechanical model. The spa-
tial growth of the metal soap crystal introduces stresses, which is accounted for in the
mechanical model through a chemically-induced growth strain. This can ultimately lead
to the nucleation and propagation of cracks. This behaviour is simulated by using a co-
hesive zone approach. The mechanical cohesive interface elements are equipped with
a traction-separation law, while for the diffusive interface elements a flux-concentration
relationship is defined that depends on the mechanical damage. The applicability of this
model is demonstrated through different sets of numerical simulations. For the initial
simulations, a simplified reaction process is assumed, which neglects the formation of
amorphous metal soap, i.e. it assumes that the reaction between saturated fatty acids
and metal ions directly forms crystalline metal soap.

Further, to improve the model accuracy, particularly regarding the predicted time scale
of the process, the chemical model formulation is extended to describe the formation of
amorphous metal soap. The extended model has been applied to analyse different numer-



Summary

ical examples that are representative of typical metal soap-related degradation processes
observed in historical oil paintings. These simulations show that the growth process of
crystalline metal soap, the deformation of the paint surface, and the consequent cracking
and delamination patterns are predicted in a realistic fashion.

The second part of this thesis focuses on the accurate calibration of mechanical prop-
erties of paint samples obtained from nanoindentation tests. Nanoindentation testing is
an experimental technique that enables accurate measurements of the material properties
at small length scales. This technique is particularly appropriate to analyse historical oil
paint, as small scale samples that are extracted from original oil paintings can be tested.
However, these samples are embedded in a supporting resin with different material prop-
erties, which can affect the measured properties if the indentation size is relatively large.
To efficiently calibrate the elastic and plastic properties of the embedded paint sample, an
analytical model is developed. This model exploits the analytical solutions for the elastic
and elasto-plastic indentation of a homogeneous material and adapts these by replacing
the homogeneous stiffness modulus with an effective stiffness modulus. The accuracy of
the model is determined by comparing its results to results obtained from dedicated finite
element simulations. These analyses show that for a wide range of materials the model
accurately describes the elastic and elasto-plastic indentation response of the embedded
material. Furthermore, it is shown that the plastic response of the material is essentially
set by the yield strength of the embedded material. Finally, the practical applicability of
the model is demonstrated by accurately calibrating the elastic stiffness from indentation
tests on an embedded paint sample, as reported in the literature.

iv



Samenvatting

Numeriek modelleren van metaalzeepvorming in historische
olieverfschilderijen

Metaalzeepvorming is een veel voorkomend degradatiemechanisme dat optreedt in
historische olieverfschilderijen in museumcollecties over de hele wereld. Metaalzeep
vormt ten gevolge van een reeks complexe chemische reacties tussen verzadigde vet-
zuurmoleculen die uit de oliebinder komen en metaalionen die oorspronkelijk uit de pig-
menten komen. Metaalzeep vormt initieel in een amorfe staat, en kan zich uiteindelijk
ontwikkelen tot metaalzeepkristallen. Deze kristallen kunnen relatief grote afmetingen
bereiken waardoor het verfoppervlak vervormt. Daarbij kunnen de kristallen ook door de
verf heen breken, wat resulteert in het verlies van verf. De vorming van metaalzeep kan
ook andere degradatiemechanismen versnellen, zoals craquelé en delaminatie.

Op dit moment is onderzoek in metaalzeepvorming voornamelijk gefocust op de iden-
tificatie en analyse van metaalzeep uit olieverfschilderijen, of op de chemische processen
die betrokken zijn bij de vorming van metaalzeep. Het mechanisch gedrag van olieverf-
schilderijen door metaalzeepvorming heeft echter vrij weinig aandacht gekregen en wordt
daardoor slecht begrepen.

De algemene doelstelling van dit proefschrift is om inzicht te krijgen in het chemisch-
mechanisch gedrag van historische olieverfschilderijen ten gevolge van metaalzeepvor-
ming. Het onderzoek wat hierin beschreven staat is onderverdeeld in twee onderwerpen:
i) de ontwikkeling van een chemisch-mechanisch schademodel dat de vorming van me-
taalzeep in olieverfschilderijen beschrijft, waarbij specifiek gefocust is op de vorming van
loodzeepprotrusies; en ii) de ontwikkeling van een analytisch model dat kan worden ge-
bruikt voor het bepalen van materiaaleigenschappen van ingebedde (verf) materialen,
beproefd door middel van indentatietesten. De belangrijkste conclusies van dit proef-
schrift zijn hieronder samengevat.

Het chemisch-mechanisch gedrag van historische olieverfschilderijen ten gevolge van
metaalzeepvorming wordt bestudeerd door middel van een chemisch-mechanisch schade-
model. Dit model bestaat uit een diffusie-reactie model dat incrementeel-sequentieel
gekoppeld is aan een mechanisch model. Het groeien van het metaalzeepkristal intro-
duceert spanningen, die worden meegenomen in het mechanisch model door middel van
een chemische groeirek. Dit kan uiteindelijk leiden tot het ontstaan van scheuren en
het groter worden daarvan. Het scheurgedrag wordt gesimuleerd door het gebruik van
een cohesief zone-model. Het mechanische gedrag van de cohesieve interface elementen
wordt beschreven door middel van een tractie-separatie wet, terwijl voor de diffusieve
cohesieve interface elementen een flux-concentratie relatie is gedefinieerd, die afhanke-
lijk is van de mechanische schade. De toepassingsmogelijkheden van dit model worden
gedemonstreerd door middel van verschillende series van numerieke simulaties. Voor de
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initiële simulaties wordt een versimpeld reactieproces verondersteld waarbij de vorming
van het amorfe metaalzeep wordt genegeerd. Met andere woorden, er wordt aangenomen
dat de reactie tussen verzadigde vetzuren en metaalionen direct resulteert in metaalzeep-
kristallen.

Om de nauwkeurigheid van het model te verbeteren, vooral met betrekking tot de
voorspelde tijdschaal van het proces, is vervolgens de chemische modelformulering uit-
gebreid zodat deze ook de vorming van het amorfe metaalzeep bevat. Het uitgebreide
model is toegepast voor de analyse van verschillende numerieke voorbeelden die re-
presentatief zijn voor typische metaalzeep gerelateerde degradatieprocessen die worden
waargenomen in olieverfschilderijen. Deze simulaties laten zien dat het groeiproces van
de metaalzeepkristallen, de vervorming van het verfoppervlak, en het ontstaan van de
scheur- en delaminatiepatronen op een realistische manier worden voorspeld.

Het tweede deel van dit proefschrift focust op het nauwkeurig vaststellen van
de mechanische eigenschappen van verfmonsters, beproefd door middel van nano-
indentatietesten. De nano-indentatietest is een experimentele techniek die kan worden
gebruikt om materiaaleigenschappen op een kleine lengteschaal vast te stellen. Deze tech-
niek is zeer bruikbaar voor het analyseren van historische olieverfschilderijen, omdat zeer
kleine proefstukken verkregen uit de originele olieverfschilderijen kunnen worden getest.
Deze proefstukken worden ingebed in een hars met afwijkende materiaaleigenschappen,
wat, bij relatief grote indentaties, invloed kan hebben op de gemeten materiaaleigen-
schappen. Voor het efficiënt kalibreren van de elastische en plastische eigenschappen van
een ingebed verfmonster is een analytisch model ontwikkeld. Dit model maakt gebruik
van de analytische oplossingen voor de elastische en elastisch-plastische indentatie van
een homogeen materiaal, waarbij de homogene stijfheidsmodulus wordt vervangen door
een effectieve stijfheidsmodulus. De nauwkeurigheid van dit model is vastgesteld door
resultaten van dit model te vergelijken met resultaten die zijn verkregen door middel van
gedetaileerde eindige-elementensimulaties. Deze analyses laten zien dat voor een grote
groep materialen het elastisch en elastisch-plastisch indentatiegedrag nauwkeurig wordt
beschreven door het model. Daarbij wordt ook gedemonstreerd dat het plastisch inden-
tatiegedrag in principe wordt bepaald door de vloeisterkte van het ingebedde materiaal.
Tot slot is de praktische toepasbaarheid van het model gedemonstreerd door de elastische
stijfheid van een ingebed verfmonster nauwkeurig vast te stellen, waarvoor resultaten van
indentatietesten zijn gebruikt die zijn gerapporteerd in de literatuur.

vi
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Chapter 1

Introduction

Oil paintings consist of different layers of oil paint that are generally adhering to a wooden
or canvas substrate. The thickness of the individual paint layers can vary drastically de-
pending on the painting technique and historical period; for example, pictorial layers have
thicknesses that are usually of the order of micrometres [144, 148], whereas ground lay-
ers and impastos (especially in modern paintings) can have thicknesses of up to a few
millimetres [103]. The characteristics of both the paint material and the substrate do
not only determine the appearance of the painting, but also influence various chemical
and physical processes that ultimately affect the (structural) integrity of an oil painting
[109, 112]. One of these processes is the formation of metal soaps.

Metal soaps form from chemical reactions between metal ions and saturated fatty
acids, which are released by the pigments and the oil binder, respectively. The reaction
between metal ions and saturated fatty acids results in the formation of metal soap, which
is initially considered to be in an amorphous state. As the concentration of amorphous
metal soap reaches a critical threshold value, it can crystallise. Crystalline metal soap
formation has been linked to various forms of mechanical damage that are observed in
paintings, such as crack formation and delamination. Unravelling the relation between
the formation of metal soap and the mechanical behaviour of oil paintings can assist con-
servation decisions to preserve these paintings for future generations. The research pre-
sented in this dissertation is precisely aimed at improving the fundamental understanding
of the chemo-mechanical degradation of oil paintings due to metal soap formation.

1.1 Oil paint

Oil paint consists of a drying oil, e.g. linseed oil or poppy seed oil, in which pigment
particles are suspended. From a chemical point of view, these drying oils are triglycerides,
which are three fatty acid molecules bound to glycerol molecules. In a drying oil, more
than 50% of the fatty acids are (poly)unsaturated, i.e. they are characterised by one or
more C=C bonds [11, 15]. Due to the (poly)unsaturation of the fatty acid molecules, dry-
ing oils form a densely cross-linked polymer film when they are exposed to light and oxy-
gen, i.e. the fatty acids react with each other via autoxidation reactions [9, 11, 14, 165].
In addition to these unsaturated fatty acids, drying oils also contain substantially lower
concentrations of saturated fatty acids. These saturated fatty acids do not contain any
C=C bonds and can, therefore, be unbound from the polymer network. As the paint ages,
the bonds between the glycerol molecule and the fatty acid molecules can be broken by
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means of hydrolysis reactions. The saturated fatty acid molecules thus become suspended
in the paint film as free fatty acids [70]. The presence of these free fatty acids can result
in the formation of metal soap, which can contribute to the mechanical instability of the
painting, as will be discussed in Section 1.2.

While the drying oil acts as a binder, the pigments give colour to the paint. Pigments
are fine powdered (in)organic materials that can have a natural or an artificial origin
[141]. The type of pigment that is used determines the material behaviour. Specifically,
if the pigment particles are able to react with the binder, a durable, strong, and stiff
paint film forms, as, for example, observed for most lead and zinc containing pigments
[50, 111, 112]. Conversely, if inert pigments (e.g. earth pigments) are used, a very
weak and fragile paint film forms that may even require the addition of driers (usually
metal salts containing, for example, lead, zinc or manganese) to form a solid paint film
[50, 111, 112].

In the case of a durable paint film, carboxyl groups (COOH) attached to the fatty
acid molecules react with the metal ions that originate from the pigment particles or
driers [9, 112]. These carboxyl groups are formed during various stages of the drying
and ageing of the paint. Initially, the autoxidation reactions result in the formation of
carboxyl groups. Additionally, as the paint continues to age, carboxyl groups are formed
when ester bonds are broken due to hydrolysis reactions [9], e.g. the bonds between the
glycerol and fatty acid molecules. If the carboxyl group belongs to an unsaturated fatty
acid molecule, the metal ions become complexed with the polymer network, forming
an ionomer [8, 10, 70, 71]. However, if the carboxyl group is part of a saturated fatty
acid molecule, metal soap will form [8, 10, 70, 71], as will be discussed in the following
section.

1.2 Metal soap

The formation of metal soap is the result of a series of complex reaction steps, which
are still topic of scientific debate in the chemistry community. Metal soap forms from
a chemical reaction between metal ions and saturated fatty acids. The metal soap is
hypothesised to initially be in an amorphous state. However, as the concentration of
amorphous metal soap reaches a critical threshold, the metal soap can start to crystallise
[8, 10, 70, 71]. The formation of amorphous metal soap is expected to be a reversible
process, as the metal ions can equivalently react with the carboxyl group (COOH) of
either free saturated fatty acids or unsaturated fatty acids from the polymer network
[8, 10, 70, 71].

In principle, metal soap can form from different kinds of metal ions; however, the
formation of lead or zinc soap appears to be more favourable than other types of metal
soap [30, 83, 120]. Lead and zinc soaps are often observed in reality. This is due to
the fact that until the nineteenth century lead white was the only white pigment used
for paintings (in Europe), after which it was replaced by zinc white in modern paintings
[141]. Metal soap formation may thus pose a large threat to oil paintings worldwide, as
confirmed by a survey [123] and subsequent studies, e.g. [155]. A selection of paintings
from the Mauritshuis, The Hague, in which metal soap was detected, can be seen in Figure
1.1. Due to the large scale of this problem and the possible complications that metal soap
formation has on the appearance and structural integrity of oil paintings, metal soap
formation is one of the most significant topics in painting conservation research since its
discovery in the late 1990s–early 2000s [30, 120].
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(a) Johannes Vermeer, View of Delft, ca.
1660–1661, Oil on canvas, 96.5 cm× 115.7 cm,
Mauritshuis, The Hague, The Netherlands.

(b) Rembrandt van Rijn, The anatomy lesson
of dr. Nicolaes Tulp, 1632, Oil on canvas,
216.5 cm × 169.5 cm, Mauritshuis, The Hague,
The Netherlands.

(c) Aert van der Neer, River landscape, 1650,
Oil on panel, 63 cm× 44.8 cm, Mauritshuis, The
Hague, The Netherlands.

Figure 1.1: Selection of paintings of the Mauritshuis, The Hague, in which metal soap formation
was detected [122–124, 166, 167]. Detail photos courtesy of: (a) A. van Loon, and (b, c) P.
Noble [120].

The research into this topic has mainly focused on identifying and analysing metal
soaps in historical oil paintings by means of various optical and analytical techniques
[23, 70, 89, 122, 137, 163], and on the chemical aspects of metal soap formation, such as
the reaction kinetics and crystallisation processes [8, 10, 28, 67, 69–72, 74, 130]. These
studies have also indicated the influence of metal soap formation on various types of
degradation mechanisms [29, 62, 75, 87, 105, 121–124, 140, 167]. For example, metal
soap can appear as (relatively) large crystalline aggregates inside a paint layer. These
crystals disfigure the paint surface and can even protrude through multiple layers, re-
sulting in paint loss [29, 75, 87, 121]. The formation of these metal soap protrusions
was also observed in the paintings shown in Figures 1.1(a) and (b), as can be seen from
the magnifications in the insets [120, 166, 167]. Further, metal soap may crystallise as
a separate layer inside the painting. This layer can then influence the adhesion of the
adjacent paint layers, resulting in their delamination [62, 105, 140]. If the metal soap
does not crystallise and remains trapped in an amorphous state, this may cause trans-
parency of the paint, whereby the underlying paint layers or support become visible, as
observed for the painting shown in Figure 1.1(c), see the inset for more detail [120]. The
specific type of metal soap-induced degradation depends on various factors, for example,
the type of metal ions (e.g. lead or zinc), the paint and painting composition, and the
climate conditions [9, 10, 74, 83, 90, 120].
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Even though metal soap formation is a topic of current and broad research, the under-
standing of the coupled chemo-mechanical influence in historic oil paintings remains very
limited. The work presented in this dissertation provides the first steps into improving
this understanding by systematically studying the growth of crystalline metal soap and
the corresponding mechanical response of the paint through advanced numerical simula-
tions.

1.3 Objectives and scope

The objective of this dissertation is to improve the understanding of the chemo-
mechanical degradation of historical oil paintings due to metal soap formation. The re-
search presented here is divided into two main topics, as outlined below.

The first topic focuses on the numerical modelling of the formation of crystalline metal
soap inside paint layers. To this aim, a chemo-mechanical damage model has been de-
veloped. The developed framework consists of a diffusion-reaction model that is sequen-
tially coupled to a mechanical model. The coupling between the two models is achieved
by defining a chemically-induced growth strain, which quantifies the effect of the growth
of the metal soap crystal on the stress field. As a result, cracks might form in the paint
layer. A discrete crack model is used to describe the nucleation and propagation of the
cracks. Further, cracking might hamper the diffusion of the saturated fatty acid in the
paint layer. This is modelled by locally reducing the diffusion coefficient as a function of
mechanical damage.

Initially, a simplified reaction process is assumed for the diffusion-reaction model,
whereby the intermediate state of amorphous metal soap is neglected, i.e. it is assumed
that the reaction between saturated fatty acid and metal ions directly forms crystalline
metal soap. This preliminary model is used to study the chemo-mechanical degradation
process as a function of the different material properties of the paint and the metal soap,
the chemical and mechanical boundary conditions, and geometrical features of the prob-
lem. The model is proven to qualitatively capture the process of metal soap formation;
however, the predicted time scale is significantly shorter than in reality. To improve the
accuracy of the predictions, the chemical model formulation is subsequently extended to
include the formation of amorphous metal soap.

The numerical simulations presented in the first part of this dissertation use mechan-
ical material properties that are estimated from uniaxial tensile tests reported in the lit-
erature. These tensile tests, however, were performed on relatively young paints, and
at a (much) larger length scale than that characterising the modelled domains. In or-
der to quantitatively improve the model predictions, material properties extracted from
real paint samples should be used, for example obtained through nanoindentation testing
[47, 48, 103]. Therefore, the second part of this dissertation focuses the development of
an analytical model that can be used to efficiently calibrate the elastic and plastic proper-
ties of embedded materials from nanoindentation tests. Nanoindentation tests are ideally
suited to determine the material properties of historical oil paintings, as only microme-
tre sized samples are available for testing. However, if the (relative) indentations are
large, the measured response may be significantly influenced by the embedding resin
[47, 48, 103]. The presented model makes use of an analytical expression for an effective
stiffness modulus representative of the embedded sample. The validity of the model is as-
sessed by comparing its results to results obtained from dedicated numerical simulations
and experimental tests presented in the literature [48].
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Outline

1.4 Outline
The topics discussed in the previous section are treated separately in different chap-

ters of this dissertation. The development of the preliminary chemo-mechanical dam-
age model along with a parameter variation study is treated in Chapter 2. In Chapter
3, the preliminary model is used to analyse the effect of different metal soap nucleus
shapes, different fatty acid concentration profiles, and the effect of metal soap distribu-
tion on the predicted chemo-mechanical damage. In Chapter 4, the chemo-mechanical
damage model is subsequently extended by including the formation of amorphous metal
soap. Chapter 5 presents the analytical model to predict the indentation response of bi-
materials and compares the model predictions to results from numerical simulations and
experimental measurements. Finally, the main conclusions and recommendations of this
work are summarised in Chapter 6.

Chapters 2 to 5 are based on journal and conference papers. Specifically, Chapter 2
is based on [37], Chapter 3 is based on [38, 39], Chapters 4 is submitted as [40], and
and Chapter 5 is based on [41]. Consequently, the chapters are presented such that they
can be read separately, i.e. a chapter starts with a general introduction, followed by the
content, and the main conclusions.
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Chapter 2

A computational model for
chemo-mechanical degradation of
historical oil paintings due to metal
soap formation

A large percentage of oil paintings in museum collections suffers from chemo-mechanical
degradation phenomena that are primarily due to metal soap formation. Metal soaps re-
sult from the chemical reaction between metal ions present in the pigments and saturated
fatty acids released by the oil paint. They appear as large protrusions that disfigure the
surface texture, possibly triggering mechanical damage and flaking of the painting. De-
spite that these phenomena have been widely observed in situ, the interaction between
chemical and mechanical degradation processes is far from being understood. This chap-
ter1 proposes a chemo-mechanical model to predict metal soap formation and the result-
ing chemo-mechanical damage in historical oil paintings. The chemical process is de-
scribed by means of a diffusion-reaction model, whereby the spatial growth of the metal
soap crystal takes place in a small reaction zone at the boundary of the crystal. Metal
soap crystallisation and growth, driven by the diffusion of saturated fatty acids and metal
ions, result in a chemically-induced volumetric growth strain. This introduces stresses in
the paint, ultimately promoting crack nucleation and propagation. The fracture process
is simulated with a cohesive zone approach, using interface elements equipped with a
traction-separation law. The mass flux-concentration relation at the interfaces is consis-
tently specified as a function of the mechanical damage. A set of numerical simulations
illustrates the capability of the model to predict metal soap crystallisation and growth
and the fracture induced in the paint. The study finally illustrates the influence of var-
ious chemical and mechanical parameters (i.e. the size of the metal soap nucleus, the
mismatch in elastic stiffness parameters between the metal soap and paint materials, the
fracture length scale of the paint material, the chemical growth strain and the reaction
rate) on the chemo-mechanical degradation of the paint layer.

1This chapter is based on:
[37] G.J.A.M. Eumelen, E. Bosco, A.S.J. Suiker, A. van Loon, and P.D. Iedema. Journal of the Mechanics and
Physics of Solids, 132:103683, 2019.
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2.1 Introduction

The prediction of material degradation and failure is a challenging task in computa-
tional mechanics, particularly when these phenomena are governed by the coupled in-
fluence of multiple physical processes. Appropriate numerical strategies are required to
capture the complexity of the material response in multi-physics fracture processes, which
is relevant for a variety of problems, ranging from industrial engineering applications (in-
cluding e.g. the chemo-mechanical damage of cementitious materials [81] or the chemo-
mechanical fracture of Li-ion batteries [117]), to, surprisingly, cultural heritage objects.

This study is particularly motivated by the degradation of historical oil paintings re-
sulting from the formation of metal soaps. Oil paintings typically consist of one or more
oil paint layers and ground layers on a canvas or wooden panel support. The oil paint is
usually composed of metal-based pigment particles bound together by a drying oil. Metal
soaps can form from a chemical reaction between metal ions released by the pigments or
driers and saturated fatty acids, which are degradation products of the oil binder [72].
According to the reaction scheme hypothesised in [8], the initial reaction is thought to
be reversible, and leads to the formation of metal soaps in an amorphous state. Metal
soaps can subsequently crystallise into insoluble aggregates or form new mineral phases
by interaction with atmospheric compounds (e.g. CO2, SO2) via an irreversible reaction,
appearing as opalescent hazes on the paint surface or large protrusions deforming the
paint layers, often visible with the naked eye [167]. A clear example of metal soap aggre-
gates protruding through several paint layers and reaching the top paint surface can be
observed in the painting View of Delft (ca. 1660–1661) by Johannes Vermeer (Mauritshuis,
The Hague), see Figure 2.1. The formation of metal soaps may also cause an increased
transparency of the upper paint layers, thereby revealing colours from underlying paint
layers [167]. Metal soaps are not only detrimental to the visual appearance of artworks,
but their nucleation and growth can also introduce mechanical strains in the paint sys-
tem, which may lead to cracking, flaking and delamination of paint layers [105, 130].
It has been estimated that about 70% of the oil paintings displayed in museum collec-
tions worldwide, ranging from sixteenth century paintings to paintings from the present
time, suffers to some extent from metal soap formation [16, 155]. The development of a
comprehensive modelling approach of the degradation of historical oil paintings, which
includes the relevant chemical and mechanical processes and their mutual interactions,
is of utmost importance in order to better understand the deterioration of artworks, and
hence to ensure timely and effective conservation interventions.

Metal soap protrusions in artworks have been identified and analysed by means of im-
ages of paint surfaces and paint cross-sections [31, 87], micro-spectroscopic images and
chemical analyses [16, 73, 93]. Nonetheless, many details of the underlying mechanisms
related to their formation and development are not yet well understood. State-of-the-art
research focuses on different chemical aspects, such as the kinetics of the chemical re-
actions [20, 28, 104], the composition of metal soaps [68, 70] and their crystallisation
process [72]. Additional works investigate the influence of environmental conditions and
external factors on metal soap formation. In this regard, it has been shown that climate
conditions, such as moisture and temperature levels [90], and past conservation treat-
ments done on the painting [13], may accelerate metal soap related degradation phe-
nomena. Finally, the interplay between mechanical and chemical mechanisms promotes
the overall degradation of the system: metal soaps may lead to paint cracking and flak-
ing [30]; conversely, the presence of cracks influences the diffusion of chemical species,
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(a)

(b)

(c)

Figure 2.1: (a) Johannes Vermeer, View of Delft, ca. 1660–1661, Oil on canvas,
96.5 cm × 115.7 cm, Mauritshuis, The Hague, The Netherlands. (b) Micro-detail of the red-
tiled roofs showing whitish globules of lead soaps protruding through the paint surface. (c) A
paint cross-section is taken at the left edge of the painting where the green (now blue) bush is
painted of the red-tiled roof, showing the formation of large metal soap protrusions in the dark-
red paint layer that have erupted through the blue-green surface paint layer, image taken under
normal light illumination [166, 167].

which makes the chemo-mechanical degradation of paintings a two-way coupled prob-
lem. Despite the vast amount of work on the chemical aspects of the process, predictive
models that are able to quantify the extent of chemo-mechanical damage in oil paintings
as a function of metal soap formation are currently not available.

This chapter proposes a computational multi-physics approach to model the degrada-
tion of historical oil paintings, as induced by metal soap formation and growth. Using a
finite element framework, the chemical processes are translated into a diffusion-reaction
model, along the lines of [78, 79]. The diffusion-reaction model is formulated in terms
of the concentration of saturated fatty acids, which are assumed to be the reference dif-
fusing species. The reaction (sink) term allows to describe the crystallisation and growth
processes. For simplicity, in this chapter the intermediate state of amorphous metal soap
is neglected, and only the irreversible part of the chemical reaction is simulated. The
diffusion-reaction model is coupled with a mechanical model by defining a chemically-
induced growth strain, which quantifies the effect of metal soap growth on the stress field
generated in the paint system. Additionally, the change in mechanical properties associ-
ated to the formation of crystalline metal soap is computed by using a rule of mixtures
with respect to the volume fractions of the chemical species. The spatial growth of the
metal soap crystal takes place in a small reaction zone at the boundary of the crystal,
which is determined using a scanning algorithm that identifies the uncrystallised mate-
rial points present within a small radial distance of the crystallised material points located
nearest to the boundary of the crystal. In addition, to allow for the formation of discrete
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cracks in the paint layer at arbitrary locations and under arbitrary directions, cohesive in-
terface elements are placed between all continuum elements discretising the paint layer
geometry, in correspondence with the approach originally proposed in [171]. The nucle-
ation and propagation of cracks is prescribed in accordance with the interface damage
model proposed in [25], which has proven to be accurate, efficient and numerically ro-
bust for various problems characterised by complex fracture events [26, 27, 46, 102].
Furthermore, as part of the coupling between the mechanical and chemical processes,
across the crack faces the constitutive relation between the flux of the saturated fatty
acid and its concentration is prescribed to be a function of the damage generated in the
crack. The numerical update procedure of the two-way coupled chemical and mechanical
processes is performed by using a staggered approach. Note that numerical frameworks
accounting for complicated multi-physics interactions have been the subject of several re-
cent publications [4, 42, 52, 116, 139, 143, 169]; yet, studies focusing on the coupling of
multi-physics behaviour with discrete crack formation are limited, which offers room to
the present chapter for discussing modelling aspects that may be considered as advanced
from both a physical and a numerical point of view.

The chapter is organised as follows. The chemical process of metal soap formation is
discussed in Section 2.2. Section 2.3 describes the diffusion-reaction model, the mechan-
ical model and the simulation of crack nucleation and propagation. The multi-physics
coupling scheme, the geometry, and the material parameters used in the simulations are
provided in Section 2.4. In Section 2.5, the results of a reference simulation are discussed.
Subsequently, a variation study considering the effect of various material parameters on
metal soap degradation is presented. The main conclusions of the study are summarised
in Section 2.6, followed by a discussion of future work.

2.2 Chemical process of metal soap formation

Oil paints consist of a drying oil binding medium (typically linseed oil) containing
pigment particles, which are often metal salts. The approximate thickness of an individual
paint layer varies between 5–150 µm [148], while pigment particles are characterised by
an average diameter within the range of 1–25 µm [80]. From a chemical point of view,
linseed oil is a triglyceride, composed of three fatty acid molecules bound to a glycerol
backbone via an ester bond. While most of the fatty acids chains in a drying oil are
unsaturated (i.e. containing one or more C=C bonds), saturated fatty acids (palmitic and
stearic acid) represent approximately 5–15% of the total fatty acid content. During oil
paint drying, the unsaturated fatty acid chains in the oil binder polymerise, resulting in a
densely cross-linked polymer network. On a larger time scale, the ester bond between the
fatty acid chains and the glycerol backbone can be broken by hydrolysis reactions, leading
to the release of saturated fatty acids as a degradation product. Lead or zinc are present in
the common pigments lead white and zinc white, and in several other pigments [80, 88].
Lead and zinc ions that are released from the pigments tend to become complexed with
the carboxyl groups (COOH) of the polymer network, forming an ionomer [70, 164].
Either during paint drying or in fully polymerised networks, free saturated fatty acids
may react with the metal ions from the ionomer, forming complexes of amorphous metal
soaps. Their general chemical formula is M(RCOO)n, in which M is a metal ion, R is a
fatty acid chain and n is the charge number of the metal ion. The formation of amorphous
metal soaps is expected to be a reversible process, if it is assumed that the bond between
metal ions and the carboxylic acid groups is essentially the same whether they are part of

14



Chemo-mechanical model

the ionomer or of a fatty acid [68]. The amorphous metal soaps subsequently crystallise
by means of an irreversible chemical reaction into larger aggregates. Crystallisation can
only occur when the local concentration of amorphous metal soap becomes sufficiently
high. The process is thought to be driven by the alignment of alkyl chains2 of the fatty
acids into an ordered lattice.

Crystallisation is commonly assumed to proceed by a nucleation process followed by
growth of the nuclei. This happens through a diffusion-reaction process that is governed
by the diffusion of free saturated fatty acids and metal ions through the paint. The irre-
versible crystallisation depletes these from the surface of the crystal, creating a concentra-
tion gradient that drives further diffusion and therefore the progression of crystallisation
[62, 72]. The reactions governing metal soap formation can be summarised as [67]

M+ nR
k1−*)−
k2

aM(RCOO)n
amorphous

kcrys−−→ cM(RCOO)n
crystalline

, (2.1)

in which M + nR denotes a metal ion M bound to n fatty acid chains R that are part of
the polymer network, M(RCOO)n is the metal soap complex, k+, k− and kcrys are the rate
constants for each reaction, and prefixes a and c refer to the amorphous or crystalline
state of metal soap. For lead and zinc, n= 2. Note that the reaction rates may be affected
by conservation treatments (i.e. the presence of solvents [13]) and environmental condi-
tions, in terms of moisture and temperature levels [90], thereby accelerating metal soap
formation and growth.

Metal soap crystals may grow in protrusions of diameters up to 500 µm [87]. The
growth of these aggregates, which may penetrate through several paint layers, generates
mechanical strain (and thus stress) in the system. This may ultimately initiate fracture
and delamination, causing flaking of the paint [16]. A schematic representation of the
process of metal soap formation described above, and the consequent onset of chemo-
mechanical damage, is given in Figure 2.2.

2.3 Chemo-mechanical model

2.3.1 Modelling assumptions
Metal soap formation and crystallisation, as described in Section 2.2, is governed by a

complex sequence of chemical processes. In order to simplify the modelling, in this chap-
ter some hypotheses are made. First, it is assumed that the initial state of the domain
is represented by an ionomer with a certain concentration of free saturated fatty acids
– Figure 2.2(c) –, i.e. the hydrolysis reactions leading to the release of free saturated
fatty acids by the oil binder and the formation of the ionomer are not explicitly modelled.
Moreover, despite that the oil paint is a multi-phase material consisting of the ionomer
with embedded pigment particles, it is here considered as a homogeneous continuum.
Accordingly, the individual constituents are not explicitly modelled and the response of
the paint is defined in terms of effective chemical and mechanical properties, which im-
plicitly account for the heterogeneous substructure. The free saturated fatty acids and the
metal ions, which are characterised by a smaller length scale, enter the model through
their concentrations. Next, it is assumed that the metal soap growth process departs from
pre-existing crystal nuclei of a small specified size and that the reaction between fatty
acids and metal ions takes place in a moving transition region at the interface between

2Hydrocarbon chains missing one hydrogen atom
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Figure 2.2: Scheme of the processes governing metal soap formation and the onset of chemo-
mechanical damage, with the arrows between two process states indicating the reversibility (two
arrow heads) and irreversibility (one arrow head) of the process. (a) Initial state: oil binder with
embedded pigment particles. (b) The oil binder polymerises into a cross-linked polymer network
and releases saturated fatty acids as a degradation product of hydrolysis reactions; (c) Metal
ions are released from the pigment particles and become complexed with the polymer network
forming an ionomer; (d) Metal ions from the ionomer and saturated fatty acids react, forming
amorphous metal soap; (e) Amorphous metal soap crystallises and grows, potentially leading
to micro-cracking, delamination and protrusion of metal soap particles through the surface of
the paint layer.

these nuclei and the paint. Additionally, once the reaction occurs, for simplicity it is pre-
sumed that the corresponding local paint material is entirely transformed into metal soap.
In the chemistry community it is a point of debate up to which extent this hypothesis is
representative, which will be investigated in more detail in future studies. Further, only
the irreversible part of the diffusion-reaction process is modelled, neglecting the interme-
diate state of amorphous metal soap. It is therefore assumed that once the free saturated
fatty acids react with the metal ions, they immediately form crystalline metal soap. This
is expected to lead to a faster metal soap formation, but not to influence the final amount
of crystallised material to a large extent. The reaction sequence presented in expression
(2.1) thus simplifies to:

M+ nR
kcrys−−→ cM(RCOO)n

crystalline
. (2.2)
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Chemo-mechanical model

Relation (2.2) represents a second-order reaction that depends on the amount of fatty
acids R and metal ions M, whereby the rate of this reaction is a function of the relative
abundance of these species. In the present model, a simplification is made on the sto-
ichiometry of the reaction (2.2), for which equimolar amounts of reacting species are
assumed. This implies that the entire amount of fatty acids and metal ions present in the
domain is consumed by the reaction. Moreover, despite that in ionomers both the free sat-
urated fatty acids and the metal ions can diffuse [156], metal ion diffusion is not taken into
account, as this process indeed is slow compared to fatty acid diffusion. Hence, the free
saturated fatty acids are selected as the reference diffusing species, with respect to which
the diffusion-reaction model is formulated, whereas the metal ion distribution through
the paint medium is considered as uniform. It is noted that the chemistry community
currently is investigating up to which extent metal ion diffusion, despite characterised by
a relatively low velocity, influences the concentration profiles of the chemical species [8].
This aspect is left out of consideration in this chapter, and may be incorporated in future
research. Furthermore, the stress field (typically in terms of the hydrostatic pressure)
may have an influence on the kinetic conditions of a chemical reaction, as for instance
occurs in the process of Li-ions diffusion in the active particles of Li-ion batteries [117]. In
specific, the Arrhenius equation allows for incorporating the effect of pressure on the ac-
tivation energy for the chemical reaction. Nonetheless, the range of pressures commonly
required for generating a significant influence on the activation energy is not reached in
the process of metal soap crystallisation. Therefore, it is a valid assumption to ignore the
effect of pressure on the kinetics of the chemical process. Finally, the dependence of the
reaction kinetics on moisture, temperature, and other external environmental factors is
also neglected.

2.3.2 Diffusion-reaction model
In order to describe the growth of the metal soap crystal, in each material point two

different volume fractions are distinguished. When denoting the volume fraction of the
paint as φp, with the subscript “p” referring to “paint”, and the volume fraction of the
crystalline metal soap as φs, with the subscript “s” referring to “soap”, and considering
that both volume fractions take values between 0 and 1, they should satisfy the constraint
equation φp +φs = 1. For notational convenience, in the sequel these volume fractions
are denoted as φs = φ and φp = (1−φ). In view of the hypotheses made, the formation
of metal soaps in the paint system can be described by a diffusion-reaction equation in
terms of free saturated fatty acids

∂c
∂ t
−∇ · (D∇c) = −S , (2.3)

where c is the available concentration of free saturated fatty acids, D is the fatty acid
diffusion coefficient and S is a sink term. The symbol ∇ indicates the gradient operator.
The sink term S should incorporate the fact that the free saturated fatty acids do not
further react once the reaction with metal ions into crystallised metal soap has occurred.
Consistently, the sink term is taken to be proportional to the rate of crystallised metal
soap formation ∂φ/∂ t via a constant M, which represents the molarity of saturated fatty
acids in a crystallised metal soap molecule [79],

S =M∂φ
∂ t

. (2.4)
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Chapter 2. Chemo-mechanical degradation of historical oil paintings

The rate of metal soap formation ∂φ/∂ t can be assumed to be proportional to the product
of the concentration of available free saturated fatty acids and the volume fraction of the
paint in which crystallisation has not (yet) occurred. This volume fraction provides a
measure of the amount of metal ions that are still available for a reaction. Accordingly,
the rate of crystallised metal soap formation can be expressed as

∂φ

∂ t
=R(1−φ)c , (2.5)

where R is a constant of proportionality specifying the reaction rate, which is associated
to the rate constant kcrys defined in relation (2.2). Note that relation (2.5) expresses the
rate at which the metal ions and fatty acids concentrations decrease due to the second-
order reaction (2.2), under the assumption of equimolar reactants. Combining finally
relations (2.3), (2.4), and (2.5) yields the coupled system of equations











∂c
∂ t
−∇ · (D∇c) = −M∂φ

∂ t
,

∂φ

∂ t
=R(1−φ)c .

(2.6)

The solution of the system of equations (2.6), to be completed with appropriate initial and
boundary conditions, describes the evolution of the concentration of the free saturated
fatty acids c and the volume fraction of crystallised metal soap φ in the painting. Note
that, according to these equations, metal soap growth can occur in the domain at any
location in which free saturated fatty acids are present, as long as φ ̸= 1. However, as
discussed in Section 2.2, a set of nuclei is defined a priori, i.e. small areas where fully
crystallised metal soap is already present (φ = 1) and around which further metal soap
crystallisation and growth are allowed. This essentially entails the definition of a reaction
zone of finite thickness around the nuclei. The reaction zone is a transition region, in
which both free saturated fatty acid and crystallised metal soaps are present (0< φ < 1)
and where the diffusion-reaction process is governed by Equation (2.6). The thickness
of the reaction zone is set via a scanning algorithm (schematically illustrated in Figure
2.3), which identifies the uncrystallised material (integration) points present within a
small, prescribed radial distance of the crystallised material points located nearest to the
current boundary of the crystal. In the remainder of the domain, where φ = 0 or φ = 1,
it is assumed that only diffusion takes place, i.e. the evolution of saturated fatty acid
concentration is described by Equation (2.3), whereby the reaction term S is set to zero.

2.3.3 Mechanical model
In accordance with the diffusion-reaction process described in Section 2.3.2, in the

paint system two material phases can be distinguished – the paint and the fully crys-
tallised metal soap – that are separated by a narrow interfacial transition zone in which
the chemical reaction occurs. For an arbitrary material point in the domain (0 ≤ φ ≤ 1,
with φ being the volume fraction of the crystallised metal soap), the total strain tensor ϵ
can be written as the sum of the elastic strain tensor ϵe and a growth strain tensor ϵg:

ϵ = ϵe + ϵg . (2.7)

The growth strain tensor ϵg represents the effect of the volumetric expansion of the ma-
terial due to metal soap formation [16], and is here defined as

ϵg = φϵgI , (2.8)
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Figure 2.3: Principle of the scanning algorithm used for constructing the reaction zone (in
which 0 < φ < 1). This is done by identifying the material points (blue crosses in the light blue
region) that fall within a prescribed radial distance (indicated by the red arrows) from the fully
crystallised material points (φ = 1) at the boundary of the metal soap crystal (red crosses in
the yellow region). The black crosses in the white region denote yet unreacted material points
(φ = 0).

with ϵg the growth strain associated to the formation of crystalline metal soap and I the
second-order identity tensor. For the material points in the paint phase (φ = 0), the
growth strain given by Equation (2.8) is equal to zero, by which the total strain given by
Equation (2.7) reduces to the elastic strain, i.e.

ϵp = ϵ
e
p . (2.9)

Conversely, for the material points in the fully crystallised metal soap phase (φ = 1), the
growth strain obtains its maximum value, which, with Equations (2.7) and (2.8), leads
to:

ϵs = ϵ
e
s + ϵ

g
s , with ϵg

s = ϵ
gI . (2.10)

Finally, for the material points in the interfacial reaction zone, where the paint and the
metal soap phases are present at the same time (0< φ < 1), the total strain ϵrz, with the
subscript “rz” referring to “reaction zone”, is taken identical for both phases, i.e. Voigt’s
assumption is used. In accordance with Equations (2.7) and (2.8), the strain ϵrz is given
by:

ϵrz = ϵ
e
rz + ϵ

g
rz , with ϵg

rz = φϵ
gI . (2.11)

In correspondence with the above representation, an assumption on the constitutive re-
sponse of the paint and metal soap materials needs to be made. The mechanical behaviour
of oil paint films is governed by the interaction between the oil binder material and the
embedded pigments. Depending on the nature of the pigments, a large variability in the
mechanical response has been observed, reflected by stress-strain diagrams ranging from
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elastic to visco-elasto-plastic [50]. Moreover, no information is available on the mechan-
ical stress-strain behaviour of crystalline metal soaps. Hence, as a working assumption
an isotropic linear elastic model is assumed for the “bulk response” of both the crystalline
metal soap and the paint, i.e.

σs =
4Cs : ϵe and σp =

4Cp : ϵe , (2.12)

with σs and σp representing the stresses in the crystalline metal soap and the paint mate-
rial, respectively. The fourth-order tensors 4Cs and 4Cp reflect the corresponding isotropic
linear elastic stiffness tensors, which are characterised by the values of the elastic modulus
and the Poisson’s ratio of the materials. Note that Equations (2.7) and (2.12) provide a
coupling between the chemical process of metal soap formation and the associated stress
state. Consistent with Voigt’s assumption given by Equation (2.11), the effective Cauchy
stress σrz in the reaction zone is calculated in accordance with a rule of mixtures, as the
volume average of the stresses of the individual constituents:

σrz = φσs + (1−φ)σp , with 0< φ < 1 . (2.13)

Finally, in any point of the domain (0≤ φ ≤ 1), in the absence of body forces the response
of the material is governed by the mechanical equilibrium condition

∇ ·σ = 0 , (2.14)

to be completed with the constitutive specifications (2.12) and (2.13) and the appropriate
boundary conditions.

2.3.4 Crack nucleation and propagation
Equations (2.6) and (2.14) govern the processes of metal soap formation and me-

chanical equilibrium of the paint system. According to Equation (2.7), the growth of the
metal soap crystal introduces mechanical strain in the domain, which may trigger the
formation of cracks. With the aid of the finite element method (FEM), the nucleation
and propagation of discrete cracks is simulated using the interface damage model pre-
sented in [25], which has proven to provide accurate and numerically robust results in
various applications, see e.g. [26, 27, 46, 102]. As demonstrated in these references, this
interface damage model can be used to describe cracking processes in bulk materials as
well as along bi-material interfaces. A unique feature of this interface damage model is
that the formulation of the mode-mixity is consistently derived from an energy criterion
commonly applied in linear elastic fracture mechanics. In addition, the kinetic law de-
scribing the evolution of the damage process is taken as rate-dependent, which helps to
avoid numerical convergence problems induced by crack bifurcations. In order to allow
for the formation of arbitrary, complex cracking patterns in the paint layer configuration,
interface elements equipped with the interface damage model are placed between all con-
tinuum elements modelling the “bulk response” of the paint material and the crystallised
metal soap, in accordance with the approach originally proposed in [171]. The main
advantages of this approach are that: i) the nucleation and growth of cracks are fully
determined by the interaction between existing cracks and the corresponding stress dis-
tribution in the surrounding bulk material, and ii) branching and coalescence of cracks
emerge as a natural outcome of the simulation, without the need for additional selec-
tion criteria. A disadvantage of the method is that the chosen spatial discretisation of the
actual boundary value problem may have an influence on the location and direction of
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Figure 2.4: Traction-separation law taken from [25].

the cracking path. However, as demonstrated in the mesh refinement study performed
in [26], this effect can be kept small by choosing a sufficiently fine finite element mesh,
whereby it should be noted that the mesh fineness is bounded by a maximum in order to
limit artificial response contributions related to the use of an elastic interfacial stiffness in
the traction-separation law. For completeness, the main features of the interface damage
model presented in [25] are reviewed below.

In a two-dimensional domain, the constitutive relation between the traction t =
(t1, t2) and the displacement jump v = (v1, v2) at an interface, with subscripts 1 and
2 indicating the normal and shear components, respectively, can be written as

t i = (1− d)Kδi j v j − dKδi jδ1 j 〈−v1〉 with i, j ∈ {1, 2} , (2.15)

where K represents the elastic interfacial stiffness and δi j is the Kronecker delta symbol.
The values of the damage parameter d are bounded as 0≤ d ≤ 1, where d = 0 represents
an undamaged material point, while d = 1 reflects a fully damaged material point. The
second term in the right-hand side of Equation (2.15) prevents penetration of two oppo-
site crack faces in the normal direction of the interface; in specific, the Macauley brackets
〈·〉, defined as 〈x〉= 1

2 (x+ | x |), guarantee that for a negative normal displacement jump
v1 the crack faces are considered to be in contact, and thus interact elastically.

During a loading process, the damage in an interfacial material point evolves with
deformation, d = d̂(κ), where κ is a deformation history variable that monotonically
increases (since damage is an irreversible process). The specific form of d̂(κ) can be
derived from the shape of the softening curve of the traction-separation law. In the present
study, a linear softening law is adopted, see Figure 2.4, where the onset of damage relates
to κ= v0 (in accordance with d = 0) and the completion of damage is reflected by κ= vu

(in correspondence with d = 1), where v0 and vu are equivalent crack face displacements
at which damage is initiated and completed, respectively. Figure 2.4 illustrates that for
a specific value of κ the effective traction equals Kv0(vu − κ)/(vu − v0), or, alternatively,
in terms of the damage parameter d, is given by (1 − d)Kκ. From equating these two
expressions, the damage parameter follows as

d = d̂ (κ) =
vu(κ− v0)
κ(vu − v0)

. (2.16)
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Chapter 2. Chemo-mechanical degradation of historical oil paintings

The damage parameter is assumed to evolve in accordance with a rate-dependent de-
scription, in analogy to the formulation of the plastic strain rate used in the well-known
viscoplastic model of Perzyna [61, 134]:

ḋ =







F̂(λ,κ)
η

for λ≥ κ and v0 ≤ κ≤ vu

0 for 0≤ λ or κ= vu
. (2.17)

Here, F̂(λ,κ) is the damage loading function, which depends on the history variable κ
and on a deformation measure λ, calculated as the Euclidean norm of the vector of rel-
ative crack face displacements, i.e. λ =∥ v ∥=

q

v2
1 + v2

2 . Additionally, η is a relaxation
parameter with dimension of time. The damage loading function can be expressed as

F̂(λ,κ) = f̂ (λ)− d̂(κ) =
vu(λ− v0)
λ(vu − v0)

− vu(κ− v0)
κ(vu − v0)

, (2.18)

where the final expression in the right-hand side is obtained by inserting Equation (2.16)
for d̂(κ), and choosing the form of f̂ (λ) similar to that for d̂(κ). From Equation (2.17),
it can be observed that in the limit of the relaxation parameter going to zero, η→ 0, the
rate-independent loading function, F̂(λ,κ) = 0, is recovered, which, as Equation (2.18)
shows, corresponds to λ= κ. Note that Equation (2.17)1 determines the rate of damage
when the effective deformation λ exceeds the history variable κ. Equation (2.17)2 sets
the rate of damage to zero in case the threshold value for damage nucleation has not (yet)
been reached, in case of unloading, or when damage has completed.

Finally, considering that cracks may develop under arbitrary mode-mixity, the equiv-
alent relative crack face displacements v0 and vu must be made dependent on the ratio
between the relative normal and the shear interface displacements. This is accounted for
by introducing a mode-mixity parameter β [25, 157]:

β =
| v2 |

| v2 | + 〈v1〉
. (2.19)

Note that in the above expression pure mode I fracture corresponds to v2 = 0 and thus
β = 0, while pure mode II fracture relates to v1 = 0 and thus β = 1. Accordingly, mixed-
mode fracture is bounded by 0 < β < 1. Adopting a well-known energy-based failure
criterion from linear elastic fracture mechanics, which relates the energy release rates GI
and GII to the fracture toughnesses GI,c and GII,c under pure mode I and mode II loading
conditions as

GI

GI,c
+

GII

GII,c
= 1 , (2.20)

the specific expressions for the functions v0 = v̂0(β) and vu = v̂u(β) become [25]

v0 = v̂0(β) = v0
1 v0

2

√

√

√

1+ 2β2 − 2β
�

β v0
1

�2
+
�

(1− β)v0
2

�2 (2.21)

vu = v̂u(β) =
2(1+ 2β2 − 2β)

Kv0

��

(1− β)2
GI,c

�

+

�

β2

GII,c

��−1

. (2.22)
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Here, v0
1 = tu

1/K and v0
2 = tu

2/K are the displacements at which damage initiates under
pure mode I and pure mode II loading conditions, respectively, with tu

1 and tu
2 the ulti-

mate normal and shear tractions. For more details on the above model and its numerical
implementation, the reader is referred to [25].

Equations (2.15)–(2.22) thus describe crack development in the paint medium, trig-
gered by metal soap formation. Conversely, the appearance of cracks hampers the diffu-
sion of free saturated fatty acids across crack surfaces, which makes the chemo-mechanical
degradation of paintings a two-way coupled problem. In order to account for the latter
effect, the concentration of the free fatty acid across a discrete crack is assumed to be dis-
continuous and the flux is assumed to be continuous, in analogy with the adiabatic crack-
ing assumption typically made in the modelling of thermo-mechanical problems [1, 58].
Hence, the jump in fatty acid concentration across a crack is denoted as ⟦c⟧, while the
corresponding mass flux across the crack reads q = q · n, with q the mass flux vector
and n the unit vector normal to the crack faces. With these quantities, the constitutive
relation between the fatty acid flux and the jump in concentration across a crack is given
by

q = Dc ⟦c⟧ , (2.23)

where the parameter Dc is the diffusion coefficient at the crack. It is assumed that Dc
evolves from the diffusion coefficient D of the intact paint material as a function of the
damage d, in a similar fashion as the interfacial stiffness in the traction-separation law,
Equation (2.15), i.e.

Dc = (1− d)D , (2.24)

with the evolution of the damage parameter thus prescribed by relations (2.16)–(2.17).

2.4 Numerical simulations

2.4.1 Multi-physics coupling
The above-described two-way coupling effects between the mechanical and chemical

fields are accounted for using the staggered approach summarised in Table 2.1. In this ap-
proach the chemical and mechanical fields are analysed sequentially, with the couplings
being established via temporal extrapolation. It has been confirmed that, by choosing
a sufficiently small time increment, the error introduced in the temporal extrapolation
becomes rather small, such that it has a negligible effect on the numerical result. In
accordance with an incremental-iterative time-marching scheme, at each time step the
diffusion-reaction analysis defined by the system of equations (2.6) is performed first,
whereby the flux of free saturated fatty acid across cracks is determined through Equa-
tions (2.23) and (2.24), based on the damage parameter d at the previous time increment.
This provides the values of the concentration c of free saturated fatty acid and the vol-
ume fraction φ of the crystallised metal soap in the modelled paint configuration. The
formation of crystallised metal soap (for 0 < φ ≤ 1) leads to the development of the
growth strain in accordance with expression (2.8), which, together with the updated vol-
ume fraction of the crystallised metal soap, are transferred to the mechanical analysis.
The growth strain and metal soap volume fraction lead to the updated stress field in cor-
respondence with Equations (2.8) to (2.13). As a next step, the equilibrium equations
(2.14) are solved in an iterative fashion in order to account for cracking, which occurs if
at a specific location within the domain the fracture criterion defined by Equations (2.16)
and (2.17) is met. Accordingly, the damage parameter is updated and provided as input
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1. Diffusion-reaction model.
1.1 Initialise diffusion-reaction simulation.

1.1.A If time increment i = 0. Apply initial conditions for the
diffusion-reaction model.

1.1.B If time increment i ≥ 1. Apply boundary conditions for the
diffusion-reaction model.

1.2 Solve system of equations (2.6). The flux of free saturated fatty acid across
cracks is determined through Equations (2.23) and (2.24), based on the
damage parameter d at the previous time increment. Obtain the values of
concentration c of free fatty acids and volume fraction φ of crystalline
metal soap.

1.3 Transfer the value of the volume fraction φ of crystalline metal soap to the
mechanical analysis.

2. Mechanical model.
2.1 Apply boundary conditions for the mechanical model.
2.2 Calculate the growth strain ϵg from relation (2.8) and the stress field in the

reaction zone from Equation (2.13), as a function of the volume fraction φ of
crystallised metal soap.

2.3 Solve equilibrium equations (2.14) accounting for possible cracking within the
paint domain, using relations (2.16)–(2.17) defining the fracture criterion.
Obtain the displacement field u and the damage parameter d.

2.4 Transfer the damage parameter d to the diffusion-reaction analysis.
2.5 Return to 1.1.B.

Table 2.1: Schematic representation of the staggered approach used in the incremental-iterative
update procedure.

for the diffusion-reaction analysis in the next time increment. Subsequently, the sequen-
tial solution procedure above is repeated for this new time increment.

With the aid of the commercial finite element program ABAQUS Standard3, the paint
layer configuration is discretised with continuum elements, whose behaviour is defined
by the set of relations (2.3)–(2.14). The constitutive response of the interface elements
placed between these continuum elements is governed by the discrete, mixed-mode frac-
ture law (2.15) and by the flux-concentration relation (2.23), which are incorporated in
the FEM framework by means of user-defined material routines.

2.4.2 Material parameters
The material parameters adopted for the diffusion-reaction model and the mechanical

model are listed in Tables 2.2 and 2.3, respectively. Most of these material properties were
taken from the literature. The parameters for which experimental data are not available
are estimated by means of engineering judgement, and are subsequently varied over a
range that presumably should cover the behaviour of the real paint material. Accordingly,
a reference simulation based on the initial set of parameters is discussed in Section 2.5.1,

3Dassault Systems Simulia Corp, Providence, RI, U.S.A.
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and the influence of parameter variations on the numerical results is presented in Section
2.5.2.

Note that the modelling approach is general and is able to capture the formation
of metal soaps for different types of saturated fatty acids (e.g. palmitic or stearic) and
metal pigments (e.g. lead or zinc). The formation of crystalline lead soaps is generally
a faster process than that of zinc soaps [68, 72]. The latter process requires a larger
structural reordering to form a crystal, and therefore often remains trapped in an amor-
phous state. As a consequence, zinc soaps form relatively small crystalline aggregates of
an average diameter of 10 µm [72]. Conversely, lead soaps develop into isolated particles
of large size, with diameters ranging between 50 and 500 µm (with common ranges of
100–200 µm) [87], which obviously have a stronger effect on the structural integrity of
the paint medium. For this reason, reference is made here to lead-based pigment parti-
cles, which, in combination with a stearic acid (C18H36O2), are expected to form a large
lead stearate protrusion, Pb(C18H35O2)2. In the numerical examples, this process is anal-
ysed by considering a single metal soap crystal embedded halfway the thickness of a paint
layer, see Section 2.4.3.

The molarity M is obtained as the ratio between the volumetric weight of lead stearate
and the molecular weight of the stearic acid confined into lead stearate. The volumet-
ric weight of lead stearate and the molecular weight of stearic acid are 1400 kg/m3 and
0.2835 kg/mol, respectively [98]. Considering that lead stearate contains two stearic
acid chains, this yields a molarity M= 2470 mol/m3. The diffusion coefficient of stearic
acid in the paint is taken as D = 3.6 · 10−11 m2/s and the reaction rate is R= 4.2 · 10−1

m3/(mol s) [67]. As a working assumption, the stearic acid is allowed to diffuse in the
metal soap crystal, whereby the diffusion coefficient is taken the same as in the surround-
ing paint matrix. The validity of this hypothesis currently is an open research question in
the chemistry community.

Parameter Value Unit

Molarity M 2470 mol/m3

Diffusion coefficient D 3.6 ·10−11 m2/s
Reaction rate R 4.2 ·10−1 m3/(mol s)

Table 2.2: Material parameters for the diffusion-reaction model.

As explained, the coupling between the chemical and the mechanical processes partly
takes place through the development of a growth strain associated to metal soap forma-
tion. Experimental values of this parameter are not presented in the literature; hence,
a reference value for the growth strain is chosen as ϵg = 0.1. The elastic modulus and
Poisson’s ratio of the paint, used in expression (2.12), are taken as Ep = 115 MPa and
νp = 0.3, respectively [50]. No experimental information on the elastic properties of the
crystallised metal soap is currently available in the literature. As a working assumption,
in the reference simulation the elastic properties of the metal soap crystal Es are assumed
to be equal to that of the binder material, i.e. Es = 115 MPa and νs = 0.3. The fracture
properties of the paint and crystallised metal soap are estimated from the stress-strain
diagrams reported in [50], leading to an ultimate tensile strength of tu

1 = 2.2 MPa and a
fracture toughness of GI,c = 0.418 N/mm. The fracture processes within the paint layer
may be expected to be dominated by mode I cracking; hence, the fracture properties in
mode II only have a minor influence on the computational results, and for simplicity are
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taken equal to those in mode I (tu
1 = tu

2 = tu, GI,c = GII,c = Gc). Note from Figure 2.4 that
the ultimate separation vu of the crack can be determined from the strength and tough-
ness properties as vu = 2Gc/t

u. The elastic stiffness of the interface elements is chosen
relatively high, K = 106 N/mm3, to ensure that the elastic response of the paint configu-
ration is virtually determined by the elastic response of the adjacent continuum elements.
Finally, the relaxation parameter describing the evolution of damage via expression (2.17)
is chosen as η = 2 · 10−3 s. It has been confirmed that this value is sufficiently small for
the fracture response to closely approach the rate-independent fracture limit.

Parameter Value Unit
Continuum model
Growth strain ϵg 0.1 –
Elastic modulus paint medium Ep 115 MPa
Poisson’s ratio paint medium νp 0.3 –
Elastic modulus crystallised metal soap Es 115 MPa
Poisson’s ratio crystallised metal soap νs 0.3 –
Interface damage model
Fracture strength tu(= tu

1 = tu
2) 2.2 MPa

Fracture toughness Gc(= GI,c = GII,c) 0.418 N/mm
Interface elastic stiffness K 106 N/mm3

Relaxation parameter η 2 ·10−3 s

Table 2.3: Material parameters for the mechanical model.

2.4.3 Geometry, initial conditions, and boundary conditions
In the FEM simulations the paint layer is modelled as a rectangular domain of size

l × 2l, with the thickness as l = 15 µm, see Figure 2.5. The thickness is chosen to be
in the range of typical paint layer sizes applied in historical paintings [148]. At the cen-
tre of the paint layer, a single, small nucleus of crystallised metal soap is assumed to be
initially present, around which further metal soap crystallisation may develop as a result
of a diffusion-reaction process between metal ions and free fatty acid. The shape of the
nucleus is taken as circular, with an initial radius r0 = l/10= 1.5 µm. Due to symmetry of
the problem, only half of the domain is modelled. The domain is discretised using 6420
continuum elements. For the mechanical analysis 6-node plane-stress isoparametric ele-
ments with a 3-point Gauss quadrature are used, while for the diffusion-reaction analysis
3-node isoparametric elements with a 3-point Gauss quadrature are adopted. It should
be noted that the in-plane chemo-mechanical response computed under plane-stress con-
ditions translates to that under plane-strain conditions when taking common values for
the representative stiffness moduli E∗i and ν∗i of the paint (i = p) and metal soap (i = s),
and for the chemical growth strain, ϵg∗, in accordance with the definitions

E∗i = Ei , ν∗i = νi , ϵg∗ = ϵg , for plane-stress conditions, (2.25)

and

E∗i =
Ei

1− ν2
i

, ν∗i =
νi

1− νi
, ϵg∗ = (1+ νs)ϵ

g , for plane-strain conditions. (2.26)
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Figure 2.5: (a) Paint system. (b) Section of the paint layer with thickness l and length 2l,
containing a small crystalline metal soap nucleus of radius r0 = l/10. Due to symmetry, only
half of the paint section is modelled. (c) Initial and boundary conditions in the diffusion-reaction
analysis. (d)–(e) Initial and boundary conditions in the mechanical analysis, considering both (d)
zero horizontal displacement at the right boundary (constrained boundary), and (e) a traction-
free boundary condition at the right boundary (unconstrained boundary).

Furthermore, the interface elements describing the fracture process are placed be-
tween all continuum elements by using a dedicated Python script that shrinks all the
original continuum elements by 1%, detects the opposing element edges, and places the
interface elements in between. This procedure provides the finite element mesh with a
total of 9531 interface elements. For the mechanical analysis 6-node interface elements
with a 3-point Lobatto quadrature are employed, and for the diffusion-reaction analysis
4-node elements with a 2-point Gauss quadrature are applied. The former element for-
mulation was not available in the commercial version of ABAQUS Standard, and therefore
was incorporated by means of a user-defined element routine, following the numerical
implementation presented in [145]. An initial comparison study not presented here indi-
cated that the use of 6-node interface elements for the mechanical analysis was necessary
to avoid the appearance of checker-board patterns in the stress field described by the
adjacent continuum elements. It has been further confirmed that the finite element dis-
cretisation used in the simulations is sufficiently fine to have a negligible influence on the
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Chapter 2. Chemo-mechanical degradation of historical oil paintings

discrete fracture patterns generated.
For the diffusion-reaction analysis, the following initial and boundary conditions are

used. The initial concentration of the free saturated fatty acids c0 is taken to be uniform
throughout the entire domain. Assuming the presence of stearic acid and lead based
pigments, the value of c0 is estimated by dividing the volumetric weight of the fatty
acid in the oil binder by its molecular weight. The volumetric weight of fatty acid is
calculated by multiplying the volumetric percentage of linseed oil in a lead white paint
(=55.6%, see [50]) with its volumetric weight (= 930 kg/m3, see [2]), and subsequently
with the weight percentage of stearic acid in linseed oil (5%). Using the fact that the
molecular weight of the stearic acid is 0.2835 kg/mol [2], its concentration becomes
c0 = 91 mol/m3. This value for the initial concentration is further prescribed at the right
boundary of the domain (c̆ = c0). At the left boundary of the domain a zero-flux bound-
ary condition (q̆ = 0) is adopted, which accounts for the symmetry of the problem. This
boundary condition is also used at the lower boundary of the domain, thereby reflecting
that the diffusion of fatty acid remains constrained to the paint layer and does not pene-
trate the (canvas or wooden) substrate. At the upper boundary of the domain a zero-flux
boundary condition applies. The small radial distance used for defining a reaction zone
from the integration points nearest to the boundary of the crystalline metal soap is set
equal to 0.2 µm. Note that the size of the reaction zone is 7.5 times smaller than the
initial radius r0 = 1.5 µm of the metal soap nucleus, and further is 75 times smaller than
the thickness l = 15 µm of the paint layer; hence, it has a negligible influence on the
computational results.

In the mechanical analysis, the paint is initially considered to be stress-free. The ver-
tical displacement at the lower boundary of the domain is prescribed to be zero, thereby
mimicking the constraining effect of the paint substrate. At the upper boundary of the
domain the normal and tangential tractions are set to zero (t̆ = 0). The horizontal dis-
placement at the left boundary is prescribed to be zero to account for the symmetry of
the problem. At the right boundary two types of boundary conditions are successively
considered, namely i) a constrained horizontal displacement and ii) traction-free bound-
ary conditions. These two boundary conditions will be referred to as the constrained and
unconstrained horizontal boundary displacements, and act as upper and lower limits for
the (arbitrary) horizontal constraining effects generated in in situ paint layers. Note that
in the unconstrained case the paint layer can freely glide along the boundary with the
substrate, thus reflecting a frictionless contact condition. The influence of these bound-
ary conditions on the chemo-mechanical response will be explored in detail in Section
2.5.1.

2.5 Numerical results

For generality, it is convenient to present the numerical results in terms of dimension-
less parameters. To this aim, the dimensionless time variable t = tD/l2 is introduced for
analysing the evolution of the chemical and mechanical processes. Since cracking in the
paint material is dominated by mode I, the maximal opening of the most prominent crack
in the simulated domain is quantified in terms of its normal component v1, which in its
dimensionless form becomes v1 = v1/l, with l being the thickness of the paint layer. Fur-
ther, r is the average radius of the formed metal soap crystal, which in its dimensionless
form becomes r = r/l. In addition, following [46, 132, 151, 158], the fracture process
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can be characterised by introducing a fracture length scale:

lf =
GcEp

(tu)2
. (2.27)

This fracture length scale may be interpreted as a measure for the cohesive zone at the
crack tip, although in general it is not equal to it. The fracture length scale is normalised
by dividing it by the thickness of the paint layer, l f = lf/l, which allows for considering
the relative importance of toughness and strength on the fracture response at the scale
of observation l. In specific, in the limit of the strength at the crack tip going to infinity,
tu→∞, the normalised fracture length scale becomes l f→ 0, and fracture is controlled
by toughness. Conversely, in the limit of the toughness going to infinity, Gc →∞, the
normalised fracture length scale becomes l f→∞, and fracture is controlled by strength.
In the intermediate range, both toughness and strength have an influence on the fracture
process. In the parameter variation study performed in Section 2.5.2, the time evolutions
of the crack opening v1 and the radius of the metal soap r will be investigated as a function
of six dimensionless parameters, which are the normalised initial radius of the metal soap
crystal, r0/l, the stiffness mismatch between the metal soap and paint materials, Es/Ep,

the normalised fracture length scale, l f, the growth strain, ϵg, the dimensionless reaction
rate, R = R/(Dl), and the difference in the Poisson’s ratios of the paint material, νp,
and the metal soap, νs. Other dimensionless parameters are kept fixed, which are the
dimensionless molarity, M =Ml3, the dimensionless fracture strength, tu = tu/Ep, and
the dimensionless concentration initially present within the paint system and, throughout
the process, applied at the right boundary, c0 = c0l3.

2.5.1 Reference model

The reference model is based on the geometry discussed in Section 2.4.3 and on the
material properties given in Tables 2.2 and 2.3. Accordingly, the dimensionless param-
eters introduced above become: r0/l = 0.1, Es/Ep = 1, νs = νp = 0.3, l f = 6.62 · 102,
ϵg = 0.1 and R = 7.8 · 1014. Further, M = 8.33 · 10−12, tu = 0.019 and c0 = 3.07 · 10−13

(mol).
The deformed configuration of the paint layer (plotted on true scale) is shown in

Figure 2.6 for different values of the dimensionless time t, illustrating the progressive
growth of the metal soap crystal and the induced fracturing of the paint. The left and
right columns of Figure 2.6 refer to domains with constrained – as in Figure 2.5(d) –
and unconstrained – as in Figure 2.5(e) – horizontal displacements at the right boundary,
respectively. The contour plot variable indicates the volume fraction φ of crystallised
metal soap. The red and blue colours denote fully crystallised metal soap (φ = 1) and
the original paint material (φ = 0), respectively. The small reaction zone, with 0< φ < 1,
defines the transition between the crystalline metal soap and the paint material. As the
metal soap crystal grows, close to the surface the paint layer experiences a significant
upward deformation in order to accommodate for the volumetric growth of the metal
soap crystal, see Figure 2.6(d). This behaviour is qualitatively similar to that obtained
from experimental cross-sectional observations on metal soap formation, as, for example,
shown in Figure 2.1(c).

Figures 2.7(a) and (b) illustrate the growth of the metal soap crystal along the hor-
izontal line A–A’ and along the vertical line B–B’, respectively. The growth is measured
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Figure 2.6: Time evolution of the paint configuration (with the deformation plotted at true scale)
illustrating the growth of the metal soap crystal and the fracture induced in the paint material.
The contour plot variable φ refers to the volume fraction of crystallised metal soap. The results
for the constrained and unconstrained horizontal displacements at the right boundary (see also
Figures 2.5(d) and (e)) are displayed in the left and right columns, respectively.
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by using the normalised radii rx = rx/l and ry = ry/l in the horizontal and vertical di-
rections, respectively. The time evolution of the average radius r = (rx + ry)/2 of the
crystal is presented in Figure 2.7(c). It can be observed that the growth characteristics of
the crystal are insensitive to the level of constraint applied at the right boundary. Further,
due to the prescribed concentration c0 at the right vertical boundary, the fatty acids easily
reach the reaction zone along line A–A’, thereby allowing the crystal to grow relatively
fast and steadily in the horizontal direction, see Figure 2.7(a). Due to this spatial effect,
the amount of fatty acids available for the chemical reaction along line B–B’ is less, so that
the growth rate of the metal soap crystal in the vertical direction is lower, and eventu-
ally decreases to a relatively small value when the crystal size becomes large, see Figure
2.7(b). It can be confirmed from Figure 2.6(d), that the difference in growth character-
istics along the horizontal and vertical directions cause the metal soap crystal to develop
in an approximately elliptical shape. The decrease towards a rather low growth rate in
the vertical direction further will result in the crystal reaching the surface of the paint
layer only after a very long time. Note finally the small, staircase-type increments in the
response in Figures 2.7(a)–(c). These may be ascribed to the scanning algorithm used for
the spatial identification of the reaction zone; in specific, the staircase increments corre-
spond to the time required to form a fully crystallised metal soap within the reaction zone,
a process that keeps the reaction zone temporarily fixed in space before it is advanced to
its new location. Hence, the staircase-type increments can be expected to vanish in the
limit of an infinitely small reaction zone, thereby turning the chemo-mechanical response
into an ideally smooth curve.

Observe further from Figure 2.6 that for both boundary conditions depicted in Fig-
ures 2.5(d) and (e), a mode I-dominated crack develops right above the crystalline metal
soap. The time evolution of the normalised mode I opening v1 = v1/l, of this predominant
crack – evaluated at the upper surface of the paint layer, which is where the crack mouth
opening is maximal – is shown in Figure 2.7(d). Crack initiation occurs once the fracture
strength of the material is reached, and its subsequent growth is influenced by the amount
of horizontal constraint applied at the right boundary; in specific, for an unconstrained
horizontal boundary displacement the maximum crack mouth opening is about 2.5 times
larger than for a constrained horizontal boundary displacement. Although during crack-
ing the amount of fatty acid diffusion across a crack reduces, see Equations (2.23) and
(2.24), the growth of the crystal is nevertheless similar under unconstrained and con-
strained horizontal boundary displacements, see Figure 2.7(c), and thus appears to be
hardly influenced by the difference in cracking. This is, since the amount of cracking in
the paint domain is limited, and further does not really interfere with the path of fatty acid
diffusion towards the metal soap crystal, as resulting from the prescribed concentration
at the right boundary of the paint domain. Once a failure crack is about to penetrate the
approaching metal soap crystal, the crack faces near the crack tip start to close as a result
of a compressive stress developing in the metal soap crystal under restrained volumetric
growth. This mechanism is more evident in the case of the unconstrained right boundary,
as illustrated by the reduction in normalised crack length of the predominant failure crack
from lc/l = 0.165 at t = 3 (Figure 2.6(b)) to lc/l = 0.150 at t = 6 (Figure 2.6(d)), where
lc is the crack length and l is the height of the paint layer. Crack closure under restrained
volumetric expansion caused by phase transformations has also been reported for other
materials, see e.g. [82, 114]. As illustrated in Figure 2.7(d), for the constrained and
unconstrained models crack closure occurs for t > 5.3 and t > 4.1, respectively. The rate
of crack closure of the dominant failure crack is somewhat larger for the unconstrained
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Figure 2.7: Time evolution of (a) the metal soap crystal size rx along the horizontal line A–A’, (b)
the metal soap crystal size ry along the vertical line B–B’, and (c) the average metal soap crystal
size r = (rx + ry)/2, and (d) the maximum normal crack opening v1 of the most prominent
crack for constrained and unconstrained horizontal displacements at the right boundary of the
computational domain, see also Figures 2.5(d) and (e).

model, as a result of the gradual formation of adjacent, secondary cracks that induce an
additional relaxation of the local tensile stress, see Figures 2.6(c) and (d). These sec-
ondary cracks may eventually coalesce with the dominant crack, promoting flaking of the
paint material, see also [105, 130].

The stress development under restrained volumetric expansion can be considered in
more detail by constructing a contour plot of the dimensionless hydrostatic stress, defined
as σh = 1/3 tr (σ)(EpGc/l)−1/2, at time t = 6 for constrained and unconstrained horizon-
tal boundary displacements, see Figures 2.8(a) and (b). It may be confirmed that at the
location of the predominant crack (right above the metal soap crystal) the hydrostatic
stress indeed is close to zero. The metal soap crystal is in a state of compression, with the
hydrostatic compressive stress clearly being substantially larger when the right boundary
is horizontally constrained. On average, the paint matrix is subjected to tension, whereby
the stress magnitude quantifies the restraining influence on the metal soap crystal, i.e. the
average hydrostatic tensile stress is lower when the horizontal boundary displacement is
constrained.
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Figure 2.8: Dimensionless hydrostatic stress σh = 1/3 tr (σ)(EpGc/l)−1/2 depicted in the
deformed configuration at t = 6 for a (a) horizontally constrained right boundary and a (b)
horizontally unconstrained right boundary of the computational domain, see also Figures 2.5(d)
and (e).

The evolution of the dimensionless concentration c of free saturated fatty acids is illus-
trated in Figure 2.9 for the domain with constrained horizontal displacements at the right
boundary. The concentration is evaluated along the horizontal line A–A’, for time instants
t at the early stage of the chemo-mechanical process. The time window considered in
Figure 2.9 is relatively small, since it refers to a temporarily fixed location of the reaction
zone corresponding to the region 0.110 < x < 0.123, as designated in the figure by the
dashed vertical lines. At t = 0.0012, the reaction zone entirely consists of uncrystallised
paint material (φ = 0), whereby the concentration varies smoothly from the prescribed
value c = c0l3 at the right boundary to the approximately uniform concentration inside
the crystal, see the blue solid line. Under the formation of additional metal soap, the fatty
acid concentration in the reaction zone drops, as governed by the sink term in Equation
(2.4). This local drop in concentration increases the concentration gradient, which drives
further diffusion from the region surrounding the reaction zone, as illustrated by the con-
centration profiles at t = 0.0025 (red dashed line) and t = 0.0053 (magenta dotted line).
At t = 0.0203 (green dash-dotted line) the reaction has completed and the reaction zone
has become fully crystallised (φ = 1). In accordance with relations (2.4) and (2.5), the
sink term has reduced to zero, and the concentration of fatty acids becomes essentially
governed by diffusion. At this point, the new location of the reaction front is identified by
the scanning algorithm illustrated in Figure 2.3, after which the process above is repeated.

2.5.2 Parameter variation study
The influence of specific process parameters on metal soap development and crack

formation is investigated through a parameter variation study, whereby the horizontal
displacements at the right boundary of the computational domain are constrained, see
also Figure 2.5(d). In these simulations, the values of the dimensionless strength tu, the
dimensionless molarity M, and the dimensionless concentration c0 are kept constant,
and given the same values as in the reference model discussed in Section 2.5.1. The
dimensionless parameters r0/l, Es/Ep, l f, ϵ

g and R are varied successively, and the com-
putational results are compared against those obtained for the reference model.
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Figure 2.9: Time evolution of the dimensionless concentration c along the horizontal line A–A’,
for the reference case with a horizontally constrained right boundary. The selected time instants
t are taken at the early stage of the chemo-mechanical process.

Finally, an additional variation study, in which the Poisson’s ratio of the metal soap
crystal takes the values νs = [0.2,0.3, 0.4] and the value of the Poisson’s ratio of the
paint material is kept at the reference value of νp = 0.3, illustrated that the effect of the
Poisson’s ratio of the metal soap on the chemo-mechanical response of the paint system
is negligible.

Size of the metal soap nucleus

The effect of the size of the metal soap nucleus on its growth is investigated by consid-
ering three different values for the (dimensionless) initial radius of the nucleus, namely
r0/l = [0.05,0.1, 0.25]. Note that r0/l = 0.1 corresponds to the reference geometry dis-
cussed in Section 2.5.1. Figures 2.10(a) and (b) show the time evolutions of the average
radius r of the metal soap crystal and the maximal normal crack opening v1 of the most
prominent crack in the paint medium, respectively. It can be observed that the initial
growth rate of the crystal is larger when the nucleus size is smaller. However, after a cer-
tain amount of growth the growth rate reduces to a constant, steady-state value, which
appears to be independent of the size of the initial nucleus. In addition, Figure 2.10(b)
shows that for a larger metal soap nucleus the fracture process in the paint layer starts
earlier, whereby for the largest nucleus, r0/l = 0.25, fracture is generated as soon as
the chemo-mechanical process initiates. It can be further observed that the rate of crack
growth and the corresponding maximum crack opening are almost insensitive to the size
of the initial nucleus.

Stiffness mismatch

The influence of the mismatch in the stiffnesses of the metal soap crystal and the paint
material Es/Ep on metal soap growth and crack formation is illustrated in Figures 2.11(a)
and (b), respectively. By varying the stiffness Es of the metal soap, three different values
for the stiffness mismatch are considered, namely Es/Ep = [0.1, 1,10], whereby Es/Ep = 1
corresponds to the reference model presented in Section 2.5.1. Clearly, the value of the
stiffness mismatch only mildly influences the growth characteristics of the metal soap
crystal. The effect of the stiffness mismatch on the amount of crack opening, however,
is relatively strong, whereby a larger relative stiffness of the metal soap leads to a larger
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(a) Metal soap crystal size (b) Maximal normal crack opening

Figure 2.10: Influence of the size of the nucleus r0/l of the metal soap crystal on the time
evolution of (a) the metal soap crystal size r (with r being the average radius of the crystal)
and (b) the maximal normal crack opening v1 of the most prominent crack. The horizontal
displacements at the right boundary of the computational domain are constrained, see also
Figure 2.5(d).
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Figure 2.11: Influence of the stiffness mismatch Es/Ep on the time evolution of (a) the metal
soap crystal size r (with r being the average radius of the crystal) and (b) the maximal normal
crack opening v1 of the most prominent crack. The horizontal displacements at the right bound-
ary of the computational domain are constrained, see also Figure 2.5(d).

maximal crack opening. Note also that for Es/Ep = [1,10], the onset of cracking starts
at approximately the same time, whereas for the lower stiffness mismatch Es/Ep = 0.1, it
occurs considerably later.

Fracture length scale

The influence of the normalised fracture length scale l f on metal soap growth and
crack formation is shown in Figures 2.12(a) and (b), respectively. The value of the nor-
malised fracture length scale adopted in the reference model equals l f = lf/l = 6.62 ·102,
and thus is much larger than unity, l f≫1. Accordingly, the fracture process at the present
scale of observation l is relatively ductile, whereby the cracks observed in the paint layer
system are controlled by strength rather than by toughness. The effect of the normalised
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Figure 2.12: Influence of the normalised fracture length scale l f on the time evolution of (a) the
metal soap crystal size r (with r being the average radius of the crystal) and (b) the maximal
normal crack opening v1 of the most prominent crack. The horizontal displacements at the right
boundary of the computational domain are constrained, see also Figure 2.5(d).

fracture length scale on the paint system response is investigated by successively low-
ering the toughness value used in the reference model by a factor of 102 and 103, in
correspondence with the values l f = [6.62 · 10−1, 6.62, 6.62 · 102]. Figure 2.12(a) shows
a negligible influence of the fracture length scale on the growth of the relative size of the
metal soap crystal r. Conversely, Figure 2.12(b) illustrates that the crack mouth opening
v1 of the most prominent crack typically increases for a decreasing value of the fracture
length scale. The influence, however, is limited when decreasing the length scale from
l f = 6.62 · 102 (blue solid line) to 6.62 (red dashed line), indicating that fracture in this
range is mainly controlled by strength. On the contrary, for l f = 6.62 ·10−1 (green dotted
line) the fracture process turns out to become relatively brittle and significantly governed
by toughness, in correspondence with a substantially larger opening of the prominent
failure crack than for the other two cases.

Chemical growth strain

The influence of the chemical growth strain on metal soap growth and crack formation
is analysed by selecting three different values, namely ϵg = [0.075, 0.1,0.125]. Note that
ϵg = 0.1 corresponds to the reference case presented in Section 2.5.1. Figures 2.13(a)
and (b) show the time evolutions of the average radius r of the metal soap crystal and the
maximal normal crack opening v1 of the most prominent crack, respectively. The effect
of the growth strain on the growth characteristics of the crystal turns out to be negligible.
The influence of the chemical growth strain on the amount of crack formation, however, is
relatively strong; for a larger growth strain the stresses in the paint layer become higher,
causing cracking to start earlier and to develop at a higher rate. Note, however, that the
time at which the crack reaches its maximum opening and starts to close seems to be
unaffected by the magnitude of the growth strain.
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Figure 2.13: Influence of the chemical growth strain ϵg on the time evolution of (a) the metal
soap crystal size r (with r being the average radius of the crystal) and (b) the maximal normal
crack opening v1 of the most prominent crack. The horizontal displacements at the right bound-
ary of the computational domain are constrained, see also Figure 2.5(d).
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Figure 2.14: Influence of the chemical reaction rate R on the time evolution of (a) the metal soap
crystal size r (with r being the average radius of the crystal) and (b) the maximal normal crack
opening v1 of the most prominent crack. The horizontal displacements at the right boundary of
the computational domain are constrained, see also Figure 2.5(d).

Chemical reaction rate

The effect of the dimensionless chemical reaction rate R on metal soap formation and
crack evolution is examined by selecting three different values: R= [3.9 · 1014, 7.8 · 1014,
15.5 · 1014], whereby the reference simulation corresponds to R = 7.8 · 1014. The time
evolution of the average radius of the metal soap depicted in Figure 2.14(a) shows that a
higher reaction rate mildly increases the growth rate of the crystalline metal soap. From
Figure 2.14(b) it can be observed that the maximum crack opening is smaller for a higher
reaction rate. Essentially, for a higher reaction rate at a specific time instant the metal
soap occupies a larger volume, which effectively leads to more compressive stress in the
domain and thus to less cracking of the paint material.
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2.6 Conclusions and discussion

This chapter proposes a chemo-mechanical model to simulate metal soap formation in
historical oil paintings and the induced chemo-mechanical degradation by crack forma-
tion, metal soap growth and upward paint surface deflection. The simulation framework
combines a diffusion-reaction model with a mechanical model. The growth of a metal
soap generates elastic strains – and therefore stresses – in the paint layer, possibly leading
to crack formation. Crack nucleation and propagation are modelled using a cohesive zone
approach, which combines a traction-separation law with a flux-concentration relation-
ship in order to describe the onset and evolution of discrete chemo-mechanical cracking.
The coupled model has been implemented numerically within a finite element framework,
using a staggered approach. Numerical analyses of a single metal soap nucleus in a paint
layer illustrate that the proposed methodology allows to realistically simulate the growth
of a metal soap crystal and the associated crack formation. The upward surface deflection
generated when the metal soap crystal approaches the free surface of the paint layer is
in qualitative agreement with cross-sectional observations on real paintings. The level of
constraint generated by the boundary conditions in the horizontal direction of the paint
layer does not influence the growth rate of the crystal, but appears to have a significant
influence on the amount of fracture developing in the paint layer. A parameter varia-
tion study has indicated that the amount of chemo-mechanical fracture is significantly
influenced by the stiffness mismatch between the paint material and the metal soap, the
fracture length scale, the chemical growth strain of the metal soap, and the reaction rate.
For a relatively high value of the fracture length scale the fracture process at the scale
of observation considered is relatively ductile and essentially stress-driven. Lowering the
value of the fracture length scale makes the fracture process more brittle and determined
by toughness, leading to a larger opening of the most prominent failure crack. The size
of the initial nucleus of the metal soap crystal only determines the moment at which
the fracture process starts, but does not have an influence on the amount of cracking.
Further, the growth characteristics of the crystal appear to be (almost) insensitive to the
above-mentioned parameter variations.

The modelling strategy and numerical analyses presented in the current chapter pro-
vide a first step towards gaining more insight into the coupled chemo-mechanical degra-
dation mechanisms of historical oil paintings. The next step in this research should aim
at further refining the model predictions in a quantitative sense, which requires i) the
input from more detailed measurements on the material parameters of the individual
constituents (metal soap, paint material), as for example can be done via nanoindenta-
tion tests [47], and ii) the accurate measurement and verification of the time and length
scales characterising the deterioration mechanisms in a paint system. These characteristic
time and length scales are determined by many aspects, such as the material parame-
ters characterising the kinetics of the diffusion-reaction and cracking processes, the sizes,
locations and mutual distances of crystalline metal soap nuclei, the initial concentration
profile of the fatty acid, the actual geometry of the paint layer, the boundary conditions ap-
plied, etc. It is further emphasised that the kinetics of metal soap formation are currently
incorporated by modelling only the irreversible part of the chemical reaction, and leaving
the reversible part out of consideration. Preliminary estimates that do take the reversible
part into account nevertheless indicate that this contribution may have a significant in-
fluence on the characteristic time scale of crystalline metal soap formation. This aspect,
together with the other aspects mentioned above, will be investigated in more detail in
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future work. Also, for an adequate calibration and verification of characteristic time and
length scales, the design and performance of additional experiments are necessary, which
measure the temporal and spatial development of both metal soap formation and crack
growth, and accurately determine the diffusion paths of the fatty acid. Finally, in order
to limit metal soap formation and crack growth in paint systems, it is worth investigating
the efficiency of particular conservation interventions (e.g. the use of specific solvents)
and conservation procedures (e.g. controlling indoor climate conditions).
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Chapter 3

Influence of fatty acid concentration
and nucleus shape and location
on metal soap induced damage
in paint layers

Metal soap formation is one of the most wide-spread degradation mechanisms observed in
historical oil paintings, affecting works of art from museum collections worldwide. Metal
soaps develop from a chemical reaction between metal ions present in the pigments and
saturated fatty acids, which are released by the oil binder. The presence of large metal
soap crystals inside paint layers or at the paint surface can be detrimental for the visual
appearance of artworks. Moreover, metal soaps can possibly trigger mechanical damage,
ultimately resulting in flaking of the paint. This chapter1 departs from the computational
model presented in Chapter 2 and [37] to predict chemo-mechanical degradation in his-
torical oil paintings. The model describes metal soap formation and growth, which are
phenomena that are driven by the diffusion of saturated fatty acids and develop from a
crystalline nucleus of small size. This results into a chemically-induced strain in the paint,
which may promote crack nucleation and propagation. The proposed model is used in
this chapter to investigate the effects of i) the initial nucleus geometry, ii) the saturated
fatty acid concentration, and iii) the locations of the metal soap nuclei, on the generated
chemo-mechanical damage. Numerical simulations show that the first two factors have
a marginal influence on the growth rate of the metal soap crystal, but have a significant
effect on the extent of fracture induced in the paint. Finally, the locations of the metal
soap nuclei in the paint layer strongly affect both the onset of cracking and the growth
rate of the metal soap crystals.

1This chapter is based on:
[38] G.J.A.M. Eumelen, E. Bosco, A.S.J. Suiker, J.J. Hermans, A. van Loon, K. Keune, and P.D. Iedema. SN
Applied Sciences, 2:1310, 2020.
[39] G.J.A.M. Eumelen, E. Bosco, A.S.J. Suiker, J.J. Hermans, A. van Loon, P.D. Iedema, and K. Keune. Tran-
scending Boundaries: Integrated Approaches to Conservation. ICOM-CC 19th Triennial Conference, 2021.



Chapter 3. Influence of fatty acid concentration and nucleus shape and location

3.1 Introduction

This chapter is motivated by the degradation of historical oil paintings associated with
metal soap formation and growth. Oil paintings generally consist of multiple layers of
paint, composed of metal-based pigment particles embedded in an oil binding medium,
which are supported by a canvas or wooden substrate. Metal soaps form as a result of the
chemical reaction between metal ions released from pigments or driers and saturated fatty
acids extricated from the drying oil [72]. The initial reaction leading to metal soap forma-
tion is hypothesised to be reversible and to result into metal soaps in an amorphous state.
Metal soaps can subsequently crystallise into insoluble aggregates by means of an irre-
versible reaction [8], thereby progressively growing into crystals of large size that deform
pictorial layers and protrude through the paint surface. This growth process generates
so-called chemically-induced strains in the paint system, ultimately causing damage and
flaking of the paint [105, 130, 167]. Figure 3.1 shows a clear example of a metal soap
crystal originating in the ground layer and breaking through several layers of paint until
it reached the top of the paint surface, as observed in the Portrait of Marten Soolmans
(1634) by Rembrandt van Rijn (Rijksmuseum, Amsterdam) [125].

Eumelen et al. [37] have recently presented a computational multi-physics model to
predict the chemo-mechanical degradation of historical oil paintings as a result of metal
soap formation and growth, see also Chapter 2. The methodology allows to describe the
growth of a metal soap crystal and shows the associated crack formation, revealing that
the amount of chemo-mechanical damage is significantly affected by the stiffness mis-
match between the paint material and the metal soap, the fracture strength and tough-
ness, the chemically-induced strain, and the reaction rate. Three additional factors that
may play a relevant role in determining the metal soap-induced fracture response of a
painting are the geometrical characteristics of the metal soap nucleus around which the
growth of a crystal initiates, the concentration of saturated fatty acids, which represents
the “driving force” of the chemical reaction, and the spatial distribution of metal soap
nuclei. In this chapter, the model proposed in Chapter 2 is used to investigate the effect
of i) the initial nucleus geometry, ii) the saturated fatty acid concentration, and iii) the
locations of metal soap nuclei, on the degradation process of a paint layer.

This chapter is organised as follows. A review of the chemo-mechanical model pro-
posed in Chapter 2 is presented in Section 3.2. Section 3.3 describes the geometries and
material parameters used in the numerical simulations, and the results are discussed in
Section 3.4. Conclusions are finally presented in Section 3.5.

3.2 Chemo-mechanical model

The computational model proposed in Chapter 2, is based on the coupling between a
diffusion-reaction model and a mechanical model. The framework allows to simulate the
spatial growth of a metal soap crystal, and computes the corresponding stress and strain
fields generated inside a paint layer. The diffusion-reaction model and mechanical model
are solved in an incremental-iterative fashion, using a staggered update scheme. Accord-
ingly, at each time increment the diffusion-reaction model is solved first, whereby the
results are transferred to the mechanical model. The mechanical model is then solved it-
eratively in order to account for the appearance of cracks. The results from the mechanical
model are subsequently used to solve for the next time increment of the diffusion-reaction
model, after which the incremental process described above is repeated, see Table 3.1. In
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(a)

(b)

(c)

(d)

Figure 3.1: (a) Rembrandt van Rijn, Portrait of Marten Soolmans, 1634, Oil on canvas,
207.5 cm × 132 cm, Rijksmuseum, Amsterdam, The Netherlands. After treatment. (b) Micro-
detail of the painting (before treatment) showing tiny whitish globules of lead soaps protruding
through the black paint surface. (c)–(d) A paint cross-section is taken at the top left of the
painting, showing a large metal soap protrusion (diameter circa 150 µm). The light microscopic
images of the metal soap aggregate are taken under (c) normal light illumination (bright field)
and (d) ultraviolet illumination (365 nm). See [125]. Photos: copyright Rijksmuseum.

order to keep computational times manageable, representative configurations are simpli-
fied to two-dimensional plane-stress models. The three-dimensional simulation of paint
configurations remains a topic for future research. For clarity, the adopted assumptions
and modelling strategy are reviewed below.

3.2.1 Modelling assumptions
The complex chemical processes resulting in metal soap formation are modelled in

accordance with a series of assumptions. First, the paint is idealised as a homogeneous
domain with a specific initial concentration of saturated fatty acids. Pigment particles
are not explicitly modelled; their properties are incorporated in the effective behaviour of
the paint material. Next, the metal soap growth process is assumed to depart from a pre-
existing crystalline nucleus of a (small) specified size. The spatial growth of the metal soap
crystal occurs by defining a moving reaction zone at the interface between the crystal and
the paint material. Additionally, only the irreversible part of the chemical process leading
to metal soap formation is modelled, i.e. the intermediate, amorphous state of the metal
soap is neglected. This implies that crystalline metal soap immediately forms upon the
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1. Diffusion-reaction model.
1.1 Perform the diffusion-reaction simulation by applying the initial (only at the first

time increment) and boundary conditions.
1.2 Solve the diffusion-reaction equation together with the kinetic relation for

metal soap development. Obtain the values of the concentration of saturated
fatty acids and the volume fraction of crystalline metal soap.

1.3 Transfer the value of the volume fraction of crystalline metal soap to the
mechanical analysis.

2. Mechanical model.
2.1 Apply the boundary conditions for the mechanical model.
2.2 Calculate the growth strain as a function of the volume fraction of crystallised

metal soap.
2.3 Solve the equilibrium equations iteratively by accounting for possible cracking

within the paint domain. Obtain the displacement field and the local damage
parameters.

2.4 Transfer the values of the damage parameters to the diffusion-reaction
analysis.

2.5 Return to 1.1 for performing the next time increment.

Table 3.1: Staggered approach used in the incremental-iterative solution procedure.

reaction between metal ions and saturated fatty acids. Based on this assumption, the
reaction scheme for the formation of crystalline metal soap can be written as [37] (see
also Chapter 2):

M+ nR
kcrys−−→ cM(RCOO)n

crystalline
, (3.1)

where M + nR designates a metal ion M reacting with n fatty acid chains R, as a result
of which crystalline metal soap cM(RCOO)n forms. The crystallisation rate is denoted as
kcrys. For the preservation of museum collections, the indoor climate fluctuations, char-
acterised by temperature and relative humidity variations, are typically kept within rela-
tively strict bounds [7, 12]. As a first modelling step, the dependency of the metal soap
reaction rate on these factors is therefore neglected in the present analyses. However,
environmental conditions can generally influence both the mechanical properties [110]
and the chemical characteristics [90, 118] of paint layers, and may affect the choice of
conservation treatments [96]. The sensitivity of metal soap formation to temperature and
relative humidity variations still needs to be better quantified in experiments in order to
adequately account for this effect in the modelling of chemo-mechanical degradation of
paint systems. Hence, this is a topic for future study.

3.2.2 Modelling strategy
The reaction scheme described above is translated into a diffusion-reaction model

along the lines of [79]. The diffusion-reaction equation is expressed in terms of the con-
centration of free saturated fatty acids. The reaction kinetics are incorporated in a sink
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Figure 3.2: Model of a paint layer containing multiple metal soap nuclei (red circles). The
geometry is discretised with continuum elements and cohesive interface elements placed in
between them, indicated in the inset by the triangles and dashed lines, respectively.

term, with its value being proportional to the rate of crystalline metal soap formation.
In a second equation, the time evolution of the crystalline metal soap is specified as a
function of the concentration of saturated fatty acids available for the reaction and the
volume fraction of the paint material in which metal soap has not yet formed, see Chapter
2, for more details.

The spatial growth of a metal soap crystal, which occurs in a small reaction zone at
the boundary of the crystal, induces a strain field (and a corresponding stress field) in the
paint system. This coupling between the chemical and mechanical fields is quantified by
defining a chemically-induced growth strain, which is taken proportional to the volume
fraction of crystalline metal soap. Moreover, changes in the mechanical properties asso-
ciated to crystalline metal soap formation are determined by using a rule of mixtures, in
which the effective stiffness is calculated as the volume average of the properties of the
chemical phases present in the specific material point. Mechanical equilibrium equations
finally complete the chemo-mechanical modelling of the paint system.

The chemical and mechanical models are solved with the aid of the finite element
method (FEM). Accordingly, the paint geometry is discretised into plane-stress contin-
uum elements that simulate the two-dimensional bulk responses of the metal soap and
paint materials. In accordance with the approach originally proposed in [171], cohesive
interface elements are placed in between all continuum elements modelling the paint
configuration, see Figure 3.2, thereby allowing to describe the nucleation and propaga-
tion of relatively complex, discrete cracking patterns. The mesh density used in the FEM
simulations is similar to that of the simulations presented in Chapter 2, whereby it has
been confirmed that the spatial discretisation is sufficiently fine for obtaining converged
numerical results. The constitutive behaviour of a crack is simulated with the interface
damage model proposed in [25]. The appearance of cracks locally hampers the diffusion
of saturated fatty acids; this effect is accounted for by making the flux-concentration rela-
tion of the fatty acid at the crack surfaces a function of the generated mechanical damage,
see Chapter 2, for more details.

3.3 Numerical simulations

3.3.1 Material parameters
Most of the material parameters adopted in the numerical simulations were taken

from different sources in the literature [50, 67, 98] and refer to lead-based pigment par-
ticles in combination with a stearic acid, forming lead stearate. The parameters for which
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experimental data are not available have been estimated by means of engineering judge-
ment. The specific parameter values are summarised in Table 3.2, see Chapter 2, for more
details on the assumptions taken for the parameter selection.

Parameter Value Unit Reference

Diffusion-reaction model
Molarity 2470 mol/m3 [98]
Diffusion coefficient 3.6 ·10−11 m2/s [67]
Reaction rate 4.2 ·10−1 m3/(mol s) [67]

Mechanical model
Continuum elements
Growth strain 0.1 –
Elastic modulus paint material 115 MPa [50]
Poisson’s ratio paint material 0.3 –
Elastic modulus crystallised metal soap 115 MPa
Poisson’s ratio crystallised metal soap 0.3 –
Interface elements
Fracture strength 2.2 MPa [50]
Fracture toughness 0.418 N/mm [50]

Table 3.2: Material parameters used in the numerical simulations, adopted from Chapter 2 and
references therein. The parameters for which experimental data are not available have been
estimated by means of engineering judgement, see Chapter 2 for more details.

3.3.2 Geometry and initial and boundary conditions

The first paint layer geometry analysed in this chapter departs from the reference
configuration studied in Chapter 2, which consists of a rectangular domain of width 2l and
thickness l, with l = 15 µm. The thickness of the paint layer is chosen to be representative
of paint layers in historical paintings [148]. A small nucleus of crystallised metal soap is
considered to be initially present, with its location chosen at the centre of the paint layer.
Because of symmetry only half of the paint configuration has been modelled, as illustrated
in Figure 3.3(a). The second paint layer geometry considered consists of a rectangular
domain with a width of 4l and a thickness of l, where l is again taken as l = 15 µm. In this
domain, three metal soap nuclei are assumed to be initially present, as illustrated in Figure
3.4. The shape of the nuclei is circular, with an initial radius r0 = l/10 = 1.5 µm. The
effect of the initial nucleus size on the chemo-mechanical degradation process has been
investigated in Chapter 2, which has demonstrated that it governs the specific moment in
time at which the fracture process initiates, but that it does not affect the crack growth
rate and the corresponding maximum crack opening.

For the diffusion-reaction analysis, the initial condition is formulated by assuming a
uniform fatty acid concentration c0 = 91 mol/m3 [37] (see also Chapter 2) throughout
the entire domain. For the geometry of Figure 3.3(a), at the right domain boundary
a uniform saturated fatty acid concentration profile c̆ = c0 = 91 mol/m3 is imposed.
Further, to account for symmetry, a zero-flux boundary condition is prescribed at the left
boundary. For the domain depicted in Figure 3.4, at the left and right domain boundaries
a uniform saturated fatty acid concentration profile c̆ = c0 = 91 mol/m3 is imposed. For
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Figure 3.3: (a) Reference model used in the numerical analyses. (b)–(c) Input for the models
for the parameter variation study, exploring the effect of (b) the aspect ratio of the initial metal
soap nucleus and (c) the saturated fatty acid concentration profile at the right domain boundary.

both geometries, the top and bottom boundaries are characterised by a zero-flux boundary
condition.

For the mechanical analysis, it is assumed that the paint layer is initially stress-free.
Further, the horizontal displacement is constrained at the left and right domain bound-
aries. The bottom domain boundary is constrained in the vertical direction, in order to
mimic the support provided by the substrate.

Departing from the reference model the influence on metal soap development and
crack formation by the geometry of the metal soap nucleus and the fatty acid concen-
tration profile applied at the right domain boundary is investigated through a parameter
variation study. The effect of the geometrical characteristics of the metal soap nucleus
is explored by considering elliptical nuclei of width-to-height aspect ratios 2:1 and 1:2,
whereby the height of the ellipse is kept the same for all three cases, see Figure 3.3(b).
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Figure 3.4: Input for the model to explore the effect of multiple metal soap crystals.

The assumed nucleus geometries are considered to be representative of metal soap aggre-
gates observed in situ. The influence of the fatty acid concentration profile is investigated
by considering two concentration profiles at the right domain boundary, namely a lin-
ear profile c̆(y) = 2c0 y/l and a sinusoidal profile c̆(y) = (c0π/2) sin(πy/l), see Figure
3.3(c). Note that all three profiles are characterised by the same average concentration
value c0.

3.4 Results and discussion

3.4.1 Influence of nucleus geometry
The effect of the nucleus geometry on metal soap formation is investigated by consid-

ering a set of nuclei characterised by different width-to-height aspect ratios, as illustrated
in Figure 3.3(b), whereby the case of a circular nucleus corresponds to the reference
simulation presented in Chapter 2.

Figure 3.5 shows the progressive growth of the metal soap crystal and the resulting
fracturing of the paint, for a nucleus with a width-to-height aspect ratio 1:1 (left column),
2:1 (centre column), and 1:2 (right column). The evolution of the process is described
in terms of a dimensionless time parameter, defined as t = tD/l2, with t the real time,
D the diffusion coefficient and l the thickness of the simulated domain. The contour plot
variable indicates the volume fraction φ of crystallised metal soap. The fully crystallised
material is represented by the red colour (φ = 1), while the original paint material cor-
responds to the blue colour (φ = 0). Notice further the narrow transition zone at the
interface between the metal soap crystal and the paint in which the chemical reaction
occurs, with 0 < φ < 1. It can be clearly seen that the growth of the metal soap crystal
eventually causes a significant deformation of the paint surface. This effect is also ob-
served in cross-sections of metal soap crystals taken from real artworks, as for instance
shown in Figure 3.1.

Figure 3.6(a) illustrates the time evolution of the average radius r = (rx + ry)/2 of the
metal soap crystal, as expressed in its dimensionless form r = r/l. From the similarity in
the slopes of the three curves it is concluded that the initial nucleus geometry has a minor
influence on the growth rate of the crystal.

Figure 3.6(b) presents the time evolution of the maximal normal opening v1 of the
predominant crack in the paint system, which appears right above the metal soap crystal
as a result of the stress generated by crystal growth reaching the tensile strength of the
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Figure 3.5: Time evolution of the paint configuration (with the deformation plotted at true scale)
illustrating the growth of the metal soap crystal and the fracture and surface deflection of the
paint material. The contour plot variable φ refers to the volume fraction of crystallised metal
soap. The results refer to a metal soap nucleus of initial aspect ratio 1:1 (left column), 2:1
(centre column), and 1:2 (right column).
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(a) Metal soap crystal size (b) Maximal normal crack opening

Figure 3.6: Influence of the initial nucleus aspect ratio on the time evolution of (a) the metal
soap crystal size r (with r being the average radius of the crystal) and (b) the maximal normal
crack opening v1 of the predominant crack.

paint material, see Figure 3.5. The normal crack opening is presented in its dimensionless
form, v1 = v1/l. While the onset of damage occurs approximately at the same time
for the three nucleus geometries considered, the crack opening clearly increases for a
decreasing width-to-height aspect ratio of the nucleus. This is, because a metal soap
aggregate developing an elliptical shape characterised by a large width (aspect ratio 2:1)
introduces a relatively low tensile stress in the upper part of the domain. Correspondingly,
for a nucleus aspect ratio of 2:1 the crack turns out to be almost not visible, see Figure
3.5. When a crack is about to penetrate the approaching metal soap crystal, the crack
faces at the crack tip close. Crack closure is due to the volumetric expansion of the metal
soap crystal. This locally induces compressive stresses around the crack tip, in the zone
adjacent to the crystal boundary, leading to crack closure. This mechanism can be clearly
observed for the case of a nucleus with an aspect ratio 1:2, illustrating that the normalised
crack length of the predominant crack reduces from lc/l = 0.133 at t = 4.5 – see Figure
3.5(c) – to lc/l = 0.119 at t = 6 – see Figure 3.5(d).

3.4.2 Influence of fatty acid concentration profile
The influence of the saturated fatty acid concentration prescribed at the right domain

boundary on the amount of developed chemo-mechanical damage is investigated by con-
sidering three different concentration profiles, which are uniform, linear, and sinusoidal,
as illustrated in Figure 3.3(c). The uniform concentration profile corresponds to the ref-
erence simulation presented in Chapter 2. The deformed configuration of the paint layer
is shown in Figure 3.7 at different values of the dimensionless time t. Similar to what is
observed in Figure 3.5, the metal soap crystal gradually grows, deforming the top surface
of the paint and generating a vertical crack in the top part of the sample. For the uniform
and sinusoidal fatty acid profiles the shape of the metal soap crystal develops in a smooth,
almost circular fashion. Conversely, for a linear fatty acid profile the metal soap aggregate
gradually grows into a more irregular shape.

The time evolutions of the normalised average crystal radius r and the normalised
maximum crack opening v1 are shown in Figures 3.8(a) and (b), respectively. The im-
posed concentration profile appears to have essentially no influence on the growth rate
and average size of the crystal. The influence on the crack opening, however, is quite
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Figure 3.7: Time evolution of the paint configuration (with the deformation plotted at true scale)
illustrating the growth of the metal soap crystal and the fracture and surface deflection of the
paint material. The contour plot variable φ refers to the volume fraction of crystallised metal
soap. The results for the constant, linear, and sinusoidal fatty acid concentration profiles at the
right domain boundary are displayed in the left, central and right columns, respectively.
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(a) Metal soap crystal size (b) Maximal normal crack opening

Figure 3.8: Influence of the prescribed saturated fatty acid concentration on the time evolution
of (a) the metal soap crystal size r (with r being the average radius of the crystal) and (b) the
maximal normal crack opening v1 of the most predominant crack.

significant. This can be ascribed to the growth characteristics of the metal soap aggregate
along the horizontal direction (as dominant in the case of an aspect ratio 2:1). A larger
crystal size in the horizontal direction (as observed for the linear concentration profile)
generates a more uniform stress distribution, and therefore a lower stress in the top part
of the paint, which leads to less crack development. The sinusoidal and constant con-
centration profiles, which are characterised by crystals of comparable shape, lead to a
similar crack response until t = 4.5, after which the crack starts to close for the constant
concentration profile while it slightly advances for the sinusoidal concentration profile.

3.4.3 Influence of the metal soap distribution
The progressive growth of the metal soap crystals and the consequent deformation

and fracturing of the paint layer are shown in Figure 3.9 for different values of the di-
mensionless time t. Similar to the results of the previous geometry, the growth of the
metal soap crystals deforms the top surface, thereby inducing crack formation. It can be
observed that the two outer crystals grow predominantly in the direction of the vertical
domain boundaries, and less towards the centre of the geometry. These two crystals also
develop a mild elliptical shape, whereas the middle crystal remains circular.

Figure 3.10(a) shows the evolution of the dimensionless, average, metal soap crystal
radius, r. From this graph, it can be seen that the growth rates of the three crystals
are initially comparable. However, since the initially uniform concentration of saturated
fatty acids gradually becomes non-uniform, by decreasing to zero across the middle part
of the configuration, see Figure 3.11, the growth rate of the crystals becomes dependent
on their location. Thus, the two outer crystals are closer to the source of saturated fatty
acid provided through the boundary conditions, which allows for a relatively fast growth
of these crystals, such that they reach a substantially larger size than the middle crystal.
Although not shown here, at a later stage the three crystals may eventually merge to form
a large metal soap aggregate. Note finally that the growth rate of the metal soap crystals
appears to reach a steady state relatively early in the process (at t = 0.8), i.e. the growth
rates of the three crystals remain constant upon a further increase in time.

Above the left metal soap crystal, four micro-cracks develop. Figure 3.10(b) shows
the evolution of the maximal normalised crack openings v1, evaluated at the top surface.
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Figure 3.9: Time evolution of the paint layer configuration (deformation plotted at true scale),
showing the growth of the metal soap crystals and the formation of micro-cracks above the left
crystal. The contour plot shows the volume fraction (φ) of crystallised metal soap, with the
red colour indicating fully crystallised material and the blue colour indicating the original paint
material.
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(a) Metal soap crystal size (b) Maximal normal crack opening

Figure 3.10: Time evolution of (a) the normalised average size of the three crystals and (b) the
normalised crack opening of the four micro-cracks that develop above the left crystal.

These cracks nucleate when the local tensile strength of the paint material is reached.
The first crack develops immediately above the centre of the left crystal, as illustrated
in Figure 3.9(b). Three additional cracks successively form in the direct neighbourhood
of the first crack, causing a mild relaxation of the local tensile stresses near the paint
surface. This leads to crack closure, as indicated in Figure 3.9(b) by the branches related
to a decreasing crack opening.

The temporal evolution of the concentration distribution in Figure 3.11 shows that
with increasing time the initially uniform concentration becomes non-uniform, by de-
creasing to zero across the middle part of the paint layer. This indicates that fatty acids
in this region are rapidly consumed for the purpose of metal soap growth. When t > 1.5,
the concentration distribution has approximately reached a steady state, whereby fatty
acids remain locally present only through the concentration values imposed at the verti-
cal domain boundaries. This allows the two outer metal soap crystals to continue to grow
over time, whereas the size of the inner crystal remains constant, see also Figures 3.9 and
3.10(a).

3.5 Conclusions
Departing from a recent computational model on chemo-mechanical paint degrada-

tion by metal soap formation as presented in Chapter 2, this chapter investigates the
effect on chemo-mechanical damage by: i) the geometrical features of the metal soap nu-
cleus, ii) the profile of the saturated fatty acid concentration imposed on the paint sample,
and iii) the metal soap nuclei distribution in a paint sample. Numerical simulations are
performed on systems representing a paint layer containing either a single metal soap
nucleus, or multiple nuclei, thereby mimicking the growth of the metal soap crystal and
the induced crack formation. From the numerical analyses, it has been observed that both
the fatty acid concentration profile and the aspect ratio of the metal soap nucleus have a
significant influence on the amount of crack formation in the paint layer. On the contrary,
the growth rate and the average radius of the metal soap crystal appear to be virtually
insensitive to the concentration profile and nucleus geometry. Further, the locations of
the metal soap nuclei within the domain may significantly influence their growth rate.
Additionally, the presence of multiple crystals can cause asymmetrical growth of a crystal
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Figure 3.11: Time evolution of the distribution of saturated fatty acids in the paint layer. The
contour plot shows the concentration of saturated fatty acid (c), in mol/m3.
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from its original nucleus. Both phenomena can be ascribed to the heterogeneous spatial
development of the fatty acid concentration profile over time.

In order to limit crack growth, it is worth investigating how particular conservation
interventions (e.g. the use of specific solvents) and conservation procedures (e.g. control-
ling the indoor climate conditions) may influence the saturated fatty acid concentration
profile and the rate of the chemical reaction. Another topic for future research is the
accurate determination of material parameters of historical paints from dedicated, small-
scale experiments, such as nanoindentation tests [41, 47, 48, 103], which will support an
accurate validation of the modelling results. Finally, the present model will be extended
to incorporate the reversible part of the chemical reaction that relates to the formation
of amorphous metal soap, which is expected to provide a more realistic representation of
the time scale at which metal soap growth occurs.
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Chapter 4

A chemo-mechanical model to predict
degradation in oil paintings by amorphous
and crystalline metal soaps

Metal soap formation is recognised as a critical degradation mechanism in historical oil
paintings, which threatens the preservation of museum collections worldwide. Metal
soaps form via a complex sequence of chemical reactions between metal ions released by
the pigments and saturated fatty acids originating from the drying oil. The latest advances
in chemistry research suggest that metal ions and saturated fatty acids may initially re-
act by means of a reversible reaction, which leads to the formation of metal soaps in an
amorphous state. Metal soaps may subsequently crystallise via an irreversible reaction
into large aggregates that deform the paint layers, potentially triggering delamination,
cracking, and ultimately flaking of the paint. This chapter1 proposes a chemo-mechanical
model to predict metal soap formation and the consequent mechanical damage in histor-
ical oil paintings. The chemical process is described in terms of a set of diffusion-reaction
equations, which account for both the reversible reaction between free saturated fatty
acids and metal ions forming amorphous metal soap, and the subsequent irreversible
reaction to crystalline metal soap. The chemical model is two-way coupled with a me-
chanical model that effectively describes the cracking processes caused by metal soap
formation and growth. The coupling is generated from the mechanical model by ac-
counting for the development of a chemically-induced growth strain in the crystalline
metal soap. In addition, the presence of cracks locally hampers the diffusion of chemi-
cal species, which is taken into account in the chemical model through a dependency of
the diffusion parameter at the crack faces on the amount of generated mechanical dam-
age. The spatial development of the crystalline metal soap phase is simulated by using
a tailor-made scanning algorithm that identifies the reaction zone in which metal soap
formation takes place. The proposed model is calibrated on experimental data presented
in the literature. The model is subsequently applied to analyse two numerical examples
that are representative of typical metal soap-related degradation processes observed in
historical oil paintings, revealing that the growth process of crystalline metal soap, the
deformation of the paint surface, and the consequent cracking and delamination patterns
are predicted in a realistic fashion.

1This chapter is based on:
[40] G.J.A.M. Eumelen, E. Bosco, A.S.J. Suiker, and J.J. Hermans. Submitted.



Chapter 4. Oil paint degradation due to amorphous and crystalline metal soaps

4.1 Introduction
The process of metal soap formation and growth has been identified by cultural her-

itage conservators as one of the most crucial degradation mechanisms for the appearance,
integrity and longevity of historic oil paintings [30, 120]. Metal soaps typically appear as
opalescent aggregates that deform the pictorial layers, possibly protruding through the
paint surface [29, 75, 87, 121]. Metal soaps may additionally lead to an increased trans-
parency of the paint, thereby revealing the colour of the underlying paint layers [121].
Metal soaps do not only influence the visual appearance of oil paintings, but may also
promote cracking, delamination and ultimately flaking of the paint [62, 105, 140]. Two
striking examples of metal soap-induced degradation phenomena can be observed in Fig-
ure 4.1. Figure 4.1(a) illustrates a ceiling painting located in the Room of Trustees of
the Burgerweeshuis in Zierikzee, The Netherlands, in which multiple metal soap crystals
have formed inside the orange-red bottom paint film, causing a substantial deformation
of the above pictorial layers. Figure 4.1(b) represents View of Delft by Johannes Vermeer
(Mauritshuis, The Hague, The Netherlands), in which a distinguishable, large metal soap
aggregate has protruded through several paint layers and has reached the paint surface.
Metal soap formation and growth are governed by a complex sequence of chemical reac-
tions, as schematically depicted in Figure 4.2. Oil paintings consist of layers of a drying
oil binding medium (typically linseed oil), which contain pigment particles and adhere to
a substrate made of prepared canvas or wood. From a chemical point of view, drying oils
are triglycerides, composed of three fatty acid molecules bound to a glycerol backbone via
an ester bond. Fatty acids are carboxylic acids, i.e. organic compounds of carbon, oxygen
and hydrogen, with long hydrocarbon chains [95]. Most of the fatty acids chains in a
drying oil are unsaturated, containing one or more C=C bonds. However, saturated fatty
acids, such as palmitic and stearic acids, are also present in the oil binder, representing
approximately 5–15% of the total fatty acid content. During paint drying, the unsatu-
rated fatty acid chains in the oil binder react by means of autoxidation reactions to form
a densely cross-linked polymer network [9, 14, 165]. Moreover, on a larger time scale,
due to the presence of water molecules in the paint film, the ester bonds between the
fatty acid chains and the glycerol backbone can be broken by means of hydrolysis reac-
tions [9, 13, 161, 162]. This leads to the release of free saturated fatty acids as a reaction
product [36]. The process of metal soap formation is especially relevant in the case of
lead- or zinc-based pigments, which are present, for instance, in the common lead white
and zinc white paints [88]. Lead and zinc ions that are released from the pigments may
become complexed with the carboxyl groups (COOH) of the polymer network, forming
an ionomer [8, 10, 70, 71], see Figure 4.2(a). The free saturated fatty acids present in
the system may further react with the metal ions from the ionomer, forming complexes
of amorphous metal soaps, see Figure 4.2(b). The formation of amorphous metal soaps
is expected to be a reversible process, for which the metal ions can be bound either to the
carboxylic acid groups of the ionomer or to those of the free saturated fatty acids [70]. If
the local concentration of amorphous metal soap becomes sufficiently high, it can subse-
quently crystallise by means of an irreversible chemical reaction and coalesce into larger
metal soap aggregates, reaching diameters varying between 50 and 500 µm [121], see
Figure 4.2(c).
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(a) Ceiling painting with allegorical representations, 1680, Room
of Trustees, Burgerweeshuis, Zierikzee, The Netherlands (Photo:
Wim Ruigoord).

(b) Johannes Vermeer, View of Delft, ca. 1660–1661, Oil on can-
vas, Mauritshuis, The Hague, The Netherlands.

Figure 4.1: Examples of metal soap-induced degradation mechanisms. (a) The detail shows
a dark-field image of a sample cross-section taken from the red sky of Justitia and Mars in a
Warm Embrace, right painting. In the bottom orange-red paint layer, which contains lead white
and red lead, three lead soap protrusions have formed. An interface undulation can be observed
in this cross-section, whereby the crystals in the bottom layer start to penetrate the layers above
[152]. (b) The detail shows a bright-field image of a paint cross-section taken at the left edge
of the painting, where the green (now blue) bush is painted over the red-tiled roof, showing the
formation of large metal soap protrusions in the dark-red paint layer that have erupted through
the blue-green surface paint layer [166, 167].

Figure 4.3 shows the internal material structure of a metal (zinc) soap nucleus at the
nano-scale. The image, which has been taken from [73], has been obtained by using
transmission electron microscopy, and clearly illustrates that the crystalline metal soap
dendrites (indicated in red) that have developed inside the nucleus are surrounded by
paint material (indicated in blue) based on a linseed oil polymer. In other words, the metal
soap nuclei, and also the larger aggregates developing from these nuclei, are not fully oc-
cupied by crystalline metal soap, but also contain paint material, as confirmed from other
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Figure 4.2: Schematic representation of the processes governing metal soap formation. (a)
During the drying process of the paint film, the oil binder polymerises into a densely cross-liked
polymer network by means of autoxidation reactions and releases free saturated fatty acids
as a degradation product. Metal ions, which are released from the pigment particles, become
complexed with the polymer network, thereby forming an ionomer. (b) Metal ions from the
ionomer react by means of a reversible reaction with the free saturated fatty acid molecules to
form amorphous metal soap. (c) Amorphous metal soap crystallises by means of an irreversible
reaction and grows in large metal soap aggregates.

experimental studies [63, 129]. For simplicity reasons, however, in the present chapter
the metal soap nuclei and aggregates will be designated as “metal soap crystals”, and in
the model formulation are effectively treated as homogeneous and isotropic. The latter
assumption is reasonable, as the model refers to the length scale associated to the thick-
ness of a paint layer, i.e. the micro-scale, which is considerably larger than the nano-scale
considered in Figure 4.3. Nevertheless, in the numerical simulations the initial concen-
tration of metal ions will be determined by considering that the aggregates are not fully
occupied by crystalline metal soap, which essentially means that only a certain fraction of
the metal ions present in the initial paint material is available for metal soap formation.

The process of metal soap formation has been primarily investigated in the literature
from a chemical perspective, by focusing on the in situ identification of metal soap in
historic paintings [23, 89, 122, 137, 163], or by exploring the kinetics of the chemical re-
action [28, 83, 104] and the composition of metal soap aggregates [72]. On the contrary,
only a few studies are available that investigate the consequences of metal soap formation
on the mechanical response of paint films. In [161], it has been reported that metal soap
formation can contribute to an increase of oil paint stiffness and brittleness. Moreover, the
presence of metal soap aggregates has been associated to micro-cracks and delamination
phenomena [62, 105, 130, 140], which are triggered by the mechanical strain (and thus
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Figure 4.3: Transmission electron microscope (TEM) bright field image of a metal soap nucleus,
which contains crystalline zinc soap dendrites (indicated in red) that are surrounded by paint
material (indicated in blue) based on a linseed oil polymer. The picture (without the colours) is
taken from [73].

stress) generated in the painting system under metal soap growth. Recently, a compu-
tational chemo-mechanical model has been proposed that predicts damage development
in paint layers as a result of metal soap formation and growth [37] (see also Chapter 2).
The model departs from a simplified chemical description in which the intermediate state
of amorphous metal soap is neglected and only the irreversible crystallisation process is
modelled. Accordingly, the diffusion reaction model is formulated solely in terms of the
concentration of saturated fatty acid and the volume fraction of crystalline metal soap
formed. The chemo-mechanical model is implemented within a finite element frame-
work, whereby the chemical and mechanical fields are solved in an incremental-iterative
fashion, using a staggered solution scheme.

Departing from the formulation presented in Chapter 2, in the present chapter the
chemo-mechanical model for metal soap formation is substantially enhanced by account-
ing for both the reversible reaction between free saturated fatty acids and metal ions form-
ing amorphous metal soap, and the irreversible reaction governing the process of metal
soap crystallisation. Along similar lines as the one-dimensional formulation proposed in
[67], these chemical processes are described via a set of (diffusion-)reaction equations
in terms of the concentrations of free saturated fatty acids, metal ions, amorphous metal
soap and crystalline metal soap. Although, in principle, both the free saturated fatty acids
and the metal ions can diffuse in the ionomer [156], metal ion diffusion is ignored here,
as this process typically is very slow compared to fatty acid diffusion. As a consequence,
the free saturated fatty acids are considered as the sole diffusing species, for which a
diffusion-reaction equation is formulated, whereas the time evolution of the concentra-
tions of the metal ions and the amorphous and crystalline metal soaps are governed by
reaction equations. Along the lines of Chapter 2, the coupling between the diffusion-
reaction model and the mechanical analysis is obtained by defining a chemically-induced
growth strain, which quantifies the effect of the expansion of the growing metal soap
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crystal on the stress field generated in the painting. Additionally, the local change in the
mechanical properties associated to the formation of crystalline metal soap is computed
by a basic phase transformation model, whereby the effective stiffness is obtained as the
volume average of the properties of the material phases present in the specific material
point. Mechanical equilibrium equations finally complete the definition of the mechani-
cal problem. The paint geometry is discretised into plane-strain continuum elements that
represent the two-dimensional bulk responses of the metal soap and paint materials. Fur-
ther, in order to describe the onset and propagation of discrete cracks at arbitrary locations
in the paint domain, cohesive interface elements are placed between all continuum ele-
ments modelling the paint configuration, in correspondence with the approach originally
proposed in [171]. The constitutive behaviour of a crack is defined in accordance with
the interface damage model proposed in [25]. The presence of cracks locally hampers the
diffusion of the free saturated fatty acids, which is accounted for by specifying the consti-
tutive relation between the flux and the concentration of free saturated fatty acids across
a crack as a function of the mechanical damage. Consequently, the chemo-mechanical
model is two-way coupled.

The enhanced chemo-mechanical model proposed in this chapter is applied to anal-
yse two different boundary value problems, which are representative of typical metal
soap-related degradation mechanisms observed in historical paintings. The first bound-
ary value problem focuses on the interplay between the growth process and coalescence
of multiple metal soap crystals and the crack patterns generated in a single-layer paint sys-
tem. The second boundary value problem refers to a multi-layer paint system composed
of an upper pictorial layer and a supporting ground layer, and focuses on the competition
between surface cracking in the upper layer and delamination at the interface between
the two layers, as induced by the formation and growth of a single metal soap crystal in
the ground layer.

This chapter is organised as follows. Section 4.2 describes the chemo-mechanical
modelling framework, including the diffusion-reaction equations, the mechanical model
and the coupling terms between the two physical processes. In Section 4.3, the chem-
ical properties that serve as input for the diffusion-reaction model are calibrated based
on the experimental results presented in [67]. Section 4.4 treats the definition of the
geometry, material properties, initial and boundary conditions, and the numerical results
of the single-layer paint model. In Section 4.5, the geometrical details, input parameters,
initial and boundary conditions, and simulation results of the multi-layer paint model are
discussed. Finally, the main conclusions of the work are summarised in Section 4.6.

4.2 Model description
The chemo-mechanical model describing the degradation of oil paintings by metal

soap formation consists of a chemical model and a mechanical model, which are succes-
sively described in Sections 4.2.1 and 4.2.2. The numerical solution procedure that is
used to solve the coupled chemical and mechanical models is reviewed in Section 4.2.3.

4.2.1 Chemical model
Departing from the formulation presented in Chapter 2, in the present chapter the

chemo-mechanical model for metal soap formation is substantially enhanced by account-
ing for both the reversible reaction forming amorphous metal soap, and the irreversible
reaction leading to metal soap crystallisation. The proposed model is based on the fol-
lowing assumptions. First, the initial state of the domain is assumed to be represented by
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an ionomer characterised by given concentrations of free saturated fatty acids and metal
ions. Accordingly, the autoxidation reactions leading to the formation of the ionomer and
the reactions associated to the release of free saturated fatty acids by the oil binder and the
metal ions from the pigments are not explicitly modelled. Moreover, despite that the paint
is a heterogeneous material, composed of the ionomer with embedded pigment particles,
it is here treated as an equivalent, homogeneous continuum, characterised by effective
chemical and mechanical properties. The paint and the fully crystallised metal soap are
the two physical material phases that together form the paint system. Conversely, the free
saturated fatty acids, the metal ions, and the amorphous metal soaps only enter the model
through their concentrations. It is assumed that metal soap crystallisation develops from
pre-existing crystal nuclei, which are small regions in which fully crystallised metal soap
is present, see Figure 4.3. The chemical reactions leading to metal soap formation are
enforced to occur in a (moving) transition region named the “reaction zone”, which is
located at the interface between the metal soap crystal and the adjacent paint material.

The chemical process leading to the formation of crystalline metal soap can be ex-
pressed by means of two successive chemical reactions [67]:

M+ nFa
k+−*)−
k−

aMFan ,

aMFan

kcrys−−→ cMFan ,

(4.1)

in which M + nFa denotes a metal ion M reacting with n free saturated fatty acid molecules
Fa. The term MFan indicates the metal soap complex, for which prefixes “a” and “c” refer
to the amorphous and crystalline states of the metal soap compound, respectively. Further,
k+ and k− are the rate constants for the formation and dissolution of amorphous metal
soap, respectively, while kcrys is the rate constant of the irreversible crystallisation reaction.
In the present chapter lead-based pigments will be considered, for which n = 2. The
chemical reactions described by Equation (4.1) can be converted to a system of diffusion-
reaction equations, expressed in terms of the individual species that are involved in the
chemical process, i.e. saturated fatty acids, metal ions, and amorphous and crystalline
metal soaps. However, the diffusion process of saturated fatty acids is characterised by
a significantly smaller characteristic time scale than that of the metal ions [8] and of
the amorphous or crystalline metal soap compounds. Hence, metal ion diffusion and
amorphous metal soap diffusion are ignored, and the free saturated fatty acids are selected
as the sole diffusing species.

Based on the above assumptions, the chemical process is defined by the following
system of coupled (diffusion-)reaction equations [67]:











































∂ [M]
∂ t

= −QaMFa2
,

∂ [aMFa2]
∂ t

=QaMFa2
−QcMFa2

,

∂ [cMFa2]
∂ t

=QcMFa2
,

∂ [Fa]
∂ t
−∇ · (D∇[Fa]) = −2QaMFa2

.

(4.2)

Here [i], with [i] ≥ 0, represents the available concentration of the chemical species
i, with i = Fa, M, aMFa2, and cMFa2. Further, t represents time, and ∇· denotes the
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divergence operator, with∇ being the gradient operator. Finally, D indicates the diffusion
coefficient.

Refer first to Equations (4.2)1–(4.2)3 that describe the development of the concentra-
tion of the species i =M, aMFa2, and cMFa2 that react but do not diffuse. The minus sign
in front of some of the reaction terms Q i indicates that, if the value of Q i is positive, the
corresponding species i is consumed during the specific chemical reaction. Define now
R+i as the reaction rate of the reactants, which characterises the “forward reaction”, and
R−i as the reaction rate of the reaction products, characterising the “backward reaction”.
Following [131], the reaction terms QaMFa2

and QcMFa2
can be expressed as

QaMFa2
= R+aMFa2

−R−aMFa2
,

QcMFa2
= R+cMFa2

.
(4.3)

Note that Equation (4.1)2 describes an irreversible chemical reaction. Therefore, in Equa-
tion (4.3)2, the reaction term QcMFa2

is prescribed to be non-negative, QcMFa2
≥ 0. The

specific expressions for the forward and backward reaction rates in Equation (4.3) can
be formulated in terms of the concentrations of the involved species, raised to a power
equal to their stoichiometric coefficient [131, 178]. Considering the chemical reactions,
Equation (4.1), and recalling again that n= 2, leads to

R+aMFa2
= k+[M][Fa]2 ,

R−aMFa2
= k−[aMFa2] ,

R+cMFa2
= kcrys[aMFa2] .

(4.4)

Inserting Equation (4.4) into Equation (4.3) finally specifies the reaction terms QaMFa2
and

QcMFa2
as

QaMFa2
= k+[M][Fa]2 − k−[aMFa2] ,

QcMFa2
= kcrys[aMFa2] ,

(4.5)

which need to be substituted in the system of (diffusion-)reaction equations, Equation
(4.2).

Consider now Equation (4.2)4 that describes the diffusion and reaction process of the
free saturated fatty acids [Fa]. The reaction term QaMFa2

present in the right-hand side of
the equation is defined by Expression (4.5)1, and introduces a coupling with the reaction
equations, Equations (4.2)1–(4.2)3, of the non-diffusing species. Note further that the
factor of 2 appearing in front of the reaction term QaMFa2

in Equation (4.2)4 accounts for
the conservation of mass and equals the stoichiometric coefficient n= 2 of fatty acids [Fa]
in the corresponding chemical reaction, Equation (4.1)1. Further, in accordance with the
experimental observations presented in [67], the diffusion coefficient D is assumed to
vary between the diffusion coefficients of the two physical material phases, i.e. the paint
without any metal soap and the fully crystallised metal soap. This variation is quantified
by the local volume fraction of the crystalline metal soap φ as

D = φDs + (1−φ)b Dp with 0≤ φ ≤ 1 , (4.6)

where Dp and Ds are the diffusion coefficients for fatty acid diffusion in the paint and
in the crystalline metal soap, with the subscripts “p” and “s” referring to “paint” and
“soap”, respectively. Further, the exponent b ≥ 1 is a constant that determines the rate
at which the diffusion coefficient decreases as a function of the volume fraction φ of
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crystalline metal soap formed. The value of φ is determined by the ratio between the
current concentration [cMFa2] and the maximum concentration [cMFa2]max of crystalline
metal soap, i.e.

φ =
[cMFa2]
[cMFa2]max

. (4.7)

The maximum concentration of crystalline metal soap [cMFa2]max is dictated by the initial
concentration of metal ions [M](t = 0) = [M]0, which, in accordance with the reaction
equations given by Equation (4.1), drives the formation of amorphous and crystalline
metal soaps. Based on the reaction equations, Equation (4.1), and considering that metal
ions and metal soaps do not diffuse, from the conservation of mass the maximum con-
centration of crystalline metal soap can be computed as [cMFa2]max = [M]0.

Equation (4.2), to be completed with appropriate initial and boundary conditions,
describes the concentration development of the metal ions, amorphous and crystalline
metal soaps, and free saturated fatty acids in the painting. According to this equation,
metal soap formation can in principle occur at any location in the domain where free
saturated fatty acids are present, provided thatφ ̸= 1. As discussed above, the metal soap
growth process is assumed to depart from a crystalline nucleus of a small, specified size,
for which φ = 1. The chemical reactions are allowed to occur only in a small transition
region located in between the metal soap crystal and the adjacent paint material, termed
the reaction zone. Within this reaction zone, the volume fraction of crystalline metal soap
is characterised by 0< φ < 1, and the evolution of all chemical species is governed by the
full system of (diffusion-)reaction equations, Equation (4.2). The reaction zone is defined
via a scanning algorithm that identifies the uncrystallised material points present within
a small, prescribed radial distance from the crystallised material points located closest
to the current boundary of the metal soap crystal, see Chapter 2 for more background
information on the scanning algorithm. In the remaining domain, where either φ = 0
(paint) or φ = 1 (crystalline metal soap), the reaction term QcMFa2

is set to 0 and the
diffusion coefficient is specified, respectively, as Dp (paint) or Ds (crystalline metal soap).

4.2.2 Mechanical model

Continuum model

The mechanical model applied in this chapter is based on the formulation presented
in Chapter 2, as reviewed below. In any material point of the domain, the total strain
tensor ϵ is defined as the sum of the elastic strain tensor ϵe and a growth strain tensor ϵg:

ϵ = ϵe + ϵg . (4.8)

The growth strain tensor ϵg describes the volumetric expansion of the metal soap during
the crystallisation process [16, 87, 121] and is taken to be proportional to the volume
fraction φ of crystalline metal soap [37] (see also Chapter 2):

ϵg = φϵgI with 0≤ φ ≤ 1 , (4.9)

where φ is defined in accordance with Equation (4.7), ϵg is the growth strain associated
to the formation of crystalline metal soap, and I is the second-order identity tensor. The
formation and growth of crystalline metal soap thus induces stresses and strains in the
paint layer, thereby generating a coupling between the chemical and mechanical fields.
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For material points in the paint phase (φ = 0), the growth strain is equal to zero, and the
total strain reduces to the elastic strain:

ϵp = ϵ
e
p . (4.10)

Conversely, in material points located in the fully crystallised metal soap phase (φ = 1),
the growth strain reaches its maximum value ϵg

s = ϵ
gI , whereby the total strain is ex-

pressed by
ϵs = ϵ

e
s + ϵ

g
s . (4.11)

Finally, for material points in the reaction zone, where the paint and the metal soap phases
are jointly present (0< φ < 1), Equation (4.8) specifies into:

ϵrz = ϵ
e
rz + ϵ

g
rz with ϵg

rz = φϵ
gI , (4.12)

where the subscript rz refers to “reaction zone”.
Departing from the above description, a constitutive assumption needs to be made

for the two material phases considered, i.e. the paint and the crystalline metal soap. In
general, the mechanical properties of oil paints depend on the type of pigment particles,
drying oils and pigment to binder volume ratio, a well as the age of the paint and the
specific environmental conditions, see [50, 51, 55, 111, 112]. In the present chapter, the
“bulk behaviour” of the paint and the crystalline metal soap, for simplicity, is considered
to be isotropic linear elastic, in accordance with the expressions

σp =
4Cp : ϵe

p and σs =
4Cs : ϵe

s , (4.13)

where 4Cs and 4Cp are the fourth-order elastic stiffness tensors of the paint and crystalline
metal soap, respectively, and σp and σs are the corresponding stress tensors. Further, the
symbol “:” denotes a double tensorial contraction. In order to describe the transformation
from the paint material to the crystalline metal soap material, a basic phase transforma-
tion model is constructed as follows: Consider a material point located in the interfacial
reaction zone, in which both the paint and the metal soap phases are present (0< φ < 1).
Here, the total strain is assumed to be the same for both phases, ϵrz = ϵs = ϵp, i.e. Voigt’s
assumption is adopted, as a result of which the effective Cauchy stress tensor σrz follows
from the weighted volume average of the stresses in the individual constituents [37, 78]:

σrz = φσs + (1−φ)σp with 0< φ < 1 . (4.14)

With the above constitutive models for the paint, crystalline metal soap, and their mix-
ture in the reaction zone, Equations (4.13) and (4.14), in the absence of body forces the
material response in any point of the domain is governed by the mechanical equilibrium
equation

∇ ·σ = 0 . (4.15)

Equation (4.15) is completed by the appropriate boundary conditions.

Interface damage model

The stress field generated in a paint layer as a result of metal soap formation may
trigger the onset and propagation of cracks. The discrete cracking behaviour of the paint
is simulated by surrounding the continuum elements in the finite element model with in-
terface elements equipped with a mixed-mode interface damage model. This modelling
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Figure 4.4: Traction-separation law of the interface damage model, taken from [25].

strategy was originally proposed in [171], and allows for the robust simulation of crack
patterns at arbitrary locations and in arbitrary directions. It naturally includes the effects
of crack bifurcation, crack branching and crack coalescence, as previously demonstrated
for applications related to historical paints [37–39] (see also Chapters 2 and 3), wood
[101, 102, 146], polymers [154], fibrous composites [26, 27, 54] and cementitious ma-
terials [147]. The interface elements are characterised by the interface damage model
proposed in [25]. The fracture process in a material point initiates when the effective
interfacial traction attains the value of the ultimate fracture strength of the material tu,
which corresponds to a relative crack face separation v0, as shown in Figure 4.4. The
fracture process is defined by a linear softening branch, for which the tensile strength
progressively decays as a function of a damage parameter d that can vary between 0 (no
damage) and 1 (damage completion). The elastic interfacial stiffness K consequently de-
creases by a factor 1− d. The evolution of the fracture process is monitored by a damage
history variable κ. The fracture process is completed when the interfacial material point
has lost its strength (d = 1), which occurs when the relative ultimate crack face separa-
tion vu is reached. The toughness Gc is obtained as the area under the traction-separation
law, with Gc = tuvu/2. A damage loading function is defined that governs the loading and
unloading conditions during fracture. The evolution of the fracture process is described
by a rate-dependent kinetic law. The adopted model additionally accounts for the mode-
mixity of the fracture process, by considering a combination of the crack face separations
in the normal and tangential directions of the crack. This enables to distinguish between
the contributions of mode I (tension) and mode II (shear) cracking. For more details on
the interface damage model and its numerical implementation, the reader is referred to
[25].

The presence of cracks in the domain has consequences for the chemo-diffusive re-
sponse of the system, since, across the crack surfaces, the diffusion of the free saturated
fatty acids is reduced. In order to account for this coupling effect, following [37, 101],
in the diffusion-reaction model the concentration of the free saturated fatty acids across
a discrete crack is assumed to be discontinuous while the flux is taken as continuous.
Denoting the concentration jump of free saturated fatty acids across a crack as ⟦Fa⟧, the
corresponding flux is JFa = jFa ·n, where jFa is the mass flux vector of the fatty acid species
Fa, and n is the unit vector normal to the crack faces. The flux-concentration relation is
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given by
JFa = Dc ⟦Fa⟧ , (4.16)

where Dc is the crack-reduced diffusion coefficient of the paint material, which is assumed
to evolve as a function of the damage parameter d as

Dc = (1− d)Dp . (4.17)

4.2.3 Numerical solution procedure
The coupled chemo-mechanical analysis is performed with the aid of the commer-

cial finite element package ABAQUS standard2, employing tailored user-subroutines for
incorporating i) the scanning algorithm described in Section 4.2.1 that is used for iden-
tifying and updating the interfacial reaction zone, ii) the phase transformation model
applied in the reaction zone, Equation (4.14), iii) the interface damage model employed
for modelling discrete cracking, as outlined in Section 4.2.2, and iv) the crack-reduced
diffusion effect following from Equations (4.16) and (4.17). The chemical and mechan-
ical field variables are solved for each time increment using a staggered, incremental-
iterative update procedure, with the couplings between the chemical and mechanical
fields established via a temporal extrapolation. The time increment is chosen relatively
small, such that the error introduced by the time discretisation has a negligible influ-
ence on the numerical result. Each time increment starts with solving the coupled set of
(diffusion-)reaction equations of the chemical model, as given by Equation (4.2). The
reactions between the various chemical species are hereby considered in the actual (up-
dated) interfacial reaction zone between the paint material and the crystalline metal soap,
which is constructed by applying the scanning algorithm described in Section 4.2.1. The
flux of the free saturated fatty acids across crack surfaces is determined via Equation
(4.16), whereby the crack-reduced diffusion coefficient in the paint material is deter-
mined from Equation (4.17) using the damage value d computed at the previous time
increment. The solution of the coupled diffusion-reaction, Equation (4.2), provides the
concentration fields of all chemical species, i.e. the concentrations of the free saturated
fatty acids [Fa], metal ions [M], amorphous metal soap [aMFa2], and crystalline metal
soap [cMFa2]. With this result, the volume fraction of crystalline metal soap φ is updated
via Equation (4.7). The values of φ are next transferred to the mechanical analysis,
where they are used for calculating the growth strain tensor ϵg in accordance with Equa-
tion (4.9). Additionally, the stresses in the paint and crystalline metal soap are computed
from Equation (4.13), and the stresses inside the interfacial reaction zone are calculated
as a function of φ via Equation (4.14). With this result, the equilibrium equations (4.15)
governing the mechanical problem are solved in an iterative fashion, thereby accounting
for the nucleation and propagation of discrete cracks in accordance with the interface
damage model outlined in Section 4.2.2. The converged iterative procedure provides the
updates of the overall displacement field and the damage parameter d in the integration
points. The updated damage parameter d is subsequently transferred to the chemical
analysis, after which the incremental-iterative solution procedure above is repeated for
the next time increment.

2Dassault Systems Simulia Corp, Providence, RI, U.S.A.
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4.3 Parameter calibration for the diffusion-reaction model
The material parameters for the chemical model described by Equations (4.2), (4.5)

and (4.6), are calibrated from the experimental measurements reported in [67], which are
briefly reviewed in Section 4.3.1. The calibration procedure applied and the parameter
values obtained are presented in Sections 4.3.2 and 4.3.3, respectively.

4.3.1 Review of the experiment
The experiments discussed in [67] focused on measuring the time evolution of the

concentration of crystalline metal soap forming from a lead-containing ionomer exposed
to a fatty acid solution. An ionomer sample was prepared that consisted of a lead sor-
bate3 mixed with cold-pressed linseed oil. This mixture was spread on a glass plate and
cured overnight in an oven. The resulting ionomer film, which was characterised by an
average thickness ls = 150 µm, was next placed at the bottom of an attenuated total
reflection-Fourier transform infrared (ATR-FTIR) measurement cell. The measurement
cell was subsequently filled with a solution of fatty acid (i.e. palmitic acid) and acetone
over a height lFa that ranged between 10 mm and 20 mm, as schematically indicated in
Figure 4.5(a). In the designed experimental setup, a one-dimensional diffusion-reaction
process is activated, whereby the fatty acid diffuses along the vertical direction in the
fatty acid-acetone mixture. Furthermore, the fatty acid, together with acetone, diffuses
in the ionomer sample below, whereby it reacts to form metal soap. The process of metal
soap formation was monitored by measuring the concentration of crystalline metal soap
formed at the bottom of the ionomer sample, using time-dependent ATR-FTIR measure-
ments.

4.3.2 Reference model and calibration procedure
In order to identify the kinetic reaction constants and the diffusion coefficients as-

sociated to the diffusion and reaction of saturated fatty acids in the ionomer film, the
experimental set-up indicated in Figure 4.5(a) has been idealised to a one-dimensional
model. In this model, which is shown in Figure 4.5(b), the height of the saturated fatty
acid solution and the thickness of the ionomer sample are represented by two adjacent
segments of length lFa and ls, respectively. The thickness of the ionomer sample equals
ls = 150 µm [67]. The height of the palmitic acid-acetone solution has been taken equal
to the lowest value considered in the experiments, lFa = 10 mm. Note however, that a
variation of this value in the range of 10 to 20 mm is expected to have a negligible effect
on the experimental result, since the sample thickness ls is much smaller than the height
lFa of the saturated fatty acid solution, i.e. ls/lFa≪ 1. This hypothesis has been confirmed
by simulations not presented here.

In the experiment, the saturated fatty acids diffuse through the acetone solution, and
further diffuse and react within the ionomer below, see Figure 4.5(b). Accordingly, the
one-dimensional diffusion process in the acetone solution can be described via the diffu-
sion equation:

∂ [Fa]
∂ t
−Da

∂2[Fa]
∂x2

= 0 , (4.18)

where Da is the diffusion coefficient of the saturated fatty acid in acetone, whereby the
subscript “a” refers to the “hosting medium” (i.e. acetone). Further, for the ionomer

3A salt from sorbic acid.
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Figure 4.5: (a) Schematic representation of the experiment reported in [67]. The experimental
set-up consisted of a lead-based ionomer sample with a thickness ls located at the bottom of
an ATR-FTIR measurement cell, which was filled with a mixture of palmitic acid and acetone
over a height lFa. The concentration of crystalline metal soap forming from the reaction of the
palmitic acid with the lead ions from the ionomer was evaluated at the bottom of the ionomer by
means of ATR-FTIR measurements. (b) One-dimensional schematisation of the experimental
setup presented in [67], with the corresponding initial and boundary conditions.

sample it is assumed that the diffusion-reaction processes leading to metal soap formation
are governed by the one-dimensional formulation of the system of chemical equations
given by Equation (4.2), complemented with the definitions in Equations (4.5), (4.6),
and (4.7).

The boundary value problem described by the geometry presented in Figure 4.5(b)
and governed by Equations (4.18) (acetone solution) and (4.2) (ionomer sample) must
be completed by initial and boundary conditions. In the measurement cell, the initial
concentration of saturated fatty acid is uniform and equal to [Fa](t = 0) = [Fa]0 = 55
mol/m3 [67]. In addition, zero-flux boundary conditions JFa = 0 are adopted at the
external boundaries x = 0 and x = lFa+ ls, which reflect that no saturated fatty acids were
added to the palmitic acid-acetone solution after the experiment had started, and that the
saturated fatty acids could not diffuse outside the measurement cell. Furthermore, the
initial metal ion concentration [M](t = 0) = [M]0 is taken as uniform within the ionomer
sample and equals [M]0 = 160 mol/m3 [67].

Equations (4.2), (4.5), (4.6), (4.7), and (4.18) have been implemented in the math-
ematical software program MATLAB, and solved using the standard partial differential
equation solver. The computational result has been subjected to a non-linear, least-
squares fitting procedure, in order to match the concentration of crystalline metal soap
[cMFa2] measured at the bottom of the sample, x = lFa + ls, as reported in [67]. For this
purpose, the diffusion coefficient of the saturated fatty acid in acetone has been selected
as Da = 6.1 · 10−11 m2/s [67]. Correspondingly, the calibrated parameters are the reac-
tion rates k+, k− and kcrys, the diffusion coefficients Dp and Ds, and the exponent b in
Equation (4.6) that governs the transition of the diffusion coefficient in the ionomer from
Dp to Ds.
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Figure 4.6: Parameter calibration for the diffusion-reaction model. Time evolution (in minutes)
of the concentration of crystalline lead soap (mol/m3), as evaluated at the bottom of an ionomer
sample, x = lFa + ls. The black line represents the experimental result reported in [67], and the
red line reflects the numerical result for the one-dimensional model in Figure 4.5(b) by solving
Equation (4.2) for the ionomer sample and Equation (4.18) for the fatty acid-acetone solution.

4.3.3 Result of calibration procedure

Figure 4.6 shows the time evolution of the concentration of crystalline metal soap
[cMFa2], evaluated at the bottom of the ionomer sample, as obtained from the experi-
mental measurement (black line) and the numerical simulation (red line). From the so-
lution of Equations (4.2) and (4.18), combined with the calibration procedure described
above, the model parameters have been determined in correspondence with an R2-value
of 0.9748. Accordingly, the kinetic reaction constants are obtained as k+ = 0.491 · 10−6

m6 · (mol2 · s)−1, k− = 0.169 s−1, and kcrys = 0.600 s−1. The diffusion coefficients in the
paint and in the metal soap are Dp = 5.100 · 10−11 m2/s and Ds = 3.635 · 10−16 m2/s,
respectively, and the exponent defining the transition in the ionomer diffusion coefficient
is b = 2. The calibrated parameters are summarised in Table 4.1. It is noted that the
above calibration procedure somewhat differs from the calibration procedure applied in
[67]. For most of the chemical model parameters this difference in the calibration pro-
cedure had a minor effect on the actual values obtained, as it should, with the exception
being the value of Ds in Equation (4.6). This difference, however, is consistent with a
somewhat lower exponential value of b = 2 in Equation (4.6). It may thus be concluded
that the calibrated parameters realistically represent the diffusion-reaction behaviour in
the experimental system. However, it should be mentioned that the presence of acetone
in the experimental system promotes the diffusion of saturated fatty acid in the ionomer
film [8], such that the calibrated diffusion parameters of the fatty acid in the ionomer
overestimate those in a real historical painting.

4.4 Numerical example 1: Single-layer paint system

In this section a numerical example is analysed that is representative of degradation
phenomena in oil paintings associated to the formation of multiple metal soap protru-
sions, as observed in historical paintings, see Figure 4.1(a). The single-layer paint system
studied consists of a lead white paint in which three metal soap crystals develop. The
geometry is equal to that considered in Chapter 3, which was analysed in accordance
with the original chemical model introduced in Chapter 2 that neglects the contribution
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Parameter Value Unit
Dp 5.100 · 10−11 m2/s
Ds 3.635 · 10−16 m2/s
b 2 -
k+ 0.491 ·10−6 m6· (mol2· s)−1

k− 0.169 s−1

kcrys 0.600 s−1

Table 4.1: Diffusion coefficients and reaction rates calibrated from the experiment reported in
[67] in which a palmitic acid diffuses and reacts in a lead-containing ionomer, in accordance with
the representation in Figure 4.5.

of the amorphous metal soap in the chemical reaction process. Hence, a comparison
between the results obtained with the original model and the current, enhanced model
described in Section 4.2.1 allows to reveal the important contribution of the amorphous
metal soap on the degradation process. Section 4.4.1 describes the geometry of the paint
layer model, the material properties, and the initial and boundary conditions. The results
of the numerical simulation are presented in Section 4.4.2.

4.4.1 Definition of the problem

Geometry and FEM discretisation

The single-layer paint system is modelled as a two-dimensional rectangular domain
with a thickness l = 15 µm and a width 4l = 60 µm, in which three metal soap nuclei
are present, see Figure 4.7. The shape of the nuclei is taken as circular, with an initial
radius equal to one tenth of the layer thickness, r0 = l/10 = 1.5 µm. The finite element
discretisation of the geometry is similar to that used in Chapter 3, whereby, after a mesh
convergence study, the element size close to the metal soap nuclei was set to 0.2 µm, and
at the corners of the geometry to 0.5 µm, as required for obtaining mesh-independent nu-
merical results. Accordingly, the computational domain is discretised with 27030 contin-
uum elements. For the diffusion-reaction analysis, 3-node isoparametric elements with a
3-point Gauss quadrature are used, while for the mechanical analysis 6-node plane-strain
isoparametric elements with a 3-point Gauss quadrature are employed. The interface el-
ements describing the discrete fracture processes in the FEM geometry are included by
using a dedicated Python script, which first reduces the size of all the original continuum
elements by 1%, then detects the opposing element edges, and subsequently places inter-
face elements in between the continuum elements, leading to 40345 interface elements
in total. For the chemical analysis 4-node interface elements with a 2-point Gauss quadra-
ture are used, and for the mechanical analysis 6-node interface elements with a 3-point
Lobatto quadrature are selected. Note that the element formulation for the mechanical
interface elements is not available in ABAQUS Standard, and is therefore incorporated
by means of a user-defined element routine based to the numerical implementation pre-
sented in [145]. Finally, the radial detection distance used in the scanning algorithm for
defining the thickness of the interfacial reaction zone from the integration points closest
to the boundary of the crystalline metal soap is selected to be 0.2 µm, which corresponds
to the smallest characteristic element size in the FEM model. Hence, the radial detec-
tion distance is 7.5 times smaller than the initial radius r0 of the metal soap nucleus, and
75 times smaller than the thickness l of the paint, and has a negligible influence on the
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Figure 4.7: Geometry and essential chemical and mechanical boundary conditions of the
single-layer paint system, as taken from Chapter 3. The grey area represents the paint layer
and the three red circles indicate the metal soap nuclei present in the initial paint configuration.

computational results.

Material properties

The paint layer is assumed to be made of lead white paint. For the diffusion-reaction
analysis the material properties obtained from the calibration procedure discussed in Sec-
tion 4.3 have been used, as summarised in Table 4.1. The input parameters for the me-
chanical analysis are presented in Table 4.2. The Young’s modulus of the lead white paint
is extracted from the uniaxial stress-strain data presented in [50], leading to Ep = 115
MPa, and the Poisson’s ratio is set to νp = 0.3 [37] (see also Chapter 2). For the crys-
talline metal soap, no experimental data on the mechanical properties are available in the
literature. Nevertheless, in Chapter 2 it was demonstrated that the value of the mismatch
between the stiffness of the metal soap crystal and that of the oil binder influences the
growth characteristics of the metal soap crystal only marginally. Hence, for simplicity the
elastic constants for the metal soap crystal are taken equal to those of the paint material,
i.e. Ep = Es = 115 MPa and νp = νs = 0.3. The fracture properties of the paint and crys-
tallised metal soap are derived from the stress-strain diagram reported in [50], leading to
an ultimate tensile strength tu

1 = 2.2 MPa and a mode I fracture toughness GI,c = 0.418
N/mm. From the simulation results presented in Chapter 3, it can be observed that the
fracture process in the painting is indeed dominated by mode I cracking events. There-
fore, the fracture properties in mode II are expected to only have a minor influence on the
computational results, and, for simplicity, are taken equal to the properties under mode I
conditions, i.e. tu

2 = tu
1 = 2.2 MPa and GII,c = GI,c = 0.418 N/mm. The elastic stiffness of

the interface elements is set to a relatively high value, K = 106 N/mm3, which, together
with the choice of an appropriate mesh fineness, ensures that artificial response contribu-
tions related to the use of an elastic interface stiffness K in the traction-separation law are
negligible, see [26] for more details. Accordingly, the elastic response of the layer model
is correctly determined by the continuum elements through the elastic properties of the
paint and the crystalline metal soap.

To the best of the author’s knowledge, for the chemical growth strain associated to
metal soap formation no experimental value has been reported in the literature. Hence,
the value of ϵg∗ = 0.1 pragmatically adopted for the plane-stress analyses presented in
Chapters 2 and 3 is adjusted for the current, plane-strain analysis by requiring that the
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Chapter 4. Oil paint degradation due to amorphous and crystalline metal soaps

effective, in-plane chemical growth strain in both 2D models is the same, which, in accor-
dance with Equation (2.26) in Chapter 2, is the case for ϵg = (1+νs)ϵg∗ = (1+0.3) ·0.1=
0.077. Note hereby that the choice of representing a 3D paint layer by a 2D plane-stress
or plane-strain model is somewhat arbitrary, but, in principle, leads to comparable results
for the in-plane chemo-mechanical behaviour of the paint layer.

Parameter Value Unit
Continuum elements
Growth strain ϵg 0.077 -
Elastic modulus Ep, Es 115 MPa
Poisson’s ratio νp, νs 0.3 -
Interface elements
Fracture strength tu

1 , tu
2 2.2 MPa

Fracture toughness GI,c, GII,c 0.418 N/mm
Interface elastic stiffness K 106 N/mm3

Table 4.2: Mechanical properties used in the single-layer paint model illustrated in Figure 4.7.

Initial and boundary conditions

In the chemical model the initial concentration of saturated fatty acid is assumed
to be uniform throughout the domain. The saturated fatty acid concentration has been
calculated based on the composition of the lead white paint analysed in [50], which
contains stearic acids4 and lead-based pigments. The initial fatty acid concentration
[Fa](t = 0) = [Fa]0 is taken as maximal by assuming that all stearic acids from the binder
are available for the formation of metal soap, in accordance with dividing the volumetric
weight of the fatty acid in the oil binder by its molecular weight. The volumetric weight
of the fatty acid is calculated by multiplying the volume fraction of linseed oil in a lead
white paint (= 0.556 [50]) by its volumetric weight (= 930 kg/m3 [2]) and by the weight
fraction of stearic acid in linseed oil (= 0.05 [2]). By adopting a molecular weight for
the stearic acid of 0.2835 kg/mol [3], an initial fatty acid concentration of [Fa]0 = 91
mol/m3 is obtained.

The initial concentration of lead ions [M](t = 0) = [M]0 is determined by assuming
that only a specific fraction α of the lead ions present in the pigment particles reacts to
form crystalline lead soap, see also the discussion below Figure 4.3 in Section 4.1. For
this purpose, consider the density of 6700 kg/m3 of the lead white pigment [98] and
the density of 1403 kg/m3 of the lead stearate (i.e. lead soap) [107]. The molecular
densities of lead white pigment and lead stearate follow from dividing these densities by
the corresponding molecular weights, i.e. ρpigm = 6700/0.776 = 8634 mol/m3 for the
lead white pigment and ρs = 1403/0.774= 1812 mol/m3 for the lead stearate. From the
chemical formula of lead white pigment, 2PbCO3·Pb(OH)2, it can be concluded that one
mole of lead white pigment contains three moles of lead ions. Hence, the total molecular
density of lead ions in lead white pigment is ρPb,pigm = 25902 mol/m3. Consider now a
unit volume of original lead white paint material Vpaint,0 = 1 m3, which contains a volume

4Note that the experiments presented in [67], which in Section 4.3 are used to calibrate the parameters of
the chemical model, are based on a palmitic acid solution. However, since the molecular weights of palmitic
acid and stearic acid differ by only 10% [3], it is expected that the chemical parameters calibrated in Section
4.3 realistically capture the diffusion-reaction behaviour of stearic acid.
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fraction of 0.444 of lead white pigment [50] and a volume fraction of 1− 0.444= 0.556
of binder. The total number of moles of lead ions in the lead white pigment then becomes
NPb,pigm = 0.444× 25902 = 11500 mol. After the formation of lead soap, the new paint
volume Vpaint is obtained as the sum of the volume of remaining lead ions in the lead
white pigment VPb,pigm, the volume of lead soap Vs, and the volume of the original binder
material Vbin (= 0.556 m3):

Vpaint = VPb,pigm + Vs + Vbin . (4.19)

The volume occupied by the lead soap follows from

Vs =
αNPb,pigm

ρs
, (4.20)

where α is the fraction of lead ions available for the reaction into lead soap. The volume
of the remaining lead ions in the paint then equals

VPb,pigm =
(1−α)NPb,pigm

ρPb,pigm
. (4.21)

The new paint volume can be calculated from the volumetric expansion induced by the
free chemical growth strain ϵg∗ as

Vpaint − Vpaint,0

Vpaint,0
= 1+ 3ϵg∗ , (4.22)

which, with ϵg∗ = 0.1 [37–39] (see also Chapters 2 and 3) and an original paint volume
of Vpaint,0 = 1 m3, leads to Vpaint = 1.3 m3. Combining this result with Equations (4.19)
to (4.21), and solving for α, results in α= 0.051. Hence, the initial concentration of lead
ions in 1 m3 lead white paint that is available for the reaction into lead soap becomes
[M](t = 0) = [M]0 = αNPb,pigm/1m3 = 587 mol/m3.

In the simulations, it is realistic to assume that the initial concentration of lead ions is
zero within the crystalline lead soap nuclei. In addition, the initial concentration of amor-
phous lead soap in the paint material is taken as zero, [aMFa2](t = 0) = [aMFa2]0 = 0
mol/m3.

The chemical boundary conditions required for the diffusion-reaction analysis need to
be prescribed in terms of the diffusing species, i.e. the saturated fatty acids. Accordingly,
at the left and right domain boundaries the value of the initial concentration [F̆a] = [Fa]0
is imposed, see Figure 4.7. Furthermore, at the top and bottom boundaries zero-flux
boundary conditions are applied, JFa = 0. At the bottom of the paint layer this boundary
condition reflects that the free saturated fatty acids do not penetrate the substrate below.

In the mechanical model the paint layer is initially considered to be stress-free. At the
bottom boundary the vertical displacement is constrained, which represents the relatively
stiff support provided to the paint by the wooden or canvas substrate. At the left and
right boundary of the domain the horizontal displacement is prescribed to be zero. This
boundary condition represents the upper limit for the horizontal deformation constraint
provided by the paint material outside the computational domain. The top boundary of
the domain is stress-free, in correspondence with zero-traction boundary conditions.
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4.4.2 Results

For generality, the computational results are presented in terms of dimensionless pa-
rameters, with the dimensionless time defined as t = tDp/l

2, where Dp and l are the
diffusion coefficient in the paint material and the thickness of the paint layer, respec-
tively. Since cracking in the paint occurs predominantly under mode I conditions, the
local amount of cracking is assessed in terms of the normal (mode I) crack opening v1,
which in dimensionless form reads v1 = v1/l.

Figure 4.8 depicts the deformed paint layer (with the deformation plotted at true
scale) for different values of the dimensionless time t, thereby showing the progressive
growth of the three metal soap nuclei and the formation of discrete cracks. The contour
plot variable indicates the volume fractionφ of crystalline metal soap, with the red colour
(φ = 1) referring to fully crystallised metal soap and the blue colour (φ = 0) designat-
ing the original paint material. The narrow reaction zones defining the transition from
the paint material to a metal soap crystal are shown by the range of colours related to
0< φ < 1. The growth of the metal soap crystals and the associated volumetric expansion
clearly cause an upward deflection of the upper surface of the paint layer. This is partic-
ularly evident at the left crystal, which is able to reach the upper part of the paint layer
and then erupts through the outer surface. It can be further seen that the three crystals
initially grow at approximately the same rate and develop a circular shape, see Figures
4.8(a), (b), and (c). Note that this shape closely resembles that of the metal soaps visi-
ble in the cross-sectional image taken from the ceiling painting in the Room of Trustees,
Burgerweeshuis, Zierikzee, see Figure 4.1(a). Nevertheless, at the largest time instant
considered, t = 10185, the central and right crystals have coalesced into a single, elon-
gated metal soap aggregate, see Figure 4.8(d). This elongated shape shows resemblance
with that of the metal soap crystals observed in View of Delft by Johannes Vermeer, see
Figure 4.1(b), although the approximate crystal size of 100 µm observed in this painting
is somewhat larger than the maximal crystal size of 25 µm following from the numerical
simulation. Trivially, the maximum crystal size is determined by the specific time frame
and the paint layer geometry considered in the analysis.

During the process of metal soap growth, discrete cracks are initiated once the stress
in the paint material attains the fracture strength. As illustrated in Figure 4.8(c), near the
top surface of the paint layer, just above the left metal soap crystal, 6 distinct mode I cracks
develop. The time evolution of the dimensionless normal crack opening v1 = v1/l of the
4 largest mode I cracks is shown in Figure 4.9(a), and is evaluated at the upper surface
of the paint layer at which the crack mouth opening is maximal. As shown in Figures
4.8(b) and (c), the first surface crack nucleates close to the vertical symmetry line of the
left metal soap crystal, and partly penetrates the crystal. The additional surface cracks
develop in the paint material region adjacent to the first surface crack, see Figure 4.8(c),
thereby inducing a further relaxation of the tensile stresses at the paint surface. When the
left metal soap crystal approaches the tips of these surface cracks, the cracks start to close,
due to compressive stresses generated in the crystal by restrained volumetric expansion
originating from the chemical growth strain, see Equation (4.9). As illustrated in Figure
4.9(a), the completion of crack closure occurs at approximately the same time instant for
all 4 surface cracks. Note further from Figures 4.8(c) and (d) that similar mode I surface
cracks develop above the right metal soap crystal, although later in time. In addition,
diffusive patterns of micro-cracks are generated in between the three metal soap crystals,
which occurs along trajectories directing towards their geometrical centres, see Figures
4.8(b), (c), and (d). As for the surface cracks, crack closure is observed once the metal
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Figure 4.8: Single-layer paint system: Time evolution (using the dimensionless time t) of the
paint configuration (with the deformation plotted at true scale), illustrating the growth of the
metal soap crystals and the discrete crack patterns forming in the paint material. The contour
plot variable φ refers to the volume fraction of crystalline metal soap, with the lower bound
φ = 0 designating the paint material (blue colour) and the upper bound φ = 1 indicating the
metal soap crystals (red colour).
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(a) Enhanced model that includes
amorphous metal soap formation.

(b) Original model [37, 39] (see also
Chapters 2 and 3) that neglects

amorphous metal soap formation.

Figure 4.9: Single-layer paint system: Time evolution (using the dimensionless time t) of the
normalised crack opening v1 of 4 dominant mode I surface cracks that develop above the left
metal soap crystal, as predicted by (a) the current, enhanced model that includes the formation
of amorphous metal soap, and (b) the original model presented in Chapters 2 and 3 that neglects
the formation of amorphous metal soap. The vertical dashed line in Figure 4.9(a) designates
the specific time t = 5500 at which the left metal soap crystal shown in Figure 4.8 reaches a
relative size of r = r/l = 0.27, which corresponds to the final crystal size reached at t = 6.5
in the simulation considered in Figure 4.9(b).

soap crystals approach these micro-cracks, see Figure 4.8(d).

In order to reveal the specific influence of the enhanced chemical model on the growth
processes of the crystalline metal soaps and the discrete cracks, the present numerical re-
sults are compared to those in Chapter 3 that are based on the original model proposed
in Chapter 2, which, as mentioned, neglects the reversible reaction of amorphous metals
soaps and only accounts for the formation of irreversible, crystalline metal soap. The
numerical simulation presented in Chapter 3 starts from the same initial configuration as
that displayed in Figure 4.8(a), and shows that the growth rate and final size and shape
of the three metal soap crystals strongly depend on their precise location in the computa-
tional domain. Specifically, the two outer metal soap crystals eventually obtain a slightly
oval-shaped geometry that is almost two times larger in size than that of the central, cir-
cular metal soap crystal, see Figure 3.9 in Chapter 3. This result is rather different from
that shown in Figure 4.8, and can be ascribed to the fact that, by ignoring the interme-
diate amorphous metal soap phase, in the original model the free saturated fatty acid is
consumed at a significantly higher rate, whereby its spatial distribution, and thus the cor-
responding development of metal soaps crystals, becomes non-uniform across the paint
layer, see Figure 3.11 in Chapter 3. Conversely, the relatively low rate at which the free
fatty acid is consumed in the current, enhanced model ensures that its spatial distribution
remains uniform when time develops, thus resulting in a virtually homogeneous growth
of the three individual metal soap crystals (as long as they do not coalesce).

The fracture response in Figure 4.9(a) is now compared to that in Figure 4.9(b), which
illustrates the time evolution of the dimensionless normal crack opening v1 = v1/l of the
4 main surface cracks as computed by the original model that neglects amorphous metal
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soap formation. The 4 surface cracks considered in Figure 4.9(b) are located above the
left metal soap crystal, at comparable locations as shown in Figure 4.8 for the enhanced
model, and appear to have similar crack widths as those in Figure 4.9(a). The simulation
carried out with the original model covers a total time of t = 6.5, at which the normalised
average radius of the left metal soap crystal has reached a value of r = r/l = 0.27. For
a proper comparison with the enhanced model, in Figure 4.9(a) the simulation time cor-
responding to this crystal size has been indicated by a vertical dashed line. It can be ob-
served that the vertical dashed line is related to a dimensionless time of t = 5500, which
is about a factor of 850 larger than the dimensionless time t = 6.5 at which the crystal
size r = r/l = 0.27 is reached in the original model. In addition, Figure 4.9(a) illustrates
that for the enhanced model the time at which the first surface crack nucleates is approxi-
mately 1300 times larger than for the original model in Figure 4.9(b). This again confirms
that the addition of the amorphous metal soap phase in the enhanced model substantially
delays the formation of crystalline metal soap, and thus the generation of discrete cracks,
and shows that the characteristic time scale associated to the chemo-mechanical degra-
dation of the single paint layer is increased by approximately three orders of magnitude.
Specifically, from the definition of the dimensionless time t = tDp/l

2, it follows that in
the enhanced model the metal soap formation process occurs over a time frame of hours
to days, while in the original model it takes place over a time frame of seconds to minutes.

Although the characteristic time scale computed by the current, enhanced model is
in agreement with that of the experiments reported in [67], see also Figure 4.6, it is still
significantly smaller than the time scale of years to decades characterising metal soap
degradation processes of historical paintings in museum collections. This difference can
be ascribed to the relatively high concentration value used in the definition of the initial
and boundary conditions for the saturated fatty acid. As described in Section 4.4.1, the
initial and boundary conditions imposed are representative of the maximum saturated
fatty acid concentration available for the chemical reaction process; in specific, it is as-
sumed that all stearic acids from the binder are available for the formation of metal soap.
It is further assumed that this maximum concentration is already present in the paint
layer from the beginning of the simulation. In real, historical paintings, however, the
concentrations of saturated fatty acids and metal ions gradually build up in paint layers
as a result of the drying process of the paint, which typically takes place over a period of
years to decades [8, 9, 70, 71, 111]. The analysis of the dependency of the characteristic
time scale of the chemo-mechanical degradation process on the drying process of paint is
considered to be a topic for future research.

4.5 Numerical example 2: Multi-layer paint system
In this section the influence of the formation of a single metal soap crystal on crack-

ing and delamination in a multi-layer paint system is analysed. The geometry, material
properties, and initial and boundary conditions of the multi-layer model are presented in
Section 4.5.1, and the results of the numerical simulations are discussed in Section 4.5.2.

4.5.1 Definition of the problem
Geometry and FEM discretisation

The geometry of the multi-layer paint system is characterised by a 2l × 2l square do-
main whereby l = 50 µm, which is composed of a ground layer indicated as layer 1, and
a pictorial layer indicated as layer 2, see Figure 4.10. The ground layer is made of lead
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Figure 4.10: Geometry and essential chemical and mechanical boundary conditions for the
multi-layer paint system. In the ground layer (layer 1, grey colour) metal ions are present, while
the the pictorial layer (layer 2, white colour) no metal ions are present. The red circle indicates
the metal soap nucleus initially present in the ground layer.

white paint and has a thickness l1 = 85 µm, while the pictorial layer consists of cobalt
blue paint and has a thickness l2 = 15 µm. The ground layer contains a single, circular
metal soap nucleus with an initial radius r0 = 1.5 µm, which is located along the vertical
symmetry axis of the domain, at a distance ln = 60 µm from the bottom of the paint sys-
tem. The modelled domain is discretised by using 44856 continuum elements and 67185
interface elements. The element types applied in the simulation are the same as those
selected for the single-layer model, see Section 4.4.1 for more details. The minimum el-
ement size is applied close to the metal soap nuclei and equals 0.2 µm. The maximum
element size taken at the left and right domain boundaries is 5 µm. The radial detection
distance used in the scanning algorithm for defining the thickness of the interfacial reac-
tion zone between the metal soap crystal and the paint material is 0.4 µm. It has been
confirmed that for the chosen mesh density the numerical results converge within a small,
specified tolerance.

Material properties

The material properties in the chemical model are presented in Table 4.1, as obtained
from the calibration procedure presented in Section 4.3. For simplicity, the diffusion
coefficients of the free saturated fatty acids in the ground layer and in the pictorial layer
are taken the same.

The material parameters used in the mechanical model are listed in Table 4.3. For
the ground layer (layer 1), the elastic modulus is derived from the uniaxial stress-strain
response of an 18.75 year old lead white paint [112], leading to Ep = 130 MPa. For the
pictorial layer (layer 2), the elastic modulus is obtained from the stress-strain response
of an 18 year old cobalt blue paint presented in [51], resulting in Ep = 35 MPa. The
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Poisson’s ratio is taken the same for the two paint layers and equals νp = 0.3. Since it is
assumed that there are no metal ions present in layer 2, metal soap growth can only occur
in layer 1, whereby the elastic properties of the metal soap crystal are taken the same as
those of the lead white paint, Es = Ep = 130 MPa and νs = νp = 0.3. The ultimate
tensile strength of the lead white paint is obtained from the uniaxial stress-strain data
presented in [112], resulting in tu

1 = 4.5 MPa. The mode I toughness of the lead white
paint is derived from the area under the uniaxial stress-displacement response – with the
displacement determined as the strain multiplied by the gauge length lg = 76 mm (M.
Mecklenburg, personal communication) –, leading to GI,c = 7.86 N/mm. Similarly, the
ultimate tensile strength and mode I toughness of the cobalt blue paint follow from the
experimental data presented in [51], leading to tu

1 = 0.35 MPa and GI,c = 0.033 N/mm,
with the latter value calculated using the applied gauge length of lg = 7.5 mm. For
simplicity, for both layers the mode I and mode II fracture properties are taken the same,
tu
2 = tu

1 and GII,c = GI,c. As for the single-layer paint model analysed in Section 4.4, the
growth strain is selected as ϵg = 0.077 and the elastic stiffness in the interface damage
model equals K = 106 N/mm3. Finally, the fracture properties of the delaminating cracks
that may develop along the material interface between the ground layer and the pictorial
layer are assumed to be equal to the fracture properties of the pictorial layer (layer 2),
which is the weaker, more brittle layer.

Parameter Value Unit
Lead white ground layer (layer 1)
Continuum elements
Growth strain ϵg 0.077 -
Elastic modulus Ep, Es 130 MPa
Poisson’s ratio νp, νs 0.3 -
Interface elements
Fracture strength tu

1 , tu
2 4.5 MPa

Fracture toughness GI,c, GII,c 7.86 N/mm
Interface elastic stiffness K 106 N/mm3

Cobalt blue pictorial layer (layer 2)
Continuum elements
Elastic modulus Ep 35 MPa
Poisson’s ratio νp 0.3 -
Interface elements
Fracture strength tu

1 , tu
2 0.35 MPa

Fracture toughness GI,c, GII,c 0.033 N/mm
Interface elastic stiffness K 106 N/mm3

Table 4.3: Mechanical properties used in the multi-layer paint model illustrated in Figure 4.10.

Initial and boundary conditions

The initial conditions and boundary conditions adopted for the multi-layer paint model
are comparable to those applied for the single-layer paint model discussed in Section
4.4.1. In the chemical model the initial concentration of free saturated fatty acid is as-
sumed to be uniform throughout the domain and equals [Fa]0 = 91 mol/m3. The initial
concentration of lead ions is taken as uniform in the lead white ground layer (layer 1),
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and equals [M]0,1 = 587 mol/m3. As mentioned, no lead ions are present in the cobalt
blue pictorial layer (layer 2), in correspondence with [M]0,2 = 0. The initial concentra-
tions of the amorphous and crystalline metal soaps are assumed to be equal to zero, i.e.
[aMFa2]0 = [cMFa2]0 = 0 mol/m3. The above value for the initial concentration of free
saturated fatty acid [F̆a] = [Fa]0 is also imposed at the left and right boundaries of the
computational domain. Furthermore, at the top and bottom boundaries of the domain
zero-flux boundary conditions are adopted for the saturated fatty acid, JFa = 0.

Similar to the single-layer paint model studied in Section 4.4, in the mechanical model
the multi-layer paint system is initially considered to be stress-free. The vertical displace-
ment is prevented at the bottom boundary of the domain, while at the left and right bound-
aries the horizontal displacement is constrained. Finally, the top boundary is stress-free,
in correspondence with zero-traction boundary conditions.

4.5.2 Results
Figure 4.11 shows the progressive growth of the metal soap crystal and the cracks and

interfacial delamination generated in the multi-layer paint system, considering 4 different
values of the dimensionless time t (with the deformation plotted at true scale). The
dimensionless time is defined as t = tDp/l

2, with l = 50 µm taken as half of the total
model thickness of the paint system, see also Figure 4.10. The contour plot variable
indicates the volume fraction of crystalline metal soap φ, with the red colour referring to
the fully crystallised metal soap (φ = 1) and the blue colour reflecting the original paint
material (φ = 0). In addition, the intact interface between the ground layer (layer 1)
and the pictorial layer (layer 2) is designated by the black horizontal lines, and the grey
lines in Figures 4.11(c) and (d) indicate two symmetrical, delaminating cracks emerging
at the layer interface.

The metal soap crystal develops with a circular shape in the ground layer, see Figures
4.11(a) and (b), and generates a mode I surface crack in the upper, pictorial layer when
approaching the interface between the two layers, see Figures 4.11(c) and (d). The vol-
umetric expansion caused by the chemical growth strain induces an upward deflection
of the upper, free surface of the paint system. In combination with the mismatch in the
material properties of the ground layer and pictorial layer, relatively large shear stresses
develop along the layer interface, which result in the nucleation and growth of two sym-
metrical, mode II delaminating cracks (indicated by the grey lines). It can be seen from
Figure 4.11(d) that the delaminating cracks are close to coalescence once the mode I sur-
face crack has grown through the entire thickness of the upper, pictorial layer, thereby
forming a T-shape crack with the mode I surface crack. T-shape cracks are regularly ob-
served in historical paintings, and may originate from metal soap formation and/or indoor
climate fluctuations, often leading to local paint flaking and paint loss [17, 18].

Figure 4.12(a) presents the time evolution of the normalised normal crack opening
v1 = v1/l of the mode I crack surface crack, as evaluated at the surface of the upper,
pictorial layer at which the crack mouth opening is maximal. It can be seen that the crack
grows at an approximately constant rate. Contrary to what occurs in the single-layer paint
system, see Figure 4.9(a), crack closure does not occur within the time frame considered.
This is due to the fact that the compressive stress caused by the constrained volumetric
expansion of the metal soap crystal has partially relaxed as a result of the formation of
the two mode II delaminating cracks at the layer interface, and that the metal soap crystal
is not able to penetrate the upper pictorial layer due to the absence of metal ions in this
layer.
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Figure 4.11: Multi-layer paint system: Time evolution (using the dimensionless time t) of the
paint configuration (with the deformation plotted at true scale), illustrating the growth of the metal
soap crystal and the discrete cracks and delamination processes forming in the paint material.
The contour plot variable φ refers to the volume fraction of crystalline metal soap. The black
lines indicate the intact interface between the ground and the pictorial layers and the grey lines
designate two symmetrical, delaminating cracks at the interface.

Figure 4.12(b) illustrates the time evolution of the two mode II delaminating cracks
that develop along the layer interface, expressed in terms of the normalised delamination
length, ld = ld/l with ld the actual delamination length. Observe that the delaminating
cracks grow in a synchronous (symmetrical) fashion at an initially relatively high rate, but
that the growth rate decreases substantially when time develops. As illustrated in Figures
4.12(c) and (d), the decrease in growth rate may be caused by the fact that the delam-
inations get closer to the mode I surface crack with increasing time, thereby reaching a
region in which the stress can not grow, such that the driving force for further delamina-
tion decreases.

It is finally noted that the small, staircase increments characterising the fracture re-
sponses in Figure 4.12 result from the discrete interplay between the local element size
and the radial detection distance used in the scanning algorithm for defining the thick-
ness of the interfacial reaction zone. Indeed, in the limit of an infinitesimal element size
and an infinitesimal reaction zone, the fracture responses in Figure 4.12 are expected to
become ideally smooth.
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(a) Mode I surface crack (b) Mode II delaminating cracks

Figure 4.12: Multi-layer paint system: Time evolution (using the dimensionless time t) of (a) the
normalised crack opening v1 of the mode I surface crack, and (b) the normalised delamination
length ld of the two mode II delaminating cracks developing along the layer interface.

4.6 Conclusions
This chapter proposes a chemo-mechanical model for the prediction of degradation

phenomena in historical oil paintings as induced by metal soap reactions, such as the for-
mation of metal soap aggregates, the deformation of the paint surface, paint cracking, and
delamination between paint layers. Departing from the framework presented in Chapter
2, the chemical model has been substantially enhanced to describe both the reversible re-
action between free saturated fatty acids and metal ions forming amorphous metal soap,
and the irreversible reaction into crystalline metal soap. The chemical parameters of the
enhanced chemo-mechanical model have been calibrated on the experimental results pub-
lished in [67] that measure the time evolution of the concentration of crystalline metal
soap forming from a lead-containing ionomer exposed to a fatty acid solution. Metal
soap crystallisation introduces stresses in the paint that promote crack nucleation and
propagation; this discrete cracking behaviour of the paint is simulated by surrounding
the continuum elements in the finite element model with interface elements equipped
with a mixed-mode interface damage model, which allows for the robust simulation of
crack patterns at arbitrary locations and in arbitrary directions.

The enhanced chemo-mechanical damage model has been applied for analysing two
types of boundary value problems, which capture the essential degradation mechanisms
observed in historical oil paintings in museum collections. The first boundary value prob-
lem concerns the deformation and fracture response of a single-layer paint system under
the growth of multiple metal soap crystals. The computational results show that the growth
of the metal soap crystals and the associated volumetric expansion cause a substantial up-
ward deflection of the top surface of the paint layer and induce multiple cracks at the layer
surface and in between the individual metal soap crystals. The growth rate of the three
metal soap crystals is independent of their location within the domain, which is due to
the homogeneous spatial development of the fatty acid concentration in time. Further, at
some stage two different metal soap crystals coalesce into a single, oval-shape metal soap
aggregate that is characteristic for metal soaps observed in real, historical paintings.

The modelling results are compared to those presented in Chapter 3 that were com-
puted by the original chemo-mechanical model presented in Chapter 2, which neglects the
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intermediate, amorphous metal soap phase and only accounts for the irreversible chemi-
cal reaction into crystalline metal soap. From this comparison, it follows that the inclusion
of the intermediate, amorphous metal soap phase in the model formulation increases the
characteristic time scale associated to the chemo-mechanical degradation process by three
orders of magnitude, which is necessary to realistically predict the time-dependency of
degradation processes observed in historical paintings in museum collections. Also, lo-
cal differences are observed in the metal soap growth characteristics and crack profiles
predicted by the two models, which are caused by the fact that with the the current, en-
hanced chemo-mechanical model the saturated fatty acid profile develops homogeneously
across the paint layer, while with the original chemo-mechanical model this occurs in a
heterogeneous fashion.

The second boundary value problem considers the deformation, cracking and delam-
ination processes in a multi-layer paint system, as induced by the growth of a single metal
soap crystal. The multi-layer paint system is composed of a pictorial layer that is supported
by a ground layer containing a metal soap nucleus. The growth of the metal soap nucleus
induces a significant upward deformation of the paint surface. In addition, a mode I sur-
face crack develops across the thickness of the upper, pictorial layer, which coalesces with
two symmetrical delaminations developing along the layer interface, thereby forming a
T-shape crack that ultimately may lead to local paint flaking and paint loss.

The enhanced chemo-mechanical formulation and modelling results presented in this
chapter provide a better understanding of the coupled chemo-mechanical degradation be-
haviour of historical oil paintings due to metal soap formation. Future research will aim at
refining the model input parameters by, for example, accurately determining the mechani-
cal parameters of small paint samples taken from historical paintings via nanoindentation
testing [41, 47, 48, 144, 153]. Additionally, the effects of conservation treatments [9],
indoor climate conditions [90], and paint drying characteristics [111] on the process of
metal soap degradation need to be explored in more detail. The interaction between metal
soap-induced degradation mechanisms and climate-induced failure of historical paintings
[17, 18] is another topic for future study. Such investigations eventually should lead to
optimal preventive conservation measures and environmental display/storage conditions
required for preserving valuable historical paintings for future generations.
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Chapter 5

Analytical model for elasto-plastic
indentation of a hemispherical surface
inclusion

An analytical model is developed in this chapter1 to deduce the elastic and plastic proper-
ties of a hemispherical inclusion embedded in the surface of a semi-infinite solid from its
indentation response. The model differs from the approaches presented in the literature
by starting from the analytical expressions for the elastic and elasto-plastic indentation
responses of homogeneous solids, and adapting them by replacing the modulus of the
homogeneous solid by an effective modulus for the embedded inclusion. The accuracy of
the indentation model is established by comparing the analytical results with detailed fi-
nite element simulations for various bi-material configurations of inclusion and substrate.
The elastic indentation response is substantially influenced by the elastic modulus of the
substrate, whereas the plastic response is dictated by the yield strength of the inclusion.
The practical applicability of the indentation model is demonstrated by making use of the
measured indentation response of an embedded paint sample, as reported in the litera-
ture, to deduce the elastic modulus of the paint.

1This chapter is based on:
[41] G.J.A.M. Eumelen, A.S.J. Suiker, E. Bosco, and N.A. Fleck. International Journal of Mechanical Sciences,
224:107267, 2022.



Chapter 5. Elastic and elasto-plastic indentation of a surface inclusion

5.1 Introduction

The indentation test is a widely used experimental technique for measuring mate-
rial properties, such as elastic modulus [149, 150], yield strength and hardness [64, 85,
113, 170] and fracture toughness [97], over a wide range of length scales. The test en-
tails the measurement of the force to press a shaped indenter tip into the surface of a
sample; in principle, it is a simple test to perform but is notoriously difficult to interpret
[43, 174]. The application of this technique at the micro- and nano-scales can make it
possible to measure the mechanical properties (elastic modulus, strength and toughness)
of small-scale material systems, such as thin coatings on a substrate [59, 142], individual
crystalline grains of a metallic micro-structure [34, 133, 168], and small particles em-
bedded in a supporting matrix [19, 91], and can allow for the measurement of potential
size effects [35, 45, 108, 119, 136]. Due to the local character of an indentation mea-
surement, indentation testing is suitable for determining the properties of a material for
which a limited number of (small) samples are available, for example paints that are used
in valuable and historical paintings [32, 47, 48, 103, 144, 153].

Paint samples subjected to indentation are typically embedded in a relatively stiff,
supporting resin. Several methods have been proposed for obtaining the elastic modulus
of embedded samples from experimental indentation data. One method aims at finding
the maximum indentation depth such that the measured unloading modulus can be ac-
curately computed without due influence by the embedding material [34, 99, 138, 172].
Nevertheless, it is not always possible to limit the indentation depth to the small value
required by this method, and consequently it is necessary to take into account the contri-
bution to macroscopic compliance from the embedding material [19, 22, 48, 49, 84].

Accurate analytical and numerical solutions have been obtained for the elastic inden-
tation of diverse heterogeneous material systems, such as coatings supported by a semi-
infinite substrate [6, 53, 173] and bi-materials that contain a vertical material interface
[176]. In [5] the elastic indentation of a hemispherical particle embedded at the free sur-
face of a half space was studied, adopting the assumption that the indenter contact area
remains relatively small with respect to the particle size. A first-order asymptotic solution
of the Boussinesq-type problem was established, and the effect of the mismatch in elastic
parameters on the indentation response was shown. However, much less is known about
the relationship between Young’s modulus and the macroscopic compliance of an embed-
ded surface inclusion under relatively large indentations, as exhibited by indentation tests
on embedded paint samples.

In the present chapter, an analytical model is derived to relate the elastic and plas-
tic properties of an embedded hemispherical inclusion to its indentation response. The
model differs from the approaches outlined above by starting from the analytical expres-
sions for the elastic and elasto-plastic indentation responses of homogeneous materials,
and adapting them by replacing the modulus of the homogeneous solid by an effective
modulus for the embedded sample. The effective modulus is derived from the analytical
solution for the elastic response of a spherical particle that contains a spherical cavity and
is embedded in an infinite medium of different elastic properties. The cavity is subjected to
a uniform, internal pressure. The accuracy of the analytical model is established by com-
paring the analytical indentation results for various bi-material configurations with those
from detailed finite element simulations. The practical applicability of the indentation
model is demonstrated by determining the elastic modulus of a paint from indentation
measurements on an embedded paint sample as reported in the literature [48].
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This chapter is organised as follows. In Section 5.2 a review is provided of analyt-
ical elastic and elasto-plastic indentation models for homogeneous materials, and the
accuracy of the analytical elasto-plastic indentation model is assessed by comparing its
response to that obtained from finite element simulations. In Section 5.3 an analytical ex-
pression is derived for the effective modulus of a bi-material. In Section 5.4 this analytical
expression is combined with the analytical indentation models for homogeneous mate-
rials reviewed in Section 5.2 to simulate the indentation response of elastic and elastic,
ideally plastic bi-materials. The accuracy of the analytical models is assessed by compar-
ison with detailed finite element simulations. In Section 5.5 the practical applicability
of the analytical indentation model is demonstrated by determining the elastic modu-
lus of an embedded paint sample from experimental indentation data. Finally, the main
conclusions of the study are presented in Section 5.6.

5.2 Review of indentation models for homogeneous
materials

Similarity solutions have been developed for indentation of a half space made from
a power-law solid by a headshape of power-law form (such as a paraboloid or cone)
[77, 126]. The force F applied to the indenter is related to the indentation depth h and
alternatively to the indentation contact radius a by [24, 127, 128, 150, 175]

F = Chhm and F = Caan , (5.1)

where m, n, Ch, and Ca depend upon the properties of the non-linear solid and upon the
geometry of the headshape.

In general, the values of m, n, Ch, and Ca differ for loading and unloading, as unload-
ing is usually associated with an elastic material response [135]2. The specific cases of
indentation of a linear elastic solid is treated in Sections 5.2.1; elastic unloading of an
indented elasto-plastic solid is discussed in Section 5.2.2, and indentation of an elastic,
ideally plastic solid is considered in Section 5.2.3.

5.2.1 Indentation of an elastic solid
Consider a homogeneous, elastic solid indented by a frictionless, rigid conical punch.

Harding [57] and Sneddon [149, 150] showed that the force-displacement relations given
by Equation (5.1) are of the form

F =
2 tanα
π

E
1− ν2

h2 and F =
π

2 tanα
E

1− ν2
a2 , (5.2)

where α is the semi-apex angle of the indenter and E and ν the Young’s modulus and
Poisson’s ratio, respectively. The elastic compliance of the indenter can be accounted for
by replacing the plane-strain elastic modulus E/(1−ν2) in the above two expressions by
a reduced modulus Er defined as [85, 127]

1
Er
=

1− ν2

E
+

1− ν2
in

Ein
, (5.3)

2During elastic unloading of an elasto-plastic material, the indentation depth used in Equation (5.1)1 refers
to the recoverable, elastic part (h− hf), see also Equation (5.11) and Figure 5.2.
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Figure 5.1: Indentation of a homogeneous, elastic material over a depth h, using an indenter
with semi-apex angle α. The contact radius, contact depth, and sink-in displacement are given
by a, hc, and hs, respectively.

where Ein and νin are the Young’s modulus and Poisson’s ratio of the indenter, respectively.
Note from Equation (5.2) that the exponents m and n in Equation (5.1) have the value
m= n= 2, and Ch and Ca are given by

Ch =
2 tanα
π

E
1− ν2

and Ca =
π

2 tanα
E

1− ν2
. (5.4)

The geometrical parameters h and a are related by

h=
πa

2 tanα
. (5.5)

As sketched in Figure 5.1, sink-in occurs at the edge of the indenter to a depth hs, as a
result of which the the contact depth associated with no sink-in (or pile-up), hc = a/ tanα,
is less than the true indentation depth h, such that

hc

h
=

2
π

, (5.6)

via Equation (5.4). The sink-in displacement hs follows immediately from the identity

h= hs + hc , (5.7)

as

hs =
(π− 2)
π

h . (5.8)

The initial value of the unloading contact stiffness S(h) is the derivative of Equation
(5.2)1 with respect to the indentation depth h:

S =
∂F
∂h
=

4 tanα
π

E
1− ν2

h . (5.9)

Note that, for an elastic indentation, the F(h) curve is reversible and the loading slope
equals the unloading slope S. In contrast, for an elasto-plastic indentation the elastic
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unloading slope exceeds that of the elasto-plastic loading slope. Upon inserting Equation
(5.5) into Equation (5.9) and defining the projected contact area as Ap = πa2, the Young’s
modulus E is related to S via [33, 127, 128]

E =
p
π

2
S(1− ν2)
p

Ap
. (5.10)

The right-hand side of the above expression needs to be multiplied by a correction factor
1/ζ when the projected contact area Ap is non-circular, with ζ equal to 1.012 and 1.034
for, respectively, square and triangular shape indents [92].

5.2.2 Elastic unloading of an elasto-plastic solid
Equation (5.10) can be used to determine the Young’s modulus from indentation tests

on an elasto-plastic solid by following the procedure of Oliver and Pharr [127, 128],
summarised as follows. Assume that the indent is elasto-plastic in nature but unloading
is elastic from an indentation depth h = hmax to a residual depth hf at zero load, see
Figure 5.2. Equation (5.1)1 is used to fit the unloading curve over the recoverable, elastic
indentation interval (hmax − hf) as [127, 128]

F = Ch(h− hf)
m . (5.11)

As a result of the residual plastic strain distribution generated during loading, the value
of the exponent m can be different from 2 (for conical indentation). The effect depends
on the ratio between the Young’s modulus E and yield strength σy of the material, and
thereby depends upon material class, see Table 1 in [135] for specific values measured
from indentation tests on different materials. From the calibrated curve Equation (5.11),
the unloading contact stiffness S at the indentation depth h= hmax is computed as

S =
∂F
∂h

�

�

�

�

h=hmax

= mCh(hmax − hf)
m−1 . (5.12)

Oliver and Pharr [128, 135] further assumed that the sink-in displacement hs is purely
elastic; hence, for a conical indenter m equals 2, and hs is related to the recoverable
indentation interval (hmax − hf) in a manner analogous to Equation (5.8), such that

hs =
(π− 2)
π

(hmax − hf) . (5.13)

Additionally, by inserting the exponent m = 2 for elastic indentation in Equations (5.11)
and (5.12), it follows that the initial elastic unloading stiffness S at h= hmax reads

S =
2Fmax

(hmax − hf)
, (5.14)

where Fmax is the indentation force at the indentation depth hmax, see Figure 5.2. Now
combine Equations (5.7), (5.13), and (5.14) to obtain

hc = hmax − hs = hmax − ξ
Fmax

S
, (5.15)

with the unloading contact stiffness S of the elasto-plastic solid given by the general ex-
pression, Equation (5.12), and ξ = 2(π− 2)/π = 0.73 for a conical indenter. A slightly
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Figure 5.2: Schematic representation of the loading and unloading stages in an indentation
experiment. During loading, the load F is increased from zero to a value Fmax, whereby the in-
dentation h obtains a value hmax. Under subsequent unloading, the indentation depth decreases
towards a residual, plastic indent hf at zero load. The reversible, elastic indentation experienced
during unloading is (hmax−hf). The elastic contact stiffness at the onset of unloading is S. This
figure is based upon a representation presented in [127].

larger value of ξ= 0.75 needs to be selected when the effective indenter shape during un-
loading is (accurately) approximated by a paraboloid of revolution [135]. The projected
contact area Ap is determined from the value of hc as deduced from Equation (5.15), by
using the fitting procedure described in [127]. Alternatively, the contact area can be mea-
sured directly by imaging of the residual indent [127, 128]. Finally, the value of Ap and S
are inserted into Equation (5.10) to obtain the Young’s modulus E of the indented solid,
while the hardness follows from H = Fmax/Ap.

5.2.3 Indentation of an elastic, ideally plastic solid
Marsh [106] and Johnson [85, 86] assumed that conical indentation of an elastic,

ideally plastic solid by a rigid, conical indenter can be idealised by the expansion of an
internally pressurised, hemispherical cavity from a vanishing initial radius to a current
radius equal to the contact radius a, see Figure 5.3. The stress state σ inside the void
(or “core”) is a uniform pressure, σ = −pI , where I is the usual second-order identity
tensor. The deformation state external to the hemispherical core is taken to be the same
as that for an elastic, ideally plastic full space containing a spherical cavity of radius a
and subjected to an internal pressure p [76]. The plastic zone extends from the core to
an outer elastic-plastic boundary at a radius r = c, with c > a. At the interface r = a
between the core and the plastic zone, the radial stress in the plastic zone equals the
hydrostatic stress p in the core. In addition, the radial displacement at the interface is
compatible with the volume displaced by the conical indenter, assuming that the material
within the core is incompressible. It is also assumed that no pile-up or sink-in occurs
during indentation, such that the indentation depth is h= hc = a/ tanα, see Figure 5.3.

Write σy as the yield strength of the indented material and β = (90◦ − α) as the
inclination of the conical indenter. Then, the mean indentation pressure pm under the
indenter is given by [85, 86]:
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Figure 5.3: Cavity expansion indentation of a homogeneous, elastic, ideally plastic material to
a depth h, using an indenter with semi-apex angle α. The indentation produces a hemispherical
core of a radius equal to the contact radius a. The stress generated inside the core induces a
hemispherical plastic zone with radius c.
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Equations (5.16)1 and (5.16)2 define the elasto-plastic and fully plastic indentation re-
sponses, respectively.

Note from Equation (5.16) that the mean indentation pressure pm is fully determined
by the dimensionless parameter (E tanβ)/σy, which can be interpreted as the ratio of
the representative strain imposed by the indenter, tanβ , and the yield strain, σy/E [85].
The use of alternative headshapes of indenters (spherical, Vickers, Berkovich) somewhat
changes the point of first yield and full yielding in Equation (5.16), but preserves the
overall form of Equation (5.16) [85]. Although the solution given by Equation (5.16)
is based upon the assumption that the indented material is incompressible, the effect
of the value of Poisson’s ratio upon the elasto-plastic response is minor [85, 86]. The
compliance of the indenter is taken into account by replacing the Young’s modulus E in
Equation (5.16) by the reduced modulus Er as given by Equation (5.3) [85, 86]. The force
F on the conical indenter follows directly from the mean indentation pressure pm and the
projected contact area Ap = πa2 such that

F = pm Ap , (5.17)

and consequently the constant Ca in the general expression, Equation (5.1)2, specialises
to Ca = πpm, with pm given by Equation (5.16), and the exponent n = 2. Further,
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Chapter 5. Elastic and elasto-plastic indentation of a surface inclusion

from the relation h = a/ tanα, the parameters Ch and m in Equation (5.1)1 follow as
Ch = πpm(tanα)2 and m= 2.

Three-dimensional indentation simulations reveal that Johnson’s cavity expansion
model gives a rather good representation of the nominal hardness of polymers (e.g.
paints); an approximately spherical plastic zone develops and no material pile-up oc-
curs next to the indenter [159, 160]. In order to verify the accuracy of Equation (5.16),
the results of this model are compared to large deformation Finite Element (FE) simula-
tions of the indentation of an elastic, ideally plastic half space, using the commercial FE
package ABAQUS Standard3. The indentation problem is modelled as axisymmetric, with
the vertical line of symmetry passing through the centre of the indenter.

The indented solid is discretised using axisymmetric, 4-node, isoparametric elements
with a 2×2 Gauss quadrature. The conical indenter is modelled as rigid and frictionless,
and is characterised by a semi-apex angle of α = 70.3◦, corresponding to an inclination
β = 19.7◦ of the indenter. The numerical stability of the solution is enhanced by slightly
rounding off the indenter tip with a small, finite tip radius. The inclusion of a tip radius
also makes the indenter more representative of a practical conical indenter. The indenter
is displaced vertically into the solid using an incremental time-marching scheme with an
automatic time-step adaptation. The maximum indentation depth is set to 8 µm, which
is a factor of 6.25 smaller than the radial and vertical dimensions of 50 µm defining the
axisymmetric finite element configuration. A so-called node-to-surface contact criterion
is adopted in order to rigorously check for new contacts between the indenter and the
elements that define the top surface of the solid.

The FE mesh is refined near the indenter tip, and the semi-infinite character of the
solid is simulated by placing 4-node infinite elements with an elastic material behaviour
along the lateral and lower boundaries of the finite element geometry [177]. The con-
verged FE discretisation deduced from the above mesh refinement study corresponds to
a spatial discretisation of 4499 finite elements and 100 infinite elements. The choice of
element discretisation is determined from a preliminary mesh refinement study on the
initial, elastic indentation response. In the mesh refinement study the elastic response
was simulated by selecting an almost incompressible solid with ν= 0.499; the converged
numerical results agree with the analytical solution given by Equation (5.2) to within an
acceptable inaccuracy of 1%.

In the FE simulations of the indentation of the elastic, ideally plastic solid the mesh
density of the converged elastic solution is preserved and the size of the mesh is increased
by a factor of 10 in the radial and vertical directions to ensure that the plastic zone gen-
erated by the conical indenter does not reach the elastic infinite elements located at the
perimeter of the FE model. Consequently, the number of finite elements in this FE model
equals 15 557. The number of infinite elements is kept the same as in the mesh con-
vergence study, that is 100. The Poisson’s ratio of the solid is ν = 0.35 is representative
of various solids, including historical paints [56]. J2-flow theory is used for the plastic
response, and the Young’s modulus E and yield strength σy are selected such that the
dimensionless parameter (E tanβ)/σy appearing in Equation (5.16) is varied stepwisely
from 1 to 100, in correspondence with 100 separate FE simulations.

Figure 5.4 shows a comparison between the results obtained from the FE simulations
(grey circles and black solid line) and Johnson’s cavity expansion model, Equation (5.16),
(dashed line). Each vertical column of data points, designated by the grey circles, cor-
responds to an increase in indentation depth h for an integer number of contact nodes.

3Dassault Systems Simulia Sorp., Providence, RI, USA.
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Closed-form expression for the effective elastic modulus of a bi-material
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Figure 5.4: Indentation response of an elastic, ideally plastic solid. Mean indentation pres-
sure pm normalised by the yield strength σy as a function of the dimensionless parameter
(E tanβ)/σy. The figure shows the FE response (grey circles), the mean FE response (solid
black line) and the response by the cavity expansion model, Equation (5.16) (dashed line).

The bottom point of each column of data points gives the instant at which a new node
comes into contact with the indenter. Thus, the contact radius a remains constant and
the mean indentation pressure pm (plotted along the vertical axis) grows until the next
node makes contact. This feature of mesh discretisation repeats itself and a new column
of vertical data points is generated, see also [44, 94, 115]. The black solid line depicted
in Figure 5.4 captures the mean values of the vertical columns of data points. The cavity
expansion model, Equation (5.16), is in reasonable agreement with the response of the
FE simulations, with an underprediction in the intermediate elasto-plastic regime and an
overprediction in the final, plastic regime. Although not illustrated here, the FE results
also show that the ratio of contact depth hc to indentation depth h in the elasto-plastic
regime monotonically increases from hc/h = 2/π to hc/h = 1: the initial, elastic value is
in agreement with the expression given by Equation (5.6). When (E tanβ)/σy exceeds
27 the plastic deformation regime is reached, the mean indentation pressure pm becomes
constant, and the contact depth develops with hc/h> 1, indicating that material piles up
next to the indenter, as previously discussed [85, 86]. Additional comparisons between
the results of the cavity expansion model and those of FE simulations can be found in
[86], including a comparison of the subsurface and surface stress fields in Figures 6.15
and 6.16, which shows good agreement.

5.3 Closed-form expression for the effective elastic
modulus of a bi-material

The indentation model for a homogeneous solid reviewed in Section 5.2 will be
adapted to the case of a bi-material composed of a hemispherical inclusion at the surface
of a dissimilar half space, with the indent placed at the centre of the inclusion. As will
be demonstrated in Section 5.4, this adaptation will be achieved via an effective elastic
modulus of the bi-material, followed by taking this effective modulus as the value of the
Young’s modulus in an indentation model for a homogeneous solid. In the present section
an analytical expression for the effective elastic modulus is derived from the response of a
hollow, spherical particle embedded in an infinite medium of dissimilar elastic properties,
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Figure 5.5: A spherical shell of outer radius b (material 1) embedded in an infinite medium
(material 2). The spherical cavity of radius a is pressurised by a uniform pressure p. The inset
shows the spherical coordinate system (r, θ , ϕ), with r ≥ a the radial coordinate of a material
point, θ the polar angle coordinate, and ϕ the azimuth angle coordinate.

and subjected to a uniform, internal pressure, see Figure 5.5. The elastic displacement
field in the bi-material is derived in Section 5.3.1, and an analytical expression for the
effective elastic modulus is obtained in Section 5.3.2.

5.3.1 Elastic displacement field
The geometry depicted in Figure 5.5 is characterised by an elastic spherical shell of

outer radius b (material 1) that is embedded in an infinite solid of dissimilar elastic prop-
erties (material 2). The spherical cavity of radius a is subjected to an internal uniform
pressure p. A spherical coordinate system (r, θ , ϕ) is adopted, where r ≥ a is the ra-
dial coordinate, θ the polar angle coordinate, and ϕ is the azimuth angle coordinate.
Upon exploiting the spherical symmetry of the problem, the following equilibrium and
kinematic conditions hold:

σrθ = σrϕ = σθϕ = 0 ,
σθθ = σϕϕ ,
uθ = uϕ = 0 ,
ϵrθ = ϵrϕ = ϵθϕ = 0 ,
ϵθθ = ϵϕϕ .

(5.18)

Here, σmn, ϵmn, and um are the stress, strain and displacement components in the spher-
ical coordinate system. The constitutive relations and the remaining equilibrium and
kinematic relations of the solid are

σr r − 2νiσθθ = Ei ϵr r ,

σθθ (1− νi)− νiσr r = Ei ϵθθ ,
∂σr r

∂r
+

2
r
(σr r −σθθ ) = 0 ,

ϵr r =
∂ur

∂r
,

ϵθθ =
ur

r
,

(5.19)

where Ei and νi are the Young’s modulus and Poisson’s ratio of material i ∈ {1, 2}. Ad-
ditionally, the boundary conditions (at r = a and r →∞) and interfacial conditions (at
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r = b) are given by:
σr r(r = a) = −p ,
ur(r →∞) = 0 ,
σr r,1(r = b) = σr r,2(r = b) ,
ur,1(r = b) = ur,2(r = b) ,

(5.20)

in which the comma and subindices 1 and 2 used in the definition of the interfacial con-
ditions Equation (5.20)3,4 refer to materials 1 and 2, respectively. Combining Equations
(5.19) and (5.20) leads to the following expression for the radial displacement:

ur(r) =



























a3p
�

2
�

b3 − r3
�

E2

�

2ν2
1 + ν1 − 1
�− E1

�

b3 + 2r3 +
�

b3 − 4r3
�

ν1

�

(1+ ν2)
�

2r2E1 (−E2 (a3 + 2b3 + (a3 − 4b3)ν1) + (a3 − b3) E1 (1+ ν2))
for a ≤ r ≤ b,

3a3 b3p (−1+ ν1) (1+ ν2)
2r2 (−E2 (a3 + 2b3 + (a3 − 4b3)ν1) + (a3 − b3) E1 (1+ ν2))

for r > b.

(5.21)
For the specific case of a vanishing material 2 (i.e. E2 = 0, ν2 = 0), Equation (5.21)
reduces to:

ur(r) =
a3p
�

b3 + 2r3 +
�

b3 − 4r3
�

ν
�

2 (b3 − a3) r2E
with a ≤ r ≤ b, (5.22)

in which the subscripts of the elastic parameters E1 and ν1 have been dropped for the
sake of clarity. Equation (5.22) gives the elastic displacement field for a homogeneous
spherical shell of finite thickness (b− a), with a free outer boundary at r = b, and loaded
by a uniform pressure p at its inner boundary r = a; this expression is in agreement with
that given in [76]. For the special case of an internally pressurised spherical cavity in
an infinite, homogeneous medium, i.e. E1 = E2 = E and ν1 = ν2 = ν, Equation (5.21)
reduces to the classical solution [21]:

ur(r) =
a3p(1+ ν)

2r2E
with r ≥ a. (5.23)

5.3.2 Effective elastic modulus of an embedded spherical shell
It follows from Equations (5.19)4 and (5.23) that, for the case of a homogeneous

infinite medium, the radial strain at the boundary r = a of the cavity can be written as

ϵr r(r = a) =
−p(1+ ν)

E
, (5.24)

which, upon rearrangement, expresses the Young’s modulus as a function of the radial
strain at r = a:

E =
−p(1+ ν)
ϵr r(r = a)

. (5.25)

The assumption is made that the embedded spherical shell can be idealised by an equiv-
alent cavity of radius a in a homogeneous full space by introducing an effective modulus
E for the cavity in a homogeneous full space. The calibration is based on the assumption
that the radial strain at the boundary r = a of the cavity is the same for the two cases.
Thus, the effective modulus E for the cavity in a homogeneous full space is defined by
rearrangement of the above equation to read:

E ≡ −p(1+ ν1)
ϵr r(r = a)

. (5.26)
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Here, the value of the radial strain at the boundary r = a is for the embedded spherical
shell, and is determined from Equations (5.19)4 and (5.21)1 as

ϵr r(r = a) =
−p
��

2b3 + a3
�

E2

�

2ν2
1 + ν1 − 1
�− E1

�

b3 − a3 +
�

b3 + 2a3
�

ν1

�

(1+ ν2)
�

E1 (−E2 (a3 + 2b3 + (a3 − 4b3)ν1) + (a3 − b3) E1 (1+ ν2))
.

(5.27)
Now insert Equation (5.27) into Equation (5.26) to obtain the effective elastic modulus:

E =
E1(−E2(a3 + 2b3 + (a3 − 4b3)ν1) + (a3 − b3)E1(1+ ν2))(1+ ν1)
(a3 + 2b3)E2(2ν2

1 + ν1 − 1)− E1(−a3 + b3 + (2a3 + b3)ν1)(1+ ν2)
. (5.28)

This expression reduces to the Young’s modulus of a homogeneous material, E = E, when
E1 = E2 = E and ν1 = ν2 = ν, as required. In Section 5.4 the above expression for the
effective elastic modulus of the bi-material is combined with the indentation models for
homogeneous materials reviewed in Section 5.2 obtain an analytical expression for the
indentation response of elastic and elasto-plastic bi-materials.

Note that an alternative expression for the effective modulus of the bi-material can
be obtained by suitable matching of the hoop strain of the bi-material problem and the
cavity in an effective, homogeneous full space at r = a. Combine Equations (5.19)5 and
(5.23) for the cavity in a homogeneous full space, and substitute E by E and ν by ν1:

E ≡ p(1+ ν1)
2ϵθθ (r = a)

. (5.29)

Then, assume that the value of ϵθθ (r = a) for the embedded spherical shell equals that
for the equivalent effective full space. A comparison study has been performed between
the use of hoop and radial strain components to obtain E, but is not detailed here. It is
found that the effective modulus E based on Equation (5.26) provides a more accurate
estimate of the elastic indentation response of an embedded hemispherical inclusion than
that based on Equation (5.29).

5.4 Indentation of embedded hemispherical particles

The closed-form expression for the effective elastic modulus of the bi-material, Equa-
tion (5.28), is now combined with the analytical indentation models for homogeneous
materials, as reviewed in Section 5.2. First, the indentation of an elastic hemispherical
particle embedded in an elastic half space is reported in Section 5.4.1. Second, the in-
dentation of an elastic, ideally plastic hemispherical particle embedded in an elastic half
space is given in Section 5.4.2. In each section, the accuracy of the analytical models is
established by comparing the analytical predictions with detailed finite element simula-
tions.

5.4.1 Indentation of an elastic hemispherical particle embedded in an
elastic half space

The elastic indentation of a hemispherical particle embedded in a half space of differ-
ing elastic properties is sketched in Figure 5.6. The analytical indentation model makes
use of Equation (5.28) in the F−a relation, Equation (5.2)2. Accordingly, the indentation
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Figure 5.6: Indentation of an elastic hemispherical particle of radius b (material 1) embedded in
an elastic half space (material 2), using an indenter with semi-apex angle α. The contact radius
a, contact depth hc, and sink-in depth hs each depend upon the indentation depth h.

force F on the rigid conical indenter is expressed in terms of the contact radius a of the
bi-material as

F = γ
π

2 tanα
E
�

1− ν2
1

�a2, (5.30)

in which the Poisson’s ratio corresponds to that of the indented material 1. Equation
(5.30) has been extended with a factor γ, which corrects for a small, artificial overlap
between the geometry of the rigid indenter and the deformed material surface, as char-
acteristic of Sneddon’s solution, see also [60]. An analytical expression for the factor γ
is obtained by calibrating Equation (5.30) on the FE indentation response of a homoge-
neous material – here designated as “material 1” – with the Poisson’s ratio taking values
in the range of 0 to 0.5. The FE mesh used for the axisymmetric indentation models cor-
responds to that following from the mesh convergence study described in Section 5.2.3.
The calibration of the factor γ is performed when the indentation response has converged
towards a steady state, as characterised by an almost constant value of the dimensionless
indentation force F/(ApE1), with Ap = πa2 the projected contact area. The value of γ is
taken as the average of the values calibrated for a range of contact radii a. Figure 5.7
illustrates that the numerical values for γ are accurately captured by the linear relation

γ= 1.2− 0.4ν1 . (5.31)

Note that γ= 1 in the limit of an incompressible material, ν= 0.5, which is the case that
has been selected for the mesh refinement study discussed Section 5.2.3.

Elastic indentation response

The elastic indentation response of the bi-material configuration sketched in Figure
5.6 is illustrated in Figure 5.8. Specifically, the dimensionless indentation force F/(ApE1)
is plotted as a function of the dimensionless indentation radius a/b for three values of the
stiffness mismatch, E2/E1 = [0.2,1.0, 5.0], and 6 choices of Poisson’s ratios, ν1 = ν2 in
the range of 0 to 0.5. The black solid line represents the FE response, which develops in a
sawtooth fashion due to the fact that the contact condition of the indenter is prescribed in
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Figure 5.7: Analytical expression for the factor γ (black line) as given by Equation (5.31), which
is obtained from calibrating Equation (5.30) on the FE indentation response of a homogeneous,
elastic half space (red circles) for selected values of Poisson’s ratio ν1.

a spatially discrete manner via the individual finite element nodes, see also Figure 5.4 and
the explanation provided in Section 5.2.3. The mean of the FE sawtooth curve is given by
the red dotted line. The analytical model, Equation (5.30), with γ and E respectively given
by Equations (5.31) and (5.28), is represented by the black dashed line. Additionally, for
the specific case of E2/E1 = 0.2, the analytical model with an effective modulus for an
incompressible bi-material is depicted in Figures 5.8(a)–(f) by the black dotted line; the
corresponding expression for the effective modulus follows from inserting ν1 = ν2 = 0.5
into Equation (5.28):

E = Einc =
E1

�

b3 − a3
�

+ E2a3

b3
, (5.32)

with the subscript “inc” referring to “incompressible”. This expression correctly reduces
to Einc = E1 for a homogeneous material, E2/E1 = 1. The analytical indentation model,
Equation (5.30), that uses the effective modulus of the incompressible material, Equation
(5.32), henceforth will be denoted “analytical model for the incompressible bi-material”;
the indentation model also describes indented materials with a Poisson’s ratio ν1 different
from 0.5, via the terms γ= 1.2− 0.4ν1 and (1− ν2

1) in Equation (5.30).
For the case E2/E1 = 0.2 of a stiff particle embedded in a soft matrix, the mean FE

results plotted in Figure 5.8 show that the dimensionless indentation force F/(ApE1)
monotonically decreases with increasing indentation radius a/b after a relatively short
initiation phase4. In contrast, for a homogeneous material, E2/E1 = 1.0, F/(ApE1) is
independent of a/b, and for the case E2/E1 = 5.0 of a compliant particle embedded in
a stiff matrix F/(ApE1) increases monotonically with a/b. Remarkably, the indentation
load for the stiff particle configuration, E2/E1 = 0.2, is almost insensitive to the choice
of Poisson’s ratio ν1 and ν2, and is adequately captured by the analytical model for an
incompressible bi-material, Equation (5.32). The analytical model with the general stiff-
ness expression, Equation (5.28), overpredicts the FE results for this case, although the
discrepancy decreases for a larger value of Poisson’s ratios, and eventually vanishes in
the limit of an incompressible bi-material, ν1 = ν2 = 0.5. For a homogeneous material,
E2/E1 = 1, the analytical models with the stiffness expressions given by Equations (5.28)

4The FE results shown in Figure 5.8 are characterised by a short initial phase, during which the round indenter
tip establishes contact with the material surface and the dimensionless indentation force F/(ApE1) increases.
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Figure 5.8: Indentation response of an elastic hemispherical particle embedded in an elastic
half space. Dimensionless indentation force F/(ApE1) versus the dimensionless indentation
radius a/b, as calculated by FE simulations (black solid line), the analytical model Equation
(5.30) with the general stiffness expression Equation (5.28) (black dashed line), and the analyti-
cal model Equation (5.30) with the stiffness expression for an incompressible material Equation
(5.32) (black dotted line). The mean FE response is represented by the red dotted line. The
results are shown for three different values of the stiffness mismatch, E2/E1 = 0.2, 1.0, and
5.0, for (a) ν1 = ν2 = 0.0, (b) ν1 = ν2 = 0.1, (c) ν1 = ν2 = 0.2, (d) ν1 = ν2 = 0.3, (e)
ν1 = ν2 = 0.4, (f) ν1 = ν2 = 0.5.
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and (5.32) lead to an identical result, and accurately describe the mean FE response. For
the compliant particle configuration, E2/E1 = 5.0, the analytical model with the general
stiffness expression Equation (5.28) gives close agreement with the mean FE results over
the full range of dimensionless indentation radii a/b in case of moderate values of the
Poisson’s ratios, 0.2 ≤ νi ≤ 0.3 and i ∈ {1,2}. Since this range includes the Poisson’s ra-
tios of many engineering materials, it is concluded that this analytical indentation model
is of practical value. For values of Poisson’s ratios falling outside this range, Figure 5.8
shows that the analytical model only provides accurate results up to a normalised in-
dentation radius of a/b ≈ 0.3 to 0.4, and for larger indentation values the model may
significantly underpredict (for ν1,ν2 < 0.2) or overpredict (for ν1,ν2 > 0.3) the mean
FE response of the compliant particle configuration. Finally, note from Figure 5.8(f) that,
for E2/E1 = 5.0, the analytical model for the incompressible bi-material deviates from
the FE results obtained for a Poisson’s ratio of 0.5, which is the reason that analytical
predictions for an incompressible bi-material with E2/E1 = 5.0 have been omitted from
Figures 5.8(a)–(e).

Effective elastic modulus

The mean FE results indicated by the red dotted line in Figure 5.8 can be used to
compute the normalised effective elastic modulus E/E1 of the bi-material from the inverse
relation of Equation (5.30), i.e.

E
E1
=

2 tanα
γ

F(1− ν2
1)

ApE1
. (5.33)

Accordingly, in Figures 5.9(a)–(f) the effective modulus following from the FE simula-
tions is compared to the effective modulus, Equation (5.28), and the effective modulus
for the incompressible bi-material, Equation (5.32), by plotting the dimensionless value
E/E1 against the dimensionless indentation radius a/b for three values of stiffness mis-
matches E2/E1 = [0.2,1.0, 5.0] and six values of Poisson’s ratio over the range 0 to 0.5.
After a minor initiation phase, all curves attain an effective modulus of E = E1, which
confirms that at small indentation the effective modulus equals the Young’s modulus of
the hemispherical particle. Under continued indentation, the effective modulus of the
stiff particle configuration, E2/E1 = 0.2, monotonically decreases, for the homogeneous
material, E2/E1 = 1.0, it remains constant and equals E = E1, and for the compliant
particle configuration, E2/E1 = 5.0, it monotonically increases. In agreement with the
observation made from Figure 5.8, for the stiff particle configuration, E2/E1 = 0.2, the
analytical model for the incompressible bi-material closely matches the effective modulus
determined from the FE simulations. For the homogeneous material the general analyt-
ical expression, Equation (5.28), and the expression for the incompressible bi-material,
Equation (5.32), lead to the same result E = E1, which match the FE results. For the
compliant particle configuration, E2/E1 = 5.0, the agreement between the effective mod-
ulus expression, Equation (5.28), and the FE results is adequate for Poisson’s ratios in the
range 0.2≤ νi ≤ 0.3 where i ∈ {1,2}, and is adequate up to an indentation of a/b = 0.3
to 0.4 for Poisson’s ratios falling outside this range.

From the above comparison with the FE results (and from similar comparisons with
FE results for alternative stiffness mismatches E2/E1 = 0.5 and 2.0, but omitted here for
the sake of brevity), it is concluded that the analytical expressions for the effective elastic
modulus E of the indented bi-material given by Equations (5.28) and (5.32) are ade-
quate for a broad range of stiffness mismatches, 0.2 ≤ E2/E1 ≤ 5.0, and Poisson’s ratios,
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Figure 5.9: Indentation response of an elastic hemispherical particle embedded in an elastic
half space. Dimensionless effective elastic modulus E/E1 versus dimensionless indentation
radius a/b, as calculated by FE simulations and using Equation (5.33) (black solid line), the
analytical model Equation (5.28) (black dashed line), and the analytical model for the incom-
pressible material Equation (5.32) (black dotted line). The results are shown for three values of
the stiffness mismatch, E2/E1 = 0.2, 1.0, and 5.0, for (a) ν1 = ν2 = 0.0, (b) ν1 = ν2 = 0.1,
(c) ν1 = ν2 = 0.2, (d) ν1 = ν2 = 0.3, (e) ν1 = ν2 = 0.4, (f) ν1 = ν2 = 0.5.
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Chapter 5. Elastic and elasto-plastic indentation of a surface inclusion

0≤ νi ≤ 0.5 with i ∈ {1,2}, within the following regimes of the normalised indentation
radius a/b:

E =































































































E1(−E2(a3 + 2b3 + (a3 − 4b3)ν1) + (a3 − b3)E1(1+ ν2))(1+ ν1)
(a3 + 2b3)E2(2ν2

1 + ν1 − 1)− E1(−a3 + b3 + (2a3 + b3)ν1)(1+ ν2)
,

for 0≤ a/b ≤ 1 if 1.0< E2/E1 ≤ 5.0 and 0.2≤ νi ≤ 0.3 ,

for 0≤ a/b ≤ 0.3 if 1.0< E2/E1 ≤ 5.0 and 0≤ νi < 0.2

or 0.3< νi ≤ 0.5 ,

for 0≤ a/b ≤ 1 if 0.5< E2/E1 < 1.0 and 0.3≤ νi ≤ 0.4 ,

for 0≤ a/b ≤ 0.5 if 0.5< E2/E1 < 1.0 and 0≤ νi < 0.3

or 0.4< νi ≤ 0.5 ,

E1

�

b3 − a3
�

+ E2a3

b3
,

for 0≤ a/b ≤ 0.6 if 0.2≤ E2/E1 ≤ 0.5 and 0≤ νi ≤ 0.5 ,

with i ∈ {1, 2} .
(5.34)

In the above expressions the various regimes follow each other through the specific ranges
selected for the elastic parameters. The homogeneous limit E2/E1 = 1 is omitted from
Equation (5.34), but, as has already been mentioned, the correct limit is obtained from
this equation as E = E1 for the complete range of Poisson’s ratios 0≤ νi ≤ 0.5. Further, the
maximum indentation radius a/b = 1 for simplicity has been included in the applicability
ranges of Equation (5.34), although for certain combinations of elastic parameters the
maximum value of a/b may be somewhat smaller than unity, due to the fact that the
indenter prematurely touches the supporting material 2 under a relatively large vertical
deformation of material 1, see also Figures 5.8 and 5.9.

5.4.2 Indentation of an elastic, ideally plastic hemispherical particle
embedded in an elastic half space

The elastic configuration studied in Section 5.4.1 is now extended to the case of an
elastic, ideally plastic hemispherical particle (material 1) embedded in an elastic half
space (material 2), see Figure 5.10. The size of the plastic zone generated within the hemi-
spherical particle is denoted by the radius c. The plastic zone can expand until it reaches
the material interface between the hemispherical particle and the supporting elastic half
space, c = b, or until the indenter reaches the material interface, a = b. The indentation
response of the bi-material configuration is analysed analytically by an adapted version
of Johnson’s cavity expansion model for a homogeneous material Equation (5.16), and
numerically by means of finite element analyses. The adaptation of Johnson’s model in-
volves the replacement of the Young’s modulus E in Equation (5.16) by the analytical
expression for the effective elastic modulus E of the bi-material, leading to
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Indentation of embedded hemispherical particles
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Figure 5.10: Indentation of an elastic, ideally plastic hemispherical particle of radius b (material
1) embedded in an elastic half space (material 2), using an indenter with semi-apex angle α.
The indentation produces a hemispherical core of radius equal to the contact radius a, and a
hemispherical plastic zone of radius c.
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3
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,

with E given by Equation (5.28). Instead of Equation (5.28), the refined, more compli-
cated stiffness expression, Equation (5.34), could have been used, but this leads to only
minor differences in the elasto-plastic indentation response.

Figure 5.11 illustrates the indentation response from both the FE simulations and the
analytical cavity expansion model of the bi-material, Equation (5.35). The Poisson’s ratios
of the materials 1 and 2 are taken to be ν1 = ν2 = 0.35. Note that the incorporation of the
effective elastic modulus E of the bi-material in the dimensionless parameter (E tanβ)/σy
plotted along the horizontal axis is consistent with the analytical expression in Equation
(5.35). Consequently, the response plotted for the cavity expansion model includes the
role of stiffness mismatch E2/E1. As already discussed in Section 5.2.3, the mean FE
response for a homogeneous material, E = E1 = E2, is adequately approximated by the
cavity expansion model. The mean FE responses for the bi-material refer to a high stiffness
ratio E2/E1 = 10 (red solid line) and to a low stiffness ratio E2/E1 = 0.1 (blue solid line).
These FE responses are calculated by performing separate analyses for 9 different values
of the yield strength σy, which start along the horizontal axis at 9 selected values of
(E tanβ)/σy. In correspondence with the range of validity of the cavity expansion model,
the FE analyses are continued until the plastic zone reaches the material interface, c = b,
or the indenter reaches the material interface, a ≈ b.
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Figure 5.11: Indentation of an elastic, ideally plastic hemispherical particle embedded in an
elastic half space. Mean indentation pressure pm normalised by the yield strength σy as a

function of the dimensionless parameter (E tanβ)/σy, with E given by Equation (5.28). The FE
results are depicted for a homogeneous solid, E2/E1 = 1 (black solid line), and for bi-materials
with stiffness mismatches E2/E1 = 0.1 (blue solid line) and E2/E1 = 10 (red solid line), with 9
initial values of (E tanβ)/σy. The Poisson’s ratios are ν1 = ν2 = 0.35. The analytical result
for the cavity expansion model of the bi-material Equation (5.35) (black dashed line) holds for
arbitrary values of the stiffness mismatch E2/E1 via the parameter E.

For small indentations the contribution of the supporting material 2 to the overall
response is negligible, as a result of which the effective modulus equals that of the hemi-
spherical particle, E = E1. Under increasing indentation of the particle embedded in a
relatively compliant half space, E2/E1 = 0.1, the values of (E tanβ)/σy and pm/σy decrease
in the initial elastic regime and also in the subsequent elasto-plastic regime. Specifically,
the contribution of the compliant half space to the response grows with increasing in-
dentation, so that the values of the mean hydrostatic stress pm = F/Ap and the effective
modulus E diminish, as already observed for the elastic responses shown in Figures 5.8
and 5.9, respectively. For the same reason, the elastic and elasto-plastic indentation re-
sponses of the particle embedded in a relatively stiff half space, E2/E1 = 10, reveal an
increase of (E tanβ)/σy and pm/σy. Note further that in the final, plastic regime, the
mean indentation pressure pm becomes almost insensitive to the elastic properties of the
bi-material, and is essentially set by the yield strength σy.

In summary, the elastic, ideally plastic indentation response of a bi-material can be
quantified in terms of the effective elastic modulus, Equation (5.28), in the representa-
tion in Figure 5.11, with the FE results supporting the analytical cavity expansion model,
Equation (5.35). Thus, the cavity expansion model can be used as a practical, analytical
tool to estimate the elasto-plastic material properties of embedded samples from inden-
tation tests.

5.5 Case study: use of analytical model to interpret
indentation test on embedded paint sample

The practical applicability of the analytical expression for the effective modulus, Equa-
tion (5.28), is demonstrated through a case study on indentation tests taken from the lit-
erature [48]. Indentation tests were performed on an acrylic, titanium white paint layer
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Figure 5.12: Indentation of a semi-infinite elastic bi-material with a straight, vertical material
interface. The indentation of material 1 (paint) is performed at a distance b from the interface
with material 2 (resin). The indentation depth h relates to a contact radius a, a contact depth
hc, and a sink-in depth hs. The configuration is representative of the embedded paint sample
tested in [48].

of Golden Artist Colors® (material 1) that was fully embedded into a resin specified as a
Technovit® 2000 LC fixing paste (material 2). The width of the paint sample was 210 µm
and the thickness in the depth direction was considerably larger, above 1 mm. The re-
duced modulus measured by indenting the resin with a diamond Berkovich indenter was
Er ≈ 15 GPa [48]. Assuming a representative value of ν2 = 0.35 for the Poisson’s ratio of
the resin, with Equation (5.3) implies that E2 ≈ Er(1− ν2

2) = 13.2 GPa. The challenge is
to deduce the Young’s modulus E1 of the paint from the measured unloading modulus S
of an indentation test on the paint layer.

A sketch of the geometry at the material interface and the characteristics of the in-
denter is presented in Figure 5.12. The embedded paint sample was subjected to two in-
dentations, performed at distances b = 12 µm and b = 72 µm from the vertical interface
between the paint and the resin. The indentation tests were carried out using a continu-
ous stiffness measurement (CSM) technique, entailing harmonic loading of amplitude F0
at a frequency of 20 Hz, superimposed on the quasi-static loading. This allows for the de-
termination of the contact stiffness as a function of indent depth without interrupting the
indentation [43, 128]. The amplitude h0 of the induced dynamic oscillation was on the
order of nanometres, much less than that of the quasi-static signal. The unloading contact
stiffness S equals (F0/h0) cosδ, where δ is the phase shift between the harmonic load and
displacement induced in the embedded viscoelastic paint sample [43, 65, 66, 100].

The contact stiffness S measured at a specific quasi-static loading step Fmax and corre-
sponding indentation depth hmax were determined from the raw experimental indentation
data5, and provide the actual contact depth hc through Equation (5.15) (using ξ= 0.75),
which, under the assumption of a perfect Berkovich indenter, subsequently renders the
contact area as Ap = πa2 = π(hc tanα)2 [127], where α= 68.6◦ for the Berkovich inden-
ter employed in the experiment [48]. From the value of Ap and the corresponding value

5The author is grateful to Dr. Naoki Fujisawa and Dr. Michał Łukomski of The Getty Conservation Institute
in Los Angeles, U.S.A. for providing the raw experimental indentation data.
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(a) b = 12 µm (b) b = 72 µm

Figure 5.13: Indentation response of a paint sample embedded in a resin. Dimensionless
effective elastic modulus E/E1 versus the dimensionless indentation radius a/b, as determined
from the experimental data in [48] via Equation (5.36) (grey circles), and from the analytical
model, Equation (5.28) (black solid line). The indentations were performed at distances (a)
b = 12 µm and (b) b = 72 µm from the material interface between the paint sample and the
supporting resin, see Figure 5.12 for the geometrical characteristics at the material interface.

of S, the effective modulus E of the bi-material is calculated as

E =
π

2

S(1− ν2
1)

γ
p

Ap
. (5.36)

Equation (5.36) is an approximation based on Equation (5.10) for a homogeneous solid,
whereby the Young’s modulus E is replaced by the effective modulus E. Further, the factor
γ given by Equation (5.31) has been added to correct for the artificial overlap between the
indenter geometry and the deformed material surface, which typifies Sneddon’s solution,
Equation (5.10). The accuracy of Equation (5.36) for determining the effective modulus
of the experimental bi-material configuration sketched in Figure 5.12 has been confirmed
in Appendix A via a comparison with the indentation results obtained from a detailed,
three-dimensional FE simulation. Since the Berkovich indenter used in the experiment
generates a triangular shape indent, the effective modulus computed with Equation (5.36)
needs to be multiplied by a correction factor 1/ζ, with ζ = 1.034, recall the discussion
below Equation (5.10).

Figures 5.13(a) and (b) show the normalised effective modulus, E/E1, as a function
of the normalised contact radius a/b of the indenter, as measured at distances b = 12 µm
and b = 72 µm from the material interface, respectively. The grey circles represent the ex-
perimental data in the format provided by the approximate stiffness expression, Equation
(5.36), and the black solid line reflects the result from the analytical model, Equation
(5.28). In both figures the experimental data is accurately matched by the analytical
model, whereby it is observed that the indentation response close to the material inter-
face, b = 12 µm, reveals a stiffening effect caused by the supporting resin. This stiffening
effect increases monotonically with the indentation depth, and remains absent if the in-
denter is sufficiently far away from the material interface, as can be clearly seen in Figure
5.13(b) for b = 72 µm. Upon assuming the Poisson’s ratio of the paint to be ν1 = 0.35
[56], together with the elastic parameters of the resin, E2 = 13.2 GPa and ν2 = 0.35,
the Young’s modulus E1 of the paint material is obtained from Figures 5.13(a) and (b)
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by evaluating the calibrated curves for the effective modulus E at a/b = 0, resulting in
E1 = 1.8 GPa for the indentation at b = 12 µm, and E1 = 1.4 GPa, for the indentation
at b = 72 µm. These modulus values are in close correspondence with the values fol-
lowing from the calibration procedure applied in [48], whereby the indentation response
was corrected by compensating for the overall structural compliance of the embedded
paint sample. The relative difference of 22% in the above two modulus values is likely
caused by spatial material heterogeneities in the test sample. With this result, the average
stiffness mismatch of the embedded paint sample becomes E2/E1 = 13.2/1.6= 8.3.

5.6 Conclusions
An analytical model has been successfully developed to deduce the elastic and plas-

tic properties of embedded samples from indentation measurements. The model makes
use of the analytical expressions for the elastic and elasto-plastic indentation responses
of homogeneous materials, but adapts them by the introduction of an effective modulus
for the embedded sample. The range of validity of the predictions has been established
by comparing the analytical results for various bi-material configurations with those from
detailed finite element method simulations. The analyses show that, in the elastic and
elasto-plastic regimes, the indentation response may be substantially influenced by the
modulus of the embedding material. In the fully plastic regime the response is essentially
set by the yield strength of the embedded particle. The practical applicability of the in-
dentation model has been demonstrated by deducing the elastic modulus of a paint from
indentation measurements on an embedded paint sample as reported in the literature.
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Chapter 6

Conclusions and
recommendations

6.1 Conclusions
The formation of metal soap in historical oil paintings is threatening museum collec-

tions worldwide. Understanding how the formation of metal soap affects the structural
integrity of oil paintings might serve as a basis to define guidelines for their preservation.
This dissertation has aimed at improving the understanding of the chemo-mechanical be-
haviour of oil paintings due to metal soap formation, by focusing on: i) the numerical
modelling of the formation and growth of crystalline metal soap inside paint layers; and
ii) the development of a practical, analytical model to obtain material properties from
historical paint samples via nanoindentation tests. The main conclusions of this work are
presented in the following sections.

6.1.1 Chemo-mechanical behaviour of historic oil paintings
The chemo-mechanical behaviour of historical oil paintings due to metal soap forma-

tion is investigated via numerical simulations. These simulations are based on a modelling
framework that consists of a diffusion-reaction model sequentially coupled to a mechan-
ical model. The growth of the metal soap crystal(s) introduces stresses in the paint layer,
which is accounted for in the model through a chemically-induced growth strain. These
stresses may lead to the nucleation and propagation of cracks, which is modelled by means
of a cohesive zone approach. The mechanical behaviour of the corresponding cohesive in-
terface elements is governed by a traction-separation law, while for the diffusion-reaction
model a flux-concentration relationship is defined, which includes a damage-dependent
diffusion coefficient. This makes the problem two-way coupled. The coupled model is
solved by using a staggered solution scheme.

The computational model summarised above was used to perform different sets of
numerical simulations. Initially, a simplified reaction process was assumed by neglecting
the formation of amorphous metal soap, i.e. the reaction between metal ions and satu-
rated fatty acids directly forms crystalline metal soap. This preliminary model was used
to study the influence of different material properties, chemical and mechanical bound-
ary conditions, and different geometries (i.e. different nucleus shapes and metal soap
distributions) on the chemo-mechanical damage process. These simulations showed that
the damage in the paint layer is significantly affected by the constraints provided by the
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mechanical boundary conditions, the stiffness mismatch between the paint and the metal
soap, the fracture length scale, the chemical growth strain, and the chemical reaction
rate. However, none of these parameters had a significant influence on the growth char-
acteristics of the metal soap crystal. Unlike the parameters mentioned above, the initial
nucleus shape and chemical boundary conditions showed to have some local effect on the
shape of the metal soap crystal, which in turn affects the local stress distribution in the
paint layer and thus the damage of the paint layer.

The results obtained with the preliminary model are qualitatively in good agreement
with in situ observations of painting cross-sections. However, the predicted time scale
was significantly shorter than what is observed in reality. To improve the quantitative
predictions, the diffusion-reaction model was extended to describe both the reversible
reaction between saturated fatty acids and metal ions to form amorphous metal soap,
and the irreversible reaction to form crystalline metal soap. This enhanced diffusion-
reaction model was first calibrated on experiments presented in the literature, which refer
to the formation of lead soap in a lead-containing ionomer, thereby mimicking lead soap
formation in a paint layer. The calibrated model was subsequently used to analyse two
boundary value problems. The first boundary value problem represents a single-layer
paint model, in which multiple metal soap crystals can form. This geometry was analysed
by both the preliminary and the enhanced model. This revealed that, compared to the
preliminary model, the enhanced model formulation leads to a substantial increase in the
predicted characteristic time scale. In addition, the reduction in the reaction rate leads
to a more homogeneous spatial development of the saturated fatty acid concentration.
The second boundary value problem represented a multi-layer paint model in which a
single metal soap crystal forms. The crystal was assumed to grow within the ground
layer of the model, where the continuous growth caused a significant upward deflection
of the paint surface. This upward deflection resulted in a single surface crack in the
pictorial layer and was located directly above the crystal. Besides this surface crack, two
delamination cracks formed along the interface between the ground and pictorial layers,
which might ultimately lead to local paint flaking. It can be concluded that the proposed
model realistically predicts the effect of metal soap formation on the chemo-mechanical
degradation of historical oil paintings, and shows the contribution of a wide range of
parameters on the structural integrity of the paintings.

6.1.2 Mechanical properties of embedded historical oil paints
Obtaining the material properties of historic paint samples is not straightforward, as

only micrometre sized samples are available for testing, e.g. via nanoindentation tests.
These paint samples are typically embedded in a resin with different material properties,
which may affect the measured properties if the (relative) indentation size is substantial.
To simplify the process of calibrating the elastic and plastic properties of the embedded
sample, an analytical model was proposed. This model is based on analytical expres-
sions for the indentation of a homogeneous material, whereby the homogeneous stiffness
modulus is replaced by a representative effective stiffness modulus. The validity of the
analytical model has been established by comparing the analytical results to results ob-
tained from dedicated finite element simulations. These comparisons show that for a
considerable range of material parameters the analytical model describes the elastic in-
dentation behaviour with acceptable accuracy. Additionally, the elasto-plastic and plastic
indentation responses are adequately described by the model, with the plastic indenta-
tion essentially being dictated by the yield strength of the embedded material. Finally,

120



Recommendations

the practical applicability of the indentation model has been demonstrated by calibrating
the elastic stiffness of an embedded paint sample from indentation tests reported in the
literature.

6.2 Recommendations
The results obtained from the numerical simulations presented in Chapters 2, 3, and 4

provide a better understanding of the coupled chemo-mechanical degradation of histori-
cal oil paintings due to metal soap formation. In these simulations, the mechanical prop-
erties of the paint were estimated from uniaxial tensile tests reported in literature. These
tests, however, were performed on relatively young paint samples and were performed
at a larger length scale than that characteristic of the computational models. In addition,
the mechanical and diffusive properties of the crystalline metal soap were not available,
and, for simplicity, were therefore assumed to be equal to the properties of the paint. To
improve the quantitative predictions of the numerical simulations, it is recommended to
set up dedicated experiments to accurately determine the different mechanical properties
at the relevant length scales. This can be done, for example, by means of nanoindentation
tests, for which the model presented in Chapter 5 can be used to analyse the indentation
results. To further improve the accuracy of the numerical model, the model formulation
could be enhanced by including different relevant physical phenomena, such as, metal
ion diffusion, the effect of climate conditions on the material properties and the reaction
processes, and the drying and hydrolysis reactions. In addition, it may be of interest to
study the interaction between metal soap related degradation and climate induced fail-
ure of historical paintings. Finally, validation experiments of historically accurate paint
samples may be designed. The results obtained from these experiments can be used to
quantitatively validate the computational model, or help to identify the key physical phe-
nomena to be included in the model formulation. These paint samples can also be used
to accurately determine the characteristic time and length scales involved in the chemo-
mechanical degradation of oil paints.

The proposed analytical model for the indentation of embedded materials currently fo-
cuses on extracting the elasto-plastic response of the embedded material. For the chemo-
mechanical model presented in this thesis, additional mechanical parameters, such as
fracture strength and toughness, are also required; these can be also obtained from in-
dentation tests. It may be, therefore, of interest to incorporate the fracture properties in
the modelling of the indentation behaviour of embedded paint samples.
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Appendix A

Three-dimensional finite element model
versus analytical model for a paint
indentation problem

The bi-material configuration sketched in Figure 5.12 represents a paint (material 1) em-
bedded in a resin (material 2), which has been subjected to indentation testing as reported
in [48], see also Section 5.5. The suitability of the analytical model, Equation (5.28), for
determining the effective stiffness E of this configuration is assessed by means of a com-
parison with the results obtained from a detailed 3D FE indentation model. The 3D FE
simulation is carried out in a similar fashion as described in Section 5.2.3 for the axisym-
metric indentation models. For the tests performed in [48] the sample depth and width
are considerably larger than the indentation contact radius a and the distance b between
the indenter and the material interface; consequently, the geometry of the embedded
sample is treated as semi-infinite. The origin of the (x , y, z) coordinate system shown in
Figure 5.12 corresponds to the horizontal centre point of the half space configuration, and
is located along the free upper boundary, at a distance b from the vertical interface be-
tween the paint (material 1) and the supporting resin (material 2). The dimensions of the
FE geometry are 100×100×50 µm3. This tetragonal volume is discretised using 8-node
isoparametric brick elements with a 2×2×2 Gaussian quadrature. The model symmetry
in the y-direction is exploited by applying appropriate fixed and roller supports along the
x − z plane that crosses the origin of the (x , y, z) coordinate system. The semi-infinite
character of the half space is simulated by placing 8-node infinite elements along the lat-
eral boundaries and the lower boundary of the FE model. The FE mesh is constructed by
employing 606 786 finite elements and 22 594 infinite elements, whereby the mesh den-
sity is increased towards the indenter tip for obtaining highly accurate numerical results,
as confirmed from a mesh refinement study.

Figure A.1 shows the effective modulus calculated with the FE model and the an-
alytical model, by plotting the dimensionless modulus E/E1 versus the dimensionless
indentation radius a/b for a stiffness mismatch of E2/E1 = 5.0 and Poisson’s ratios of
ν1 = ν2 = 0.35. The value of the stiffness mismatch is considered as an initial estimate
for the embedded paint sample tested in [48]. The effective modulus is deduced from
the FE results by applying the stiffness expression Equation (5.36), whereas for the ana-
lytical result it directly follows from Equation (5.28). The unloading contact stiffness S
in Equation (5.36) is determined from the FE results via the discrete approximation of
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Figure A.1: Indentation response of the semi-infinite elastic bi-material with a straight, vertical
material interface as shown in Figure 5.12 (which represents an embedded paint sample). The
modulus mismatch equals E2/E1 = 5.0 and the Poisson’s ratios are ν1 = ν2 = 0.35. Dimen-
sionless effective elastic modulus E/E1 versus the dimensionless indentation radius a/b, as
determined from applying the stiffness expression Equation (5.36) (solid line) to the FE results,
and from the analytical model Equation (5.28) (dashed line).

its definition given in Equation (5.12), i.e. S ≈ ∆F/∆h, with ∆F and ∆h the numerical
increments of the applied load and the indentation depth, respectively. The results of the
FE simulation are plotted up to the stage at which the indenter reaches the supporting
material 2; as indicated in Figure 5.12, the contact radius a is measured in the direction
opposite to the material interface, so that the indenter reaches the material interface at a
value a/b somewhat smaller than unity, i.e. a/b = 0.76. It can be observed in Figure A.1
that the analytical effective modulus matches the numerical effective modulus closely over
its full range of indentation radius a/b. Hence, the analytical model, Equation (5.28), can
be used for an accurate calibration of the experimental indentation response presented in
[48] if the interpretation of the test data is done with the stiffness expression, Equation
(5.36).

Although the initially estimated stiffness mismatch of E2/E1 = 5.0 adopted for gen-
erating the results in Figure A.1 is somewhat lower than the stiffness mismatch of
E2/E1 = 8.3 deduced in Section 5.5 from the experimental indentation data, it may be
reasonably expected that this does not significantly affect the accuracy of the calibration
procedure.
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