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Geometric percolation of hard-sphere dispersions
in shear flow

Ilian Pihlajamaa, * René de Bruijn and Paul van der Schoot

We combine a heuristic theory of geometric percolation and the Smoluchowski theory of colloid

dynamics to predict the impact of shear flow on the percolation threshold of hard spherical colloidal

particles, and verify our findings by means of molecular dynamics simulations. It appears that the impact

of shear flow is subtle and highly non-trivial, even in the absence of hydrodynamic interactions between

the particles. The presence of shear flow can both increase and decrease the percolation threshold,

depending on the criterion used for determining whether or not two particles are connected and on the

Péclet number. Our approach opens up a route to quantitatively predict the percolation threshold in

nanocomposite materials that, as a rule, are produced under non-equilibrium conditions, making

comparison with equilibrium percolation theory tenuous. Our theory can be adapted straightforwardly

for application in other types of flow field, and particles of different shape or interacting via other than

hard-core potentials.

Introduction

The electrical conductivity of polymeric materials can be varied
over ten orders of magnitude by the incorporation of a relatively
small fraction of conductive nano-fillers, such as carbon black,
graphene and metallic particles.1–9 The intense interest in this
topic, evidenced by a huge surge in the number of studies
dealing with polymeric nano-composite materials in the last
few decades, is perhaps not entirely surprising given their
potential technological applications in, say, opto-electronics,
photo-voltaics and electromagnetic interference shielding.10–14

It turns out that the degree of homogeneity of the nano-particle
dispersion in the host material is of crucial importance to the
level of conduction of the composite achieved.15–22 Hence, great
care is taken in the manufacturing process to disperse the
nano-fillers evenly when the host material is still in the fluid
stages of the production. For this purpose, techniques are
applied that include sonication, manual mixing and shear
mixing, followed by casting and curing of the composite.23–27

These methods contribute to the homogeneous dispersion of
the particles and prevent their aggregation. Because the curing
of the fluid is typically (but not always28) done relatively quickly
after the mixing so as to avoid re-aggregation, the out-of-
equilibrium structure of the nano-fillers should be expected
to be essentially frozen-in in the final, solid composite.

Consequently, if one attempts to predict the percolation
threshold of composite materials using the standard tools of

liquid state theory, as is usually done in connectedness perco-
lation theory,29 then it stands to reason that these predictions
must be flawed. Indeed, connectedness percolation theory
assumes the particle distribution to obey (equilibrium) Boltz-
mann statistics.30,31 To remedy this for those conditions where
the particle distribution does not obey equilibrium statistics, a
quantitative, out-of-equilibrium continuum percolation theory is
sorely needed. Unfortunately, no such theory is, as far as we
are aware, currently available. One could envisage setting up a
non-equilibrium version of connectedness percolation theory,
based on the Smoluchowski equation for the steady-state pair
correlation function under flow.32 However, in the dynamical
theory there is no obvious way of separating the non-equilibrium
equivalent of the so-called connectedness and blocking func-
tions, as is possible in thermodynamic equilibrium.30

An alternative that does not have this problem, is to take a
more heuristic approach such as that we put forward in this work.
Here, we use a simple geometric criterion for the percolation
threshold that depends solely on the pair correlation function and
a connectivity criterion. The method quantitatively describes
results for different particle shapes from computer simulations
under conditions of thermal equilibrium.33 We combine this with
the known steady-state solution of the Smoluchowski equation for
the pair correlation function in shear flow, that we solve in the
limit of low volume fractions but apply also to intermediate and
high concentrations.34 Together, these two ingredients provide us
with a simple and tractable way to predict the percolation thresh-
old in dispersions that are out-of-equilibrium, which we apply to
the case of colloidal hard spheres in simple shear flow. We choose
to study hard spheres over particles with more realistic colloidal
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interactions for reasons of simplicity. We note that the method is
quite generic and allows for a straightforward extension to other
types of flow field and other types of inter-particle interaction and
particle shape. In future work, we intend to additionally study the
effects of colloidal attractions. Simple shear flow, parameterised by
the velocity field v p ( y, 0, 0), is among the most studied flow fields
due to it being the simplest model for the more complex shear
flows that are ubiquitous in industrial and experimental processes.
Moreover, it is well known that the properties of colloidal materials
change drastically when subjected to such flows.35,36 Specifically,
both shear-induced cluster formation and breaking-up has been
reported in the literature,37–40 making its influence on the percola-
tion threshold highly unclear. With this work we aim to shed light
on what impact a shear flow field may have on connected clusters,
and in particular under what conditions these break up or grow to
give rise to percolating particle networks.

As we shall see, while our theory loses its quantitative nature
for high shear rates when compared with our Langevin
dynamics simulations, it does overall describe the full phenom-
enology of how the percolation threshold depends on the
connectivity range, that is, the geometric criterion defining
whether two neighbouring particles are connected or not.
This agreement is reached without including any free (fitting)
parameters. In agreement with our simulations, we find that
for sufficiently large connectivity range, fluid flow increases
the percolation threshold and more so the larger the Péclet
number, whilst for small connectivity range the opposite happens.
This is caused by the delicate balance between the compression
and extension that the flow field exerts on the pair structure. The
impact of fluid flow on the percolation threshold remains modest,
however, staying within 15% of the static case for Péclet numbers
up to about ten. Our predictions are summarised in Fig. 1a and
the results of our simulations in Fig. 1b.

In the following, we first summarise the ingredients of our
theory, consisting of the geometric percolation theory of Alon
and collaborators,33 and the analytical prediction of the correc-
tion of the pair structure by shear flow of Bławzdziewicz et al.34

The latter we compare with our Langevin dynamics simula-
tions. We subsequently integrate both ingredients and obtain a
prediction of the percolation threshold, and end the paper with
conclusions and an outlook. Details of our calculations and
simulations are given at the end of this paper.

A heuristic approach to percolation

The theoretical framework of Alon et al. for predicting the
percolation threshold is ideally suited for our problem of
percolation far out of equilibrium, as it is geometric in nature
and does not require thermodynamic equilibrium to hold.33 We
summarise it below for the case of spherical interacting particles
but note that our treatment can be extended to non-spherical
particles as well, see ref. 42 for an example in the case of non-
interacting particles.

The theory presumes N homogeneously dispersed particles
to be present in a volume V. We quantify the structure of this
dispersion with the pair correlation function g(r): if a particle is
placed at the origin, then the probability of finding another
particle in volume element d3r at position r is equal to rg(r)d3r,
where r = N/V is the number density. We further assume that
pairs of particles with a centre-to-centre distance |r| smaller
than the connectivity length l are directly connected to each
other, implying that charge carriers can be transported effi-
ciently between them. Physically, this connectivity range l can
e.g. be interpreted as a tunnelling length.43,44

The question arises how to find the smallest connectivity
length lc for which a connected cluster of particles exists that

Fig. 1 Theoretical (a) and simulation (b) results of the dimensionless percolation threshold of a dispersion of hard spherical particles subject to a simple
shear flow as function of the ratio of the hard core diameter D and connectivity length l. The strength of the shear flow is quantified with the Péclet
number Pe. In (b), we indicate with the cross the literature value of rplc

3/6 = 0.341889 valid in the case of non-interacting particles41 and we add lines
between the obtained data points as guides to the eye. The insets show the relative change of the percolation threshold compared to the no-flow case.
In all figures, the maximal value of the hard-core diameter is given by D/lc = 0.96.
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spans the entire material for a given density r. This is equivalent
to asking what the critical density rc is at which a percolating
cluster appears for a given connectivity length l.45,46 The advan-
tage of the former formulation is that finding the structure for a
given density and finding the percolation threshold for a given
structure are now completely decoupled problems, and no
longer have to be solved self-consistently.

The argument of the theory is as follows. Clearly, a macro-
scopically connected cluster must comprise many so-called
backbone particles with two or more connections, since particles
with one or no connections at all cannot propagate connectivity
and therefore do not contribute to percolation. Heuristically,
Alon and coworkers argue that percolating networks only exist if
the average distance L between such backbone particles is
smaller than twice the average distance l between directly
connected particles (for which |r| o l). The percolation thresh-
old may thus be found by requiring that L = 2l.33 Estimates for
both lengths l and L can be obtained relatively straightforwardly
from the pair correlation function, g(r).

To start with the first and recalling that the probability of
finding a particle in volume d3r at position r is rg(r)d3r, we can use
an appropriately normalised (statistical) moment of g(r), evaluated
within the connectivity region, to estimate the mean distance l

between connected particles: l2 ¼
Ð
Vl
d3rgðrÞr2=

Ð
Vl
d3rgðrÞ. We

use the second moment rather than the first because it yields
more accurate predictions for the percolation threshold.33 In the
expression for l2, Vl is the connectivity region, which in our case is
the region within the sphere of radius l.

As to the distance L between backbone particles with two or
more direct connections, it is convenient to assume that the
probability Pk that a particle has k direct connections is
Poissonian, i.e., Pk = Bk exp(�B)/k!, in which B ¼ r

Ð
Vl
d3rgðrÞ is

the average number of direct connections. This assumption is
exact for non-interacting particles,47,48 and from our molecular
dynamics simulations we find that it remains a reasonable
approximation for dispersions of hard spheres at low to inter-
mediate densities (results shown in Fig. 3(g)). The mean
number density of particles with at least two neighbours, r2,
can now straightforwardly be found from r2 = r(1 � P0 � P1) =
r(1 � (1 + B)exp(�B)). Assuming that the volume available to each
particle is spherical, we have L = 2(4pr2/3)�1/3.

In conclusion, the criterion for percolation, L = 2l, we find to
be a function only of r, g(r), and l, and for any given density r and
corresponding pair correlation function g(r), we can use known
numerical routines49 to solve for the percolation threshold lc.
Of course, we need to know g(r) too. It can be evaluated directly
either from computer simulations, or, say, from the (numerical)
integration of the Ornstein–Zernike equations with a suitable
closure. For the case of hard particles, the Percus–Yevick closure
is known to be highly accurate.50

In Fig. 1a and b we also show our theoretical and simulation
results for zero Péclet number, so in the absence of a shear
field, the former within Percus–Yevick theory. For this, we
numerically integrated the Ornstein–Zernike equation within
the Percus–Yevick closure.51 The difference between theory and
simulation is less than 6% for all values of the connectivity

length l, which incidentally outperforms approximations
derived from rigorous liquid state theory significantly.52 Notice
that the limit D/l - 0 corresponds to the penetrable-sphere
limit. For increasing values of the hard-core diameter D at fixed
value of l, D/l increases and the percolation threshold initially
decreases before it increases again. This is caused by the
competition of an increasing contact value of the pair correla-
tion function and a shrinking connectivity region. As we shall
see, the presence of a flow field alters that competition. To
study this, we first need to evaluate the impact of flow on the
pair structure. A brief discussion of this we provide in the next
section.

Pair correlations under shear flow

In order to find the percolation threshold in particle suspensions
subject to a flow field, we must take into account the impact of
the flow field on the pair correlation function, g(r). To do this, we
approximate the pair correlation function using a steady-state
two-particle Smoluchowski equation.

In the absence of hydrodynamic interactions and many-body
correlations, this two-body Smoluchowski equation reads32

r�(Grg � 2D0(grV/kBT + rg)) = 0, (1)

for an arbitrary velocity gradient tensor G and spherically sym-
metric interaction potential V/kBT. Here, we introduced the
thermal energy kBT to non-dimensionalise the pair potential.

We restrict ourselves to the case of simple shear flow, with
velocity field v = Gr = _gyx̂, where _g is the shear rate, x̂ the unit
vector in the flow direction and y the coordinate along gradient
direction of the flow field. To calculate the pair structure in such
simply sheared liquids, we view it as a (not necessarily small)
correction dg(r, Pe) = g(r, Pe) � g0(r) of the equilibrium pair
correlation function g0(r). Here, Pe = _gD2/4D0 is the Péclet number,
with D the particle diameter and D0 the self-diffusion constant.†
For spherical particles, the equilibrium pair correlation function
g0(r) only depends on the radial distance r = |r| between the
particles, for which reason it is usually referred to as the radial
distribution function. Under shear, this is no longer true as the
flow field breaks the spherical symmetry. We neglect the effect of
hydrodynamic interactions to keep the theory concise. At the end
of the next section, we shall discuss the validity of this
approximation.

To apply (1) to the case of a hard-sphere liquid, Bławzdzie-
wicz and Szamel34 have imposed no-flux boundary conditions
at r = D and set V = 0 for r 4 D. This results in the boundary
value problem for dg(r, Pe) given by

2D0r2dg� _gy
@dg
@x
¼ 0 r4D; (2)

† By self-diffusion constant, we mean the diffusion constant that a particle would
have if it is isolated from all other solute particles in the absence of a flow field. It
can be estimated by the Stokes-Einstein relation D0 ¼ kBT=3pZ0D, in which Z0is
the viscosity of the medium.
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2D0
@dg
@r
� _g

xy

r
dg ¼ _g

xy

r
r ¼ D: (3)

Since many-body correlations have been neglected here, the
prediction for dg(r) does not depend on the particle density.
This approximation is equivalent to setting the reference pair
correlation function g0(r) = exp(�V(r)/kBT). We therefore expect
the predicted flow-induced correction to be accurate only for
sufficiently low volume fractions. In the next section, we
combine this correction, strictly valid in the dilute limit, with
a more realistic equilibrium structure at high densities.

We choose to use the theory of Bławzdziewicz and Szamel,34

rather than more sophisticated approaches,53–61 because even
with this relatively simple model we obtain quite accurate
results for the percolation threshold. An additional benefit is
that the partial differential eqn (2), together with hard-sphere
no-flux boundary condition (3), admit an analytical treatment
that we summarise in Methods section.34

We perform a direct test of the theory by comparing the
prediction for dg(r, Pe) with results from our Langevin
dynamics simulations in Fig. 2. The figure shows the shear-
induced correction dg obtained from the theory and that from

our simulations at two densities in the xy-plane, for two
different Péclet numbers. We see that for low volume fractions
j = prD3/6 { 1, the simulation results quantitatively match the
theoretical model, at least up to Pe = 10. (For Pe = 1 we take for
our simulations j = 0.1 rather than the j = 0.01 that we used for
Pe = 10 to improve the statistics.) For high volume fractions,
however, we find that highly complex and long-ranged pair
correlations are induced by the shear field, which differ not
only quantitatively but in fact also qualitatively from those that
our theoretical model predicts. This is not all that surprising,
given the approximations of the model.

At high densities, long-ranged correlations are in fact also
present in the equilibrium pair correlation function, shown in
Fig. 3(e), to which the shear flow couples. At low Péclet
numbers, the peaks of the equilibrium pair correlation func-
tion are amplified in the compression quadrants and sup-
pressed extensional quadrants. The opposite happens with
the troughs of the equilibrium radial distribution function. In
the compression quadrants, the flow increases the magnitude
of structural correlations because the local density increases,
whereas the opposite happens in the extensional quadrants. If
the strength of the shear flow increases, this persists in the

Fig. 2 Comparison between theory and simulations of the shear-induced correction of the pair correlation function dg(r, Pe) at low and high volume
fractions of hard, spherical particles in the flow-gradient plane. The figures in the first column (a and d) correspond to the theoretical model, whereas the
second (b and e) and third (c and f) column correspond to simulation results at low and high volume fractions j. The first row (a–c) represents dispersions
at Péclet number Pe = 1, and for the second we set Pe = 10. Each row shares a colour scheme that indicates the values of dg(r, Pe). For clarity, we added a
thin black line at r = D indicating the theoretical excluded volume of hard, spherical particles.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

6 
M

ay
 2

02
2.

 D
ow

nl
oa

de
d 

on
 6

/1
3/

20
22

 9
:5

7:
00

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2sm00375a


This journal is © The Royal Society of Chemistry 2022 Soft Matter, 2022, 18, 4167–4177 |  4171

compression quadrant but leads to complex structural patterns
in the extensional quadrant.

A more quantitative comparison we provide in Fig. 3(a–d),
where we plot the same results for dg(r, Pe) presented in
Fig. 2(d–f) for Pe = 10 along specific curves. In Fig. 3(a) we vary
the azimuthal angle f = arctan y/x at fixed distance in the
xy-plane and in (b–d) the radial distance r for fixed angles y and f.

The figures confirm that the theoretical model reproduces
very well the shear-induced correction of the pair correlation
function dg at low volume fraction. At high volume fractions of
particles, we again see that the theoretical model qualitatively
fails to predict the features of dg(r, Pe). In fact, we notice the
emergence of an additional peak in the correction of the pair
correlation function at constant radius, see Fig. 3(a). In the
constant-angle plots, (b–d), we obtain additional peaks and a
large increase in the structural correlations at high particle
density. In Fig. 3(d), we show the dg along the line perpendi-
cular to the shear-plane. This correction is clearly nonzero,
which is consistent with earlier findings from theory and
simulations.34,57,62,63 Notice also that the range of these correla-
tions increases drastically at a volume fraction of j = 0.4, which
is close to the freezing transition in the absence of a flow field.

What these results point at, is that in the xy-plane along the
axis f = p/4 (in the extensional quadrants) the contact value of
g(r) goes down, whilst along the axis f = 3p/4 (in the compres-
sional quadrants) it increases very strongly. This, of course, has
consequences for the structure, size and shape of (geometric)
clusters of particles, as the contact value of g(r) informs on the
likelihood of the presence of other particles near the surface of a
test particle. In turn, this must have an impact on the percolation
transition, which occurs when macroscopic clusters form.
We investigate this next in more detail by making use of the
prediction for dg(r, Pe) and the heuristic percolation criterion to
investigate the percolation threshold for different Péclet numbers.

The percolation threshold

In the previous section we calculated the correction dg(r, Pe) =
g(r, Pe) � g0(r) of the equilibrium radial distribution function
g0(r), if we presume the latter to obey a simple Boltzmann
weight. For hard particles this becomes a step function, and is
accurate only for very low volume fractions j { 1. Since we are
not necessarily only interested in results at low volume frac-
tions, we use the g0(r) obtained from the numerical integration

Fig. 3 Quantitative comparison of the predicted structure with molecular dynamics simulation data. (a–d) Shear-induced correction of the pair
correlation function dg(r, Pe) of spherical particles along different curves through three dimensional space at volume fraction j = 0.01 (blue circles) and
j = 0.4 (red diamonds) for Péclet number Pe = 10. Respectively, they correspond to the correction at constant radial distance r = 1.2D in the xy-plane,
and along the curves r ¼ rðx̂þ ŷÞ=

ffiffiffi
2
p

., r ¼ rð�x̂þ ŷÞ=
ffiffiffi
2
p

, and r = rẑ. Indicated are also the theoretical predictions (drawn line). (e) Equilibrium radial
distribution function at volume fractions j = 0.01 (blue) and j = 0.4 (red). (f) Flow-induced correction of the pair correlation function averaged over all
solid angles for different Péclet numbers as predicted by the theory. Colour coding of the curves is given in the legend. (g) Probability Pk that a particle has
k direct connections at the percolation threshold lc for Pe = 10. The simulation results are compared to Poisson distributions where the average number
of neighbours B is determined from the simulation results, that is, B = 2.7, 1.8, 1.1 for rD3 = 0.0005, 0.25, 0.88, respectively. (h) Percolation probability
Pp(l) in the absence of shear flow for D/l = 0, determined for different particle number N indicated in the legend. The intersection of the curves is shown
in the inset.
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of the Ornstein–Zernike equation together with the Percus–
Yevick closure51 to obtain an ad hoc approximation for the full
multi-body g(r, Pe). Clearly, it is only multi-body for the
(reference) equilibrium structure, while the impact of flow is
only described at the two-body level. Inserting this into the
percolation criterion yields the percolation threshold, which we
present in Fig. 1.

We show the results on the effect of shear flow on the
percolation threshold according to our model in Fig. 1a. In
Fig. 1b, we compare them to percolation thresholds obtained
from the analysis of snapshots of our molecular dynamics
simulations, on which more information can be found in the
Methods section. We plot the critical volume fraction rplc/6 of
connectivity regions as a function of the relative size of the
hard-core particle diameters D/lc. If the hard-core diameter D
goes to zero and particle interactions become negligible,
we find that the effect of the shear flow on the percolation
threshold does so too. In this case, our simulation results agree
very accurately with the literature value of rplc/6 E 0.341889.41

The fact that a flow field does not impact this number is
intuitive, since the flow field cannot induce any structural
changes if the particles do not interact, i.e., if D = 0. In the
intermediate and high D/lc regime, both theory and simula-
tions agree that an applied shear flow can both increase and
decrease the percolation threshold of a fluid dispersion of
spherical particles, depending on their hard-core diameter
and strength of the flow field. As already alluded to, the effect
of flow on the percolation threshold is modest with deviations
of at most 15%. See also the insets of Fig. 1, that show relative
changes compared to the no-flow case.

For all Péclet numbers studied, we find that there is a value
of D/lc, below which the percolation threshold increases and
above which it decreases if compared with the Pe = 0 case. Both
the decrease and increase are explained by the theory. Since the
orientationally averaged correction of the pair correlation func-
tion is positive for short distances, see Fig. 3(f), the flow field
induces an increase in the average number of neighbours for
small l. This naturally translates to a lower percolation thresh-
old for large D/l. Conversely, for large separation distances r,
the orientationally averaged correction becomes negative,
meaning that the flow field decreases the number of neigh-
bours for large l, thereby increasing the percolation threshold
for small D/l.

We believe that the shear-induced decrease of the percola-
tion threshold for large D/lc is closely related to the emergence
of so-called shear-induced contact clusters,40 which have also
been found in earlier simulations.39,64 Even at volume fractions
where such clusters are finite, they might play a significant role
in aiding long-range connectivity and therefore in decreasing
the percolation threshold with respect to the equilibrium
situation. In fact, from our simulations we find that the average
cluster becomes progressively elongated as the Péclet number
increases, in line with what has been found in simulations of
such contact clusters.39

The results of Fig. 1 confirm that there is good qualitative
agreement between our theoretical model and simulation

results of the percolation threshold. Our model correctly
predicts the shear flow to induce an increase and subsequent
decrease of the percolation threshold with decreasing connec-
tivity range, and gives an accurate estimate of the location of
the crossovers between these two regimes. It predicts the shift
in the percolation threshold with almost quantitative accuracy
as long as the material is sufficiently dilute, that is, as long as,
say, D/lc o 0.8, which roughly corresponds to hard-core volume
fractions jo 0.2. However, as seen more clearly in the insets of
Fig. 1, our theory does not quite capture the impact of shear
flow on the percolation threshold for large values of D/lc. In
that case, the hard-core volume fraction is high and the shear
flow significantly affects many-body contributions to the pair
structure, as we also show in Fig. 2. The reason why a flow field
seems to only have a modest effect on the percolation threshold
for all values of D/lc, even though it strongly impacts on the
pair structure, is probably due to the circumstance that the
orientational average of the many-body corrections remains
small. This can in fact be deduced from Fig. 2(c and f), which
show that corrections in the compression quadrants in part
compensate for those those in the extensional quadrants,
especially in the low Péclet number regime.

We expect that by taking many-body correlations in the
distortion of the pair correlation function by the flow field
explicitly into account, the accuracy of our predictions would
improve slightly for values of D/lc approaching unity. Fortu-
nately, for the largest part of our work, the hard-core volume
fractions at the percolation threshold remain rather low, that
is, lower than 0.2 as long as the hard-core diameter remains
smaller than 80% of the connectivity range. At least for those
cases, many-body correlations play only a subdominant role,65

and should not be expected to influence the results much, as is
evidenced by the agreement between the percolation thresholds
obtained from our theory and simulations.

Even if many-body correlations had been included, they
would not have remedied the slight disagreement between
theory and simulation of the location of the minimum of the
percolation threshold as a function of D/lc that the theory
overestimates. As this is already the case for Pe = 0, this must in
part be caused by the heuristic percolation theory we use.
It would be interesting to see whether a novel continuum
percolation theory that was recently proposed, nearest-
neighbour connectedness theory,66,67 improves the agreement.
Although it is also based on geometric considerations, it is not
obvious how to apply it to out-of-equilibrium percolation as it
does not rely solely on the concept of a pair correlation
function.

For reasons of conciseness, neither our theory nor our
simulations include hydrodynamic interactions between the
colloids, e.g., in the form of short-ranged lubrication forces or
long-ranged hydrodynamic many-body interactions. For low
volume fractions and small Péclet numbers, we expect that
changes in the perturbation of the structure due to hydro-
dynamic interactions are of quantitative nature only, and
consequently this must also hold for their impact on the
percolation threshold. In the limiting case of vanishing flow
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fields, indeed, the material is in equilibrium and hydrodynamic
interactions cannot change the structure of the dispersion.68

Consequently, they can neither have an effect on the percola-
tion threshold. For strong shear cases, their exclusion might
not be justified.

Conclusions and outlook

We have presented a theoretical framework that describes the
geometric percolation of hard, spherical particles under shear
flow within the free-draining approximation. The predictions of
the theory compare favourably with results of our Langevin
dynamics computer simulations. We find that the percolation
threshold is determined, on the one hand, by the ratio of the
connectivity range and the hard-core diameter of the particles
and, on the other, by the Péclet number that measures how
much diffusion is affected by the flow field. The Péclet number
is proportional to the flow rate.

In the absence of a flow field, so at zero Péclet number, and
at fixed connectivity range, the percolation threshold initially
decreases with increasing hard-core diameter, to subsequently
increase again when the hard-core diameter approaches the
connectivity range. If we ramp up the strength of the flow field,
the percolation threshold increases for small hard-core
diameters smaller than some critical value, yet decreases if
the diameter is larger than that. This critical value we find
to depend on the Péclet number. Our calculations show that
this is caused by the balance between compressional and
extensional effects that the shear flow exerts on the local
particle density field near a reference particle.

According to our simulations and theoretical predictions,
the influence of simple shear flow on the percolation threshold
of hard colloidal spheres remains modest for Péclet numbers
below 10. This suggests that for many practical applications,
where a high-precision prediction is not required, the subtle
influence of shear flow on the percolation threshold may well
be disregarded. In that case, calculations based on equilibrium
connectedness percolation theory would suffice. Whether this
conclusion extends to sticky colloids or to particles that are not
isometric, remains to be seen.

The disagreement of our theoretical predictions with our
computer simulations of the percolation threshold is at most
7% for Péclet numbers up to ten. This error depends only very
weakly on the shear rate, and because of that must originate
mainly from either the heuristic percolation criterion or the
equilibrium pair correlation function. It becomes shear rate
dependent only if the hard-core diameter approaches the con-
nectivity range. In that case, there are obvious routes to improve-
ment for the theory. A clear path forward involves the inclusion
of higher-than-two-body correlations in the bare correlation that
serves as input for the calculations. See, for example, ref. 50, 57
and 68–71 for more detailed discussions on how to deal with the
inclusion of such higher order correlation functions.

Throughout this work, we have disregarded hydrodynamic
interactions because they would render the molecular dynamics

simulations very computationally expensive, and complicate the
analytic treatment of the theory. As we argue in the main text,
we expect that this does not introduce serious errors to the
percolation threshold for low Péclet numbers. For stronger flow
fields, however, hydrodynamic interactions should probably be
taken into account to retain qualitative accuracy of the
theory.57,72 We note that this is highly non-trivial, and requires
the inclusion of additional terms in eqn (1).32,36,62,69,72–75

Because of its simplicity and generality, the framework
outlined here may prove a useful tool for modelling percolation
in more realistic and perhaps interesting systems or setups.
Our theory can straightforwardly be extended to more compli-
cated flow fields and interaction potentials by solving the two-
body Smoluchowski eqn (1) either analytically or numerically,
and inserting the result in the heuristic percolation criterion.

To apply the theory to the case of non-spherical particles, the
pair correlation function depends also on the orientations of
both particles and additional terms need to be added in eqn (1)
to account for rotational diffusion.68,76 Computer simulations
and experiments indicate that such orientational degrees of
freedom give rise to fundamentally different clustering behav-
iour than is the case for dispersions of spherical particles.77–81

It appears this is due, in large part, to the aligning effect a flow
field exerts on highly non-isometric particles.82,83

To study the percolation of colloidal particles in polymeric
hosts, which is the original motivation of this work, there are
two obvious routes to improve the model. Firstly, the effects of
colloidal attractions would have to be incorporated into the
theory. We intend to pursue this in further research. Experiments
suggest that these effects have a major influence on the per-
colation threshold of the nanocomposite.84 Secondly, the non-
Newtonian nature of the background fluid has to be incorpo-
rated too, especially in cases of strong flow fields. This can be
achieved pragmatically by making the colloid self-diffusion
coefficient shear-rate dependent in a way that faithfully models
the shear thinning or thickening behaviour of the studied host
material.

Methods

In this section we present technical details that are not essential
the the main thesis of this work. We start by presenting a sketch
of the derivation of the solution of the Smoluchowski equation,
and present details on the Langevin dynamics simulations
thereafter.

Analytical solution of the Smoluchowski Equation

We follow Bławzdziewicz and Szamel to solve the two-particle
Smoluchowski boundary value problem given by eqn (2) and
(3), using the method of induced multipole sources.34,85 First,
we note that the fundamental solutions of the time-dependent
version of the Smoluchowski eqn (2)

@dg
@t
þ _gy

@dg
@x
� 2D0r2dg ¼ 0 (4)
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are given by86

Fðx; y; z; tÞ ¼ t�3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
t2 þ 1

r exp � Pe

4tD2

ðx� ytÞ2
1

3
t2 þ 1

þ y2 þ z2

0
B@

1
CA

2
64

3
75:
(5)

To be able to satisfy the boundary conditions (3), we place a
linear combination of multipole sources at r = 0. The multipole
source functions Tab(x, y, z, t) can be found by taking repeated
spatial derivatives of the fundamental solutions

Tabðx; y; z; tÞ ¼ D
@

@x

� �a

D
@

@y
þ 2tD

@

@x

� �b

Fðx; y; z; tÞ: (6)

Since we are focused on finding the steady-state solution of
eqn (4) rather than its time-dependent behaviour, we use the
limit method87 to find steady state multipole source functions
Tab(x, y, z)

Tabðx; y; zÞ ¼
ð1
0

dtTabðx; y; z; tÞ: (7)

The full solution of the steady state boundary value
problem is now

dgðr;PeÞ ¼
X1
a;b¼0

CabTabðx; y; zÞ; (8)

in which Cab are coefficients that are used to satisfy the
boundary condition (3).

To fix the coefficients Cab, we insert (8) into (3) and expand
both the left- and the right-hand side in terms of real-valued
spherical harmonics Ylm(x, y, z). Using the fact that

xy ¼ D2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4p=15

p
Y2;�2ðx; y; zÞ, the boundary condition can now

be formulated as

X1
a;b¼0

Cab
X1
l¼0

Xl
m¼�l

jlmabYlmðx; y; zÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
4pD2

15

s
Y2;�2; r ¼ D; (9)

or, more compactly,

X1
a;b¼0

Cabjlmab ¼

ffiffiffiffiffiffiffiffiffiffiffi
4pD2

15

s
dl;2dm;�2; (10)

from which the expansion coefficients jlm
ab follow by invoking

the orthogonality property

jlmab ¼
ð2p
0

df
ðp
0

d y sin yYlmðy;fÞ
@Tab

@r
� xy

D
Tabðx; y; zÞ

� �
; (11)

evaluated at r = D. Having found the expansion coefficients
jlm
ab, we evaluate the coefficients Cab by inverting the linear

system of equations given by (10). In agreement with Bławzd-
ziewicz and Szamel, we find that the procedure converges if we
take into account all coefficients such that a + b r 10, at least
for Pe o 10.

The spherical integrals we performed numerically using the
Lebedev quadrature of order 47.88 The t-integrals we performed

using Simpson’s rule on a logarithmic grid of 100 points
spanning from t = 10�5 to t = 105.89 In order to calculate the
radial integrals occurring in the expressions of the two length
scales l and L, we use a trapezoidal rule, and subsequently solve
the percolation criterion 2l = L using Broyden’s rule,90 in order
to find the percolation threshold.

Molecular dynamics simulations

In order to verify our theory, we perform particle-resolved
simulations using the LAMMPS software package,91 explicitly
integrating the Langevin equation

m€r ¼ �rU � g _r� Grð Þ þ R; (12)

for every particle.92 In the Langevin equation, we have intro-
duced the mass m = 1, friction coefficient g = 10, and the
fluctuating force R(t) that has zero mean and a variance
dictated by the fluctuation dissipation theorem

RiðtÞRjðt 0Þ
� �

¼ 2gkBTdi;jdðt� t 0Þ; (13)

in which Ri and Rj are components of the vector R. The
potential energy is given by the sum over all pair potentials,
for which we choose the Weeks–Chandler–Anderson form,93

UijðrÞ=kBT ¼ 4e
s
rij

� �12

� s
rij

� �6
 !

þ e; (14)

if rij o 21/6s and Uij/kBT = 0 otherwise. We choose to set
s = 2�1/6D and e = 100. This choice ensures that we accurately
model hard-sphere behaviour.

We introduce shear flow in our simulations by continuously
deforming our simulation box every time step such that the
shear strain is equal to _g = 1 in dimensionless units.
This requires us to remap the particle velocities when
they cross the periodic boundaries in the y-direction. This
method is equivalent to introducing Lees–Edwards boundary
conditions.94 In the friction term on the right hand side of
eqn (12), we compute the friction force by multiplying the
friction coefficient g by the velocity of the particle relative to
the background flow field. Together, these methods result in a
simulation of simple shear flow with a linear average velocity
profile. As a consistency check, we verified that the slope of this
profile agrees with the one that we impose.

The Péclet number Pe ¼ _gD2

4D0
we now vary through the

diffusion constant D0 = kBT/g by adjusting the temperature.
By changing the density, we effectively change D/lc, allowing us
to probe the influence of hard-core interactions on the percola-
tion threshold.

For densities rD3 o 0.01 we set our time step equal to
Dt = 10�3, which regime corresponds to the leftmost five data
points in Fig. 1b. For all higher densities rD3 4 0.01 we set our
time step equal to Dt = 10�4 in order to ensure that we correctly
integrate the equations of motion. This is especially necessary
for the highest shear rate. We perform production runs of 108

time steps, saving the particle positions every 104 time steps.
Before we initiate this production run, we equilibrate the
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system and ascertain that the pressure and total potential
energy of the system have relaxed to a steady state.

By performing a full hierarchical clustering procedure for
each saved simulation snapshot,95,96 we determine the smallest
connectivity length l for which a cluster exists that connects to
any image of itself through the periodic boundaries.97 Using
the set of all such connectivity lengths, we construct a percola-
tion probability P(l) for a given simulation. An example of such
curves is given for four different system sizes in Fig. 3(h).

To obtain the percolation threshold lc, we locate of the
intersection of the percolation probabilities of simulations of
two different system sizes at the same particle density.98 We
find that finite-size effects are negligible if the sizes of the two
systems are chosen such that N = 500 and N = 4000. In the
absence of a shear flow _g = 0, our obtained percolation
thresholds agree to within a few percent with those found in the
literature.99 In the presence of shear flow, the validity of this
procedure depends on whether geometric percolation remains
a critical phenomenon, which has been verified to be the case
by Gallier and coworkers.39 We probe the effect of the flow field
on cluster shape by evaluating the eigenvalues of the gyration
tensors of clusters of connected particles.100
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