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Summary

Interconnected systems are omnipresent. The role of such systems in modern time
becomes increasingly important, with examples including power networks, net-
works in systems biology, economic systems and chemical plant networks. From a
control point-of-view, the ultimate goal is to influence an interconnected system
such that it achieves a desired closed-loop performance or prescribed behavior.
Models are typically not directly available for such systems, while data can be col-
lected with increasing ease. Moreover, commonalities of interconnected systems,
such as geographically distributed systems and a high dimension, impose restric-
tions on the controller synthesis and data collection. The challenge considered in
this thesis is the use of data for the modeling and control of an interconnected
system in a scalable manner with optimal or guaranteed control performance in
some well-defined sense.

Non-centralized controllers, such as distributed controllers, yield the advan-
tage of a non-classical communication pattern together with structured controller
dynamics. We consider three main research problems in this thesis, connecting
data of an interconnected system to distributed controller design. The first prob-
lem is to develop data-driven methods for modeling an interconnected system
with the aim of distributed controller design. Then, the problem of synthesiz-
ing a distributed controller directly on the basis of data is considered, omitting
the modeling of the underlying interconnected system. Finally, the problem of
determining whether data are informative for distributed controller design with
stability and performance guarantees is considered.

Provided the typical model-based nature of distributed controller synthesis
methods, new modeling problems become apparent for identifying dynamical
systems that are part of an interconnected system. These problems are related
to local required model information, the distribution of identification with respect
to an information pattern, and the orientation of identification towards a control-
performance metric. In this thesis, it is shown how the data-driven modeling of
linear interconnected systems in a closed-loop configuration can be performed by
dynamic network identification. Further, results have been developed to perform
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control-oriented identification of dynamic networks with respect to % perfor-
mance criteria. Optimally, the control-oriented identification corresponds with
a multi-input-multi-output prediction-error identification problem with external
predictor inputs and internal predictor outputs. To allow for decentralized data
collection and distributed estimation of model parameters, this thesis provides
a solution to the distributed identification problem. For the corresponding dis-
tributed 5% controller synthesis problem, convex synthesis conditions have been
developed, allowing for a scalable controller design.

Omitting the modeling step in the intertwined identification and control prob-
lem, leads to a data-driven philosophy for control, called direct data-driven con-
trol. This philosophy is particularly interesting for the control of interconnected
systems, due to the complex model structures. In this thesis, we make the step
from the well-established field of centralized direct data-driven control to dis-
tributed direct data-driven control. The development is based on the model-
reference paradigm, utilizing a structured reference model that describes desired
characteristics for the interconnected system. We introduce the notion of an
ideal distributed controller that implements the structured reference model ex-
actly. Two methods are provided for distributed direct data-driven controller
synthesis via dynamic network identification, enabled by either tailor-made noise
modeling or local controller identification in an auxiliary network.

Informativity is a fundamental property in data-driven control and identifi-
cation of interconnected systems. The concept of informativity allows the use of
data that is not necessarily persistently exciting of a sufficient order for identifi-
cation, but is informative enough for, e.g., stabilization or performance-oriented
controller synthesis. Conditions for informativity for linear systems with exact
data and disturbed data with quadratic noise bounds have been studied in the
literature. In this thesis we study informativity of data from interconnected
systems for the synthesis of stabilizing distributed controllers and % /%, per-
formance specifications. Alternative to data with quadratic noise bounds, we
investigate informativity with a different prior knowledge on the noise, in the
form of cross-covariance bounds. Comprehensive solutions are provided for de-
termining informativity of data for (distributed) control and for the synthesis of
distributed controllers from noisy data with guaranteed 7% or 7%, performance.



Notation and symbols

! transpose of vector x

I identity matrix

1 column vector of all ones

0 zero, zero vector, zero matrix

A1 inverse of matrix A

AT transpose of matrix A

rank(A) rank of matrix A

trace(A) trace of matrix A

im A image of matrix A

ker A kernel of matrix A

A basis matrix of ker A

in” A number of negative eigenvalues of real symmetric matrix A
in® A number of zero eigenvalues of real symmetric matrix A

int A number of positive eigenvalues of real symmetric matrix A
inA inertia of real symmetric matrix A, i.e., (in~ A,in® A,in™ A)

diag(Ai, ..., A ) block-diagonal matrix with matrices Ay, ..., A,, on its diagonal

col(A4y,...,A,,) matrix that vertically stacks matrices Ay, ..., A,
row(A1,...,A,) matrix that horizontally stacks matrices Ay,..., A4,

diag,c 4 Aq block-diagonal matrix with matrices A,, a € A, on its diagonal
colyen Ag matrix that vertically stacks matrices A,, a € A

roWaea Aqg matrix that horizontally stacks matrices A,, a € A



the (4, j)-th entry of matrix A

matrix A is positive definite

matrix A is positive semi-definite

matrix —A is positive definite

matrix —A is positive semi-definite

the set of real numbers

the set of non-negative real numbers

the set of positive real numbers

set of vectors with n real entries

set of n X m matrices with real entries

set of n X n symmetric matrices with real entries
the set of integer numbers

the set of non-negative integer numbers

the set of positive integer numbers

the set ZNJa,b] fora <b,a €Z,beZ

the relative complement of set A with respect to set B
the cardinality of set A

Euclidean norm of a a vector z € R"

set of all Lebesgue measurable functions d : N — R™
set of all Lebesgue measurable functions d : R — R™
¢3 norm of d € ¢35

Lo norm of d € LT

5 norm of asymptotically stable system X

% norm of asymptotically stable system X

Degree of a polynomial function F

Relative degree of a rational function F'
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Chapter 1

Introduction

1.1 Interconnected systems — taking control

Think about any device around you that is electrical or mechanical. Likely, this
device consists of several interconnected components or is interconnected with
one or multiple other devices. In the current era of technology, it is hard to
imagine a world without complex technological systems that enhance our society.
Be it the power generators feeding the electricity grid, irrigation systems that
serve the demand for water in growing crops, or our mobile phone that allows
us to connect to any other device connected to the internet. Even the room in
our office is a system that is interconnected to other systems: walls of adjacent
rooms transfer energy according to the second law of thermodynamics.

When we mention a system, we have to describe what we mean by this notion.
Various (formal) definitions of a system can be given. On a high level, a system
is an object to which variables are associated, room temperatures for example,
that influence each other, i.e., variables that interact. Some of these variables
can be observable, while other variables can be influenced. These variables may
be called respectively outputs and inputs. When a variable, not necessarily an
input or output, is associated with multiple systems, an interaction between the
systems occurs, naturally. We say that the systems are interconnected. At this
point, we do not formalize the notion of interconnected systems further. Instead,
we discuss a couple of examples of such systems.

Example 1.1 (Power networks). A power network consists of systems that
consume and/or produce electrical energy and are interconnected through power
transmission lines. In a classical power network, electrical energy is produced in
central power stations, such as coal-fired power stations, nuclear power plants or
hydro-electric power stations. Energy is consumed by the private and industrial
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sectors that have loads connected to the power grid. In this way the classical
power grid can be seen as one-way pipeline, where the source (power station) has
no real-time information about the termination points (consumers)
. The classical power network is undergoing a rapid transformation. This
transformation is partially induced by the integration of renewable energy sources,
leading to distributed power consumption, storage, and generation by small-scale
resources (Figure .

The transition from a classical power network to a power grid with distributed
power generation, storage and consumption (smart grid), forms a technological
challenge and offers opportunities at the same time. Indeed, the uni-directional
nature, over-engineered properties and low efficiency of the existing power grid

can be improved 2010). These changes, however, can affect the syn-

chronous stability of the power network, i.e., the ability to recover a synchronous
frequency in the event of a disturbance . The frequency is of main
importance in the power network. It is a variable that is associated with each
system in the power grid and has to be close to a nominal value, e.g. 50 Hz,
for safe and reliable operation of the grid. A change in frequency at one node
propagates through a power network, as the nodes are (indirectly) coupled through
their frequency and corresponding phase.

Hospital
sorseil L . (with own generator)

=, Power station

HE (= I
==

Control centre

Wind

Apartment
buildings

Smart-office 5
building g
(with own

i
Sp
generator)

Smart house
(with hydrogen-car
generator)

Figure 1.1: A smart grid is an electrical network that consists of renewable energy
sources, traditional power plants, energy storage and users that consume and/or

produce energy. Image adapted from (Kiesling, 2010).

Example 1.2 (Irrigation networks). Withdrawal of water from surface and
groundwater resources for irrigation currently accounts for 710% of all global water

withdrawals 2021). Efficient use of water in irrigation is therefore of
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paramount importance. An irrigation network serves the transportation of water
from reservoirs to farms through an infrastructure of open-water channels, illus-
trated in Figure[I.3 In large-scale irrigation networks, the distribution of water
in an irrigation network is typically performed under gravity (Cantoni et al.,
2007). The flow of water in the network is controlled by gates, for example over-
shot gates (depicted in schematic form in Figure . An open-water channel in
the network can be interpreted as a series of water pools that are linked through
the control gates.

Water losses in irrigation networks occur due to seepage and evaporation,
but are mainly due to oversupply, resulting in spillage along, and at the end of,
open water channels (Cantoni et al., (2007). Efficient operation of the network
therefore requires that water levels along a channel remain close to reference set
points, depending on the demand. The actuation of an upstream gate does not
only influence the water level of a downstream pool. Indeed, also the water level
of the upstream pool is influenced, leading to an interaction of the pools (systems)
in the network.

Farm
Main ch 1
ain channe h
Reservoir ] ] ] --
Gate
1 F
Secondary channel [_] | Tarm
Farm [
] Farm
L

Figure 1.2: Top view of an irrigation network, illustrating the distribution of
water through a network of channels and gates.

The urge to understand and influence systems that are around us, either
natural or synthetic, has been part of human society for as long as we are aware
of. This has brought laws of physics, understanding of the human body and
the development of man-made systems currently running our society. The verb
understand is intrinsically coupled with the verb model. In everyday life, we
model the world around us in order to interact with it; we implicitly create a
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model of a conversation partner to predict his/her response, we implicitly create
a model of our keyboard to hit the right key when we type and we model our
surroundings when we cycle to avoid the collision with a tree.

Modeling systems explicitly requires a systematic approach. For example,
modeling dynamical systems by a graphical model, e.g., a typical time trajec-
tory or frequency function, is widely accepted for design purposes (Ljung} [1999).
For systems that are too complex to be modeled graphically, a mathematical
model may be necessary. Mathematical models describe relations among sys-
tem variables by mathematical expressions. For models of dynamical systems,
these mathematical models typically consist of a set of difference or differential
equations. Paramount mathematical models in the systems and control field are
polynomial models (Ljung, 1999), (Hannan and Deistler| [1987)), transfer function
models (Ljung, [1999), state-space models (Franklin et al.l 2020) and behavioral
models (Polderman and Willems)|, 1998]), each of which has its own advantages
and applications.

Modeling an interconnected system is a special and important case of math-
ematical modeling. Besides a set of mathematical expressions that model the
dynamics, a graphical representation models the structure of the interconnected
system (not to be confused with a graphical model, described in the previous
paragraph). A graph consists of vertices and edges. Depending on the repre-
sentation, vertices can represent variables and edges can represent dynamical
relations, or vice versa. For linear interconnected systems, one such model is a
(module) dynamic network model, defined as an interconnection of signals, rep-
resented by vertices, which are coupled through transfer functions (modules),
represented by edges (Van den Hof et al.l [2013). Another type of interconnected
system model is given by the interconnection of (linear) state-space models, repre-
sented by vertices, and interconnection variables, represented by edges (Langbort
and D’Andreal, 2003). Both representations will be used in the sequel. Since the
latter can be equivalently represented by a dynamic network, and vice versa,
let us now exemplify the modeling of an interconnected systems by a dynamic
network model.

Example 1.3 (Irrigation network (continued)). Let us consider an example
of and irrigation network with three pools connected in series, as depicted in
Figure[I.3 FEach pool has a water level w;, i = 1,2,3. The gate that is upstream
for pool i yields a flow which, after a change of variables, results in a measure of
the flow over gate i, u; say. For the second pool, the flow over gate 2 influences
both wo and the water level of the upstream pool, wy. A first-order model for the
continuous time dynamics for the water level in the first pool is (Cantoni et all,
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Oq%u)l(t)=U1(t—T1)—U2(t)+Ul(t), t € R,

where ay is a measure of the pool surface area, T is a delay associated with the
time before the water reaches the point where the water level is measured and vy is
a disturbance that represents, e.g., seepage and evaporation. A dynamic network
model for the three pools is illustrated in Figure where the interaction between
w1, w1 and ug is represented by the blue modules (transfer functions) G1 and G12.
Following a similar derivation for the other modules leads to all links represented
by the blue modules.

T

Cy ro

Figure 1.4: A controlled irrigation channel from a dynamic-network perspective.

Example 1.4 (Power networks (continued)). The synchronization of fre-
quencies in a power network is commonly studied through a model that consists



6 Chapter 1. Introduction

of coupled swing equations, describing the behavior of the phase angle 6; and fre-
quency %Oi = w; of N synchronous generators. Under simplifying assumptions,
the linearized swing equation for generator i can be written as (Dorfler et al.,
2013), cf. (Tegling and Sandberg, |2017)

d? d

JEN;

where m; and b; are inertia and damping coefficients, respectively. The coupling
is defined by coefficients k;;, denoting the susceptance of the transmission line
between mode i and a node j in Nj, the set of neighbours, and u; denotes the
mechanical power supplied to/withdrawn from the network. This power network
model has a mechanical analogue describing the motion of masses interconnected
by springs that are moving along a circle (Dorfler et all, [2013), as depicted in
Figure on the left. A dynamic network model for the power network, where
the interaction between 61, 05 and 03 is represented by the modules (transfer
functions) G;j, is shown in Figure on the right (u; is a filtered version of u; ).

01

Figure 1.5: A mechanical analogue of the coupled swing equations (left) and a
power network from a dynamic-network perspective (right).

By influencing a system, we change its behavior. To influence a system,
additional dynamical laws are imposed on the variables; dynamics are added.
From this point of view, adding a controller to a system is nothing but attaching
another system, i.e., adding additional relationships between variables. A com-
mon and important type of controller is a centralized controller; a controller with
unstructured /lumped dynamics. Such a control architecture can be perfectly
suitable for systems that are ‘simple’; in the sense that there are, for example, a
manageable number of system variables or that the systems are not geographi-
cally distributed. However, for more complex systems this architecture can lead
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to an impractical communication architecture, or even infeasibility. Structured
controllers can overcome this culprit.

Consider for example the irrigation channel in Figure We can add three
systems C;, i = 1,2, 3, to the interconnected system (cf. (Cantoni et al., [2007))),
each of which opens or closes gate i, depending if the water level w; is too low or
too high, respectively. Albeit in rudimentary form, this controller is a structured
controller with a structure that is decentralized. If gate ¢ is not only actuated
based on w;, but also on w;+1, additional (dynamical) relationships have to be
imposed: the controllers are interconnected. This leads to a distributed controller.
Centralized, distributed and decentralized controller architectures are exemplified
in Figure In the design of a distributed and decentralized controller, a
controller is designed for meeting a given control objective while also considering
the structure of the interconnected system. This is the essence in control of
interconnected systems.

1.2 Challenges in control of interconnected sys-
tems

In order to design a controller for an interconnected system that meets desired
control objectives, knowledge of the system is crucial. This knowledge can con-
sist of the structure of the interconnected system, the dynamical relationships
between variables, or both. With the increasing complexity of interconnected
systems, such as power networks, the corresponding models become increasingly
complex.

While one trend in the technological development of interconnected systems
is the increase in complexity, another major trend is the increase in ease of access
to information. Sensors are becoming less expensive and continuously improve
in accuracy. With the classical power network having a few sensors, a smart grid
contains sensors throughout (Farhangi, 2010). Clever use of the information pro-
vided by these sensors for obtaining the required knowledge of an interconnected
system is a huge challenge that has lead to research problems in, for example,
system identification, machine learning, systems biology, econometrics and con-
trol.

The main challenge in the control of interconnected systems is to deal with the
complexity of the system and to determine how data can be used for the controller
design. If a model of the interconnected system is not available, which data, e.g.
sensor measurements, are required to obtain the required model information?
If the structure of the interconnected system is not (completely) known, can it
be deduced from the data? Is a complete model of the interconnected system
actually necessary for the design of a decentralized/distributed controller?
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To illustrate fundamental challenges in the use of data for control of intercon-
nected systems, let us consider a simple version of the dynamic network discussed
in Example[I.3]shown in Figure Contrary to the ‘downstream’ irrigation net-
work, an additional link may be present between u; and wy. The decentralized
control architecture in this scheme was originally considered in (Gudi and Rawl-
ings|, |2006) with G152 = 0, cf. (Van den Hof et al.| |2018]). Suppose the interaction
dynamics Go1 (depicted in green) have to be derived from data. Which signals
in the scheme have to be measured? Do the controller dynamics need to be
known? What conditions on the data have to be satisfied to obtain a meaningful
model? These questions are all indirectly relevant to the controller design, since
any modeling error can propagate in the design process and reduce the achieved
performance of the synthesized controller.

A<1
1 e w1

71

C

Control loop 1

Control loop 2

T2

)
B
G

Figure 1.6: Two interconnected control loops.

Practically speaking, modeling errors are unavoidable. Data can be corrupted
due to noise in the measurements, a limited number of data is available or the
model is not ‘rich’ enough to capture all the dynamics of the system. Such a
practical situation poses additional challenges in the design of a performance-
oriented decentralized/distributed controller. Indeed, if a consistent estimate
cannot be obtained from data, then what is the ‘best’ model for controller design?
This problem has been considered in the field of identification for control (Van
den Hof, 1998)) for ‘isolated’ systems, cf. (Van den Hof and Schrama) [1995),
(Gevers|, |2005)), (Hjalmarsson, 2005). The identification of interaction dynamics,
and, generally speaking, parts of interconnected systems for distributed control
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is a challenge that is yet to be addressed.

In safety-critical applications, an interconnected-system model that is ‘ori-
ented’ towards the performance of a distributed controller may not suffice. Given
uncertainty in the available data, how can one design a distributed controller that
is guaranteed to meet the control objective? What kind of uncertainties can be
dealt with and can additional/instrumental variables aid in the controller design?

So far, we have posed challenges on how to use data structured controller
design for interconnected systems. A feature of interconnected systems is that
they are typically spatially distributed and measurements are not performed in a
central location. This leads to a non-classical information pattern for data-driven
modeling and control. The non-classical information pattern can be illustrated by
the example of the two interconnected control loops in Figure Suppose there
are two operators: the first operator has access to data {r1, u1,w; } and the second
operator has access to data {ry, us, w2}. Given a control objective, how can the
controllers C7 and Cs be designed on the basis of data given this information
pattern? If the modeling of Go;, for example, is part of the control design, then
what information must be shared between the operators to perform this modeling
based on data? These questions are non-trivial. Hence, non-classical information
patterns do not only lead to challenges for distributed controller design, but also
for the underlying identification problem.

A model of an interconnected system captures the dynamics and structure
that is required for the design of a controller. In this respect, the model can
be regarded as a tool in the design of a distributed controller from data; an in-
termediate step in the design procedure from data. Are there situations where
a structured controller can be constructed directly on the basis of data? This
problem has been considered in the field of data-driven control for ‘isolated’
systems (Bazanella et al.,[2012). Interconnected systems impose additional chal-
lenges to this problem, due to the structure of the interconnected system, con-
troller and the available information pattern.

1.3 State of the art

In this section, we provide an overview of relevant literature and state-of-the-art
methods for decentralized control, distributed control, distributed identification
and estimation, data-driven control and informativity of data for control. Decen-
tralized and distributed control can refer to the control of multi-agent systems
or interconnected systems. In both cases, the control of multiple systems is con-
sidered. Interconnected systems are coupled through the principle of sharing
variables, while multi-agent systems are typically decoupled, but interconnected
by design to solve cooperative control problems. In what follows, we will mainly
discuss literature related to interconnected systems.
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1.3.1 Decentralized control

As opposed to centralized control of large-scale systems, decentralized control uses
only locally available control variables. For feedback control, this means that only
local measurements are performed for determining local corrective actions. Fig-
ure[L.7]exemplifies this concept. The feature of having non-identical measurement
data available at controllers was first referred to as a non-classical information
pattern in (Witsenhausen, [1968)). This feature makes the decentralized controller
easily implementable, but can lead to serious issues related to performance or even
instability of the system (Aoki,|1972). Necessary and sufficient conditions for the
existence of stabilizing local dynamic output feedback controllers were derived
in (Wang and Davison| [1973). The conditions were stated in terms of the first-
introduced notion of fized modes of the decentralized control system. These fixed
modes appeared to be a natural generalization of uncontrollable/unobservable
modes of centralized control systems (Wang and Davison, 1973)). |Sandell et al.
(1978) already concluded considerable progress in the early days of decentral-
ized control, but observed that what lacked in the literature at the time was
the solution to a desirable control structure and information distribution. Broad
self-contained overviews of results and methods for decentralized control of large-
scale systems are provided in (Sandell et al., [1978), (Siljak, 1991) and (Lunze|
1992)). Noting that the design of decentralized controllers for the general case
was still an open problem, the authors of (Scorletti and Duc, [2001) developed
sufficient conditions for the existence of decentralized %%, controllers, introduced
in (Scorletti and Duc}, (1997). The conditions are derived for yielding dissipative
properties of the subsystems and together with the performance objective, these
yield a convex optimization problem with linear matrix inequality constraints. In
(Rotkowitz and Lall, 2002, the notion of quadratic invariance, a property of in-
formation constraints with respect to the system, was introduced. This property
can be interpreted as an algebraic condition that relates the controller structure
and the system. Quadratic invariance was shown to be a sufficient condition for
optimal decentralized control problems to be convex, for any norm of interest of
the closed-loop system (Rotkowitz and Lall, |2006). It was shown in (Lessard and
Lalll |2010) that convex optimization problems for decentralized control can be
obtained for a broader class of information constraints with respect to the plant.
This broader class is characterized by a property called internal quadratic invari-
ance: a generalization of quadratic invariance. A generalization of decentralized
control to the behavioral framework was considered in (Ishido and Takabal, 2007)
and (Fiaz and Trentelman) 2010). Control in the behavioral framework is viewed
as the restriction of a system’s behavior via intersection with another behavior:
the controller. A key problem in behavioral control is the characterization of
all behaviors that can be achieved for the closed-loop system by interconnec-
tion with a controller. This problem is referred to as implementability and was
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extensively studied in (Belur and Trentelman) |2002)). The natural analogue of im-
plementability for decentralized control was considered in (Fiaz and Trentelman|
2010), called decentralized implementability. The corresponding problem is the
characterization of all behaviors that can be achieved via decentralized control.

P1 Py Ci P G
Py c P2 Co P2 Co
Pg P3 C3 P3 C?’

Figure 1.7: Example of a controlled system interconnection with centralized con-
trol (left), distributed control (middle) and decentralized control (right).

1.3.2 Distributed control

One can also think of a control scheme with non-classical information patterns,
where local controllers can be interconnected. This concept is referred to in the
literature as distributed control. While decentralized control was a natural way
to address the non-classical information pattern at the time, distributed control
can omit limitations induced by decentralized control (Langbort et al., [2004).
These limitations include requirements on the information constraint, such as
quadratic invariance (Rotkowitz and Lalll |2006)), or the restriction to static feed-
back controllers as in e.g. (Scorletti and Duc| 2001)). Sufficient conditions for
the existence of controllers that are interconnected in the same way as the sub-
systems, i.e., plant and controller admit the same structure, while achieving %%,
performance, are developed in (Langbort et al., |2004). The latter work origi-
nates from (D’Andrea and Dullerud, [2003), where a distributed control design
for a class of interconnected identical systems was formulated. The control de-
sign of (Langbort et al., [2004)) involves solving a linear matrix inequality. Even
for a moderate number of subsystems and interconnection variables, this linear
matrix inequality can be of large size (Langbort et al.,[2004). Investigation of the
structure of this inequality, however, led to ideas to distribute not only the con-
troller itself, but also the computation of the controller (Langbort et al.l 2004)).
A distributed algorithm for distributed control design via the method of alter-
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nating projections was proposed in (Langbort and D’Andreal [2003), wherein
design variables are shared via the same structure as the plant and controller
have. The stabilization of non-linear discrete-time interconnected systems was
considered in (Jokic and Lazar} [2009), for a given information pattern of the con-
troller. The computation of optimal control actions therein is enabled by solving
a convex optimization problem at each time step. In (Van Horssen and Wei-
land}, |2016)), a discrete-time analogue of the work in (Langbort et al. 2004) was
presented. Additionally, synthesis of the distributed controller in (Van Horssen
and Weiland, [2016|) incorporates robust stability and robust %, performance of
the closed-loop system. A scalable %, controller design for interconnected sys-
tems is presented in (Stiirz et al. |2018)). This design is shown to decompose into
small-scale problems, given structural assumptions on the design variables. The
synthesis problem is, however, not convex, but can be transformed into a bilinear
matrix inequality (Stiirz et al.l|2018). Another distributed control strategy for in-
terconnected systems is distributed model predictive control (MPC). Early work
on this topic includes (Jia and Krogh, 2001) and (Camponogara et al., |2002]),
wherein a distributed MPC algorithm was proposed with an exchange of local
state predictions between controllers. Stability constraints on one-step future
predicted states guarantee asymptotic stability of the closed-loop interconnected
system. A distributed MPC framework with stability and guaranteed feasibility
is provided in (Venkat et al) 2007). In (Christofides et al. 2013), a review of
results for distributed MPC is provided, including advantages and disadvantages
of the various schemes. Since information exchange between controllers typically
takes place over a digital network, the distributed MPC schemes are bound to
phenomena as packet loss and delays. A classification of distributed MPC algo-
rithms with respect to assumptions on the communication network is provided
in (Griine et al., [2014)).

1.3.3 Distributed identification and estimation

Despite the extensive amount of developments in the field of control for inter-
connected systems, methods for obtaining the underlying system models are rare
(Hansson and Verhaegen, [2014). As for data-driven estimation of individual dy-
namical systems, prediction-error identification methods provide well-established
procedures for obtaining consistent system parameter estimates (Ljung, [1999).
The focus on system identification of individual dynamical systems is, however,
limited, for interconnected systems. Given a structure of a network of linear
dynamical systems, various prediction error methods are readily operational for
identifying these systems, while imposing certain conditions on the network (Van
den Hof et al., 2013). The identification problem of such large-scale systems
can typically be separated into multiple-input-single-output (MISO) identifica-
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tion problems (Rao et al., [1984)), (Van den Hof et al., 2013)). More precisely,
consistent identification of a large-scale system can be performed via the identifi-
cation of MISO building blocks, on the basis of measurements of multiple inputs
and one, possibly disturbed, output, under the assumption that disturbances in
the network are uncorrelated. Correlation of disturbances in a network can lead
to confounding variables, which have to be taken into account in the identifica-
tion problem. Confounding variables can be addressed by including additional
inputs (Dankers et al.| [2016)), (Dankers et al., 2017)) or outputs (Ramaswamy and
Van den Hof} 2021)) in the predictor model.

Although existing prediction error methods for dynamical networks can con-
sistently identify local modules (single-input-single-output (SISO) systems), they
require the output signal and multiple input signals for a MISO identification
problem to be available centrally for global parameter estimation. Central data
collection and computation of the module estimates may not always be desirable
due to computational constraints or desired flexibility. A decomposition of the
MISO identification problem into SISO identification problems to reduce compu-
tational complexity was suggested in (Rao et al.,[1984). Therein, it was proposed
to perform a decomposition of the parameter estimation via a Gauss-Seidel like
algorithm, but a proof of convergence is absent.

Distributed estimation approaches can be divided into two distinct classes.
The first class consists of consensus based methods, discerned by collaborative
estimation of a global (common) parameter vector that is performed via a number
of interconnected estimators. The estimation of a global parameter in (wireless)
sensor networks was considered in (Schizas et al., [2008), (Cattivelli et al., |2008)
and (Mateos et al.l [2009)). Therein, communication is employed between estima-
tors to consent on a global estimate. More recent results include a performance
analysis and reduced complexity of the algorithm from (Mateos et al., |2009)
in (Mateos and Giannakis, [2012)). In (Breschil [2017), methods for cloud-aided
estimation are presented for handling coupling constraints via the alternating
direction method of multipliers (ADMM). The problem is discerned by a sepa-
rable cost function, whereas the overlap of agent’s parameters induces coupling
constraints (consensus constraints). A similar (partial) consensus problem was
considered in (Baumelt},2016)) for a thermal modeling problem in buildings, where
consensus constraints occur due to parameters such as a mutual wall conductance
between building zones. Parameter consensus was utilized to relax persistence of
excitation conditions in system identification via an ensemble of identical systems
in (Papusha et al., 2014).

The second class of distributed estimation is also enabled by collaborative
estimation via interconnected estimators. Therein each estimator is, however,
concerned with the estimation of a local parameter vector. Results for parame-
ter estimation in static interconnected systems were derived in (Marelli and Ful
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2015). For distributed state estimation, we single out moving-horizon methods
(Farina et al. [2010]), local plug-and-play estimators (Riverso et al. 2013)) and
Kalman filtering (Marelli et al., [2018) for networks of linear systems. In (Hans-|
lson and Verhaegen, 2014)), the problem of distributed system identification for
interconnected systems was considered. A distributed implementation solution
via the use of distributed ADMM optimization was proposed, which may lead to
local optimal solutions, however.

1.3.4 Data-driven control and informativity for control

Methods for the design of controllers on the basis of data can be divided into
two classes: (i) indirect data-driven control and (ii) direct data-driven control.
Indirect data-driven control is model based: first a plant model is estimated on
the basis of data and consecutively a controller design is performed on the basis
of the plant model. The problem of identying a model for control that leads to
the best control performance is considered in the field of identification for control
(Van den Hof and Schramal, [1995)), cf. (Van den Hof, |1998)), (Gevers| 2005), (Hjal-|
marsson, |2005). In direct data-driven control, the plant modeling step is omitted;
a controller is synthesized directly from data. Typical advantages of direct-data
driven controller design are that no loss of data can occur due to under-modeling
of the plant and the order of the controller can be fixed. An exhaustive survey on
data-driven control methods, both direct and indirect, is provided in (Hou and
Wang| 2013). Virtual reference feedback tuning (VRFT) (Campi et al., [2002),
(Bazanella et al.l [2012) is a ‘one-shot’ method for designing a controller directly
on the basis of data. In this method, a model-reference control problem is essen-
tially reformulated into a system identification problem, through the generation of
a virtual closed-loop system that is compatible with the data. Iterative feedback
tuning (IFT) (Hjalmarsson et al.,|1998), (Hjalmarsson, [2002)) shares with VRFT
the property of being direct, i.e., no model is identified in the procedure. A dis-
tinguishing feature of the IFT algorithm is, however, that it is iterative by design,
where a gradient estimation of the control criterion is performed at each iteration
to tune the controller (Hjalmarsson et al.,[1998). Optimal controller identification
(OCI) (Campestrini et all, 2017) also solves a model-reference control problem,
by embedding the control design problem in the prediction-error identification of
an optimal controller. This method was extended in (Huff et all 2019)), for the
identification of controllers for multi-input-multi-output systems. Other state-
of-the-art methods for direct data-driven control are correlation-based tuning
(CbT) (van Heusden et al., 2011), asymptotically exact (Formentin et al. [2015)
and moment-matching (Breschi et al., 2019) controller tuning.

A recent trend in data-based system analysis and control originates from
Willems’ fundamental lemma (Willems et al., 2005). Applications include data-




1.4. Problem statement 15

based predictive control (Coulson et al., 2019), (Allibhoy and Cortés, 2021), the
data-based parametrization of stabilizing controllers (De Persis and Tesil, 2020))
and robust data-based state-feedback design with noisy data (Berberich et al.,
2020). The data-based verification of dissipativity properties was considered
in (Koch et al., [2020a)), (Koch et al., 2020b)), which allows to determine system
measures such as the J#,, norm or passivity properties from data corrupted by a
noise signal satisfying quadratic bounds. A similar noise description was consid-
ered in (De Persis and Tesi, [2020) and (van Waarde et al.| [2022)), of which the lat-
ter extends the data-based controller design results in (van Waarde et al.,[2020)) to
the noisy case via a matrix S-lemma. The data-based conditions in (van Waarde
are necessary and sufficient for stabilizing state feedback synthesis,
including s% or J7,, performance specifications. Trade-offs in using quadratic
bounds, such as energy bounds, or instantaneous noise bounds for determining
controllers from data are discussed in (Bisoffi et all 2021al). Data-driven results
for analysis and controller synthesis via Petersen’s lemma and Finsler’s lemma
have been developed in (Bisoffi et al. 2021b)) and (van Waarde and Camlibel,
, respectively. These results bring alternative data-driven conditions with
respect to the matrix S-lemma, where the Finsler’s lemma in (van Waarde and|

Camlibell 2021)) leads to conditions for both exact and noisy data.

1.4 Problem statement

We have observed that design of controllers from data has been extensively stud-
ied in the literature. However, most of the theory that has been developed,
applies only to isolated systems or small-scale interconnected systems where the
interconnection structure is not taken into account. From a control point-of-view,
methods are available for the synthesis of a structured controller, provided that
a model of the target interconnected system is available, which is not realistic in
general. For interconnected systems, the synergy between control and identifica-
tion is a field that is relatively unexplored. With data that is obtained according
to a non-classical information pattern, a controller that is an interconnected sys-
tem itself, and a global control objective that is represented by stability or a
performance criterion such as an J% /7%, norm, we formulate the following re-
search question.

Under which conditions can data from an interconnected system be used for the
design of a distributed controller, with the objective of achieving optimal and/or
guaranteed control performance?

This research question contains several aspects. Let us consider these aspects
separately now by taking the state-of-the-art into account, in order to formulate
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sub-questions from the research question.

e Use data from an interconnected system for the design of a distributed con-
troller: As discussed in Section control design based on data can
be separated into two categories on a high level: indirect data-driven con-
trol and direct data-driven control. We will consider indirect and direct
distributed data-driven control for interconnected systems in the research.
For indirect design, we therefore consider the data-driven modeling of dy-
namic networks and the model-based synthesis of distributed controllers.
For direct design, we consider the design of distributed controllers based
directly on data, which has been only considered for centralized controller
design in the state-of-the-art, as discussed in Section [1.3.4]

e Achieving optimal performance: The performance in the research will be
measured by control performance criteria, such as 4% and s, control
criteria. These criteria will be considered for the synthesis of distributed
controllers. In an indirect design, a distributed controller is model-based
and, hence, the performance will be limited by the quality of the model.
Quality of the model can be measured by asymptotic statistical properties,
such as consistency, or the ability to capture information about the dynam-
ics that lead to a controller with the best performance. In a direct design,
distributed model-reference control problems will be considered; structured
versions of model-reference control problems in state-of-the-art data-driven
control methods such as VRFT and OCI. The performance is measured
with respect to an (%) model-reference control criterion for distributed
control.

e Achieving guaranteed performance: In the research we distinguish opti-
mal performance from guaranteed performance. Guaranteed performance
refers to the achieved performance of a distributed controller that is de-
signed based on a finite number of data samples, compared to data-driven
controller design with a performance that is asymptotically optimal in the
number of data points. Because state-of-the-art methods for guaranteed
performance only allow ‘unstructured’ analysis and synthesis, guaranteed
performance analysis and synthesis for interconnected systems will be con-
sidered in the research.

e Under which conditions: The conditions refer to the assumptions on the
experimental setup under which the data-driven controller design is per-
formed. This includes conditions on the measurement data, sensing and
actuating locations, unmeasured exogenous disturbances and the consid-
ered controller class.
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The discussed aspects lead to a number of sub-questions related to three main
topics that will be discussed in Part I to Part III of this thesis:

e Part I: Network identification and distributed control
e Part II: Distributed data-driven model-reference control

e Part III: Distributed data-driven control with guarantees

Next, we will formulate sub-questions for these topics in the following three sub-
sections corresponding to the three Parts of this thesis, including the considered
approach to solve the problems.

1.4.1 Design of a distributed controller through data-driven
modeling

Given the model-based nature of the majority of methods for distributed con-
troller design, we will first consider the problem of distributed control on the basis
of data according to a model-based philosophy. In the model-based philosophy,
two steps can be distinguished. The first step is to derive a suitable model for
controller design. Suitable in this context means a model that can be used in the
synthesis process and that is most relevant for control, e.g., a model that leads
to the best control performance.

For an unknown interconnected system, how to obtain the most relevant model
from data for control?

Models that are used in model-based distributed control are typically struc-
tured with respect to subsystems, cf. (Langbort et al. 2004), (Van Horssen
and Weiland, 2016|), (Chen et al., 2019). The approach taken in Chapter@ is
to take this structure into account in the data-driven modeling of subsystems,
via a dynamic-network approach to system identification (Van den Hof and Ra-
maswamyl, [2021)), (Gevers et al.| [2018)). Both indirect and direct identification
prediction-error identification methods are considered for obtaining consistent
estimates of an interconnected system, which may be interconnected with a (pre-
liminary) distributed controller. In the case that the subsystems cannot be rep-
resented by the considered model, bias and variance aspects play an important
role in the performance resulting from the identified model. We will approach
this problem by ‘shaping’ the bias through a modified identification criterion, to
minimize the resulting performance degradation for an % control criterion (for
reference tracking).

The second step is to design a distributed controller on the basis of the model
that leads to an optimal performance.
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How to obtain an optimal distributed controller for a model of the interconnected
system?

The approach taken to distributed controller design in Chapter[{} is to con-
sider dynamical subcontrollers which are interconnected with each other accord-
ing to the interconnection structure of the plant, according to the framework
introduced by (Langbort et al.l 2004)), or decentralized. We consider the ob-
jective of finding a distributed controller such that the controlled network has
an J% or s, norm that is upper-bounded by a given value. Instead of view-
ing a linear interconnected system as an interconnection of transfer functions or
state-space systems, an interconnection of linear systems can also be considered
of which the dynamics are defined by their behavior; a subset of all possible
outcomes/trajectories. Interconnections of systems in the behavioral setting do
not assume any directions of interconnection signal, i.e., no input or output is
assigned to a signal. We will consider distributed control in a behavioral set-
ting in Chapter [J This approach widens the previously considered class of lin-
ear interconnected systems considered for distributed controller design and is
representation-free. We will consider the application of a canonical distributed
controller developed in Chapter 5] to module dynamic networks in Chapter |6

An important aspect in the data-driven modeling of interconnected systems,
is the information pattern induced by distributed sensing. The distribution of
information poses additional challenges in the data-driven modeling and control
design for interconnected systems. Similar to the non-classical information pat-
terns in decentralized and distributed control schemes, one can think of limited
information availability for local “identification modules”, which are destined to
estimate a part of the interconnected system (or controller) dynamics. We refer
to the concept of interconnected identification modules with non-classical infor-
mation patterns as distributed identification. In this line of thought, a natural
question that arises is as follows:

How can required model or controller dynamics be obtained from measurement
data, given a mon-classical information pattern for identification?

In Chapter [3 we step away from the classical (central) information pattern
deployed in classical identification. We approach this step by considering the
direct method for network identification in Chapter 2} The direct method yields
a network identification problem that is separable into distinct multiple-input-
single-output identification problems if the external noise signals are uncorrelated
with respect to each other. The idea is then to assign an estimator (identification
module) to each module in the network to estimate the corresponding parameters.
In our approach to distributed identification, we consider the development of a
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distributed version of the well-established recursive least squares estimator (Kay,
1993), (Mendel, [1973), to distribute the estimation both spatially as well as
temporally.

1.4.2 Design of a distributed controller directly on the ba-
sis of data

In the design of a distributed controller for an interconnected system for which
measurement data is available, the ultimate goal is to determine a controller that
achieves a given control objective, rather than determining a model of the un-
derlying system. From this point-of-view, the main research question does not
involve a modeling problem, but concerns directly the design of a distributed
controller on the basis of data. This reasoning leads to the following research
question:

Under which conditions can an optimal distributed controller be designed directly
on the basis of data?

To answer this question, we consider the development of two different dis-
tributed data-driven controller design methods, extending VRFT (Campi et al.|
2002) and OCI (Campestrini et all 2016) to construct distributed controllers
based on interconnected system data. Direct data-driven methods, such as VRFT
and OCI, are typically based on a model-reference framework. We therefore con-
sider the development of a distributed model-reference framework for dynamic
networks in Chapter[6] based on the theory for distributed control in a behav-
ioral setting from Chapter 5} The approach continues by solving the distributed
model-reference control problem directly from data. This problem is considered
in Chapter[]and Chapter[§ with a philosophy coming from, respectively, VRFT
and OCI.

1.4.3 Data-based conditions for the existence of a distributed
controller with guaranteed performance

With safety-critical applications in mind, a controller that is optimal based on an
infinite number of data points, i.e., an optimal controller that can be estimated
consistently, may not suffice. In such applications, the challenge is to design a
distributed controller on the basis of a finite number of data points, while guar-
anteeing a desired stability or performance objective. This leads to the following
research question:
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How to find a distributed controller on the basis of a (finite) number of data that
1s guaranteed to yield a prescribed performance level and under which conditions
on the data does such a controller exist?

To answer this question, we start with considering the design of a distributed
controller based on a finite number of data samples in Chapter [§ Each noise
signal affecting a system in the network is assumed to satisfy a quadratic matrix
inequality in this chapter, which can represent, for example, bounds on the energy
or magnitude of the noise signal. This characterization of the noise allows us to
derive a parametrization of the set of system matrices for each subsystem that
are compatible with the data. Such parametrization of system matrices have
been considered in the literature for single/unstructured systems for analysis
and control, cf. (Koch et al. 2020b)), (van Waarde et al., 2022), (Berberich
et al} 2021). Through a dual parametrization, we can employ a linear fractional
transformation (LFT) representation for each subsystem that enables the use of
a robust variant of the analysis conditions in Chapter 4 and distributed controller
existence conditions.

To determine under which conditions on the data a controller exists that yields
a guaranteed performance, we consider the concept of informativity in Chapter[1(
and Chapter[I]] Data being not informative enough for system identification does
not imply data are not informative for controller design per se. In Chapter [I0] we
start by developing conditions on the data for the existence of stabilizing, %% or
Ho controllers that are unstructured, i.e., centralized. The noise in this analysis
is assumed to satisfy bounds on the squared sample cross-covariance. These
bounds represent prior knowledge about the system in a relative form, i.e., with
respect to an known signal that is instrumental. The bounds generalize quadratic
noise bounds as considered in the literature and Chapter [9] Because of the
quadratic parametrization of the corresponding set of feasible systems, a matrix
version of the S-lemma (van Waarde et al., 2022)) is considered to determine
non-conservative conditions on the data for % or 7%, controller design. Prior
knowledge on the noise is considered in the form of (component-wise) linear
sample cross-covariance bounds, which is fundamentally different from the prior
knowledge assumed in Chapter where bounds on the squared sample-cross
covariance matrix are specified with respect to the partial order on positive-semi-
definite matrices. The approach in Chapter [11]is to use the convexity of the set
of feasible systems (polyhedra) to derive informativity conditions on the data for
Jt or 2, centralized and distributed controller design.
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1.5 Overview of contents

In Chapter[d we consider the problem of deriving models of linear interconnected
systems with the purpose of designing a decentralized or distributed controller.
For a controlled network that is structured in a distributed control structure, with
a clear distinction between the structured plant and distributed controller, it is
shown that identification methods developed for dynamics networks can be spec-
ified to provide consistent and approximate models of the structured plant. We
will show how both direct and indirect methods for network identification can
be specified/generalized for the considered network setup. Furthermore, both
subsystem identification (local) as well as full-network identification (global) are
considered. The choice for indirect/direct or local/global identification can be
made by considering assumptions on the network, depending, e.g., on the knowl-
edge of the (preliminary) distributed controller or correlation of external noise
signals that affect subsystems in the network. In practical situations, a mis-
match between the chosen model class and true system is inevitable. For this
situation, we develop a procedure for determining a performance-oriented model
of the interconnected system. In this procedure, the performance degradation
(difference between designed and achieved controlled network) is minimized in
the data-driven modeling of the network for an J# reference tracking criterion.

In Chapter[3 a distributed identification method is developed for estimating
modules in a dynamic network. The identification problem in dynamic networks is
separable into distinct multiple-input-single-output identification problems if the
external noise signals are uncorrelated with respect to each other. We develop
a distributed recursive estimation scheme for multi-input-single-output models
that are linear in the parameters, linking an estimator (identification module)
to each module in the network. Connecting the identification modules through
a mutual fusion center for communication, leads to a distributed identification
scheme for each multi-input-single-output system. By Lyapunovs second method,
sufficient conditions are derived for asymptotic convergence of the estimators to
the true parameter values, which lead to asymptotic unbiasedness in the presence
of additive output noise.

In Chapter[]} we consider the problem of synthesizing a distributed or decen-
tralized controller for linear interconnected systems. The considered objective
is to find a linear and dynamic distributed controller such that the controller
network has an % or %, norm that is upper-bounded by a given value. We
recall results for the J#-case from the literature and treat the %4-case in detail.
Specifically, we consider the J#-analysis of interconnected systems, then move
to the analysis of controlled interconnected systems, and finally consider the syn-
thesis of structured controllers that achieve 7% performance. For the latter, we
develop convex and structured conditions for the existence of a distributed or
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decentralized % controller for interconnected systems with an arbitrary inter-
connection structure. The existence conditions serve as a preliminary step in
the controller synthesis and its solutions yield a distributed controller achieving
the specified performance upper-bound. The effectiveness and scalability of the
developed distributed .74 controller synthesis method is demonstrated for small-
to large-scale oscillator networks on a cycle graph.

In Chapter[5, distributed control is considered from a more general perspec-
tive. We introduce distributed control in a behavioral setting, where a distributed
controller is an interconnection of controllers with the same interconnection struc-
ture as the interconnected system to be controlled. Given a desired (structured)
behavior for the interconnected system, we provide conditions under which this
desired behavior can be implemented, i.e., there exists a distributed controller
that achieves the desired system behavior. The proof is constructive and yields a
canonical distributed controller described by the behavior of the to-be-controlled
and desired interconnected system. Furthermore, regularity of the canonical dis-
tributed controller will be analyzed; with respect to the interconnection between
the controller and the plant, as well as the interconnections between subsystems
of the distributed controller.

Chapter|[f]is enabled by the canonical distributed controller in Chapter 5 and
considers the specific case of interconnected systems defined by transfer func-
tions. We develop a distributed controller that implements a desired behavior
described by transfer functions; a structured reference model. This controller, an
ideal distributed controller, consists of local controllers that depend explicitly on
the transfer functions of the corresponding subsystems of the to-be-controlled in-
terconnected system and reference model. We first analyze the properties of this
distributed controller and provide conditions on the reference model and inter-
connected system for which proper or stable distributed controllers are obtained.
Since the structured reference model is a key preliminary ingredient in the data-
driven controller design introduced in Chapter 7 and Chapter 8, the synthesis of
a structured reference model is also considered, based on the analysis conditions
for 5 and S, performance.

In Chapter[7 a method is developed for determining a distributed controller
directly on the basis of data, without an intermediate step of modeling the under-
lying interconnected system. We first consider a case without unmeasured exoge-
nous disturbances. The method is based on the structured reference model and
ideal-distributed-controller concept introduced in Chapter[6} Given the structure
of the interconnected system and reference model, a virtual reference network is
introduced, analogous to a virtual reference setup in VRFT. The node variables
in this network are comprised of measured node signals and virtual reference
signals that correspond to the measured signal. Consequently, a collection of
unknown modules in the network form an ideal distributed controller that is to
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be determined. We show how the ideal-distributed-controller synthesis problem
is transformed into a network identification problem. We then show what the
effect of noise is on distributed controller estimates if the identification procedure
is not adapted. This motivates the sensible modeling of the noise. A method
is provided to obtain consistent distributed controller estimates, by considering
tailor-made noise models in the network identification.

The problem of determining a distributed controller directly on the basis of
data is revisited in Chapter[§ Here, we show that a to-be-controlled intercon-
nected system is equivalent to an interconnected system with the modules related
to the reference model and the (inverse of) dynamics of an ideal distributed con-
troller. This framework allows the data-driven control problem to be analyzed by
dynamic network identification results. We call this method distributed optimal
controller identification (OCT). This approach to distributed data-driven control,
is directly applicable to interconnected systems subject to unmeasured exoge-
nous disturbances and we show that consistent controller estimates are obtained
if the noise is modeled correctly, i.e., if the considered class of noise models is
sufficiently rich. Via an example, we show how the achieved performance of the
controlled network improves by the application of the developed method, com-
pared to the direct data-driven controller design where noise is not modeled or
an instrumental variable method is used.

Chapter[9 considers the problem of determining a distributed controller from
data with guaranteed performance, for a finite number of data samples. Each
noise signal affecting a system in the network is assumed to satisfy a quadratic
matrix inequality in this chapter, which can represent, for example, bounds on
the energy or magnitude of the noise signal. With this characterization of the
noise, we derive a parametrization of the system matrices for each subsystem and
introduce a dual parametrization that allows the application of performance and
stability conditions in primal form. Via the parametrizations, we employ a linear
fractional transformation (LFT) representation for each subsystem that enables
us to use a robust variant of the convex conditions in Chapter [ to develop
sufficient convex conditions based on noisy data for the performance analysis
of interconnected systems. Then, data-based conditions are presented that are
sufficient for the existence of a distributed controller that achieves a given 7%,
performance level.

In Chapter[I0, the informativity of data for controller design is analyzed. In
this chapter, we start by developing conditions on the data for the existence of
stabilizing, % or 4., controllers that are unstructured, i.e., centralized. The
noise in this analysis is assumed to satisfy bounds on the squared sample cross-
covariance. These bounds represent prior knowledge about the system in a rela-
tive form, i.e., with respect to a known signal that is instrumental. The bounds
generalize quadratic noise bounds as considered in the literature and Chapter [0}
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We recall a matrix type S-procedure from the literature that allows us to derive
necessary and sufficient conditions for informativity of data for controller design.
These conditions are also constructive, in the sense that a controller that solves
the control problem can be derived from its solution set.

The informativity of noisy data is revisited in Chapter[11} Prior knowledge
on the noise is considered in the form of (component-wise) linear sample cross-
covariance bounds, which is fundamentally different from the prior knowledge
assumed in Chapter where bounds on the squared sample-cross covariance
matrix are specified with respect to the partial order on positive-semi-definite
matrices. We show how finite sets of input-state data together with the linear
cross-covariance bounds lead to a set of feasible system matrices that is either an
unbounded or bounded polyhedron, depending on the input, state, and instru-
mental variable data. We show how convexity of the set of feasible systems lead
to conditions under which the data are informative for quadratic stabilization,
which are also necessary in case the polyhedron is bounded. The results are then
naturally extended for informativity for 5% and %, control. The construction
of ellipsoidal supersets of the polytope is considered subsequently, to reduce the
computational complexity, while adding conservatism to the resulting informa-
tivity conditions. Finally, we show how the cross-covariance bounds apply to
interconnected systems and develop sufficient conditions on informativity of data
collected from interconnected systems for the design of a distributed controller.

A graph representing the relations between Chapter [2]to Chapter [[1] from this
thesis is shown in Figure An arrow pointing from one node to an other node
indicates that the results from the source chapter extend to the sink chapter, or
that the theory in the source node is applicable to the sink node. Bidirectional
arrows indicate a general relation, e.g., a mutual control objective is considered.
Whether a relation is strong or weak is indicated by the link being solid or dashed,
respectively.
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Part I
Network identification and
distributed control

Part II1
Distributed data-driven
control with guarantees

Part 11
Distributed data-driven
model-reference control

Figure 1.8: Relations between chapters in this thesis.
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1.6 Summary of publications

A part of the results in this thesis has been published elsewhere in a different
form.
Chapter [3] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. A recursive
estimation approach to distributed identification of large-scale multi-input-
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7t TFAC Workshop on Distributed Estimation and Control in Networked
Systems

Chapter [ contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. Scalable dis-
tributed .74 controller synthesis for interconnected linear discrete-time sys-
tems. IFAC-PapersOnLine, 54(9):66-71, 2021c. 24*" International Sympo-
sium on Mathematical Theory of Networks and Systems

Chapter [f] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. Data-driven
distributed control: Virtual reference feedback tuning in dynamic networks.
In Proc. 59" IEEE Conference on Decision and Control (CDC), pages
1804-1809, 2020

Chapter [7] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. Data-driven
distributed control: Virtual reference feedback tuning in dynamic networks.
In Proc. 59" IEEE Conference on Decision and Control (CDC), pages
1804-1809, 2020

e T. R. V. Steentjes, P. M. J. Van den Hof, and M. Lazar. Handling unmea-
sured disturbances in data-driven distributed control with virtual reference
feedback tuning. IFAC-PapersOnLine, 54(7):204-209, 2021d. 19" TFAC
Symposium on System Identification SYSID 2021

Chapter [§] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. Controller identi-
fication for data-driven model-reference distributed control. In Proc. 2021
European Control Conference (ECC), pages 2358-2363, Rotterdam, The
Netherlands, 2021b
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Chapter [9] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. H ., performance
analysis and distributed controller synthesis for interconnected linear sys-
tems from noisy input-state data. In Proc. 60" IEEE Conference on Deci-
sion and Control (CDC), pages 3717-3722, Austin, Texas, USA, 2021a

Chapter [I0] contains results that have been presented in:

e T.R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. On data-driven con-
trol: Informativity of noisy input-output data with cross-covariance bounds.
IEEE Control Systems Letters, 6:2192—-2197, 2022b

Chapter [L1] contains results that have been presented in:

e T. R. V. Steentjes, M. Lazar, and P. M. J. Van den Hof. Informativ-
ity conditions for data-driven control based on input-state data and poly-
hedral cross-covariance noise bounds. 2022a. Submitted to the 25 In-
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(MTNS 2022)
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Control Systems

e T. R. V. Steentjes, A. I. Doban, and M. Lazar. Feedback stabilization of
positive nonlinear systems with applications to biological systems. In Proc.
2018 European Control Conference (ECC), pages 1619-1624, 2018

e T. R. V. Steentjes, M. Lazar, and A. I. Doban. Construction of continu-
ous and piecewise affine feedback stabilizers for nonlinear systems. IEEE
Transactions on Automatic Control, 66(9):4059-4068, 2021e
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Chapter 2

Control-oriented
identification of dynamic
networks

Distributed controller design methods typically rely on a model of the underlying
interconnected system that has to be controlled. Due to the complex intercon-
nection structure or dynamics, such models are typically not directly available.
In this chapter we consider the problem of deriving models of interconnected
systems for distributed controller design. This problem is first approached by
considering the identification of subsystems of an interconnected system that is
in closed-loop with a distributed controller. The identification can be performed
by considering direct and indirect network identification methods for the specific
closed-loop network structure. The network structure and controller dynamics
can be used explicitly in the identification objective by considering a tailor-made
parametrization of the closed-loop transfer matrices. In the case of approximate
modeling, an % control performance criterion can be taken into account, leading
to full-network identification problem with a tailor-made parametrization.

2.1 Introduction

State-of-the-art distributed controller design methods are typically based on a
model of the to-be-controlled interconnected system. Several examples of such
methods for the design of distributed and decentralized controllers have been dis-
cussed in Section A convex scalable method for the design of distributed .7
controllers is presented in Chapter [ of this thesis. Interconnected system mod-
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els are, however, typically not directly available for controller design. When data
from the interconnected system is available, two approaches to controller design
can be followed: (i) indirect data-driven control and (ii) direct data-driven con-
trol. Indirect data-driven control is model based: first a plant model is estimated
on the basis of data and consecutively a controller design is performed based on
the model. The modeling step is omitted in direct-data driven control; a con-
troller is synthesized directly from data. Direct data-driven distributed control
is extensively treated in Part IT and III of this thesis.

Indirect data-driven distributed control is concerned with the estimation of an
interconnected-system model from data and distributed controller design based
on the model. The identification of interconnected systems, also called dynamic
network identification in the literature (Van den Hof et al, [2013)), is a topic that
has received increased interest over the past years. Specific network identification
methods have been developed for various applications, such as the identification
of plant dynamics in decentralized control loops (Gudi and Rawlings, [2006), (Van!
den Hof et al., |2018) and the reconstruction of biological networks (Yuan et al.,
2011). Stemming from open-loop and closed-loop identification, prediction-error
identification methods for generic dynamic networks have been developed in the
literature (Van den Hof et al) 2013), (Gevers and Bazanella) 2015)), (Dankers
et all [2016), (Linder, [2017), (Weerts et al., [2018), (Gevers et al., 2018), (Ra-|
maswamy et al 2019), (Bazanella et al., 2019). Other methods for identification
of interconnected systems have been developed in an alternative setting, e.g.,
through Wiener filters (Materassi and Salapaka), 2012]) and subspace identifica-
tion (Haber and Verhaegen| 2014). Despite the fact that distributed controller
design is one of the motivations for dynamic network identification
, links between dynamic network identification and distributed con-
troller design are sparse in the literature. The identification of interconnection
dynamics in two interconnected control loops was motivated by model-predictive
controller design in (Gudi and Rawlings, 2006). However, for general distributed
control schemes, indirect data-driven distributed control results have yet to be
developed, to the best of the author’s knowledge.

Identification for controller design of single-input-single-output/unstructured
multi-input-multi-output systems has been investigated in the field of ‘identifica-
tion for control’ (Van den Hof and Schrama), 1995)), (Gevers| |2005). In this field,
the performance criterion for control is taken into account, yielding a control-
oriented identification procedure that minimizes a performance degradation cri-
terion. Iteratively performing control-oriented identification and controller design
aims at minimizing the achieved performance, see e.g., (Zang et al., 1991), (An-|
|derson and Kosut|, [1991)), (Lee et al., [1995)) or (Van den Hof and Schrama), [1995))
for an overview.

In this chapter, we consider two problems related to the identification of net-
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work dynamics for distributed controller design. First, we consider the problem
of identifying a model of an interconnected system that operates in a closed-loop
setting with a distributed controller. This yields a dynamic network with a partic-
ular structure. We will show how identification methods that have been developed
for dynamic network identification, can be adapted to this specific situation to
deal with this particular structure and the distributed controller dynamics. Fur-
thermore, we will consider a network identification problem with a tailor-made
parametrization of network transfer matrices. In this problem, the structure of
the closed-loop network and knowledge of the distributed controller dynamics are
explicitly used for identification of the subsystems of the interconnected system.

Next, we consider the control-oriented identification of interconnected systems
with respect to an J% reference tracking criterion. The identification problem
is control-oriented in the sense that the aim is to minimize the performance
degradation, by shaping the bias of the subsystem models in an approximate
modeling setting. We will show that the identification criterion of the closed-
loop network identification method with a tailor-made parametrization, can be
interpreted as a performance degradation term for the % reference tracking
criterion.

2.2 Preliminaries

2.2.1 Dynamic network and distributed controller

Consider a network of L linear systems on a directed graph G = (V,€), with
vertex set V :={1,..., L} and edge set £ C V x V, described by

yi(t) = GY(Qui(t) + > GY(qw;(t) +vi(t), i€V, te, (2.1)
JEN;

where y; is the output of system ¢, w; is the control input, v; is an unmea-
sured exogenous disturbance signal (process noise), ¢! is the shift operator, i.e.,
q~'a(t) = z(t —1). The rational transfer functions GY and GY; describe the local
and coupling dynamics, respectively. The vector process v := col(vy,...,vr) is
modeled as a stationary stochastic process with a rational spectral density ma-
trix ®,,, such that there exists a white noise process e := col(ey,...,er) and a
rational transfer matrix Hy that is monic, stable and minimum phase, satisfying
v(t) = Ho(g)e(t). Subsystems are interconnected through the outputs y; or in-
puts u;, j € V, corresponding to w; = y; or w; = u;, respectively. Specifically,
the output of system ¢ € V is influenced by the outputs or inputs of systems
j € N;, where N; C V denotes the set of incoming neighbours such that (j,7) € £
(N: = {j € V| GY, #0}).
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Figure 2.1: Three systems P; interconnected through outputs y;, i € {1,2,3},
and controlled by controllers C;.

To each system ¢ € V, a reference signal r; is assigned. This induces a track-
ing error z; := r; — y;; the difference between the reference and observed output
signal. We define the data-generating interconnected system (or true intercon-
nected system) as an interconnected system with subsystems P;, defined by the
dynamics and performance output z; = r; — y;:

— (o) , 0 (Vs + v:
Pi:{yz Gi(Qui + Yjen; Gijl@wi +vi ) (2.2)

Zi = Ti — Yi,

An example network (|V| = 3) with output coupling is shown in Figure

A dynamical distributed controller is interconnected with the interconnected
system through the tracking errors and control inputs. More specifically, the
distributed controller consists of subcontrollers C;, described by

u; = Ci(Q)z + > . Ci ()i, ;
Ci: JEN T X , eV, 2.3
{ Gi = Kig(@)zi + Snen, Kign(@mins €N, 2

which takes z; as an input and generates u; as an output. Two subcontrollers C;
and C; are interconnected through their interconnection variables 7;; = (;; only
if j € N;. To be consistent with the distributed control setting in Chapter [d] the
controller interconnections are considered to be bi-directional. We note, however,
that the reasoning in this chapter is analogous for a setting with uni-directional
communication constraints in the distributed controller. Decentralized control
schemes form a special case of distributed control schemes where the interconnec-
tion signal dimension is zero, i.e., a decentralized controller module C; is described
by u; = Ci(q)z.
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2.2.2 Closed-loop network dynamics

The controller interconnection equations 7;; = (;; for each pair of controllers
C; and C; that are interconnected can be compactly written as ( = A.n, where
A, is a binary matrix and ¢ := col((1,...,(r), n := col(ny,...,nr). With z :=

col(zy,...,2r), u:=col(uy,...,ur), the distributed controller dynamics (2.3)) are
compactly described by

u CD C’DD z

-l I o 2

Elimination of the controller interconnection variables ¢ and 7 in (2.4 leads to a
transfer matrix for the distributed controller from z to w:

u = Cz(q)z, where Cz = Cp + Cpp(A. — Kp) ' Kpp.

Since the plant interconnection signals w; are equal to either u; or y;, we can
write w = [Ay Au] col(y,u), where A, and A, are binary diagonal matrices
such that each row of [A, A,] sums up to one, ie., [A, A,]1 =1 where 1
denotes the column vector of all ones. Define G% := diag(GY,...,G%) and let
Go be a matrix whose (i, j)-th entry is GY;, (i,7) € V*. We arrive at a compact
representation for :

y = GoAyy + (GoAy + Gp)u + He.

The closed-loop network (with tracking errors (21, . .., z1) eliminated) is therefore
described by

- o) e

G7
where GoA, and GoA,, are hollow matrices and GY% is a diagonal matrix.

Remark 2.2.1. In the closed-loop data-generating system , the control in-
puts w; are assumed to be disturbance free, which is reflected by the (exact)
equality u = Cz(q)(r — y). This an assumption of a principal nature, which is
also a common assumption in the literature on classical closed-loop identification,
¢f. (Van den Hof,|1998), (Forssell and Ljung|, |1999), (Gevers,|2005), (Hjalmars-
som, 12005). The assumption of disturbance-free inputs in the experimental setup
is evaluated in more detail in (Van den Hof, 1998, Section 7).
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2.2.3 State-space representation

A transfer function representation of the interconnected system and distributed
controller is considered in this chapter, following the convention of dynamic net-
work representations (Van den Hof et al., |2013). State-space representations of
subsystems P; and subcontrollers C; will be considered for distributed controller
design in Chapter [d] A state-space representation of P; is of the form

zi(t+1) = Az (t) + Z A;jw;(t) + Biui(t), (2.6)
JEN;
yi(t) = Cias(t) + Y Cijw;(t) + Dyui(t) +vi(t),  zi(t) = ri(t) — vi(t),
JEN;

and satisfies G9(q) = C;(¢I — A;)"'B; + D; and

GY(q) = Cilal — A1 Ay + Cij,  jEN
A representation (2.6) can always be constructed, but is in general not unique
(Kailath, [1980), (Hannan and Deistler, [1987)). One state-space representation

for P; is derived in Appendix [2.A] A state-space representation for C; can be
obtained mutatis mutandis.

2.3 Network identification in the presence of dis-
tributed control

Consider the closed-loop interconnected system described by —. The
problem of identifying a transfer function G?j or collection of transfer functions
(G, (GY)jens,) is commonly referred to as a local identification problem in dy-
namic network identification (Ramaswamy et al., 2019), (Van den Hof et al.|
2019), (Van den Hof and Ramaswamy},|2021). Methods for the local module iden-
tification problem can be categorized into two main approaches: direct methods
and indirect methods. A direct method is characterized by the use of ‘node’
signals w; (u; or y; in the considered setting) as predictor inputs, i.e., as inputs
for predicting y; through a parametrized model. In an indirect method, exter-
nal signals r; are chosen as predictor inputs to predict y;, and a post-processing
step is typically required to extract the local estimated dynamics. The synergy
of the two methods led to a generalized method for local module identification,
developed by |Ramaswamy et al.| (2019)).

2.3.1 Direct method

The main idea behind the direct method for identification in a closed loop, is
to use the input-output data of the plant for identifying a model without taking
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the closed-loop situation directly into account, i.e., by disregarding the presence
of the controller (Van den Hofl [1998]). Similarly, in the direct method to local
module identification in dynamic networks, a module or MISO system is identi-
fied based on its input-output data, without considering the rest of the network
in the identification procedure (directly), cf. (Van den Hof et all 2013). Al-
though not considered direcly, the network as a whole is still of importance for
the direct method for the analysis of informativity of the input-output data for
identification, which will be discussed later in this subsection.

The direct method typically requires the inclusion of a model for the noise fil-
ters in the estimation problem. When the process noise signals in {vq, ve,...,v5}
are uncorrelated (®, is a diagonal matrix) such that v; = H?(q)e;, the identi-
fication problem reduces to a MISO identification problem (Van den Hof et al.|
2013)). Consider the parametrized transfer function models G;(6;), (Gi;(6:))jen;
and H;(6;) for, respectively, G?, (GY;)jen; and H}, with a one-step-ahead pre-
dictor for y; given by

Gi (bt = 1;0:):= (1 — H; ' (0:)yi(8) + H; 1 (0:) [ Ga(0i)ui(t) + > Gij(0:)w; (1)
JEN;

The corresponding prediction error g;(t,6;) := y;(t) — 4;(t|t — 1;0;) is minimized
in the direct method in a least-squares sense (Van den Hof et al.l [2013):

AN 1 2
0;" = argmin gi(t,0;)°. (2.7)

?
t=

Under weak assumptior}sﬂ the parameter estimate converges asymptotically
in the number of data as 6 — 67 with probability 1 as N — oo, where 0} :=
argming Ee2(t,0), E := limyn 00 % Zivzf)l FE and F is the expectation. When the

transfer function models are evaluated at 6, consistent estimates are obtained.

Definition 2.3.1. The module transfer functions G, G?j, j €N;, and H? are
said to be estimated consistently if, respectively, Gi(q,07) = G%(q), Gi;(q,0}) =
GY(q), § € Ni, and Hi(q,07) = H)(q).

Consistent identification through the direct method in dynamic network iden-
tification is dependent on the chosen parametrization, the information present in

the predictor input and output signals and correlation of the external signals.

IThese assumptions are standard in the identification literature and are related to the sta-
bility of the predictor model and bounded moments of the noise (for convergence), see e.g.,
(Ljung, [1999) for details.
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Proposition 2.3.1 (Van den Hof et al.| (2013)). Consider the closed-loop network

described by (2.2)-(2.3), the direct method estimator (2.7) and let the following
conditions hold:

(1) the noise v; is uncorrelated to the reference ry, for all j € Zjy.p),
(2) the noise v; is uncorrelated to the noise v;, for all j € Zjy.p) \ {i},

(3) every path in the network graph from vertex i to itself contains at least one
transfer function with a delay,

(4) the spectral density of col(y;, us, Wh1,- ., wnr), he € N; is positive definite
for almost all w € [—m, 7],

i

(5) there exists 0 so that G;(07) = GY, Gi;(0)) = GY; and H;(0)) = H}.
Then GY, GY;, j € Ni, and H} are estimated consistently.

Data-informativity for the direct method is formulated in terms of a positive-
definite power spectrum of col(y;, u;, Wr1,- .., wnr), he € N, requiring sufficient
excitation from external signals. Excitation can be both provided by reference
signals r;, j € V, as well as disturbance signals e;, j € V, because both types of
signals contribute to the excitation of the predictor inputs.

While this informativity condition is rather implicit, it can be translated to
path-based conditions on the closed-loop network graph for informativity that
holds generically, i.e., independent of the transfer function coefficients. The next
lemma follows mutatis mutandis from Proposition 1 by [Van den Hof and Ra-
maswamy| (2020)).

Lemma 2.3.1. Consider the vector wp = col(y;, i, Wp1,--.,wpr) € RP, he €
N; and let the stacked vector of external signals col(r,e) have a power spectrum
that s positive definite almost everywhere. Then ®.,, is positive definite almost
everywhere if there are p vertew—disjoinﬂ paths from col(r,e) to wp.

By and , we observe that there exists a path from r; to u; (through
C;) and that there exists a path from e; to y; (through H?). These two paths
are clearly disjoint. Hence, if there exist |[Nj| vertex-disjoint paths (of which
each path is vertex disjoint with r; — u; and e; — y;), then the condition in
Lemma 2311 is satisfied.

Corollary 2.3.1. Let @, . be positive definite almost everywhere and let ry and
ey be stacked vectors of rj and ej, with j € V\{i}. Then ®,,, is positive definite
almost everywhere if there are |N;| vertex-disjoint paths from col(ry, ey) to wyy, .

2A set of paths is vertex disjoint if no two of them have one or more vertices in common.
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For the condition on the vertex-disjoint paths to hold, it is clearly necessary
that there are at least |A;| external signals in (ry, ey). Let us illustrate the direct
method and its sufficient informativity conditions via a simple example network.

Example 2.1. Consider the two interconnecting control loops introduced in Chap-
ter 1, depicted in Figure[2:2 The identification of the interconnection dynamics
GY, has been treated in detail by|Gudi and Rawlings (2000]). In view of the direct
method, the dynamics of P1 and Po can be identified through two identification
experiments.

Control loop 1

Control loop 2

T2 () ( ) (u2) e \?{%
= L vy

Figure 2.2: Two interconnected control loops considered by |Gudi and Rawlings
(2006), cf. (Van den Hof et al., 2018).

The identification of Py for example, consists of modeling GY, GY, and, pos-
sibly, HY. Finding the parameter estimates in , requires a prediction for yso
with predictor inputs us and uy. By choosing a suitable model class according to
condition 5 in Proposition|2.5.1), consistent estimates can be obtained if the data
informativity condition (condition 4, Proposz'tion holds, i.e., if the power
spectrum of col(uy, ug, y2) is positive definite. By Corollary only one path
from ry and ey to uy is required. It is clear that, due to the feedback loop from 1y
to z1, sufficient excitation can be provided by choosing either r1 or ey to have a
positive definite power spectrum. Notice that it is not required to measure these
external signals, nor to know the controller dynamics.

Instead of the identification of one subsystem P;, identification of the full plant
(P:)icy can be performed by the separate identification of P;, i € V (which may
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be performed in parallel). When ®, is a non-diagonal matrix, confounding vari-
ables are present in the experimental setup (Van den Hof and Ramaswamyy, [2021)).
The implication is that consistent estimates cannot be obtained through the di-
rect method with a MISO predictor model, in general. Confounding variables
due to noise correlation can be handled by adapting the predictor model, e.g.,
through adding additional variables to the predictor output, as described in (Ra-
maswamy and Van den Hof [2021)). Alternatively, correlated noise processes can
be handled by the use of an indirect identification method, as discussed in the
next subsection.

2.3.2 Indirect method

Based on the dynamics of the closed-loop network in (2.5)), the closed-loop net-
work can be written as

¥ —aap (9] []) = [Ei] o

Eg] =T -G {ng} and ©:=(I—G9)! [Igo] .

where

If 7)) and T;) would be known/given and the transfer matrices Gy and G, are
unknown one can use the definition of col(TO T?) above in order to retrieve Gy
and G%. It is well known (Ljung, 1999), ¢ (Gevers et al., 2018]), (Van den Hof
and Ramaswamyl, [2021), that a consistent estimate col(T},, T,) of col(T), T)) can
be obtained through open-loop MIMO identification, provided that the power

spectrum of r is positive definite for a sufficiently high number of frequencies.
Given the definition of col(T}),T))) and (2.5)), estimates of Go and G, can be

obtained from col(Ty7 Tu), by solving the equation

I_CCI:Ay —(éAuI + GD)] [Ty} _ [COJ (2.8)

in G and Gp. Consistent estimates of Gy and GY, are obtained through (2.8) if
the estimates T, and T, are consistent.

Remark 2.3.1. Notice that the first block row in is sufficient for solving
the equation in G and GD, given T and T,,. Moreover if the controller transfer

matriz Cz is known, then knowledge of either Ty or Ty is sufficient. Indeed, given
Cz, T, can be obtained by solving the second block row in (2.8) given Ty Vice
versa, the transfer matriz Ty can be obtained from T,.
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Not all the transfer functions in G% have to be identified for controller design.
The transfer matrix Cz (which captures dynamics of the distributed controller
in the loop) is either known or its dynamics are not of interest in the considered
identification problem. The dynamics of one subsystem P;, i € V, (or all sub-
systems) can be identified by solving a subset of the equations in , which
also requires only the identification of a submatrix of col(T] z?’ T9) (Gevers et al.l
2018)).

Let us elaborate on the indirect identification of GY, (G?j) jen;. Consider a
vector of reference signals rp = coljep 75, with D C V. Now, consider two trans-
fer matrices of interest: the transfer matrix T}, = from external reference signals
rp to y; and the transfer matrix TgN o from rp to war := col(u;, wp,, - . th)
he € N;. The main principle of the local indirect method is that ebtlmateb of GY,
(GY;)jen; can be obtained, by post-processing estimates of 77, ~and Ty . .
To estimate the transfer matrices from rp to y; and wpar, we collect the out-
put y;, control input w;, and the in-neighbour nodes in the predictor output
wy = col(y;, Ui, Why s - - ., Wh,, ) = col(y;, wpr). By minimizing the prediction error

cit.0) = 0.0 (s = |7 | (@.0)rm ) (29

wp,TD

in a least-squares sense, an estimate (75,,,, Twx.rp) OF (T2, T, rp) is Ob-
tained. Since this is an open-loop identification problem, the noise model H;
in does not have to be identified consistently for the consistent estimation
of the tranfer functions of interest (hence, e.g. H; = I can be chosen). The

following result follows from Theorem 5.2, by |Gevers et al.| (2018)).

Theorem 2.3.1. Take TD = col(ry,Thys---,7Th, ), he € N;. If the estimate
(Tirp> Tooprrp) Of (T2 o> T o) s consistent, then consistent estimates of GY,
(Gzoj)jENi are given by

(G G =Tirn Tl - (2.10)

Consistent estimates of (T, , Ty . . ) can be obtained via standard open—
loop identification, which requires a full-order model for the elements of T’ l -
T wrp and 7rp is required to be persistently exciting of a sufficiently high or-

der (Ljung} |1999).

Example 2.2. Let us return to the two interacting control loops in Exzample[2.1}
For the identification of GS and GY, through the indirect method, we can estimate
the transfers col(rhrg) — col(uy, uz) and col(ry,re) — ya. Consistent estimates
TwN rp GNd Tg o can be obtained with the prediction error , provided that

(r1,72) is persistently exciting of sufficiently high order. C’onszstent estimates of
GY and GY, are then obtained as [Gy Ga] = Ty T

WN,TD "
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The external signal vector rp can be chosen in other ways than stated in
Theorem [2.3.1] with D any subset of V, cf. (Van den Hof and Ramaswamy)
2021)), (Shi et al.l 2022). This may yield a non-square matrix 7}, p,, such that
a consistent estimate is

[él GM] = TMDTJr

wp,TD’

where 77 oo 18 @ Tight-inverse of T ~.ro- 1t should be noted that the existence
of the right inverse of T, requires a sufficient number of (measured) external
excitation signals in rp (|D| > |NV;| + 1) (Van den Hof and Ramaswamy], [2021)).

2.3.3 Tailor-made parametrization

From the previous subsection, we have observed that the indirect identification
of a plant in a closed-loop network requires two steps: (i) the identification of a
transfer matrix from (a subset of) external signals to (a subset of) node signals
(u,y) and (ii) the computation of the plant transfer functions through post-
processing. In a classical closed-loop situation, the two steps of the indirect
identification procedure can be combined into a single step, by employing a tailor-
made parametrization where knowledge of the controller is used (Van den Hof|
1998). In this subsection, we will consider the identification in a closed-loop
network with a tailor-made parametrization, where knowledge of the controller
and the network structure is used in the parametrization.

Let us consider a predictor model where the outputs (y1,...,yr) are predicted
on the basis of the external reference signals (r1,...,71). A one-step-ahead pre-
dictor for the output y; with predictor inputs (r1,...,ry) will be of the form

L

Gi(tlt = 1;0) = Tij(q,0)r;(1), (2.11)
j=1

with T;;(g, 6) the parametrized transfer between r; and y;. Now, since the struc-

ture of the transfer 7; and y; is known (due to (2.5)), this means that T;;(q, )

can be parametrized in terms of the parameters of (G(6))icv and (Gi;(0)) i j)ee-
We will make this parametrization explicit. From , it follows that

y = GoAyy + (GoA, + G%)Cz(r —y) + Hoe
and, hence, with Hy := (I — GoAy + (GoAy + GOD)CI)71 Ho,

Yy = (I — G()Ay + (GOAU + G%)Cj)il (G()Au + G%)CI'I" + ]?[06. (212)

:ZT(]
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Therefore, given a parametrization G () and Gp () of Go and G%, the parametriza-

tion T'(0) of Ty in can be taken as
T(0) = (I — GO)A, + (GO)A, + Gp(0))C1) " (G(O)Ay + Gp(0))Cz, (2.13)

such that the parametrized transfers T;;(6) in (2.11) are taken as the (7,j)-th
entry of T'(9).
This leads to an identification problem arg ming Vs (0), with

L
Vi (0 :ZNZ , €i(t,0) = y;(t ZT” q.0)r;(t), 1eV. (2.14)

Remark 2.3.2. Notice that explicit knowledge of the experimental setup is used
in the identification. Indeed, from , we observe that in the tailor-made
parametrization knowledge is used of the network structure, the fact that the plant
operates in closed loop, and the dynamics of the distributed controller are used.
This also implies that the distributed controller (at least the transfer matriz Cz)
should be known in order to compute the prediction error in . In contrast,
in the indirect method described in , an unstructured estimate of Ty is made
in the first step, using no knowledge of the network structure or controller.

Remark 2.3.3. The noise filter Hy is not identified through the presented ap-
proach, but is implicitly modeled with a fized noise model H = I. Notice that there
is no assumption on the correlation between noise signals e; and e;, (i,j) € V2,
i 7.

Consistent estimates G(Ay) and Gp(Ay) of Gy and GY are obtained if the
power spectrum of r is positive definite for a sufficiently high number of frequen-
cies, provided that r and e are uncorrelated and that the model set parametrized
by is uniformly stableﬂ We will not go into further detail on consistency
of the tailor-made identification method here, since the tailor-made parametriza-
tion is particularly of interest for identification for controller design in case the
system is not in the model set.

2.4 Network identification for distributed con-
trol

2.4.1 Control-oriented identification problem

In the previous section, the problem of identifying subsystems in a closed-loop
setting with a distributed control architecture was considered. In this section,

3Uniform stability here refers to the stability of the (derivatives) of predictor filters and
connectedness of the parameter set, cf. (Van den Hof} [1998) for more details.
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we will consider the identification of subsystems P;, ¢ € V, with the objective
of designing a distributed controller. The control problem that is considered
here is a distributed 775 control problem, which will be considered in Chap-
ter [ for the problem of synthesizing a distributed controller in a general setting.
In the setting of this chapter this is a reference tracking problem, where the
tracking errors of all subsystems should be minimal for any choice of reference
signals. More specifically, for the interconnected system with subsystems
P = (Py,...,PL), the control problem is to find a distributed controller with
controllers C = (Cy,...,CL) such that ||F(P,C)| s is minimal, where F(P,C)
is the transfer col(ry,...,r) — col(z1,...,2r) for the closed-loop network de-
scribed by (2.2] . .

In Chapter [ I, the dynamics of the interconnected system are assumed
to be known and a solution is provided to the distributed %% control problem. In
reality, these dynamics are typically not known, i.e., for each ¢ € V, the transfer
functions describing P;, G and GY; with j € N, are not known. The model-based
controller design in Chapter [ therefore requires a model of the interconnected
system, P = (P1,...,PL).

Loosely speaking, the problem of concern is to identify a model P of the
interconnected system and to synthesize a distributed controller C = (Cy,...,CL)
based on P such that || F(P,C)|| #, is minimal, i.e., such that the closed-loop data-
generating system achieves a high performance in terms of reference tracking. Of
course, without further considerations, only || F(P,C)|| is optimized in a model-
based controller design. That is, the closed-loop interconnected system model
achieves a high performance. Evaluation of the performance with a model-based
design is possible via the performance inequality (Van den Hof and Schramal
1995)), cf. (Schramal {1992):

IE(P,C)lloe, — |IF(P,C) = F(P,C)] ]
< |[IF(P,C)]lz, (2.15)
S NEP,O)lls + 1F(P.C) = F(P,C)lz,

where we can distinguish three main terms: the achieved performance || F(P,C)| s,
the designed performance [|F (P,C)|l s, and the performance degradation term
I1E(P,C) = F(P,C)|| -

The achieved performance is ‘squeezed’ in between the upper and lower bounds
dictated by the triangular inequality, if the performance degradation is kept
(relatively) small. The optimization of ||F(P,C)| s through model-based de-
sign could therefore be performed by minimizing the upper-bound in ,
while taking into account that the performance degradation should be relatively
small (with respect to the designed performance) (Van den Hof and Schramal
1995). State-of-the-art methods for distributed controller design and network



2.4. Network identification for distributed control 45

identification can either optimize the distributed controller or interconnected sys-
tem model, but are not fit to optimize both simultaneously in the upperbound
in Iterative schemes for identification and control aim at minimizing
the upperbound by alternately solving an identification problem and a control
problem, cf. (Van den Hof and Schramal, [1995).

Given a model (Py,...,Pr) of the interconnected system, |F(P,C)l| is
a distributed 4% controller criterion which should be optimized for Cy,...,Cr.
Given a distributed controller Cy, . .., Cr, the performance degradation | F(P,C)—
F(P,C) | is a model mismatch criterion. Now, consider the problem of deter-
mining Py, ..., Pr from data such that the performance degradation is optimized,
i.e., the problem

. minA ||F(P,C) - F(ﬁac)”% (216)
Pi1,..,PL

Notice that this is a control-oriented identification problem with a criterion that
is determined by the transfer matrix of interest F' and the J# performance met-
ric. Problem is an identification problem with a non-trivial identification
criterion. This problem has been thoroughly analyzed in the field of identification
for control for single-input-single-output systems in a standard control loop (Van
den Hof and Schramal 1995)).

For the case of interconnected systems, is a network identification prob-
lem. We distinguish two cases: (i) consistent identification of P;, i € V (exact
modeling) and (ii) identification of P;, ¢ € V, with a model set that is not rich
enough to capture all dynamics of the network (approximate modeling).

2.4.2 Exact modeling

Consider the direct method described in Section 2:3:1] As a consequence of
Proposition the sum of the asymptotic identification criteria Ee?(t, §) leads
to an identification criterion with a minimizing argument that also minimizes
the control-oriented identification criterion in . Indeed, if the consistency
conditions in Proposition [2.3.1| are satisfied for each 7, then a consistent estimate
P; equals P;, for all i € V. Hence, (751, . ,75,;) clearly is a minimizing argument
of ||[F(P,C) — F(P,C)|| . Similarly, it is clear that consistent estimates of G,
(é?j)jEM obtained through the indirect method form a model (Py,...,P;) that

is a solution to (2.16)).

4The optimization of || F(P,C)|| s, directly on the basis of data, instead of the upperbound,
is a challenging problem on its own. This problem will be discussed in detail in Part IT in a
model-reference control setting.
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2.4.3 Approximate modeling

The estimates that follow from the direct method are consistent and therefore
solve the control-oriented identification problem. However, when the ‘system in
the model set’ assumption is violatecEl, then consistency is not guaranteed, which
implies that an estimated model Pisin general not a minimizing argument of
|F(P,C) — F(P,C)||s. The question is then: how to identify (Pi,...,PL) via
approximate modeling, such the performance degradation is minimized? We will
show that the identification criterion of the indirect identification method with
tailor-made parametrization, described in Section [2:3:3] can be interpreted as the
performance degradation term in under conditions on the experimental
setup.

Let us have a closer look at the performance degradation for an approximated
model P. Let AF;; := FY — Fj;, where FY) is the transfer r; — z; of the closed-
loop network — By the definition of the % norm, we can rewrite the
performance degradation as

s

IF(P.C) = F(P,C)lle = L trace AF(e™)*AF (&™) dw

2r J_,
1 s
=5 AFHAF; + -+ AF[{AF,

+ AFSAF s+ -+ AF,AFLo

+‘AEYLAFHL+'”'+'AP%LAPiLdw

- Z Z % /W AFS5AF; dw. (2.17)

j=11i=1 -

In order to minimize the performance degradation, prediction-error identification
with predictor inputs as reference signals 7i,...,7r; and predictor outputs as
tracking errors zi,...,z; therefore appears to be a natural choice. Indeed, it
can be shown that the prediction-error identification criteriorﬂ with a tailor-
made parametrization from Section [2:3.3] can be interpreted as a performance
degradation term.

5That is, there does not exist a 09 such that G;(09) = G, G;;(69) = G?j and H;(09) = HO.
This is referred to as approximate modeling in the identification literature (system is not in the
model set).

SSince z; = ; — yi, Fioj
for i # j and Fg:l—Tg.

"Notice that the output y; is predicted in Section instead of the tracking error z;.
This is equivalent, however, since the prediction error in (2.14)) is €;(¢,0) = y; — g(t|t — 1;0) =
(ri—9(t|t—1;0))—z;, where the first term is a prediction of z;with a tailor-made parametrization.

is directly related to the transfer TZ%. from r; to y; as FZ.Oj = —Tioj
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Given the tailor-made parametrization T;;(0) of Ti0 as deﬁned in (2.13),
consider the parametrization F;(f) of Fjj as Fy;(0) = —T;(0), i # j and
F;;(0) = 1—T;(0). The following result provides an expression for the asymp-
totic identification criterion corresponding to the network identification prob-

lem (ZT4).

Lemma 2.4.1. Consider the asymptotic prediction-error identification criterion
Vram(0) = Zle E&2(t,0), with the prediction errors defined in (2.14). If the
conditions

1. for all (i,j) € Z[21:L]7 r; s uncorrelated to e;,

2. for all (i,7) € Z[ZLL], i # j, r; is uncorrelated to rj,
are satisfied, then

Vo) =33 L - 5(0) AFy(0)®,, + E* () (H°) A E(w) do,

Jj=11i=1

where E denotes the Fourier transform of e.

Proof. Parseval’s theorem provides an expression for Vs in the frequency do-
main:

L ™
Veu®) = 3 3 | Pale) de
By condition 1. and 2., it follows that

Zl (0)[2®,, + E* () (HY)* AYEw), i€ V.

Hence, we find that

which yields the assertion. O
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Two observations can be made: (i) the identification criterion Vzps consists
of a part that depends on the parameter vector 6 and a part that is independent
of 0, and (ii) the identification criterion is tunable through &, i.e., through the
choice of external reference signals. Under the conditions in Lemma we
find that the minimizing argument of Vi, is equal to

L L
I : [ .
arg min Vram(0) = arg min E 1 E 1 o [ﬂ AF(0)AF;;(0) dw
i1 j—

L T
' Z = / E*(w)(H?) HYE(w) dw

L L
: [ .
= argmin E E o /_7r AF(0)AF;;(0) dw

i=1 j=1

for constant reference spectra ®,, =1, ¢ € V. Hence, we find that a plant model
P obtained through the minimization of Vrj, will be a minimizing argument
of |F(P,C) — F(P,C)||n by ([2:17). That is, the parameter vector that mini-
mizes the asymptotic identification criterion Vrps is a minimizing argument of
the performance degradation.

Remark 2.4.1. The rationale behind the prediction-error is that the es-
timator bias in the case of approximate modeling is ‘shaped’ such that models G;
and G;; give a small 75 norm for the transfer functions of interest for control.
This idea has been explored in (Ljung, 1999, Section 13.5) for ‘pulling’ the bias
towards models that give a small sensitivity in SISO control loops. It should be
noted that if the model class is chosen such that condition 5. of Proposition|2.5.1
is satisfied (the system is in the model set), then there is no bias (asymptotically)
and the identification approach in this subsection still yields consistent estimates

of GY and ng, j € N;, under sufficient excitation through .

2.4.4 Tterative identification and controller design

As mentioned in Section [2:4] the designed performance and performance degra-
dation in cannot be minimized simultaneously. Iterative schemes have
been developed in the field of identification for control to alternately minimize
the designed performance and performance degradation via controller design and
control-oriented identification, respectively (Van den Hof and Schrama [1995)).
Considering these iterative schemes, an scheme in which the interconnected sys-
tem identification and distributed controller design are performed iteratively, has
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the form

(Pr,...,PL)(k+1) =arg min |F(P,C(k)) — F(P,C(k)|

7)1,~~.’7)L
(C1,...,CL)(k+1) =arg min ||F(75(k + 1)76)“%
C1,..,CL

Here k denotes the iteration number. This iterative scheme can be interpreted as
a ‘windsurfer approachﬁ for the distributed controller design of interconnected
systems.

The iterative control scheme can be initiated by performing experiments on
the closed-loop network with a preliminary (distributed) controller C(k).
The plant models (Py,...,P.)(k + 1) are obtained through identification with
a control-oriented identification criterion as discussed in Section m (or Sec-
tionin the case of exact modeling). Based on the model (Py, ..., PL)(k+1),
a distributed or decentralized 7% controller (Cy,...,Cr)(k + 1) can be designed
such that || F(P(k +1),C)| s, is minimized, via the method described in Chap-
ter [4] Iterations are continued by setting £ — k£ + 1 and repeating the identifica-
tion and controller design.

2.5 Conclusions

In this chapter we have considered the problem of identifying subsystems of an
interconnected system for the design of a decentralized or distributed controller.
We have first considered the identification of subsystems of a network in closed-
loop with a (distributed) controller, yielding a network with a special structure.
It has been shown that consistent estimates of the subsystems can be obtained
through both direct and indirect network identification methods. When a tailor-
made parametrization is used in the network identification, the structure of the
closed-loop network and the controller dynamics can be explicitly taken into
account in the predictor model. The identification criterion corresponding to
the network identification method with a tailor-made parametrization can be
interpreted as the performance degradation for an % performance criterion for
reference tracking.

8The windsurfer approach is an adaptive robust control design method introduced by |An-
derson and Kosut| (1991)). It is motivated by the way humans learn windsurfing.
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Appendix

2.A Derivation of a state-space representation

The transfer matrix [GY G| has a (left) matrix fraction descriptiorﬂ (Hannan
and Deistler], [1987)

[GY GY.] = P [Q; Qul,

where P, Q and Qu are polynomial matrices given by P(¢~1') = I + Pig~! +

4P Q) = Qo+ Qg -+ Qg and Qu(g7Y) = Q) + QY !
- Q{v ¢~'. The dynamics of P; are therefore described by z; = r; — y; and

Pl My(t) = [Q(¢™") Qa(g™)] { ui(t))] + Pi(q~ Yui(t)

wyy, (t

or, equivalently, defining y; := y; — vy,

yi(t) + Prggi(t — 1) 4+ Pt — 1) = Qou(t) + Quu(t — 1) + -+ + Quu(t — 1)
Define the vector signal x;(t) := col(g;(t)), g:(t —1),. ..

1),...,u;(t — 1)), where u; = col(u;, wy,), and define P :
Q:=row(Q1,QV,...,Q, Q{\f), such that

( 0, wi(t), ..., it —
:=row(—Pp,...P) and

5i(t) = [Qv Q] w(t) + [P Q]ai(t). (2.18)

9A simple but rudimentary way of obtaining a matrix fraction description of a rational
matrix G, is to write G = p~1Q, where p is the least common multiple of the denominator
polynomials of the entries of G.
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From (2.18) it follows that a state-space representation of P; is

Qo QY
0 0
I fui(t)+ | 0 |wn(t),
0 I
0 0
=:B; ::ANi
yi(t) =[P Q] zi(t) + Qo ui(t)+ Q) w (t) + vi(t), (2.19)

with Z2i =T —Yi.



Chapter 3

Distributed identification in
dynamic networks

The identification of dynamic networks can typically be separated into the iden-
tification of several multi-input-single-output (MISO) systems. In this chapter,
we separate the identification in dynamic networks further, by developing a novel
approach to distributed identification of MISO systems. The distributed identifi-
cation is discerned by the local estimation of local parameters, which correspond
to a module in the MISO system. The local estimators are derived from the stan-
dard recursive least squares estimator and require limited information exchange.
By Lyapunov’s second method, sufficient conditions are derived for asymptotic
convergence of the estimators to the true parameters in the absence of distur-
bances, which lead to asymptotic unbiasedness in the presence of additive output
disturbances.

3.1 Introduction

Prediction-error identification methods provide a powerful tool for obtaining con-
sistent system parameter estimates (Ljung, [1999). However, when dealing with
large scale interconnected systems, such as the ones arising from biology or power
grids, the identification problem becomes more challenging. Given a network of
linear dynamical systems, various prediction error methods are readily opera-
tional for identifying these systems (Rao et al., [1984)), (Van den Hof et al.| [2013).

This chapter is based on the publication: T. R. V. Steentjes, M. Lazar, and P. M. J. Van den
Hof. A recursive estimation approach to distributed identification of large-scale multi-input-
single-output FIR systems. IFAC-PapersOnLine, 51(23):236 — 241, 2018. 7t" TFAC Workshop
on Distributed Estimation and Control in Networked Systems
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The identification problem of such large-scale systems can typically be sep-
arated into multiple-input-single-output (MISO) identification problems, in the
case that the process disturbances are uncorrelated over the channels (Rao et al.,
1984), (Van den Hof et al., |2013]). More precisely, identification of a large-scale
system can be performed via the identification of MISO building blocks, on the
basis of measurements of multiple inputs and one, possibly disturbed, output.
Figure shows such a MISO building block. In the case that the process noise
is correlated over the channels, confounding variables can require the addition of
inputs or outputs to the predictor model, leading to extended MISO (Dankers
et al., 2016) or MIMO (Ramaswamy and Van den Hof, [2021)) identification prob-
lems.

"

w2

H) x
wm] w

Figure 3.1: MISO system interconnection with m; € N subsystems.

Although existing prediction error methods for dynamical networks can con-
sistently identify local modules (single-input-single-output (SISO) systems), the
identification problem that has to be solved is typically a MISO identification
problem, with measurement data required to be available centrally for parameter
estimation. Central data collection and computation of the module estimates may
not always be desirable due to computational constraints or desired flexibility.
A further decomposition of the MISO identification problem into SISO identifi-
cation problems to reduce computational complexity was also suggested in (Rao
et al.,|1984)). Therein, it was proposed to perform a decomposition of the param-
eter estimation via a Gauss-Seidel like algorithm, but a proof of convergence is
absent.

Distributed estimation has caught a vast amount of attention in the litera-
ture. Existing approaches can be divided into two distinct classes. The first class
consists of consensus based methods, discerned by collaborative estimation of a
global (common) parameter vector that is performed via a number of intercon-
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nected estimators (Mateos and Giannakis, 2012)), (Papusha et al.l |2014). The
second class is also enabled by collaborative estimation via interconnected esti-
mators. Therein each estimator is, however, concerned with the estimation of a
local parameter vector. We refer to the results derived for parameter estimation
in static large-scale systems (Marelli and Ful |2015)), distributed state estimation
via moving-horizon methods (Farina et al., [2010) and distributed identification
via ADMM (Hansson and Verhaegen, [2014)).

In this work, we consider the distributed identification of transfer function
modules in dynamic networks. We consider that the identification problem can
be separated into MISO identification problems, which holds true under the as-
sumption that noise processes are uncorrelated over the channels. To the best of
the author’s knowledge, the distribution of the identification of modules in inter-
connected systems has only been considered by Hansson and Verhaegen| (2014))
in the optimization layer through ADMM; a method that performs alternating
optimization steps and can often be successfully applied, but has no guarantee
for convergence (Hansson and Verhaegen| 2014). The distribution of the identi-
fication of modules in dynamic networks is therefore a largely unsolved problem
in the literature.

We develop a distributed solution for the MISO prediction error identifica-
tion problem (Van den Hof et al. |2013)). Predictor models are employed that are
linear with respect to the parameters and can be specified by orthogonal basis
functions (Heuberger et al.| [2005). These models are chosen to be linear because
of the explicit solution to the corresponding least squares problem for identifi-
cation, which allows recursive parameter estimation via recursive least squares
methods. The use of orthogonal basis functions allows the specification of model
structures such as FIR or ARX, while more advanced basis functions can improve
the accuracy of the model (Heuberger et al.l |2005)). These predictor models serve
as a basis for the developed distributed identification method. The distributed
identification scheme is composed of local recursive estimators that are coupled
with local SISO modules. Intercommunication of the local estimators is accom-
plished through the transmission of scalar signals between recursions via a mutual
fusion center.

3.2 Preliminaries

The sets of non-negative integers and non-negative reals are denoted by N and
R>o, respectively. Given a € Z, b € Z such that a < b, we denote Z,.y) =
{a,a+1,...,b—1,b}. Let I, € R"*" denote the identity matrix. A function
a : R>o — Rxq is said to belong to class K (o € K), if it is continuous, strictly
increasing and «(0) = 0. Tt is said to belong to class K (@ € Ko), if additionally
a(r) = oo as r — oco. For an x € R™, let ||x||2, or simply ||z||, denote the 2-norm
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of z.

3.2.1 Concepts from Lyapunov theory
Consider the discrete-time, time-varying system
z(t+1) = f(z(t),t), =mo:=z(to), to €N, (3.1)

with f : R" xN — R”, f(0,-) = 0. Let the solution of (3.1) initialized in o € R™
at time ¢y € N be denoted by s(¢,tg, zo).

Definition 3.2.1. The origin equilibrium of (3.1)) is called stable if for each
€ > 0 and each ty € N, there exists § = 6(g,to) so that

||.’IJO|| < = Hs(t,to,JJQ)H <eg, VYt > to.

Definition 3.2.2. The origin equilibrium of (3.1)) is called attractive if there is
a § > 0 such that

For each € > 0 there exists T = T(g,t9) such that
[zol| <& = |Is(t,to, o)l <&, VE=to+T. (3:2)

By the definition of a function limit at infinity, is equivalent with:
llzoll <6 = ||s(t,to, z0)]| = 0 as t — oo.
Definition 3.2.3. The origin equilibrium of is called globally attractive if
xg € R™ = ||s(t,to,x0)|| = 0 as t — oc.

Definition 3.2.4. The origin equilibrium of (3.1)) is called asymptotically stable
if it is stable and attractive.

Definition 3.2.5. The origin equilibrium of (3.1)) is called globally asymptotically
stable if it is stable and globally attractive.

Theorem 3.2.1. The origin is a stable equilibrium of (3.1) if there is a function
W :R” x N — R, so that

ka(llEl) < W(E, 7) < ka(l[€ll,7), V(€ 7) € R" XN, (3.3)
AW (E,7) <0, VY(,71)€eR"xN, (3.4)

with k1 € Koo, ko(+,7) € Koo for each 7 € N and AW (&, 1) := W(f(&, 1), 7 +
1) = W(& 7).
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Proof. See Appendix O

Theorem 3.2.2. The origin is a globally asymptotically stable equilibrium of
(3.1 if there is a function W : R™ x N — R so that

ka(ll€ll) < W&, 7) < ka(li€ll, 7). V(€ 7) € R" XN, (3.5)
AW(E, 7) < —ks([€]]), V(&) € R" XN, (3.6)

with k1 € Koo, ka2(+,7) € Koo for each 7 € N and ks : R>9 — R>o a continuous
and positive definite function with k3(0) = 0.

Proof. See Appendix O

Note the absence of a uniform upperbound on W in Theorem [3.2.2] This
avoids the need for a uniform lower bound on, or termination of gain/covariance
matrix recursions as in (Mendel, 1973), (Udink ten Catel |1979), for proving con-
vergence of the recursive estimation scheme in Section [3.6

Definition 3.2.6. A function W : R™ x N — R that satisfies (3.5) and (3.6)) is
called a Lyapunov function for (3.1)).

3.3 Identification in dynamic networks
We consider the system setup of [Van den Hof et al.| (2013)): a dynamic network

that describes the relations among L internal variables w;, ¢ € {1,...,L} =V
on a directed graph G = (V, ), with edges £ C V x V:

wi(t) = > Gh(@wit) +r;(t) +v(t), eV, (3.7)
iEN;
where
e ¢~ !is the delay operator, i.e., ¢~ ta(t) = z(t — 1),

e N; C Vis the set of nodes i € V for which G?i # 0, i.e., for which (i,7) € &,
where G?-i is a rational and strictly proper transfer function,

e v; is an unmeasured process noise signal. The process v := col(v1,...,vr)
is modeled as a stationary stochastic process with a rational and diagonal
spectral density matrix ®, (uncorrelated over channels), such that there
exist stationary zero-mean white-noise processes e; with variance 032- and
transfer functions H ]Q that are monic, stable and minimum phase, satisfying

v;(t) = H]O(q)ej (t).
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Collecting all network variables w;, r; and v; in vectors yields an expression

w1 0 G?g R G?L w1 1 H161
w2 Ggl 0 e G%L w29 T2 H262
wy, G%l G%2 0 wr, TL HLeL

which describes the dynamics of the network. With straightforward vector and
matrix notations, (3.8]) is equivalently written as

w = G+ 7 + H'.
We will assume throughout this chapter that the network is well-posed, i.e.,

(I —G°)~! exists, and that (I — G9)~! is stable.

3.3.1 Direct method in dynamic network identification

Given the description of the dynamic network in (3.7)), each scalar internal vari-
able w;, is described by a multi-input-single-output (MISO) system

=) G (t) +75(t) + Hj (a)e; (1)

1EN;

This MISO structure is the starting point for the distributed identification method
that is developed in this chapter. In the direct method (Van den Hof et al.,[2013)),

a module G?- (for some i € N is identified by identifying all GY s L E N simul-
taneously. That is, by solving a single optimization problem
N-1
mean( 5? (t,0), (3.9)
t=0

where ¢; is the prediction error, e(t,0) = w;(t) — w;(t[t — 1;6), based on the
one-step ahead predictor w;, defined by (Van den Hof et all |2013)

W (tlt —1;0) = (1 — H.—l(q, 0)) w;(t) (3.10)

2.0)( Y Giila,0pwi(t) +75(1)).

1EN;

where Gji(g,0) and H;(q,6) are models of Ggi and H]Q7 with H,;(g,0) a monic
transfer function and 6 the parameter vector.
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In this chapter, we consider predictors w; which are linear with respect to the
parameters. This requires that H - Yq G)Gﬂ(q, ¢) and H; (q,0) are linear in the
parameters, such that the predlctor ) becomes

N

W (tt —1;0) = ZakF Zzb’LJ t) +7;(t)

1€N; k=0

=0, (00; + Y @) (H)0; +7(t), (3.11)
1EN

where the monicity of H;(g,6) is used. In the predictor expression 1) the
parameter vector is 6 = colleN uis} 01, where 0; := = col(as,...,a,,) and 6;

col(bt, .. .,bfL,), i € Nj, and F,g, L] are (orthogonal) basis functions, cf. (Van

b
den Hof et all |1995), (Heuberger et al., |2005). In prediction-error identification,
a set of basis functions (F}) ke{l,...n} 18 typically chosen as a set of orthonormal

basis functions, where orthonormality is reflected by the property

1 T ) ) 1 0 . .
2 B B ) dw =1 and — / FL(e)Fi(e=) dw = 0, k £ 1.

2 J_, 2 J_,
A special choice of basis functions is Fj(q) = ¢~*, for which the model structure
becomes an ARX or FIR model structure (which will be shown in Example
and for the predictor ) Since the accuracy of the model is limited
by the choice of basis functions (Van den Hof et al.l |1995)), more advanced basis
functions have been developed in the literature, such as Laguerre functions, Kautz
functions and generalizations of the aforementioned functions (Heuberger et al.|
2005)). Let us briefly exemplify the predictor via two model structures for Gj;
and H; that lead to a linear prediction expression of the form .

Example 3.1 (ARX model structure). In an ARX model structure, parametrized
models are transfer functions that are rational with respect to the delay operator,
such that

B;(q,0
Gji(g,0) = A((;e))’ i€ Nj,
1
HJ(Qag): A(q 9)3

where

A(g.0) =14 a1q " +aq ® + 4+ an, ¢ ",
Bi(q,0) = b+ biq ™" +bhg 72+ -+ b g,
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with 0 = colicnr,ug;y 01 and 0;, 0; as defined in the paragraph following (3.11). It
follows by (3.10) that

w;(t|t —1;0) Zakq k (r(t) Z Zbkq sz t) +1;(t),

i€EN; k=0

which can be written as (3.11)) with Fk](q) = Li(q) = ¢ . The second equality
in (3.11)) follows with

@] () =[rjt—=1) —w;(t=1) - 7j(t—na) —w;(t —na)],
goj(t):[wi(t) wi(t—1) - wi(t—n))], i€N;.

Example 3.2 (FIR model structure). An FIR model structure is a special, but
important, case of an ARX model structure where A(q,0) = 1. It follows that the

predictor (3.10)) is

i (tt — 1;0) = ZZqu_sz )t =D el (08 + (D),

i€N; k=0 iEN;
with 0; and p; as defined in Example [5]]

Because the predictor (3.11)) has the property of being linear-in-the-parameters,
the least-squares 1dent1ﬁcat10n problem (3.9) has a closed-form solution{T]

0 := argmin V;(0) = (@T®) 10wy, (3.12)

with w; a vectorized form of wj, i.e., w; = col(w;(0),...,w;(IN — 1)), and
7 = (¢(0),..., (N — 1)) with ¢(t) := coljen,uq;}- The parameter estimate 6
is referred to as the least squares estimator (LSE). The covariance matrix of the
LSE is ¥ = 02(®'®)~! (Kay, 1993).

3.3.2 Recursive least squares

In practice, computing the LSE can be undesirable when all the data w; and
® are not available at once or when is computationally intractable, for
example. Instead, one can use a recursive LSE (Kay), [1993), which updates the
LSE each time new data is available.

Let (k) denote the LSE of 6 based on k + 1 data samples of the output
node w;(k) = (w;(0) --- w;(k))" and regressor ®(k) = (©(0) ---¢(k))". The

1We omit r; here and in the sequel for clarity of exposition. The reasoning throughout this
chapter is identical for the case where r; is non-zero.
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recursive LSE reads as follows (Kay, |1993). First, compute the “batch” estimator

0(k) for k e N:

O(k) = (@(k)T (k) @ (k) "w; (k) (3.13)

S(k) = o3 (@(k)T@(k) .

When new data is available, update the estimator according to
Ok +1) = 0(k) + a(k)S(k)p(k + D) (w;(k+1) — " (k+1)A(k),  (3.14)
1
of +eT(k+1)B(k)p(k+1)

a(k) =

The covariance matrix of the updated LSE is
Y(k+1) =T —ak)Z(k)elk + e (k+1)Z(k). (3.15)

Remark 3.3.1. The recursive LSE and covariance matrixz can be written in a

more compact form, using the prediction error definition in (3.14) and applying
the matriz inversion lemma (Guttman, |1946) to £(k+ 1) in (3.15)), as

Ok +1) = 0(k) + a(k)2(k)e(k + 1) (k +1,0(k)), (3.16)

YU E+1) =27 k) + %gp(m D" (k+ 1), (3.17)

respectively, cf. (Kay, [1995).

Remark 3.3.2. One can avoid the computation of a batch LSE (3.13) completely,
by initialization of the recursive LSE (3.16) from “scratch” with 6(—1) = 0 and
Y(—1) =cl, with c € Rxq (Kay, |1993).

3.4 Problem formulation

Given the MISO prediction error identification problem described in Section|3.3.1]
central collection of m; = |N;| node signals w; and one node signal w; is required-}
for the central computation of é, using either the LSE or the recursive LSE
(13.16). From a distributed point of view, however, local module parameter es-
timators 6; for 0;, may be preferred, due to computational or communication
constraints. We will refer to the concept of distributed identification, as the local
parameter estimation for Gj; via a local identification module, with intercom-
munication between local identification modules. The distributed identification

2We remark that if all w;’s are uncorrelated, then SISO identification (without modeling
other subsystems) provides consistent estimates. This will lead to increased variance, however.
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concept is illustrated in Figure Each subsystem G, i € N; is coupled with
an identification module Z;, which measures node signal w; and is connected to
some module B. Module I} is an identification module that aims at modeling the
noise filter H; (if parametrized). Module B describes the relation between sent
and received signals of all modules Z;, I € N; U{j}. Given this distribution, two
problems arise, related to the local identification and communication. Firstly, is
there an Z; that arrives at unbiased estimates of the true parameter 6Y? Conse-
quently, if the answer is affirmative, what signals have to be shared between the
identification modules Z;, I € N; U {j}, i.e., what should B describe?

1

J

Figure 3.2: Distributed identification scheme with identification modules Z;, i €
N; U {j} and communication module B.

Since the data matrix ® is in general non-sparse, the identification problem
ming V;(0) is in general non-separable. Therefore, it is not clear how the LSE
(13.12) can be adopted in a distributed identification scheme. The recursive LSE,
however, can be advantageous for the distribution of the parameter estimation.
Indeed, one can exploit structures for the parameter covariance matrix X (k), such
as diagonal or block-diagonal structures, in order to “separate” the estimation
problem w.r.t. 6;, 1 € N;U{j}. Finally, asymptotic unbiasedness of the developed
distributed identification procedure should be assessed, i.e., we need to verify
whether limy,_, o, E él(k) — 6, where él(k) denotes the proposed estimator for 9
based on k 4 1 data samples.

3.5 Distributed estimation algorithm

Inspired by the recursive LSE ([3.16]), we develop a distributed recursive estimator:
for each i € N1.p,,, let the local parameter estimate ¢; : N — R" of 09 be defined



3.5. Distributed estimation algorithm 63

recursively by

él(k + 1) = éz(k‘) + al(k)El(k)go,(k + 1)(’(1)](]6 + 1) - Z (pl(k + 1)él(k)),
leN;u{s}
(3.18)

with a; : N — R and ¥; : N — R™*™_ Comparing the local estimator update
equation ([3.18) with the recursive LSE (3.16)), the matrix 3; has the interpreta-
tion of a local covariance matrix of ;. Let X; : N — R™ %™ be defined recursively
by

YN E+1) =271 (k) + k41 (k+1), (3.19)

ST
k)
with 7; : N — R. The scalars «;(k) and 7;(k) are related to sufficient conditions
for consistency of estimator (3.18)), which will be provided in Section
Consider the stacked vector 0p(k) := colien,uq;y 0i(k). Define Ap(k) :=

diag;e v, ugsy (k) In, and let T'p(k) == diag;c nr,ujy Vi(k)In,. Accordingly, let

Yp(k) := diagjenugyy Zi(k),

op(k) := diagic g5y o1(k)e] (k).
For the estimator update we can then write

Op(k+1) = Op(k) + Ap(k)Sp(k)e(k + De(k +1,0p(k))
with
S5tk + 1) =35" (k) + 5% (k)ep(k +1).

The latter equations seem to resemble ([3.16) and (3.17), which describe the re-
cursive LSE. Note, however, that the matrix Xp is block diagonal, while the
covariance matrix X is dense, in general.

Now, let identification module Z; be described by (3.18]) and (3.19)) so that

. 9<h+n:@<> i (R)Zi (k) (k + 1)e;(k + 1,85 (k)
CUET kD) = 5K + e+ D (k4 1).

Writing the distributed estimator (3.18)) as
0i(k + 1) = 0;(k) + (k)i (k)i (k + 1)

S(wilk+1) =@l (k+1)0:i(k)— > @) (k+1)i(k)),
le(N;U{iH\{i}
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it becomes apparent what information exchange is required between identifica-
tion modules, assuming that each module Z; can measure node w;(t) and (indi-
rectly) receive node w;(t). The local recursive estimator 0:(k + 1) depends on
an “autonomous” part plus a contribution from other identification modules Z;,
€ (N;U{j})\ {i}. The inputs from other subsystems and parameter vectors 6;
are not required to be known. Indeed, only the scalar products ¢, (k+1)8;(k) € R
need to be known, for all I € (N; U{;j}) \ {¢}, which we will refer to as the local
predictions. The appropriate communication can be achieved if, for example, at
every time step, each Z; sends the local prediction ¢ (k+1)8;(k) € R to all other
identification modules Z;, I € (N; U{j}) \ {¢} with a corresponding definition for
B. The latter corresponds to an all-to-all communication, however, and can be
inefficient for a large number of identification modules, i.e., for large m;. One
can instead consider B to be described by the static relation

B: ei(k+1,0p(k) =wjk+1) =@ (k+1)0;(k) = Y o] (k+1)0;(k)
1€EN;

and consider the following distributed identification procedure to improve effi-
ciency in the communication:

For all [ € N U {j}, initialize Z; at k = 0 with 6;(0) € R™ and 0 < $;(0) €
R™>™ | For each time k € N perform

(i) For each ¢ € Nj, Z; measures w;(k + 1) and sends the local prediction
@] (k+1)0;(k) to B. Identification module I; measures w;(k+ 1) and sends
wi(k+1) — ¢/ (k+1)6;(k) to B.

(ii) B returns the prediction error e(k + 1,85 (k)) to Z;, I € Nj U {j}.

(iii) For each I € N; U{j}, Z; computes 01(k +1) and $;(k + 1) by (3.18) and
(13.19)), respectively.

Remark 3.5.1. The distributed identification procedure can be viewed as a cen-
tral fusion, distributed computation scheme: local estimations are obtained by
modules I;, | € N U{j}, which all connect to B. This scheme reflects the in-
terconnection of the MISO system in Figure where all modules Gj;, i € Nj,
and noise filter H; connect to a single summation point.

3.6 Convergence analysis

Now that the central and distributed estimators are updated according to (3.16]
and (3.18)), respectively, let us analyze the asymptotic properties of the estima-
tors. In this section, we will first assume that no noise affects w;(t), i.e., the
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noise signal v;(t) = 0 for ¢ € N, and that the model structure defining the pre-
dictor (3.11) is rich enough to capture the dynamics of the MISO system i.e., the
node signal w; can be described by w;(t) = ¢ (t)0° for some 6. We will ana-

lyze the desired convergence 6 — 6° via Lyapunov’s second method, as was done
in the analysis of gradient algorithms for deterministic parameter estimation in
(Udink ten Cate and Verbruggenl |1978) and (Mendel, 1973).

3.6.1 Central recursive LSE

We will briefly pay attention to a convergence result for the recursive LSE, to show
the analogy with the convergence result for the distributed recursive estimator
in Section

Consider the estimator error (k) := f(k) — 6° € R™. In the absence of noise
(v;(t) = 0), it follows from that the recursive LSE error dynamics are
described by

Gk +1) = 6(k) — a(t)S(k)p(k + 1o (k+1)0(k), (3.20)

SHE+1) =27 k) + %(p(k—i— D' (k+1). (3.21)

Observe that the origin is clearly an equilibrium of difference equation (3.20)).

Convergence

The following result demonstrates that the estimation error converges to zero for
the recursive LSE in the deterministic case, i.e., when the noise v(t) = 0 for all
t € N. A similar result was proven in (Udink ten Cate and Verbruggen) [1978|
Appendix B), for a least-squares like gradient algorithm.

Proposition 3.6.1. Let We : R™ x N = R be defined by
We(€,7) =787 ()¢

and let $(k) satisfy [3.21), £(0) = 0. Assume that (k) and @(k + 1) are not
orthogonal for all k € N. Then Wg : R™ x N = R is a Lyapunov function for
(3:20).

Proof. See Appendix O

Remark 3.6.1. When 0(k) and p(k+1) are orthogonal, the error system
18 stable, but not guaranteed to be asymptotically stable, and convergence cannot
be concluded. Orthogonality can, however, always be avoided by wutilizing input
signals with sufficient independent frequencies (Mendel, |1973).
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3.6.2 Distributed recursive estimator
Estimator error dynamics

Consider the distributed recursive estimator (3.18). When no noise is present in
the measured node w;(t) (v;(t) = 0), the distributed estimator update (3.18)) can
be written as

0,k +1) = 0, (k) + s (k)i (k %k+1(zgpl (k41000 — 3 o (k+1)di( ))
1EN; lEN;

where we used w;(k) = Zlef\“fj o) (k)8?, with N := N; U {j}. Now, define the
error vector Op (k) := 0p(k) — 0° € R". We then have
Op(k+1)=0p(k+1) —6°
=0p(k) = 0° + Ap(R)Zp(k)e(k+1) 3 o (k+1)(6]) = 6u(k))
lEN;
= 0p(k) — Ap(K)Ep(k)p(k + 1) (k + 1)0p(k)
= F(k)f5(k)

with F(k) :=I,, — Ag(k)Sp(k)o(k + 1) (k + 1).
Recalling the difference equation for the gain matrix Xz (k), we conclude that
the error behavior of the distributed recursive estimator (3.18) is described by

Op(k+1) = F(k)0p(k), (3.22)
YR (k+1) =25 (k) + T5%(k)ep(k + 1), (3.23)
where I'5%(k) = diag,;¢ . v 2 (k) I,

Convergence

The following result proves the existence of the scalar functions ~;(k) for each
estimator, such that the distributed estimation error vector converges to zero in
the deterministic case.

Theorem 3.6.1. Let Wi : R™ x N — R be defined by

Wi(€,7) =€ 251 (1)¢
and let X p(-) satisfy -, ¥p5(0) = 0. For all i € Ny, let a; = ap, with
ap(k) == (O'J + ZleNj o (k + ) 1(K)pi(k + 1))71. Assume that Op(k) and

p(k + 1) are not orthogonal for all k € N. Then there exist v;, i € ./\v/'j, such that
Wpg :R™ x N = R is a Lyapunov function for (3.22).
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Proof. We will first prove that there exists k1 € Koo s.t. Wg(&,7) > ki(]|€]])
for all (§,7) € R™ x N, by induction. Let £ € R™ be arbitrary and let k1 (r) :=
Amin (Z51(0))r2. We claim that W (€, 7) > ki(||€]]) for all 7 € N. For the base
case T = 0 the statement is true, since we have Wg(£,0) > A\uin (X5 (0)[1€]? =
E1(JI€ID). Now, let Wg(&, k) > k1(]|€]]) be true for some k € N. Then

Wp(&k+1) =¢S5 (k+1)¢
=S k)E+ET TR (k)ep(k+1)¢
N———

>0

> €' S5 (k)€ = ka(llE]D,

thus the statement is also true for k 4+ 1. We conclude that Wg (&, 7) > k1(||€]])
for all (¢,7) € R™ x N. For the upperbound, let ko(r, k) = Amax(Z5" (k))r?.
Then Wi (€,7) < Amax (S5 ()] = a(€],7) for all € € R™.

Let us now analyze the one-step-difference AWg (k) := Wp(0p(k+1),k+1)—
Wg(0p(k), k). Using the distributed estimator error dynamics (3-22), we find

AWp(k) =05 (k+ )25 (k+1)0p (k +1) = 05(k) 25" (k)05(k)
=05k +1) (S5 (k+1) — S5 (k) Op(k + 1)
+05(k+1)S5 (k)0 <k+1> — 05k ) <k)é (k)
=AWpg(k) +05(k+1) (S5 (k +1) = S35' (k) Op(k + 1),
where
AW p =05k +1)S5" (k)0p(k + 1) — 04 (k)25 (k)0p (k)
= 6‘;2;1@]3 — Qég(p@TZBABEEIéB
+ 0500 Yp ARyt ApYpep 0 — 05X 5 05
= 0L S ARY G ApSppe 0 — 20500 S ARy top.

Now, since a; = ap for all i € Njy.,,,}, we have that AW p simplifies to

AWp = a%éggo(pTEBgmpTég — ZaBé;gaapTéB
= —ap(0Lp)* (2 - app' Spy),

so that AW p is negative when

2

O<ap < ——.
©TXpyp
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Since ap = (07 + Zlef(fj ©] Zipi) 7L, the latter condition is satisfied, such that

AWB < 0.
By equation ({3.23)), the one-step-difference is equal to

AWg(k) = AW g + 05 (k + 1) 52 (k)es(k + 1)0s(k + 1)

1 ~ ~

_ 1 ~
< AWB + Z 27 Z (Ql—r(k + 1)%01)23
lGNj

where we used the Cauchy-Schwarz inequality. The decrease condition AW g (k) <
0 is therefore satisfied whenever «;(k), i € Nj1.,,,), are so large that

m

1 |WB|
2 VE(k) © O (k) FT (k)ppF(k)0p(k)

=1

for all £ € N, which is equivalent to the existence of k3 : R>g — R>¢ such that
(3.6) holds (Malisoff and Mazenc|, 2009). This concludes the proof. O

Remark 3.6.2. The difference in the stability analysis of the distributed estima-
tor w.r.t. the recursive LSE is induced by (3.23|). The block-diagonality of ¢p
requires conditions on ~y; for stability, whereas a multiplication of | with o2

in (3.21) suffices for stability of the recursive LSE.

Remark 3.6.3. The proof of Theorem gives exact conditions on the scalar
functions v;(k). When ~;(k) = ~; is chosen to be a constant, it suffices to assume
that 7v; € R is large enough, such that AWg(k) < 0.

In the presence of noise, the error dynamics for the distributed estimator are
described by

Op(k+1) = F(k)0p(k) + G(k)v(k + 1),

with G(k) := Ap(k)Xp(k)p(k 4+ 1). The following result provides sufficient con-
ditions for asymptotic unbiasedness of the distributed estimator 6g.

Proposition 3.6.2. Let H]::H_l F(1)G(t) and v;(t) be statistically independent

forallt € N. If there exists a Lyapunov function for (3.22)), then limg_, o E 05 (k) =
6°.

Proof. We refer the reader to the proof of (Mendel, (1973, Theorem 2-5). O
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3.6.3 Network conditions

We will now translate the conditions in Theorem and Proposition for
asymptotic convergence and unbiasedness to conditions on the dynamic network

described by (3.8).

One of the sufficient conditions in Theorem for asymptotic convergence
of the distributed estimates 6;(k) to 09 as k — oo, is that for all k¥ € N it holds
that 6(k) and @(k + 1) are not orthogonal. This is naturally satisfied if for all
k € N it holds that 6;(k) — 69 and ¢;(k + 1) are not orthogonal. As noted in
Remark orthogonality of 05 (k) — 6y and ¢(k + 1) can always be avoided
by choosing ‘input’ signals that are excited at a sufficient number of independent
frequencies (Mendel, 1973). These conditions therefore translate to excitation
conditions on w;, ¢ € Nj, and w;. The following corollary therefore follows from

Theorem [B.6.11

Corollary 3.6.1. Let v; = 0 and let the spectral density of COlle/\Tj wy, denoted
@ 7, (w), be positive definite for almost all w € [—m,7|. Further, let v, be chosen

as in the constructive proof of Theorem . Then each estimate él(k) — 09 for
k — oo.

In the presence of noise (v; # 0), the statistical independence of the terms
Hi:t 41 F(7)G(t) and the noise v;(t) yields asymptotically unbiased estimates
(Proposition . The dependence of Hf:tﬂ F(1)G(t) on ¢; and thus w; in
the case that A(q, 0) # 1, can yield the independence condition to fail to hold. If
A(g,0) =1 (as in the FIR case, for example), then the independence condition
can be satisfied. An additional sufficient condition is that the node variables w;,
i € Nj do not depend on vj, i.e., there is no path from v; to w; for each i € Nj:

Corollary 3.6.2. Suppose there does not exist a path from node j to node i for
each i € Nj. Let the spectral density of collej\v/j wy, denoted ®; n, (w), be positive

definite for almost all w € [—m, 7| and let y; be chosen as in the constructive proof
of Theorem |3.6.1, Then limy_,oc Efp (k) = 6°.

3.7 Numerical example

Consider the data generating system with m; = 20 subsystems (depicted
in Figure , so that w;(t) = Zz’eNj G?i(q)wi(t) + v;(t), with G?Z- = B%q) =
by +big 4+ + b;iq’"g and v(t) zero-mean white Gaussian noise with stan-
dard deviation ¢; = 0.1. For this illustrative example, the subsystems Ggi(q) of

the data generating system are constructed in a random fashion as follows: each
subsystem has n; +1 € N unknown parameters, which is an integer drawn from
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a discrete uniform distribution {1, 10} using the MATLAB function randi. The
unknown parameters b}lc eER, ke N[Omi], i € Nj, are drawn from a normal dis-
tribution A/(0,1) in MATLAB using randn. The total number of to-be-estimated
parameters is n = Eie/\/j (ni + 1) = 102. The rest of the network, i.e., the rows
in except row j, is chosen such that the nodes w; are persistently exciting
of sufficiently high order. More specifically, the rest of the network is described
by w; = v;, i € {1,...,20} =V, where v; is a Gaussian white-noise process with
unit variance.

We apply the distributed recursive estimation procedure from Section [3.5]
The local estimators él : N — R? are described by with a; = ap, i €
Ni1.20], as defined in Theorem The matrices ¥; : N — R™*" are described
by , with v;(k) = 7 = 100. For comparison, we apply a corresponding
central recursive estimator, i.e., the recursive LSE with the update for the
matrix ¥ : N — R"*" described by X~ (k+1) = 71 (k) +v 20(k+1)p ' (k+1)
instead of .

_3 1 1 1 1 |
0 200 400 600 800 1000

Time k

Figure 3.3: Evolution of the estimation error for all parameters [0] ;—10%;, 7€
Ni1:102), for the central identification of a MISO system with m; = 20 subsystems.

Figure [3.3]and [3.4] show the evolution of the estimation error over time for the
central and distributed estimator, respectively, initialized in 6(1) = 65(1) = 0
and 2(1) = Yp(1) = 100I102. The overall estimation errors ||0(k) — 6°]|2 and
165 (k) — 6°||? are shown in Figure [3.5]in blue and red, respectively. We observe
a lower decrease rate for the estimation errors in the distributed identification
scheme w.r.t. the central scheme, in general, while convergence is observed for
both schemes.
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Figure 3.4: Evolution of the estimation error for all parameters [fg]; — [°];,

J € Np:102), for the distributed identification of a MISO system with m; = 20
subsystems.

102 : : : :
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Figure 3.5: Estimation error for the central estimator [0(k)||? (blue) and dis-
tributed estimator [|@p(k)||? (red) for v = 100.
3.8 Conclusions
We have stated a recursive estimation algorithm for the distributed identification

of MISO systems in dynamic networks, enabled by a prediction-error identifica-
tion problem with a predictor that is linear in the parameters. The distributed
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identification scheme consists of local identification modules, which estimate a
subvector of the total parameter vector corresponding to subsystems and, pos-
sibly, a noise filter. Via Lyapunov’s second method, we have obtained sufficient
conditions for asymptotic convergence of the estimators to the true parameters
in the absence of noise, which leads to asymptotic unbiasedness in the presence
of noise at the system’s output.

Regarding communication, information exchange between identification mod-
ules is required to be performed through a mutual fusion center in the developed
method. The communication protocol only requires regressors to be communi-
cated, which should not yield concerns regarding privacy of parameter estimates
or measurement data. The present communication features a single point of
failure, however. The application of alternative communication architectures for
distributed identification of dynamic networks is a problem that could be explored
in future research.



Appendix

3.A Proof of Theorem [3.2.1]

Proof. The proof follows the same line of reasoning as the proof for the continuous-
time version of the theorem (Vidyasagarl (1993, Section 5.3.1, Theorem 1). We
give the proof for completeness.

Let € > 0 and ¢y € N be given. We will show that there exists d(g,t9) > 0 so
that

[zoll < d(eto) = st to, xo)|| <& Vit = to.
Take 0 = d(g,t9) > 0 so that
kg(é, to) < k1(€).

Such a 6 > 0 always exists, since ki(¢) > 0 and k2(d,t9) — 0 as § — 0. Now, let
lzo]] < d. Then

W (zo,t0) < ka(d,t0) < k1(e).
From , it follows that for all t > t; we have

W (s(t, to, z0),t) < W(xo,to)-
Since W (s(t, to, z0),t) > k1(||s(t, to, zo)||) by (B.3)), we have

kl(”S(t; t70 7'7;0”) S W(S(t7t07x0)7t)
< W (zo, to) < ka(,t0) < k1(e),

which implies
||S(t7t07330)H <eg, Vi > to.

Therefore, the origin equilibrium of (3.1)) is stable, which concludes the proof. [

73
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3.B Proof of Theorem [3.2.2]

Proof. Let tg € N and zy € R™. Since (3.5)) and (3.6]) imply conditions (3.3]) and
(3.4), the origin is stable by Theorem It remains to be proven that the
origin is globally attractive, i.e., lim;_, o s(¢, to, zo) = 0.

Suppose that the origin is not attractive, i.e., there exists an xy € R™ such
that

= [ Jim Jls(t,to, o) = 0]

is true (—a denotes the negation of assertion a). Then there is a sufficiently small
positive number ¢ € R~ such that for all T € N, T" > tj, there exists some
t > T with ||s(t, to, zo)|| > c. Hence, there exists a sequence {t1,¢a,...,t;} with
to <ty <ty <--- <t and tp — 0o as k — oo, which satisfies

Is(ti,to,zo)| > ¢, i=1,....k. (3.24)

Indeed, let t; > tg be such that ||s(t1,¢0,20)|| > ¢ and let Ty := ¢; + 1. Then
there exists some to > Tj such that [[s(t2,t0,20)|| > ¢. Now, assume that
ls(ts, to, zo)|| > ¢ for some i € {1,...,k — 1} and define T; := t; + 1. Then
there exists some ;11 > T; such that ||s(t;+1,%0,20)|| > ¢. Therefore,
holds true by the principle of natural induction.

Since ||s(t;, to, zo)|| > ¢, we have that ki (||s(t;, to, zo)||) > k1(c) and hence

W(S(ti,to,xo),t) > kl(C) >0

for all i € {1,...,k}, by (3.5). Define a non-decreasing and positive-definite
function p : R>9g — R>¢ by

p(s) = inf k3(2),

so that p(s) < ks(s) for all s € R>g. Then p(||s(t:, to,x0)||) > p(c), since p :
R>9 — R>¢ is non-decreasing, so that

AW (s(t;, to, z0), t:) < —p(c), (3.25)

for all i € {1,...,k}, by (3.6). Define the set Ty, := Zyz.1,) \ {t1,t2,. .., tx}. The
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upperbound in (3.25)) implies

ty
W(S(tk7t0,$0)7t) = W(x()ato) + Z AW(S(T7 t0,$0)7’7')

T_t()
:W({)So,to ZAW tl,to,mo ZAW T, to,,To) )
i=1 reTy,
k
< W(zo,to) + Z AW (s(ti, to, o), )
i=1
W (20, t0) +Z W (20, t0) — p(c)(k — 1)

where the first inequality follows from the non-positiveness of AW (s(7,tg, z0), 7),
T € Tk, by (3.6)), and the second inequality follows from (3.25)). Hence, we have

0 < ky(c) < W(s(tk, to, o), tk) < W(xo,t0) — p(c)(k — 1).

For sufficiently large values of k, the right-hand side of the latter inequality
becomes negative, which cannot be true. Therefore, we conclude that the origin
is attractive, i.e., lim;_, oo $(, 0, zo) = 0, which concludes the proof. O

3.C Proof of Proposition |3.6.1

Proof. We will first prove condition . Let £ € R" be arbitrary and let
k1(r) := Amin(X271(0))r%. We claim that We(€,7) > k1(||€]]) for all 7 € N.
For the base case 7 = 0 the statement is true, since we have Wg(£,0) >
Amin (SO [IEN2 = k1(J|€]]). Now, let We(€, k) > ki(J|€]]) be true for some
k € N. Then

Welé k+1)=¢"S7 Yk +1)¢

— gTE_l(k‘)f + (gT(p(k—’— 1)

) > ki (6),

9j

thus the statement is also true for k 4+ 1. We conclude that We (&, 7) > k1(||€]])
for all (£,7) € R™ x N. For the upperbound, let ko (&) (7, k) := Apax(S71(k))r2.
Then We(6,7) < Amax(S-HO)EIE = ka1, 7) for all € € R™.

We investigate the one-step difference AWe (k) == We(O(k + 1),k + 1) —
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We(6(k), k). Using the estimator error dynamics (3.20)), we find that

AWe(k) = DY Yk +1)0(k+1) — 07 (B)S™(k)O(k)
ISk + 1)0(k) — 07 (K)S~ 1 (k)A(k

2107 (k)p(k + 1)@ (k+1)2(k)S (k4 1)
B(k)(k+ 1)@ (k+ 1)0(k)

—20" (k)27 Yk + Da(k)S(k)p(k + 1) (k+1)0(k).

07 (k+
07 (k
+a

Substituting the covariance matrix update equation (3.21) into the latter
equation, we determine that

_ 2
AWe (k) = (0p)? ( 5 +a @TZWF o (¢ TE(p) —2a — 2<pTz<p>

J ]

where we omitted the time dependence of the variables on the RHS for brevity.
Recalling the definition of a(k), we can further rewrite AW (k) as

0T opTo

AWe(k) = ———"—"——.
o(k) oF + ¢ g

It is now easily seen that

07 (k)p(k + g (k + 1A(k)

AWe (k) = T2t o (k+ S (k)e(k + 1)

<0

if B(k)Tp(k+1) # 0, which implies the existence of k3 : Rso — Rsg so that (3.6] -
holds (Malisoff and Mazenc, 2009), which concludes the proof.



Chapter 4

Scalable distributed 7% and
7o controller synthesis

The current limitation in the synthesis of distributed .74 controllers for linear
interconnected systems is scalability due to non-convex or unstructured synthe-
sis conditions. In this chapter we develop convex and structured conditions for
the existence of a distributed 73 controller for discrete-time interconnected sys-
tems with an interconnection structure that corresponds to an arbitrary graph.
Neutral interconnections and a storage function with a block-diagonal structure
are utilized to attain coupling conditions that are of a considerably lower com-
putational complexity compared to the corresponding centralized 5% controller
synthesis problem. A detailed procedure is provided for the construction of the
distributed controller, which is applicable to both the distributed 72 controller,
as well as distributed 72, controller existence conditions which are recalled from
the literature. The effectiveness and scalability of the developed distributed 573
controller synthesis method is demonstrated for small- to large-scale oscillator
networks on a cycle graph.

4.1 Introduction

Control of interconnected systems is relevant to a wide area of applications in
smart grids, communication networks, irrigation networks and chemical plant
networks, fueled by the digital industrial revolution, see e.g. (Lunze, |1992)) and

This chapter is based on the publication: T. R. V. Steentjes, M. Lazar, and P. M. J.
Van den Hof. Scalable distributed % controller synthesis for interconnected linear discrete-
time systems. IFAC-PapersOnLine, 54(9):66-71, 2021c. 24" International Symposium on
Mathematical Theory of Networks and Systems

7
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(Bullo}, [2018). Distributed control is preferred for such systems due to its scalable
implementation and it has been a major research topic in recent years for several
control objectives, including % and J7%, performance criteria.

For continuous-time systems, sufficient conditions for the existence of a con-
troller that admits the same interconnection structure as the plant and that
achieves unit %%, performance were developed by |[Langbort et al.| (2004). The
basis for these sufficient conditions is laid by dissipativity theory, introduced by
Willems| (1972), which is also the cornerstone for this work. [Van Horssen and
Weiland| (2016|) presented a discrete-time analogue of the work in (Langbort et al.|
2004) with additional robust stability and robust .7, performance guarantees.
For both the continuous- and discrete-time distributed %, control problems, the
conditions can be stated as linear matrix inequalities (LMIs) (Langbort et al.,
2004)), (Van Horssen and Weiland| 2016).

The method in (Eilbrecht et all [2017)) provides an approach to solve the
discrete-time 5% output-feedback problem for interconnected systems, by min-
imizing a linear combination of the closed-loop system’s %5 norm and a cost
related to the sparsity of the controller matrices. However, this approach yields a
non-convex problem in general. (Vamsi and Elia, [2016|) solved the discrete-time
5 problem for a ‘strictly causal’ network, via the search for an unstructured
controller and a subsequent transformation into a structured one. The structure
of systems interconnected over one spatial dimension was exploited by (Rice,
2010) for the efficient design of 745 controllers interconnected in a string. The
distributed 75 controller synthesis for continuous-time systems with arbitrary
interconnection topology was recently considered by (Chen et al. 2019). Unlike
the J7, case, however, the feasibility problem for the distributed 7% controller
existence in (Chen et al., [2019) is not convex, but amounts to solving a bilinear
optimization problem.

The 4% norm has a particularly interesting interpretation in the field of data-
driven modeling of interconnected systems, where stochastic assumptions on dis-
turbance signals are key (Van den Hof et al.| |2013)). This is due to the fact that
the % norm equals the asymptotic output variance for a white noise excitation
(Scherer and Weiland, [2017)). The trend for data-driven modeling of intercon-
nected systems asks for accompanying distributed controller design methods that
apply to discrete-time systems affected by stochastic disturbance signals. How-
ever, the current approaches to distributed 25 control, reviewed above, do not
facilitate the controller synthesis for arbitrarily-structured large-scale systems,
due to non-convex or unstructured synthesis conditions, or due to restrictions
to systems that are spatially distributed in one dimension. Hence, it is of inter-
est to develop scalable (convex) conditions for the synthesis of distributed %3
controllers for systems with a general interconnection structure.

In this chapter, we therefore develop sufficient conditions for the existence
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of a distributed % controller for a discrete-time system with an arbitrary in-
terconnection structure, by adopting the fundamental approach to distributed
controller synthesis of (Langbort et al., 2004). Analogous to distributed 7%
controller synthesis for linear continuous-time systems (Chen et al., [2019), the
conditions are principally not convex, which is induced by a number of scalar
terms that are nonlinear w.r.t. the optimization variables, equal to the number
of subsystems. However, we show that the resulting conditions are equivalent
to alternative convexr conditions stated as LMIs, with no loss of generality or
scalability.

Basic nomenclature

The basic notation in the Notation section of the front matter of this thesis is
considered. We recall the relevant notation for this chapter here for convenience.
The integers are denoted by Z. Given a € Z, b € Z such that a < b, we
denote Zpp) := {a,a+1,...,b—1,b}. Let I, € R"*", or simply I, denote the
identity matrix. The operator col(-) vertically concatenates its arguments. The
block diagonal matrix diag(Xy, ..., X;,) has matrices X;, i € Njj.,,, in its block
diagonal entries. For S C Z, the block diagonal matrix diag;c g X; has matrices
X;, i € S, in its block diagonal entries. The image and kernel of a matrix
A eR™™ are imA := {Az|z € R"} and ker A := {z € R"| Az = 0}, with A,
a basis matrix of ker A. For a real symmetric matrix X, X = 0 denotes that X
is positive definite.

4.2 Preliminaries

Let the structure of an interconnected system be given by a graph G = (V,€),
where V is the vertex set of cardinality L and £ C V x V is the edge set. Each
vertex v; € V, corresponds to a discrete-time system P;. An edge (v;,v;) € &
exists if subsystems P; and P; are interconnected. For ease of presentation,
self-connections are excluded for all subsystems P;, i € Zy.p).

Each subsystem P; is assumed to admit a state-space representation

7 (k+1) AFT ATS BT Tai(k)
oi(k) | = [APT AP BP| |si(k) |, (4.1)
zi (k) C;T CF Dt |di(k)

where z; : Z — R¥i is the subsystem’s state, 0; : Z — R™ and s; : Z — R™
are the outgoing and incoming interconnection variables, and z; : Z — R% and
d; : 7 — RYi are the performance output and disturbance input, respectively.
We write the interconnection signals s; and o; as s; = col(s;1, S;2, - - -, 8;1,) and
0; = col(0;1, 042, ...,0;) so that (s;;,0;;) denotes the interconnection channel
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between subsystem P; and subsystem P;. For the ease of the interconnection
definition, we assume, without loss of generality (Langbort et al.,[2004), that o;;,
sij, 0j; and sj; are all elements of R"#%, n;; > 0. The interconnection between
system P; and P; is defined through the interconnection equation

o] = [0] ez

Hence, P; and P; are interconnected if and only if n;; > 0, if and only if (v;, v;) €

E.

The interconnected system can be compactly represented by
x(k+1) AT ATS BT [x(k)

o(k) = [AST  ASS  BS| |s(k)
z(k) ct ¢S DY |dk)

and the interconnection equation o = As, with the variables defined as x :
col(z1,...,x1), o := col(o1,...,01), s := col(s1,...,sL), z := col(z1,...,2L
and d := col(dy,...,dr), the block-diagonal system matrices defined as ATT :=
diag(ATT,..., ATT) ATS = diag(ATS,..., ATS), et cetera, and the matrix A
defined by aggregating for all corresponding index pairs. Elimination of the
interconnection variables s and o yields a state-space representation

- [x(kﬂ)]:[Az BI] [x(k)} 43)

~

where
Ar B ATT BT ATS _
[C’i Dﬂ ::[CT D} [CS](A_ASS) [ BT

Consider the interconnection variable subspaces (Langbort et al., [2004)
Sz :={(0,5) € R*" |0 = As} and
Si = {(0,5) € R*| col(o;, s;) € imcol(A$S I),i e Zp.r)}-

Definition 4.2.1. An interconnected system described by (4.1)) and (4.2) is said
to be well-posed if Sz N Sp = {0}.

Well-posedness of an interconnected system means that the inputs d; and
initial conditions x;(0) uniquely determine the system variables z;, o;, s; and z;.

Definition 4.2.2. A well-posed interconnected system is said to be asymptotically
stable (AS) if the roots of det(2I — Az) are in the open unit disk in the complex
plane.
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Definition 4.2.3. The 7% norm of a well-posed and AS interconnected system
with a transfer function T(z) := Cz(zI — A7) "' Bz + Dz is defined by

2

1 g : )
Pzl oz, := (2 trace/ T*(ew)T(e“")dw) ,
m

—T

quantifying the mapping from disturbance inputs to performance outputs.

4.2.1 Dissipative interconnected systems

As a basis for the analysis of the interconnected system and the synthesis of
distributed controllers, we employ the theory of dissipative dynamical systems
(Willems, 1972]).

Definition 4.2.4. Subsystem P; is said to be dissipative with respect to the supply
function o; : S; x O; xD; X Z; — R, if there exists a non-negative storage function
Vi : X — R, so that for all t € Z>q the inequality

~
|

1

Vi(zi(t)) = Vi(2i(0)) < ) oi(si(k), 0i(k), di(k), zi(F))

holds for all trajectories (x;, 8;,0i,d;, z;) of (4.1)).

ol
Il

We consider the class of quadratic storage functions:
Vi(z;) =2} Xizs, i€ Zpp,

with X; > 0. Supply functions are restricted to be quadratic functions of the
form

t t .

0i(8i,04,di, z) 1= 03" (84,0;) + 05 (di, 2;), i € Lpy.p,

with ‘internal’ supply functions
0ii]" 10
1nt N 1% (%
81,01 : E Oij S’Ljaot_] Uij(sijvoij) = |:3ij:| Xij |:3ij:| )
where X;; is a real symmetric matrix, and ‘external’ supply functions
ext L T T
g; (di,Zi) = pidi di — 2 R,

where p; > 0. For any pair (i,j) € Z[21: Ly i # j, the interconnection between sub-
system P; and subsystem P; is said to be neutral if the internal supply functions
satisfy (Scherer and Weiland, [2017))

0= aij(sij,oij) +Uji(5ji70ji)- (44)
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One can interpret a neutral interconnection as a lossless one; no ‘energy’ is dis-
sipated or supplied through the interconnection channel (Willems, 1972). The
neutrality condition (4.4) is equivalent with

0 1, [0 I
I O]Xﬂ[l o]'

4.2.2 Interconnected-system analysis

0:X¢j+

The following result provides sufficient conditions for well-posedness, stability
and bounding the 7% norm of the interconnected system, and provides a discrete-
time counterpart of the continuous-time result of (Chen et al.l 2019, Theorem 1).
Define the matrix

I 0 0
ATT TS T
AST 455 S

T=|"0 1 % (4.5)
cit CB Dif
o 0o I

Proposition 4.2.1. The interconnected system Pz is well-posed, AS and ||Pz| 5 <
v, if B3 =0 for alli € Z1.1) and there exist positive-definite X; € RFE:xk: - pi >
Q, sy.mm'etm'c Xilj1 € R™ixnii (4, 5) € Z[Ql:L], and Xilf € R™iixnii (4, 5) € Z[QLL],
1> j, with

-X; 0 0 0 0 0
0 X; 0 0 0 0

T 0 0 ZZ-11 Z}Q 0 0 _
0 0 0 0 1 0
0 0 0 0 0 —pil

L

" trace (BI) T X;BI + (D7) T D) < 42, (4.7)

i=1

where
z' =~ diag X}, Z7?:= diag X}/,
JEZp.1 J€Zp.1)

12 . 3 : 12 . 12\ T
Z;7 :=diag | — diag X;7, diag (X;7) |.
JEZ[1:4) J€Z[iy1:1)

Proof. The proof is provided in Appendix [£.B] O
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Remark 4.2.1. Proposition [{.2.1] is a discrete-time version of a continuous-
time result in the literature (Chen et al., 2019, Theorem 1)). Both results follow a
dissipativity-based approach for the analysis, following the framework by|Langbort
et al.| (2004)). One of the differences in the continuous- and discrete-time results
for 76 analysis, is that direct feed-through from disturbance inputs to performance
outputs are allowed in the discrete-time setting, which is also revealed by ,
The main innovation of the results in this chapter is in the convexity of the
distributed controller synthesis conditions, which will be discussed in Section[].3

Let us illustrate the analysis conditions by a simple example.

Example 4.1. Consider two identical scalar subsystems described by

1 1
.ﬁl(k—Fl):§$Z(l€)+ﬁsl(k‘)+dz(kﬁ), i=1,2, ke€Z,

and z(k) = o0;(k) = x;(k), with interconnection constraints si1(k) = o2(k),
so(k) = o1(k). It is easily verified that LMI ({4.6) holds for i = 1,2, with X; = £,
Xl = X3 = —%, X312 = 0 and p; = 20. By Proposition the intercon-
nected system is well-posed, asymptotically stable and the expression |Pz|l.e <
holds for all v > VX1 + Xo = \/g ~ 1.87. The actual 7% norm of the system is
Pzl 5, = 1.68. O

4.3 Distributed 7% and 7, controller synthesis

Let us now address the problem of synthesizing a distributed controller. Consider
the case where each subsystem P; has a control input u; and a measured output
i, such that

Oz(k) _ AiST Aiss Bz'Sd stu Si(k) (4 8)

(k) |~ |CFT 0 Dyt D |di(k)|” '
T S d u

vi(k) cvt e pvt put| |uk)

where we assume that DY" = 0, without loss of generality (Langbort et al.l|2004).
The to-be-synthesized distributed controller is also an interconnected system,
with subsystems C;, i € Z;.1), described by

§i(k+1) (AT e (AfS)e  (B)e] [&i(k)
(k) | =|AN)e (AF)e (B)e| |s5(k)|, (4.9)

K2

u; (k) CHe  (CPe  (Di)e ]| |yi(k)
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where &; : Z — R¥: is the controller’s state, and of 27— R"f, sic .7 — R™ are
the controller’s interconnection (communication) variables. Controller C; and C;
are interconnected only if P; and P; are interconnected and the interconnection
equation is

OC'(k)] {SC-(R)}
: = "3 vk ez 4.10
)= [ 10
The local closed-loop (controlled) system, IC; say, can then be represented by
i (k +1) (AN (A% (BY)x] [xf(k)
of(k) | = (AN (AP B)c| |sFk)], (4.11)
zi(k) (CHe (CPe (D] [dilk)
:2Fi
where 2§ := col(z;, &), o := col(0;,0§) and s& := col(s;, s§). Such a represen-

tation is obtained through elimination of the control variables y;, u;, as depicted
in Figure The state-space matrices of a closed-loop subsystem are affine with
respect to the state-space matrices of the local controller:

Ly = U0V, + W, (4.12)
with

[(Af e (A% (Bf)c 0 I 0 0 0
0,:= | (AT (A (Be|, Vie=| 0 0 0 I 0|,

L (€D (CP)e (Di)e ¢/t oo ¢ o D¥

[0 0o B ATT 0 ATS o Bl

I 0 0 0 0 0 0 0
UT:=10 0 BS*|, W;:=[A5T 0 A o0 B}

01 0 0 0 0 0 0

0 0 Dz c:t o0 ¢ 0 D

4.3.1 4 conditions

The feasibility test provided by Proposition directly induces a feasibility
test for well-posedness, stability and 5% performance for the closed-loop system,
which consists of subsystems (4.11)), as stated in the following corollary. Define
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Figure 4.1: Interconnection visualization of a locally controlled system C;, @ €
Zp.1)-

the matrix

I 0 0
(AT Dk (AP BNk
ANk (AP (B)x

K.
= 0 I 0
CHe (CHx Dok
0 0 I

Corollary 4.3.1. The interconnected system Kz of (4.11)) is well-posed, AS and
IKzlloes < v, if (B¥)x = 0 for all i € Zp.) and there exist positive-definite
X[ e R p; > 0, symmetric (X}')x € R +niy)x (nig+nd)) (i,7) € Z[ZI:L]’
and (Xilf),c e R(mij+ni;)x(nij+ 1])’ (i,§) € Z[21:L]! i>j, with

Xk o 0 0 0 0
0 XxF 0 0 0 0
0 0 [(z! ZPe 00
@0 o |i2ef e o [TE<0 w1
0 0 0 0 [T 0
0 0 0 0 |0 —pl
L
Ztrace ((BIT)EXZ’C(BZT);C + (Di)E(Di)IC) <, (4.14)
i=1

with the closed-loop scales

iy [ Ze (Z)pe ooy [(Z2)p (Z)pc
@ GinE Gl e giE Gl

(2

1y _ [ (@ZP)p (Z8)pe
@= | i, Gbre]
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and the submatrices defined in Appendiz [{.C O

Given the affine dependence of the closed-loop state-space matrices I'; of sub-
systems KC; with respect to the controller parameters 0;, it follows that is
not an LMI with respect to the decision variables ©;, X}, (X}!)x and (X)x.
Through elimination of the controller parameters, the conditions can be trans-
formed into LMIs, which will be discussed in Section [4:3.3]

4.3.2 . conditions

The related distributed %%, control problem has been addressed in the liter-
ature, where sufficient conditions for robust 2, performance of discrete-time
interconnected systems were derived in (Van Horssen and Weiland}, [2016)). The
definition of the ., norm is given in Appendix [£.D] We recall the robust result
from [Van Horssen and Weiland, (2016 for the nominal case, i.e., for the case that
the parametric uncertainty is zero.

Corollary 4.3.2. The interconnected system Kz of is well-posed, AS
and |Kzl|lse. < 7, if there exist positive-definite X[ € R2k:%2ki - symmetric
(X} € R +n5) (i nfy) (1,7) € Zf}.py, and (XiP)k € R(mig +75) % (nig+ny)
(i,7) € Z[QLL], i> j, with

2
[1:L

XK 0 0 0 0 0
0 XK 0 0 0 0
0 0 [(ZMk (ZPx [0 0
KN T i i Kc
(Ti ) 0 0 (le2)z (21.22)}C 0 0 Ti '<07 (4-15)
0 0 0 0 5 0
0 0 0 0 0 —~I

4.3.3 Distributed 7% controller existence conditions

Recall the definition of T; in (4.5)) and define
AT @n T (e’

—I 0 0

0 —1I 0
ST @) (BT

0 0 -1

(BEOT (BT (DT

We are now ready to state the main result, which provides necessary and sufficient
conditions for the existence of a distributed controller that satisfies the conditions
in Corollary [£:33] in the form of LMIs.
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Proposition 4.3.1. Let BY = 0, Diyd = 0 for all i € Zp.r). The following
statements are equivalent:

o There exist controllers C;, with nicj = 3ny; for all (i,j) € Z[21:L] so that
the controlled interconnected system described by (4.2), (4.10) and (4.11])
admits p; > 0, matrices XX = 0, i € Zp.r), symmetric (X, (5,9) €
72 and (X}?)k, (i,7) € Z[21;L]’ 1> j, that satisfy inequalities (4.13) and

1:1] ij
@.14).

o There exist X;, Y;, symmetric (Xiljl)p, (Y;‘ljl)'p, a;, B; > 0 for all (i,j) €

Z[21:L}7 and (X} })p, (Yi*)p for all (i,j) € Z[Ql:m, i > j, that satisfy
X, I
[ I YJ =0, (4.16)
L
> trace ((Bf)"X;B' + (D;*) " D;") <+, (4.17)
i=1
[-X; 0 0 0 0 0 ]
0 X; 0 0 0 0
|0 0 [(ZNs ZE)p |0 0 |,
0 0 0 0 I 0
| 0 0 0 0 0 —oyl |
[—-Y; 0 0 0 o 0 ]
0 Y 0 0 0 0
Tor |l O 0| (WHp W2p[0 0 .
o, 5 0 0 (Wz‘u); (Wi22)7) 0 0 S;®; >~ 0, (4.19)
0 0 0 0 I 0
L0 o] o 0 |0 —pI]

where the columns of ¥; and ®; form a basis of ker(C’f’T C’Z?’S Dfd) and
ker((BF“)T (B$*)T (D#*) "), respectively, and

(Wihp === diag (V}1)p, (W)p := diag (YV;')p,
JEZ1:1) JE€ZL.1)

(W?)p := diag < diag (Y;;*)p, diag (%?)I:)-
JEZ[1.4 JE€EZLiv1,1)
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Proof. We first show that the existence of positive scalars a; and §; such that
(4.18) and (4.19) hold is equivalent with the existence of a positive scalar p; such
that

UIT Ai(p) Ty, < 0 and @, S T1;(p;71)S;®; > 0, (4.20)

)
with
Al' : € — dlag(sz,X“ (Zi)'p, I, 751) and
Hi : E = dlag(—}/“}/“ (Wi)'P7I7 —§I)

For sufficiency, let «; and f; satisfy (4.18) and (4.19). We distinguish two cases.
First, if a;8; > 1, then

@ S 11;(8;)Si®; + @/ S diag(0,0,0,0, (8; — a; 1)I)S;®;
=0 =0
=@ S ;(a;1)S;®; = 0.

Hence, (4.20) holds for p; = ;. In the other case a;3; < 1, thus it follows that

UL T A ()T + U T, diag(0,0,0,0, (o — 8,10,
<0 =0
= 0T, A8 T, < 0.

Hence, holds for p; = B; 1 Necessity follows directly by taking o; = p;
and B; = p; .

For a proof that the existence of X;, Y;, (Z;)p, (W;)p and p; that satisfy (4.20))
and is equivalent with the existence of X{C, (Z;)x and p; that satisfy (4.13),
we refer the reader to (Langbort et al., 2004) due to space limitations.

Finally, we will show that is equivalent with . We note that for
necessity X; can be taken as the upper-left block of X -, while for sufficiency,
XK can be taken such that its upper-left block equals X; (Langbort et al., 2004).

Thus, by (4.12), we have that
(BfY T X, Bl + (D;")T D = (B )£ XM (B )
+ (Di) e (Di)x

for all i € Zjy.1), since D?d = 0. It therefore follows that (4.17) < (4.14)), which
concludes the proof. O

Remark 4.3.1. The equivalence between the convex conditions (4.18)), (#.19) and
non-convex conditions (4.20)) can be transferred to the continuous-time case (Chen
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Figure 4.2: Locally controlled system KC; for a decentralized controller.

Theorem 2) mutatis mutandis. The continuous-time distributed
controller existence problem can then be solved via equivalent LMIs, instead of the
equivalent bilinear optimization problem with L additional LMIs in
, with L the cardinality of the vertex set V.

4.3.4 Decentralized 74 controller existence conditions

A special distributed controller is a decentralized controller, where no controller
interconnections are present. This is depicted in Figure[4.2)for a locally controlled
system. The synthesis of decentralized controllers is motivated by interconnected
systems where no communication between controllers is possible. In this case
n¢ = 0, hence Proposition cannot be applied for the construction of a
decentralized controller, since it guarantees the existence of a controller with
nZC] = 3n;; only.

Therefore, we provide conditions for the existence of a controller with n =0
which achieves global % performance by fixing the supply functions related to

the interconnection variables. Given symmetric XU , (4,9) € Z[21: 1> and Xilj2,
(i,7) € Z[ZI:L], i > 7, we have the following result.

Proposition 4.3.2. Let BY = 0, Diyd = 0 for all i € Zp.r). The following
statements are equivalent:

e There exist controllers C;, with nf =0 for alli 6 Z[l:L] S0 that the controlled

interconnected system described by l-) and admits p; €
Rso, XK =0, i € Zpy.p) that satisfy (4.13 and - for (Xik = Xij

12 12
and (X;7 )k = X -

. There emst Xi, Yi and oy, B; > 0,0 € Zyy.r), so that (4.16), (4.17), (4.18)
and are satisfied for (ZZU) =z (Z12)p = 212, (Z2%)p = Z72
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and

e ) [ 4]

Proof. (<) Take an arbitrary i € Zp1.1)- By (4.16), there exist extended matrices
XK Y’C so that XX = (Y/*)~1. Define A; := diag(— XX, XX, Z;, I, —p;I). Then
by and (| -7 a permutation of A; gives a matrix P; which satisfies

vl [*’]TH[I] (Vi)s < 0 and

w; Wi
(U;) | [_VIVJ]TPZ.* [_I’IViT] (U;)1 = 0. (4.22)

Hence, by the elimination lemma (Scherer} 2001)), there exists a ©; so that

I i I
{UJ@M + WZ] & {Uyoiv; + Wi] <0 (4.23)

which is equivalent with for (X}}')x = Xy and (X}?)x = X 2.

(=) To show necessity, observe again that is equivalent with ,
which is equivalent with - Then, by taking X; and Y; as the upper-left
blocks of X K and Y’C respectlvely7 we obtaln ) and (| -

The equivalence of ( and was shown in the proof of Proposi-
tion [£:3.3] which concludes the proof. O

The main feature of Proposition is that the existence of a decentralized
controller is guaranteed if the conditions hold true, which is crucial if communi-
cation between subcontrollers is infeasible. However, this feature comes at the
cost of supply functions for the interconnection channels that are assumed to be
fixed, which can introduce conservatism regarding the existence of a decentralized
controller for the interconnected system under consideration.

Remark 4.3.2. Fizing the supply functions for the closed-loop subsystems as
0i(8i5,0i5) = ;;S”, corresponding to X11 =0 and X12 = %I, implies that the
closed-loop subsystems are required to be passwe with respect to the interconnec-
tion variables. The design of passive systems holds an important place in control
theory (van der Schaft,|2016) and is a classical method for guaranteeing stability
of interconnected systems (Arcak et al) [2016); see e.g. (Cucuzzella et all, [2019)
for a recent development of passivity-based distributed control for DC microgrids.
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4.3.5 Distributed 7., controller existence conditions

For distributed 2%, control, the following convex existence conditions follow from
the robust result (Van Horssen and Weiland, 2016, Theorem 2), that we state
here for reference:

Proposition 4.3.3. The following statements are equivalent:

o There exist controllers C;, with nicj = 3ny; for all (i,j) € Z[21:L] so that

the controlled interconnected system described by (4.2), (4.10) and (4.11))

admits matrices XX =0, i € Z1.1), symmetric (Xz'ljl)lc; (i,J) € Z[21:L]f and
(Xilf);c, (i,4) € Z[QLL], 1> j, that satisfy inequalities (4.15]).

o There exist X;, Y;, symmetric (Xiljl)p7 (Y;il)p for all (i,7) € Z[21:L}, and

(Xi)p, (Yi)p for all (i,j) € Z3,.p;, i > j, that satisfy

X; I
{I Y;] =0, (4.24)
-X; 0 0 0 0 0
0 X; 0 0 0 0
0 0[]z ZPp]0 0
TT 7 i T
v, T, 0 0 (2112); (Zi22)73 0 0 T:¥,; <0, (4.25)
0 0 0 0 % 0
0 0 0 0 |0 —oI
=Y, 0 0 0 0 0
0 Y; 0 0 0 0
0 0[Whr WHHp|0 0
oSt : : S;®; = 0. 4.26
Sl o o[ W0 0 (4.26)
0 0 0 0 ~I 0
0 0 0 0 0 —%I

4.3.6 Controller construction

In essence, the controller construction consists of three parts: (i) the extension
of the matrices X, Y;, defining the storage functions, to their closed-loop ver-
sions XX, Y/, (ii) the extension of the matrices (XiHe, (ViiHp, (Xi7)p and
(}/;}2)73, defining the ‘internal’ supply functions, to their closed-loop versions
(ZM) ke, (Z}%)k and (Z7?2)k and (iii) the computation of controller matrices ©;
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such that the conditions in Corollary are satisfied. One procedure to con-
struct the distributed controller is provided in this section. The details of this
procedure are provided in Appendix[4.E] The main steps for the construction are
summarized in the following algorithm.

Algorithm 4.3.1. For each pair (i,j) € Z[l 1 let Xi, Vi, pi, (XiHe, (Yihe,
and for each pair (i,j) € Z[LL}, i>7, let (le) (Yl§2)p, be computed to satisfy
(@16)-(E17), (E20).

For each i € Zy.1), the synthesis of controller C; proceeds as follows:

1. Let M; and N; be non-singular and such that MiNZ-T =1-X;Y;. Compute
X;C as the unique solution to the linear equation

X,CYI I X
N 0 0 M|"

2. Define
(XiH)p (XY (Y )P (Y P
and compute an eigendecomposition XZ;- — (Yg)_ = VijAi; Vw , with Asj a

diagonal matriz with the eigenvalues on its diagonal in a descending order.
. o 1
Scale the eigenvectors as Vi; = Vij|Aij|2 such that

XE — (Y]) ™! = (ViF Vi) diag(I,—D)(VF V)T,

]

with Vig = (VT V7). Let MY = L (Vi Vit U Vs Vs V7) and M2 =

17 17
diag(ISnij) I?)’ﬂrij)’ and deﬁne

(X)) pe } 7

Xll) pC
)79 _(X]:‘lil)'PC

(X,
Miljz =: 172

x iy =[O e

(XP)e —(XjHe

]

3. Construct the closed-loop scales defined in Appendiz[{.C and let

-XFK 0 0 0 0 0

0 (ZP)x 0 | 0 (ZP)k 0

P 0 0 —pil | O 0 0
v 0 0 0 [XF 0 0
0 (Z%c 0 | 0 (ZH)c 0

0 0 I
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Solve the following inequality for ©;:

T
I I
l:UiT@i‘/i + Wl] i |:Ul—r®z‘/2 + WJ <0 (4.27)

The quadratic matriz inequality (4.27) can be solved by computing an eigen-
decomposition and solving a linear equation, see Appendiz[[.E for details.

The controller construction is not limited to the discrete-time % distributed
control problem; it can also be used for the continuous-time %% (Chen et al.|
2019), continuous-time %, (Langbort et al.l 2004) and discrete-time 5%, (Van
Horssen and Weiland|, [2016)) distributed control problem. We emphasize that the
controller construction procedure is performed for each controller C; individu-
ally, while the LMIs (#.16), (4.17), (#.18) and ([&.19) are solved centrally, due to
coupling in inequalities (4.17)), (4.18) and (4.19).

When the conditions in Proposition are feasible, Algorithm will
provide a distributed controller such that the closed-loop interconnected system
satisfies the conditions in Corollary The steps in the algorithm are com-
putationally attractive, because these can be performed through the solutions
to linear quations, the computation of eigendecompositions and basic matrix
operations. The resulting distributed controller is not necessarily well posed,
however; a problem that has also been observed in the literature for LPV con-
troller construction (Apkarian and Gahinet,|1995) and distributed 2%, controller
contruction (Langbort et al., 2004). Langbort et al|(2004) noted that if, for all
1, C’f’s = 0 or B?* = 0, then well-posedness of the closed-loop interconnected
system is equivalent with well-posedness of both the plant and distributed con-
troller. The interpretation of these constraints on the system matrices, is that
the control inputs do not directly affect the interconnection signals, or that the
interconnection signals do not directly affect the sensors’ measurements.

4.4 Numerical examples

To illustrate the distributed 2 controller synthesis method, we consider a linear
coupled-oscillator network consisting of L oscillators. For each node i € Z;.p),
the dynamics are described by

mif; + bi6; = u; — Z kij(0; — 0;) + di, (4.28)
JEN;

with inertia m;, damping b; and coupling coefficient k;; = kj;. The mechanical
analogue of a linear coupled-oscillator network is a network of masses that are
interconnected through linear springs and have linear damping. A typical system
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that is modeled as a linear oscillator network is a linearized power network,
consisting of generators (m; # 0) and loads (m; = 0) (Bergen and Hill| 1981}
Dorfler et al., [2013). The local measurement is assumed to be y; := 6; and the
performance output is set equal to the state z; := x; := col(6;,6;). We use
a zero-order hold discretization with sampling time 7" = 0.1 seconds for each
subsystem and an approximation eM ~ I + M, so that each subsystem P; has an
input/state/output representation with matrices

1 T 0
ATT: kis ) :|,ATS=I‘OW |:k1 :|,
Ul A [

AT =0 = ol [1 0], A =0,
JEN; ) ’

mi

T
B = B = 0, x1, B/ = Bl = col(0, —), C;" = I,

(2

S d d u
O = Ogyp,, D7 = D = 0y, DV = DY = 0.

2o

Co Cs

Figure 4.3: Structure of the oscillator network represented by a triangle graph
(L = 3). The synthesized distributed .7 controller modules are depicted in gray.

4.4.1 Triangle network (L = 3)

Let us consider a network with a triangular structure, as depicted in Figure [£.3]
The systems’ inertia, damping and coupling coefficients are m; = 3, ms = 1,
m3 =2,b; =2,by =1, bg =4 and ki3 = kog = k31 = 1. The open-loop system
is not AS. We aim for disturbance attenuation via the synthesis of a distributed
controller that achieves unit .7%5 performance for the controlled network. We
therefore verify the feasibility of the LMIs in Proposition for v = 1. We
find that the LMIs are feasible, hence there exists a distributed controller that
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Figure 4.4: Subsystem states [x;]; (green) and [x;]2 (yellow), controller states
[&i]1 (red) and [¢;]2 (violet) and control inputs u; (black), ¢ € {1,2,3}, for the
distributed (solid) and central (dashed) controller.

achieves ||Kz]lsz < 1. The distributed controller is constructed according to
Algorithm and results in a closed-loop 7% norm of 0.22. Simulation of the
controlled network with zero disturbance, with the subsystems’ initial conditions
drawn from a normal distribution N'(0,1) and the controllers’ initial conditions
set identical to zero, results in the trajectories depicted in Figure[d:4] We observe
that the subsystems’ and controllers’ states asymptotically converge to zero, il-
lustrating asymptotic stability of the closed-loop system. For validation, we also
compute a central controller via the feasibility problem in (Scherer and Weiland,
for an 4% upper-bound equal to 0.22. The resulting controller achieves
an % norm of 0.18 and the trajectories are shown in Figure (the central
controller state & € R® is denoted ¢ = col(&1, &2, &3)).

4.4.2 Large-scale network (L = 218)

Next, we consider a large-scale oscillator network, consisting of L = 218 subsys-
tems, with parameters m;, b; and k;; = k;; random variables drawn from uniform
distributions (2, 3), U(2, 3) and U(1, 2), respectively. The interconnection struc-
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ture is described by the graph G, which is visualized in Figure [4.5] This graph
has 218 vertices and 648 edges.

) 0 U.‘»'l 1‘ 1‘5 é 2‘.5 .'; 3.“] 4‘1 4.‘5

Time t [s]
Figure 4.5: Left: Interconnection structure of the considered large-scale oscillator
network (L = 218). Right: Disturbances d; (gray) and corresponding perfor-
mance output components [2;]; and [z;]2 (coloured), i € Zj1.913]

The goal is to synthesize a distributed controller that achieves ||[Kz|lus < v
for v = 1. For each i € Zj;.r), we select a; = 6;1 = 10 and consider the LMIs
from Proposition The corresponding feasibility problem, a semidefinite
programming problem consisting of 873 matrix variables, 2593 scalar variables
and 5196 constraints, was solved in 0.73 seconds using MOSEK Optimization
Suite (MOSEK ApS| 2019)) on a PC with a 2.3GHz Intel Core i5 processor and
16GB memory. Interconnection of Pz with the computed distributed controller
Cz results in the interconnected system Kz, which is asymptotically stable and
Iz || s = 0.80.

For illustration of the controlled network’s ability to reduce output vari-
ance in the case of stochastic disturbance signals, we initialize the system with
x(0) = 0, £(0) = 0, and apply signals d;, that are mutually uncorrelated Gaus-
sian white-noise processes with unit variance. Asymptotically, the obtained 5%
norm for the controlled network is directly related to the output variance through
limy,_soo B2 T (k)2(k) = 12112, QScherer and VVeilaundI7 |2017D. This stochastic in-
terpretation gives rise to the assessment of the variance of the output on a finite
interval. Figure shows the two components of all performance outputs z;,
i € Z[:218), which illustrate a significant attenuation of the stochastic distur-
bances by the distributed controller.
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4.4.3 Computation times

To demonstrate the scalability of the developed synthesis method, we consider
the controller construction for the oscillator network on cycle graphs with in-
creased values of L. For each graph, the constants m;, b; and k;; = kj;; are
drawn from uniform distributions U(1,2), U(2,3) and U(1,2), respectively. Ta-
ble summarizes the times required to solve the controller existence LMIs in
Proposition The performance bound is chosen as 7 = 10, such that the
LMIs are feasible for all values of L in Table Computations were performed
using MOSEK Optimization Suite (MOSEK ApS||2019)) on a PC with a 2.3GHz
Intel Core i5 processor and 16GB memory. We observe that for a cycle graph
of moderate size (L = 50), the computation time is considerably lower for the
distributed controller compared to the central controller. For L > 100, no solu-
tion was obtained for the central controller after 4 hours of computation, while
the distributed controller problem was solved for up to L = 10,000 in less than
6 seconds.

[ L | Central controller | Distributed controller ||
3 0.44s 0.24s
10 0.78s 0.29s
50 831.57s 0.34s
100 i 0.425
1,000 ' 1.355
10,000 T 5.77s

Table 4.1: Computation times for solving the LMIs in Proposition for the
distributed 5% controller and the corresponding LMIs for the central 75 con-
troller for L interconnected systems on a cycle graph. t: No solution after 4
hours.

4.5 Conclusions

In this chapter, methods have been developed to compute distributed controllers
that achieve an 7% performance bound for interconnected linear discrete-time
systems with arbitrary interconnection structure. Convex controller existence
conditions have been derived in the form of LMIs, which provide a scalable ap-
proach to the construction of distributed .72 controllers. We have observed a con-
siderable reduction in computation time with respect to centralized 73 controller
synthesis for moderately-sized networks and efficient computation for large-scale
networks for which the centralized 545 synthesis is not tractable.
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Appendix

4.A J%-norm analysis results

Consider a linear discrete-time system X described by an input/state/output
representation

oF { x(k+1) = Ax(k)+ Bd(k),
’ z(k) = Cuz(k)+ Dd(k),

with state variable z : Z — R"™, (disturbance) input variable d : Z — R™ and
output variable z : Z — RP.

Definition 4.A.1. System X is called asymptotically stable (AS) if the roots of
det(zI — A) are contained in the open unit disk on the complex plane.

Definition 4.A.2. The 5% norm of an AS system ¥ having transfer function
T(z) :== C(2I — A)"'B + D is defined by

1
1 L . z
1255 = ( trace/ T*(e““)T(e“")dw)
27 .
Lemma 4.A.1. For an AS system %, |22, = trace(BTMB+ D'D) with
M > 0 satisfying
ATMA-M+C'C=0.

Proof. By Parseval’s theorem we infer that

1o ‘
||E‘|?9202 = trace (27{./ T*(BZUJ)T(sz)dw)

—T

[ee]
= trace (DTD + Z BT(A’“)TCTC’A’“B>
k=0

= trace (D' D + BT MB),

99
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with M := Y72 (A*)TCTCA* = 0 the observability Gramian, that satisfies the
matrix equation

ATMA-M+CTC =0.

O

The following result is a discrete-time version of one of the equivalence results
in (Scherer and Weiland, 2017, Proposition 3.13), and is instrumental for the
proof of Proposition [4.2.1

Proposition 4.A.1. Let system 3 be AS and let v € Rso. The following state-
ments are equivalent:

(1) Xl <

(i) There exists X = 0 so that

ATXA-X+CTC <0 and trace (BTXB +DTD) <2

Proof. We first show (i) = (ii). Since ¥ is AS, there exists P > 0 so that
ATPA — P < 0. Then by Lemma there exists an € € Ry so that X :=
M + €P satisfies

trace B' XB+D'D =trace B"MB+ D" D+ ¢B"PB < ~2,
with M > 0 so that ATMA — M + CTC = 0. Hence, X > 0 and
ATXA-X+C'"C=A"MA-M+C"C+e(A"PA—-P)<0.

Next, we show (i) = (i). If (ii) is true, then there exists a matrix I" so that

-
0=ATXA-X+C'C+TI'"T=ATXA-X+ m m

Hence, with Tr(2) := I'(2I — A)~!' B, we use Lemma to conclude that

2 1 " *(dw w * [ tW w
7% > [|col(T, Tr) |15, = g/ T*()T(e™) + T (™) Tr () dw > [|T%,,

—T

which concludes the proof. O
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4.B Proof of Proposition [4.2.1

Proof. Well-posedness is identically defined for continuous-time systems (Lang-
bort et al., [2004) and the proof for well-posedness of Pz is identical to the first
part of the proof of (Langbort et al., 2004, Theorem 1), since implies the
condition used therein. Let and be true. We define the candidate lo-
cal storage functions V;(z;) := =, X;z; and the candidate global storage function

V(z) = ZiL:1 Vi(z;). Multiplication of inequality from the right and from
the left with col(z;(k), s;(k),d;(k)) and its transpose yields
0> 2] (k+ 1) Xizi(k+1) — 2] (k) X;z;(k)
o] 2 2] otk
sik)| [(Z12)T 22| [si(k)
+ 2 (k)zi(k) — ed]” (k)di (k)
= Vi(w(k +1)) = Vi(z(k)) — 0" (si(k), 0i(k)) — 05" (di(k), 2i(k)).

Thus system P; is dissipative with respect to the supply function ¢;. Summing
the latter inequality over ¢ yields

L
V((k+1)) = V(e(k) < Yo" + o

=1

From the neutrality condition (4.4)), we observe that Zle ot = 0, and thus
L
V(z(k+1)) = V(z(k) < Y oP. (4.29)
i=1
To prove stability, consider the case that d(k) = 0. Then

V(z(k+1)) = V(zk) < = 2 (k)zi(k) <0.
i=1
Therefore, V is a Lyapunov function for the interconnected system Pz with d(k) =
0, from which we conclude asymptotic stability of the interconnected system
(Kalman and Bertram), (1960, Corollary 1.2).
Next, we prove 5% performance for Pz. From and inequality , it
follows that for all (x, d)

L el [ 2]l sl

<@ &7 EHE R
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with X7 := diagieZ[M] X; and F := diagieZ[M] g;1. Hence

A;XIAI — X7+ C;CI A;XIBZ + C;DI

Bl X;A; + DIC;  BJXyBr+DID;-E| <%
which implies
Al X7A7 — X7 +C1C1 < 0. (4.30)
Since B{? = 0 for all i € Zy.1], we have
trace (B%—XIBI + D;DI) (4.31)
= trace <ZL:(Bde)TXiBde + (Dfd)TDfd> (4.32)
B =1
= trace (Bf)"X;B + (D;*) " D;") < +*. (4.33)
=1

Hence, by Proposition inequalities (4.30) and (4.33) imply ||Pzllsa < v

and the proof is completed. O
4.C Closed-loop scales

(Z)p =~ diag (X))p,(27%)p := diag (X}})p,
J€ZL1:1) J€Z1:1)

(Z}%)p = diag (— diag (X;7)p, diag (X;fﬁ»),

JE€L1:4) JE€L[i41:1)
(Z}M)e == — diag (X}})e, (Z27%)c := diag (Xj})c.
JEZp.1) J€Zp.1

(Z}%)c = diag | — diag (X}7)e, diag (X[7)¢ |,
JE€Z1:4) J€Z[iy1:1)

(Z}")pe =~ diag (X} )pe, (Z7%)pc == diag (X}})pe,
JEZp1.1) JEZ[1.1)

(Zi12)77C = dlag - dla’g (Xiljz)'PC, dlag (lez2)g7> ’
JEL(1:4) J€L[it1:1)

(Z{%)cp = diag | — diag (X}])ep, diag (X;?)pc |-
JEL(1:4) J€L[it1:1)
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4.D Definition 77, norm

Let 5" be the set of all Lebesgue measurable functions d : N — R™ for which (Stoor-
vogel, (1992)

ldllZ, = Z ld(k)|* <

Definition 4.D.1. The 5, norm of an AS system 3 is defined by
[Td]e,

IEloe = :
0#dels: ||d||@2

4.FE Controller reconstruction details

Let Xi, Yi, pi, (X2, (Yii)p, (X}2)p and (V5?)p satisfy LMIs (4.16), (4.17)
and - Let i € Z1.1)- Flrst we construct the closed-loop matrices

X; X’PC YIC o Y; YiPC
|:(X’PC) Xf,’:| i T |:(Y'7:PC)T Y;C:|
so that X = (Y/X)=! = 0. The extension of X; and Y; to their closed-loop
counterparts X € R?kix2ki and Y/* € R?ki*2ki s well-known for the centralized
quadratic performance problem (including the J#, control problem), see e.g.
(Scherer and Weiland,, 2017, Theorem 4.2), (Gahinet and Apkarianl [1994), and
can be performed as follows. Inequality is equivalent to I — X;Y; < 0,
hence I — X,Y; is of rank k;. Take non-singular matrices M;, N; € R**¥: 50 that
MZ-N;r =I1-X,Y;. Now, we find Y;’C as the unique solution to the linear equation

Yi Il _ x|l Xi
el sl e
and set XX := (Y/X)~1. It is clear that XX and Y/* are of the form (4.34).
Observe that XX = 0 and (Y/*) = 0 is equivalent to I — X;Y; < 0, by application
of the Schur complement to the explicit expression of the solution Y;* to (4.35).

Let (i,5) € Z2,., i > j and let X7, VP € R*™5*2"5 be defined by

XWp (X2 Ve ()
XP::(z ij , YP |: ij 77:|.
e 6 s B 1 P
By (Dullerud and D’Andrea;, 2004, Lemma 21), there exist matrices lef, N;; 12 ¢
R2mi5xbis and M?? N22 € Rlixli 5o that

{mﬁ) Mlz] B {uﬁ) Néz]

XKk .=

K2

(4.34)
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with

T oxP M2
m |:(lej )T M12;2:| = (Lijvoa Lz—';)v

if and only if

Xr I XxXr I
in~ |: I” M1132:| <;; and in" [ I” lef] < L;;
For l;; = 6n;; and Z;j = z:; = 4n,j, the latter inertia requirements are satisfied
|Langbort et a1.| 42004[). The construction of such Mi17-2, N}f and ijz, ijz fol-
lows from the constructive proof for (Dullerud and D’Andrea) 2004, Lemma 21).
Let Mff := diag(l, —1I) € RO™i*6nij and Milf € R?1iiX0nij g0 that in ij? =

— + . P
(t37,0,43;) —inY;7 and

I 0

P Py—1 _ agl23722/ 2712\ T _ 2 r12
Xij_(Y“) _MijMij(Mij) = M;; {O _J

)

] (M7 (4.36)

Since X Z; — (Yﬂ;)_l is symmetric, it commutes with itself and hence it admits an

eigendecomposition 2011, Corollary 5.4.4)
P Py\-1 _ v/ T
X — (Vi)™ = VigAy Vi

ig Vig s
with A;; = diagkez[mw]()\ij)k, (Aij)1 = (Nig)2 > -+ > (Nij)an,, and Vi; a
unitary matrix whose columns are corresponding eigenvectors. Clearly, if we let
Vij = VilAyl2, then X7 — (V7)™ = (V] Vij)diag(I, ~I)(V} Vi;)T, with

i ij

Vij =t (VZ;r VJ) Thus we take
S
V3
such that (4.36]) holds. Hence, by defining

Xipe  (X2) (Xe (X2
a2 = [(&pe (X PC] M2 ::[ ie (X ]
K [(XE;?)EP —(XjHpe) Y ’

12 . _ o+ o+ U+ - - -
M =—[Viy Vi Vii Vi Vi Vil

)

we can construct the scales

K ._ |:(Zi11))c (Zilz)Kil oWk = |:(Wi11)

(1712)
SR (CZ5 P 0TS R e

K
(W) (WP)k

such that ZF = (W) =1, with (W), (W) and (W?2) analogously defined

K2 2

as (ZM)k, (Z1?)k and (Z2?)k in Appendix
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For each i € Zy.1), let P; = diag(— XX, XK, ZK I, —p;I). Permute the rows
and columns of P; to obtain

-Xk 0 0 0 0 0

0 (ZP)x 0 | 0 (ZP)F 0

o 0 0 —pil | 0O 0 0
P = 0 0 0 | XK 0 0| (4.38)

0 (ZP)xk 0 | 0 (ZYhc O

0 0 0 0 0 1

such that
A
(Vi) {W] P {W] (Vi)L <0 and
W,

[ ] 1 [ ] (U;)L = 0. (4.39)
By the elimination lemma (Scherer| 2001, Lemma A.2), there exists a con-

troller matrix ©; so that ( is satisfied, or, equivalently, so that

I i I
{U;@i% n Wz] P {UiTQiVi n Wz] < 0. (4.40)
To construct such a ©;, let H; and J; be non-singular matrices such that
‘/iHi =: [‘71 0] 5 UiJfL' =: [UZ 0} s

with V; and U; having full column rank. Then with Q; := JZTWZ-HZ-, we can
rewrite inequality (4.40) as (Scherer| [2001)

T T T ! ;
O [}% J?1} P [I% J?1} UZT@iV(Z +on QI%Q <0,
ey Q7' Q22
and, hence, as
A Sirni HHEIR (4.41)
E; E;
with E; .= U,J©,;V; + Q1
I 0 0
Ri=| g s S g
Q¥ 0 :22
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Now, because E; is an unrestricted unknown in (4.41)), a suitable solution is
given by FE; = (Eg)i(El);l (Schererl, [2001), with F; := col((E);, (F2);) solving
the quadratic inequality

F" (R/ILR; — R/ 11;8;(S; ' 11,9;) "' S I R;) F; < 0. (4.42)

=:Q;

Let the columns of F; be vectors that span the eigenspaces of I'; that are associ-
ated with negative eigenvalues, such that (4.42)) is satisfied. If the resulting (E);
is singular, one can always choose a ¢; > 0 such that (F4); + ;I is non-singular
and

{(El()é;;fﬂ T 0, [(El()é;giéil} <o

Finally, a suitable controller matrix ©; can then be constructed by solving the
linear equation

U0,V = (Ea); (Bv)i + &1 — QM. (4.43)



Chapter 5

Distributed control in a
behavioral setting

Control in a classical transfer function or state-space setting typically views a
controller as a signal processor: sensor outputs are mapped to actuator inputs.
In behavioral system theory, control is simply viewed as interconnection; the in-
terconnection of a plant with a controller. In this chapter we consider the problem
of control of interconnected systems in a behavioral setting. The behavioral set-
ting is especially fit for modeling interconnected systems, because it allows for the
interconnection of subsystems without imposing inputs and outputs. The aim is
to find a distributed controller that is explicit in the plant dynamics, such that
it can also serve as a basis for distributed model-reference control in Part II. We
introduce a so-called canonical distributed controller that implements a given in-
terconnected behavior that is desired. The controller is distributed and its design
is, given the desired behavior’s subsystems, decentralized, in the sense that a local
controller only depends on the local system behavior, by definition. Regularity of
interconnections is an important property in behavioral control that yields feed-
back interconnections. We provide conditions under which the interconnection
of this distributed controller with the plant is regular. Furthermore, we show
that the interconnections of subsystems of the canonical distributed controller
are regular if and only if the interconnections of the plant and desired behavior
are regular.

107
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5.1 Introduction

When physical systems are interconnected, no distinction between inputs and
outputs is made. Think for example of the interconnection of two RLC-circuits
through their terminals or the interconnection of two mass-spring-damper sys-
tems. Typical transfer function and input-state-output representations inherently
impose an input-output partition of system variables. One of the main features
of the behavioral approach to system theory, is that it does not take an input-
output structure as a starting point to describe systems: a mathematical model is
simply the relation between system variables. In the case of dynamical systems,
the set of all time trajectories that are compatible with the model is called the
behavior. The behavioral approach has been advocated as a convenient start-
ing point in several applications, among which in the context of interconnected
systems (Willems|, |2007)) and the context of control (Willems! |1997)).

In the context of interconnected systems, modeling can be performed through
tearing (viewing the interconnected system as an interconnection of subsystems),
zooming (modeling the subsystems), and linking (modeling the interconnections)
(Willems!, 2007)). Interconnection of systems in a behavioral setting means vari-
able sharing. When two masses are physically interconnected, the laws of motion
for the first mass involve the position of the second mass and vice versa; the laws
of motion of both masses together dictate the behavior of the interconnected
system. Thinking of system interconnections makes the modeling of intercon-
nected systems remarkably simple. Partitioning variables into input and output
variables is appropriate in signal processing, feedback control based on sensor
outputs and other unilateral systems, but often unnecessary for physical system
variables (Willems| 2007).

Feedback control based on sensor outputs to generate actuator inputs, where
the controller is viewed as a signal processor (Trentelman, 2011, holds an im-
portant place in control theory. It has been argued that many practical control
devices cannot be interpreted as feedback controllers, such as passive-vibration
control systems, passive suspension systems or operational amplifiers (Willems|
1997)). Indeed, such control systems do not inherit a signal flow, but can be in-
terpreted as an interconnection in a behavioral setting. More specifically, control
in a behavioral setting means restricting the behavior of the system that is to be
controlled, by interconnecting it with a controller. By specifying a behavior that
is desired for the controlled system, the basic control problem is to determine the
existence of a controller such that the controlled system’s behavior is equal to
the desired behavior. This is called the implementability problem (Trentelman)
2011). The canonical controller plays a major role in the implementability prob-
lem: the canonical controller implements the desired behavior if and only if the
desired behavior is implementable (Julius et al. 2005), (van der Schaft] |2003]).
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In this chapter, we will consider distributed control in a behavioral setting.
In particular, we will consider distributed control of interconnected linear time-
invariant systems. As a natural consequence of behavioral interconnections, we
consider a distributed controller to be an interconnected system itself, i.e., we con-
sider it to consist of subsystems that are interconnected without imposing signal
flows between subsystems. Several types of interconnections become of interest
in this problem: interconnections between subsystems of the to-be-controlled in-
terconnected system (plant), interconnections between subsystems of the plant
and subsystems of the distributed controller, and interconnections between sub-
systems of the distributed controller. Given a desired behavior for the controlled
interconnected system that has the same interconnection structure as the plant,
the considered distributed control problem is to determine the existence of a
distributed controller that implements the desired behavior. We introduce a
distributed canonical controller which implements the desired behavior if it is
implementable. The distributed canonical controller has an attractive intercon-
nection structure, in the sense that two of its subsystems are interconnected only
if two subsystems of the plant or desired behavior are interconnected.

Distributed control with input-output partitioning and communication be-
tween subsystems of the distributed controller (considered in, e.g., Chapter
and Chapter @ follows as an important special case of distributed control in a
behavioral setting. An important question is: when can the canonical distributed
controller be implemented with feedback interconnections? Following up on this
question: When can the interconnections between controller subsystems be im-
plemented as communication channels? The main concept in the solution to
these problems is regularity of the corresponding interconnections. We will ana-
lyze regularity of the canonical distributed controller. In particular, we show that
the connections between subsystems of this distributed controller are regular if
and only if connections between subsystems of the plant and desired behavior are
regular.

5.2 Preliminaries

For the notions of systems in the behavioral setting, we will follow the notation
in (Trentelman) 2011). A dynamical system is defined as a triple ¥ = (T, W, B),
where T C R is the time space, W is the signal space and B C W7 is the
behavior. Consider two dynamical systems ¥, = (T, W7 x W3,B;1) and s =
(T, Wy x W3,B5) with the same time space, and trajectories (wq,ws) € B and
(w2, w3) € By, respectively. The interconnection of 31 and X through ws yields
the dynamical system

Y1 Nws Yo = (T, Wi x Wy x Wg,%),
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with
B = {(wy,we,ws) : T — Wy X Wa x W3 | (w1, ws3) € B and (wq, w3) € Ba}.
The manifest behavior of ¥; w.r.t. wy is
(B1)w, :={w1 : T — Wy | Jw;s so that (wy,ws) € B}.

The set £9 denotes the set of all linear differential systems X = (R, R¥,9B), with
w € N variables, where the behavior is

B = {w € € (R,RY) |R(%)w =0},

with a polynomial matrix R € R&*¥[¢], g € N5, and € (R, R¥) denotes the set
of infinitely often differentiable functions from R to R¥.

Consider a behavior 8 € £¥. The components of w € B allow for a component-
wise partitiorﬁ such that w = (u,y), with « input and y output. The partition
w = (u,y) is called an input-output partition if u is free, i.e., for all u there
exists a y so that (u,y) € B (Polderman and Willems| [1998). Such a partition is
not unique, but always exists. The number of components in the input and out-
put, called the input and output cardinality, is invariant, i.e., independent of the
input-output partition. Henceforth, m(*8) denotes the input cardinality and p(8)
denotes the output cardinality, which implies that p(8) +m(8) = w. For a kernel
representation R (%) w = 0 of B, the output cardinality is p(B) = rank R.

5.2.1 Control in a behavioral setting

A controlled interconnection is the interconnection of a plant ¥, = (T, W x
C,P) and a controller ¥, = (T, C,C), with the same time space, and trajectories
(w,c) € P and ¢ € C, respectively. The plant has two types of variables: w
is the to-be-controlled variable and ¢ is the control variable. The controlled
interconnection is thus P A.C. A general control problem can now be formulated
as: Given the plant behavior P C (W xC)T and a desired behavior X C W7, does
there exist a controller C so that K = (P A, C)y, i.e., is K implementable? The
implementability problem has been extensively studied in (Trentelman, [2011)).

5.3 Control of interconnected systems

5.3.1 Plant interconnections

For the design of a distributed controller, we consider plants ¥,, = (T, W; X
Si x Ci,Py), i € Zp.r), having trajectories (wj,s;,¢;) € Pi, with w; the to-
be-controlled variable, s; the inter-plant connection variable and ¢; the control

1Up to re-ordering of the components in w.
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(a) System interconnection. (b) Controller intercon-
nection.

Figure 5.1: Behavioral approach to control of interconnected systems.

variable. Partition the inter-plant connection variable s; into s;;, the variable
that behavior P; shares with P;. The interconnection of P; and P; is given by

,Pi /\sij Pj = {(wi,wj,sij,ci,cj) ‘ (wi,sij,ci) S 'Pi and (wj,sij,cj) S Pj}

We denote the straightforward generalization of the interconnection of P;, i €
Zp.1) as

Pr = /\Sz‘:iEZ[LL]Pi

={(w1,...,wg,s1,...,50,¢1,...,cp) | (wi, 54, ¢;) € Py for all i € Zpy.p}

Figure depicts an interconnection example of three behaviors P;, Py and
Ps, through s12 and sa3, i.e., P1 As,, P2 As,s P3. When we eliminate the inter-
connection variables (&’)ieZ[l: L from the behavior of the interconnected system,
Pz, we obtain the manifest behavior of Pz with respect to (w, ). This manifest
behavior of the plant interconnection w.r.t. (w,c) is

(Pz)(w,e) = (NsiieZp.ny Pi) (w.e)
= {(’LU17 e, WL, Cly ey CL) | ds; € @OO(R7Rsi),i S Z[l:L]7
so that (wj, s;,¢;) € P; for all i € Zyy.p)}-
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5.3.2 Distributed control problem

In the following, we will consider an interconnection of linear systems P; €
gritsite: e Zp.yy. Given K; € €97 i € Zp.p), let the desired behavior
of the interconnected system be equal to the manifest behavior of the intercon-
nection of IC; w.r.t. w, i.e.,

(K2)w = (Mkiczp Kidw ={(w1, ..., wr) | Ik € € (R,R¥),i € Zpy.p,
so that (w;, k;) € Ky, € Zp.p)}-

Complementary to the interconnected plant, we are looking for another in-
terconnected behavior, the controller, such that the interconnection of the plant
with the controller yields the desired manifest behavior w.r.t. w, i.e., (Kz)y. The
controller behavior is the interconnection of C; € £%1Pi 4 ¢ Zy1.1), through inter-
controller connection variable p;. The controller interconnection is distributed in
the following sense: if P; and P; do not share a variable (they cannot be intercon-
nected), then C; and C; do not share a variable, i.e., for each pair (i,5) € Z[ZLL ,
it holds that s;; = 0 = p;; = 0. In this way, the controller structure Wih
reflect the plant structure and, hence, the structure of the “closed-loop” inter-
connection. This idea is exemplified in Figure for the plant interconnection
in Figure p.1a] The chosen controller structure is a design choice that is nat-
ural in the sense that the interconnection structure of the plant is respected.
Therefore, this choice is commonly considered in the distributed control litera-
ture, cf. (D’Andrea and Dullerud, 2003)), (Langbort et al., [2004), (Camponogara.
et al., 2002), (Cantoni et al., [2007), (Rice and Verhaegen, |2009), (Chen et al.|
2019). Alternative distributed controller structures are, for example, hierarchical
and multilayer structures, which are designed according to multi-level or multi-
resolution models (Christofides et all 2013) or through optimization (Gusrialdi,
2012).

Considering the control problem described in Section we can now anal-
ogously state the distributed control problem: Given the plant interconnection
Pr = /\si,ieZ[l:L]Pi and a desired behavior defined by Kz = /\ki,iez[l;L]IC’i’ do
there exist controllers C; € £57P: i € Zy.r), so that (Kz)w = ((As; iz, Pi) Ae
(Apiiez.1,Ci))w? That is, does there exist a distributed controller such that the
desired behavior is equal to the controlled interconnection? Figure illustrates
this controlled interconnection.

Definition 5.3.1. Let K;, i € Zy1.1), be given and consider the desired intercon-
nected system behavior (Kz)y. If there exists a distributed controller such that
the controlled interconnected behavior equals the desired interconnected behavior,
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i.e., if there exist C;, i € Z1.r], such that

(/\quy,’iEZ[l;L] ICZ)U} = ([/\Si,iGZ[l;L]Pi} /\C [/\pi,iEZ[LL]Ci])w
4 (5.1)
(’CI)w = (PI Ae [/\pi,iEZ[l:L]Ci])w

then Ky is called implementable via distributed control.

Consequently, a distributed controller with controller behaviors C;, i € Zy.1),
is said to implement Kz if (5.1) holds.

Remark 5.3.1. A natural question that comes to mind is: what prevents a
desired behavior from being implementable? The necessary conditions of the con-
troller implementability theorem for ‘centralized’ control by|Willems and Trentel-
man| (2002) reveal that there are two restrictions: (i) since control means that
the behavior of the plant is restricted, the desired behavior must be a subset of the
(manifest) behavior of the plant and (i) since the hidden behavior of the plant
(for ¢ = 0) should remain possible, the hidden behavior of the plant must be subset
of the desired behavior (Willems and Trentelman), |2002).

C1

w1 P1 C1
512 P12
C2
w2 E[ P Co }
523 b23
Y 03 '
w3 P3 Cs

Figure 5.2: Controlled interconnection.
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5.4 Canonical distributed controller

Let K; € gvitki 4 ¢ Zy.1), and consider its interconnected manifest behavior
(Kz1)w € £, We define the controller

Cfan = (Pz /\wi ’Ci)(ciysivki) (52)
= {(¢4, 84, ki) | Fw; so that (w;,s;) € P; and (w;, k;) € K;}, (5.3)

i.e., the manifest behavior w.r.t. (¢, s;,k;) of the interconnection of the local
plant behavior P; and desired behavior K; through w;. This interconnection
is depicted in Figure We call C{*" a local canonical controller. By the
elimination theorem (Polderman and Willems| (1998, Theorem 6.2.6), we have
that Cfn € geitsitki,

Notice that by construction of the plant interconnection and interconnection
defining the desired behavior, we can interconnect two canonical controllers C{*"
and C{*" through the variables (sij,kij), ie., CS™ N(sijkig) G570 In order to
construct a distributed controller, we interconnect the local canonical controllers
C§™, i € Zpy.r), through (s;, k;). The behavior of the interconnection of the local
canonical controllers is

= /\(Si:ki)viez[l:L]Cfan’
which is called the canonical distributed controller.
We will now provide conditions on the interconnected system and desired
interconnected behavior under which the canonical distributed controller imple-
ments K;. The hidden behavior of Pz is defined as

N(Pr) :=A{w|(w,0) € (Pr)(w,0)}-

Proposition 5.4.1. The controller C£*" implements the desired behavior Kz €

Ltk gf
N(PI) g (ICI)w g (PI)U)'

Proof. The proof can be separated in two parts: (i) show that the distributed
canonical controller satisfies (C3*"). = ((Pz)(w,e) Mw (Kz)w)e and (ii) application
of the implementability proof for the centralized canonical controller (Julius et al.}
2005)). We will prove both parts (i) and (ii) for completeness.

We will first show that (Ags, 5)C5™)e = ((As,Pi)(w,e) Aw (A Ki)w) ¢, iee.,
that (C§*)e = ((Pz)(w,e) Mo (Kz)w)e. The manifest behavior of Ag,KC; with
respect to w; is

(A Ki)w = {(w1, ..., wr) | Fki, 1 € Zpy.p), so that (wy, ki) € Ky, 1 € Zpy.p)}
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and the manifest behavior of A, P; with respect to (w,c) is
(Ns;Pi)(w,e) = {(w1, ... ,wr,e1,. .. en) | 3si, @ € Zjy.g), so that
(wi, siyci) € Piy i € Zji.r)}-
Hence, we have
((AsiPi)(w_,C) Aw (/\kiK:i)w)C = {(Cl, ey CL> | Hw;, si, ki), i € Z[l:L]7 so that
(wi, k;) € K; and (wy, s;,¢;) € Pi}.

Furthermore, the manifest behavior of C$*" with respect to c is

(CT")e = N(sika), i€z G e
={(e1,..-,cr) | I(si, ki), i € Zpy.), so that (e, si, ki) € ™"},
={(c1,...,cr)| Hwi, s, k;), i € Zpy.r), so that

(wi, k;) € K; and (w;, 84, ¢;) € Pi}.

Hence, it follows that (C7*"). = ((P1)(w,e) Aw (KZ)w)e-

With this expression for the behavior of the canonical distributed controller,
we find that the behavior of the interconnection of the manifest behavior of the
canonical distributed controller and the manifest behavior of the plant is equal
to

((PI)(w,c) Ac ((Ccan)c)w = ((pI)(w7c) Ae ((PI)(w,c) Nw (ICI)w)c)u1~

We will now show that this behavior is in fact equal to (Kz),. Consider minimal
kernel representations for (Pr)(w,c) and (Kz)., respectively:

R(-Dw+M(L)e=0, K(L)w=0.

We therefore have that

Juw so that [Ifj((qﬂ) M) [ =0

is a latent variable representation for (C$*").. Since N'(Pz) C (K1) and (Kz), C
(P1)w, there exists a polynomial matrix F'(§) so that K (&) = F(§)R(&). Consider

the unimodular matrix U(§) := Fgﬁ) _OI . Post-multiplication of U(§) with
col(M(),0) and col(—R(€), K(¢)) yields U(¢) {Méﬂ _ [F (ﬁf(\gf)} and
—R(E)| _ [-FEOREO+KE| _| O
v ) = [ Re ) = el
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We thus have (Cz). = {c| F (-%) M (-%)) ¢ = 0} so that

Sl i B e
Now, since
v | 5] =["He?] = v | pgiite] = e
we have

(Pr)w.e) Ne (CF")e)w = {w | FR () w = 0} = {w | K () w = 0} = (K1)

and the proof is complete. O

Figure 5.3: Local canonical controller. The mirrored plant notation emphasizes
that the control and to-be-controlled variables of P; are reversed inside the canon-
ical controller.

Remark 5.4.1. The manifest behavior of the controller w.r.t. c is equal to the
behavior of the “central” canonical controller for the desired interconnected be-
havior, cf. (Julius et all|2005). Intuitively, this is sensible, see e.g. the controlled
interconnection for the example with 3 subsystems in Figure[5.]} The controllers
C:™ are based on “local” behavior P;, while the central canonical controller is
based on (Pr)(w,c)- From a distribution point of view, the control design is de-
centralized in the sense that only the subsystem P; of the interconnected system
is required to determine C/%", once a desired interconnected behavior has been
specified.
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Figure 5.4: Controlled interconnection with local canonical controllers.

5.5 Regularity of the canonical distributed con-
troller

An important type of system interconnections is a reqular interconnection, intro-
duced by (Willems| [1997). Formally, a regular interconnection of two systems is
defined as follows.

Definition 5.5.1. Consider two behaviors B, € £11%2 gnd By € £7273 . The
interconnection of B1 and B is said to be reqular if

P(B1 Aw, B2) = p(B1) + p(B2),
where B1 Ay, Bo = {(w1,wa,ws) | (w1, ws) € By and (wa, w3) € Ba}.

Regularity of the interconnection of two systems has multiple interpretations.
First, regularity means in a sense that the equations describing the dynamics
of %7 and B, are independent of each other (Willems et al., |2003)). For the
second interpretation, consider a plant P € £, a controller C € £° and their
interconnection K := {(w,c) € Plc € C}. According to Definition the
plant-controller interconnection is regular if

p(K) =p(P) +p(C).

This interconnection is regular if and only if the controller C can be realized
as a transfer function from an output variable to an input variable of P for an
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input/output partitioning of the control variable ¢ (Willems et al.,|2003). From a
control-point-of-view, regularity of the plant-controller interconnection therefore
means that the controller acts as a feedback controller, i.e., it can process sensor
outputs to actuator inputs. Notice that, while this is a typical assumption in
control theory that is not in the behavioral framework, it is not a matter of
course in control in a behavioral setting (Willems| |1997)), (Willems et al., |2003]),
(Julius et al., |2005).

Let us now consider regularity of the interconnections related to the canon-
ical distributed controller, which was introduced in Section [5.4l There are two
types of interconnections that are of interest: (i) the interconnection between
the canonical distributed controller C§*" and the interconnected system Pz, i.e.,
the plant-controller interconnection and (ii) the interconnection between C{*»
and C5*", (i,5) € Z[21:L] and i # j, i.e., the interconnection of local controllers.
The interpretation of regularity of the plant-controller interconnection has been
considered in the previous paragraph. Regularity of the interconnection of lo-
cal canonical controllers can be interpreted as follows. If the interconnection
between controllers is regular, then the interconnection variable p;; can always
be partitioned to achieve a regular feedback interconnection, i.e., such that the
transfers from inputs in the partitioning to outputs are proper. In a sense, regu-
larity of interconnection between local controllers thus means that the controllers
can communicate with each other, by processing received communication signals
(input) into sent communication signals (output).

5.5.1 Regularity of the plant-controller interconnection

Regularity of the interconnection of the interconnected system behavior Pz and
a distributed controller Cz follows from the regularity of the behaviors with
the interconnection variables (si,...,sr) and (p1,...,pr) eliminated, i.e., from
(Pz)(w,e) and (Cz).. By definition, the interconnection of (Pz)(w,¢) and (Cz)e is
regular if

P((Pz)(w.c)) + P((C2)e) = P((P1) (w.e) Ne (CT)e)- (5:4)

If (5.4) holds, then the distributed controller is called regular with respect to c.
A sufficient condition for regularity with respect to c of all distributed controllers
that implement Kz follows from (Julius et al.; 2005, Theorem 12).

Proposition 5.5.1. Let P; € L9715+ and C; € £57% i € Zpy.p, and consider
the interconnected system Pz = /\si,iez[l:L]Pi and distributed controller Cz =
Npyiep.,Ci- Let (K1)w be the desired behavior, with Kz = Nk iz, Ki, where
K; € £w1;+k1:; 1€ Z[l:L]-

FEvery distributed controller Cz that implements Kz, i.e., holds, is regular
with respect to ¢ if (Pz). = €°(R,R®), where (Pz). is the manifest behavior of

1:1]
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the interconnected system with respect to c, i.e.,
(P1)e = {c|I(w, s) so that (w,s,c) € Pr}.

Proof. First, notice that Pz = A, iez;,.,,Pi € gitete and that (Pz)(w,e) € £°F°.
Hence, there exists a minimal kernel representation for (Pz),q):

d d

Assume that (Pr). = €°(R,R¢). Then R has full row rank. Now, take any dis-
tributed controller Cz = Npi i€y, L]Ci € £°7P that implements K7. The manifest
behavior of Cz with respect to ¢, i.e., (Cz)., satisfies (Cz). € £¢ and therefore has
a minimal kernel representation
d
Cl—)c=0.
< dt> ¢

Since R has full row rank, we find that
} {w] =0
c

d d
R(g) M()
0 C (%)
is a minimal kernel representation of (Kz)(y,). We find that

P((KZ)(w,e)) = rank R + rank C' = p((Pz) (w,e)) + P((C1)c),

which was to be proven. O

Corollary 5.5.1. Consider an interconnected system Pz = s, icz,.,,Pis Pi €
gritsitei “and the desired behavior (Kz)w, with Kz = Ay, iezy,.,, i, Ki € €575,
i € Zj1.r). Assume that

N(Pz) € (K1)w € (P1)w-
If (P1). = €°(R,R®), then the canonical distributed controller implements Kz

and is regular with respect to c.

5.5.2 Regularity of the interconnection of local canonical
controllers

Let us now consider the regularity of the interconnection of local canonical con-
trollers, i.e., the regularity of C{*" A, x,,) C5*, (i, 7) € Z[Ql:L] and 7 # j. Without
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loss of generality, we will consider that L = 2 in this subsection. The intercon-

nection of C{*" and C5*" is regular if
P(CT™ A(sky €3™) = P(CT™) + p(C3™).

The behaviors P; € £¥tsit¢ 4§ = 1,2 admit kernel representations

d d d
il — ) wi il = M| — =0 =12 .
R(dt)w+s<dt)s+ (dt)c 0, i (5.5)
Similarly, the behaviors K; € £¥ 1% j = 1,2, admit kernel representations
d d ,
Define the partitioned matrix
Ml 0 Sl 0 R1 0
0 0 0 K, |W 0 1 In ‘ Ny (5.7)
0 M, S; 0|0 Ry | [ La|Na |’ '
0 0 0 Ko O W,

Proposition 5.5.2. Consider the behaviors P; € L£¥itsitei gnd K; € £¥itki,
i = 1,2, and the kernel representations (5.5) and (5.6)), respectively. The inter-
connection of C{*" and C5*" is reqular if and only if

rank [Ll Nl] + rank [Lg Ng} = rank [Ll Nl] .

ooy (5.8)

Proof. By (b.5)) and (j5.6)), the local canonical controller behavior is represented
by the latent variable representation

W;

R; (A) S; (A) M; (A) 0 ] s
C* ={(csy 5, k) | Jw; so that d dt dt =0}.
tews ! W) 0 0 Ki(g) “ J

Hence, the interconnection of C{*" and C5*" is

CT™ N(oi) C3™" = {(c1,¢2,5,k) | (c1,8,k) € C7*" and (co, 5, k) € C5™"}

C1
C2
Ly (*d) N (i) s
_ ]{j El h dt dt =
{(er,caak) | 3(wnwe) so that | () ¥y || | = 0%
w1
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which is a latent variable representation for the canonical distributed controller
(with latent variable (wy,w3). By Lemma 8 in (Belur and Trentelmanl 2002)), the
output cardinality of C{*™" A(, 1) C5*" can be determined from its latent variable
representation as

n L1 M

Similarly, the output cardinality of C{*" and C$*" is given by

cany __ Mi Si 0 Rz R’L .
p(C{*") = rank [ 0 0 K Wi:| —rank |:W7,:| , 1=1,2.

It follows by (5.7 that

P(CTI™ As,k) C5™) = rank [é; %;] — rank H;j — rank [I]/?/j . (5.9)

Hence, by (5.9) and (5.7]), we find that
p(Ci™) +p(C5™)

=rank [L; Ni] —rank [Rl

WJ + rank [Lg Ng] — rank {R

i)
Ny

= rank [Ll Nl] + rank [LQ NQ} — rank l:é N. :l (Cl /\(s k) CCan).

Therefore, p(C{™ A,y C5*") = p(C{™) + p(C5™") if and only if (5.8) holds. This
concludes the proof. O

Regularity of the interconnection of C{*" and C5*" turns out to be easily
verifiable through regularity of the interconnections of subsystems P; and Py of
the interconnected system that has to be controlled and of the interconnection
of K1 and Ks. We have the following result.

Theorem 5.5.1. The interconnection of C{*™ and C5* is regular if and only if
the interconnection of Py and Po is regular and the interconnection of K1 and Ko
is reqular. That is, the interconnection of C{*" and C$*™ is regular if and only if

P(P1As P2) =p(P1) +p(P2) and p(Ki Ak Ka) =p(K1) + p(K2).

Proof. Let R; ( dt) wﬁ—S (Td +M; (—d) = 0 be a minimal kernel representa-

d
tion for P; and let W; ( ) (Td) k = 0 be a minimal kernel representation
for IC@, 1= 1,2
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(=) Assume that p(P; As P2) = p(P1) + p(P2) and that p(Ky A K2) =
p(K1) + p(K3). We then have that

Ri M 0 0o S
rank [ 01 01 Ry M, Sj =p(P1 As P2) = p(P1) +p(P2) (5.10)

= rank [Rl My Sl] + rank [RQ M, SQ} s

and

w0 K

rank { 0 W, K,

| = (s . 2) = b0 + 02 (5.11)
= rank [Wl Kl} + rank [Wg Kg] .

By Proposition CE™™ A,k C5™" is regular if and only if (5.8) holds, i.e., if
and only if

Ay
B1 _ Al A2

rank Ayl = rank l:Bl:| + rank [BJ , (5.12)
B,

where
A1 = [Ml 0 Sl 0 R1 0] 5 Ag = [O M2 SQ 0 0 RQ] 5
Bl = [0 0 0 K1 W1 0} s B2 = [0 0 0 KQ 0 Wz] .

Now, by (5.10), A; and A5 do not have rows that are linearly dependent. Simi-
larly, by (5.11), B; and By do not have rows that are linearly dependent. Fur-
thermore, By and As do not have rows that are linearly dependent and A; and

. . A
Bs do not have rows that are linearly dependent, by construction. Hence, [ Bl}
1

and 22 do not have rows that are linearly dependent. Hence, (5.12)) holds true
2

and it follows that C{*" A(, k) C5*" is regular.

(«=) Let C§™ A¢s k) C5*" be regular. Then holds true. But then A;
and Ay cannot contain dependent rows. Hence, p(P1 As P2) = p(P1) + p(P2).
Moreover, by , B; and By cannot contain dependent rows. Hence, p(K1 Ag
K2) = p(K1) + p(Ks2). This completes the proof. O

5.6 Conclusions

In this chapter, we have considered the distributed control problem for linear
interconnected systems in a behavioral setting. This setting allows to view dis-
tributed control from a more general perspective, where controllers are not in-
trinsically viewed as signal processors. Given a desired behavior represented by
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a linear interconnected system, the canonical distributed controller implements
it, provided that sufficient conditions on the manifest behavior of the plant and
desired behavior are satisfied. We have shown that regularity of the intercon-
nections between subsystems in the plant and desired behavior are necessary
and sufficient for regularity of the interconnections between subsystems in the
canonical distributed controller.

From a design point-of-view, the desired interconnected system behavior is
assumed to be known a priori, which may not always be at hand in practice.
The theory of behavioral distributed control in this chapter, and in particular the
canonical distributed controller, forms the basis for distributed model-reference
control in Chapter [6] for transfer function representations. The analysis and
synthesis of structured reference models (representing the desired interconnected
system behavior) will also be addressed in Chapter @
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Part 11

Distributed data-driven
model-reference control
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Chapter 6

Distributed model-reference
control of interconnected
systems

Data-driven control methods typically follow a model-reference controller design
problem. The basis in a model-reference control problem is formed by given
performance specifications for the closed-loop system, captured by a reference
model. This reference model yields an ideal controller that is unknown; it is the
target object in direct data-driven control. In this chapter, we set the basis for
distributed data-driven control for interconnected systems. We show that there
exists an ideal distributed controller that implements performance specifications
captured by a structured reference model. The properness and stability of the
distributed controller and reference model are analyzed in this chapter. Finally,
a method for synthesizing a structured reference model based on % or %, per-
formance specifications is developed, hence this chapter also yields an alternative
solution to the distributed 5% /.7, control problems considered in Chapter
through the model-reference paradigm.

This chapter is based on the preliminary work: T. R. V. Steentjes, M. Lazar, and P. M. J.
Van den Hof. Data-driven distributed control: Virtual reference feedback tuning in dynamic
networks. In Proc. 59" IEEE Conference on Decision and Control (CDC), pages 1804-1809,
2020

127
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6.1 Introduction

Model-reference controller design dates back to at least the 1960’s, see e.g. (Tyler]
1964)). In the model-reference control paradigm, a reference model is employed
to describe the desired characteristics of a closed-loop system (Landaul {1978)),
(Bazanella et al., |2012). In reference tracking, the output cannot attain a ref-
erence trajectory exactly, in general, think e.g. of a step reference signal. Since
perfect tracking is not possible, the tracking objective is typically relaxed into
specifications of what is satisfactory, such as maximum overshoot, rise time, or
settling time. The model-reference paradigm collects such specifications (and
other specifications) in a linear dynamical system with the corresponding prop-
erties. Given a reference signal, the controller design problem is to minimize the
difference between the output of the closed-loop system and the output of the
reference model, instead of the difference between the output and the reference
itself (Bazanella et al.l 2012).

A solution to the linear model-reference control problem is given by an ideal
controller; a controller that can be written explicitly in terms of dynamics of the
plant and reference model, and that achieves exactly the reference model (Campi
et al.} 2002)). Of course, whether this ideal controller can be actually implemented
depends on the considered class of controllers. Typical properties that are (im-
plicitly) captured in a controller class are the dynamical order of the controller,
properness, and stability of the controller. Stability and properness of the con-
troller yield design restrictions for the reference model (Bazanella et al., [2012)
and, hence, should be taken into account in the design of the reference model.

In this chapter, we introduce a model-reference paradigm for interconnected
systems. In this paradigm, the structure of the interconnected system (described
by a graph), is taken into account in the reference model. More specifically, we
develop a framework where the reference model consists of subsystems that are
interconnected only if two subsystems of the network under consideration are in-
terconnected. In this way, the interconnection structure of the plant is respected
in the controller design in the sense that the closed-loop system attains the same
interconnection structure, with possibly removed couplings. The composition of
the reference model’s subsystems describes the desired behavior for the intercon-
nected system. A special case of the structured reference model is one where all
subsystems are disconnected, describing a decoupling control objective.

The natural question that arises is: does there exist a distributed controller,
such that the closed-loop network dynamics coincide with the structured reference
model dynamics? Via the concept of the local canonical controllers described in
Chapter 5, we show that there exists a distributed controller with the same
structure as the network under consideration that solves the distributed model-
reference control problem; an ideal distributed controller.
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Properness and stability of a distributed controller are important, or even
indispensable properties of a distributed controller. Properness ensures that sub-
systems of the distributed controller are causal. Stability ensures that control
input signals, but also controller interconnection/communication signals, remain
bounded. We consider both the properness and stability analysis of the struc-
tured reference model in this chapter. Then, the synthesis of a reference model
is considered. An ideal distributed controller is inherently non-unique due to
the interconnection dynamics, i.e., one can ‘shift’ dynamics from one controller
subsystem to another through dynamic transformations (filtering) of the inter-
connection dynamics. This freedom is exploited to determine necessary and suffi-
cient conditions for the properness and stability of an ideal distributed controller,
leading to a structured procedure for obtaining a structured reference model.

Finally, when the control objective is to guarantee an % or %, bound
on the closed-loop network, it may not be clear how to choose the structured
reference model. We show how a decoupled reference model can be designed
that corresponds to a system with a given % or 4, bound. As a consequence,
the corresponding ideal distributed controller then solves the J#%/5%,, control
problem for the interconnected system.

6.2 Preliminaries

Consider an undirected graph G = (V, £) with vertex set V of cardinality L and
edge set £ C V x V. This graph will define the interconnection structure of
an interconnected system with bilateral interconnectionﬂ The neighbour set of
vertex ¢ € V is defined as N; := {j € V| (i,j) € £}. To each vertex i € V, we
associate a linear discrete-time system with dynamics

yi(t) = Gi(q)ui(t) + Z Wij(a)sij(t),

JEN;
0i(t) = Fij(q)yi(t), JjeN;,

with Gy, W;;, Fj; rational transfer functions, g the forward shift defined as
qr(t) = z(t + 1), u; : Z — R is the control input, y; : Z — R the output,
and 0y, $;; : Z — R are variables through which the systems at vertices (¢,5) € £
are interconnected. The problem that we consider is that of reference tracking,
i.e., for each system it is desired that the output y; tracks a reference signal r;.
The tracking error for system 7 is defined as z; := r; —y;. By stacking all incoming
and outgoing interconnection variables of system 4 in vectors s; and o;, that is

1Unilateral interconnections can be considered by setting the corresponding transfer func-
tions W;; or Fj; equal to zero.
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s; 1= coljen; si5 and o; := coljen; 045, we arrive at the following description for
system ¢, denoted P;:

yi = Gi(Qu; +Wi(q)si,
Pi:k o = Fiquyi, (6.1)
zi = i~ Y

where W; := row;en, Wi; and F; := coljen;, Fij, and the time ¢ is omitted for
brevity. The interconnection of system P; and P;, (4,7) € £, is defined by

Sij = Oji and Sji = Oij. (62)

We consider a structured reference model described by

d
yi = Tlgri +Qi(a)ki,

Ki: ! 6.3
’ {pi = Pi(q)y, (6.3)
where Q); 1= row;en;, Qi and P; := coljen;, Pi; and the interconnection variables
are similarly partitioned as for P;, i.e., k; := coljen;, ki; and p; := coljen; Pij-

For each pair (4,7) € € the interconnection of K; and K; is defined by
kij =pji and  kji = pij. (6.4)

Hence, K; and K; can only be interconnected if P; and P; are interconnected.
A particular case of such a reference model occurs when a decoupled closed-loop
system is desired, i.e., @;; =0 and P;; =0, 4,5 =1,2,..., L.

For the control of the interconnected system described by and ,
we consider that each system P; is associated with a (parametrized) controller
C;, which is a linear discrete-time system that has the tracking error z; as an
input, control input u; as an output and is interconnected with other controllers
C; through interconnection variables 1;;, (i;:

u; = Cii(q, pi)zi + Z Ci(q; pi)nij
Ci(pi) : I ,
Gij = Kij(q, pi)zi +Z Kijn(q, pi)nin, J € N
hENg

The interconnection of C; and C;, (4, j) € £ is defined by
Nij = Gji and 75 = Gy (6.5)

An example of a reference model and controlled interconnected system is provided
in Figure for illustration purposes. By defining 7; := coljen;, 7;5 and (; :=
coljen; Gij, we compactly represent controller ¢ by

o [] =t 7] (6.6)

i
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Figure 6.1: Structured reference model (left) and closed-loop network with dis-
tributed controller (right) for L = 2.

By stacking all the interconnection variables of the interconnected system
described by (6.1) and (6.2) as s := col(s1,...,s5) and o := col(oy,...,0r), we

can write
y=Gu+Ws, o=Fy, s=Ao,

with G = diag(Gy,...,Gr), W = diag(W1,..., W), F = diag(Fy,..., Fr) and
the matrix A defined by aggregating (6.2)) for all corresponding index pairs. The
input-output behavior of the network is y = (I — WAF)~'Gu.

Assumption 6.1. The interconnected system and reference model satisfy det(I—
WAF) # 0 and det(I — QAP) # 0.

Assumption 6.2. The reference model is such that y¢ # r for all non-zero r,
i.e., det((I — QAP)™ YT — 1) # 0.

Assumption is required for well-posedness of the interconnected system
and structured reference model, in the sense that the transfer matrices from in-
puts to outputs exist. The rationale behind Assumption [6.2]is that no reference
model is chosen that cannot be achieved by a (distributed) controller and en-
sures that the transfer functions of an ideal distributed controller considered in

Section are well-defined, cf. .

Problem 6.2.1. Given the parametrized controllers C;(p;) and the reference mod-
els IC;, the considered distributed controller synthesis problem is

L
min JMR(p17--~,pL), JMR(plv"'apL) = ZE[yld(t) 7yi(t)]27 (67)

P1y---sPL
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where E = limpy o0 % Zivzl E and FE 1is the e:cpectatio,

6.3 Ideal distributed controller synthesis

A controller that admits the same structure as the interconnected system and for
which the closed-loop network matches the structured reference model exactly,
ie,y; =yl foralli=1,...,L, is called an ideal distributed controller. To derive
such an ideal controller, consider the interconnection of a subsystem IC; of the
structured reference model with a subsystem P; of the interconnected system,
ie.,

Yi Giu; + Wis;

0; Fiy

zi|=| mi—u and  yi =y, (6.8)
yd Tiri + Qiks

i Py

Elimination of the variables y¢, y; and r; in yields a local controller C¢,
described by (denoting x; by zf for the interconnection variables to distinguish
controller variables from plant variables)

T; 1 1
= AW @i
W] |GO-T) G Ga-T)¢ .
. i 1 :
cl:los|= —F 0 T P || 5| (6.9)
p; 7" ' ki
1_T1PZ 0 1_TiPZQz

The distributed controller is constructed by interconnecting local controllers C{
and le, (i,j) € &, as

ng] = {051‘] and [851} = [ij} (6.10)
Lffj p;i ka Pfj

Theorem 6.3.1. The closed-loop network described by (6.1) - (6.2)) and the dis-
tributed controller - (6.10) satisfies

yi:yf7 i=1,...,L.

2A deterministic setting is considered in this chapter, but subsequent Chapters [7] and
consider the same control problem with a stochastic noise process affecting the output.
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Proof. Let the control variables (u;, z;) and controller interconnection variables
(85,05, k¢, ps) satisfy for all 4 and for all (i,7) € &, i.e., s = Ao® and
kc = Ap®. We will first show that there exist latent variables r§ : Z — R and
vy : Z — R for each 4, so that

ys Giu; + W;s§

0§ Fys

zi| = r$ —yf . (6.11)
yi Tirs + Q:kS

i Py

Define y{ := Giu;, + Wis; and r{ = z; + y¢. We then have to show that y{ =
Tirs + QqkS, of = Fiys and p§ = Pyys. By we have that

T.
: ch 7 ¢
G.1-T) @ Giwsl

Gi (1 - T;)
<~
(1 — Tl)qul = Tizi + Qlkf — (1 — Tl)Wzs:,

which, by the definition of ¥, is equivalent with
(1 =Ty = Tizi + Qik§ (6.12)

and hence, by the definition of 7§, y¢ = T;r¢ + Q;k¢. By (6.12) and (6.9), it
follows that

T; 1
§ = ——=Fz FQiki = Fiy;,
o5 7 z +1_ Qiks Ys

T,
P = g Pt g DiQiky = Py

Next, define y° := col(y§, ..., y$) and u := col(uy, ug, ..., ur). It follows by
that ¥ = Gu+W s and 0o¢ = Fy, such that, by s¢ = Ao®, y¢ = (I-WAF) " 1Gu.
Similarly, define r¢ := col(r{,...,r¢) to obtain y¢ = (I — QAP)~'Tr by (6.11)),
with @ = diag(Q1,...,Qr), P = diag(P1,...,Pr) and T = diag(Ty,...,T1).
Thus, using z = r° — y°, the controller satisfies

u=G I -WAF)(I - QAP)™*
x (I —(I—-QAP)'T) 'z (6.13)

Finally, the process y = (I — WAF)~!Gu with z = r —y and the controller (6.13))
yield y = (I — QAP)™'Tr = y,4, which concludes the proof. O



134 Chapter 6. Distributed model-reference control

If we associate p‘lﬂ ... ,de with the ideal distributed controller, such that
PiTC’zdPi = Ci(pg) fori =1,..., L, with the permutation matrices P; := diag(1, P
3.1

i=1,...,L,such that col(s¢, k¢) = P; coljen; col(sg;, kf;), then by Theorem|6.

~—

[RRA

(pd, ..., p¢) solves problem (6.7).
The following simple example briefly illustrates the ideal distributed controller

constructed in this section.
Example 6.1. Consider two coupled processes
y1(t) = Gi(@Q)ua (t) + Gra(q)ya(t),
y2(t) = Ga2(q)uz(t) + Ga1(Q)y (1),
with transfer functions

dy
Q—a1’

do
G (q) = :
21(q) p—

&1
)
q— o
C2

12(g) =

Ga(q) =

- )
q— a2

The objective is that the closed-loop interconnected system behaves as two
decoupled processes with first-order dynamics, according to

vi() =Tilgr(t), Ti(g)=-——, i=12 (6.14)
Now, via , we find that the ideal distributed controller is described by

U1 cd ChLl [« U Cgy  Ch| [

c| — d c and c| — d c

o K{ 0 s{ 05 K$ 0 s5

with z; = r; — y;, the interconnections s§{ = 05, s5 = of, and

L —7vigq—a di
Ci(q) = Ciilq) = ——

¢ q—1’ K ¢

11—
d _ i o
K{;(q) = 1 (i,5) € €.

)

6.4 Properness and stability: analysis

Theorem shows that the distributed controller yields a closed-loop
system with the prescribed structure and dynamics described by the structured
reference model. Therefore, given a stable structured reference model, this dis-
tributed controller will yield a stable closed-loop network in the sense that the



6.4. Properness and stability: analysis 135

transfer r — y,4 is stable. Internal stability and properness of the distributed
controller modules is not naturally guaranteed, however. For the distributed
controller to be practically applicable, stability and properness are of paramount
importance. In this section we will consider the analysis problem for the existence
of (strictly) proper and stable ideal distributed controllers.

6.4.1 Properness of an ideal distributed controller

In this subsection, we provide conditions on the reference model and plant for
which the ideal controller modules C¢, i € V are causal, i.e., Czd is proper. For

each node i € V, let P; and K; be causal. Consider the following definition of the
relative degree of a rational function.

Definition 6.4.1. The relative degree of a rational function g — G(q) = %,

with A(q) and B(q) polynomial functions, is defined as Adeg(G) := deg(A) —
deg(B), with deg(A) and deg(B) the degree of, respectively, polynomial A and B.

We have the following result regarding the causality of the controller C¢.

Proposition 6.4.1. Consider the plant P; and reference model IC;. Every non-
zero entry of the transfer matriz C2 is proper if and only if the following condi-
tions hold:

o Adeg(W;;) > Adeg(G;) or Wj =0 for all j € N,
o Adeg(Qij) > Adeg(G;) or Q;j =0 for all j € N,
o Adeg(T;) > Adeg(Gy).

Proof. Properness of C{ is equivalent with Adeg[Cd];, > 0 for every entry
(4, k) € {1,..., L}
It can be shown that

A deg a

Hence, % is proper if and only if A deg(T;) > A deg(G;).
Now, for j € N; we have

Adeg Vg” = AdegW;; — AdegG;

and

Qij - N 4
A deg 7@(1 Ty " AdegQ;; — Adeg G;.
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Thus % and % are proper if and only if Adeg(W;;) > Adeg(G;) and
Adeg(Qi;) > Adeg(G;). Next, for j € N; we have

T;

and

T,
Adeg - P;j = Adeg Pj + Adeg T; > 0.

Hence, 2~ F;; and i P;; are proper. Finally, for (j,k) € N; x

1
Adeg ﬁFszk = Adeg Fij + Adeg Qi > 0

and
1
Adeg ﬁﬂj@ik = Adeg P + Adeg Qi >0

Hence, I%TiFijQik and %ﬂPijQik are proper. This concludes the proof. O

Proposition 6.4.2. Consider the plant P; and reference model IC;. Every non-
zero entry of the transfer matriz C¢ is strictly proper if and only if the following
conditions hold:

o Adeg(W;;) > Adeg(G;) or W;j =0 for all j € N,
o Adeg(Qij) > Adeg(G;) or Qij =0 for all j € N,
e Adeg(T;) > Adeg(Gi),

Proof. The proof follows directly from the proof for Proposition [6.4.1 O

6.4.2 Stability of an ideal distributed controller

In this subsection, we provide conditions on the reference model and plant for
which the ideal controller modules Cf’, i € V are stable, i.e., Czd has no poles
outside the unit disk. For each node i € V, let K; be stable. We have the
following result.

Proposition 6.4.3. Consider the plant P; and reference model K; described
by (6.1) and (6.3)), respectively. Let the following conditions hold:

o for j € Nj, each pole X of Wj so that |\ > 1 is a pole of Gy,



6.5. Properness and stability: synthesis 137

each zero X of Gy so that |X| > 1 is a zero of W;; for all j € N,

o cach zero A of G; so that |A| > 1 is a zero of T,

each zero X of G; so that |\| > 1 is a zero of Q;j for all j € N;,

for j € N, each pole X of F;j so that |X| > 1 is a zero of T; and a zero of
Qi for all k € N,

o T;(A\)—1#0 for all |\ > 1.
Then every entry of the transfer matriz C¢ is stable.

Proof. Stability of C¢ is equivalent with: [C¢];;, is stable for every entry (j,k) €
{1,...,L}% Let G; = %, Wi; = %, with polynomials A, B, C' and D. Then,
VGV = g—g. Hence, W is stable if and only if every zero of B outside the unit disk
is a zero of D and every zero of C is a zero of A if and only if every zero of G;
outside the unit disk is a zero of W;; and every pole of W;; is a pole of Gj.
Let T; = % Then, G,-(lTiTi) = B(§fy). Hence, g is stable if every zero of
B outside the unit disk is a zero of Y and X — Y has no zero outside the unit
disk, which is equivalent with: every zero of G; outside the unit disk is a zero of
T; and T;(A) — 1 # 0 for all |\ > 1.

The proof for the other entries follows mutatis mutandis. This completes the
proof. O

Corollary 6.4.1. Consider the plant P; and reference model KC;. Let the follow-
ing conditions hold:

e GG; and T; — 1 have no zeros outside the unit disk,
o I, and W; are stable.
Then every entry of the transfer matriz C¢ is stable.

Proof. The conditions imply the conditions in Proposition [6.4.3] Hence, the
result follows directly. O

6.5 Properness and stability: synthesis

6.5.1 Interconnection variable transformation

Consider any node i € V. Proposition provides necessary and sufficient
conditions on the transfer functions defining P; and K; for causality of the ideal
distributed controller. The first condition in Proposition does not depend
on the reference model, however: if the condition does not hold, it cannot be
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satisfied by choosing an appropriate reference model. In this section, we will
consider a transformation of the interconnection variables si; and of;, j € N;, to
transform the entries CWd = -G, 1W” of the ideal dlstrlbuted controller
in case they are not proper. Properness of C};V 4 is equivalent with A deg(Wi;) >
Adeg(G;). Increasing Adeg(W;;) may not be feasible, since this requires to
change the dynamics of P; or its representation. However, if one filters C’};V d

with a filter M;;", the resulting relative degree A deg(C}Y M ;') = A deg(C}Y )+
Adeg(M ) can be increased arbltrarlly by increasing the relative degree of M;; 1

Con51der a filtered version of s

~c .__ c
55 == M;s;,

together with a filtered version of of,
6ZC = NiOf,

where M; and N, are square transfer matrices. From , we then have

Uj I 0 O Zi I 0 O IOOZi

|l =10 N; o|Cdsc| =10 N; o|Cdlo M7t of |5,

s 0 0 I k¢ 0 0 I 0 0 I [k
=G

which defines an ideal distributed controller

cl:los| =10 N o|lcdlo M7t oof |5, i=1,...,L, (6.15)
¢ 0 0 I 0 0 I |k¢
—¢d

i

with the interconnection equations sf; = 05, kf; = pj; and 55, = of;, k5; = p§;

Now, consider M; and N; dlagonal for every z € V, sothat M; := dlagj en; Mij
and N; := diagjE N, N;;. It then follows that the interconnection constraint §fj =
0§; is equivalent with sf; = of; if Nj; = M;;. Indeed, we then have

~c __ ~c _ AC c _ ¢
$ij =05 < Musw = Nj;05; << s =05

Hence, it follows that the ideal distributed controller described by is equiv-
alent with the one described by (6.15]), in the sense that their ‘external behavior’
is equivalent, i.e., the transfer z — wu is equal.

Proposition 6.5.1. The closed-loop network described by (6.1)) and (6.15) sat-
isfies
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The interpretation of transforming the interconnection variables between con-
trollers, is that filters are added in ‘in between’ controller subsystems. In this
way, the relative degree of controller transfer functions can be altered through
the choice of appropriate filters, while leaving the controller behavior intact.

6.5.2 Synthesis of a structured reference model: existence
of a proper ideal distributed controller

From ([6.15), we observe that the filter M;; can be chosen such that C’Z‘;V 4 .=

C};V dMigl is proper. Indeed, if we choose the relative degree if Migl sufficiently
high, i.e.,

AdegMi}1 + Adeg W;; — AdegG; > 0,

then C’};Vd is proper. However, notice that since N;; = M;; for j € N;, the relative
degree of C‘ﬁd = NjiCﬁd and C‘ﬁgd = Njin;,?d are equal to
Adeg C’ﬁd = Adeg Fj; + AdegT; + Adeg Nj;
= Adeg Fj; + AdegT; — Adeg Mi;1
and
Adeg C’ﬁ,?d = Adeg Fj; + Adeg Qi + Adeg Nj;

= Adeg Fj; + Adeg Qi — Adeg Mzgl
Therefore, by increasing A deg Migl, A deg C’f;d and A deg C’;z,?d decrease. Note
that C’ﬁ-d and A deg C'ﬁ,?d can always be made proper by choosing A deg7}; and
A deg Q. sufficiently high, respectively.

Corollary 6.5.1. Consider the plant P; and reference model K;. Every entry of
the transfer matriz C¢ is proper if and only if the following conditions hold:

o AdegT; > Adeg M;;' —Adeg Fy; for all j € Ni, Adeg Qi > Adeg M, —
Adeg‘Fij fOT’ all (j, k) S M X M, with Mji s.t. AdegM], S AdegWJ, —
Adeg Gy,

[ ] AdegQ,] Z AdegGl or Qij =0 fOT all] EM,

e AdegT; > AdegG;.

In order to ensure the existence of an ideal controller for which all
entries of C';i, i € V are proper, the reference model has to be chosen such that
the conditions in Corollary hold. An algorithm for choosing the structured
reference model such that the ideal distributed controller is causal is stated next:
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1. For each i € V, choose T; so that AdegT; > AdegG; and choose Q;j,
j €N, so that Adeg Q;; > Adeg G, or Q;; = 0.

2. For each i € V, for each j € N\, if C’%Vd is proper, set M;; = I and N;; = I.
If C%Vd is not proper, take an M;; so that

Adeg M;; < AdegW;; — AdegG;.
Choose T and @, so that
AdegT; > max{AdegM];1 — Adeg Fj;, AdegGj}
and

AdegQjr > max{AdegMJ;1 — Adeg Fj;, AdegG,}, keN;.

By following the preceding steps, the structured reference model is constructed
systematically in order to ensure the existence of a proper ideal distributed con-
troller.

Example 6.2. Consider a network with V = {1,2}, £ = {(1,2),(2,1)}. The
dynamics of P1 and Ps are given by

qg—0.1 q—0.1
Gy = 97 Py =1,
' (q—05)(¢g—-06) " g—05 "
—0.2 —0.2
Gy = 1 01 = 1 Fy =1.

(¢q—0.4)(q—0.7) T g—04

We observe that AdegWis < AdegGy and AdegWs; < AdegGs, thus the
conditions in Proposition cannot be satisfied for both i = 1 and i = 2.
However, by Corollary[6.5_1], we observe that there exists a proper ideal distributed
controller, if we choose the reference model such that

AdegT; > AdegM;;' =1, (i,j) €&
with
degMj; = =1 < AdegWj; — AdegG; = —1,
and, for example, Q12 = Q21 = 0. By example, consider the reference model with

0.5
qg—0.5"

T =T, =

Then there indeed exists a proper ideal distributed controller.
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6.5.3 Synthesis of a structured reference model: existence
of a stable ideal distributed controller

The sufficient conditions for stability of the ideal distributed controller in Propo-
sition [6.4.3| are partially independent of the reference model. This implies that
there exist plants for which the reference model cannot be chosen in a way that
C¢ is stable for all i € V. We will now derive conditions for the design of a
reference model such that the transformed ideal distributed controller is
stable.

Consider the entry C’};V 4. This entry is unstable if either there is a zero \ of
G; so that |A| > 1 that is not a zero of W;; or there is a pole A of W;; so that
|Al > 1 that is not a pole of G;. The filtered version of C}}'¢ in Cd is

Wi

AWd _ ~Wdar—1 _
Cij - Cij Mij -

We observe that the following conditions are sufficient for stability of C’ZV o
° Migl is stable,
e each zero A of G, so that [A| > 1 is a zero of W;; or a pole of M;;,
e cach pole A of W;; so that |A| > 1 is a pole of G; or a pole of M;;.

Now, since Nj; = M;;, we have that C‘ﬁd = NjiCﬁd = MijCﬁd, which is
equal to

_ T
CHt=M;—L_F

W jEN. 6.16

Similarly, we have that

~ 1 1 .
Cﬁgd:NjiCﬁgd:NjiFjiii -Qjie = M;jFji——Qjr. jEN;, keN;.
1-T, 1T,
(6.17)

Hence, if every pole A of M;; so that |A| > 1 is a zero of T}, then C'ﬁd is stable.

Furthermore, if every pole A of M;; so that |A| > 1 is a zero of @, then C’ﬁ,?d
is stable. In conclusion, we have the following result.

Proposition 6.5.2. Let the following conditions hold for every i € V:

e cach zero \ of G; so that |\ > 1 is a zero of T;, Tj, j € N; and a zero of
Q’ijf ij: ] GM; k E./V'j,
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e cach pole of Wij so that |[X| > 1 is a zero of T;, j € N; and a zero of Qj,
JENi, keN;,

o for j € N, each pole X of F;; so that |\| > 1 is a zero of T; and a zero of
Qir for all k € N,

o T;(\)—1#0 for all |\| > 1.

Then there exist matrices M;, N;, i € V, with M;; = Nj; for all (i,5) € &, so
that C$ is stable for alli € V.

Proof. The third and fourth condition imply that C’f;d and C’f;Qd are stable; this
follows from the proof for Proposition[6.4.3] The first and fourth condition imply
that C¢ = C% and C’Sd = ng are stable.

Now, for an arbitrary i € V, consider Migl, j €N;, with Migl stable and so
that each zero of G; outside the unit disk and each pole of W;; outside the unit
disk is a pole of M;;. If G; and and W;; have no zero or pole outside the unit disk,
respectively, let M;; = I. Then C’Z‘;V 4 is stable. Furthermore, the first condition

then implies that C’ﬁ-d and C'jFi,?d, k € Nj, are stable. This follows from (6.16)
and (6.17). Since, i was chosen arbitrarily the assertion follows. This concludes

the proof. O

Proposition[6.5.2] provides not only an existence result. Indeed, by considering
the choice for M; and N; as in the proof of Proposition the controllers
C¢ in provide a way to choose a controller class that contains an ideal
and stable controller. This class can be used subsequently to choose a sensible
parametrization in data-driven distributed controller synthesis.

Interconnection dynamics conservation

The conditions in Proposition specify when there exists an ideal distributed
controller with stable C. Note, however, that the interconnections in the
distributed controller are there to ‘control’ or ‘modify’ the interactions dynamics
in the plant. In case one decides to maintain or conserve the interactions dynamics
Wi;, then this can be captured in the reference model interaction dynamics.
Consequently, the ideal controller becomes simpler in the sense that it can be
realized as a decentralized controller, i.e., it has no interconnections between
subcontrollers C¢. The choice of reference model interconnection dynamics such
that the distributed controller becomes decentralized will be addressed next.
Let us consider the case where F;; = P;; = 1 for all (4,7) € £. Then it follows
that 0;; = p;; = y; for all j € N; and thus s¢; = ki; = y; forall j € N;. But from
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(6.15) we have, with M; = N; = I, that

=:Cyj

Now, let Q;; = Q;;(1 — T;), with Q;; a to be chosen transfer function. Then
1 _
Co=G (Qij — Wij) -

Hence, if we set Qij = Wij, i.e., if we conserve the interconnection dynamics of the
plant, then Cj; = 0: the ideal distributed controller becomes decentralized. This
makes sense intuitively, since this choice of structured reference model implies
we do not intend to ‘control” or ‘modify’ the interactions dynamics in the plant.
Note that @;; = Wi; requires full knowledge of Wj;, a transfer function that can
be obtained by a network identification procedure, preceding the reference model
synthesis and data-driven control procedure.

With Q;; = W;;, we thus have that u; = ﬁz,, leading to an ideal
decentralized controller

T;
Gi(1-1Tp)
Corollary 6.5.2. Let F;; = P;; = 1 and Qi; = W;;(1 —T;) for all (i,j) € E.

Then the closed-loop network described by (6.1) and the decentralized controller
(16.18)) satisfies

d . _
Ci' U; =

zi. (6.18)

yzzy;j7 221,,.[/

Sufficient conditions for properness and stability of the decentralized controller
modules follow directly from Proposition and respectively.

Corollary 6.5.3. The controller C is proper if and only if A deg(T;) > A deg(G5).
Corollary 6.5.4. Let the following conditions hold:

o cach zero A of G; so that |A| > 1 is a zero of T,

e T;(\)—1#0 for all |\ > 1.
Then C& is stable.

We remark that the data-driven procedures DVRFT (Steentjes et al., [2020))
and DOCIT (Steentjes et all [2021b) procedures (described in the sequel, in re-
spectively Chapter m and [8)) are applicable for this choice of reference model and
the corresponding decentralized controller class.
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6.6 Reference model synthesis from performance
specifications

6.6.1 Networks with minimum-phase and stable plants

Consider the case that the network consists of plants {P;, i € V} with minimum-
phase and stable dynamics, i.e., G;, W;; and Fj; are stable and minimum-phase
for all j € NV;, i € V. According to Corollary [6.4.1] any decoupled reference model
{K;,i € V} that satisfies “T; — 1 has no zeros outside the unit disk” results in an
ideal controller {C%,i € V} with C¢ stable for all i € V.

Hence, for the stable and minimum-phase case, we consider the synthesis of a
decoupled reference model {K;,i € V}. Although every reference model with no A
so that T;(A\)—1 = 0 for some i € V is sufficient for stability of C¢, no performance
specifications are guaranteed for the reference model with such a choice for T;. We
will now consider the synthesis of T;, i € V, such that performance specifications
are satisfied.

% performance compatible reference-model design

The transfer T; specifies a desired transfer from reference r; to output y;. It
can therefore be interpreted as a complementary sensitivity function. Given the
definition of the tracking error z; = r; — y;, the transfer that would ideally be
zero is S; : r; — z;, which is equal to S; = 1 — T;. In the scalar case where T; is
strictly proper, it can be shown that

15115, = 17313 + 1.

Hence, the minimization of ||S;]|%,, is equivalent with the minimization of [|T3[%, .
Let us now consider the following problem: Giveny; > 0,7 € V, find T; € T;, with
T: the set of all feasible reference models (e.g. of fixed order or with minimum
relative degree), such that

ITill 2 < i

Let us call this the % compatible problem. For a state-space realization (A;, B;, C;)
of Ty, so that T;(q) = C;(qI — A;) "' B;, we recall the following result from Chap-
ter [

Proposition 6.6.1. The following statements are equivalent:
o I Tille <
o there exists X; > 0 so that

Al XA — X+ CJC; <0 and B XiB; < 2.
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Hence, the set
Y, = {(Ai, B;,Cy)|3X; > 0: Al X;A; — X; + CC; <0 and B, X;B; < 7?2}

contains all tuples (A;, B;, C;) so that || T;|lse < i and therefore, any transfer
function 7; that solves the % compatible problem, is in the set

Ty, ={T; € ;| Ti = Ci(q] — A) "By, (4;,B;,C;) € £, }.
To find an appropriate reference model, we only have to take one element of
the set 7,,. The problem is equivalent with finding (A4;, B;, C;) € ¥,,. We will
briefly describe one method to find such a tuple.

Let A; be any stable matrix, i.e., any matrix with all eigenvalues || < 1.
Then there exists a X; > 0 so that

Al XA — X <.

Now, take any C; so that AiTXiAi - X; +C;C’i < 0. Finally, BiTXZ-Bl— is positive
definite and quadratic in B;. Hence, there exists B; so that B;r X;B; < 'yf, which
can be found by determining the corresponding sublevel set, {B; | BZT X;B;i—~? <

0}.

Mixed sensitivity reference-model design

Consider the reference model for vertex i € V, T;. As mentioned, this system
defines the desired transfer from r; — y¢, which can be interpreted as a desired
complementary sensitivity. Consider again the corresponding sensitivity S; =
1—1T; so that S; +T; = 1.

Tracking problems commonly lead to a mixed sensitivity design, where the
shaping of the sensitivity functions is required to meet time-domain constraints
and control effort constraints. Such performance requirements are then translated
into weighting filters W1 and Wis, say, so as to achieve

W T | e <y (6.19)
IWESill e <. (6.20)
The problem now becomes to choose T; so that both (6.19)) and (6.20)) are satisfied.
This problem was considered in (Cerone et al., [2020) for SISO systems. The

result for the decoupled reference model follows directly from (Cerone et al.|
2020, Result 3).

Proposition 6.6.2. A decoupled reference model that satisfies (6.19) and (6.20)),
1s given by
crkar

‘“ivcrer '°Y
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with G a fictitious plant and CE a controller that solves the #%, control problem:
Cf e {C [ IMil| e <7},
with M; = col( WITF , W5SF),

1
sF— L pr_1_gr
1+ CFGF ! ’

The fictitious plant GI* does not have to coincide with the dynamics of the
plant P; and can be taken as GI' = 1 for all i € V without loss of general-
ity (Cerone et al.,2020). This implies that finding the decoupled reference model
boils down to solving L separate %%, control problems.

6.6.2 Networks with non-minimum-phase plants

In the case of non-minimum phase dynamics in the network, by Proposition [6.4.3]
and Proposition we should include the non-minimum phase zeros of G; in
T; and, possibly 7}, j € N;. Consider again the problem of Section ie., to
synthesize a decoupled reference model with T; € 7, so that

T3]l < i-
Proposition 6.6.3. Let T; € T; be given by

ckagr
T,=—FZ—, i€V, 6.21
1+ CFGF ' (6.21)
with GI' a fictitious plant having zeros N so that |\i| > 1 and C} a fictitious
controller that solves the 6 control problem:

CF € (CF stable| | T3] < i} (6.22)
Then T; € T, and every zero N, is a zero of T;, i € V.

Proof. By (6.22)), it follows directly that T; € 7T,,. By the definition of T} in (6.21]),
it follows that A% is a zero of T}, because [A%| > 1 and C/ is stable by (6.22). O

Thus, instead of finding a T; € 75, directly, by Proposition we can
synthesize a fictitious controller C}" for a fictitious plant GI so that the closed-
loop transfer T; = (1 + CYGF)~'CFGEF € T,,. When GI has all zeros outside
the unit disk of G;, respectively of G; and G, j € N;, then every zero outside
the unit disk of Gj, respectively of G; and G, j € NV;, is also a zero of T; € T,.
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6.7 Conclusions

In this chapter, we have introduced the distributed model-reference control prob-
lem for interconnected systems. We have developed an ideal distributed controller
that has the same structure as the network under consideration and solves the
structured model-reference control problem. The developed ideal distributed con-
troller depends explicitly on the interconnected system and structured reference
model dynamics and forms the basis for the direct data-driven distributed con-
trol problem addressed in Chapter [7] and A feature of the ideal distributed
controller, is that it can be designed in a decentralized manner, compared with
the coupled feasibility problem for the distributed controller design in Chapter [
How to choose the structured reference model may not be directly clear, however,
given rudimentary performance specifications. Properness and stability of the
ideal distributed controller have been analyzed and the synthesis of a structured
reference model has been considered. In the synthesis, properness and stability of
a corresponding ideal distributed controller is taken into account. Quantitative
performance specifications through % or %, norm upper bounds can be taken
into account, in the design of a reference model that is decoupled.
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Chapter 7

Virtual reference feedback
tuning in dynamic networks

In this chapter, we consider the problem of synthesizing a distributed controller
directly on the basis of data, with the objective to optimize a model-reference
control criterion. In Chapter[6] an explicit ideal distributed controller that solves
the model-reference control problem for a structured reference model was in-
troduced. We show how this distributed controller can be obtained through
data-driven modeling in a virtual dynamic network, extending virtual reference
feedback tuning (VRFT) towards distributed control. When the interconnected
system is subject to unmeasured exogenous inputs, we show that the structured
model-reference control problem can be approached by solving a dynamic net-
work identification problem with prediction-error filtering and a tailor-made noise
model. Sufficient conditions are provided for which the local controller estimates
are consistent. Moreover, it is shown how the method can be applied to the
single-process case, leading to consistent estimates with standard VRFT as well.

This chapter is based on the publications: T. R. V. Steentjes, M. Lazar, and P. M. J.
Van den Hof. Data-driven distributed control: Virtual reference feedback tuning in dynamic
networks. In Proc. 59" IEEE Conference on Decision and Control (CDC), pages 1804-1809,
2020 and T. R. V. Steentjes, P. M. J. Van den Hof, and M. Lazar. Handling unmeasured
disturbances in data-driven distributed control with virtual reference feedback tuning. IFAC-
PapersOnLine, 54(7):204-209, 2021d. 19*® TFAC Symposium on System Identification SYSID
2021
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7.1 Introduction

Plant models are typically not directly available for controller design. When
data from the plant is available, two approaches to controller design can be fol-
lowed (Hou and Wang,2013): (i) indirect data-driven control and (ii) direct data-
driven control. Indirect data-driven control is model based: first a plant model is
estimated on the basis of data and consecutively a controller design is performed
on the basis of the plant model. In direct data-driven control, an explicit plant
modeling step is omitted; a controller is synthesized directly from data. Typical
advantages of direct-data driven controller design are that no loss of data can
occur due to undermodeling of the plant and the order of the controller can be
fixed. Therefore, direct data-driven control is particularly interesting for the de-
sign of distributed controllers for interconnected systems, due to their complex
nature and involved data-driven modeling.

State-of-the art methods for direct data-driven controller design are virtual
reference feedback tuning (VRFT) (Campi et al., [2002), iterative feedback tun-
ing (IFT) (Hjalmarsson et al., [1998), optimal controller identification (OCTI)
(Campestrini et al., 2017; [Huff et al., 2019), correlation-based tuning (CbT) (van
Heusden et al.||2011), asymptotically exact (Formentin et al.,|2015)) and moment-
matching (Breschi et al. 2019)) controller tuning. A common feature of these
methods is that they are based on the model-reference paradigm, wherein a ref-
erence model describes the desired behavior of the closed-loop system (Bazanella
et al.,|2012)). Subsequent estimation of a parametrized controller based on input-
output data leads to a closed-loop system that is optimal with respect to the
model-reference criterion.

Direct data-driven controller design methods in the literature typically ad-
dress the design of a centralized controller, where the underlying interconnection
structure is not taken into account. The design of a distributed controller directly
on the basis of data with a model-reference control objective, is a problem that
is unsolved in the literature. This problem yields new aspects that have to be
considered in the design, such as the interconnection structure of the system and
distributed controller, the distributed model-reference control problem, and the
use of measurement data from an interconnected system in the controller design.
Given the interconnected nature of the system and controller, network identifica-
tion methods for data-driven modeling of interconnected systems (Van den Hof
et al., 2013), (Gevers et al., |2018), (Bazanella et al., |2019), (Van den Hof and
Ramaswamy|, 2021)), can give relevant insights in the data aspects of the problem.

In this chapter, we first address the problem of designing a distributed con-
troller directly on the basis of data, without exogenous disturbances (noise).
We tackle this problem via the structured model-reference paradigm for inter-
connected systems, presented in Chapter [f] Then, we present an extension of
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VREFT to the case of interconnected systems called distributed VRFT (DVRFT)
and show that the distributed controller synthesis problem from data can be
transformed into a dynamic network identification problem. The contribution to
distributed control is the direct data-driven design, as the synthesis of distributed
controllers is typically model based. Regarding data-driven control, the contri-
bution is the synthesis of distributed data-driven controllers with a priori defined
structure and identification of a distributed controllers via network identification.

When the considered plant is affected by disturbances, VRFT inherently in-
troduces a bias in the controller estimates (Campi et al., 2002)), (Bazanella et al.|
2012)), leading to a degraded closed-loop performance. For DVRFT, also biased
estimates are obtained for local controllers in the case that a process noise affects
the corresponding subsystem. One approach to solve this problem is the use of
an instrumental variable (IV) method, in case the controller model is linear with
respect to the parameters. Depending on the choice of IV, however, additional
experiments on the system are required (Bazanella et al., [2012) and the parame-
ter variance is increased with a negative effect on the control performance. In the
general case, no method for obtaining consistent estimates for VRFT is present
in the literature, to the best of the author’s knowledge.

Therefore, we develop a method for dealing with noise in both VRFT and
DVRFT. The approach that is followed, is to take the modeling of an auxiliary
noise filter into account in the estimation of the controller. With the introduction
of a tailor-made noise model for VRFT, we provide sufficient conditions under
which consistent controller estimates are obtained. The method extends natu-
rally to the DVRFT framework and solves the distributed model reference control
problem via DVRFT for a class of interconnected systems with unmeasured ex-
ogenous inputs.

7.2 Preliminaries

7.2.1 Dynamical network and distributed controller

Consider a simple and undirected graph G = (V, ) with vertex set V of cardi-
nality L and edge set £ C V x V. The neighbour set of vertex i € V is defined
as N; :={j € V|(i,j) € £}. The graph G describes the structure of a network
of linear discrete-time systems, where the dynamics associated with vertex i € V
are described by

yi(t) = Gi(q)ui(t) + Z Gij(q)y;(t) + Hi(g)ei(t), (7.1)
JEN;

with u; : Z — R the control input, y; : Z — R the output, e; an unmeasured
zero-mean white-noise proces such that, for all (¢, s), Ee;(t)e;(s) =0 for (,5) € £



152 Chapter 7. VRFT in dynamic networks

and Fe;(t)u;(s) =0 for (4,j) € ¥V x V, and q the forward shift defined as qz(t) =
x(t +1). The rational transfer functions G;, G;; and H;, (i, ) € &, describe the
local dynamics, coupling dynamics and noise dynamics, respectively. The noise
filter H; is assumed to be monic, stable and minimum phase. We omit the time
and shift arguments ¢ and g occasionally for brevity, when the context does not
yield ambiguity. The network can be compactly written as

y=Gry+ Gu—+ He, (7.2)
where G = diag(Gy,...,Gr), H = diag(Hy, ..., Hr) and

0 G -+ Gig

Go1 0 -+ Gop
Gr=| . } i )
Grn Gra -+ 0

The transfer between external inputs and outputs is described by
y=(I—-G;) Y (Gu+ He), (7.3)

under the assumption that the network (7.2) is well posed, i.e. G := (I — Gy)™!
exists. The simplest network consists of one node (L = 1), so that

y=Gu+ He, (7.4)

which is a standard single-input-single-output process with a disturbance.
Considering a reference tracking problem for the network, each system is
equipped with a reference signal r; and the corresponding tracking error z; :=

Ty — Yis
v Zi = Ty —Y;. ’

The dynamical network is operating in closed-loop with a distributed controller
that consists of local controllers

wi = Cii(g, pi)zi + Y Cij(a pi)nij,
o Gj = Kij(q,pi)zi +Z Kijn (¢, pi)nin, J € N,
heN;

where each controller is parametrized by a parameter vector p;, and is intercon-
nected with other controllers as:

nij = Cji for j € N and  n;; = 0 otherwise.
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With the definitions 7); := coljen; ni; and (; := coljen;, (i, we compactly repre-
sent C; by

o [] =t 7] (7.6)

i

7.2.2 Distributed model-reference control

Distributed model-reference control considers the synthesis of a structured con-
troller such that the closed-loop network dynamics are optimal with respect to
a structured reference model. Introduced in Chapter [6] the structured reference
model is composed of subsystems K;, ¢ € V, that can be interconnected:

S vd = Ti(gri + Qi(g)ks,
Ki'{pi = Pig)y, (7.7)

where Q; := row;ecn; Q5 and P; := coljen; Pi; and the interconnection variables
are partitioned as k; := coljen;, ki; and p; := coljen;, pij. For each pair (¢,7) € £
the interconnection of IC; and K; is defined by

kij = pji and k‘ji = pij. (78)

Hence, K; and K; can only be interconnected if P; and P; are interconnected.
Given e; = 0 for all 7 € V, the distributed model reference control problem is

L
min Jugr(p1,...,pL) = min Z E[yf(t) — () (7.9)

PryepL ProeeespL

where E := limpy o0 % Ziil E and E is the expectation. A distributed controller
that solves was developed in Chapter @ Define the column vector 1 :=
col(1,...,1) and, for ¢ € V, define G;; := row,epn; Gi;. We recall Theorem m
for the distributed model-reference control problem for the interconnected system
with output-interconnected subsystems .

Proposition 7.2.1. Consider e; = 0 for all i € V and consider a distributed
controller described by the subsystems

T, 1 1
Gy — 0.
W) |GOA-T) G i Gi(l—Ti)QZ .
cd: oS |= 1:T_1 0 7 1@ s¢ |, (7.10)
D5 7" 1" ki
17T,;Pi 0 717,‘EP1’Q1‘
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for i € V and the controller interconnections described by

¢ C. c. .
w1 w1
1] Jt J )
for (i,7) € €. A network with subsystems (7.5)) in closed-loop with the distributed
controller (7.10)-(7.11) satisfies

yizy?, i e V.

Recall from Chapter [6] (discussion after Theorem [6.3.1]), that the parameters
pd, ..., p¢ associated with the distributed controller such that P, CZP; = C;(p),
solve by Proposition [7.2.1] i.e., C;(p?) equals C¢ up to re-ordering of
the interconnection variables. Let %; := {C;(q, p;)|p; € R} be the family of
parametrized controllers for node ¢ € V. It is assumed that the controller class C;
is ‘rich’ enough in the sense that it contains C;(p¢), as formalized in the following
assumption.

Assumption 7.1. P,/CIP, € 6, for eachi=1,...,L.

7.3 Distributed virtual reference feedback tun-
ing

The controller described in Section provides a solution to Problem but
requires P; to be given. The problem considered in this section, is the direct
data-driven synthesis of a distributed controller in the absence of process noise,
i.e., given data {u;, y;},i=1,..., L for e; = 0, solve problem (6.7). The absence
of noise together with Assumption corresponds to an ideal situation, in which
the main idea is developed for ease of explanation. The case where noise signals
are present will be addressed in Section

We address the problem in the ideal situation by two steps: virtual reference
generation and distributed controller identification.

7.3.1 Virtual reference generation

Consider data {u;, y;}, i = 1, ..., L collected from the network described by (7.5).
This data can be obtained in closed loop with a stabilizing controller or in open
loop if the network is stable, i.e., if (I — G;)71G is stable. For the reference
model described by —, we recall that yq = (I — QAP)™'Tr. Now,

IThe matrices P;, i € V, are permutation matrices P; := diag;(l,ﬁi)7 with P; such that

col(s¢, k§) = Pj colje col(sg;, k).
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given ¥y1,¥o,...,yr, consider the computation of the wvirtual reference signals
T1,T2,...,7 according to the structured reference model as
y=(I—-QAP) 'Tr. (7.12)

Then 71,79,...,7 are such that, when the network described by (7.5) is in
closed loop with the ideal distributed controller, fictitiously, the measured outputs
Y1,Y2,...,yr, are the corresponding outputs. Solving requires the data
Y1,%Y2, - - -,y to be collected by a central governor. Because central data collection
is not favourable, we propose to generate the virtual reference signals locally by
using the reference model ;. This can always be done for the considered reference
model, by determining the virtual reference signals 71,7, ..., 7z and the virtual
interconnection signals p1, po, ..., pr, according to and so that

yi =T+ > Qijpji  and Py = Pyyi,  j €N
JEN;

Given a virtual reference signal 7;, the corresponding virtual tracking error and,
hence, the input to the ideal controller, is z; = 7; — y;. The virtual reference
generation can thus be distributed, as summarized in Algorithm [7.3.1

Algorithm 7.3.1 Distributed virtual reference computation

Input: Reference model transfer functions T;, @Q;, P; and output data y; for
i=1,...,L

Output: Virtual signals 7, z;, p; forte=1,...,L

1: fori=1to L do

2:  Compute p; such that p;(t) = P;(q)y;(¢).

3: end for

4: fori=1to L do

5 Receive pj; from nodes j € N;. Compute 7; such that

Ty(@)r(t) = yi(t) = Y Qij(@)Dji(t):

JEN;

6: Zi < Ty — Yi
7: end for
8 return 7;, z;, p;,t=1,...,L




156 Chapter 7. VRFT in dynamic networks

Figure 7.1: Virtual experiment setup for identification of the ideal distributed
controller (L = 2), with unknown plant dynamics G;, G;; (blue), unknown ideal
distributed controller dynamics Cg, Czdj (orange) and known ideal distributed
controller dynamics Kfj (white). The virtual and real part of the network are
visualized respectively by dashed and solid lines.

7.3.2 Identification of the ideal distributed controller in a
virtual network

Consider Example introduced in Chapter[6] Figure[7.I]shows the constructed
virtual network that is obtained by following Algorithm The task of de-
termining the controllers C¢ and C§ now essentially becomes a dynamic network
identification problem (Van den Hof et al. 2013), where {C%,C¢,, K¢} and
{CY,,CY,, K4, } are the modules to be identified (strictly speaking {C¢,, C,} and
{Cd,,C4}, since K, and K, are known). The signals u; and uy are directly
available from the measurements, while z; and z; are virtual and obtained by
Algorithm The virtual controller interconnection signals of; are obtained
by filtering z; as 0, = K{,2, and 0§, = K, 2.

To illustrate the identification, consider the sets of parametrized controllers
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{Cui(p1), Ciz(p1)}, {Caa(p2). Cai(pa)}, the control-input predictors

1 (p1) = Cr2(p1)051 + Cra(p1)z1, (7.13)
tg(pa) = Ca1(p2)Ss + Caz(p2) 22 (7.14)

and the identification criterion
Jvr(p1, p2) = Ele1(p1))* + Elea(p2))”

with ; 1= u; —;(p;). We will now analyze the minima of Jygr. Since 0, = K&,7;
and 05, = K, Z,, it follows that

e1(pr) = (Cf = Ci(p1))z1 + (Cfy = Crz(p1)) K3, 22,
e2(p2) = (G5 — Ca(p1)) 22 + (C51 — Caa(p2)) Ko 21
Then, since z = (T~! — I)(I — G;)~'Gu, where T = diag(T1,T5), the prediction

eIrors are

[51(01)] _ { Cl = Culp)  (Cfy = Ca(p1)) K5y (7.15)
(C8 — Can(p2)) Ky Oy — Coa(p2) '

x (T7' = 1)(I - Gr)"'Gu.

It now appears that a global minimum of Jyg is (p1, p2) = (p¢, p%) and that this
minimum is unique if the control input signal u = col(u1, us) from the experi-
ment is persistently exciting of a sufficient order. Hence, the global minimum of
Jvr(p1, p2) is then the same as the global minimum of Jygr(p1,p2), where Jyr
is quadratic in p when the sub-controllers are parametrized linearly in p. The
distributed-controller synthesis problem is therefore reformulated as a network
identification problem.

The latter reasoning for Example leads us to the following result for a
general interconnected system:

Theorem 7.3.1. Consider the predictor 4;(p;) := Cii(pi)Zi+_ e n, Cl (pi) 05+
Cg(pi)ﬁji with 05; = (1=T;) "' T}z, +Zh€Nj(1—Tj)_1th;6hj. The identification
criterion
I (pi) = Elui — i(pi))?

has a global minimum point at pf and this minimum is unique if the spectrum
of w; = col(Z;, coljen; 05;, coljen; Pji), denoted @, (w), is positive definite for
almost all w € [—m, 7).

Proof. First, we note that p;; = pj; and o0f; = of;, where p7; and of; satisfy

and (6.10)) for z; = z;,7 = 1,..., L. Consequently, by Corollary 1 in (Van den Hof
et al |2013)), it follows that pf is the unique global minimum point of Jyg. O
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When the reference model is decoupled, the spectrum condition can be trans-
lated directly to the spectrum of the input. Indeed, in this case the predictor
inputs are z; and 0f; = (1 — T;)~'T;z;, where z;, i € V, are related to u;, i € V,
through z = (T~! — I)(I — Gy)"'Gu with T = diag;cy, T;.

Corollary 7.3.1. Let P, = 0, Q; = 0 and consider the predictors 4P (p;) :=
Cii(pi)zi + 2 jen, Cij(pi)05;, i = 1,2,..., L. The identification criterion

L
Tvr(pr,-- - pr) = > Elus —af (pi))?
i=1

has a global minimum point at (p%,...,p%) and this minimum is unique if ®, (w)
is positive definite for almost all w € [—m, 7.

The condition on ®,, in Corollary can be realized by appropriate experi-
ment design. The condition on ®,,, in Theorem [7.3.1] however, cannot always be
realized by an appropriate design of u. For instance, consider Example but
now with non-zero @;, P;. Then the number of entries of wy; = col(Z1, 021, Po1)
is larger than the number of inputs in u = col(uy, uz), hence ®,,, (w) cannot be
positive definite. We observe that the excitation condition can be relaxed if we
do not require p¢ to be the only global minimu of JYE.

Corollary 7.3.2. Each global minimum point p} of JY® satisfies Cii(p}) =
Cii(p?) and for all j € N;:

(€ (p7) = CY (6 + (C2(p}) = CE () Py = 0 (7.16)
if ®¢,(w), & = col(Zi, coljen; 05;), is positive definite for almost all w € [—m, ].

It can be verified that (p3,...,p}), satisfying Cji(p}) = Cii(pd) and (7.16)
for all (z,7) € &, is also a global minimum point of Jyr and hence solves prob-
lem (7.9). Indeed, by the definition of of; and pg; in (7.10) and (7.11), the
control input uf := Cii(p})zi + X en. Cif (07)s5; + C2pi)ks; = Culpl)zi +
S ien: (CH (0F) + CS(P?)sz‘)yj- Hence, if Cii(p}) = Cii(p{) and (7.16) hold
true, then u} is equal to the control input of the ideal controller in (7.10), i.e.,
uf = Cii(ph)zi + X en, O (p8)ss; + C2 (o) kS

Each identification criterion JY®(p;), i = 1,..., L, can be minimized sepa-

rately. The required predictor inputs for node i are the virtual signals obtained
in Algorithm which are available locally (Z;) or communicated by nodes

2The situation of having a non-unique global minimum can have consequences for the opti-
mization procedure and requires a careful choice of the optimization algorithm or, alternatively,
a re-parametrization. These considerations fall outside the scope of the research presented here.
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jeN; (éji and pj;;). Of course, JYR is not to be considered in practice since it
involves expectations; for a finite number (N) of data, a solution p; is obtained
by minimizing JY®(p;) = Ztl\il(ul (t) — a;(t, pi))%. Observe the following dif-
ference with respect to multi-variable VRFT (Campestrini et al., [2016). Instead
of identifying the transfer from z to u, we identify the local controller dynamics
C¢ by exploiting the structure of the interconnected system.

7.4 VRFT: a tailor-made noise model for consis-
tent estimation

In this section we consider the modeling of a noise filter for consistent controller
estimation with VRFT for a single process. Consider the single process described
by . The input u and e are assumed to be independent, corresponding to an
open-loop experiment in which the data (u,y) are collected. The tracking error
for this process is denoted z := r — y, with r the reference. A reference model for
the process is assumed to be given and described by

y? = Tyr.

Given the reference model, it is known that the ideal controller is (Bazanella
et al., [2012)

Ty

C= ety

We will now discuss the identification of Cy from the data (u,y).
The virtual reference 7 and tracking error z are given by

Fi=T,;'y and z:=7—y. (7.17)
We can rewrite (7.4) in terms of Cy, such that
u=Cyz — G 'He = Cyz + E’d@ (718)

with Hy := —G~'H. This leads to the virtual control loop shown in Figure

It is known that if we follow the standard VRFT procedure (Campi et al.l
2002)) for the identification of Cy4, we will obtain a biased estimate due to the
noise e (Campi et al.| [2002), (Bazanella et al., [2012]). We will now consider the
direct identification of Cy together with the identification of H;. The question is:
by including the estimation of the auxiliary noise filter, can we obtain consistent
estimates of C'y?
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Figure 7.2: Virtual control loop — noisy case.

7.4.1 Modeling H, directly

Consider a parametrized model C(q, p) for Cy(q) and a model H(q, p) for Hy(q).
Definition of the predictor

a(t, p) == H(q, p)~'Clq,p)z(t) + (1 — H(q, p)~"u(t),

leads to the prediction error e(t, p) = u(t) — a(t, p):

£(t,p) = H(p) " (u— C(p)2)
= H(p) ' (Caz + Hae — C(p)?)
= ()™ ((Ca= CloN 1y + e (7.19)
d
After manipulation it can be shown that
e(t,p) = m(&l - C(p))u+ C;(’Z)HI]EZ)G' (7.20)

Consider now the asymptotic parameter estimate

Pt = argmpin Vip), V(p):= E(t,p). (7.21)

The cost o7 is obtained if C(p) = Cq and H (p) = Hg, but we cannot conclude that

. .. ; C(p) Hqg
this is the minimum, since Ca H(p)

conclude that C(p*) = Cy and H(p*) = Hy for the minimizing argument p*.

is not necessarily monic. Hence, we cannot
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7.4.2 Tailor-made noise model with prediction-error filter-
ing
Let us return to the (virtual) data-generating system

u = Cyz + Hgye. (7.22)

We have seen in the previous subsection that by modeling the auxiliary noise
filter directly, consistent estimates cannot be guaranteed. Note that if we filter
the prediction error with G, then a noise filter —H is obtained in the
prediction error e = Ge, with H monic. The plant G is, however, assumed to
be unknown.

A more attractive solution is obtained as follows. By the definition of Cy, it
follows that

Ty
1-T4

= CyG.
Hence, by filtering the prediction error with L := CyG instead of G, we have

er(t,p) == CaGe(t, p) =

(). (7.23)

The filter L depends only on the reference model T, which is known. Rewriting
e yields

gF(ta p) = LE(t, P)
Tq

Hip ((cd O ;dey 4 ﬁde)
oo 250
" ((Ca

Cp))y — CdHe) (7.24)
Substituting the relation y = Gu + He yields

-7y

er(t,p) = H(p)~' ((Ca— C(p))(Gu + He) — CaHe)
= H(p)™" ((Ca — C(p))Gu— C(p)He).

By selecting a tailor-made parametrization H(p) = —C(p)H (p) with H(p) monic,
we have

er(t,p) = —H(p) " H(p)e + e+ H(p)~ ((Ca — C(p))Gu — C(p)He)
H(p) ! (AC(p)Gu + C(p)AH(p)e) + e,
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with AC(p) := Cq—C(p) and AH(p) := H(p) — H. Now, since u and e are inde-
pendent, AC(p)Gu and e are uncorrelate Furthermore, since H and H (p) are
both monic, AH (p) is strictly proper so that C(p)AH (p)e and e are uncorrelated.
Therefore,

Vr(p) == )

ex(t,
_ [(ff )Gu+0(p)AH(p)e)+e)2]
= B [(H(p) ™ (AC(p)Gu + C(p)AH (p)e)) ] + o,

which implies Vr(p) > o2 for all p. The minimum of Vi is 02 and, if u is
persistently exciting of sufficient order, then Vg (p*) = o2 if and only if AC(p*) =
0 and AH(p*) = 0. We conclude that consistent estimates of Cy are obtained.

Theorem 7.4.1. Consider the filtered prediction error e and let p* be a mini-
mizing arqgument of Vp. Let the following conditions be satisfied:

e the spectral density of u, @, is positive definite for almost all w € [—m, 7],
o there exists a p such that C(p%) = C% and H(p%) = H.
Then C(p*) = C* and H(p*) = H.

Remark 7.4.1. The consequence of employing a tailor-made noise model is that
the parametrized controller needs to be incorporated in the noise model. This
implies that standard identification software, such as the identification toolbox
in MATLAB, cannot be readily applied. The generally non-convez identification
problem can, however, be solved using standard non-linear least squares solvers,
which will be demonstrated in a numerical example in Section [7.6

Remark 7.4.2. In the case that G is non-minimum phase, it is well known that
the zeroes outside the closed unit disk should be zeroes of the reference model
Ty as well (Bazanella et all [2012), cf. Proposition in order to ensure
stability of Cy. The consequence for implementation is that T is determined by the
unstable inverse of T;. Fxamples of solutions to this problem, include a mapping
of the unstable zeroes of Ty inside the unit circle and filtering € with an all-pass
filter, or simply filtering € with T, itself (Bazanella et al., 2012, Section 3.2.1).
In addition to the problem of noise, the method presented in this section also
provides a solution to this problem. Indeed, the filtering of € with 1Tde mn
obuviates filtering with the unstable inverse of Ty, as shown in the expression of

the prediction error in (7.24]).

3If u and e are not independent, e.g., if data is collected in a closed-loop configuration, then
AC(p)Gu and e can still be uncorrelated. In this situation, it has to be ensured that AC(p)G
contains a delay, which is satisfied if the controller (model) is proper and G contains a delay.
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For the single-process case, a tailor-made noise model was considered in (van
Heusden et al.;|2011)) for correlation-based tuning (CbT) of a linearly parametrized
controller. To the best of the authors’ knowledge, modeling the noise filter to
obtain consistent estimates for VRFT is new. This approach also provides a
method to deal with noise for distributed VRFT, which will be discussed in the
following section.

7.5 Distributed VRFT in dynamic networks: con-
sistent estimation

For simplicity, we will consider the structured model-reference control problem
with a decoupled reference model in this section:

Y = T’{Fi and 2 =T — Yi- (725)

We note however, that the results in this section apply mutatis mutandis to
a general structured reference model as considered in Section for DVRFT
without noise modeling. Now, as was done in Section for the single process,
we can similarly form an inverse model of the network . From 7 we can
write

u; = Gj ly; — Z G;'Giy; — G 'Hye;
JEN;
=Clzi+ Y Chos,+ Hie;, i€V, (7.26)
JEN;

where we have used the definition of the ideal controller modules, (7.25]), and, in
accordance with , K]di =T(1— Ti)_1 for j € N; such that
o5 =Kz =y;, jeN, (7.27)

I;’Zd = —G;lHZ‘.

In conjunction with the network dynamics described by , equation
describes a virtual network, with the transfer functions describing the ideal con-
troller C¢ being unknown modules in this network. Figure provides an in-
terpretation of this network for L = 2, with the real data from the underlying
system depicted by the solid lines and the virtual data depicted by dashed lines.
The relation between the output data y; and virtual signals z; (through ;) is
described by , but is implicit in Figure This relation is made explicit
in Figure which gives an alternative interpretationﬁ of the virtual network
and shows how u acts as an external excitation source for the network.
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Figure 7.3: Virtual network for L = 2 — noisy case.

Consider now the predictor

a;(t, pi) = H;(pi) ™" | Culpi)zi + Z Cii(pi)05; | + (1 — Hy(pi)~

1)ui7
JEN;

which leads to the prediction error

gi(t, pi) = ui(t) — 0;(t, pi)

I_{( ) (uz_ i Pz ZCZ] pz ]Z

JEN;

Then by filtering the prediction error &; with a filter L; := CL4G; = Ti(1 —

i i
, the filtered prediction error (¢, p;) := Lie;(t, p;) is obtained. We can
now formulate conditions for the correspondlng filtered network identification

)

4While the interpretation is different, the dynamical relations between variables in Figure-

and Flgure are the same and follow from (7.1)), (7.25]) and (7.26]).
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Figure 7.4: Alternative network interpretation for L = 2 — noisy case.

problem. The asymptotic parameter estimate for controller ¢ € V is given by
pi = argmin Ecl (¢, p;)? .
P e, et
=V (pi)

Theorem 7.5.1. Consider a tailor-made noise model defined by

_ 9

Hi(pi) == —Cii(pi) Hi(ps),
with H; a monic transfer function and let the following conditions be satisfied:

e the spectral density of (; := col(Z;,u;, coljen; 05;), ¢, , is positive definite
for almost all w € [—7, 7],

e there exists a p¢ such that Ci;(pd) = CL, Cyi(pd) = ij and H;(p%) = H;

17

e Gj; contains a delay for every j € N;.
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Then it holds that Ci;(pt) = C%, Ci(pf) = C%, j € Ni, and Hy(p?) = H;.

177 177

Proof. A proof for Theorem [7.5.1]is given in Appendix which is preceded by
two instrumental lemmas in Appendix [7.A] O

Remark 7.5.1. The condition that G;; contains a delay for every j € N; is a
sufficient condition for the transfers Gi; and Gj;, j € Ni, with Gj; denoting the
(4, 1)-th element of GGy, to have a delay (by Lemma . The last condition
m Theorem can be replaced with “G;; and g’ji, j € N;, contain a delay”, if
the situation that Gj; contains a delay for every j € N; is not at hand.

The filter L; is known, since T; is a known transfer function that describes
the reference model ;. Hence, the distributed model reference control prob-
lem can be solved using data, via a DVRFT framework by (i) filtering a
prediction-error with a known filter and (ii) a tailor-made noise model. Consis-
tent estimates are guaranteed under the conditions in Theorem but one
should note that the identification criteria V" are not convex, in general. ‘Stan-
dard’ DVRFT, i.e., without noise modeling, leads to convex identification criteria
for linearly-parametrized controllers, but does not provide consistent estimates
in the presence of noise.

Remark 7.5.2. Analogous to the reasoning in Remark[7..3, filtering the pre-
diction error with L; additionally provides a solution to the problem of a non-
minimum phase reference model T;. The filtering implies that the filtered predic-
tion error can be computed, without deriving ¥ and Z through an unstable inverse

of T; directly from ([7.25)).

7.6 Numerical examples

7.6.1 9-systems network (DVRFT)

Consider an interconnected system with L = 9 subsystems P; described by (7.5)
and an interconnection structure as depicted in Figure The transfer func-
tions describing the dynamics are of order one and given by

1 0.1

G; = , Gy = , 1=1,...,9,
q—a; q— a;

with a; € (0,1). It is desired to decouple the interconnected system and to have
the same step response for every output channel. Hence the reference model is
chosen as y¢ = T (q)r;, where
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We collect the data {u;(t),y;(t),t = 1,2,...,100} from in open-loop,
with mutually uncorrelated Gaussian white-noise input signals u; having a stan-
dard deviation of o,, = 1. Hence, we are in the situation of Corollary
Each controller C;, i = 1,...,9, is parametrized such that Assumption [7.]]
holds: Cyi(pi) = pia + pibq%l and C;;(p;) = pi;j, with parameter vector p;, =
col(pia, pin, cOljen; pij). Because of the linear parametrization of the sub-controllers,
the optimization of JY® with predictors (7.13)) is a linear least-squares problem.
Since there is no noise present in the output, the optimization of JY® yields the
parameters pf and therefore Jygr is equal to zero.

(a) Interconnected system (b) Distributed controller

Figure 7.5: Graph for the interconnected system (a) and distributed controller (b)
that satisfies Assumption (solid and dashed edges), that has reduced number
of links (solid edges) and that is decentralized (no edges).

Next, we will analyze a realistic situation where noise affects the system,
by considering disturbed outputs g;(t) = vy;(t) + v;(¢) for the synthesis, with v;
white-noise processes with standard deviations o,, = 0.1 that are mutually un-
correlated and uncorrelated with u;. The method of generating virtual references
and predictors is kept the same, i.e., the noise (filter) is not taken into account
in the predictor. The resulting distributed controller is interconnected with the
plant and a step reference is applied to each subsystem simultaneously, with an
amplitude between zero and one. Figure shows the output response of the
closed-loop network in red together with the response of the reference model (in
black) on the left. We observe only a minor difference between the responses,
due to the noise added to the data for identification, as shown in Figure [7.6] on
the right.

The distribution of the error between the achieved closed-loop network with
the identified distributed controller and the structured reference model resulting
from 100 Monte Carlo runs, i.e., from 100 different data sequences, is presented
in Figure Because P,/ C4P;, € €, for all 4, the error between the achieved
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Figure 7.6: Left: Closed-loop response of the network with the data-driven dis-
tributed controller (red) and the desired response of the structured reference
model (black), for step reference signals applied to each subsystem simultane-
ously with an amplitude between zero and one. Right: Response errors with
respect to the desired outputs.

closed-loop system and the reference model is only due to the noise. The assump-
tion that the controller class is rich enough, i.e., Assumption does not always
hold in practice. To illustrate such a situation, consider the case where four com-
munication links are not present, represented in Figure by the dashed edges.
The implication is that in the parametrization C;;(p;) = 0 for the corresponding
edges (i,7) € € and, e.g., t2(p2) = Caa(p2)Z2+Ca1(p2)055+Ca6(p2)dss. Note that
links are thus not removed a posteriori, but the interconnection structure for the
distributed controller is induced by the controller class. As shown by Figure [7.7]
there is a significant performance degradation, because the controller class is not
‘rich” enough, although the graph for the controller remains connected. We finally
consider the data-driven synthesis of a decentralized controller, corresponding to
Cij(pi) = 0 for all (4,7) € £. The resulting discrepancy between reference model
and closed-loop network is plotted in Figure [7.7] and shows a further decrease in
performance.
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Figure 7.7: Distribution of the achieved performance for various controller classes,
where T7 and Ty denote the transfers r — y and r — y4, respectively.

7.6.2 2-systems network (DVRFT + noise modeling)

Let us now illustrate the inclusion of noise modeling in DVRFT for obtaining
consistent controller estimates, as described in Section Consider a two-node
network, described by

y1 = Grur + Giay2 + Hieq,
y2 = Gaug + Go1y1 + Haeo,

2 2

with e; and ey Gaussian white-noise processes with variance o7, = o7, = o2, u

and us white-noise processes with distribution 4(0, 1) and

1 0.1 q
G, = Gp=—"" H =
YT g—08 TR T 408 TP g-08
1 0.1 q
Gy = Goy = — _ .
2T 406" TP T g—06 TP 4-06

In order to synthesize the data-driven controller, we consider that for each i = 1, 2,
data (u;(t),y;(t)), t=1,..., N, is collected for N = 500 samples. We choose the
reference models 77 = Ty = 0.2(q¢ — 0.8)~! and the parametrization as
pi1q + piz ~ Cii(pi)g
Cii(pi) = ————, Cij(ps) = piz, Hi(ps) = —————,
(pi) 1 i(pi) = piz, Hi(pi) 2+ o
such that the second condition in Theorem [7.5.1] is satisfied. Each controller
Ci(pi), i = 1,2, is obtained by minimizing the identification criterion V:I'(p;) :=
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Figure 7.8: Achieved performance versus noise power o2 for DVRFT (red),
DVRFT with IVs (blue) and DVRFT with tailor-made noise modeling and PE
filtering (green). The solid lines indicate the median performance and the shaded
areas are bounded by the 25" and 75" percentiles.

Zf;l eF(t, p;)?, using the 1sqnonlin.m function in MATLAB, with initial param-
eters pitit = 0.1p¢ relatively ‘far’ from pg.

To illustrate the obtained closed-loop performance with respect to the in-
fluence of the disturbances, a Monte-Carlo simulation over 25 experiments is
performed for each noise power level o2 € {0,0.05,...,0.45}. The obtained
closed-loop transfer T7 from r — y results in a performance for DVRFT with the
tailor-made noise model and filtered prediction error as depicted in Figure |7.8]
in green. For comparison, we compute two distributed controllers from the same
experiments via (i) DVRFT without noise modellling and (ii) DVRFT with IVs
(obtained by performing an additional experiment for each estimation), as de-
scribed in Appendix [7.C] As shown in Figure [7.8] in red, the results confirm
the expectation that the noise-induced bias for DVRFT degrades the closed-loop
performance considerably. The use of IVs in combination with DVRFT provides
consistent estimates, but leads to an increased variance for the estimates. This
can be observed for the corresponding closed-loop performance for DVRFT with
IVs as well, as illustrated in blue in Figure By Theorem DVRFT with
a tailor-made noise model and prediction-error filtering also provides consistent
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estimates. However, due to a decrease in estimator variance, the method de-
scribed in this paper outperforms DVRFT with IVs considerably for higher noise
levels.

7.7 Conclusions

In this chapter we have considered virtual reference feedback tuning in dynam-
ics networks. We have first presented a method for the direct data-driven syn-
thesis of distributed controllers in the model-reference framework of Chapter [6]
DVRFT in short. In the case that no noise affects the interconnected system,
a distributed controller that solves the model-reference control problem can be
identified through network identification in a virtual network with DVRFT. Both
the synthesis (identification) and implementation of the constructed data-driven
distributed controllers can be distributed, which improves scalability compared
to the standard VRFT method.

In the case that noise affects the system, standard VRFT and also DVRFT
yield biased controller estimates. We have shown for the single-process case
that by including the direct modeling of the auxiliary noise filter, it cannot be
concluded that consistent estimates are obtained. However, a filtered prediction-
error identification problem can be formulated for which consistent estimates are
obtained when a tailor-made noise model is used. For DVRF'T applied to dynamic
networks, a similar approach is obtained for estimating a local controller that is
part of a distributed controller. Sufficient conditions have been given for obtaining
consistent estimates in the considered framework, thereby solving the distributed
model-reference control problem in the presence of noise. Through an example
network consisting of two subsystems, we have shown that the developed method
provides a substantial closed-loop performance improvement for increasing levels
of noise power.

The main advantage of modeling the noise in (D)VRFT with a tailor-made
noise model and prediction-error filtering compared to using an IV method, is
that the variance can be reduced significantly, although consistent estimates can
be obtained through both approaches. A disadvantage is that the identification
problem with a tailor-made noise model becomes more involved, in the sense
that standard identification software cannot be used and that the problem is not
convex, in general.
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Appendix

7.A Instrumental lemmas

In this appendix, we provide two lemmas that will be instrumental in the proof
for Theorem [Z.5.11

Lemma 7.A.1. G =1+ G, where G := GG.
Proof. The proof follows directly by the identity

I=G'¢6=(I-G)'-(I-G))'G; =G —-GG;.

Lemma 7.A.2. If Gj; is strictly proper for each j € N;, then
o G,; is strictly proper,
) jS 1s strictly proper for j € N;.
Proof. Assume that Gj; is strictly proper for j € A;. Then
Gii = Z GiiGji = Z GiiGji
JjeV\{i} JEN;

is strictly proper, because the summands are strictly proper. Pick an arbitrary
j € N;. Then

Gji = Z GixGri = Z GinGhri

keV\{i} kEN;

is strictly proper, because the summands are strictly proper. This concludes the
proof. O

173
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7.B Proof of Theorem [7.5.1]

Proof. To prove Theorem [7.5.1] we start by writing the prediction error as

eilt, pi) = Hi(p:) " (ACus(pi)zi + Y ACy; ()05, + Hiles),
JEN;

using (7.26), where AC(p;) := C& — Cii(p;), ACy;(p;i) == C& — Cij(pi), § € N
The virtual signals are related to y; and y; by (7.25) and (7.27)), leading to

o 1-T, _
eilt, pi) = Hi(p:) 1(Aoii(Pi)Tyi + Y ACi(pi)y; + Hei).
¢ JEN;
Now consider the filtered prediction error ef', with filter L; = CLG,. By defini-
tion, the filter is

T.
Li = CGi = 5 _@Ti.
Hence, we have that
el (t,pi) = Ligi(t, pi)
_ 3 T

= Hi(pi) " (ACui(pi)yi + - > ACy(p)y;

1-T;
JEN;

= Hi(pi) " (ACi(pi)yi + Y ACij(pi)Kisy; — ClHies).

JEN;

We proceed by writing the ‘node’ variables y; in terms of ‘external’ variables.

By we have that
y=G(Gu+ He) =G(u+v),
where @ := Gu and v = He. Hence, by Lemma [7.A]] it follows that
GH=(I-Gr)'H=H+GGH.
Therefore, we can write the node variables in y as
y=Gu+Gv+ He, (7.28)
where G = GG, or, equivalently,

yi = Hie; + Z Gijuj + Gijuj, i€V,
JEV
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It follows that
er (t,pi) = Hi(pi) " [wi(pi) — Ciapi) Hies]
where

zi(pi) = AC;i(p;) Z Giju; +Z K%Acij(pi) Z Gk

JEV JEN; keVy
+ ACyi(pi) Z Gijv; +ZK{§-AC2‘J‘(P:’) (vj +Z gjkvk> :
jev JEN; kev

Now, considering the tailor-made noise model H;(p;) = —Cy; (pl)ﬁl(pz), we obtain
the filtered prediction error

ef (t,pi) = Hi(pi) ™! [l”v + Cii(pi) Hi(pi)ei — Ciz‘(Pv:)Hz'ei}
+ €;
= H; " [xi(pi) + Cii(pi) AH,(pi)es] + e,
where AH;(p;) := fu[i(pi) — H;.
We now show that the noise e; is uncorrelated with x;(p;) and Cy; (p;) AH; (p;)e;:

e Since both fifl(pl) and H; are monic, AH;(p;) is strictly proper. Hence,
Cii(pi)AH;(p;) has a delay, because Cy;(p;) is proper, which implies that
Cii(pi)AH;(p;)e; is uncorrelated with e;;

o ACy(pi) Zjev G;ju; is uncorrelated with e;, since it is a filtered linear
combination of u;, 7 € V, which are uncorrelated with e; by assumption;

. Zje/\fi KideCij(pi) > key Gjktx is uncorrelated with e;, since it is a fil-
tered linear combination of u;, j € V, which are uncorrelated with e; by
assumption;

o ACi(pi) D ey ,C';ijvj is uncorrelated with e;, because (i) G; is strictly proper
by Lemma and (ii) e, j € V\ {i} is uncorrelated with e; by assump-

tion;

° Zje/\/i KideCij (p:) (vj + 2 kv C;jkvk) is uncorrelated with e;, because (i)

Gji is strictly proper for j € A; by Lemma and (i) e;, 7 € V\ {i} is
uncorrelated with e; by assumption.
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VI (pi) = E<L (¢, pi)? (7.29)
= [( 1, [wi(pi) + Cui(pi) AHi(pi)es] + 61')2}

=E [(ﬁf{l [i(ps) + Cii(ﬁi)AHi(Pi)ei])Q} +og,.
But then the minimum of ViF (p;) must be agi and a minimizing argument is p‘ii
by the second condition.

Next, we will show that the minimizing argument is unique. A minimizing
argument p} must satisfy VI (p¥) = agi, which, by (7.29)), is equivalent with

0=E[H;(p}) " [wi(p]) + Cii(ﬂf)AHi(Pf)ei]]z

2
T; G; 1 =
_ H,(1-T;) ~ H; _EGN\/ Zi
=F |Axi(p}) 0 G; Gin ui ||,
0 0 Ky ] [
=:I";

with K&, = diag e, K{ij and

1
A(El(p;k) = = [AHIO” AC“ TOW e N; ACZJ} (p;k)

H;(py)

Hence, by Parseval’s theorem,

1 [~ , 4
o Az (e, p7) T @, (w)Tf Az (e™™, pf) dw = 0.
T —T

Now, T';(e™) has full rank for almost all w and, by the first condition, @, (w) is
positive definite for all w. Hence, [AH;C;; AC;; rowjen, AC;;|(pf) is equal to
the zero row for almost all w, which implies C;;(p}) = CZ, Ci;(p}) = C’ldj, jEN;,
and flz(p;‘) = H;. This concludes the proof. O

7.C 1V approach to DVRFT

Let the parametrization of the controllers in Section be linear such that

1
Cii(pi) = col(pir, piz) " col(L, 1) d Cilps) =pis.
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This leads to a regression vector ¢;(t) = col(Cy;Z(t), Kd 'Z;(t)), 7 € N;, with
Cii = col(1, —) The estimate of the controller parameter for DVRFT (without
the use of an 1nstrumental variable approach) is obtained as

i_v: Z% uit

For DVRFT with an IV approach, an additional experiment is performed, where
the same inputs (uq, us) are applied to the network and the corresponding output
data (y¥, y%) is collected. The virtual references and tracking errors corresponding
to the additional experiment are defined as

p._ p—1,p P .__ =D P
=Ty, Z =T, —y-

The instrumental variable is chosen as ¢;(t) = col(C;; 27 (t), Kjdl z7(t)), such that
it is correlated to p;(t), but independent of e;(¢) (the noise signal corresponding
to the first experiment with the data (u,y)). The controller parameters are then

obtained as (Bazanella et al., 2012)

AIV : Z <z ‘pz Z Cz Uz
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Chapter 8

Distributed controller
identification for data-driven
model-reference control

The distributed model-reference control problem introduced in Chapter [6] can
be solved directly on the basis of data via DVRFT, as shown in Chapter
DVRFT yields consistent estimates of the ideal distributed controller introduced
in Chapter [6] provided that no noise signals affect the interconnected system.
If process noise signals are present, biased controller estimates are obtained; a
problem that can be solved by the use of an instrumental variable method or by
using a tailor-made noise model with prediction-error filtering. In this chapter,
we also consider the problem of estimating the ideal distributed controller for an
interconnected system subject to process noise. We develop a method to solve
this problem with network identification methods, by constructing an augmented
dynamic network. The resulting method extends a state-of-the-art data-driven
control method, called optimal controller identification (OCI), to distributed con-
troller design. The OCI method uses the prediction-error identification method
for obtaining controller estimates, which naturally extends to prediction-error
identification in dynamic networks for its extension to distributed controller de-
sign. Therefore, the method provides a practical alternative to DVRFT, because
the distributed model-reference control problem is solved by ‘standard’ network
identification methods. The method has an advantage with respect to DVRFT

This chapter is based on the publication: T. R. V. Steentjes, M. Lazar, and P. M. J. Van
den Hof. Controller identification for data-driven model-reference distributed control. In Proc.
2021 European Control Conference (ECC), pages 2358-2363, Rotterdam, The Netherlands,
2021b
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in the presence of noise, in the sense that no tailor-made noise model has to be
included or instrumental variable methods are employed in the identification. We
show how the ideal distributed controller can be identified from the augmented
network by both direct and indirect methods for network identification.

8.1 Introduction

The distributed model-reference control problem considers the problem of deter-
mining a distributed controller for an interconnected system, such that the closed-
loop dynamics match a given structured reference model; a reference model with
dynamics that are desired for the to-be-controlled interconnected system. An ex-
plicit solution to the distributed model-reference control problem was determined
and analyzed in Chapter [f] This solution, called an ideal distributed controller,
depends explicitly on the subsystem dynamics of the to-be-controlled intercon-
nected system and the subsystem dynamics of the structured reference model.
Such an ideal distributed controller is therefore a model-based solution to the
distributed model-reference control problem, analogous to the (SISO or MIMO)
ideal controller for the ‘standard’” model-reference control problem, cf. (Campi
et al., [2002), (Bazanella et al., 2012), (Huft et al.| 2019)).

When a model is not known, the distributed model-reference control problem
can be solved using data collected from the interconnected system. Distributed
virtual reference feedback tuning (DVRFT), introduced in Chapter[7}, is a method
that solves the distributed model-reference control problem from data, through
the identification of an ideal distributed controller in a virtual reference network.
Two important cases for DVRFT regarding assumptions on the network are:
(i) the network is noiseless, i.e., no unmeasured exogenous signals are present,
and (ii) process noise enters the network, i.e., unmeasured exogenous signals are
present. In the first case, consistent estimates of the ideal distributed controller
can be obtained through DVRFT. In the second case, consistent estimates are
only obtained through DVRFT if an instrumental variable (IV) method is em-
ployed or a tailor-made noise model is estimated consistently.

When not considered properly, noise can cause a significant performance
degradation of the closed-loop network with the resulting controller, due to in-
consistent estimates, cf. Chapter [7} Even for scalar systems, VRFT inherently
introduces a bias in the controller estimates when disturbances affect the sys-
tem (Bazanella et al) 2012)), leading to a degraded closed-loop performance. For
both VRFT and DVRFT, this problem can be solved by using an IV approach
in case the controller model is linear with respect to the parameters. Depending
on the choice of IV, the introduction of IVs can require additional experiments
on the system (Bazanella et al., |2012)) and increase the parameter variance with
a negative effect on the control performance. For a controller model that is not
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necessarily linear in the parameters, a method to still obtain consistent estimates
is to model the noise in VRFT. This requires to solve a non-standard identifica-
tion problem, however, where the noise model depends on the controller model
(tailor-made noise model), as analyzed in Chapter

An alternative approach to direct data-driven controller design is optimal
controller identification (OCI) (Campestrini et al.| |2017). This method relies on
the algebraic relation between the (unknown) plant, ideal controller and refer-
ence model, leading to an identification setup in which the inverse of the ideal
controller is to be identified. A feature of OCI is that the estimation of the
controller parameters is embedded in a standard prediction-error (PE) identifica-
tion problem, and consistency therefore follows from a ‘standard’ PE consistency
analysis (Campestrini et al) 2017). Furthermore, in the case of approximate
modeling, a flexible parametrization of the controller allows for shaping the bias
and variance to improve performance.

In this chapter, we solve the distributed model reference control problem in the
case that the interconnected system is subject to unmeasured exogenous inputs,
by extending the OCI method for distributed controller synthesis. We show how
the interconnected system can be transformed to a network with dynamics of the
ideal distributed controller introduced in Chapter [6} By using the direct method
for identification in dynamic networks (Van den Hof et all [2013), we provide
sufficient conditions for consistent estimation of the distributed controller, solving
the distributed model-reference control problem directly from data. Alternatively,
we show how indirect identification can be applied, obviating the necessity of
modeling the noise for consistency. The local nature of the identification problems
imply that a decentralized computation of the distributed controller is possible.

8.2 Preliminaries

We consider again the network dynamics from Chapter [7}
yi(t) = Gi(q)ui(t) + Z Gij(Q)y;(t) + Hi(q)ei(t), i€V, (8.1)
JEN;
with V:={1,2,..., L}, compactly written as y = G;y + Gu+ He, describing an
interconnected system with subsystems P; described by
po{ U T e Gty e (82)

The subsystems are interconnected over an undirected graph G = (V, &), with
vertex set V and edge set £ C V x V. Two plants P; and P; are interconnected
if (i,5) € €.
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Recall the structured reference model from Chapter [7] composed of L subsys-
tems, described by

. y;i = T()Tz_'_z /\[Ql()za
K"{pij = Piy(9)yf, JJEGN o ®.3)

For (i,7) € &, subsystems K; and K; are interconnected by k;; = p;; and kj; =
pij. A distributed controller that solves the distributed model-reference control

problem (|7.9) is

T; 1 1
W lea-m Tt anm@|,
clifor| = | ~Tm1 o e OO | L B Y
S [
1-1T; 1-—
=:Ci(q)
with the interconnection equations sf; = of;, kf; = pj; and s, = of;, kj; = pf;.

We recall that, by Theorem u the plants {R, 1€ V}in closed loop Wlth the
controllers {C i € V} yield a closed-loop network behavior that is equivalent
with that of the structured reference model {K;, i € V} in the sense that y; = y¢
for all i € V.

8.3 Problem formulation

The problem that we consider in this chapter is to determine the ideal distributed
controller described by in the case that the network described by is
unknown, i.e., in the case that the transfer functions G;, G;; and H;, (i,j) € &,
are unknown. The local controller modules Cld contain known modules, depending
solely on the reference model dynamics /; and unknown modules describing the

top row in (8.4)):
G2+ Y Chl@)ss + D Ch ok, (8:5)

JEN; JEN;

where Cf := (Gi(1 = T;))'T; and Cf := =G Gy, CL = (G;(1 - T3)) 7' Qi
(i,4) € &.

Given data collected from the network (| . the transfer functions C¢ Cldj
and ng can be determined through DVRF'T, in the case that no noise is present,
i.e., e; =0 for all i € V. The application of VRFT for systems with noise leads
to biased estimates, both for the single-process case (Bazanella et al.| [2012) and

179
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the network case, cf. Chapter [7] leading to a degraded closed-loop performance.
The bias of distributed controller estimates with VRFT can be characterized, as

illustrated in the following example.

Figure 8.1: Two output coupled process with noise represented by a dynamic

network.

Example 8.1. Consider a network consisting of two subsystems, as depicted in

Figure [8.1], described by

y1 = Gius + Giay2 + Hieq,
y2 = Gaug + Gar1y1 + Haeo.

We choose the reference model to be decoupled:
y{ =Tiry,  y§ =Toro.
The ideal distributed controller is then described by

T _Gu
Ui _ Gl(l — Tl) G1 21
of Ty 0 s§|7
1-1T

Ch Cf
K¢, 0

(8.6)
(8.7)

(8.8)
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_ B Gx
Uz | _ Gg(l—Tg) GQ 22
- g ew
1- 1T,
e e
|KY 0

with the interconnections s§ = 0§ and s§ = of. In the distributed VRFT (DVRFT)
approach to distributed controller synthesis described in Chapter[d, virtual refer-
ence signals and virtual tracking errors 7; and Z; are computed from data, satis-

Jying
v, = T;r; and zZ;:=7; —y;, t=1,2. (811)

Using the definitions for the virtual signals and ideal controller, the processes

and (8.7) are rewritten as

uy = Cflél + Cfl25§ — G1_1H161, (812)
uy = O 20 + C4,05 — G5 ' Hyey, (8.13)
where
. T, .
0; = ﬁzz =y, =172

Controller module 1, for example, is then obtained by minimizing the identifica-
tion criterion

SV (p1) = Elur — @1 (p1))* = Elur — p{ ¢1]?,
where the parametrized controller is chosen to be linear in the parameters:

i1 (p1) = Cr1(p1)z1 + Cra(p1)05, = p{ o1,

with p1 = col(p11, p12) and the regression vector oy := col(Cy1 21, C1205). Any
global minimizer pi of J\'% satisfies the normal equation

Elp1p1 107 = Elpru].
If E[p10] |71 emists, then

pi = Elp1p] | Elpru]. (8.14)
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Let pf be the parameter that corresponds to C{‘E and Cldj, The difference between
pd and its estimate for finite data, p; = [Zi\il wi(t)pf ()71 Zi\;l wi(t)u;(t), is
given by

pi — P = (o} — p) + (pi — ),

where pi — pd is the bias error and p; — pf the variance error (Bazanella et al.,
2012).

Lemma 8.3.1. The bias error of the estimator p;, i = 1,2 is
Elpip] | ElpiGy  Hiei).
Proof. Substitution of (8.12)) in (8.14]) yields

pi = Elprp] | Elpr (Cfy 21 + C1y05, — Gy Hier)]
= p{ — Elp101 | E[p1 G Hye), (8.15)

where the linearity of the expectation operator was used to obtain the last equal-
ity. The bias expression for ¢ = 2 can be obtained analogously. O

Remark 8.3.1. If there is process noise present at processi € {1,2}, i.e. e; # 0,
this will influence the quality of the controller parameter estimate p; in terms of
bias by Lemma |8.3.1 The interpretation is that for DVRFT, e; acts as a con-
founding variable affecting both the input and output of the identification problem,
while e, j # i, act as excitation sources in the network.

Due to the bias, controller parameter estimates will in general not minimize
the cost function and hence lead to a reduced closed-loop performance if
the process is subject to noise. Two approaches to tackle this problem have been
described in Chapter [7} (i) estimating parameters of a tailor-made noise model
simultaneously with the controller parameters or (ii) estimating the controller pa-
rameters through an instrumental variable approach (applicable if the controllers
are linearly parametrized).

The problem considered in this chapter is to solve the data-driven distributed
model-reference control problem in the case that process noises e; are present in
the network (8.1)), i.e., the problem that is solved in Section[7.5|with DVRFT. The
goal in this chapter is to provide an alternative method to solve this problem,
which can be applied using ‘standard’ prediction error identification methods
for dynamic network identification. Recall that OCI provides an alternative to
VRET for solving the standard model-reference control problem in |Campestrini
et al| (2017)). We will consider the development of a method that extends OCI
to the distributed model-reference control problem for interconnected systems.
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8.4 Distributed optimal controller identification

In order to pose an identification problem, we start by rewriting the network
dynamics in terms of the ideal distributed controller dynamics. The approach
of rewriting the dynamics of a single-input single-output system in terms of an
ideal controller for prediction-error identification was introduced in (Campestrini
et al., [2017).

8.4.1 Transformed network dynamics

Let us first consider the case where the reference model is decoupled, i.e., for each
1eV,

Ki: yd=T(q)r:.
By (8.4), we observe that the transfer functions in (8.5) are

T; Gij
Gi(1-1T;)’ Gi’

cl = Ch=- (i,4) € €.
Hence, we can write the network dynamics (8.1)) in terms of the ideal distributed
controller and the reference model as

_ 1 T
CCE1-T,
and
cd T
L —_0dlg = Y v
Gij Ci;Gi CIT=T,

Models for the network’s transfer functions can then be written in terms of the
controller parameters as

! Ti Cij(pi) T
d Gi(ps) = — ! .
Cii(pi) 1 =T; and G () Cii(pi) 1 =T,

We can thus rewrite the network dynamics (8.1)) as

Gi(pi) =

1 T Ci T .
Yi U‘—Z J -y; + Hiei, i€V,

T od1i_T " dq_
Ci1-T, ' L2 CI1-T,
or
yi = Cui+ Y Choij + Hies, i€V, (8.16)

JEN;
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with
d
cd - L ma G
cd e
and the signals
T; — .
U; 1= -7 u; = Tiu;, 1€V, (817)
_ T; — .
Yij = —7 ¥ = ~Tiyj,  (i,5) € E. (8.18)

In the case that T; is proper, T;, i € V, will be proper and the dynamical relations
(8.16)-(8.18) can be interpreted as an (augmented) dynamic network:

Yy 0 Cf ' [y 0 H
gl=|Tv 0 o |g|+|0|u+]0]e (8.19)
U 0 0 0 U T 0

with Ehe matiricesin'}l = diag;cy rOW jeN; éflj, Cy = diag(C4y,...,C¢,), T =
diag(T1,...,T1), Ta := col; coljen;, —Tl-e;r, with e; the i-th standard basis vector
in R, and T := diag(Ty,...,7r). This augmented network is visualized in
Figure B2 for L = 2.
. = = Ci;(ps L
To write the model, define Cy;(p;) := C‘l%(pl) and Cj;(p;) := W(Zi;’ (1,7) € €,
such that

yi(0:) = Cyi(pi); + Z Cij(pi)¥ij + Hi(0:)es, (8.20)
JEN;

where 6; = col(p;, n;), with 7; additional parameters for the noise model Hi(ﬁi)ﬂ
Model (8.20) is visualized in Figure fori=1,L=2.
8.4.2 Direct method for controller identification

By using the direct method for dynamic network identification (Van den Hof
et al |2013)), the estimates are obtained as

N . 1 9
0 = argmin V;(0;),  Vilt) = > el (t,0,), (8.21)

with the prediction error defined by

gi(t,0;) == yi(t) — 9:(t,0;)

IThe controller and noise model are not required to be parametrized independently.
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Figure 8.2: The dynamic network represented by modules of the ideal distributed
controller and reference model.

Figure 8.3: Model with the auxiliary controller modules for ¢ =1, L = 2.

and the predictor

Gi(t,0:) == H; 1 (0:) | Cua(pi)is + Z Cij(pi)¥ij (8.22)
JEN;:

+ (1= H7Y6:)) yi. (8.23)
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By definition of the auxiliary controller models, the controller estimates are then

Cii(pi) = C"‘tﬁ')’ Cij(pi) = Cij(p:i)Cii(pi),  (3,7) € €.

Under weak assumptions, cf. Chapter [2| the estimator 0; converges asymp-
totically in N (Ljung} 1999):

0, =07 wp. las N — o0,

where 07 = argming, V;(0;) with V;(6;) := E[e?(t,0;)]. The following result
provides sufficient conditions for consistent estimation of the controller modules.

Theorem 8.4.1. Suppose the following conditions hold:
(1) e; is uncorrelated to all e;, j € V\ {i},
(2) e; is uncorrelated to all u;, j €V,
(3) Gji contains a delay for every j € Ni, with Gj; = [(I — G1) ™ i,

(4) the spectral density of & := col(yi, Ui, Uin, - - - Yiny, ) he € Ni, is positive
definite for almost all w € [—m, 7],

(5) there exists a ¢ = (pd,nd) such that C;(pd) = C¢ and H;(0%) = H,.

Then it holds that Cy;(0F) = CL, H;(07) = H; and Cy;(07) = Cidj, JjEN;.

%7

Proof. We will first show that the minimum of the objective function Vj is Ugi =
Ee?. By the definition of the predictor and prediction error, we have

2
JEN;
Then, by (8.19) it follows that

V6 = E(Hiwi)—l(vi _ ZN AC(6:)Ty; +Acﬁ<9imui> )2
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and by (8.1):

Vi(6:) = E(Hi(ai)‘l (w - ACs(0:) T

2
=3 ACH0)T > Gin(Grux + Hk€k>>>

JEN; kevy

2
_ZAC” Zg]k (Grug —I—er]f)) —l—el) .

JEN; kev

Since both H; and H;(0;) are monic, AH;(0;) is strictly proper. Hence, AH;(0;)e;
is uncorrelated with e;. Also — >\ AC;;(0:)T; Y ey GikGrus is uncorrelated
with e;, since it is a filtered linear combination of ug, &k € V, which are uncor-
related with e; by condition (ii). Moreover, — Zjej\/,- AC’ij(Gi)Ti Y okey GinHrer
is uncorrelated with e; by condition (i) and (v), since AC;;(6;) is proper by
construction and G;; is strictly proper for all j € A; by condition (v). Hence,

2
— Z AC” Z g]k Gkuk + erk)>) + Eef

JEN; kev
> agi.
It remains to show that V;(6;) = 02 = 6; = 6¢. This follows from conditions
(iii) and (iv) and follows mutatis mutandis from (Van den Hof et al., 2013, Ap-
pendix B). This concludes the proof. O

Remark 8.4.1. In comparison, both Theorem and Theorem [84_1] provide
conditions under which consistent estimates of the ideal controller modules are
obtained via, respectively, DVRFT with noise modeling (described in Chapter@
and the method described in this chapter. The main difference, regarding the
identification aspect, is that a tailor-made parametrization for the noise model
is utilized in Chapter [, which is not required in the method described in this
chapter, while the parametrization of the controller modules in this chapter can
be more involved.

Remark 8.4.2. The identification problem for obtaining C% is scalable with re-
spect to the size of the network L. Indeed, each identification criterion V;, i € V,
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can be minimized independently. Furthermore, the number of controller modules
that are identified through the minimization of V; is equal to the number of neigh-
bours of node i, i.e., |N;|, and is therefore independent of the number of nodes L
in the network.

Remark 8.4.3. Notice that the correlation condition on e; and uj, j €V (The-
orem[8.4.1}, condition (ii)) is typically satisfied when data are collected from the
network in open loop, i.e., when the interconnected system (Pi,...,Pr) is not
interconnected with a (preliminary) controller. When the interconnected system
is interconnected with a (distributed) controller (such that the input u is a filtered
version of z, i.e., u(t) = C(q)z(t)), then it is sufficient that the external signals
rj, j € V, are uncorrelated with e; and there is a delay in every loop around
i, ¢f. Chapter[3d More specifically, the assertion in Theorem [8.4.1] holds true
for data collected in closed loop, when conditions (ii) and (iii) are replaced with

conditions (ii) and (iii) in Proposition|2.5.1}

Positive definiteness of the spectrum of the vector of signal &, P, , is implied
by sufficient excitation of the filtered input @; = T;u; and the signals g;;, j € N;.
The condition on ®¢, can be translated to conditions on external signals uj, €;,
j €V, and conditions on the augmented network topology, as described in (Van
den Hof and Ramaswamy, 2020)), cf. Section m The following result is a
consequence of Proposition 1 in (Van den Hof and Ramaswamyy, [2020).

Lemma 8.4.1. Consider the vector & := col(y;, Ui, Yinys - - - Yin,) € RP, he €
N, and let the stacked vector of external signals col(u,e) have a power spectrum
that is positive definite almost everywhere. Then ®g, is positive definite almost
everywhere if there are p vertew—disjoinﬂ paths from col(u,e) to &;.

Example 8.2. Consider the augmented network for L = 2, depicted in
Figure m and consider the power spectrum of & = col(y1, @y, J12) € R3, Pg, .
By Lemma Pz, is positive definite almost everywhere if there are three
vertez-disjoint paths from col(ui,us,e1,ez) to 51. Clearly, there are three such
verter disjoint paths: from ey — yi1, from uy — 4y and from us — Y12. Hence,
we conclude that ®¢, is positive definite almost everywhere. Notice that the same
conclusion can be reached by replacing us — Y12 with es — Y12 in the reasoning
for this example.

8.4.3 Indirect method for controller identification

In the previous subsection, the estimation of ideal controller modules in the aug-
mented network (8.19)) via the direct method for network identification was con-
sidered. Alternatively, the controller modules can be identified via an indirect

2A set of paths is vertex disjoint if no two of them have one or more vertices in common.
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identification method (Van den Hof et al.,[2013), (Van den Hof and Ramaswamy),
2021)). Compared to the direct method, an indirect method leads to a prediction-
error identification problem with different predictor inputs and outputs (Van den
Hof and Ramaswamy, 2021) and estimates of Cfi and Cf; are obtained through
a post-processing step. This different choice of predictor model leads to a dif-
ferent condition for data informativity: the direct method utilizes both input
signals in u and noise signals in e for achieving data-informativity (as indicated
in Lemma , whereas an indirect method utilizes only signals in u for data-
informativity, cf. (Van den Hof and Ramaswamy, [2021). However, an indirect
method does not require the inclusion of noise models in the identification, pro-
vided that v and e are uncorrelated (Ljung), 1999)). Therefore, we will now derive
an approach for obtaining consistent controller estimates through the use of an
indirect identification method.

The dynamics of the augmented network yield a mapping from external
signals (u, e) to network signals (y, g, @) as follows:

y 0 H T, .
gl=U-CcH) " |o|lu+T-CH 0| e=|Ty| u+ He
i T 0 Ty

with the transfer matrices (T}, Ty, Ts) and H defined by

T, 0] H 0 c¢ ¢
Tyl =I-C{H |0, H=I-C{H) |0 andCf:= |Tyy 0 0
Ts T 0 0 0 0

(8.24)

The basic idea of applying the indirect method to the identification of the ideal
controller modules, is to first obtain estimates of the transfer matrices (T}, Ty, T5)
and subsequently estimate of the controllers from the relation between C{, C’idj
and (T, Ty, T5). Known modules defined by the structured reference model sim-
plify the procedure, however, as explained next.

From (8.24)), we find that
I ¢ G [n] o
0 0 1 Ty T

T, — C{Ty — C'Ty = 0,

(8.25)
Pre-multiplication of the first equation on the right in (8.25)) with C' ‘f: diag;c, C

1)

satisfying C1C?% = I, yields that (8.25) is equivalent with Ty =TNTy, To =T
and

T, = C4Ty + T, (8.26)
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where C¢ := diag;cy, row;en, ij. We observe the following: given Ty, the con-
troller modules Czdi7 Cﬁj, i €V, j €N;, can be obtained by solving the equa-
tion in C4 and C¢, where Ty = TyT, and Ty = T.

Obtaining a consistent estimate of 7, from data measurements of u and y
is a standard MIMO identification problem (for data collected in an open-loop
setting), (Gevers et al|, [2018), cf. (Ljung, |1999). Suppose such an estimate T},
of T, is available. By (8.26)), estimates C' and Cy of respectively C¢ and C¢, can
be obtained solving CTy =C ITNTy +Tin C and C 1, where the interconnection
structure is taken into account, i.e., for all (i,5) € [1, L]?, it holds that [C];; = 0
if and only if [C?];; = 0 and for all (4, ) € [1, L] x [1, Ly, [C1]ij = 0 if and only
if [Cf];; =0, where Ly := Y.y, [NVj| is the number of columns in C{.

Corollary 8.4.1. Consider that an experiment is performed according to the
following conditions:

(1) all input signals (u;)icy are chosen such that u is persistently exciting of
sufficiently high order and uncorrelated with e,

(2) all output signals (y;)icy are measured.

Then a consistent estimate Ty of Ty can be obtained through standard open-loop
identification with a full order model. Consequently, given a consistent estimate
Ty, consistent estimates of the controller matrices C* and C¢ are given by C and
C;, obtained from the set of linear equations

CT, = CrInT, + T (8.27)

and the following constraints for incorporation of the interconnection structure
of the ideal distributed controller: for all (i,7) € [1, L)%, it holds that [C);; = 0 if
and only if [C%);; = 0 and for all (i,7) € [1,L] x [1, L], [C’I]ij =0 if and only if
[Cfli; = 0.

Remark 8.4.4. The method described in this subsection for obtaining consis-
tent controller estimates assumes that experiments are performed in an open-loop
setting, i.e., u and e are uncorrelated. This allows us to obtain estimates of T,
with standard MIMO open-loop identification methods, where no noise modeling
is required. Practically, it is common that a preliminary (distributed) controller
is present in the experiment set-up, e.g. for stabilization of an unstable open-loop
system. In such a situation, two approaches can be followed. In the first approach,
a consistent estimate Ty of the transfer Ty, i.e., from u to y, can be obtained by
using the direct method for closed-loop identification (Van den Hof, [1998), pro-
vided that the noise filter H is estimated consistently, additionally. Consistent
estimates of C¢ and C’}l can then be obtained from . The second approach
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18 to use an indirect method, where an estimate of the closed-loop transfer matriz
from measured external (dithering/reference) signals v to y is obtained. Conse-
quently, consistent estimates of the transfer functions of interest can be obtained
from the consistently estimated closed-loop transfer matrixz directly, see e.g. Sec-
tion [Z.3.2.

8.5 Dealing with a coupled reference model

In the case of a coupled reference model, the ideal distributed controller
contains additional transfer function modules Cg;d, (i,4) € &, that are unknown.
These modules are not identified in the procedures described in Section We
will now briefly describe an extension of the procedure in Section to obtain
consistent estimates of the additional modules ng, (i,7) € &, via the direct
method used in Section

Consider again the example network — with a coupled reference

model

Yl =Tiry + Qiokia,  pr2 = Prayt,
Y4 = Torg + Qarkar, pa1 = Pars.

where k13 = po1 and ko1 = p12. The top row in (8.4) is given by (8.5)), with the
modules defined in (8.9)-(8.10) and

ra Q2 ra Q2
Crz = Gi(1-Ty) Cor' = Go(1—Tp)'

Now, the network @E) can be transformed into the augmented network

(8.19) as depicted in Figure but by defining Cfy := =, C3% := 17 and
12 21

the variables

Q12
1-17

we can write the network — also as
Y = égdﬁ12 + C’fggm + Hieq,
Yo = éngdﬁzl + Cglﬂzl + Haeg,

= _ Q21 ~
up = Qrau1, U = Uz = Q21us,
1-1T5

U9 1=

as visualized in Figure [8.4

The unknown modules C7y! and C2? can now be determined by posing net-
work identification problems for the modules Cy and CZ?, shown in orange in
Figure Although the network structure in Figure is the same as in Fig-
ure different signals (%12 and ;) and different controller modules (Cy! and
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CT) are present, where the modules C%? and C%¢ have not been identified in
the methods described in Section The modules C{, and C§, are now de-
picted in white and assumed to be estimated consistently a priori as described
in Section

For a general network we have

Yi = Cg;dﬂij + Z Cflkgzk + Hiel-, (Z,]) c g (828)
/CEN,‘

Consider now the identification of Cij;-d as follows. For a given node i € V, let
ij, j € N;, and H; be given. We consider the following model for ([8.28)):

vij (pij) = C’fj(ﬂfj)ﬂij + Z Cagix + Hiei, (i,5) €E,
kE/\fi

where C’fj (p§;) is a parametrized model for C’g;d. Define the prediction error

n) o [

[,

-

Figure 8.4: The dynamic network represented by modules of the ideal distributed
controller and a coupled reference model.
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e5;(t, p5;) = yi(t) — iz (L, pg;) with

9ij(t,p5;) == H; ' (ij(ﬂfj)uij + Z ka%’k) +(1—H; Yy,
kEN;

Then by minimizing the identification criterion V;;(pf;) := + Zf’zl g5 (t, pfj)2 for
each j € N, the parameter estimates p;; are obtained. The asymptotic estimates
are p;,kj = arg minpfj E[&fj (tv pgj)Q]a ,7 € M

Corollary 8.5.1. Suppose the following conditions hold:
o Oy, (w) is positive definite for almost all w € [—m, 7],

e there exists pf; such that Cf;(pf;) = C*.

; c(,x) — (Td
Then it holds that Cf;(pj;) = Ci;°.

Notice that one can equivalently minimize JEN: Vij(p§;). Moreover, no ad-
ditional experiment is required for data acquisition.

Remark 8.5.1. The controller modules Cg}d can also be obtained through an
indirect identification method. Indeed, the dynamics of the augmented network
described by yield a mapping from external signals (u, e) to network signals
(including @;;). Consistent estimates of ng can therefore be obtained mutatis
mutandis via Corollary [8.4-1}

Remark 8.5.2. Under the assumption that a consistent estimate Cyi of Cﬁi has
been obtained a priori, this estimate can also be used to obtain an estimate C’g}d
of C’gd without posing an additional identification problem. By the definitions di-
rectly after , it follows that ng = CZ%QUT[I, where Qi and T; are transfer
functions that describe the reference model and are therefore known. Hence, a
consistent estimate of C’g}d can be obtained as C’gd = CA'gQ,-jTi_l.

8.6 Numerical example

Consider the two-node network described by — , with transfer functions

Gi(q) = . Ghalg) = , Hy=1,

Ga(q) = Gai(q) = , Hy=1,
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where a1 = 0.5, a2 = 0.2, c; = c2 = 1 and d; = dy = 0.1. The objective is to let
the closed-loop interconnected system behave as two decoupled processes with
first-order dynamics, according to

I el

q—"7
with v = 72 = 0.8.
As described in Section [8:3] the ideal distributed controller is described by

(8-9)-(8-10), with the interconnections s§ = 0§, s§ = o, and

l—vqg—a d dy d 1—m
CL(q) = — L C ———, K = ,
11() q q—1° 12(q) 1 12(9) -1
l—vq—a do 1—
CgQ(Q): e q—1" Cle( ):_ga Kgl( ) -1

For the experiment, consider that u; and us are Gaussian white-noise signals
with unit variance and e; and ey are (unmeasured) Guassian white-noise sig-
nals with variance 02 = 0.25. As analyzed in Section the noise will cause a
bias in the controller parameter estimates when the distributed virtual reference
feedback tuning (DVRFT) method is applied directly. For the distributed opti-
mal controller identification (DOCI) method, described in Section [8.4] we expect
consistent estimates and hence an improved closed-loop performance.

We first represent the network as shown in Figure [8:2] where

~d ca q-—1 cd di ¢—1

ol = , Ol = .
Ul yiq-—ay 12 c1q—a

The modules are therefore parametrized as

_ B 1— q—l _ _ 1— q—l
C(11(01) = 91aW7 012(91) - acha

Hy(61) =1,

so that there exists ¢ such that C%, = Cy1(09), Cfy = C12(0) and Hy = H,(0y).
By forming the predictor

U1(t)t —1501) == 011(111)111 + 012(p1)§2

and minimizing V;(601) in for N = 100 samples, we find the estimate 6;.
The estimate 6 for controller 2 is obtained by following an analogous procedure.
Note that V7 and V5 are not quadratic functions in the parameters. The cor-
responding DVRFT cost functions are quadratic and the optimization problems
therefore have analytic solutions.
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Figure 8.5: Step response of the closed-loop network from (r1,r2) to (y1,y2) for
20 experiments with DOCI (green), DVRFT (yellow) and the desired closed-loop
network (black).

The distributed controller resulting from DOCI leads to a closed-loop net-
work with a step response shown in Figure [8.5 and a frequency response shown
in Figure in green of the transfer r — y, for 20 experiments. For comparison,
we synthesize a DVRFT controller using the same data via the method described
in Section The corresponding responses are shown in Figure and in
yellow. Note that the controller classes are chosen such that the ideal controller
belongs to the controller class for each method, which leads to a convex and non-
convex cost function for DVRFT and DOCI, respectively. We observe that the
distributed controller synthesized via DOCI leads to a closed-loop network with a
response that is closer to the reference model compared to the controller synthe-
sized via VRFT. As discussed in Section DVRFT leads to biased controller
estimates when the noise terms e; and ey are non-zero. This bias is illustrated
in Figure [B.7D] where the parameter estimates for controller 1 are plotted for 100
experiments. The parameter estimates for controller 1 with DOCI are plotted
in Figure Finally, Figure [8.8] shows the distribution of the achieved per-
formance for DOCI and DVRFT in the presence of noise. As described in the
introduction, VRFT can yield consistent estimates when instrumental variables
(IVs) are used. The construction of IVs for the example network was performed
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Figure 8.6: Frequency response of the closed-loop network from (r1,72) to (y1,y2)
for 20 experiments with DOCI (green), DVRFT (yellow) and the desired closed-
loop network (black). Notice that the desired network is decoupled, thus the
corresponding transfers r; — y;l, i # j, are identical to zero.

(b) DVRFT

Figure 8.7: Parameter estimates for 100 experiments (gray) and the true param-
eter (red) for controller 1.

using an additional experiment (Bazanella et al., 2012), mutatis mutandis. The
mean value of the performance of DVRFT with IVs is significantly lower com-
pared to DVRFT, while the variance is significantly higher. We observe that
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T
1 L
0.8
= +
& 0.6 I
| +
504
= 1
021 +
| =
DOCI DVRFT DVRFT+IV

Method

Figure 8.8: Distribution of the achieved performance for DOCI, DVRFT and
DVRFT with IVs, where 77 and T, denote the transfers r — y and r — yq,
respectively.

the mean value as well as the variance of the performance are considerably lower
for DOCI. Hence, although both DOCI and DVRFT with IVs yield consistent
estimates, the increased variance due to IVs in DVRFT yields an overall worse
performance compared to DOCI.

8.7 Conclusions

We have developed a data-driven method for the construction of a distributed
controller for an interconnected system subject to disturbances. This method
is enabled by the construction of an augmented network. We have shown how
the identification of the ideal distributed controller modules in this network can
be solved by direct and indirect identification methods, resulting in consistent
controller estimates. The estimated distributed controller therefore solves the
model-reference control problem asymptotically in the number of data. Com-
paratively, the methods can be utilized as an alternative to the DVRFT method
described in Chapter [7] and do not require a tailor-made parametrization of the
noise model through the direct identification method. In the case of the indirect
method, a noise model can be fully omitted if measurement data are collected
in an open-loop configuration. By a simple network consisting of two intercon-
nected systems, we have shown the effectiveness and the improvement over biased
or high-variance alternative methods on the closed-loop performance.
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Chapter 9

Guaranteed .77
performance analysis and
distributed control from
noisy input-state data

In this chapter, we extend a recent data-based approach for guaranteed per-
formance analysis to distributed analysis of interconnected linear systems. We
present a new set of sufficient LMI conditions based on noisy input-state data that
guarantees %, performance and has a structure that is applicable to distributed
controller synthesis from data. Sufficient LMI conditions based on noisy data are
provided for the existence of a dynamic distributed controller that achieves 2%,
performance. The presented approach enables scalable analysis and control of
large-scale interconnected systems from noisy input-state data.

9.1 Introduction
Several methods have been developed for data-based system analysis and con-

troller synthesis, we refer to (Hou and Wang, [2013)) for a survey on data-based
control. Some methods rely on the reference model paradigm, such as virtual

This chapter is based on the publication: T. R. V. Steentjes, M. Lazar, and P. M. J. Van
den Hof. Hso performance analysis and distributed controller synthesis for interconnected linear
systems from noisy input-state data. In Proc. 60" IEEE Conference on Decision and Control
(CDC), pages 3717-3722, Austin, Texas, USA, 2021a

203
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reference feedback tuning (Bazanella et all [2012) and optimal controller iden-
tification (Campestrini et al 2017)). Extensions for interconnected systems to
data-based distributed controller synthesis include distributed virtual reference

feedback tuning in the noiseless (Steentjes et al[2020), and noisy (Steentjes et al.|
2021d) case, described in Chapter 7.

A recent trend in data-based system analysis and control originates from
Willems’ fundamental lemma (Willems et al.l 2005). Applications include data-
based predictive control (Coulson et al.,[2019), (Allibhoy and Cortés|, 2021)), the
data-based parametrization of stabilizing controllers (De Persis and Tesi, 2020)
and robust data-based state-feedback design with noisy data (Berberich et al.,
2020). The data-based verification of dissipativity properties was considered
in (Koch et all 2020a), (Koch et al., |2020b), which allows to determine sys-
tem measures such as the 2, norm or passivity properties from data corrupted
by a noise signal satisfying quadratic bounds. A similar noise description was
considered in (van Waarde et al., 2022), which extends the data-based controller
design results in (van Waarde et al., 2020) to the noisy case. The data-based
conditions in (van Waarde et al., 2022) are necessary and sufficient for stabilizing
state feedback synthesis, including 7% or %, performance specifications.

In this chapter, the data-based J#, performance analysis and distributed con-
troller synthesis problem for interconnected systems is considered. We extend the
data-based framework for parameterizing an unknown system, considered in the
two distinct papers(Koch et al., 2020b) and (van Waarde et al. 2022), to the
situation of interconnected systems. The analysis in this chapter is enabled by
considering a dual parametrization of the set ¥p: the set of systems that are
compatible with input-state data D for unmeasured noise trajectories in a set
W that captures quadratic bounds on the noise sequence. A feature of the dual
parametrization is the applicability of standard (primal) conditions for unstruc-
tured and structured (Van Horssen and Weiland, [2016) robust
performance analysis. For an interconnected system, we consider sets X%, of sub-
systems that are compatible with the local input-state and neighbors’ state data,
given prior knowledge on the noise signals confined to a set W;. We develop suf-
ficient data-based conditions for %, performance analysis and for the existence
of a dynamic distributed controller that achieves a given 7%, performance level.

A feature of our results is that no model of the interconnected system is iden-
tified from the data. The identification of interconnected systems is considered
in the field of network identification, which provides structured and consistent
methods for identification (Van den Hof et al., |2013)). If an identified model is
only used for controller synthesis, however, it is arguably more efficient to con-
sider data-based synthesis conditions directly. Additionally, with our data-based
method, stability and performance guarantees for the closed-loop interconnected
system come with a finite number of data points. This is a consequence of the
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non-probabilistic noise paradigm that is considered for the data-based analysis
and synthesis. Comparatively, system identification based on prediction-error
methods comes with consistency results asymptotic in the number of data, but
does not provide guarantees for finite data.

Basic nomenclature

The integers are denoted by Z. Given a € Z, b € Z such that a < b, we denote
Zigp) = {a,a+1,...,b—1,b}. Let I, € R"*", or simply I, denote the identity
matrix and 1,, € R™, or simply 1, denote the column vector of all ones. For
a subset A C Z, the vertical, respectively horizontal, stacking of matrices X,
a € A is denoted colye 4 Xg, respectively rowgze 4 Xo. The kernel of a matrix A
is denoted ker A and a matrix A denotes a basis matrix of ker A. For a real
symmetric matrix X, X > 0 (X > 0) denotes that X is positive (semi-) definite.
Matrices that can be inferred from symmetry are denoted by ().

9.2 Preliminaries

In this chapter, we consider interconnected systems composed of L linear time-
invariant systems of the form

zi(k +1) = Aiwi(k) + Y Aija;(k) + Biui(k) + w; (),
JEN;

where x; € R™ denotes the state, u; € R™ the input and w; € R™ is a noise
signal. The set NV; := {j € V|(i,j) € £} denotes the neighbours of system 4,
where V and £ C V x V denote the set of vertices and the set of non-oriented
edges defining the connected graph G = (V, ).

Let there exist a true interconnected system defined by the matrices A, AJ;
and BY, (i,j) € £, generating the input-state data {(u;(t), z;(t)),t =0, ..., N}
for 4 € V. This data is collected in the matrices

Xi = [2:(0) -+ x(N)], Uy :=[us(0) -+ us(N —1)].

3

By defining the matrices
X = [2i() o 2N X7 = [2(0) -0 2(N - 1),

K3

W, = [w;(0) - wy(N —1)],

K2

we obtain the following data equation for each i € V:
0y — 0 yv— 0rr— -
X =AVX7+ > AYX: + BYUT + W (9.2)
JEN;
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Consider the stacked input, state and noise variables u := col(uq,...,ur),
x = col(xy,...,2r) and w := col(wy,...,wr). Then the interconnected system
(19.1) is compactly described by

z(k +1) = Az(k) + Bu(k) + w(k), (9.3)
y(k) = Cz(k) + Du(k),

with straightforward definitions for A, B, C' and D. The corresponding data
equation is

X, =AoX_ +BU_ +W_,

with the data matrices defined for system as was done for each subsystem.
The transfer matrix from u to y of is G(q) :== C(¢gI — A)"'B + D and the
o norm of G is denoted ||G||s,. For v > 0, we say that the interconnected
system achieves J#, performance v if |G|, < 7.

9.3 Inferring system performance
from noisy data

In this section, we consider the data-based dissipativity analysis for an unstruc-

tured system. We recall a parametrization from (Koch et al., [2020b) and in-

troduce a dual parametrization of systems that are compatible with input-state

data. The dual parametrization allow us to (i) derive a dual result with respect

to (Koch et al., 2020b) for concluding dissipativity properties from data, and (ii)

extend the data-based results to structured results for interconnected systems.
Consider the system

xz(k+1) = Az (k) + Bou(k) + w(k), (9.4)
y(k) = Cx(k) + Du(k) (9.5)

with collected data

and noise sequence W_ := [w(0) ---w(NN —1)]. We assume that the data (U_, X)
are known, while W_ is unknown, but

WT

)0

T
W_oew:= {W| {V‘; } {gf f%ﬂ
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with @, < 0 so that W is bounded. No assumptions on the statistics of w
are made. This noise model can represent, e.g., an energy bound W_WT =<
R, for Q, = —1I and S,, = 0 or bounds on individual components w(k) (van
Waarde et al.|[2022). The square of sample cross-covariance bounds, as considered
in (Hakvoort and Van den Hof| [1995|) for parameter-bounding identification, can
be captured by W with @Q,, generally not strictly negative definite; this is a topic
of current research. We assume that the data are informative in the sense that
the matrix col(X_,U_) has full row rank.

Because the noise term is unknown, there exist multiple pairs of system ma-
trices that are consistent with the data. The set of all pairs (A, B) that are
consistent with the data is defined as

Yp={(A,B)| X =AX_+ BU_+ W for some W eW}.

We note that the true system (A, By) € Xp by construction. Furthermore, in the
noiseless case (W_ = 0), Ep reduces to the singleton {(Ag, Bo)} if col(X_,U_)
has full rank (van Waarde et al., [2020).

The following result from (van Waarde et al.| |2022), cf. (Koch et al., 2020b)),
provides a parametrization of the set Yp.

Lemma 9.3.1 (Parametrization ¥p). It holds that

_AT T _ _ _AT
oo ={(a.8)] |-87| |22 32] |-BT| o)
Sp  Rp
1 1
-
= 5 X_ 0 X_ 0
: Qp Sp| _ Qu Sw
'LUZth ST R = U, 0 ST R U, 0
D P X, 1| Pw Twlx. g
We now present a dual parametrization of ¥p.
Lemma 9.3.2 (Dual parametrization Yp). Let the matric
QU} Sﬂ)
ST Ry,
be invertible. Then it holds that
1 o] on o110
sp={a.m) [0 1| |92 Pollo 1| <o)
A B D TPllA B

. s 5 o 1-1
where Rp = 0 with [gf RZ] o [QD SD:| ‘
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Proof. The proof is provided in Appendix O

Since any system that is consistent with the data is an element of Xp, every
such system admits a representation

z(k+1)=[A B| ng] ,  with (4, B) € ¥p.

As it was shown in (Koch et al.,|2020b]), this uncertain system admits the follow-
ing linear fractional transformation (LFT) representation

0 0 I
z(k+1) z(k)
vk | =58 O ub]| . k) =[4 Blp).
o) |0 o Lk

with (A, B) € Sp.

Proposition 9.3.1 (Dissipativity from data). If there exist a P and « such that

P>0,a>0and hold (see bottom of this page), then
I 01'[-P 0| 0 07[I 0
P
0
0

0 0 0 A B <0
0 1 0 Q9 -S|[o0 1
C D 0 -ST —-R||C D

holds for all (A, B) € ¥p.

Proof. Let hold and let M = [A B]. By Lemmam it holds that for

A B

(9.7)

a >0,
T
1 —OéQD —CJ(SD I “0
M| |-aS), —aRp||M| =
_ - T _ -
I 0 0O P 0 0 0 0 0 I 0 0
0 I O 0 I 0
0 P 0 0 0 0
0 I 0 T 0 I 0
0 O0|—-aRp —aSp, 0 0
I 0 0O I 0 0 <0
0 0 —OéSD —OéQ'D 0 0
0 0 I 0 0 I
0 0 0 0 -Q -5
0 0 I 0 0 0 0 T _R 0 0 I
| ¢ 0 D | | ¢ 0 D |

(9.6)
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for all (A, B) € ¥p. Therefore, by the full block S-procedure (Scherer| [2001)), it
follows that holds. O

Inequality is the well known condition for dissipativity for a quadratic
S
Q =~%I,S=0and R= —1I for v > 0. For this specific case there exists a P = 0
so that holds if and only if the channel u — y achieves J#%, performance ~.

We have derived a dual parametrization of X5, which allows the application
of standard robust control tools to the LF'T representation. The parametrization
from Lemma see also (Koch et al.| |2020b, Lemma 2), requires the appli-
cation of the dualization lemma on the data-based LMI. A feature of the dual
parametrization of ¥p in Lemma [9.3.2] is that robust analysis tools for inter-
connected systems can be applied mutatis mutandis, as we will show in the next
section.

supply rate matrix II = — { ] A special case of the supply rate matrix is

9.4 Interconnected system analysis

Let us return to the interconnected system (9.1). We consider the data U, , X;
and X;, j € N;, is available for each system ¢, while W, is unknown. For each
1 € V, we assume

717 i i T
oo & 3110

| S ——
=:11%,

with Q¢ < 0. We assume that the data are informative enough in the sense that
the matrix col(X; , Xy.,U;") has full row rank for each i € V.

For each subsystem, there exist multiple tuples (A;, An;, B;) that are consis-
tent with the data, i.e., that satisfy

X;'_ = AiXi_ + Z Az’ij_ +BU; +W; (98)
JEN;

for some W; € W;. Here, we define Ay, := rowjcp, Ai;. Hence, for each i € V,
the set of subsystems that are consistent with the data is

i = {(A;, A, Bi) | holds for some W; € W;}

We note that under the assumption that W,” € W;, the true system matrices are
in the set X%, by construction.
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Lemma 9.4.1 (Parametrization ¥%,). It holds that

—ATT
, - 51| _at
¥p = Ai’A ,-,Bi *T|:Q'LD 7"L’D N >‘07
I -
X; 0 X7 0]
' Qp  Sp| _ | Xn O qu |Xn O
" [(S%V Ryl = o o™ U7 o
xtor lxt oL

Lemma 9.4.2 (Dual parametrization X4). Let I[I¥ be invertible. It holds that
Y4, is equal to

‘ ' 1 0 0
4 VT € Sp| |0 L0
{(Ai; An;. Bi) | (%) {(S%)T R%] o o 1|=%
A An: B

i i ~i gi 71
where R = 0 with [@%’)T ;:;] - [(%T f;;] .

The proofs for Lemma and follow an analogue reasoning as the
proofs for Lemma and respectively, and are omitted for brevity.

We note that if any interconnected system with subsystems in X%, i.e., any
interconnected system that is consistent with the data, has a certain property,
then also the true interconnected system has this property. To show a property for
all interconnected systems that are consistent with the data, we use the following
LFT representation.

Every interconnected system that is consistent with the data can be described
by subsystems X4, i € V,

0 0 0 I )
CEZ(k: + 1) C; 0 D; 0 z;
yik) |=1[1 0 0 o1 | [colien; z;(K)
pi(k) 0 I 0 0 u;i(k)
ol lo| [r] o Li(k)

and ll(k') = [A7 /1]\/7 Bl] pi(k), with (Ai,AN‘“Bi) S Z%

This LF'T representation for each subsystem allows us to apply robust analysis
results for interconnected systems, to conclude 2%, performance for all intercon-
nected systems that are compatible with the data. Consider the matrices Z;
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defined in Appendix and define the matrix
r I 0 0 0 ]
0 0 I 0
17 0 0 0
0 1 0 0
0 0 I 0
Ji = 7 0 0 0 (9.9)
0 1 0 0
0 0 0 1
0 0 0 I
¢ o o0 D |

Proposition 9.4.1 (Performance from structured data). Let Q% < 0 and y > 0.
If there exist P;, Z; and «; so that P; = 0, a; > 0 and

-P, 0 0 0 0 0 0 0
0 P 0 0 0 0 0 0
0o o zI* zZ~2 0 0 0 0
STl0 o (z2HT z*2 0 0 _ 0 0 7 <0
i 0 0 0 0 | —a;R, —a;(5%) 0 0
0 0 0 0 | —iSh  —a;Qh 0 0
0 0 0 0 0 0 —2I 0
. 0 0 0 0 0 0 0 I |
(9.10)

holds for alli € V, then all interconnected systems with subsystems (A;, An;,, B;) €
i, i €V, achieve H#, performance 7.

The proof follows by a similar argument as in Proposition and the appli-
cation of (Van Horssen and Weiland}, 2016, Theorem 1) to the LFT representation.

9.5 Distributed controller synthesis from data

So far we have considered the performance analysis of (interconnected) systems
from data for the channel v — y. We will now consider a distributed control
problem for the interconnected system , where we take u; and y; as the
control input and measured output respectively. Recall that we assume that
input-state data is collected to determine %, for each i. With the system matrices
defined as C; = I, D; = 0, this implies only state-measurements are available
for control. We note, however, that C; is allowed to be chosen arbitrarily in
this section and that D; = 0; this implies that output measurements can be
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utilized for control. Future research will focus on extending the framework to the
case when only input-output data is available for synthesis. The problem under
consideration is to guarantee that the channel w — z achieves J%%, performance
v > 0, with performance output

5 =Ciwi+ Y Chwj+ Diu;. (9.11)
JEN;

We consider a distributed controller that is an interconnected system with
dynamic subsystems

ci(k+1) &i(k)
o;(k) | =0; |si(k)|, i=1,...,L, (9.12)
uz(k‘) yz(k)

where & € R™ is the state of controller ¢ and 0; = coljep;, 045, Si = coljen;, si; are

interconnection variables satisfying s;; = 0j; € R"# for (,j) € £. By represent-

ing every interconnected system with performance output and subsystems

(A;, Ay, B;) € 24 in LFT form, we obtain conditions on the data for the exis-

tence of a distributed controller by (Van Horssen and Weiland}, 2016, Theorem 2).
Define the matrices

I 0 0 0
0 0 I I

1®71 0 0 0
0 I 0 0
0 0 I 0

T, .= T 0 0 0 R ZEV,

0 I 0 0
0 0 0 0
0 0 0 I

Cc: oo 00 0

and let S; := (T;),,i € V.

Theorem 9.5.1. Let V; and ®; be matrices that are a basis of ker [C’i 0] and
ker [0 1 (Df)T], respectively, and let n;; = 3n;. If there exist P, P, Z;, Z;,
a; such that P; = 0, P, = 0, a; > 0, (9.14)-(9.15) hold (see next page) with
Bi=a;' and

P
[1 Pz] =0, (9.13)

then there exist ©;, © € V, so that all closed-loop interconnected systems de-

scribed by (9.1)), (9.11)) and (9.12)) with subsystems (Ai, Anr,, B;) € ¥4 achieve

Hoo performance 7.
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—-P, 0 0 0 0 0 0 0
0 P 0 0 0 0 0 0
0 o] zI' ZP 0 0 0 0
Tl 00|z z2 0 0 0 0
A B 0 =Ry —a(S5) | 0 o | L¥i=0
0 0 0 0 | S,  —a;Qh 0 0
0 0 0 0 0 0 —~2T 0
. 0 0 0 0 0 0 0 I |
(9.14)
[ —P 0 0 0 0 0 0 07
0 P 0 0 0 0 0 0
0 o zZIF ZP 0 0 0 0
ToT | 0 0| (ZHT Z22 0 0 0 0
S =0 o 0 | —BRp —B(55) | 0 0 Si®; =0
0 0 0 0 | —BSL  —B:Qh 0 0
0 0 0 0 0 0 —~2I 0
. 0 0 0 0 0 0 0 I |
(9.15)

Remark 9.5.1. The conditions in Proposition|9.5.1] are sufficient for any a; > 0
are LMIs for fized o;. Conservatism can be reduced by, e.g., verifying feasibility
of the LMIs on a discrete interval for ay;, i € V.

In particular, Theorem implies that the existence of a distributed con-
troller for which the ‘true’ interconnected system achieves %, performance, can
be verified by checking a set of LMIs based on noisy input-state data. Suitable
matrices P;, P;, Z;, Z; are thus indirectly based on the data; these matrices can
be used for the subsequent construction of the controller matrices ©; as described
in Chapter {4} cf. (Van Horssen and Weiland, [2016). We note that neither our
existence conditions, nor the construction of ©; is based on the unknown matrices
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9.6 Numerical examples

9.6.1 Example 1: JZ, -norm analysis

Consider a system of the form (9.4)) with L = 3,

0.5 01 0
Ap=10.1 04 0.1 and By=1.
0 0.1 06

We choose y = x so that C = I and D = 0. The input entries are drawn from a
normal distribution with zero mean and unit variance. The noise w(k) is drawn
uniformly from the set {w|||w||2 < o}, where o > 0 determines the noise level.
Hence, considering the set W with Q,, = —I, S, = 0 and R,, = No2I, we have
that the noise satisfies W_ € W.

The aim is to find an upperbound on the %, norm of the channel © — y using
the noisy data (U—-, X) with N = 50 samples. The true %%, norm is vy = 2.8836.
We choose eleven noise levels o in the interval [0.04,0.25] and generate one data
set for each noise level. For each data set, we minimize v subject t with
Q =~%I, S =0and R = —I. The results are displayed in Figure in blue.
By Proposition the corresponding solutions satisfy , hence v is an
upperbound on the J%, norm for all systems in ¥p and, therefore, for (A4, By).

12

10 - 8

*
8 . ]

< L]

6 . 4

L ] L] Y * ®
gl e 8 s : ’ 1

2 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25

Noise level o

Figure 9.1: Example 1: Upper bound on the 75, norm determined from noisy
data with increasing noise levels o via lumped (blue) and structured (red) data
analysis. The 7, norm of the true system is shown in orange.

Next, we perform the analysis through Proposition [0.4.1] using the same data
sets. It is clear that W, € W) for each i with @, = —1, S’ = 0 and R!, = No?I.
For each data set, we minimize v subject to the LMIs (9.10) for i = 1,2,3. The
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resulting v values provide a guaranteed upper bound on the 55, norm of u — y
and are shown in Figure [0.1] in red.

The computed value of v using either Proposition [9.3.1] or Proposition [9.4.1
is a guaranteed upper bound for the 2, norm of the true system for all noise
levels. The bound provides a good approximation of 7 for low noise levels. For
increasing noise levels, the bound v becomes more conservative for both methods.
Comparing the results from Proposition m (unstructured data) with Propo-
sition (structured data), the bounds obtained from are conservative
with respect to those from for higher noise levels, while the difference is
small for low noise levels. By solving the unstructured data-based conditions
in (Koch et al. |2020b, Theorem 4), we find the same bounds as obtained per
Proposition as expected from the duality of the results.

Figure 9.2: The problem in Example 2 is to synthesize a distributed controller
(C) from noisy input-state data collected from an interconnected system (P) with
L = 25 subsystems on a cycle graph, such that w — z achieves a given J#,, norm.

9.6.2 Example 2: Distributed 72, controller synthesis

Consider an interconnected system with L = 25 subsystems, each having one
state (n; = 1). The subsystems are interconnected according to a cycle graph
G (as depicted in Figure and the matrices A; and A;; are drawn uniformly
on the interval [0, 1] and [0, 0.1], respectively, and B; = 1. We consider y; = x;
for all subsystems and consider the performance output z; = x;, so that C7 =

and CF; = D = 0. For the data acquisition, the input entries are drawn from a
normal distribution with zero mean and unit variance. The noise signals w; (k)
are drawn uniformly from the set {w | |w| < o}, where o = 0.05 is the noise level.



216 Chapter 9. Guaranteed ¢, performance from data

Hence, considering the sets W; with Q! = —I, S! = 0 and R{, = No?I, we have
that the noise sequences satisfy W2 € W;, i =1,..., L.

The goal is to synthesize a distributed controller that yields an upperbound
v on the J2%, norm of the channel w — 2, without using knowledge of A4;, A;;
and B;. First, we verify what the smallest upperbound ~ is, for which there
exists a model-based distributed controller by the nominal LMIs in (Van Horssen
and Weiland, 2016, Theorem 2). This smallest upperbound of « is 1.00 and
serves as a benchmark: our data-based method for distributed control cannot
perform better than the model-based distributed controller. We generate the
data matrices (U, , X;) for N = 50 samples. For «o; := o = 1, we observe that
the LMIs and ([9.15)) are feasible for v = 1.10. Hence, by Theorem
there exists a distributed controller that achieves an %, norm less than 1.10 in
closed-loop with the true interconnected system.

0 1 1 1
0 0.1 0.2 0.3 0.4

Noise level o

Figure 9.3: Example 2: Achievable %%, norm with distributed control from
noisy data with increasing noise levels o (red) and achievable %, norm with
distributed control computed using the true system (blue).

Next, we increase the noise level, up to ¢ = 0.4. The resulting values of ~
are shown in Figure [9.3] and obtained from the conditions in Theorem [9.5.1] by
varying « in a discrete interval. We observe that the conservatism increases for
increasing noise levels. This can be explained by the increasing size of X%, leading
to the existence of a more conservative distributed controller that achieves S
performance for all interconnected systems consistent with the data.

9.7 Conclusions

We have considered the problem of analyzing the 7%, norm of an interconnected
system and finding a distributed controller that achieves 2%, performance based
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on noisy data. First, we considered a dual parametrization of the set of sys-
tems consistent with the data and we presented a dual result for data-based
dissipativity analysis, with respect to the results in (Koch et all 2020b). A
dual parametrization of data-compatible subsystems allowed us to introduce an
interconnected system with LFT representations of the subsystems. We have pre-
sented sufficient LMI conditions based on data that guarantee J#,, performance
or the existence of a distributed controller that achieves 7%, performance.

The noise that affects the system has been characterized by quadratic bounds
in this chapter, which can represent, for example, magnitude or energy bounds.
This characterization can yield guarantees on the achieved performance for finite
data, compared to the methods described in Chapter [7|and Chapter [8|in Part II,
as well as Chapter[2]in conjunction with Chapter [ in Part I, that yield asymptotic
properties. Alternative noise characterizations with practical relevance will be
utilized in the sequel of Part III for performance analysis and controller synthesis.
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Appendix

9.A Proof of Lemma [9.3.2]

Proof. Let M := [A B] and
D o._ QD g’D nxn
Since col(U—-, X_) has full row rank, (A, B) € ¥p if and only if
~MT" [Qp Sp)|[-MT _
by Lemma [9:3.1] This is equivalent to
— — T —
P > 0on im { ]\I/[ } and P <0on im {é] . (9.16)

N Van

Since the direct sum of im J}I } and im [ﬂ is equal to R™, it follows by the
dualization lemma (Scherer and Weiland) 2017, Lemma 4.9) that (9.16]) holds if
an only if

B a1t B 1
P_leOHim{]\f] and P_1>Oonim{é},

which is equivalent to

I 1 . 10
M] and P " >=0on 1m[I]

Thus, (9.16) holds if and only if

-
I Qp Sp| |1
M {sg RD] Mjo and R =0,

which proves the assertion. O

15_1500n im[

219
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9.B Definition scales

Let X} and )_(iljl be symmetric matrices. We define

Zjt = — diag X}, Z7% = diag Xjj,
JE€Zp.1) J€Zp.1

ZMh = - diag Xiljl,ZiQQ = diag X}i17
JEZ[1.1) J€EZp.1)

Z1? .= diag | — diag Xiljz, diag (X}iz)‘r ,
JEZL[1:4) J€L[iy1:1)

Z1? .= diag | — diag Xilj27 diag (X;zg)T :
JEL[.4) J€Li41:1]



Chapter 10

Data-informativity for
control: ellipsoidal
cross-covariance noise
bounds

In this chapter, we address the design of controllers based on noisy data that
are not necessarily informative for identification, under the assumption that the
noise satisfies sample cross-covariance bounds with respect to an instrumental
variable. New controller synthesis methods are developed that extend existing
frameworks in two relevant directions: a more general noise characterization in
terms of cross-covariance bounds and informativity conditions for control based
on input-output data. Previous works have derived necessary and sufficient in-
formativity conditions for noisy input-state data with quadratic noise bounds via
an S-procedure. Although these bounds do not capture cross-covariance bounds
in general, we show that the S-procedure is still applicable for obtaining non-
conservative conditions on the data. Informativity-conditions for stability, %%,
and % control are developed, which are sufficient for input-output data and
also necessary for input-state data. Simulation experiments illustrate that cross-
covariance bounds can be less conservative for informativity, compared to norm
bounds typically employed in the literature.

This chapter is based on the publication: T. R. V. Steentjes, M. Lazar, and P. M. J. Van den
Hof. On data-driven control: Informativity of noisy input-output data with cross-covariance
bounds. IEEE Control Systems Letters, 6:2192-2197, 2022b

221
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10.1 Introduction

When mathematical models of dynamical systems are not available, data plays an
essential role in the process of learning system characteristics. Indeed, data can
contain information about the system from which a model of the system can be
derived or a controller can be learned, either from a data-based model or directly
from the data. A key problem for data-driven control is to determine whether
a set of data collected from a system contains enough information to design a
controller, independent of the methodology.

An indirect approach for controller design from data consists of two steps: ob-
taining a model from data through system identification (Ljung, [1999) and sub-
sequently designing a controller via a model-based method. In the field of iden-
tification for control, the problem of determining a suitable model for controller
design is considered (Van den Hof and Schramal [1995)), (Gevers| 2005)), aiming
at minimizing performance degradation due to model mismatching. Whether the
data used for obtaining a model are sufficiently rich for identification, is deter-
mined by a property called informativity.

Even if data are not informative for identification, data can still be informative
for controller design. Necessary and sufficient conditions for informativity of data
for control were developed in (van Waarde et al.l 2020)) for noiseless input-state
data. These results were extended in (van Waarde et al., |2022) for noisy input-
state data with prior knowledge on the noise in the form of quadratic bounds,
via a matrix variant of the S-procedure. Quadratic noise bounds play a key role
in data-driven controller design (van Waarde et al., 2022)), (De Persis and Tesi|
2020)), (Berberich et al., |2021), distributed controller design (Chapter E[) and
dissipativity analysis (Koch et al., 2020al), (van Waarde et al.| [2021)) from data,
and represent, for example, magnitude, energy and variance bounds on the noise.

In this chapter, we consider the problem of determining informativity of input-
output and input-state data for control with prior knowledge of the noise in the
form of a sample cross-covariance type bound with respect to a user-chosen in-
strumental signal. Bounds on the sample cross-covariance were introduced in
(Hakvoort and Van den Hof] [1995) as an alternative to magnitude bounds in
parameter bounding identification, given its overly conservative noise characteri-
zation, cf. (Bisoffi et al.L|2021a)) for a comparison of instantaneous and (quadratic)
energy type bounds for data-driven control. Our approach to data-driven con-
trol extends existing frameworks in two relevant directions: a more general noise
characterization in terms of cross-covariance bounds with practical relevance and
informativity conditions for control based on input-output data. We provide suf-
ficient conditions for informativity for stabilization, %, and 5% control, which
are also necessary for input-state data.
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10.2 Input-output data: cross-covariance bounds

Consider a class of linear systems described by
Al )y(t) = Blg™Hult) +e(t), (10.1)

with A(¢) € RP*P[¢] and B(§) € RP*™[¢] polynomial matrices, given by A(§) =
T+ A+ A2+ + A ¢ and B(€) = By + B+ Bo&?+-- -+ Bt and ¢! is the
delay operator, i.e., ¢~z (t) = z(t —1). By defining ((¢) := col(y(t —1),...,y(t —
Dyu(t—1),...,u(t 1)), A:=row(—Ay,...,—4;) and B :=row(By, ..., B), we
can write (|10.1) equivalently as

y(t) = Bou(t) + e(t) + [A B ((t), (10.2)

Hence, with ( € R™ as a state, a state-space representation is

(10.3)

Notice that (10.3)) is a non-minimal representation of order n = (p+m)l. Defining
the data matrices Z_ := [¢(0) - ((N—=1)], Y_ := [y(0) --- y(N—1)]
and U_, FE_ accordingly, we obtain the data equation

Y_=[A B|Z_+BU-+E_, (10.4)

where A, B, By are unknown system matrices. We consider the noise not to be
measured, i.e., E_ is unknown, while prior knowledge on the cross-covariance of
the noise with respect to an instrumental variable is available.

10.2.1 Cross-covariance noise bounds

Consider the sample cross-covariance with respect to the noise e € RP and a
variable r € RM | given by ﬁ S teyr)T = \/LNE,R—I. The variable r is
instrumental and can be specified by the user (as discussed at the end of this
subsection), i.e., it is a given variable in the upcoming analysis. We assume prior
knowledge on the noise of the form

1
NE_RIR_EI =< H,, (10.5)
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where H, is an upper-bound on the squared sample cross-covariance matrix

Lp RT i ~
WE_R_. In a generalized form, we write

i
wler| |00 2] ] =0 (106)

with Q2 < 0. For Q11 = NH,, Q12 = 0 and Q22 = —I, the bound is
recovered. Note that can be rewritten as the bound in (van Waarde et al.|
2022, Assumption 1) with ®35 = RTQ22R_, but in general only ®2, < 0 holds,
while @95 < 0 is assumed in (van Waarde et al., |2022)). This means that the data
informativity results of (van Waarde et al.l2022) cannot be used to establish data
informativity for general cross-covariance noise bounds. However, the matrix S-
lemma in (van Waarde et al., |2022, Theorem 13) can still be exploited to obtain
necessary conditions for informativity of input-state data with cross-covariance
bounds, as shown in Proposition of this chapter.

In the state-space representation 7 the state-space matrices A, and B,
contain unknown parameters A, B and By. Write

B 0
0 Ipa—1)
o | T
0

0
0
0 (10.7)
0

o O oo

(10.8)

so that A, and B, are unknown parameter matrices, concatenated with zero
rows, and J; and Jy are binary matrices. The set of all pairs (A, B.) that are
compatible with the data is

Sy =14 B].[%]) | 3E_ such that and hold}.

Remark 10.2.1. A remark about the notation is in order. To keep the notation
compact, the state-space matrices A, and B, were defined in . The matrices
A and B, relate to A, and B, as defined in — and both depend affinely
on the unknown matrices A, B and By. Finally, the coefficients in A, B and By
define the polynomial matrices A and B, describing the linear system .
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.
Lemma 10.2.1. Let Q. := [HZQHEZ HZQH} and consider
leHZ Q22

11" [1 H,Y_RT I HYRT'[1
Al 0 —Z_R'|Q.|0 —-Z_RT Al =o. (10.9)
Br 0 —-U_RT 0 —U_RT B/

It holds that ZfoQy) C {(Ae, B.) | (10.9) holds}. Moreover, if R_[Z' UT] has full
column rank, then ZFU?Y) = {(Ae, Be) | (10.9) holds}.

Proof. The first statement follows from (10.4]), (10.6)), and the definition of Eflfy).

Full-column rank of R_[ZT U] and (10.9) imply that the last ml+p(l — 1) rows
of [A. Be] = col(M;,0) are zero and E_ = Y_ — M;[Z] U] satisfies (10.6).

Hence, (A, B) € T(i) so that (%) = {(A, Be) | ([0.9) holds}. O

We denote all (A,, B,) that are compatible with the data by

Sihy = {(Ae + J1, Be + 12) | (A, Be) € S5}

We have provided a parametrization of (a superset of) Efzgy) based on the

data equation (10.4). Omne can equivalently parametrize E?UQy) on the basis

of the state data equation Z, = A,Z_+ B, U_ + H,FE_. This leads to an
equal set EfUQy), but the ‘repeated’ data in the parametrization contained in

Zy = [¢(1) -+ ((N)], would render the evaluation numerically sensitive.
Design methods in (van Waarde et al. |2022)), (Berberich et al., [2021)) can yield a
parametrization EFUC?Y) based on this state data equation, but with limited appli-
cability to cross-covariance bounds , i.e., only if the dimension of r satisfies
M > N.

Existing guidelines (Hakvoort and Van den Hof} [1995) recommend choosing
an instrumental variable r that is correlated with the input u, but uncorrelated
with the noise e. Hence, this suggests the choice of (filtered/delayed versions)
of the input for r in an open-loop case for data collection, and an external ref-
erence/dithering signal for r in a closed-loop case. Moreover, Lemma
provides an additional guideline for the choice of r to reduce conservatism in
the case of input-output data, i.e., R_[Z' U] has full column rank only if the
number of instrumental variables M satisfies M > pl + m(l + 1).

10.2.2 Output-feedback control

Consider a (dynamic) output feedback controller described by the difference equa-
tion of the form (De Persis and Tesi, 2020)

Clg Mu(t) = D(g Hy(t), (10.10)
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with C(§) € R™*™[¢] and D(§) € R™*P[¢] polynomial matrices given by C(§) =
I+ CiE+Cot% + -+ Cp€t and D(€) = D&+ Dot + -+ + D, &' We define a
state (. for (10.10) as (. := col(u(t—1),...,u(t—1),y(t—1),...,y(t—1)), yielding

a state-space representation for the controller:

(10.11)

with C' := row(—C1,...,—C}) anQD = 10w(Dy, ..., Dp). Tt follows that (. =
[9 £1¢, which implies that u(t) = [C D] (.(t) = [D  C]((t). Hence, the closed-
loop system described by (10.3]) and (10.11]) has a representation

A+ B()D B+ B()C’ I
Jj 0 0 0 0

Ct+1)= 5 o C(t) + 0 e(t). (10.12)
0 0 [I 0 0

=:Ac

With K := [D  C], the closed-loop system matrix A satisfies Aqy = A. + B. K.

For some (A,, B,) € E?UC?Y , we say that the controller stabilizes if
the closed-loop system is stable, i.e., if all eigenvalues of A, + B, K are
in the open unit disk, since this implies stability of the closed-loop system
and @ . The notion of stabilization with respect to the state-space repre-
sentation @ was introduced in (De Persis and Tesi, [2020]) for data-driven
stabilization. We note that in the single-input-single-output case, (4., B,) is
controllable if and only if A(¢) and B(§) are coprime (De Persis and Tesi), [2020)).

10.3 Informativity for stabilization

10.3.1 Informativity of input-output data

Definition 10.3.1. The data (U,Y) are said to be informative for quadratic
stabilization by output-feedback controller (10.10) if there exist a K and P > 0
so that

A9 C{(A,B)|(A+ BK)P(A+ BK)" — P <0}.

By (10.7)-(10.8), we find that the existence of K and P > 0 so that (A, +
B.K)P(A,+B.K)" — P <0, is equivalent to the existence of K and P >~ 0 such
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that (10.13)) holds true. Now, for the data (U,Y") to be informative for quadratic
stabilization, we require the existence of K and P > 0 so that (10.13| holds for
all (Ae,B.) € ng?y). This is precisely a problem that can be solved by the S-
procedure; more specifically, by the matrix-valued S-lemma (van Waarde et al.|
2022).

Theorem 10.3.1. The data (U,Y) are informative for quadratic stabilization by
output feedback controller (10.10) if there exist L € R™*"™ P > 0, a > 0 and
B > 0 so that (10.14) holds true. Moreover, for L and P such that (10.14]) is

satisfied, Ay = A, + B, K is stable for all (A,,B,) € EFUQy) with K :== LP~'.

Proof. Let L, P >~ 0, a > 0 and 8 > 0 exist so that (10.14]) holds true and
consider the matrix II defined in (10.13). By the Schur complement, (10.14)) is
equivalent to

II—-aA = [%I 8} ,  where K := LP~ ' and
I H.Y_RT I H,Y.R']'

A:=|0 -Z R"|Q.|0 —-Z_ RT

0 —-U_RT 0 —U_RT

Hence, (|10.13) holds true for all (A., B.) € ZfUQy), cf. (van Waarde et al.| [2022]

Theorem 13). This concludes the proof. O

We remark that if there is a Z so that ZTAZ = 0 with Z = col(l, Z),
called the generalized Slater condition (van Waarde et al.| 2022), then is
also a necessary condition for informativity of input-output data for quadratic
stabilization, if R_[ZT U] has full column rank (Lemma . Unlike in
the case of input-state data, which will be discussed next, we note that the
generalized Slater condition can in general not hold true in the input-output case
if [ > 1, since the noise affects a subspace of the extended state space, yielding a
degenerate matrix A. The combination of noisy and noiseless states in { suggests
that necessity could potentially be proven in general by a ‘fusion’ of the matrix
S-lemma and matrix Finsler’s lemma (van Waarde and Camlibel, 2021)).

T

I P—(J1+ LK)P*)T —(Ji+oK)P —(Ji+LK)PKT|[ I
Al —P(J; + LK) T -P -PK" Al =0
B/ —KP(Ji + K)T -KP ~-KPKT B

- (10.13)
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10.3.2 Informativity of input-state data

We will now consider a special case, where input-state data is available instead
of input output data. That is, we measure a state y(t) = x(t) and the class of
systems considered is

xz(t+1) = Az(t) + Bu(t) + e(t), (10.15)
with the corresponding data equation
Xy =AX_+BU_+E_. (10.16)

All systems that explain the data (U_, X) for some E_ satisfying the cross-
covariance bound (10.6]) are in the set

Z?U?7X) :={(A, B) | 3E_ such that (10.6) and (10.16]) hold}.
By (10.16)), the set of feasible systems is Z?U(% x) = {(A, B)| (A, B) satisfies (10.17)) },

where

11 [ X.R' I X RT1'[1I

AT 0 - X_R'|Q|0 —X_R' AT| =o0. (10.17)
BT 0 —-U_RT 0 —-U_R' BT

:2AX

Remark 10.3.1. Consider a specific selection of M = N instrumental variables
defined by r;(t) :==6(t—i+1),i=1,...,N, and d : Z — {0, 1} is the unit impulse
defined as §(0) = 1 and 6(x) = 0 for x € Z\ {0}. It follows that R_ = I for
this choice of instrumental signals. Then, with the generalized quadratic cross-
covariance bound , we observe that for this special choice R_ = I, we
recover the set of feasible systems in (van Waarde et all [2022), and, hence, the
informativity conditions in (van Waarde et all, (2022).

Definition 10.3.2. The data (U_, X) are said to be informative for quadratic
stabilization by state feedback if there exist a feedback gain K and P > 0 so that

SR2  CH{(A,B)|(A+ BK)P(A+ BK)  — P <0},

P—BI —J,P—JyL 0 J,P+JoL I H.Y_RT
* iy —-LT 0 0 —Z_RT
0 ) 0 L “olg _y_pT | @ (0" =0
* 0 LT P 0 0
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We will now provide a necessary and sufficient condition for informativity of
input-state data for quadratic stabilization, given prior knowledge on the cross-
covariance ([10.6). Consider the generalized Slater condition

[é] e [é} - 0. (10.18)

Proposition 10.3.1. Suppose that there exists a Z so that (10.18)) holds true.
Then the data (U-,X) are informative for quadratic stabilization if and only if
there exist L € R™*" P =0, a > 0 and 8 > 0 so that

P-BI 0 0 O

0 -P —-LT 0 Ax O

— —
0 I o0 L o [ 0 O} 0. (10.19)
0 o LT P

Moreover, K is such that A+ BK is stable for all (A, B) € E?ﬁ_x) if K .= LP~!
with L and P > 0 satisfying (10.19)).
Proof. (<) This is proven by the same argument as in the proof of Theorem|[10.3.1

(=) Let the data be informative for quadratic stabilization, i.e., there exist K
and P > 0 so that, with II defined in (10.13) with J; =0, Jy = 0:

17" 17"
AT | TI(%) = 0 for all (A,B) with |AT| Ax (x) =0,
BT BT
AX AX 1 X+R1—
where Ax = [ AH A12 } =10 —X_R' |Q(x)".
21 22 0 —U,Rj

We will now show that ker As5, C A%, such that necessity follows by the matrix S-
lemma (van Waarde et al., 2022). First, notice that ker A%, = ker R_ [XT U’].
Now, take any = € ker As5. Then R_ [Xj U_T] x = 0. Clearly, we have that
(XyR Qa2 + Q12)R_ [XI Uj] x = 0, which implies that = € ker A;%. Since
x € ker A, was chosen arbitrary, this shows that ker A2, C A%, By ker A3, C A
and , there exist &« > 0 and 8 > 0 so that, by (van Waarde et al [2022]

Theorem 13):
BI 0
0 0]’

which is equivalent to (10.19|) for L := KP by the Schur complement. This
completes the proof. O

H—O[AX

Y
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10.4 Including performance specifications

We will now consider the problem of finding a controller for which the
closed-loop system achieves an %, or % performance bound from the input-
output data (U,Y"). Consider the performance output z, given by z(t) = C,{(t)+
D, u(t). For any pair (4., B,), the controller yields the closed loop system

C(t+1) = (A: + B-K)((t) + He(t),
2(t) = (C. + D.K)((t).

Hence, the transfer matrix from e to z is given by
T(q):== (C, + D,K)(qgl — A, — B,K) 'H,,

for which the %, and % norm are denoted ||T|| . and | T|| s, respectively.
For given K, the s, norm of T is less than v, ||T||;2. < 7, if and only if
there exists X > 0 such that (Scherer and Weiland, |2017, p. 125)

X 0 ALX Ck
0 I HI'X 0
XAx XH, X 0
Crk 0 0 Al

-0, (10.20)

where A := A, + B,K and Cx :=C, + D, K.

Definition 10.4.1. The data (U,Y) are said to be informative for common %
control by output-feedback controller (10.10) with performance ~y if there exist a
K and X > 0 so that

EfUQy) C {(A., B.) | (10:20) holds true}.

Theorem 10.4.1. The data (U,Y) are informative for common 5 control
with performance ~y if there exist L € R™*" P = 0, a > 0 and 8 > 0 so that

(10.21))-(10.22) holds true.

Proof. By a congruence transformation of (10.20) with diag(P, I, P,I) with P :=
X! and the application of the Schur complement (twice), the existence of K
and X > 0 so that (10.20)) holds, is equivalent to the existence of P and L so
that P > 0 and

P-V.(P—~'FTF)'V] -~ 'H.H =0 (10.23)

z

=:S
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and P -~y 'FTF ~ 0, where V, := A,P+ B.,L and F := C,P + D.L. We can
now rewrite (10.23)) as

11" [P—~'HH] 0 I
AT Pl . [P1"| |AT| = o,

which is equivalent to

T T

I I I - I
S o e D e | T
B B/ B/ B/
17 [P+ Rl I
— AT P S (x)T{A] ] =0 (10.24)
BT L BT

Hence, the data (U, Y') are informative for common 5%, control with performance
7 if and only if there exist P >~ 0 and L such that P —y ' FTF = 0 and (10.24)
holds for all (A, B.) € ZRUQy). By assumption, there exist P > 0, L, o > 0

and B > 0 such that (10.21)) holds true. By the Schur complement, ((10.21]

is equivalent to Il — aA > [ﬂOI 8], which implies that (10.24)) holds for all

R
(Ae,B.) € Z(U?Y). O

The conditions (10.21})-(10.22) are linear with respect to P, L, « and 5. By a
straightforward additional application of the Schur complement, (10.21]) can also

be made linear with respect to ~.
By Proposition we have that, for a given controller parameter matrix
K, the 4% norm of T is less than v, ||T'|| 5 < 7, if and only if there exists X > 0

P—~y'HH] —pI 0 0 J,P+JoL 0 I H,Y_RT
0 0 0 P 0 0 —Z_RT
0 0 0 L 0 |—al0 —U_RT|Q.(x)"=0,
* * % P FT 0 0
0 0 0 F ~I 0 0
(10.21)
P FT
[F ﬂ}o
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T

P—BI 0 0 JiP+.Jo,L O I H,)Y_RT I H.Y_RT
0 0 0 P 0 0 —-Z_RT 0 —-Z_RT
0 00 L 0|-al|0 —-U-RT|Q.|0 —UR"| =0
* *  * P FT 0 0 0 0
0 0 0 * I 0 0 0 0
(10.26)
such that
trace HZTXHZ < 72 and X>A}EXAK + C;CK. (10.25)

Definition 10.4.2. The data (U,Y) are said to be informative for common 7
control by output-feedback controller (10.10) with performance v if there exist a
K and X > 0 so that igfy) C{(A,, B.)|(10.25) holds true}.

Theorem 10.4.2. The data (U,Y) are informative for common 7 control with
performance v if there exist L € R™*" symmetric Z, P = 0, a > 0 and 8 > 0

so that trace Z < ~2, (10.26) holds true,

T T
[? F:r ] =0 and Lg HPZ} = 0. (10.27)

Proof. By a congruence transformation of (10.25) with P := X! and the Schur
complement (in both directions), it follows that (10.25) is equivalent to P —
FTF >0,

P-V.(P-F IV =0 (10.28)
and trace H] P~1H, < ~2. Now, we can rewrite as
11" [p 0 I
i o e ]

which, by (10.7)-(10.8)), holds if and and only if

T T T

AT P |s| P AT| < |AT [0 0} AT
BJ L L B;r B;r BJ
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There exist P > 0, L so that (10.29), P — FTF > 0 and trace H] P~ H, < ~*
if and only if there exist P > 0, L, Z so that , P—F'F»~0, Z-
H]P7'H, = 0 and trace Z < 42. Indeed, for Z := H, P~1H, we infer trace Z <
v2. Sufficiency follows from H] P"'H, < Z = traceH] P~'H, < trace Z.
Hence, the data (U,Y) are informative for common 7% control with performance
7 if and only if there exist P = 0, L, Z so that Z — H] P"'H, = 0, trace Z <
v, P—FTF » 0 and hold for all (A., Be) € ngy). By assumption,
trace Z < 7?2 is satisfied, P — F'F = 0, Z — H] P"'H, = 0 follow by (10.27)
and via an analogue argument as in the proof of Theorem [10.4.1} (10.29) holds

for all (A, B.) € zfg?y) by (10.26). O

Remark 10.4.1. The conditions in Theorem |10.4.1 are also necessary
for informativity of input-state data for o, /5% control, where H, =1, J; =0,
Jo=0and Y_ and Z_ are replaced by Xy and X_, if (10.18)) holds for some Z.

10.5 Numerical example
Consider the system ((10.15) with true system matrices

—0.2414 -0.8649 0.6277 1 0
Ao = 03192 —0.0301 1.0933(, Bpy= |0 2
0.3129 —0.1649 1.1093 11

and consider a performance output z(¢) = [0 0 1]z(¢t). The objective is to deter-
mine if input state data collected from the system are informative for common .74
control. We consider a noise signal e(¢) with a uniform distribution, taking values
from the closed ball {e € R?||le||3 < 0.35}. First, we consider this noise bound
to be known, represented by the noise model E_ € {E_|E_ET < 0.35NT1} as
described in (van Waarde et al., 2022, Section VI.A). This can be represented
by the noise model with R_ = I, cf. (van Waarde et al., 2022, Equation
(5)). We consider the informativity analysis for various data lengths N ranging
from N = 2 to N = 250. For each data length N, we generate 50 data sets.
Given the bound on E_, we can verify informativity for common 5% control via
Theorem 17 in (van Waarde et al., |2022). We find that the generalized Slater
condition (van Waarde et al. 2022, Equation (16)), holds true for all data sets,
thus the data are informative for common 75 control with performance ~ if and
only if the condition (van Waarde et al., 2022, Equation (%)) is feasible. The
relative number of data sets for which this necessary and sufficient condition is
feasible for some v > 0 is visualized in Figure [10.1a] for each data length N, in
red. Naturally, if the condition is not feasible for any v > 0, the data are actually
not informative for feedback stabilization, although the true system is stable.
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(a) Informativity for % control (b) 4% performance from data

Figure 10.1: (a) Number of input-state data sets that are informative for 7%
control versus data length N for noise-norm bounds (red) and quadratic cross-
covariance bounds (blue) and (b) feasible 72 obtained versus data length N with
quadratic cross-covariance bounds.

Now, we consider the quadratic cross-covariance bound ((10.5)) for the noise.
We choose an instrumental variable that contains lagged versions of the input:

r(t) := col(u(t),u(t — 1),u(t —2),...,u(t — 8),u(t —9)).

We assume prior knowledge in the sense that E_ € Egg = {E_ |E_RTR_ET <
NH,}, where H, is taken as H, = I, independent of N. The cross-covariance
bounds hold true for all generated data sets. We verify that there exists some
Z so that holds true for all data sets. Hence, by Remark 2, the data
are informative for common 5% control with performance v if and only if the
conditions in Theorem [[0.4.2] are feasible. The relative number of data sets for
which this necessary and sufficient condition is feasible for some v > 0 is visualized
in Figure for each data length N, in blue. For N > 20, all data sets are
informative for common 7% control. For these data sets, the smallest 775 norm
upper bounds v? are visualized in Figure where the median performance
is indicated by a solid line and the shaded area is bounded by the 25" and
75" percentiles. In comparison, the %% norm that can be achieved by a state
feedback controller with knowledge of (Ag, Bp) is equal to 1.000, which therefore
is a benchmark that cannot be outperformed by any data-based controller.
Now, consider that noisy output measurements are available instead of state
measurements. Consider the system with A(q™!) and B(g™!) such that
To(g™Y) = A~ (g7 1)B(q1) with Ty := Co(qI — Ag) ! By, where Cj is the output
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matrix. We consider three cases: Co =[1 0 1], Co =1[01 0], and Cp = [1 0 0].
The noise is uniformly drawn from [—0.35, 0.35]. For each choice of output, we
generate 50 data sets for data lengths ranging from N = 2 to N = 250. We
choose an instrumental signal containing lagged input signals as before, which
is therefore independent on the choice of output. The upper-bound is chosen
H, = 0.3, which holds for all data sets. By Theorem feasibility of the
conditions for informativity for .74 control for some v > 0 is verified for each data
set. The results are depicted in Figure We observe that the data sets are
not informative for low data lengths, which can be expected. For increasing data
length, informativity becomes dependent on the choice of output. For N = 30,
for example, 90% of the data sets yielded feasible informativity conditions for the
choice of Cy = [1 0 0], compared to less than 50% of the data sets for the other
two choices for Cj.

5100 g g *>
E
ey L
g 80 ——y =1 + T3
= 60l —yem
Qo
g
E a0t .
<
wn
§ 20 - q
s
I | | | |
0 50 100 150 200 250

Figure 10.2: Effect of the choice of output on informativity of input-output data
for % control, illustrated by the number data sets that satisfy the conditions in
Theorem [10.4.2f versus the data length N.

10.6 Conclusions

We have considered the problem of informativity of input-output data for control,
with prior knowledge of the noise in the form of quadratic sample cross-covariance
bounds. Sufficient informativity conditions for stabilization, ¢, and %% control
via dynamic output feedback were derived, which are also necessary if the state
is measured. We have provided a numerical case study where data-informativity
can be concluded with cross-covariance bounds, while the data are concluded to
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be non-informative with magnitude bounds. Finally, we have illustrated how the
choice of output affects the informativity of input-output data via a numerical
example.

The quadratic sample cross-covariance bounds on the noise have given new
insights in the informativity analysis for controller design and can yield less con-
servative results. The bounds are specified with respect to an instrumental vari-
able, however, that has to be chosen a priori and is therefore a crucial variable
in the controller design. The specification of cross-covariance bounds is further
addressed in Chapter where bounds are specified with respect to individual
noise components and the corresponding bounds are linked with the performance
analysis of interconnected systems in Chapter [J]



Chapter 11

Data-informativity for
control: polyhedral
cross-covariance noise
bounds

In this chapter, we address the informativity of input-state data for control where
noise bounds are defined through the cross-covariance of the noise with respect
to an instrumental variable; bounds that were introduced originally as a noise
characterization in parameter bounding identification and were considered in a
squared form in Chapter [10]in terms of the partial order on positive semi-definite
matrices. The cross-covariance bounds considered in this chapter are defined by
a finite number of hyperplanes, which induce a (possibly unbounded) polyhedral
set of unfalsified systems. An advantage of this noise characterization is that
the specification may be done with respect to each noise component separately.
We provide informativity conditions for input-state data with polyhedral cross-
covariance bounds for stabilization and %/, control through vertex/half-
space representations of the polyhedral set of unfalsified systems.

11.1 Introduction

In Chapter we have considered the problem of determining informativity
of data for controller design, with prior knowledge on the noise in the form of
quadratic cross-covariance bounds. The quadratic cross-covariance bounds lead

237
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to a data-based parametrization of the set of feasible system matrices, which is an
ellipsoid. Informativity conditions for control therefore follow by the application
of the matrix S-lemma (van Waarde et al., |2022)). However, because the bounds
in Chapter [L0|are specified in terms of the partial order on positive semi-definite
matrices, prior knowledge on the cross covariance of individual noise components
cannot be considered directly.

The problem that is considered in this chapter, is to determine if noisy data are
informative for controller design, while taking into account bounds on the individ-
ual entries of the sample cross-covariance between noise components and instru-
mental variables. More specifically, we consider informativity of input-state data
for controller design in the presence of noise satisfying polyhedral cross-covariance
bounds. This prior knowledge combined with measurement data leads to sets of
feasible system matrices that are intersections of halfspaces and therefore (possi-
bly unbounded) polyhedra. We show how convexity of the sets of feasible system
matrices and stability /performance criteria lead to data-based linear matrix in-
equalities (LMIs) that are necessary and sufficient for quadratic stabilization, .75,
and % control in the case the polyhedron is bounded. The technique of using
the convexity of polytopes for obtaining a finite set of controller synthesis LMIs
is well known in robust control, e.g. for stabilization of systems with polytopic
uncertainties, cf. (Kothare et al., 1996, (Scherer and Weiland, 2017, Chapter 5).

When the set of feasible system matrices is unbounded, there is no correspon-
dent from robust control for systems with polytopic uncertainty. An unbounded
set of feasible systems implies that data are not informative for system identifi-
cation in the case of noise-free data, cf. (van Waarde et al., [2020, Example 19),
and is therefore particularly interesting for informativity analysis. We provide
preliminary results for data informativity for stabilization, in the case of noisy
data that lead to a unbounded set of feasible systems.

Finally, utilizing the recently developed matrix S-procedure (van Waarde
et all [2022), we show how conservative approximations obtained through ellip-
soidal supersets lead to sufficient but tractable conditions for data-driven control
design with polyhedral cross-covariance bounds. For interconnected systems, we
show how sets of feasible system matrices are determined per subsystem. The
resulting polytopes can be approximated by ellipsoids for each subsystem sepa-
rately. Application of the method described in Chapter [J] yields conditions for
informativity of input-state data for distributed %, control of interconnected
systems.
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11.2 Polyhedral cross-covariance bounds

In this chapter, we consider the data-informativity for a class of linear systems
that is affected by a noise signal e(t):

z(t+1) = Az(t) + Bu(t) + e(t), (11.1)

with state dimension n and input dimension m.
The true system is represented by the pair (Ag, Bg). State and input data
generated by the true system are collected in the matrices

X :=[z(0) --- x(N)], U-:=[u0) - u(N—-1).

By defining

we clearly have
X, =AX_+BU_+E_. (11.2)

In case the noise is measured, the set of systems that is consistent with the data
(U_,X) is

Yw_xp)=1(AB)| X, =AX_+BU_+E_}.

When the data are informative for system identification, as defined in (van
Waarde et al., 2020), the set of feasible system is a singleton Yy x g ) =
{(Ao, Bp)}. This is equivalent with col(X_, U_) having full rank. In the case the
data are not informative, the set X(y_ x g_) is not a singleton, but becomes a
line or hyperplane. Even if the data are not informative for system identification,
the data can still be informative for other properties, such as stability or feedback
stabilization, cf. (van Waarde et al., [2020).

Let e =: col(ey, ..., e,) and consider that each noise channel e;, j =1,...,n,
is not measured, i.e., £ is unknown, but that e;(¢) satisfies the bounds

i=1,...,M, (11.3)

where r; are signals that are chosen, typically as a (delayed version of) state or
input signal, and céj, c;; are specified bounds. Notice that we specify M upper

and lower bounds for each noise channel j € {1,...,n}, and that the instrumental
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A

Figure 11.1: Informativity (blue dot) and non-informativity (blue line) of noise-
less data (U_, X) for system identification.

variables r;, i € {1,..., M}, are common for all noise channels j € {1,...,n}.
The bounds in (11.3) are satisfied for all j if and only if

E_=col(E],...,E,) €&,

where
1

VN
1 N-1
={BlGi< o= ; e(t)r(t)" < Cu}.

Er:={FE|C;< —E_R' <C,}

with R_ := col(R7,...R};) and with céj and c}}; the (i, j)-th entry of C; and C,
respectively. The inequalities defining £r are thus entry-wise inequalities.

Remark 11.2.1. Noise bounds of the type define upper and lower bounds
on the sample cross-covariance of the noise e and an instrumental variable r.
These bounds were introduced in (Hakvoort and Van den Hof, |1995) for parame-
ter bounding identification. An ‘ellipsoidal’ version of these bounds, i.e., a bound
on E_RTR_ET in the terms of the partial order on positive semi-definite ma-
trices, has been considered in Chapter [I( for analyzing informativity for con-
trol. The difference in prior knowledge on the noise has two implications: (i)
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the bounds allow a component-wise specification of bounds on the cross-
covariance compared to ellipsoidal bounds, and (ii) incorporating this “polyhedral”
(possibly unbounded) prior knowledge on the noise in the informativity analysis
requires a fundamentally different approach compared with the application of the
matriz S-lemma (van Waarde et all, [2029) used in Chapter [10, as will be dis-
cussed in Section [11.3

Remark 11.2.2. Guidelines in the literature recommend choosing an instrumen-
tal variable r that is correlated with the input u, but uncorrelated with the noise
e (Hakvoort and Van den Hof, [1995]). We refer to (Hakvoort and Van den Hof,
for more information on choosing v and estimating the bounds (11.3|) from
data.

The bounds on the cross-covariance between the noise channels and the in-
strumental signals induce a restriction on the pairs (A, B) that satisfy the data
equation

X, =AX_+BU_+E._. (11.4)

All systems that explain the data (U_, X) for some F_ € Eg are collected in the

set 2%‘%7 X)

S x) = {(A,B)|3E_ € &g such that (T14) holds}.

The following proposition provides a parametrization for the set of feasible
systems with cross-covariance bounds.

Proposition 11.2.1. EFU_ x) = {(A,B) | (11.5) holds}, where

VNC, < X,RT - [A B E;ﬂ <VNC, (11.5)

Proof. The set of feasible system matrices is

N-1

Z?U,,X) ={(A,B)|C; < \/% ; e(t)r(t)T < Cyu} (11.6)

={(A,B)|C' <R}~ < C.}, (11.7)
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where

N —

Ju

1

RN~ .=
er \/N

e(tyr(t)’

~

_ Ly (x(t + 1) — Az(t) — Bu(t)) r(t)"

N t=0
1

1 1
= X.R'"-A—X R'-B—UR".
VN T N VN

Hence, the feasible set of systems is

S{i x) = {(4,B) | ([LEF) holds},
which completes the proof. O

. It can be shown that E?U,, x) Is an intersection of half spaces, by observing
that

M
Yu_x)= XN o NEG o = N 20 x);
=1

where, for i =1,..., M,

_ RN- u
Sl = (4B < RE -4 B] g | < e,

ur;

with RYF = XL (R))', Ry = ﬁx_(R;)T and RyF = —<U_(R7) "

Hence, the set of feasible subsystems is either an intersection of halfspaces and
unbounded (called an H-polyhedron) or it is a bounded polyhedron (called V-
polytope). Another way to see that E?U,7 X) is an intersection of halfspaces, is to
vectorize the inequalities:

R _ N+ RQJJVT_ T
Sl = 1A )| vec(C) < vee(R2) - (| 7| @1,
x vec ([A BJ) < vec(Cy)}.

Lemma 11.2.1. The set of feasible systems E?U, X) is bounded if and only if

Ker E]Rﬂ o {0}, (11.8)
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Proof. First, we note that E{iU,, X) is not empty. A non-empty polyhedron
E?U,,X) ={(A,B) | Mvec([A B])<c}

is unbounded if and only if there exists v # 0 so that Mv < 0. With
RN-1T
()
= N7 _l_ 5
([QN} ® In>
ur

we observe that Mv < 0 if and only if Mv = 0. Hence, E?U, X) is unbounded if
and only if

M :

RN RN~
ker [Rgf\f_] ®I,] #{0} < ker [R}”VT_] # {0}.
N_ T
We conclude that E?U,, x) is bounded if and only if ker [gf{_] = {0}, which
concludes the proof. O

A

Figure 11.2: Illustration of the set E?U,,X) for M =1 (green) and for M > 1

(orange).
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Remark 11.2.3. The condition for boundedness of ZﬁL X) 1s equivalent with

the matriz row(R_ X, R_UT) having full column rank. A necessary condition
for the rank of this matriz being full, is to have enough instrumental signals.
More precisely, a necessary condition for boundedness is that M > n + m, where
we recall that n and m are the state and input dimension, respectively, and M
is the dimension of the instrumental signal r. For the scalar case n = m = 1,
an unbounded set ZFU,,X) s obtained for M = 1, as illustrated in Figure m
green. With M > 1 the rank condition can be satisfied (no redundant inequalities)
and a polytope is obtained, as illustrated in Figure i orange.

11.3 Informativity for feedback stabilization

Consider the problem of stabilizing the ‘true’ system (Ag, Bp) using the data
(U-,X). We define the set of systems that are stabilizedﬂ by K as

Yk :={(A,B)| A+ BK is stable}.

In line with (van Waarde et al., [2020, Definition 12), we consider the following
definition for informativity for stabilization by state feedback.

Definition 11.3.1. The data (U_, X) are said to be informative for stabilization
by state feedback if there exists a feedback gain K so that

S ,x) € Tk

In other words, if there exists a K so that for every system (A, B) in Zf‘Uﬂx),

A+ BK is stable, then the data are informative for stabilization by state feedback.

Definition 11.3.2. The data (U_,X) are said to be informative for quadratic
stabilization by state feedback if there exist a K and P > 0 so that

S x) C{(A,B)|(A+ BK)P(A+ BK)'—P=<0}. (11.9)

Notice the difference: the data are informative for quadratic stabilization
if there exists a common pair (K, P), with P > 0, such that the inclusion in
Definition holds, while the data are informative for stabilization if there is
a common K so that ZFU,,X) C ¥k. Hence, the data (U_, X) are informative for
stabilization by state feedback if the data (U_, X) are informative for quadratic
stabilization by state feedback, but the reverse implication is not true, in general.

LA matrix is called stable if all its eigenvalues are in the open unit disk.
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11.3.1 EﬁU,,X) is an unbounded polyhedron

We consider here the scalar case, i.e., m = n = 1. In the case that there is one
instrumental signal r = rq, the set E{CIL X) is described by two linear inequalities

N —
RZE’I‘

RN N+ I
[A B][IT]<er —C,[A B} |:RN_

> RNt _ v,
fo“_ :| = Llgp

We observe that ERU_ ) is the intersection of two closed half-spaces. The follow-
ing result states that a sufficient condition for data informativity for stabilization,

is the existence of a K that stabilizes all systems on the “boundaries”, i.e., the

defining hyperplanes of EEU,, X):

Proposition 11.3.1. Let RY~ be non-zero and let there exist (RY )T such tha
RN=(RN-)t =1 and

(R =) (RET and (R — ") (Ryy)!
are stable. Then the data (U-,X) are informative for stabilization by state feed-

back. Moreover, K is such that Z?U,,X) C Yk if K= RN-(RN)T, with (RY )T
as described above.

Proof. Let (RY~)' be non-zero and such that
(R = )(RED)T and  (REF —¢)(RY)T
are stable. We will first show that

N—
RET

~1<[A B [Rivf} (RET < 1.

Consider the case that (RY ) is positive. Then
RY- N—\t N+ I/ pN—\t
[A B} RN— (er ) < (er —cC )(er ) )
Ry~ N—\t N+ uy/pN—\t
[A B} RN— (R;cr ) > (er —C )(Ram“ ) .
Furthermore, RY+ — c* < RN+ — ¢! implies that

—1< (R = )Ry < (R = (R < 1.

2Note that in this case (n = 1), (RY.7)T is a scalar and is unique.
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Hence, any (A, B) € X(y_ x) satisfies

N—
RIT’

-1<[A B] {R{Xﬂ} (RY)T < 1. (11.10)

Similarly, if (RY7)T is negative, then RN+ — c* < RN+ — ¢! implies that
—1< (R = )R < (R —e)(RE)T < 1,

and we again find that (11.10) for any (A, B) € Z?U_,X)'
Now, define K := RN~(RN7) to observe that —1 < A + BK < 1 for any

ur

(A,B) € EfU_ x)- Hence, there exists a K so that ZfU_ x) € Xk, which com-
pletes the proof. O

Example 11.1. Consider that data X =[01.234.14.25],U_ =[11 —0.5 —2]
have been collected from a system with system matrices Ag = 1.5 and By = 1. The
corresponding noise E_ =[0.2 0.2 0.1 0.1] s unknown, but satisfies E_ € Eg for
R_ =U_ with C,, = —C; = 0.25. For this example, (RN — c')(RN7)T = 0.6882
and (RN —c*)(RN7)T = 0.8059, hence the data are informative for stabilization
by state feedback by Proposition and K = RN~ (RN~)T = —0.7353 is indeed
such that Ag + BoK is stable.

Alternatively, the sufficient conditions for the data (U_, X) to be informative
for feedback stabilization can be stated in terms of linear matrix inequalities.

Proposition 11.3.2. Let there exist a © satisfying RY~0 = (RYN-0)T so that

RN-6 RN+ — o

|:®T(RN+—CZ)T ( RN,@) :| >‘O and (1111)
RY-0© RN+ _ O

[@T( s Sy ) } -0, (11.12)

Then the data (U_, X) are informative for stabilization by state feedback. More-
over, K is such that ZFU, x) Xk if K = RN-O((RNfe)~!.

Proof. The inequalities in (11.11)-(11.12) imply that RY~© is positive definite
and that

[(RYT —cho(RY-0) ' (RY-6)x" —RY-© <0 and

(R —¢)O(RY0) (R ©)X] " — RY76 <0.

Hence, (RY* —c)O(RY-0)7! and (RYF — c*)O(RY-0)~! are stable. That is,
there exists a right inverse (RY 7)1 := O(RY-0)! so that(RY T — )O(RY )T
and (RN* — ¢)O(RN)T are stable. Therefore, it follows by Proposition
that the data (U_, X)) are informative for stabilization by state feedback. O
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11.3.2 E(U X) is a bounded polyhedron

By Lemma |11.2.1, we observe that E{iU, X) is a convex polytope with a finite
number of vertices O’éU x) b i = 1,..., L, if the data (U-, X) and instrumental

signals R_ satisfy (11.8 - In the scalar case, for example, the set E(U X) is then
described by L = 4 vertices with M = 2 instrumental variables, as deplcted in

Figure [[1.2]

By Definition [I1.3.1] the data (U_,X) are informative for stabilization by
state feedback if there exists a K so that A+BK is stable for all (A, B) € E(U X
If (11.8) holds true, then E(U,,X) = conv{U(UﬂX), NN O'(U77X)}. The following
lemma allows us to verify stability conditions for all matrices (A, B) that are
compatible with the data, by verifying the conditions at the extreme points of
TR .
(U-.X)

Lemma 11.3.1. Let T € S"X”E let So be a set and let F' : & — S™ ™ be a
function with domain S = convSy. Then F(x) < T for all x € S if and only if
F(z) <T forallz € Sp.

Proof. The assertion is a strict version of the assertion in (Scherer and Weiland,
2017, Proposition 1.14). The proof follows mutatis mutandis by the proof of
(Scherer and Weiland,, [2017, Proposition 1.14). O

Now, given the (known) vertices UéU7 Xy &= 1,..., L, the problem of ver-
ifying informativity for stabilization can be reduced to verifying the stability
condition at the extreme points of EfU_ X) 88 shown by the following result:

Proposition 11.3.3. Let (11.8)) hold. The data (U-,X) are informative for
quadratic stabilization by state feedback if and only if there exist K and P so that
P >0 and

.
I ; ; I :
{K} (ctv_.x)) " Polu_ x) [K} -P=<0, i=1,...,L. (11.13)

Proof. Consider the matrix function F : Z?U,,X) — S"*" defined by F(o) :=
col(I, K)To " Pocol(I,K). Since EFU,,X) is convex and P > 0, we infer that F
is a convex function. Hence, by Lemma [11.3.1) F(c) < P for all ¢ € E?U,,X)
if and only if F(o) < P for all o € {o(;_x),---,0{;;_ x)}. This proves the
assertion. O

We note that the conditions in Proposition[I1.3.3]are not linear with respect to
K and P. The application of the Schur complement yields conditions equivalent
to (11.13]) that are LMIs:

3§"X" denotes the set of m X n symmetric matrices with real entries.
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Corollary 11.3.1. Let (11.8) hold. The data (U—, X) are informative for quadratic
stabilization by state feedback if and only if there exist Y and M so that

Y ZT i T
. (lu_x)) =0, i=1,...,L, (11.14)
O'(UﬂX)Z Y

with Z := col(Y, M). Moreover, K is such that E?U,,X) CYk if K=MY™!,

Proof. By the Schur complement, the existence of K and P > 0 such that (11.9)
is equivalent with

.
JK,P  such that [ P (A+BK) ]»0

A+ BK P!

for all (A,B) € EFU_,X)' Define Y := P71 and M := KP~! and perform a
congruence transformation with diag(Y, ) to obtain

Y (AY + BM)T

dY, M  such that [AY+BM v

B
for all(A4,B) € Z?U,,X)' By Lemma [11.3.1} we find that this is equivalent
with (|11.14)), which proves the assertion. O

Corollary 11.3.2. Let (11.8) hold. The data (U_, X) are informative for sta-
bilization by state feedback if one (and therefore all) of the following equivalent
statements holds:

e the data (U-,X) are informative for quadratic stabilization by state feed-
back,

o there exist K and P so that P > 0 and (11.13)) are satisfied,
e there exist Y and M so that (11.14) is satisfied.

Example 11.2. Consider again the system from Ezample[I1.1 with Ap = 1.5 and
By = 1. Consider that the noise e(t) is drawn uniformly from the set {e|e? < 0.2}
and data (U_, X) is collected for N = 10. We select four different instrumental
variables r based on lagged versions of the input u with M € {2,3,4,5}. These are
defined as ryr(t) := col(u(t),u(t—1),...,u(t—M+1), i.e., ra(t) = col(u(t), u(t —
1)), r3(t) = col(u(t),u(t — 1), u(t — 2)), et cetera. We assume prior knowledge
on the cross-covariance through the bounds with ¢ = —ct = 0.1, i =
1,...,M; these bounds are verified to hold for each of the four choices for M.
Figure shows the set of feasible systems E?U_,X) for each choice of ryy,

denoted X5, illustrating a significant reduction in the size of X%, for increasing
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M. We verify that the data (U—, X) are informative for quadratic stabilization by

Corollary|11.3.1|, since the LMIs (11.14)) are feasible for M = 2,...,5, yielding
K = —1.4842 for M =5 such that Lx C TE.

0.98

0.96 +

0.94 -

1.494  1.496  1.498 1.5 1.502  1.504

Figure 11.3: Feasible sets of systems EfU_, X) obtained in Example with
different choices of R_ for M € {2,3,4,5}.

11.4 Including performance specifications

In this section, we will consider the problem of finding a feedback gain from the
data (U_, X), such that the closed-loop system with (Ag, By) satisfies a given
Hoo or 5 performance bound. Consider the performance output z, given by

z(t) = Cz(t) + De(t),

where C' and D are user-specified matrices. Recall the set Yk ; the set of systems
that are stabilized by K. The set of systems that achieve 7%, performance -y
with feedback K is defined as

E%=(7) = Sx N {(A B) [ IT | < 7}
with T'(q) := C(¢I — A— BK)~! + D.

Definition 11.4.1. The data (U-, X) are said to be informative for 5 control
with performance v if there exists a feedback gain K so that EFU_’X) C Efw ().
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Proposition 11.4.1. Consider a pair (A, B) and v > 0. The following state-
ments are equivalent:

o there exists K so that (A, B) € E‘I}f)"" (),

o there exist K and P so that P = 0 and

[ I OT P 0] 0 0 [ I ow

A+BK I o P| 0 o0||lAa+BK I

5 7 00 =T 0 5 <0, (11.15)
C D 0 0| 0 I C D

Definition 11.4.2. The data (U_, X)) are said to be informative for common 5%
control with performance vy if there exist K and P so that P = 0 and (11.15)) holds
for all (A, B) € EFU_ X)-

Following a similar reasoning as for Proposition[I1.3.3] necessary and sufficient
conditions on the data for informativity for common 4%, control are obtained,
by Proposition [11.4.1]in conjunction with Lemma [11.3.1

Proposition 11.4.2. The data (U_, X) are informative for common 5%, control
with performance v if and only if there exist K and P so that P >~ 0 and for all
ie{l,...,L}:

.
' I 7 Olr _p 0 0 0 d 7 0
T(U_,x) {K} 1 0 P 02 0 |7t x) {K} d =<0
0 0|2 0
0 I 00 0 I 0 1
C D C D

Application of the Schur complement to the conditions in Proposition [11.4.2
yields necessary and sufficient conditions in the form of LMIs.

Corollary 11.4.1. The data (U_,X) are informative for common %, con-
trol with performance v if and only if there exist Y and M so that for all
ie{l,...,L}:

Y 0 ZT(0}y )" YCT

0 NI I DT
7 >07
oy 2 1 Y 0

cy D 0 ~T

with Z := col(Y, M).
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The set of systems that achieve 75 performance v with feedback K is defined
as

S () = 2k N {(AB) || T]loe <7}

Definition 11.4.3. The data (U-, X) are said to be informative for 5 control
with performance ~y if there exists a feedback gain K so that E{‘IU,,X) C Z‘;& ().

Proposition 11.4.3. Consider a pair (A, B) and v > 0. The following state-
ments are equivalent:

o there exists K so that (A, B) € 72 (v),

e there exist K, P and Z so that trace Z < v and

P P(A+BK) P P o CT
* P 0|=0, 10 I DT|=o0. (11.16)
* * ~I C D Z

Definition 11.4.4. The data (U_,X) are said to be informative for common
Ft5 control with performance v if there exists K, P and Z so that trace Z < -y

and (11.16) holds for all (A, B) € E?U,,X)'
The application of Lemma[T1.3.1] to the conditions in Proposition leads

to necessary and sufficient conditions for informativity for common % control,
as stated in Proposition [11.4.4. These conditions can be stated equivalently as
LMIs through a variable transformation, leading to Corollary

Proposition 11.4.4. The data (U—_, X) are informative for common 5% control
with performance ~y if and only if there exist K, P and Z so that trace P < 7y and
forallie{1,...,L}:

) I
T i
P 0 C’T P PO'(U_7X) [K] P
0 I D =0 and N p 0 =0
C D Z . N o

Corollary 11.4.2. The data (U—-,X) are informative for common % control
with performance vy if and only if there exist Y, M and P so that trace P < =y
and

Y 0 YCT Y ooy 2 I
0 I DT |=0 and * Y 0| >0,
cy D P * * ~I

holds for all i € {1,...,L} with Z := col(Y, M).



252 Chapter 11. Polyhedral cross-covariance noise bounds

By Proposition and Proposition we observe that the extension
of the data-informativity conditions for stabilization by state feedback extends
directly to conditions for 7%, and % control, due to Lemma[I1.3.1] Notice that
the transfer matrix 7" under consideration, is the transfer from the disturbances e
to the performance output z, i.e., the influence of the disturbance on the per-
formance output z is penalized. If desired, the input w can be included in the
performance output mutatis mutandis. Furthermore, the results in this section
can be modified for a reference tracking problem, by considering the transfer T'
from a reference r to the corresponding performance output z (tracking error).

11.5 Approximating EfU_, x) by an ellipsoidal su-
perset

Consider the case where we have multiple instrumental signals such that M > 1
and that holds. From Corollary [11.3.1} [11.4.1] and [11.4.2] we observe that
the number of LMIs to be solved for concluding informativity for stabilization,
I and I control, scales affinely with respect to the number of vertices of
E?U,,X)’ i.e., with respect to L. The number of vertices grows with the number

of instrumental signals. For example, in the scalar case (n = m = 1), then for
M = 2 we have L = 4. Similarly, for M = 3 we have L = 6, as depicted in

Figure [11.4]

In the case that L is large, we can, alternatively, approximate Z?U,, X) by a

superset, say E?U, X) which is chosen such that
E(U x) € Z(U_ X)- (11.17)

We note that this is equivalent with O‘%U x) € E_JFU X) foralli=1,...,L. Such

a superset Z(U x) can, for example, be an ellipse, as depicted in Flgure
in blue. The closure of an ellipse can be described by a quadratic inequalify,
as utilized for the parametrization of the feasible set of systems in (van Waarde
et all) 2022), (Koch et al., |2020al) and Chapter @ If E(U x) is an ellipse in the

scalar case, there exist ), R and S so that for all z € Z(U x)

' Qr—2STx 4+ R>0, (11.18)

which is equivalent to



11.5. Approximating Efa X) by an ellipsoidal superset 253

(U X))

A

F‘igure 11.4: Feasible set of systems ZFU X) (green) with 6 vertices and the ellipse
S x) (blue) so that B}, ) SB[, .

In the general case (n > 1), we describe () by

(*)T[Q S] :%11 =0e (x)" [_RS _ST} AIT =0, (11.19)

ie. Z?U x) =1{(4,B) | 9) holds}.

Under the condition 7 all systems that are compatible with the data
are contained in Z( X): That is, the superset of systems explaining the data is
parametrized by a quadratlc matrix inequality. Hence, we can apply the matrix
S-lemma (van Waarde et al.| |2022|) to conclude informativity for stabilization or
performance for all systems in E _X) and thus for all systems in E(U X) by

using the parametrization in (|1

Remark 11.5.1. In this chapter we consider informativity for stabilization and
| o, control. The parametrization in can also be used to determine if
the data are informative for other properties, such as dissipativity, as considered
in (Koch et all,[20208), (van Waarde et all, [2021) and Chapter[4

Remark 11.5.2. The frameworks in (van Waarde et all, [2022), (Koch et all
2020d) and C’hapter@ are based on the assumption that the noise satisfies a
quadratic matriz inequality. In this chapter, we assume that the noise satisfies
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cross-covariance bounds with respect to instrumental variables. So, although the
assumption on the noise is different, we can still apply the above mentioned re-
sults, e.g. the matriz S-lemma, to conclude informativity due to the inclusion
(11.17). Some conservatism is introduced, because Z?U,,X) #+ Z?U,,X) in general,

but the computational advantage increases with the number of vertices of E?U, X)
and hence with the number of instrumental variables that is considered.

11.5.1 Finding the smallest superset E?U,,X) ) ZEU,,X)

Finding a minimum volume ellipsoid that covers EfU, X) is a convex optimization

problem. Consider the vertex description of Z?U,, x):

E?U_,X) = COHV{U%U_,X)7"‘VJ(LU_,X)}

and consider the parameterization of an ellipsoid as in (Boyd and Vandenberghe|
2004))

SR ) = {(AB)|[|Hz +gl2 < L,z = vec[A B] )},

where the volume of SFU_ X) is proportional to det H~!. The problem of com-

puting the minimum volume ellipsoid that contains E?U_ x) can be written as
(Boyd and Vandenberghe, [2004):

minimize  logdet H~!

subject to sup [[Hz +gll2 <1,

R
w€Z<U7,X)

with variables H and g. From the vertex representation of ZfU_ X) ie., Z?U_ xX) =
conv{a(lU_ Xy O'(LU_ X)}, it follows that this optimization problem is equiva-
lent to

minimize  logdet H*

subject to ||H0EU_’X) +glla<1, i=1,...,L.

The constraints and objective function of this problem are both convex (Boyd
and Vandenberghe, 2004).

11.5.2 A practical approach to determine SFU,,X) D E?U,,X)

Finding the smallest ellipse containing EF;L X) is a convex problem. However,

the problem assumes that a vertex description of E?U_ X) is available. For a
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high number of vertices, this can be tedious. While this is required to determine
the smallest ellipsoidal superset, to determine the largest ellipsoidal subset of
E?U,, X)» the half-space description (11.6]) suffices. Consider a scaled version of

St x) with p > 0:
PE( x) = {(A,B)|a vec[A B]" <b,i=1,...,2M}.
Now, with a parametrization for the ellipsoid as
S x) = {Fr+d|[|zls < 1,2 = vec[A B]"},

the maximum volume ellipsoid inside pER[L X) is obtained by solving the follow-
ing convex optimization problem for F' and d:

minimize  logdet F~*

subject to  ||Faill2 +a,;d <b;, i=1,...,2M.

By taking p > 0 sufficiently large, the resulting ellipsoid 2{%_7 X) C pEfUﬁ X) will
contain qu_7 X)- By reducing p, the volume can be decreased while satisfying
EFU,,X) C E?U,,X)’ as shown in Figure m

11.5.3 Variable superset %}, ) 2 X{;

Recall that EFU,,X) = conv{a(lUﬂX), ce O'(LU77X)}. Define
R I

W::{W:[S }|Q<0, AT W AT =0
- Q BT BT

for all (4,B) € {0(1U77X), . ,o(LUﬂX)}.

Because any W € W has a south-east block that is negative definite, we infer
that the map

" I I
[ T}H AT| W |AT| = T(W, A, B)
B BT BT

is concave (Scherer and Weiland, 2017)), and, therefore, I'(W, A, B) = 0 for all
(A,B)e{oy xyo--- ,0'(LU77X)} implies I'(W, A, B) = 0 for all (A, B) € EFU,,X)'
Define the superset with the parameterization in ((11.19))

St x) ={(A,B)|T(W,A,B) = 0, W e W}.
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A

Figure 11.5: Feasible set of systems ZFU, X) (green) with 6 vertices, scaled version
psz,,X) (purple) and the ellipse Xflf{UﬂX) (blue) so that EFU,,X) C S?U,,X) -
PEU- x)-

We observe now, that we can find a suitable superset by solving a finite set of
LMIs

T

I I
ATl W AT =0, (AB)e{oly x)p- 0l x} (11.20)
BT BT B B

Let us recall the definition for informativity for quadratic feedback stabiliza-
tion (Definition [11.3.2). It was noted in (van Waarde et al., [2022)), that the
inequality

(A+BK)'P(A+ BK)—-P <0

is equivalent to

177 [P o0 0 I

AT 0 —-P —PKT" | [AT] =0 (11.21)
BT 0 —-KP —KPK'| |BT

Now, for the data (U_, X) to be informative for quadratic feedback stabiliza-
tion, it is sufficient that there exist K and P = 0 so that (11.21]) holds for all
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pairs (A, B) € EFU,, X): This is precisely a problem that can be solved by the
S-procedure; more specifically, by the matrix-valued S-procedure (van Waarde
et al.l [2022)), which is applicable since @ < 0.

Application of the matrix-valued S-procedure (van Waarde et al., 2022, Theo-
rem 13) and the Schur complement leads to the following informativity conditions
for stabilization by state feedback, %, control and 5% control.

Proposition 11.5.1. The data (U-,X) are informative for (quadratic) stabi-
lization by state feedback if there exist W, L € R™*™ P = 0 and 8 > 0 so that

(111.20) holds and
P—-pI 0 0 0

0 -P —-LT 0
0 . o L|-W=o (11.22)
0 o LT P

Moreover, K is such that A+ BK is stable for all (A, B) € EFU_,X) if K =LP~!

with L and P > 0 satisfying (11.22]).

Proposition 11.5.2. The data (U-, X) are informative for (common) F#s, con-
trol with performance v if there exist W, L € R™*" 'Y > 0 and 8 > 0 so that

(11.20) holds and

Y—-BI 0 0 0 U’
0 0 0 Y 0
0 0 0 L 0|-W=0 (11.23)
0 Y LT Y—~472I 0
U 0 0 U I

and Y —4 721 =0

where U := CY+DL. Moreover, K is such that EFU,.X) - Ef‘” (v)if K =LY}
with L and' Y > 0 satisfying (11.23]).

Proposition 11.5.3. The data (U_, X) are informative for (common) 3% con-
trol with performance v if there exist W, L € R™*" Y = 0, symmetric Z and

B >0 so that (11.20) holds true, trace Z < 2,

Y—-BI 0 0 0 0
0 0 0 Y 0
0O 0 0 L 0|-W=o, (11.24)
o Y LT v UT
0o 0 0 U I

.
{5 v ] =0 and {Z I] =0, (11.25)
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where U := CY+DL. Moreover, K is such that ZFU,,X) CY(y)if K = LY !
with L and 'Y > 0 satisfying (11.24)).

Due to the approximation of ZRLL X) by a superset i?U, x)» the conditions in
Proposition [I1.5.1}, [I1.5.2], and [I1.5.3] are only sufficient and therefore, in general,
more conservative compared to the conditions in Corollary [11.3.1} [11.4.1} and
11.4.2] respectively. From a computational point-of-view, however, the number
of LMIs scales affinely with respect to the number of vertices for both approaches,
while the size of the LMIs in ([11.20)) is n X n, which is strictly smaller than the
size of the LMIs in Corollary [I1.3.1] [T1.4.1] and [T1.4.2

11.6 Data-based analysis of interconnected sys-
tems with cross-covariance bounds

When the system under consideration is an interconnected system, then the in-
terconnection structure can be taken into account in the data-based analysis
with cross-covariance bounds. In this section, we will address the data-based
analysis of interconnected systems, where the noise signal corresponding to each
subsystem is subject to sample cross-covariance bounds. Consider interconnected
systems composed of L linear time-invariant systems of the form

zi(k+1) = Ai(k) + > Agz;(k) + Buui(k) + es(k), i=1,..., L, (11.26)
JEN;
where x; € R™ denotes the state, u; € R™ the input and e; € R™ is a noise
signal. The set N; := {j € V|(i,j) € £} denotes the neighbours of system 1,
where V and £ C V x V denote the set of vertices and the set of non-oriented
edges defining the connected graph G = (V, €).

We consider the following problem set up. Let there exist a true intercon-
nected system defined by the matrices A?, A?j and BY, (i,j) € £, generating the
input-state data {(u;(t), z;(t)), t =0, ..., N} for i € V. This data is collected
in the matrices

Xi =[2i(0) -+ z(N)), U7 o= [wi(0) -+ wy(N —1)].

7

By defining the matrices
X o=[zs(1) -+ 2;(N)], X; = [2;(0) - x;(N —1)],

B =1ei(0) -+ ei(N —1)],
we obtain the data equation
+ _ A0y — 0 yv— 07— -
X =A)X7 + > A)YX; +BU; +E;, (11.27)
JEN;
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for each 7 € V.

11.6.1 Network cross-covariance bounds

We assume here that e;(t), j € V, are not measured, i.e., E;" is unknown for all
j €V, but that each noise signal e;(t) satisfies the (element-wise) bounds

| Nl
— Ze] <c, j=1,...,L, (11.28)

VN =
where r; is a vector that collects measured signals r;;, ¢ = 1,..., M, that are
chosen, so that r; := col(rij,..., "), and cé, ¢y are specified bounds.. We

call r;; instrumental network signals. These instrumental network signals can be
any measured signals in the network, e.g., (components of) states x;, i € V, or
(components of) inputs w;, i € V.

For each j € V, the set of feasible subsystems, i.e., the set of subsystems that
are consistent with the data under the assumption on the noise , is

Sho = (45, Ax;, B)) |

N-—1
1
! T u
dh<—=>"|alt+1)- — 3" Agpan(t) - Byus(t) | ()7 < .
N t=0 kEN;

We find that the sample cross-covariance between e; and r; is
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Hence, the feasible set of systems is

N—
LT

Shp = {45, An,, Bj) | s < RYT —[A; Ay, Bj) Rijfvv_jrj <cjh

UjTy

Sho } S {
@ @
%

Figure 11.6: Each subsystem has its own feasible set of tuples (4;, A, B;),
illustrated by the polytopes. A polytope can be approximated by an ellipsoid
for each subsystem separately such that %%, C i for each i € V. The set
of all feasible tuples ((41, An,, B1), .-, (AL, Anr,, Br)) is the Cartesian product
Shp X - x Sk

We consider the case where the inequalities defining E%D are not redundant
for each j € V so that E{QD is a convex polytope with a finite number of vertices
0%”, v e {l,...,N;} = S;. That is, for each subsystem j € V, we have a
separate set of feasible tuples (A4;, An;;, Bj) that is a polytope. This is illustrated
in Figure for a network with V = {1, 2, 3}.

11.6.2 Data-based network analysis with cross-covariance
bounds

Since the sets E%D, j € V, are convex and have a finite number of vertices,
Lemma can again be utilized to analyze the interconnected system perfor-
mance through verification of performance conditions at the vertices only. Con-
sider an output y; for each subsystem, given by

y; = Cjr; + Dju;, jeV. (11.29)

The transfer matrix from col(uq,...,ur) to col(yi,...,yr) is denoted T. We
say that the interconnected system with output achieves 7%,
performance v > 0 if || T']|,n. <.

We recall the nominal distributed controller existence conditions from Chap-
ter @] Corollary which provides sufficient conditions for the %2, perfor-
mance of the interconnected system.
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Theorem 11.6.1. If, for every i € V, there exist P; and Z; so that P; = 0 and

—P, 0] 0 o] o ol1[I 0o o0

|70 o ZzZm ZZ[ 0 o0|[1iel 0 0
Ol 0 0@y oz2| 0 o 0o 1 o]0 (1L30)

0 0| 0 0 | =% 0 0 0 I

0o 0| o o] o I1]|lc o b

holds, then the interconnected system (11.26)) with output (11.29) achieves %

performance .

Now, by the convexity of the sets of feasible subsystems Zﬁp, j €V, we can
verify the feasibility of the analysis LMIs at each vertex Ug’, v=1,...,Nj for
each j € V, to conclude feasibility of the analysis LMIs for all data-compatible
subsystems. Conversely, if the LMIs are feasible for data-compatible subsystems,
they are obviously feasible for subsystems at the vertices of ¥%.,, j € V.

Proposition 11.6.1 (Performance from structured data). There exist P; and Z;
so that P; = 0 and

=P 0 0 0 0 0 I 0 0
0 P 0 0 0 0 o oW oW
T 0 0 zIt oz 0 0 1l 0 0
(%) 0 0| (zT z2 0o 0 0 7 0l = 0 (11.31)
0 0 0 0 [—?% 0 0 0 I
0 0 0 0 0 I C; 0 Dy

holds for all (i,v) € V x S;, if and only if there exist P; and Z; so that P; > 0

and
-P; 0 0 0 0 o071 I 0 0
0 B 0 0 0 0 A, Ax, B
o o Z%W ZPT 0o o ||1el 0 0
(%) 0 o|@nT z2| o0 o 0 7 ol =0 (11.32)
0 0 0 0 [ =% 0 0 0 I
0 0 0 0 0o I]| G 0 D,

holds for all (Ai, An,, Bi) € Shp, i € V.
Consequently, if there exist P; and Z; so that P; = 0 and (11.31) holds
holds for all (i,v) € V x §;, then all interconnected systems with subsystems

(Ai, AN, Bi) € X%p, i €V, achieve % performance .
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Proof. Consider i € V and the matrix functions F; : % — S™*" defined by
Fi(0) :== 0" Pjo;. Since X%, is convex and P; = 0, we infer that F; is a convex

function. Hence, by Lemma [11.3.1} (11.32) holds for all (A4;, Ay, B;) € Sk if
and only if (11.31)) holds for all v € §;. This proves the assertion. O

Now, let us approximate X%, by a superset, say f)iRD, for each i € V, which
are chosen such that

Stp C Shep, i€ V. (11.33)

If we choose the supersets as ellipsoids, then there exist triples (Q%, Sk, R%) for
each ¢, such that

< 0}.

‘ ‘ 1 0 0

_— ' . T QlD S%) 0 I 0

2R’D - {(AZ7 ANwBl) ‘ (*) |:(SZD)T RZD:| 0 0 T

Ai Apn, B

Although, we have used a different assumption on the noise, we have arrived at

the same parametrization used in Lemma but now for a superset of each
feasible set of subsystems. Consequently, we have the following result.

Proposition 11.6.2 (Performance from structured data (superset)). Let Q% < 0
and v > 0. Let there exist P;, Z; and «; so that P; = 0, a; > 0 and

-P;, 0 0 0 0 0 0 0

0 P 0 0 0 0 0 0

0 o zIH ZzP2 0 0 0 0
S0 0 (Z}HT  z# 0 0 _ 0 0 7 <0

i 0 0 0 0 [ —aRy —ai(Sh) 0 0

0 0 0 0 | —a;85  —aQh, 0 0

0 0 0 0 0 0 ) )

. 0 0 0 0 0 0 0 I |

(11.34)

holds for alli € V, with J; defined in . Then all interconnected systems with
subsystems (A;, An,, Bi) € Xbp, i €V, achieve # performance .

11.6.3 Data-based distributed controller design with cross-
covariance bounds

Consider now the step from structured performance analysis from data to dis-
tributed controller existence analysis from data. Once the ellipsoidal supersets
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E_]%D 1 € V, have been determined, this step can be performed as described in
Chapter[] More specifically, the assertion regarding the existence of a distributed
controller in Theorem holds true with %, replaced with X%, and the triples
(Q%, S5, RL), i € V, such that the inclusions in hold true. If the condi-
tions in Theorem hold true, then there exists a distributed controller such
that the closed-loop network with (A;, Ay, Bi) € X4y, @ € V, achieves 5,
performance . A corresponding distributed controller can be constructed as
described by the procedure in Section [£.3.6]

11.7 Conclusions

We have addressed the problem of analyzing informativity of data for controller
design with prior knowledge on process noise in the form of linear sample cross-
covariance bounds. We have established a parametrization of the set of systems
that are compatible with data. This set is a (possibly unbounded) polyhedron
and the analysis therefore requires a different approach than the application of the
S-procedure in Chapter where the noise has been characterized by quadratic
sample cross-covariance bounds. First, we have developed sufficient conditions
under which the data are informative for feedback stabilization, in the case that
the set of feasible systems is unbounded. For the case that this set is bounded,
we have used its convexity and the convexity of stability /performance conditions
with respect to the system matrices, leading to necessary and sufficient conditions
for informativity for stabilization and %% /5%, control. To reduce the compu-
tational complexity, we have shown how the matrix S-lemma can be applied in
the informativity analysis by approximating polytopic sets of feasible systems by
ellipsoidal supersets. Finally, the analysis and control of interconnected systems
has been addressed, by determining the set of all feasible tuples of subsystem
matrices as a Cartesian product of polytopic sets or ellipsoidal supersets. The
parametrization of the ellipsoidal supersets is equal to the parametrization in
Chapter [0 which allows the application of the approach in Chapter [J to the
analysis of interconnected systems with sample cross-covariance noise character-
izations.
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Chapter 12

Conclusions and future
perspectives

12.1 Conclusions

In this thesis, the use of data from interconnected systems for the design of
distributed controllers has been addressed. The problem of using data for dis-
tributed controller design has been approached in two philosophically different
manners in this thesis: indirect data-driven distributed control and direct data-
driven distributed control. The first approach has been considered in Part I,
through data-driven modeling of dynamic networks and distributed controller
design. In Part II, the direct approach to data-driven distributed control has
been addressed. Moreover, fundamental limitations of distributed controller de-
sign from data have been addressed, in Part III. The conclusions that follow from
the results in this thesis are summarized in this section.

Indirect data-driven distributed control

Different from centralized controller design from data, the design of distributed
controllers from data involves an interconnection structure of the controller. Fur-
thermore, the interconnected system that has to be controlled also has an in-
terconnection structure. As reasoned in the introduction, indirect data-driven
distributed controller design is concerned with the derivation of a structured
model of the interconnected system from data and the model-based synthesis of
a structured (distributed or decentralized) controller.

The data-driven modeling of interconnected linear systems has been addressed
in Chapter[2] Interconnected linear systems have a state-space representation and

265
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a module dynamic network representation that are observationally equivalent.
For a dynamic network that is interconnected with a distributed controller, with
a clear distinction between interconnected system and distributed controller, it is
shown that identification methods developed for dynamic networks can be spec-
ified and generalized for obtaining consistent subsystem models. Consistent esti-
mates can be obtained through indirect identification methods, using knowledge
of the distributed controller dynamics in the post-processing step. Alternatively,
consistent estimates, of one subsystem or the complete interconnected system
dynamics, can be obtained through direct methods for identification. The exper-
iment design for indirect methods relies fully on (measured) external excitations,
which can be provided through reference signals in the considered experiment
setup. This requirement can be relaxed for the direct method, where excita-
tion may be provided through unmeasured exogenous disturbances that affect
the underlying plant. In the case that a tailor-made parametrization is used in
an indirect method, the network identification criterion can be interpreted as a
(closed-loop) 4% performance degradation that can be used in an iterative scheme
of network identification and distributed control design, directly extending the
situation of a classical control loop through identification for control.

Measurement data and computational resources may be spatially distributed
for network identification. In Chapter [3] a distributed identification framework
has been developed for obtaining linearly parametrized MISO models with multi-
ple identification modules that are interconnected through a mutual fusion center.
It has been shown that the true parameters can be obtained asymptotically by
iteratively updating estimates via a distributed version of recursive least squares,
which requires the communication of regressors between identification modules.
In the case that process noise affects the output, a noise model can be identi-
fied through a separate identification module, leading to asymptotically unbiased
estimates.

In Chapter 4] the design of a distributed controller based on a state-space
model of an interconnected system, that may be obtained through one of the
procedures in Chapter [2] has been considered, with an % or /., performance
measure. Structured 5% analysis conditions have been presented for intercon-
nected linear systems in a discrete-time setting, through a dissipativity-based
approach. It has been shown that these analysis conditions transform to con-
vex synthesis conditions, that are sufficient for the existence of a distributed
controller with dynamical sub-controllers. Moreover, when supply functions as-
sociated with interconnection variables are fixed a priori, it has been shown that
the synthesis conditions can be used for the design of a decentralized controller.
A detailed controller construction procedure has been provided, which completes
the procedure of indirect data-driven distributed control.
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Direct data-driven distributed control

Alternative to indirect data-driven distributed control, direct data-driven dis-
tributed control omits the modeling of the underling system that is to be con-
trolled. A complete framework for direct data-driven distributed control has
been introduced in this thesis, following a structured model-reference approach
to control.

In Chapter [0} we have introduced a distributed model-reference control prob-
lem, which is to determine a distributed controller that yields a closed-loop in-
terconnected system with a behavior that is prescribed by a structured reference
model. It has been shown that this problem is solved by a distributed controller
(an ideal distributed controller) that explicitly depends on the plant and reference
model, extending the ideal controller in the situation of a classical control loop.
The philosophy behind this ideal distributed controller stems from the canonical
distributed controller introduced in Chapter [5| where each sub-controller is de-
fined by the interconnection of a reference model and plant subsystem through
to-be-controlled variables in a behavioral setting. Analysis and synthesis condi-
tions have been derived for verifying and guaranteeing properness and stability
of the distributed controller in Chapter [6}

The distributed model-reference control problem can be solved directly from
data, which has been shown in Chapter [7]and Chapter [8] In Chapter[7] a virtual
reference framework for distributed control has been developed. The distributed
model-reference control problem can be solved by identification of the ideal dis-
tributed controller modules in a virtual network, that can be generated with
measurement data in combination with the structured reference model. With
insights from the direct method in the identification of dynamic networks, it has
been found that the identification problem can be performed locally in order to
obtain consist estimates of the ideal distributed controller. In the presence of
process noise, consistent estimates can be obtained by modeling the noise fil-
ter with a tailor-made noise model and by filtering the corresponding prediction
error with a module of the reference model. This method is also applicable to
classical VRFT, providing an alternative to the instrumental-variable method for
obtaining consistent estimates in the presence of process noise.

In Chapter [§] it has been shown that the distributed model-reference control
problem can be solved from data by extending the underlying dynamic network,
such that transformed versions of ideal distributed controller dynamics appear as
modules. It has been shown that the transformed ideal controller modules can
be consistently identified in the extended network through indirect and direct
identification methods. The network transformation in combination with the
direct method for dynamics networks naturally extends the one-shot OCI method
for standalone control loops to distributed control. Compared with the method
in Chapter [7 no tailor-made noise model is required. The identification criterion
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is typically non-convex due to the transformed controller modules, however, even
if the controller class is linearly parametrized.

Informativity and performance with guarantees

The conclusions that are drawn for the performance in Part I and Part II are
based on consistent estimation, i.e., asymptotically in the number of data. In
Chapter [9 the design of a dynamical distributed controller based on a finite
number of noisy measurement data has been addressed. It has been found that
the existence of a distributed controller, that achieves a prescribed 7, perfor-
mance, can be guaranteed by the feasibility of linear matrix inequalities that are
defined by the data. Once the controller existence has been established, a corre-
sponding distributed controller can be constructed via the procedure established
in Chapter [ from the solution to the data-based LMIs.

In Chapter a framework for data informativity for control has been con-
sidered, with a characterization of unmeasured exogenous disturbances by their
squared sample cross-covariance with respect to instrumental variables. Sufficient
informativity conditions for stabilization, % and %, control via dynamic out-
put feedback were derived, which are also necessary if the state is measured. A
numerical case study has been shown where data-informativity can be concluded
with cross-covariance bounds, while the data are concluded to be non-informative
with magnitude bounds. The choice of output measurements can be of paramount
importance for data informativity for control, which has been illustrated via a
numerical example. Linear versions of the bound in Chapter [10| have been con-
sidered in Chapter leading to a polyhedral set of systems that are compatible
with the data. It has been shown that the convexity of the set of feasible systems
and analysis conditions, leads to a finite number of LMIs that are necessary and
sufficient for stabilization, % and %%, control in the case that the data lead
to a bounded polyhedron. Furthermore, it has been shown that informativity
for stabilization can even be concluded if the polyhedron is unbounded, but the
derived conditions are only sufficient and have been derived for scalar input and
state data only. Through ellipsoidal approximations, the informativity conditions
have been shown to extend to the distributed control situation via the conditions
developed in Chapter [0

12.2 Future perspectives and extensions

Selective identification for distributed control

In indirect data-driven distributed control, a model of the full underlying plant
is identified, to perform a model-based distributed controller synthesis. However,
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in large-scale interconnected systems, some subsystems may only have a limited
contribution to the synthesized distributed controller dynamics, and hence the
resulting closed-loop performance. In the scope of identification for control, it
is attractive to be able to characterize subsystems that are most ‘important’ for
distributed controller design. In a sense, this would correspond to minimization of
the performance degradation (Van den Hof and Schrama; [1995)), (Gevers, [2005)),
by selecting the most important systems for identification.

Local synthesis of sub-controllers from data

Similarly, in direct distributed data-driven control the aim is to find a full dis-
tributed controller. It would be attractive to allow the synthesis of sub-controllers
that have a relatively large impact on the closed-loop performance. Such a con-
troller could, for example, correspond to a sub-controller attached to subsystem
that has altered dynamics. A first approach could be as follows. First, estimate
the local ‘sensitivity’ transfer function from the local reference to local perfor-
mance output to determine the current performance and construct a reference
model with a higher performance (e.g., lower % norm). Consequently, a new
local controller could be estimated from data by performing the local identifica-
tion from Chapter [7]or Chapter [§ such that the closed-loop network achieves the
new reference model dynamics.

Synthesis of structured reference models

The structured reference model, considered in direct data-driven distributed con-
trol in Chapter [7] and Chapter [8] has been analyzed in Chapter [(] Regarding
the synthesis of structured reference models, preliminary steps toward the syn-
thesis of decoupled reference models have been made in Chapter [6} The problem
of synthesizing structured reference models in general, however, remains largely
open. A systematic procedure for determining structured reference models would
improve the applicability of the direct data-driven methods to distributed control
described in this thesis. A first step toward this direction could be to investigate
the possibility of extending the method in (Gongalves da Silva et al., 2019) to
structured reference models for distributed control.
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