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Arbitrary Configuration Stabilization Control for
Nonholonomic Vehicle With Input Saturation:

A c-Nonholonomic Trajectory Approach
Xiuhui Peng , Zhiyong Sun , Member, IEEE, Mou Chen , Senior Member, IEEE, and Zhiyong Geng

Abstract—This article addresses the saturated stabiliza-
tion control problem for nonholonomic vehicles with a
novel c-nonholonomic trajectory approach on SE(2), with
applications to automatic parking. First, by defining the c-
nonholonomic configuration, a c-nonholonomic trajectory
is obtained, which provides a novel approach to design
stabilization controller to reach an arbitrary configuration.
Second, a global discontinuous time-invariant feedback
controller with input saturation is proposed, which does
not involve time signal information, and its convergence
is illustrated by a Lyapunov function approach. Thereafter,
the motion trajectory of the proposed controller is analyzed,
and the application scenario in automatic parking with the
approximate desired trajectory is demonstrated. Finally, the
performance of the proposed controller is validated by both
numerical simulations and experiments.

Index Terms—Arbitrary configuration stabilization, auto-
matic parking, c-nonholonomic trajectory approach, non-
holonomic vehicle.

I. INTRODUCTION

DUE to the nonholonomic constraint, even though the track-
ing control problem has been extensively studied under

the persistence of excitation condition of reference velocity
[1]–[4], the arbitrary configuration stabilization control problem
for nonholonomic vehicle is always an open issue, which is
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hard to solve in the past several decades [5]. In particular, by
taking some desired properties into account, such as maintaining
the time-invariant feedback controller without involving time
signal t, input saturation, moving along an approximate desired
trajectory, the related stabilization control results are very rare.
In this article, based on a new c-nonholonomic configuration
approach, a novel global discontinuous time-invariant feedback
control law is proposed to solve the stabilization problem with
input saturation and approximate desired trajectory.

The difficulty in arbitrary configuration stabilization control
for nonholonomic vehicle comes from that the vehicle cannot
have lateral movement due to the underactuated property. Based
on the Brockett’s theorem [5], it is well known that it is impossi-
ble to find a smooth or continuous feedback stabilization control
law to stabilize the configuration of nonholonomic vehicles,
and the existing stabilization control laws can be classified
into the smooth time-varying feedback [6]–[9], discontinuous
time-invariant feedback [10]–[12], hybrid feedback [13]–[15],
transverse function approach [16], among others.

Recently, some significant advances on designing stabiliza-
tion controller for nonholonomic vehicles are reported in the
literature [19]–[22], [24]–[27]. Considering the input saturation
and external disturbances in [19], a smooth time-varying feed-
back control is proposed by designing a new auxiliary angle
to solve the stabilization and tracking control problem. Based
on the Lyapunov approach, the simultaneous stabilization and
tracking control problem is solved in [20] and [21] by designing a
delicate time-varying signal in the attitude control loop, and then
the robust stabilization and formation problem is addressed with
a smooth time-varying feedback controller in [22]. Inspired by
the field lines and equipotential lines of electric dipole, a vector
field approach is proposed to solve the stabilization control
problem for underactuated marine vehicle in [23]. From the point
of view of stabilizing fully-actuated vehicles, a variable angle
between the direction of y-linear speed and that of x-linear speed
for fully-actuated vehicle is proposed to add the attitude loop so
that the stabilization control problem is solved in [24]. Then,
its kinematics controller has been extended to the dynamical
controller in [25] with a prespecified time convergence. Fur-
thermore, some of relevant and significant research works are
proposed in [26] and [27], and reference therein.

After summarizing the existing literature on stabilization con-
trol of nonholonomic vehicle, there still exists several aspects
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that should be further improved. Firstly, most existing stabi-
lization control laws require the information of time t at all-time
instants, such as [19]–[22], [26], [27]. However, real vehicles are
often equipped with digital systems, which in general do not have
enough memory units in advanced RISC machines or digital
signal processors. Even if certain vehicles have the memory unit
installed, an instantaneous loss of power will cause the clock to
reset which is not suitable for real-time practical realization.
Therefore, solving controller equations independent of time
signal t is highly preferable for engineering implementation.
Thus, it is very important to design a stabilization controller with
a novel time-invariant state feedback, which does not contain
time signal t in the control function. Secondly, an important
issue arising from the practical application is input saturation.
Even if the stabilization controller proposed in [24] and [25] does
not contain the time signal t, it cannot realize the task when input
saturation is considered. From both theoretical and practical
points of view, the development of a novel control law with
input saturation is a significant task due to the limitation of the
speeds brought by vehicle’s motor [28]. As far as we know, the
discontinuous time-invariant state feedback control law with in-
put saturation is rarely studied in the existing literature. Thirdly,
most existing stabilization controllers only realize the goal of
stabilization for nonholonomic vehicles, but the motion trajecto-
ries from an initial configuration to a desired configuration under
those control laws are not considered. For example, an important
application scenario of stabilization control law is the automatic
parking, which requires the simultaneous desired position and
attitude stabilization. Therefore, designing a novel controller
that is able to calculate the motion trajectory (an approximate
desired trajectory) in advance remains open to be solved.

As is known to all, it is an open problem to design a novel
discontinuous time-invariant state feedback control law that con-
siders both input saturation and approximate desired trajectory
for nonholonomic vehicles. To solve this problem, the properties
of nonholonomic vehicles should be explored thoroughly. In
this article, some original concepts for nonholonomic vehicles
are studied, based on which a novel approach is then devel-
oped to solve the arbitrary configuration stabilization control
problem. By designing a c-nonholonomic configuration, a novel
c-nonholonomic trajectory approach is proposed. Based on the
novel c-nonholonomic approach, the saturated controller and
its application scenario in automatic parking are studied. To
summarize, the main contributions of this article are listed as
follows.

1) A novel c-nonholonomic trajectory approach is proposed
to solve the arbitrary configuration stabilization problem
for nonholonomic vehicles on SE(2). By defining the
c-nonholonomic configuration, the c-nonholonomic tra-
jectory is realized. To the best of our knowledge, it is the
first time that such a c-nonholonomic trajectory approach
is studied that solves the stabilization control problem of
nonholonomic vehicles.

2) Based on the c-nonholonomic trajectory approach, the
proposed controller could guarantee the input satura-
tion on the designed linear and angular speed. Mean-
while, the proposed controller maintains a novel global

discontinuous time-invariant state feedback form so that
the controller does not involve additional memory to
calculate the time signal t. Thus, the proposed control
law is more suitable for implementation in practice.

3) The motion trajectory of vehicle under the proposed con-
troller can be determined in advance, and the automatic
parking application scenario with the approximate desired
trajectory is achieved under the proposed controller.

The remainder of this article is structured as follows. The nota-
tions and problem formulation are introduced in Section II. The
c-nonholonomic configuration and c-nonholonomic trajectory
are presented in Section III. Section IV introduces the saturated
controller and its analysis on motion trajectory. Simulation and
experiment results are shown in Section V. Finally, Section VI
concludes this article.

II. BACKGROUND AND PROBLEM FORMULATION

A. Notations

Some notations are first given here. The symbol Z represents
an integer. Denote e1, e2 as the natural bases of R2. LetFB be the
body-fixed frame, which is the principal axes of the rigid body
attached to the vehicle’s center of mass.FI represents the inertial
frame. Following the conventions in the literature (e.g., [10]), we
define arctan(0/0) = 0, arctan(y/0) = π/2 for y �= 0.

In this article, the special Euclidean group SE(2) is employed
to describe the configuration space of a planar vehicle with two
dimensions [30]. The group element g ∈ SE(2), representing
the configuration space globally and uniquely, is denoted by

g =

[
R p
0 1

]
=

⎡
⎣cos θ − sin θ x
sin θ cos θ y
0 0 1

⎤
⎦

where p ∈ R2 represents the position of a rigid body in the
internal frame FI . For a given g ∈ SE(2), g(m,n) represents
element in the mth row and nth column of the matrix g, where
m = 1, 2, 3, and n = 1, 2, 3. Special orthogonal group is de-
noted as SO(2) := {R ∈ R2×2 : RTR = I2, det(R) = 1}, and
R ∈ SO(2) describes the orientation fromFB toFI . It is impor-
tant to point out that, for a givenR ∈ SO(2), there exists a unique
corresponding heading angle θ ∈ (−π, π]. For convenience, we
denote g ∈ SE(2) occasionally as g � (θ, x, y).

The tangent space of special Euclidean group SE(2) at the
identity is denoted as Lie algebra se(2). The Lie algebra element
ξ̂ ∈ se(2) represents the velocity of a vehicle in the body-fixed
frame FB , and is denoted by

ξ̂ =

[
ω̂ ν
0 0

]
=

⎡
⎣0 −ω νx
ω 0 νy
0 0 0

⎤
⎦

where ξ = [ω, νx, νy]
T ∈ R3, in which ν ∈ R2 represents the

translational speed, and ω ∈ R (i.e., ω̂ ∈ so(2)) is the angular
speed. The map (·)∧ : R → so(2) represents the hat map, where
so(2) := {x̂ ∈ R2×2|x̂T = −x̂}. The inverse map of hat map is
denoted as vee hap (·)∨ : so(2) → R. For two elements in Lie
algebra x̂ ∈ se(2) and ŷ ∈ se(2), the Lie bracket is defined as
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[x̂, ŷ] = x̂ŷ − ŷx̂, and adi+1
x̂ ŷ = [x̂, adix̂ŷ] is the iterative Lie

bracket, where ad0x̂ŷ = ŷ, and i = 0, 1, . . . , n.
A planar rigid body in kinematic level is said to satisfy the

nonholonomic constraint if the equation −ẋ sin θ + ẏ cos θ = 0
holds. In this case, the velocity ξ satisfies νy = 0. In this article,
we let v � νx denote the linear speed of the nonholonomic
vehicles.

B. Problem Description

Consider the vehicle subject to nonholonomic constraint, and
its equation of motion is modeled as

ṗ = vRe1 (1a)

Ṙ = Rω̂ (1b)

where R ∈ SO(2) with the heading angle θ ∈ (−π, π]. Consid-
ering the physical velocity constraints in practice, the following
limited inputs are given as:

−vm ≤ v ≤ vm, −ωm ≤ ω ≤ ωm (2)

where vm ∈ R+ and ωm ∈ R+ are the known maximum allow-
able linear speed and angular speed.

We denote gd ∈ SE(2) as the desired configuration. The main
objective of this article is to find a stabilization control law to
solve the arbitrary configuration stabilization problem with input
saturation, so that the appropriate velocity input (v, ω), which
satisfies the saturated input (2) for nonholonomic vehicle (1)
is designed to realize the arbitrary configuration stabilization
task, i.e., g−1

d g → I3. Meanwhile, the application scenario in
the automatic parking is analyzed with the proposed control
method.

III. C-NONHOLONOMIC TRAJECTORY APPROACH

To solve the arbitrary configuration stabilization control prob-
lem for nonholonomic planar vehicles with input saturation and
approximate desired trajectory, the c-nonholonomic trajectory
approach is proposed firstly in this section.

We first introduce the exponential map and logarithm map on
SE(2). For a given matrix A ∈ Rn×n, the exponential map on
A is defined as expA =

∑+∞
k=0

Ak

k! , where Rn×n → Rn×n. In
the special Euclidean group SE(2), it has an explicit form [30].
For the given θ̂ ∈ so(2), q ∈ R2, and X̂ = (θ̂, q) ∈ se(2), the
exponential map is denoted as

g = exp X̂ =

[
exp θ̂ A(θ)q
0 1

]
∈ SE(2) (3)

where

exp θ̂ =

[
cos θ − sin θ
sin θ cos θ

]
,A(θ) =

[
sin θ
θ − (1−cos θ)

θ
(1−cos θ)

θ
sin θ
θ

]
.

The inverse of the exponential map is termed the logarithm map,
and is defined as

X̂ = log g =

[
θ̂ A−1(θ)p
0 0

]
∈ se(2) (4)

where g = (R(θ), p) ∈ SE(2) with tr(g) �= −1, and

A−1(θ) =

[
(θ/2) cot(θ/2) θ/2

−θ/2 (θ/2) cot(θ/2)

]
.

In the context of nonholonomic constraint, exponential map,
and logarithm map, the concept of c-nonholonomic configura-
tion is proposed as follows.

Definition 1: For a given constant scalar c �= 0, the subset of
SE(2) is defined by

Gc � {gc ∈ SE(2) | gc(1, 3) = cgc(2, 1)

gc(2, 3) = c(1− gc(1, 1))} (5)

is called a c-nonholonomic configuration.
From the definition, one can check thatGc is a Lie subgroup of

SE(2). Meanwhile, the following properties of c-nonholonomic
configuration hold.

Proposition 1: For any gc, qc ∈ Gc, it holds that g−1
c ∈ Gc and

gcqc ∈ Gc. In particular, I3 ∈ Gc.
Proof: For each gc ∈ Gc, its inverse is obtained as follows:

g−1
c =

⎡
⎣ gc(1, 1) gc(2, 1) −cgc(2, 1)
−gc(2, 1) gc(1, 1) c(1− gc(1, 1))

0 0 1

⎤
⎦ .

From this, one concludes that g−1
c ∈ Gc holds.

For any gc, qc ∈ Gc, it can be verified that gcqc ∈ Gc holds by
matrix operations.

Based on the definition of SE(2), one has I3 ∈ SE(2). Thus,
one obtains that gc(1, 3) = cg(2, 1) = 0, gc(2, 3) = c(1−
gc(1, 1)) = 0 from gc(1, 1) = 1, gc(2, 1) = 0, which shows that
I3 ∈ Gc. �

For a given nonholonomic unicycle-type ground vehicle, its
current configuration may not satisfy the c-nonholonomic con-
figuration. Thus, the following Lemma introduces the construc-
tion of a c-nonholonomic configuration.

Lemma 1: For a general configuration

g =

⎡
⎣R(θ)

[
x
y

]
01×2 1

⎤
⎦ ∈ SE(2) (6)

where x, y �= 0, the c-nonholonomic configuration gc ∈ Gc is
constructed as follows:

gc =

⎡
⎣R(θc)

[
x
y

]
01×2 1

⎤
⎦ ∈ SE(2) (7)

where the angle θc satisfies tan θc
2 = y

x , and the constant scalar
c = y

1−cos θc
.

Proof: From Definition 1 and c = y
1−cos θc

, one can check
that gc(2, 3) = c(1− gc(1, 1)) = y holds in (7). On the other
hand, one has gc(1, 3) = cgc(2, 1) =

y
1−cos θc

sin θc =
y

tan θc
2

=

x. Thus, the constructed subset in (7) is a c-nonholonomic
configuration. �

After constructing the c-nonholonomic configuration, the next
issue is to find the relationship between the c-nonholonomic
configuration Gc and the Lie algebra. In the light of exponential
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map, the following Lemma gives the constructed gc ∈ Gc from
a Lie algebra.

Lemma 2: For the well-constructed gc ∈ Gc in (7), its expo-
nential map can be derived as

gc = exp{(ξc)∧} (8)

where ξc = [θc, cθc, 0]
T ∈ R3, and (ξc)

∧ ∈ se(2).
Proof: Let us examine the structure of Lie algebra of gc ∈ Gc

logSE(2) gc =

⎡
⎣ 0 −θc (θc/2)(x cot

θc
2 + y)

θc 0 0
0 0 0

⎤
⎦

where the equation tan θc
2 = y

x is used. Noting that x = c sin θc
and y = c(1− cos θc) in Lemma 1, one obtains

x cot
θc
2

+ y =
x2

y
+ y = c

(
sin2 θc

1− cos θc
+ 1− cos θc

)

=
c

1− cos θc
(sin2 θc + 1− 2 cos θc + cos2 θc)

=
c

1− cos θc
2(1− cos θc) = 2c

which implies that constant scalar c can be obtained from the
position (x, y), such that c = x2+y2

2y . Thus, the exponential
coordinate of gc can be rewritten as

logSE(2) gc =

⎡
⎣ 0 −θc cθc
θc 0 0
0 0 0

⎤
⎦ = (ξc)

∧

which implies that (8) holds. �
The following result is a consequence of Lemma 2.
Lemma 3: If the closed-loop system of gc ∈ Gc in (7) is

designed as follows:

ġc(t) = gc(t)(−ξc(t))
∧ (9)

with the constant scalar c = (x(0)2 + y(0)2)/(2y(0)) and
y(0) �= 0, then the trajectory of gc(t) is a circle with the center
of (0, c) and the radius of c. Meanwhile, the c-nonholonomic
configuration gc can be stabilized to converge to the identity
matrix I3.

Proof: Let us denote x̂c = log gc ∈ se(2). Based on
the differential of exponential theorem in [31], one has
˙̂xc =

∑∞
k=0

Bk

k! ad
k
−x̂c

(−ξ̂c), where Bk, k = 0, . . . ,∞ are the
Bernoulli numbers [32]. In light of ξc(1, 3)/ωc(2, 1) = c, one
obtains that

∑∞
k=1

Bk

k! ad
k
−x̂c

(−ξ̂c) = 0, and ˙̂xc can be rewritten

as ˙̂xc = −ξ̂c. Thus, the solution of (9) is expressed as gc(t) =
gc(0) exp{

∫ t

0 (−ξc)
∧dt} = gc(0) exp{

∫ t

0 (ξc)
∧dt}−1. One can

verify that ḡc(t) := exp{∫ t

0 (ξc)
∧dt} ∈ Gc. Hence, it follows

that gc(t) = gc(0)ḡ
−1
c (t). Based on Proposition1, one concludes

that the trajectories satisfy gc(t) ∈ Gc for all time, and the
equations x(t) = c sin θc(t) and y(t) = c(1− cos θc(t)) hold,
which indicate that all trajectories always stay on the circle
x(t)2 + (y(t)− c)2 = c2.

For the attitude loop, we can see that the angle dynamics
θ̇c(t) = −θc(t) converges to zero under the angular velocity
feedbackω = −θc(t). Therefore, the nonholonomic vehicle can
be stabilized to the original point with the angle θc = 0, and the

Fig. 1. c-nonholonomic trajectories.

current linear velocity v = −cθc(t) equals zero, which implies
the stabilization problem is solved. �

Based on the abovementioned analysis, the definition of c-
nonholonomic trajectory is presented as follows.

Definition 2: The trajectory generated by the system (9) is
named as the c-nonholonomic trajectory.

Remark 1: From the analysis of Lemmas 1 and 2, one con-
cludes that the c-nonholonomic trajectory can be generated
by the linear speed −cθc(t) and angular speed −θc(t) if the
initial configuration satisfies Definition 1. A c-nonholonomic
trajectory is shown in Fig. 1 , which implies that its radius is the
constant scalar c. From this point of view, the c-nonholonomic
trajectory approach is also called the adjoint-circular-trajectory
approach. Furthermore, note that the trajectory generated by
(9) involves a time-varying speed motion, and the velocity
converges to zero as the configuration approaches the desired
configuration.

After presenting the c-nonholonomic trajectory, the next
important issue is how to design the arbitrary configuration
stabilization controller by using the ideas of the proposed c-
nonholonomic trajectory, since the initial configuration of a
vehicle may not satisfy the Definition 1 in general.

For a general configuration g ∈ SE(2) in (6), it can be de-
composed into the following form:

g =

⎡
⎣R(θc)

[
x
y

]
01×2 1

⎤
⎦
⎡
⎣R(	θ)

[
0
0

]
01×2 1

⎤
⎦ = gc exp{(ξ	θ)

∧} (10)

where 	θ = θ − θc and ξ	θ = [	θ, 0, 0]T . Then, (10) implies
that

g−1
c g = exp{(ξ	θ)

∧}. (11)

From the abovementioned observation, one can summarize the
following proposition.

Proposition 2: If the heading angle θ in (6) converges to
the c-nonholonomic trajectory’s heading angle θc (i.e., 	θ →
0), then the configuration g ∈ SE(2) in (6) reduces to the c-
nonholonomic trajectory, i.e., g ∈ Gc.

Based on the analysis of c-nonholonomic trajectory, which
provides a novel approach to achieve the arbitrary configuration
stabilization, the global discontinuous time-invariant feedback
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controller with input saturation will be designed in the following
section.

IV. CONTROLLER DESIGN AND STABILITY ANALYSIS

In this section, by following the c-nonholonomic trajectory
approach, we first solve the arbitrary configuration stabilization
problem with input saturation. Then, based on the stabilization
controller, the automatic parking application with approximate
desired trajectory in practice is analyzed.

A. Arbitrary Configuration Stabilization

The relative configuration between the desired configuration
gd and the real-time configuration g is denoted as ge = g−1

d g.
Then, the relative position and attitude angle of relative config-
uration ge are denoted by pe = [xe, ye]

T and θe ∈ (−π, π].
Based on the proposed c-nonholonomic trajectory approach

and its property in Section III, a c-nonholonomic attitude α is
designed as follows:

α = β arctan(ye/xe). (12)

In order to avoid undesired equilibrium point, we define thatβ �=
2Z in the set (xe = 0, ye �= 0, θe ∈ (−π, π]), otherwise β = 2.
To proceed, the attitude error between α and θe is defined as

αe = θe − α (13)

where θe ∈ (−π, π]. Based on the defined attitude error αe and
(1), one can obtain the following equation:

α̇e = ω − α̇ (14a)

ẋe = v cos θe (14b)

ẏe = v sin θe. (14c)

In the following, the main objective is to design the control law to
stabilize the kinematic equation (14). To ensure that the designed
linear speed and angular speed are saturated, we propose the
following control function:

v = − k1 tanh(xe cos θe + ye sin θe) (15a)

ω = − k2 tanh(αe) + α̇ (15b)

where k1, k2 are positive constants which satisfy the following
inequalities:

k1 ≤ vm, |k1 + k2| ≤ ωm, |k1 − k2| ≤ ωm. (16)

Before giving the main results, the following lemma is first
proposed.

Lemma 4: For any given x ∈ R, y ∈ R, θ ∈ (−π, π] with
x2 + y2 �= 0, the following inequality holds:

−1

2
≤ (x cos θ + y sin θ)(x sin θ − y cos θ)

x2 + y2
≤ 1

2
. (17)

Proof: Denote a = x cos θ + y sin θ, and b = x sin θ −
y cos θ. Then, the equality a2 + b2 = x2 + y2 holds. Using (a−
b)2 = a2 − 2ab+ b2 ≥ 0, one has ab ≤ 1

2 (a
2 + b2), which

implies that the inequality ab
a2+b2 ≤ 1

2 holds. On the other
hand, from (a+ b)2 = a2 + 2ab+ b2 ≥ 0, one obtains ab ≥

− 1
2 (a

2 + b2), which implies that the inequality − 1
2 ≤ ab

a2+b2

holds. Thus, the inequality (17) holds. �
Now, the following theorem summarizes the arbitrary config-

uration stabilization result of nonholonomic vehicles with local
measurements on vehicle body-fixed frames.

Theorem 1: Consider the nonholonomic vehicle (1) with
the desired constant configuration gd ∈ SE(2). The arbitrary
configuration stabilization problem (i.e., limt→∞ ge → I3) with
input saturation (2) is solved by the saturated control input (15)
with the gains satisfying (16).

Proof: First, we prove that the designed control input (15) is
saturated. If k1 ≤ vm, the linear speed v in (15a) is saturated
obviously. Furthermore, based on inequality (17), |α̇| can be
calculated as

|α̇| = 2
|v(xe sin θe − ye cos θe)|

x2
e + y2e

= 2k1
| tanh(xe cos θe + ye sin θe)(xe sin θe − ye cos θe)|

x2
e + y2e

≤ 2k1
|(xe cos θe + ye sin θe)(xe sin θe − ye cos θe)|

x2
e + y2e

≤ k1.

(18)

Thus, the inequality |k2 − k1| ≤ || − k2 sinαe| − |α̇|| ≤ |ω| ≤
|| − k2 sinαe|+ |α̇|| ≤ |k2 + k1| holds. If the gains satisfy
(16), the input saturation objective (2) is guaranteed.

Second, consider the following positive definite Lyapunov
function:

V =
1

2
x2
e +

1

2
y2e +

1

2
α2
e (19)

Its time derivative along the trajectory (14)with the control input
(15) is given by

V̇ = − k1(xe cos θe + ye sin θe) tanh(xe cos θe + ye sin θe)

− k2αe tanh(αe) ≤ 0 (20)

where the properties of x tanh(x) ≥ 0 is used. Hence, as t →
∞, the closed-loop system is stable, which implies that

(xe cos θe + ye sin θe) = 0, θe = α. (21)

Thus, the states xe, ye, θe converge to the following set:

M = {(xe, ye, θe)|xe cos θe = −ye sin θe, θe = α}. (22)

Denote the set L as the largest invariant set contained in the set
M. According to the equilibrium condition in equation (21), the
set M can be divided into the following seven cases to derive
the largest invariant set L.

Case 1: ye = 0 and sin θe = 0. From (21), one has xe = 0
or cos θe = 0. If xe = 0, one concludes that α = θe = 0, and
an element in the set L is (xe, ye, θe) = (0, 0, 0). If cos θe = 0,
one has θe = ±π

2 = α since θe ∈ (−π, π]. However, from (12),
α = ±π

2 contradicts with ye = 0. Thus, in this case, the largest
invariant setL only contains the solution (xe, ye, θe) = (0, 0, 0).

Case 2: ye �= 0 and sin θe = 0. Since θe ∈ (−π, π], in this
case, θe = π = α or θe = 0 = α. Combined with (21), one has
xe = 0 and cos θe �= 0. Under the condition ye �= 0, xe = 0 in
(12), one has α = ±π

2β, which contradicts with α = π, where
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β �= 2Z is used. If θe = α = 0, then ye contradicts with ye �= 0.
Thus, this case does not hold.

Case 3: ye = 0 and sin θe �= 0. From (21), one has xe = 0 or
cos θe = 0. From (12), θe = α = 0 if xe = 0, which contradicts
with sin θe �= 0. In the case of sin θe �= 0 and cos θe = 0, from
θe ∈ (−π, π], one has θe = ±π

2 , which contradicts with ye = 0.
Thus, this case does not hold.

Case 4: xe = 0 and cos θe = 0. Since θe ∈ (−π, π], one has
θe = ±π

2 = α. Combined with (21), one has ye = 0. However,
from (12), α = ±π

2 contradicts with ye = 0. Thus, this case
does not hold.

Case 5: xe �= 0 and cos θe = 0. Since θe ∈ (−π, π], one has
θe = ±π

2 = α. Combined with (21), one has ye = 0. If ye = 0,
one hasα = 0which contradicts with cos θe = cosα = 0. Thus,
this case does not hold.

Case 6: xe = 0 and cos θe �= 0. From (21), one has ye =
0 or sin θe = 0. If ye = 0, one obtains that α = 0 = θe, and
(xe, ye, θe) = (0, 0, 0) in the set L. If sin θe = 0 and ye �= 0, it
can be excluded by Case 2. Thus, in this case, the largest invariant
set L only contains the desired equilibrium point (xe, ye, θe) =
(0, 0, 0).

Case 7: xe �= 0, ye �= 0, sin θe �= 0 and cos θe �= 0. From
(21), one obtains the following equality:

cos θe
sin θe

= − ye
xe

= − tan
(α
2

)
. (23)

Furthermore, based on (23), one has the following equality:

tan(θe) tan
(α
2

)
=

−(cos(α2 + θe)− cos(α2 − θe))

cos(α2 + θe) + cos(α2 − θe)
= −1.

(24)
Then, the abovementioned equation can be rewritten as

cos
(α
2
− θe

)
= − cos

(α
2
− θe

)
(25)

which implies that

cos
(α
2
− θe

)
= 0. (26)

Thus, one obtains that
α

2
− θe =

π

2
+ Zπ. (27)

Since θe = α in (21), one obtains that

α = θe = (2Z − 1)π (28)

which contradicts with sin θe �= 0. Thus, this case does not hold.
By summing up Cases 1–7, the largest invariant setL contains

only the desired equilibria (xe, ye, θe) = (0, 0, 0). Thus, based
on the LaSalle’s invariance theorem [33], the proof is finished.�

Remark 2: Note that the gain of arctan(ye/xe) in (12) is
denoted as β = 2 except the set (xe = 0, ye �= 0, θe ∈ (−π, π]).
The reasons are explained as follows. First, as discussed in
Section III, α = 2arctan(ye/xe) is an attitude, which satisfies
the c-nonholonomic trajectory. Second, from the analysis in
(26) and (27), by choosing the gain β = 2, Case 7 could be
excluded in the proof of Theorem 1. Furthermore, in the set
(xe = 0, ye �= 0, θe ∈ (−π, π]), there exists an undesired equi-
librium point (xe = 0, ye �= 0, θe = π). If the trajectory starts on

or enters the undesired equilibrium, the gainβ �= 2Z implies that
the trajectory escapes the set (xe = 0, ye �= 0, θe ∈ (−π, π]).
Thus, from the well-known Brockett’s theorem, the pro-
posed time-invariant state feedback stabilization control law is
discontinuous.

Remark 3: It is worth pointing out that the c-nonholonomic
trajectory cannot be established if the initial configuration is cho-
sen as (xe(0) �= 0, ye(0) = 0, θe(0) ∈ (−π, π]). To deal with
this and ensure the global convergence, the function tanh(·) is
used in (15b), which enables the trajectory to escape from those
configurations and find the feasible c-nonholonomic trajectory.
In practice, except for the configurations (xe(t) �= 0, ye(t) =
0, θe(t) ∈ (−π, π]), the function sin(·) should be used in the
angular speed, and is designed as

ω = −k2 sinαe + α̇. (29)

The function sinαe helps avoiding the unwinding phenomenon.
For example, by choosing α = −3rad, and θe = 3rad, the func-
tion −k2 sin(θe − α) = −k2 sin(6) > 0 indicates that the ve-
hicle rotates the clockwise direction with a small rotation in
achieving the tracking goal, while the function −k2 tanh(θe −
α) = −k2 tanh(6) < 0 implies the vehicle rotates the anticlock-
wise direction, which causes the unnecessary rotation. Thus,
in the feasible trajectory, the angular speed (29) has a better
transient performance.

Remark 4: In practice, the saturated input plays a very impor-
tant role. In fact, due to physical limitations (e.g., the maximum
allowable linear and angular velocity inputs) of the vehicle [17],
[18], a theoretically designed control function may exceed the
limits and becomes infeasible in implementation. Different from
the stabilization control for nonholonomic vehicles that uses
other auxiliary attitude methods to achieve the simultaneous
position and attitude stabilization that does not ensure a saturated
input [20]–[22], [24], [25], the designed controller in this
paper guarantees the desired input saturation to meet practical
implementation requirement.

Remark 5: The simultaneous stabilization and tracking con-
troller can be designed as extensions from the proposed arbitrary
configuration stabilization controller, and readers could refer
to [24]. However, there are some difficulties to extend the con-
troller to simultaneously achieve the stabilization and tracking
with input saturation, which will be a challenging topic in the
future research.

Remark 6: From the practice point of view, we expect that
the heading of a nonholonomic vehicle could satisfy the attitude
of c-nonholonomic trajectory as soon as possible, so that the
vehicle could move along the desired c-nonholonomic trajectory.
An application scenario in automatic parking described in the
next Section IV-B illustrates this property. Thus, in practice, the
gain k2 should be chosen a bit larger than the gain k1.

B. Applications to Automatic Parking With an
Approximate Desired Trajectory

Compared to the previous simultaneous position and attitude
controllers in [19]–[22] and [24]–[27], the designed stabilization
controller not only guarantees the input saturation, but also has
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good foreground on automatic parking scenario. In the context
of automatic parking for nonholonomic vehicles, the definition
of automatic parking with an approximate desired trajectory is
defined as follows.

Definition 3: Automatic parking with an approximate desired
trajectory refers to that the nonholonomic vehicle could calculate
a motion curve from the initial and desired configurations in
advance, and the vehicle runs in a region near the calculated
trajectory.

Based on the analysis of Proposition 2, the designed velocity
input (15) plays an important role in tuning the vehicle’s heading
towards the c-nonholonomic trajectory. With the designed angu-
lar speed, the heading of the nonholonomic vehicle is controlled
to reach the attitude of the c-nonholonomic trajectory, so that the
attitude error αe reaches and remains zero (i.e., θ = α). Using
αe = 0, one obtains that α̇e = ω − α̇ = 0, which implies that
ω = α̇. The time derivative of α is given as follow:

ω = α̇(t) =
2v(t)(xe(t) sin θe(t)− ye(t) cos θe(t))

xe(t)2 + ye(t)2
. (30)

Thus, the radius of the nonholonomic vehicle trajectory is

r(t) =

∣∣∣∣ v(t)ω(t)

∣∣∣∣ =
∣∣∣∣ xe(t)

2 + ye(t)
2

2(xe(t) sin θe(t)− ye(t) cos θe(t))

∣∣∣∣ . (31)

Regarding the radius (31), the following proposition holds.
Proposition 3: The radius of the nonholonomic vehicle tra-

jectory in (31) is a positive constant when the attitude error
αe = 0 holds.

Proof: Consider the positive definite Lyapunov function
W = 1− cosαe. Using the angular speed input (29), one has
Ẇ = −k2 sin

2 αe ≤ 0. Thus, from Lemma 3, one concludes
that the trajectory satisfies the definition of c-nonholonomic
trajectory after the angle reaches θe = α. Since then, at any time
moment, the c-nonholonomic trajectory will hold. According to
xe = c̄ sin θe and ye = c̄(1− cos θe) in Definition 1, (31) can
be rewritten as

r(t) =

∣∣∣∣ (c̄ sin θe)
2 + (c̄(1− cos θe))

2

2(c̄ sin2 θe − c̄(1− cos θe) cos θe)

∣∣∣∣ = c̄ (32)

where c̄ is a positive constant at any time t after θe = α. Thus,
(32) implies that r(t) = c̄ is a positive constant after θe = α.�

The magnitude of r(t) in (31) depends on the state error
when the attitude of nonholonomic vehicle converges to the
desired attitude that satisfies the definition of c-nonholonomic
trajectory. In practice, the heading of the nonholonomic vehicle
is controlled to converge to the desired heading in a short
time duration under a suitable gain k2, and the initial state
error xe(0), ye(0), θe(0) changes mildly when the trajectory
satisfies the defined c-nonholonomic trajectory. From this point
of view, the radius r(t) of the c-nonholonomic trajectory can be
calculated by the initial configuration. Based on the analysis of
Lemma 3, the approximate desired trajectory is a part of circle
with the radius (33) approximated by the following formula:

r ≈
∣∣∣∣xe(0)

2 + ye(0)
2

2ye(0)

∣∣∣∣ (33)

Fig. 2. Illustrations of different approximate desired trajectories.

and the center of circle motion is given as[
xc

yc

]
=

[
cos θd − sin θd
sin θd cos θd

] [
0
r

]
. (34)

Thus, based on the abovementioned analysis and Definition 3,
the actual trajectory will move within the region close to the
trajectory calculated by (33) and (34). It is worth to mention that,
in practice, the approximate desired trajectory can be calculated
in advance according to the planning of initial configurations,
which help to enhance obstacle avoidance in the automatic
parking scenario. Without loss of generality, let the desired
configuration be the origin of inertial frame, i.e., gd = I3, and
the approximate desired trajectory is shown in Fig. 2.

If the initial configuration and the desired configuration are
relatively close, the trajectories of nonholonomic vehicle will
consist of many different c-nonholonomic trajectories. Although
it does not look like a c-nonholonomic trajectory, the actual
trajectory also satisfies conditions of an approximate desired
trajectory. Those properties will be presented in the numerical
simulations.

Remark 7: From Proposition 3, one knows that the trajectory
of the nonholonomic vehicle is a circle with a constant radius
after θe = α, and the c-nonholonomic trajectory can be guaran-
teed. To maintain an almost constant radius during some time
interval, the linear speed can be the maximum vm or−vm, while
the angular speed is small under the input saturation and equation
r = v/ω.

Remark 8: Based on the proposed controller, the vision-
based control structure can be achieved since RT

d (p− pd) =
−(RTRd)

T (RT (pd − p)), where RT (pd − p) is the relative
position measurements of a desired position in the vehicle’s
body-fixed frame. Thus, the proposed control algorithm does
not require the Global Positioning System, which facilitates the
control implementation in practice.

V. NUMERICAL SIMULATION AND EXPERIMENT

A. Numerical Simulation

Numerical simulations are provided in this section to verify
the performance and effectiveness of the designed control algo-
rithm. The initial configurations of four cases are presented as
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Fig. 3. Evolutions of x-position, y-position, and angles in the numerical
simulation, where the solid line represents the real trajectory, and the
dashed line represents the desired trajectory. (a) X-position (m). (b) Y-
position (m). (c) Headings (rad).

Fig. 4. Evolutions of linear speeds and angular speeds in the numeri-
cal simulation, where the solid line represents the real trajectory, and the
dashed line represents the desired trajectory. (a) Linear speeds (m/s).
(b) Angular speeds (rad/s).

follows:

Case 1 : g = (π, 12, 6), gd = (0, 2, 1)

Case 2 : g = (−π/3,−7, 9), gd = (π/6,−1, 2)

Case 3 : g = (π/4,−10,−10), gd = (−π/6,−2,−1)

Case 4 : g = (0, 12,−9), gd = (π/12, 1,−2).

The maximum linear speed and angular speed are set as vm =
0.2 m/s, and ωm = 0.4 rad/s. Thus, the control gains of four
cases are all chosen as k1 = 0.2 and k2 = 0.2.

Based on the designed control law (15) and (29), the evolution
of system states in four cases is described in Fig. 3, which shows
that all system states in four cases converge to the desired states.
The evolution of linear speeds and angular speeds is depicted in
Fig. 4, from which one sees that the input saturation is guaranteed
with the proposed c-nonholonomic trajectory approach. The ve-
hicles’ trajectories of four cases in the two-dimensional space are
plotted in Fig. 5, which not only illustrates the effectiveness of
the c-nonholonomic trajectory approach proposed in Section III,
but also demonstrates the automatic parking application scenario

Fig. 5. Trajectories of each vehicle in the numerical simulation, where
the dashed line represents the desired trajectory, which is a circle
trajectory.

Fig. 6. Experimental platform.

discussed in Section IV-B that the real trajectory moves in the
area near the desired trajectory.

B. Experiment

To demonstrate the applicability of the proposed control
scheme in real applications, we perform an experiment on a
physical robotic system and present the experiment verification
results in this section. The experimental platform uses one
nonholonomic robot named the wheeled E-puck robot [2], [29],
where the experimental setup is shown in Fig. 6. In this experi-
ment, the sampling period time via Bluetooth communication is
chosen as 0.3 s. The E-puck robot is modeled with a unicycle-like
dynamics, while we denote vL and vR the speeds of the left and
right wheels with the limitation vL/R ≤ a, where a is the wheel
speed limited by a = 0.13 m/s. Noting that v = (vR + vL)/2,
and ω = (vR − vL)/2b, where b = 0.0267 m is the wheel base,
the E-puck robot has the limitation that |v|

a + b|ω|
a ≤ 1. Due

to the abovementioned limitations, we choose k1 = 0.1 and
k2 = 0.15 in the experiment. The initial configuration is set
as g(0) = (π rad, 0 m, 0 m), and the desired configuration is
defined as gd = (0 rad, 1.6 m, 2.4 m). The evolutions of vehi-
cles’ positions and headings are plotted in Fig. 7, and the linear
speed and angular speed of the robot are presented in Fig. 8
(plotted by MATLAB with sampled data from the experiments).
Besides, Fig. 9 shows the real-time trajectories of the robot in
the platform, which are captured by a video camera. We refer
the readers to the attached video for real time trajectories. From
the experiment results, it further validates the effectiveness of the
proposed arbitrary configuration stabilization control scheme
based on a c-nonholonomic trajectory and its applications in ve-
hicle automatic parking with an approximate desired trajectory.
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Fig. 7. Evolutions of x-position, y-position, and angle in the experi-
ment. (a) X-position (m). (b) Y-position (m). (c) Headings (rad).

Fig. 8. Evolutions of linear speeds and angular speeds in the experi-
ment. (a) Linear speeds (m/s). (b) Angular speeds (rad/s).

Fig. 9. Trajectories of the E-puck robot in the experiment, with
t = 0 s, t = 9 s, t = 25 s, t = 60 s. (a) t = 0 s. (b) t = 9 s. (c) t =
25 s. (d) t = 60 s.

VI. CONCLUSION

In this article, the arbitrary configuration stabilization control
with input saturation for nonholonomic vehicles and its applica-
tion in automatic parking was investigated. We first proposed a
novel definition of c-nonholonomic configuration, and discover
its c-nonholonomic trajectory properties. Based on the proposed
c-nonholonomic trajectory approach, the arbitrary configuration

stabilization control problem was solved under input saturation.
The motion behavior with the proposed control law was ana-
lyzed, and the application in automatic parking was addressed.
Both numerical simulations and experiments were provided to
illustrate the performance of the proposed control approach.

REFERENCES

[1] K. D. Do and J. Pan, “Nonlinear formation control of unicycle-type mobile
robots,” Robot. Auton. Syst., vol. 55, no. 3, pp. 191–204, Mar. 2007.

[2] Z. Sun, Y. Xia, L. Dai, K. Liu, and D. Ma, “Disturbance rejection MPC
for tracking of wheeled mobile robot,” IEEE/ASME Trans. Mechatronics,
vol. 22, no. 6, pp. 2576–2587, Dec. 2017.

[3] J. Wang, G. Wen, Z. Duan, and J. Lü, “Stochastic consensus control
integrated with performance improvement: A consensus region-based
approach,” IEEE Trans. Ind. Electron., vol. 67, no. 4, pp. 3000–3012,
Apr. 2020.

[4] Q. Wang, Z. Duan, Y. Lv, Q. Wang, and G. Chen, “Distributed model
predictive control for linear-quadratic performance and consensus state
optimization of multi-agent systems,” IEEE Trans. Cybern., to be pub-
lished, doi: 10.1109/TCYB.2020.3001347.

[5] R. W. Brockett, “Asymptotic stability and feedback stabilization,” in
Differential Geometric Control Theory, R. W. Brockett, R. S. Millman,
and H. J. Sussmann. Boston, MA, USA: Birkhauser, 1983, pp. 181–191.

[6] Z. Jiang and H. Nijmeijer, “Tracking control of mobile robots: A case study
in backstepping,” Automatica, vol. 33, no. 7, pp. 1393–1399, Jul. 1997.

[7] W. E. Dixon, Z. Jiang, and D. M. Dawson, “Global exponential set-point
control of wheeled mobile robots: A Lyapunov approach,” Automatica,
vol. 36, no. 11, pp. 1741–1746, Nov. 2000.

[8] Y. Y. Aye, K. Watanabe, S. Maeyama, and I. Nagai, “Invariant manifold-
based stabilizing controllers for nonholonomic mobile robots,” Artif. Life
Robot., vol. 20, no. 3, pp. 276–284, Oct. 2015.

[9] Y. Tian and S. Li, “Exponential stabilization of nonholonomic dynamic
systems by smooth time-varying control,” Automatica, vol. 38, no. 7,
pp. 1139–1146, Jul. 2002.

[10] C. C. de Wit and O. J. Sordalen, “Exponential stabilization of mobile robots
with nonholonomic constraints,” IEEE Trans. Autom. Control, vol. 13,
no. 11, pp. 1791–1797, Nov. 1992.

[11] A. Bloch, M. Reyhanoglu, and N. H. McClamroch, “Control and stabi-
lization of nonholonomic dynamic systems,” IEEE Trans. Autom. Control,
vol. 37, no. 11, pp. 1746–1757, Nov. 1992.

[12] T. Urakubo, “Feedback stabilization of a nonholonomic system with poten-
tial fields: Application to a two-wheeled mobile robot among obstacles,”
Nonlinear Dyn., vol. 81, no. 3, pp. 1475–1487, Aug. 2015.

[13] O. J. Sordalen and O. Egeland “Exponential stabilization of nonholonomic
chained systems,” IEEE Trans. Autom. Control, vol. 40, no. 1, pp. 35–49,
Jan. 1995.

[14] B. Mu, J. Chen, Y. Shi, and Y. Chang, “Design and implementation of
nonuniform sampling cooperative control on a group of two-wheeled
mobile robots,” IEEE Trans. Ind. Electron., vol. 64, no. 6, pp. 5035–5044,
Jun. 2017.

[15] I. Kolmanovsky and N. H. McClamroch, “Stabilization of nonholonomic
Chaplygin systems with linear base space dynamics,” in Proc. 34th IEEE
Conf. Decis. Control, Dec. 1995, pp. 27–32.

[16] P. Morin, and C. Samso, “Control of nonholonomic mobile robots based
on the transverse function approach,” IEEE Trans. Robot, vol. 25, no. 5,
pp. 1058–1073, Oct. 2009.

[17] J. Fu, G. Wen W. Yu, T. Huang, and X. Yu, “Consensus of second-order
multiagent systems with both velocity and input constraints,” IEEE Trans.
Ind. Electron, vol. 66, no. 10, pp. 7946–7955, Oct. 2019.

[18] J. Fu, Y. Lv, and T. Huang, “Distributed anti-windup approach for consen-
sus tracking of second-order multi-agent systems with input saturation,”
Syst. Control Lett., vol. 130, pp. 1–6, 2019.

[19] J. Huang, C. Wen, W. Wang, and Z. Jiang, “Adaptive stabilization and
tracking control of a nonholonomic mobile robot with input saturation and
disturbance,” Syst. Control Lett., vol. 62, no. 3, pp. 234–241, Mar. 2013.

[20] Y. Wang, Z. Miao, H. Zhong, and Q. Pan, “Simultaneous stabilization
and tracking of nonholonomic mobile robots: A Lyapunov-based ap-
proach,” IEEE Trans. Control Syst. Technol., vol. 23, no. 4, pp. 1440–1450,
Jul. 2015.

[21] Z. Miao and Y. Wang, “Adaptive control for simultaneous stabilization
and tracking of unicycle mobile robots,” Asian J. Control, vol. 17, no. 6,
pp. 2277–2288, 2015.

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on January 10,2022 at 14:16:30 UTC from IEEE Xplore.  Restrictions apply. 

https://dx.doi.org/10.1109/TCYB.2020.3001347


1672 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 69, NO. 2, FEBRUARY 2022

[22] M. Maghenem, A. Loria, and E. Panteley, “Cascades-based leader-follower
formation-tracking and stabilization of multiple nonholonomic vehicles,”
IEEE Trans. Autom. Control, vol. 63, no. 8, pp. 2662–2669, Aug. 2018.

[23] D. Panagou and K. J. Kyriakopoulos, “Viability control for a class of
underactuated systems,” Automatica, vol. 49, no. 1, pp. 17–29, Jan. 2013.

[24] M. Tayefi and Z. Geng, “Logarithmic control, trajectory tracking, and
formation for nonholonomic vehicles on lie group SE(2),” Int. J. Control,
Vol. 92, no. 1, pp. 204–224, 2019.

[25] X. He and Z. Geng, “Arbitrary point-to-point stabilization control in
specified finite time for wheeled mobile robots based on dynamic model,”
Nonlinear Dyn., vol. 97, pp. 937–954, May 2019.

[26] T.-C. Lee, K.-T. Song, C.-H. Lee, and C.-C. Teng, “Tracking control of
unicycle-modeled mobile robots using a saturation feedback controller,”
IEEE Trans. Control Syst. Technol., vol. 9, no. 2, pp. 305–318, Mar. 2001.

[27] Z. Wang, G. Li, X. Chen, H. Zhang, and Q. Chen, “Simultaneous sta-
bilization and tracking of nonholonomic WMRs with input constraints:
Controller design and experimental validation,” IEEE Trans. Ind. Electron,
vol. 66, no. 7, pp. 5343–5352, Jul. 2019.

[28] X. Yu and L. Liu, “Distributed formation control of nonholonomic vehicles
subject to velocity constraints,” IEEE Trans. Ind. Electron, vol. 63, no. 2,
pp. 1289–1298, Feb. 2016.

[29] X. Peng, Z. Sun, K. Guo, and Z. Geng, “Mobile formation coordination
and tracking control for multiple nonholonomic vehicles,” IEEE/ASME
Trans. Mechatronics vol. 25, no. 3, pp. 1231–1242, Jun. 2020.

[30] F. Bullo and A. D. Lewis, Geometric Control of Mechanical Systems. New
York, NY, USA: Springer, 2005.

[31] F. Bullo, and R. Murray, “Proportional derivative (PD) control on
the euclidean group,” in Proc. Eur. Control Conf., Rome, Italy, 1995,
pp. 1091–1097.

[32] A. Iserles, H. Z. Munthe-Kaas, S. P. Nørsett, and A. Zanna, “Lie group
methods,” Acta Numerica, vol. 9, pp. 215–365, 2000.

[33] H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ, USA: Prentice-
Hall, 1996.

Xiuhui Peng received the B.S. degree in au-
tomatic control from Jiangnan University, Wuxi,
China, in 2014, and the Ph.D. degree in me-
chanics and engineering science from Peking
University, Beijing, China, in 2019.

He is currently a Lecturer with the College of
Automation Engineering, Nanjing University of
Aeronautics and Astronautics, Nanjing, China.
His research interests include cooperative con-
trol, unmanned systems control, and nonlinear
control of mechanical systems.

Zhiyong Sun (Member, IEEE) received the
Ph.D. degree in control theory and engineering
from The Australian National University (ANU),
Canberra ACT, Australia, in Feb. 2017.

He was a Research Fellow/Lecturer with the
Research School of Engineering, ANU, from
2017 to 2018. From June 2018 to January 2020,
he was a Postdoctoral Researcher with the De-
partment of Automatic Control, Lund University,
Lund, Sweden. Since January 2020, he has
been with the Eindhoven University of Technol-

ogy (TU/e), The Netherlands, as an Assistant Professor. His research
interests include multiagent systems, control of autonomous formations,
and distributed optimization.

Dr. Sun was the recipient of the Australian Prime Ministers Endeav-
our Postgraduate Award in 2013 from the Australian Government, the
Outstanding Oversea Student Award from the Chinese Government in
2016, and the Springer Ph.D. Thesis Prize from Springer in 2017. He
was the recipient of the Best Student Paper Finalist Award from the 54th
IEEE Conference on Decision and Control (2015), Osaka, Japan.

Mou Chen (Senior Member, IEEE) received the
B.S. degree in material science and engineering
and the Ph.D. degree in control theory and con-
trol engineering from the Nanjing University of
Aeronautics and Astronautics, Nanjing, China,
in 1998 and 2004, respectively.

He is currently a Full Professor with the Col-
lege of Automation Engineering, Nanjing Uni-
versity of Aeronautics and Astronautics, China.
He was an Academic Visitor with the Depart-
ment of Aeronautical and Automotive Engineer-

ing, Loughborough University, U.K., from November 2007 to Febru-
ary 2008. From June 2008 to September 2009, he was a Research
Fellow with the Department of Electrical and Computer Engineering,
National University of Singapore. He was a Senior Academic Visitor with
the School of Electrical and Electronic Engineering, The University of
Adelaide, Australia, from May 2014 to November 2014. His research
interests include nonlinear system control, intelligent control, and flight
control.

Zhiyong Geng received the B.S. and M.S. de-
grees in engineering from Northeast University,
Shenyang, China, in 1981 and 1984, respec-
tively, and the Ph.D. degree in operational re-
search and cybernetics from the Institute of Sys-
tems Science, Chinese Academy of Science,
Beijing, China, in 1995.

From 1995 to 1997, he was a Postdoctoral
Research Fellow with the Department of Me-
chanics and Engineering Science, Peking Uni-
versity, Beijing, where he is currently a Professor

with the State Key Laboratory for Turbulence and Complex Systems and
the Department of Mechanics and Engineering Science. His research
interests include robust control and nonlinear control.

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on January 10,2022 at 14:16:30 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


