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a b s t r a c t 

Intensity Modulated (IM) optical communication over an LED channel requires the use of a non-negative 

signal that can also cope with the low-pass nature of LEDs. For this purpose, dedicated schemes such as 

Flip-OFDM and Assymetrically Clipped Optical (ACO)-OFDM have been proposed. We derive a common 

mathematical description on which both schemes rely. Exploiting this insight, we propose Continuous 

Phase Flip-OFDM (CP-Flip-OFDM) as an enhancement to Flip-OFDM. It ensures phase continuity at the 

transition between the two successive copies of the OFDM blocks, thereby it obviates the Cyclic Midfix 

between the first OFDM block and its flipped copy. Simultaneously, we derive a less compute-intensive 

way to generate and detect ACO-OFDM. Instead of creating an Hermitian-symmetry at the transmit In- 

verse FFT input, which is common in optical IM OFDM, we use zero padding. After the transmit IFFT, a 

phase ramp-up, i.e., a multiplication with a complex-valued exponential, is applied before truncating to 

a real and non-negative signal. 

© 2021 The Authors. Published by Elsevier B.V. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Orthogonal Frequency Division Multiplexing (OFDM) is pop- 

lar for Intensity-Modulated (IM) Optical Wireless Communica- 

ions (OWC) [1,2] . In fact, the LED channel, in particular with a 

hosphor-coating to generate white light, but also monochromatic 

EDs in the visible or IR spectrum, heavily attenuates high mod- 

lation frequencies. A key advantage of OFDM is that individual 

ymbols are transmitted in parallel as a narrow-band signal, free 

f InterSymbol Interference (ISI). Different subcarriers see different 

ttenuation, while a simple scaling can be used as equalizer. More- 

ver, every subcarrier can carry its own, optimized signal constella- 

ion. Although OFDM is sometimes seen as a versatile modulation 

ethod that solves many channel-related problems, the probability 

ensity function of the signal closely resembles a Gaussian distri- 

ution. 

The intensity-modulated optical channel requires the signal 

o be neither complex nor negative, which makes OFDM as-is 

nattractive. Besides adding a DC bias, a variety of solutions have 

een proposed to create a uni-polar signal, e.g. [3–9] . Flip-OFDM 

4,5] and Asymmetrically Clipped Optical OFDM (ACO-OFDM) [6] , 

hich have been compared extensively, but mainly via simu- 
∗ Corresponding author. 

E-mail addresses: j.p.linnartz@tue.nl , j.p.linnartz@signify.com (J.M.G. Linnartz), 

.Deng@tue.nl (X. Deng). 
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ations. However, as far as we see, their inherent mathemati- 

al similarity has not been identified before. Our analysis here 

llows a harmonization into a common description, which can 

lso explain previously reported (simulation and experimental) re- 

ults that observe virtually identical performance on many crite- 

ia. Nonetheless, we identify spectral differences and differences 

n handling channel dispersion. Moreover, based on new insights, 

e discover a novel implementation framework. Hitherto, ACO 

nd Flip OFDM have been described as resulting from different 

ecipes. However, mathematical commonalities allow an alterna- 

ive, computationally-efficient processing of ACO-OFDM and allow 

n improvement of Flip-OFDM by making the transition Contin- 

ous Phase (CP-Flip-OFDM). Further, we identify a broader class 

f inserting an additional DC-biased stream to repair the 50% 

hroughput loss of ACO-OFDM. As a further result, in contrast to 

ommon belief, there is no need to explicitly impose an Hermitian 

ymmetry at the IFFT input in OWC. Zero-padding of the higher 

ubcarriers and removal of the (non-zero) imaginary-valued signal 

art suffices. In fact, we even use the non-zero, redundant imagi- 

ary part to our advantage. 

We investigate the time-frequency signal footprint of every in- 

ut data symbol. For DCO-OFDM, this is known to be confined to 

he vicinity of the subcarrier frequency. It appears that, particu- 

arly for Flip-OFDM, but also for ACO-OFDM this footprint is much 

ider. Every symbol spreads half of its signal over the entire signal 

and, but this 50% of the energy-per-bit is simply discarded during 
nder the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 

https://doi.org/10.1016/j.sigpro.2021.107963
http://www.ScienceDirect.com
http://www.elsevier.com/locate/sigpro
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2021.107963&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:j.p.linnartz@tue.nl
mailto:j.p.linnartz@signify.com
mailto:X.Deng@tue.nl
https://doi.org/10.1016/j.sigpro.2021.107963
http://creativecommons.org/licenses/by/4.0/


J.M.G. Linnartz and X. Deng Signal Processing 182 (2021) 107963 

r

m

t

t

s

2

a

t

c

h

n  

0  

a

l

m  

H

f

2

X

z

w  

o

d

t

d

t

s

s

a

z

 , N −

(N, 2

t

fl  

c

q

fi

fl  

(  

t

f  

N  

i

t

t

b

r

b

t

h

A

t

o

r

i

r

n

p

j

t

b

t

t

fi

b

k  

k

T

n

n

2

e

e

w

s

c

b  

c

F

n  

r  

s

z

w

t

c

c  

O

z

e

i

a

t

w

t

z

f  

i  

p  
eception. Only for the effectively used 50% of bit energy, the com- 

on belief is correct that despite the highly non-linear clipping, 

he received signal per subcarrier only depends on the channel 

ransfer function at a frequency that corresponds to that particular 

ubcarrier or that subcarrier streams would remain orthogonal. 

. Background 

Both Flip- and ACO-OFDM systems convert N PAM or, equiv- 

lently, N/ 2 QAM data signals d 0 . . . d N−1 into 2 N non-negative 

ransmit samples, where mostly N is a power of 2. The pro- 

ess to reach these transmit signals is different, but the outcome 

as similarities. As a first step, N/ 2 complex valued QAM sig- 

als X 0 , . . . , X N/ 2 −1 are generated with X n = d n + jd N/ 2+ n where n =
 , 1 , . . . N/ 2 − 1 . Other symbol mappings may be used, but these

re equivalent if we allow a renumbering of the symbols, without 

oss of generality. To create a real-valued output signal, it is com- 

on practice that these are extended into X N/ 2 , .., X N−1 to create an

ermitian-symmetric signal X N−k = X k , so X n = d N−n − jd N+ N/ 2 −n 

or n > N/ 2 . 

.1. Flip-OFDM formulation 

In OWC, an N-sized IFFT is performed on vector X = 

 1 , . . . , X N−1 , so for k = 0 , 1 , ..N − 1 , the real output is 

 k = 

N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 πnk 
N + 

(
d n − jd N 

2 + n 

)
e 

j2 π(N−n ) k 
N + . . . (1) 

here the “+ . . . ” accounts for the subcarriers 0 and N/ 2 , which are

ften not used. We ignore these details of modulation of d 0 and 

 N/ 2 on the DC subcarrier and the maximum-frequency subcarrier, 

o avoid that these complicate the notation unnecessarily, while it 

oes not give a deeper insight. The upper half of the subcarriers at 

he IFFT input are the complex conjugate of the lower half of the 

ubcarriers, to satisfy an Hermitian symmetry. This yields a real 

ignal at the IFFT output. Then, Flip-OFDM uses an explicit copy- 

nd-flip operation, where z N+ k = −z k . Thus, before clipping, 

 k = 

⎧ ⎪ ⎨ ⎪ ⎩ 

N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 πnk 
N + 

(
d n − jd N 

2 + n 

)
e 

j2 π(N−n ) k 
N , for k ∈ (0

−
N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 πnk 
N −

(
d n − jd N 

2 + n 

)
e 

j2 π(N−n ) k 
N , for k ∈ 

hus where z k is extended beyond k = N − 1 with the copy-and- 

ipped block. Due to the minus sign in the signal (2) for k = N, a

rude, undesirable swap of polarity occurs after k = N − 1 . Conse- 

uently, Flip-OFDM not only uses a Cyclic Prefix (CP) preceding the 

rst block but also has to insert a second CP before the second, 

ipped block [4] . We will refer to the latter as the Cyclic Midfix

CM) which is located between k = N − 1 and k = N. It is necessary

o ensure clean reception of the second (flipped) block. Formally, 

or a CM of length N MF , samples N, .. 2 N − 1 are shifted to N +
 MF , .. 2 N + N MF − 1 and the CM is defined as z N+ i = z 2 N−1 −N MF + i for

 = 0 , ..N MF . This reduces the effective bit rate. 

In fact, if the channel exhibits a delay spread, signals from 

he first block spill into the second block and cause crosstalk be- 

ween (parts of) symbols. The optical multipath delay spread may 

e moderate in indoor systems, where excess path lengths due to 

eflections are a few meters at most, but other effects can also 

e significant. For instance, the limited bandwidth of the emit- 

ing LED, often rolling off below 10 MHz disperses the signal over 

undreds of ns and imposes a mimimum duration for the Mid-Fix. 

lso, filtering in the LED modulator and impedance matching con- 

ribute to group delay and dispersion. Moreover, the foreseen use 
2 
1) 

 N − 1) 

, (2) 

f distributed MIMO in which mutual delays from spatially sepa- 

ated emitters connected in the ceiling via different cabling lengths 

mpose a minimum duration on any cyclic pre, mid or postfix. 

Reduction of the length of cyclic fixes has been a topic of OFDM 

esearch, to avoid throughput losses. A mechanism to eliminate the 

eed for a mid-fix altogether can be attractive. In fact, we pro- 

ose CP-Flip-OFDM, such that the mid-fix can be omitted without 

eopardizing performance. From e 
j2 πnk 

N = 1 at k = N, it is known 

hat a cyclic continuation (no minus sign; no flip) of the OFDM 

lock would yield continuous phases at all subcarriers. In contract 

o this, Flip-OFDM, inverts polarity at the transition. We propose 

o overcome discontinuities by gradually rotating the phase in the 

rst block (thus also in the copy-flipped second block), to linearly 

uild up a phase rotation from 0 to π over the first N samples 

 = 0 , 1 , ..N − 1 , thus anticipating a polarity flip. The next sample

 = N adopts the phase of sample zero, but with a minus sign. 

hereby, it becomes continuous between N − 1 and N, thus elimi- 

ates the need for a mid-fix. As this obviates the midfix, we will 

ot unnecessarily complicate our notation and just take N MF = 0 . 

.2. ACO-OFDM formulation 

Before we express CP-Flip-OFDM and the phase rotations math- 

matically, we first evaluate ACO-OFDM. We can show the math- 

matical similarity of CP-Flip and ACO-OFDM if we compare both 

ith the same number of symbols in running parallel and at the 

ame symbol rate. That is, we compare (CP-)Flip-OFDM using two 

oncatenated IFFT data blocks each of size N and each generated 

y an IFFT of size N, to ACO-OFDM using an IFFT of size 2 N. Both

ases carry 2 N real-valued time samples at the same bandwidth. 

ollowing our earlier choice of data mapping, ACO-OFDM maps the 

 th plus j times the (N/ 2 + n ) th real data symbol to (odd) subcar-

ier 2 n + 1 of the 2 N-IFFT, where the input meets the Hermitian

ymmetry. In fact, we see that for the 2 N IFFT, ACO-OFDM creates 

 k = 

N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 π(2 n +1) k 
2 N + 

(
d n − jd N 

2 + n 

)
e 

j2 π(2 N−2 n −1) k 
2 N , (3) 

here the first part already describes the transmission data while 

he second term is created by the Hermitian-symmetric input to 

ancel the imaginary output. ACO-OFDM, then transmits z + 
k 
, thus 

lips away any negative signal parts, with z + 
k 

= max (0 , z k ) . ACO-

FDM is known to satisfy the symmetry property (before clipping) 

 N+ k = −z k . This can be verified by inserting 

 

j2 π(2 n +1)(N+ k ) 
2 N = (−1) 2 n +1 e 

j2 π(2 n +1) k 
2 N = −e 

j2 π(2 n +1) k 
2 N (4) 

nto (3) for z N+ k . This suggests that one may alternatively create 

n ACO-OFDM signal by initially generating only N samples and 

hen copy, shift over N and flip polarity, then clip. In this paper, 

e explore whether one can reduce the size of the IFFT from 2 N

o N. Forcing (3) into an N-sized IFFT-like notation, we see 

 k = 

N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 π( n + 1 2 ) k 
N + 

(
d n − jd N 

2 + n 

)
e 

− j2 π( n + 1 2 ) k 
N , (5) 

or k = 0 , 1 , . . . N − 1 , and an anti-cyclic extension (flipped polar-

ty) for k = N, N + 1 , .. 2 N − 1 . The denominator in the complex ex-

onential is N, not 2 N. However, (5) is not exactly of the form of
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Fig. 1. Subcarrier power spreading due to clipping in ACO-OFDM (a), and flip and clipping in Flip-OFDM (b), setting the 63th subcarrier as zero, N = 256 . 
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(

 standard IFFT, as n + 1 / 2 appears in the twiddle factors. We will

how that the standard IFFT, with its efficient butterfly implemen- 

ation, can nonetheless be used. We interpret from (5) that the dif- 

erence between Flip-OFDM and ACO-OFDM is just a shift by half a 

ubcarrier n → n + 1 / 2 before clipping. Intuitively speaking, modu- 

ating the odd subcarriers on a 2 N sized IFFT is equivalent to load- 

ng subcarrier (n + 1 / 2) on an N-sized IFFT. We can perform this

fter the transmit IFFT by multiplying the output samples by e ±
jπk 
N . 

hat is, we exploit that in (5) this factor 1/2 is independent of the

unning index n, thus can be taken in front of the summing. 

. Spectral consequences of clipping 

OFDM is often used to ensure that any particular symbol is 

apped to a specific frequency. Then, the constellation and power 

sed for this symbol can be optimized for the channel trans- 

er at its frequency. However, severe clipping does not preserve 

uch strict frequency mapping. While BER simulations in previ- 

us papers suggest that clipped-OFDM can recover orthogonal sub- 

arrier channels, we found no earlier investigations in literature 

f how the footprint of an individual Flip- or ACO-OFDM sym- 

ol is mapped to the spectrum of the modulation signal. To an- 

wer the question of whether in clipped OFDM, a single symbol on 

ach subcarrier still travels over a narrowband well–contained fre- 

uency channel, without spreading far outside the subcarrier fre- 

uency slot, we simulated this effect. In particular, for a single tone 

n isolation, the flip-clip operation in Flip-OFDM causes strong pe- 

iodic harmonics. However, this gives little insight in what happens 

n the ensemble of all subcarriers being clipped in OFDM. To study 

he latter, we compared the spectrum of an OFDM signal with one 

hat carries the same data, but with one subcarrier symbol set to 

ero. 

Simulations in Fig. 1 (a) shows that for ACO-OFDM, clipping 

rtefacts on even subcarriers are around 24 dB below the main 

ignal. Since 50% of the samples are clipped, half of the power 

s omitted. Intuitively it is appealing to argue that, half of the re- 

aining power actively supports the original target subcarrier fre- 

uency (No. 63 in Fig. 1 ), while the other half is spectrally spread

ver the band. If we interpret an FFT as just being a unitary matrix 
3 
peration, (non-clipped) OFDM can be seen as a sequence of in- 

ependent identically distributed (iid) Gaussian random variables. 

lipping any such time sample gives a flat error spectrum. In such 

ase, the clipping noise would fall equally strong on all subcarriers. 

owever, a clip of sample k c occurs either at k c or at N + k c but not

t both instants. Thus, (odd) frequencies with an anticyclic symme- 

ry always catch the signal at either position, while cyclic (even) 

ubcarriers see every clip artefact with random polarity, depending 

n where the clip occurs. N such randomly–swapped samples add 

p as noise. Therefore, odd ACO subcarriers can be proven to expe- 

ience zero clipping noise, while the even subcarriers expect to see 

 noise variance of 1 /N (-24 dB, per loaded subcarrier) below the 

ain signal, also as simulated. Similarly, Flip-OFDM creates clip- 

ing artefacts that do not interfere with signals carried on other 

ubcarriers in an N-sized FFT grid, after folding back. However, if 

ne performs a 2 N receive-FFT, because of the antipolar flip, the 

ignal seen at frequency 2 n is zero. Moreover two sidebands occur, 

nd clipping noise spreads to odd frequencies in the 2 N grid, thus 

n between subcarriers in an N sized grid. 

To refine the resolution, we evaluate the spectral mapping be- 

ond the scope of a limited time window that only sees dis- 

rete samples of the spectrum. To be more specific, we use an 

 = 256 sized IFFT for Flip-OFDM and we evaluate its spectrum 

y performing a 16 N = 4096 sized FFT on the 2 N = 512 samples

f a copy-flipped time signal with zero padding outside the sig- 

al block. Fig. 2 shows that before clipping, the CP-Flip-OFDM (also 

CO-OFDM) signals are much better confined in spectrum as Flip- 

FDM signals, because the OFDM block window of 2 N samples 

ith phase continuity is essentially two times as wide in time 

omain compared to Flip-OFDM swapping phase after N samples. 

rom Fig. 2 (b), we see more clearly that the Flip-OFDM peak is 3 

B below the main CP-Flip-OFDM peak. 

. New CP-flip-OFDM description 

We can adapt Flip-OFDM to enforce phase continuity and si- 

ultaneously make it mathematically equivalent to ACO-OFDM, 

.e., harmonize Flip-OFDM in (2) and ACO-OFDM in (5) . This allows 

s to simplify the signal generation of ACO-OFDM, but also brings 

efficiency) advantages to Flip-OFDM. In this paper, we will use the 
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Fig. 2. Envelope of the subcarrier power spectrum caused by copy-flipping (no clipping) the 63th subcarrier and N = 256 , for Flip-OFDM (black) and CP-Flip-OFDM (blue), 

using rectangular window to increase the frequency resolution 16 fold. This is also the spectrum that a receiver observes by its unflip-merge operation. (b) zoom-in on main 

peak(s) from (a). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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ame CP-Flip-OFDM whenever we specifically refer to the new al- 

orithms using IFFTs of size- N, and use the name ACO-OFDM when 

e refer to the generated signal waveform itself. 

.1. CP-Flip-OFDM generation 

Both in (2) and (5) , the second term is just the complex conju-

ate of the first term. To facilitate an efficient implementation, and 

ince ab = a b and Re [2 a ] = a + a , we argue that the transmit sam-

les z k to be transmitted may as well be written as deleting the 

maginary part in a signal that only loads the lower subcarriers 

thus without the second terms). In fact, we have we can re-write 

CO-OFDM in (5) as 

 k = Re 

[ 

2 e 
jπk 
N 

N/ 2 −1 ∑ 

n =1 

(
d n + jd N 

2 + n 

)
e 

j2 πnk 
N 

] 

= Re 

[ 
2 e 

jπk 
N FFT N 

(
d n + jd N 

2 + n 

)] 
, (6) 

or k = 0 , 1 , . . . , N − 1 and zero-padded inputs. In other words, if

e anyhow truncate the imaginary part, we may feed into the 

pper subcarriers X N−n = 0 , instead of the usual Hermitian-copy 

 N−n = X n . This alternative zero-padding in combination with only 

ransmitting the real-part of the time-domain samples, instead of 

sing an Hermetian symmetry, can be used not only for CP-FLIP- 

FDM but also for DCO-OFDM, ACO-OFDM, etc. In fact, many pa- 

ers suggest that an Hermetian input symmetry shall be applied 

n IM-OWC using any form of OFDM. However, alternatives, such 

s zero-padding, appear to exist. 

Because of the periodic frequency spectrum of the FFT, zero- 

adding the top-half of the subcarriers creates a complex-valued 

utput, called an analytic signal as it has no negative frequency 

omponents. The real and imaginary parts of an analytic signal are 

nown to be real-valued functions related to each other by the 

ilbert transform [10] . Thus, they do not contain any independent 

nformation. To create Flip-OFDM, ACO-OFDM or even DCO-OFDM, 

ne can just harmlessly remove this imaginary output. However, 

e argue that we can even use the imaginary part to our advan- 

age, to create CP-Flip-OFDM. 
4 
As can be seen from (6) , at the output of the IFFT, every 

omplex-valued output value is phase-rotated by e 
jπk 
N , thus a lin- 

ar ramp up to phase π at k = N. Here, we thus need to use the

ilbert-transformed imaginary part. Only after phase rotation, the 

eal part is taken by truncating the imaginary part, followed by 

imilar copy-flip-clip operations for Flip-OFDM as in Fig. 3 . 

Evidently, since we are only interested in the real part of the 

utcome of this phase rotation, the complex post-IFFT multipli- 

ation by e 
jπk 
N , which typically consists of four real multiplica- 

ions, can be reduced to two real multiplications, i.e., the product 

f the real parts minus the product of both imaginary parts. This 

ay also be interpreted as generating Single Side Band (SSB), see 

q. (10) , explicitly from inphase and quadrature (I and Q) compo- 

ents. A more detailed comparison on the computational complex- 

ty between the proposed CP-Flip-OFDM and ACO-OFDM is listed 

n Table 1 . In fact, one complex-valued multiplication involves four 

eal-valued multiplication and two real-valued addition, and one 

omplex-valued addition needs two real-valued additions. Hence, 

e see that CP-Flip-OFDM requires less computational resources 

han the ACO-OFDM, although there is an additional phase rota- 

ion which corresponds to a complex-valued multiplication. An al- 

ernative approach to reduce the complexity is the use of so-called 

eal-valued FFTs [11] , which restructures and punctures the regular 

utterfly structure and limits the complexity from 4 N log N to 2 N

og N. However, this deviates from standard FFT semiconductor IP 

locks and adds control complexity in the flow of operations, so 

he latter appears to be rarely used in practice. 

.2. CP-Flip-OFDM demodulation 

.2.1. Mathematical evaluation 

Since in CP-Flip-OFDM and ACO-OFDM, z k = z + 
k 

− z −
N+ k with 

 

−
N+ k = min (0 , z k ) , when received over a dispersion-free channel, 

eceived samples can be used as input to an N-sized time-to- 

requency transform. We implement the detector by starting off

ith an operation that copies and adds the second half of the 

eceived time samples ξk ( k = N, N + 1 , . . . , 2 N − 1 ) to the first

lock. Thus, it does a flip back-and-merge operation to create the 

eries of variables ̂ ξ = ξk − ξN+ k for k = 0 , 1 , . . . , N − 1 . In litera-
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Fig. 3. Block diagram for CP-Flip-OFDM modulator and channel, where the filled-boxes indicate the unique operations compared with Flip-OFDM modulator. 

Fig. 4. Block diagram for CP-Flip-OFDM demodulator that can also detect ACO-OFDM, with un-flip merge operation, followed by a complex-valued phase rotation before the 

FFT. 

Table 1 

Complexity comparison between CP-Flip-OFDM and ACO-OFDM. 

OFDM Items Complex multiplication Complex addition Real multiplication Real addition 

CP-FLip-OFDM e 
jπk 
N N 0 2 N N

CP-FLip-OFDM N-IFFT N 
2 

log 2 (N) N log 2 (N) 2 N log 2 (N) 3 N log 2 (N) 

ACO-OFDM 2 N-IFFT N log 2 (2 N) 2 N log 2 (2 N) 4 N log 2 (2 N) 6 N log 2 (2 N) 
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ure, the reliable working of ACO-OFDM is often explained for a 

on-dispersive channel, thus with ξk = z + 
k 

and ξN+ k = z −
N+ k ( k = 

 , 1 , . . . , N − 1 ). Then, the merged-back signal ̂ ξ = z + 
k 

− z −
N+ k be-

omes an input to the N-sized time-to-frequency transform, to 

ecover the subcarrier symbols. However, as the prime justifica- 

ion for OFDM lies in its ability to handle a dispersive channel, 

or our verification we explicitly insert an impulse response h l 
ith L taps, i.e., l ∈ { 0 , 1 , . . . , L − 1 } that generate h l z 

+ 
k −l 

− h l z 
−
N+ k −l 

t the receiver. L needs to be less than the size of CM or CP to

void the ISI. Although, the preserving of subcarrier orthogonality 

s mostly implicitly assumed for all schemes, evaluation of the FFT 

xpressions only confirms this for copy-flip-clip schemes, but we 

ee that in copy-flip-timereverse-clip schemes, channel dispersion 

poils subcarrier orthogonality. In fact, by writing ACO-OFDM as 

P-Flip-OFDM after removing the CP, we can show orthogonality 

oncisely via 

 m 

= 

N−1 ∑ 

k =0 

L −1 ∑ 

l=0 

(
h l z 

+ 
k −l 

− h l z 
−
N+ k −l 

)
e 

− j2 π( m + 1 2 ) k 
N . (7) 

e renumber the running indexes of the sums k − l → k and as- 

ume an appropriate cyclic prefix of periodicity 2 N (not N), such 

hat x k = x 2 N+ k for the preceeding samples k = −1 , −2 , ..L − 1 . Ac-

ording to the circular shift property of the IFFT and swapping the 

ums, (7) can be written as 

 m 

= 

L −1 ∑ 

l=0 

h l e 
− j2 π l(m + 1 

2 
) 

N 

N−1 ∑ 

k =0 

(
z + 

k 
− z −

N+ k 
)
e 

− jπk 
N e 

− j2 πmk 
N . (8) 

Writing H m +1 / 2 = 

∑ 

l h l exp [ − j2 π(m + 1 / 2) l/N ] , we see that a 

actor H m +1 / 2 can be taken out from the sum over k such that 

 m 

= H m + 1 2 
FFT 

[ (
z + 

k 
− z −

N+ k 
)
e 

− jπk 
N , m 

] 
. (9) 

This receive FFT also has a size of N instead of 2 N, which re-

uces computational complexity in the receiver. We see that the 

ignal is attenuated by the transfer of the channel at a frequency 

hifted upwards by half a subcarrier. Despite clipping and despite 

he observation in Fig. 1 that ACO and Flip OFDM disperse 50% 

f the bit energy over the entire band, in a dispersive channel, 

ach energy per received symbol is only determined by the chan- 

el response at one particular frequency. One may argue that the 

ther 50% of the energy per symbol (at other frequencies) is simply 

ot captured by the standard receiving recipe, which makes ACO- 

FDM 3 dB more sensitive to noise. 
5 
Interpreting (9) as a method to build a receiver in Fig. 4 , we

an use the real samples, merge these by flip-back and add, exe- 

ute a linearly-increasing complex-valued phase rotation by e 
− jπk 

N , 

nd use a normal N-sized FFT. So, in contrast to most OWC OFDM 

eceivers previously covered in literature, we feed complex-valued 

amples into the receive FFT, derived by pre-processing the de- 

ected real-valued signal samples in the complex domain. 

.2.2. Shifted Hermitian symmetry 

Hermitian Symmetry is known to occur for real-valued signals. 

owever, we feed complex values into the receive FFT. A symmetry 

imilar to an Hermitian one is preserved, but the conjugate sym- 

etry is shifted by one subcarrier position, compared to what a 

onventional FFT of a real-only signal would exhibit. For m > N/ 2 , 

e can replace m → N − m in (11) , apply H m +1 / 2 = H N−m −1 / 2 and

ake the conjugate. That gives a new type of (shifted) symmetry 

 N−m 

= ς m −1 with m ∈ 1 , 2 , . . . N/ 2 − 1 for CP-Flip-OFDM. 

.3. Signal spectrum intuition for CP-Flip-OFDM 

This section gives a frequency-shifting interpretation of the new 

ecipe for generating and detecting ACO-OFDM as if it is a form 

f FLIP-OFDM with an upmixing operation. Frequency shifting of 

FDM signals for the baseband domain suitable for OWC is cur- 

ently topic of debate in IEEE 802.11bb standardization to reuse 

iFi-like signal over optical intensity modulated channels. 

Frequency-shifting of real-valued signals by multiplying with a 

arrier would create a Double Side Band (DSB) signal of double 

andwidth. In contrast to this, baseband CP-Flip-OFDM requires 

SB frequency shift without negative frequency components, which 

s known to give practical difficulties. For the transmitter and the 

eceiver, we use a different method to shift the spectrum of real- 

alued signals without creating a lower–side band. 

• At the transmitter , a frequency shift is needed that resembles 

the creation of an SSB signal z SSB (t) . Although this could be 

done by AM modulation and filtering one side band, particu- 

larly for our uplift with 1 / (2 NT ) , that falls inside the signal

bandwidth itself 1 / (2 T ) (with T the sampling rate which time- 

domain signals are emitted), it requires a double conversion to 

avoid aliasing around DC. Moreover, as the shift is only by half 

a subcarrier, very steep filters would be needed to avoid alias- 

ing. A more attractive signal processing approach would be to 
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Fig. 5. Dual transmit signal format using (a) CP-Flip-OFDM and DCO-OFDM, and (b) Flip-OFDM and DCO-OFDM with cyclic midfixes. The primary signal is concatenated by a 

copied and flipped block while the secondary signal also has a copied block. Overline means polarity flipping. Signals in the two rows are added together sample by sample 

in time domain. 

Fig. 6. Block diagram for dual system demodulator. 
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use inphase-quadrature (I-Q) modulation, based on 

z SSB (t) = z(t ) cos 

(
2 πt 

2 NT 

)
− ˜ z (t ) sin 

(
2 πt 

2 NT 

)
, (10) 

where the Hilbert transform ˜ z (t) of z(t) is needed to suppress 

the lower side band. Creating ˜ z (t) involves a phase shift of ex- 

actly 90 degrees over a wide frequency band. This Hilbert trans- 

formed signal comes for free as the imaginary part of the trans- 

mit FFT output, as we propose to replace the commonly-used 

Hermitian symmetry by zero padding, to create a so-called an- 

alytic signal (rather than a real signal). 
• At the receiver , mixing down by half a subcarrier is needed. We 

avoid Hilbert transforms by feeding a complex-valued signal 

into the FFT. That is, we invoke the FFT property z k e 
− j2 παk/N ← 

FFT → Z n + α . A time-domain multiplication of any signal (thus 

also of a purely real signal) by e 
− j2 πβk 

N is equivalent to a shift 

in the frequency domain by β (here β = 1 / 2 ). It creates a 

complex-valued signal, but this is no problem as an FFT input. 

. Dual systems 

Clipped OFDM have the generic disadvantage that two consecu- 

ive OFDM blocks are needed to transmit the data. This halves the 

hroughput. This can be repaired by adding a second, DC-biased 

ignal that is periodic with the period of a single OFDM block, 

s in Fig. 5 (a). In fact, dual OFDM systems use a copy-flip-clip 

or the primary signal and use a copy (no-flip; no-clip) for the 

econdary signal. In literature, dual methods such as Hybrid ACO- 

FDM (HACO-OFDM) and Asymmetrically clipped DC-biased Opti- 

al OFDM (ADO-OFDM) were described, while the composite sig- 

als were created in different ways. In HACO-OFDM, ACO-OFDM is 

ransmitted on the odd subcarriers and PAM-OFDM is transmitted 

n the even subcarriers [12] . In ADO-OFDM, ACO-OFDM is run by 

nly loading odd subcarriers, while in a second parallel operation, 

nly the even subcarriers are loaded with a DC-biased DCO-OFDM 

3] . 

A common aspect is that a second data signal s k is added to 

 k , where s k cyclically extended, thus with s N+ k = s k , while z k is
6 
nti-cyclic. Because of this cyclic extension, a midfix is not needed 

or s k . In fact, while frequency uplifting by half a subcarrier is fa- 

orable for z k , it would be counterproductive for s k . In fact, inte-

er subcarriers can cyclically be extended, while half subcarriers 

an be anti-cyclically extended. One would refer to these as even 

ubcarriers in ADO-OFDM. With CP-Flip-OFDM as primary signal, 

here is no need for a CM between the two copied-flipped-clipped 

locks for the clipped part. In fact, the primary signal is made to 

ave phase continuity by means of an uplift of half a subcarrier. 

lternatively, if standard (non-CP) Flip-OFDM is used, a CM and 

indowing transition is used between the two blocks to handle 

ispersion, as in Fig. 5 (b). The secondary signal must then also ad- 

ere to a periodic property over a period of one block plus the 

uration of the CM. 

When unflip-merge is used as detection algorithm, any sec- 

ndary signal s with cyclic extension s N+ k = s k cancels out in the 

nflip-merge, even if the signal is subject to dispersion, provided 

hat the delay spread fits within the cyclic prefix. To show this, 

ntroducing a cyclic s in (7), gives 

 m 

= 

N−1 ∑ 

k =0 

L −1 ∑ 

l=0 

(
h l z 

+ 
k −l 

− h l z 
−
N+ k −l 

+ h l s k −l − h l s N+ k −l 

)
e 

− j2 π( m + 1 2 ) k 
N . 

(11) 

hus, without deteriorating the reception of z, this secondary sig- 

al can be a DCO-OFDM signal that uses the same subcarrier spac- 

ng as z (similar to ADO-OFDM), but we see that s and z may 

ave very different subcarrier grids. A demodulator for a dual sys- 

em can be separated into two branches as in Fig. 6 . Since CP- 

lip-OFDM is insensitive to s, the primary signal can be detected 

xactly as described before. The secondary signal sees interfer- 

nce from the clipped primary signal. Hence, a locally estimated 

opy for the CP-Flip-OFDM signal including its estimated disper- 

ion needs to be subtracted from this secondary path. It would 

ouble the noise and imperfect channel estimation leads to arti- 

acts in the signal. These effects lead to a reduced Signal Noise Ra- 

io (SNR) compared to a situation without the primary signal. Note 

hat, in contrast to ADO-OFDM, we only use FFTs of size N. 
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. Conclusions 

Both Flip-OFDM and ACO-OFDM create an OFDM signal in 

hich the second half is a polarity-flipped replica of the first 

art. Flip-OFDM realizes this by repeating and polarity-flipping an 

FDM block of length N, while, according to the conventional de- 

cription, ACO-OFDM employs an IFFT of length 2 N and only al- 

ows signal dimensions that have the required anti-cyclic repeti- 

ion, thus, only odd subcarriers. An advantage of ACO-OFDM is 

hat all (odd) subcarriers are by design continuous at the split 

etween the two halves. So, the cyclic prefix and windowing are 

nly needed at the beginning of the 2 N frame, while Flip-OFDM 

eeds cyclic besides prefixes also midfixes are needed between 

oth halves. 

We show that ACO-OFDM and Flip-OFDM have more similari- 

ies than hitherto reported. In fact, the only difference appears to 

e that in ACO-OFDM all subcarriers are implicitly shifted up by 

alf a subcarrier and can be created by a copy-flip operation. It 

ppears that this up-shift ensures that all subcarriers have contin- 

ous phase. Thereby, ACO-OFDM contains the signal spectrum bet- 

er, and ACO-OFDM receivers are less sensitive to interference at 

ther frequencies. 

We propose a subtle modification to Flip-OFDM, namely CP- 

lip-OFDM, that yields these advantages. The idea is to multiply 

he time sequence by a complex exponential, which mimics a fre- 

uency lift of half a subcarrier. We argue that, in contrast to state- 

ents repeatedly made in literature, creating an Hermitian sym- 

etry, traditionally used at the transmitter to enforce a real-valued 

FT output, is not mandatory. It suffices to only feed the IFFT with 

omplex QAM data for the first half of all subcarriers and leave 

he rest as zeros. This creates an imaginary part being the Hilbert 

ransform of the real signal. We use this to our advantage to up- 

hift by half a subcarrier spacing. At the output of the IFFT, we 

runcate the imaginary part after a complex-valued linear phase 

amp-up. So, this leads to a new, versatile signal processing recipe 

hat can create Flip-OFDM, CP Flip-OFDM, ACO-OFDM, or ADO- 

FDM. It uses only N-sized IFFTs, but with phase shifting before 

he copy-(flip)-clip operation. 

We believe that our analysis explains why many previously re- 

orted comparisons by simulating Flip-OFDM against ACO-OFDM 

howed identical performance. 
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