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Abstract

The KS regularization connects the dynamics of the harmonic oscillator to the dynamics of
bounded Kepler orbits. Using orbit space reduction, it can be shown that reduced harmonic
oscillator orbits can be identified with re-parametrized Kepler orbits by factorizing the KS
map as reduction mapping followed by a chart on the reduced phase space. In this note,
we will show that also other regularization maps can be obtained this way. In particular, we
will show how Moser’s regularization and Ligon—Schaaf regularization are related to KS-
regularization. All regularizations are a result of choosing the right invariants to represent the
reduced phase space, which is isomorphic to %S>, and a chart on this reduced phase space.
We show how this opens the way to directly reduce the KS transformed Kepler system and
find other regularization maps that are valid for all values of the Keplerian energy similar to
Ligon—Schaaf regularization.

Keywords Geometric reduction - Harmonic oscillator - Kepler problem - Regularization

Mathematics Subject Classification 53D20 - 37J15 - 70HO5 - 70H33

1 Introduction

The Kustaanheimo-Stiefel regularization is a well-known regularizing transformation for the
equations of Kepler motion in three-dimensional space. The purpose of this regularization is
to remove the existing singularity at the origin of the coordinate system which corresponds
to collision orbits. Ideas about regularizing this problem go back to Euler who considered
the one-dimensional problem of the collision of two bodies and to Levi-Civita (1906) who
considered the two-dimensional variant. In Kustaanheimo (1964) proposed an extension to
the Levi-Civita regularization in four dimensions based on spinors and this idea was expanded
upon in Kustaanheimo and Stiefel (1965) by both Kustaanheimo and Stiefel. Later Stiefel
and Scheifele would give a more complete and formal treatment in Stiefel and Scheifele
(1971).
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The full KS-regularization procedure usually consists of three steps. Starting with the
Kepler problem in R® one considers a fixed energy surface, applies a time re-scaling, and
applies the KS-map to finally obtain the harmonic oscillator on R®. The KS-map increases the
number of degrees of freedom by one which is caused by the introduction of a free angle. In
this paper, we will also focus on other regularizations. Often fixing the energy and re-scaling
time is a necessary step.

Although there are many ways to describe the KS transformation using angles (Stiefel
and Scheifele 1971; Ferrer and Crespo 2018), or quaternions (Vivarelli 1983; Waldvogel
2006), we will choose to use reduction of the harmonic oscillator on R8. Identifying R® with
H x H, one can easily make the step to quaternions. The classical KS transformation connects
the Kepler flow on R® to the harmonic oscillator flow on R® and raises the dimension by
introducing a free angle (Kustaanheimo and Stiefel 1965). Consequently a whole torus of
periodic solutions of the harmonic oscillator corresponds to just one bounded Kepler orbit
under the KS transformation. Orbit space reduction with respect to the S!-action correspond-
ing to this free angle, i.e., the action corresponding to the bilinear relation, will map R3 to
a six-dimensional manifold embedded in R!®. Under this reduction, the harmonic oscillator
flow on the torus reduces to just one circular orbit that can be identified with a bounded Kepler
orbit. We will show that the six-dimensional reduced phase space is a manifold diffeomorphic
to TS = {(u,v) e R®: |u| =1, (u, v) =0, v # 0} in Sect. 3. To obtain a map from R3 to
RS, i.e., a KS-transformation, we will have to choose an appropriate chart for this manifold.
How to obtain the classical KS-transformation was shown in van der Meer (2015). It will be
introduced in Sect. 2. Note that the role of 73 in the regularization of the Kepler problem
became clear through Moser’s regularization (Moser 1958). Kummer (1982) establishes a
relation between Moser’s and KS regularization showing that the "completed" phase space
of the Kepler problem is diffeomorphic to 7+ $3. Kummer constructs his maps in terms of
"generators" of the group actions involved in the same way as we use the invariants to define
the orbit map.

The reduction will be performed using constructive geometric reduction, or orbit space
reduction, by explicitly constructing an orbit map using a Hilbert basis of invariants for the
Sl-action, a method of reduction explained in van der Meer (1985). In this construction,
there is a lot of freedom, many choices will lead to the same result. The possibilities leading
to a chart in which one obtains the Kepler system will be described for the main part in
Sect. 2. Interesting is that Stiefel and Scheifele precede their choice of the map, that was
later called the KS-map, by "for example." Also in many other papers the non-uniqueness
is considered. For instance, in Breiter and Langner (2017), it is shown that one can define a
KS-map using any unit quaternion. We will show that this is related to the SO (3) symmetry
of the Kepler problem which is the reduced action of an SO (3) symmetry of the harmonic
oscillator leaving the harmonic oscillator Hamiltonian and the bilinear relation invariant.
Furthermore, in Ferrer and Crespo (2018), it is mentioned that there are more possibilities
for the bilinear relation.

KS-regularization is just one of the possibilities to regularize the Kepler problem. There is
also Moser’s regularization (Moser 1958), based on the stereographic projection of the three-
sphere, and relating the Kepler flow to the geodesic flow, and Ligon—Schaaf regularization
(Ligon and Schaaf 1976) relating the Kepler flow to the flow of the Delaunay Hamiltonian
(see also Cushman and Bates 2015), which is also a re-parametrization of the geodesic flow.
Note that Moser’s map, as well as the Ligon—Schaaf map, are defined on T+S 3 ¢ R8. Thus,
the dynamics of the obtained systems on R® has to be constrained to 7% S> to obtain the
regularized system. In both cases, this constrained flow is not only a re-parametrization of
the geodesic flow but also a re-parametrization of the harmonic oscillator flow. Therefore,
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these regularizations are only different with respect to choosing the invariants for the orbit
map.

In Sect. 4, we will consider Moser’s regularization in the context of orbit space reduction.
In this section, it is shown that Moser’s regularization can be connected to KS-regularization
by a map on the codomain of the orbit map, that is by changing the invariants defining the
orbit map. The obtained relation is similar to the one obtained by Kummer (1982). In both
KS and Moser’s regularization, restriction to an energy level and time re-scaling is part of
the process.

In Sect. 5, we will review the Ligon—Schaaf map (Ligon and Schaaf 1976; Ligon 1973,
2018; Cushman and Duistermaat 1997; Heckman and De Laat 2012; Cushman and Bates
2015). The LS-map uses an energy-dependent version of Moser’s map and maps the Kepler
system to the Delaunay Hamiltonian on 7% S3. This regularization has the advantage that it
avoids restriction to an energy level and time re-scaling. However, it has the drawback that
the inverse LS-map contains an angle that is only implicitly defined. The LS-map can also
be put in the framework of reduction and connected to the KS map.

In Sect. 6, we will introduce a scaled version, i.e., energy-dependent version, of the
reduction valid for all negative Keplerian energies. Formulating the Kepler Hamiltonian on
R® using the KS-map and using the reduction associated with the LS-map, one can obtain the
constrained Delaunay system as a reduction of the Kepler system. Some alternative reductions
and corresponding regularizations are suggested in Sect. 7, where the positive energy case is
considered as well.

Due to the vast amount of literature about the Kepler problem, we do not pretend to
be complete in our references. For a discussion of references relating reduction and KS
regularization, we refer to van der Meer (2015). In addition to this also Cordani (2003) has
to be mentioned as here also the relation between reduction and KS regularization, and the
role of T+ §3 is studied. Nice bibliographies can be found in Cordani (2003), Efstathou and
Sadovskii (2010).

2 The KS transformation and reduction

Let us start this section with the first step in the regularization process, the time re-scaling.
Consider the Kepler Hamiltonian for negative energy

1
K(x,y):%|y|2—m:—%k2,k>o, (1)

We construct the pre-regularized Hamiltonian

Rero =2 (Keroy 4 202) 4 2 = iy + 1. @
k 2 kK 2k
The energy level K (x,y) = —%kz corresponds to the energy level K(x,y) = % The
Hamiltonian vector field corresponding to K is
dx 1||8K+ K( )+lk2 d |x|
— = x|l X, Sk ——
ds k" ay V3 )y &

Q1K (e g ) 2
— = ——|x|— — X, —k°) ——.
ds k" ax V3% ) ox &
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On K(x,y) = —%kz, this corresponds to

1||3K
—_— = — = ——|x|—.
ko ox

dx 1| laK dy
= xX|—,
ds k 9y ds

ods ko . o
With Fri T this is a time re-scaled version, or re-parametrization, of the Kepler vector
x

field. Itis this time re-scaling which actually makes it possible to map to aregular system when
using classical regularization. The integral curves of the pre-regularized Hamiltonian vector
field corresponding to K with energy % agree with the integral curves of the Kepler vector
field with energy —%kz. The vector fields are equivalent, but not symplectically conjugate,
as one is a re-parametrization of the other, where the re-parametrization depends on the
variables.

In van der Meer (2015), the KS map was described as a chart for the reduced phase space
obtained by reducing R® with respect to an ' action that was related to the bilinear relation.
When one considers the harmonic oscillator on RS, then the harmonic oscillator reduces to
the pre-regularized Kepler problem (i.e., the Kepler problem after time re-scaling and on a
fixed energy-level) within this chart on the reduced phase space. For sake of completeness,
we will repeat the procedure below and in addition show that the procedure is independent
of the choice of the orbit map.

Consider R® with coordinates (¢, Q). The Hamiltonian for the harmonic oscillator is
H>(gq, Q) = % |q|2 + % 1012, |.] denoting the Euclidean norm on R*. Furthermore, let
E(q, Q) =(q102—qg201)+ (g3 Q4 —q4 Q3). Note that we use the notation of van der Meer
(2015), where for the formulation of the KS-map we followed Cushman and Bates (2015).
The invariants for the flow of & are (see Egea 2007)

Si=qi+a s=q¢+4d

53=01+05 s=03+0;
s5s=q101+q202 56 =¢q303+qa04
57=q102—q201 8 =¢q304—qa03

59 = q194 — 4293 S10 = 4193 + 4244
=0104— 0203 s12=0103+ 0204
s13=q104 —q203  s14a=q103+q204
s15 = 0194 — 0293 s16 = Q193 + 0294 .

N

—_
—_

The orbit map for the = -action is therefore

. RS = R'% (¢, 0) — (s1,....516) -

The image of 7, is the Z-orbit space, which is obtained by dividing out the S'-action gen-
erated by &, and thus of dimension seven. Restricting to the energy level Z'(g, Q) = ¢
then gives the reduced phase space and reduces the dimension to six. Thus, V, =
(& 1)) , ¢ € Ris a Z-reduced phase space. Reduced phase spaces are, in gen-
eral, semi-algebraic sets. On the six-dimensional reduced phase space 7. (& -10)), we may
choose the chart

x1 = 2510 = 2(q193 + q294) ,
X2 = 259 = 2(q194 — q293)
x3=s51—%5=(q+¢3) — (@3 +43) .
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Fig. 1 Diagram relating R87 (q7 T ]RlG

Z-reduction and the KS-map =

w l

RS, (z,y)
1 9103+ q204 + Q193 + 0294
= (s14 + s16) = T 3, 3
S+ 52 q1+q2+Q3+q4
1 9104 — @203 + Q194 — 0293
2 = (513 +515) = 3 3 3
N ql+q2+q3+q4
1 q101+q202 —q303 —q404
Sp 452 qi +q5 +q;5 +4q;

The expressions in (3) define exactly one of the representations of the KS-transformation.
More precisely, if we define ¢ : R'® — RO to be the map such that ¢(sq, ..., s16) =
(x(s), y(s)), then the KS map £S : (g, Q) — (x,y) is KS = ¢ o 7 (see Fig. 1).

Note that this chart is not a global chart. It is not defined when s = 5o = 0, or |¢| = 0,
which implies that all s; are zero except s3, s4, 11, S12, amongst which we have the relation
§3854 = slzl =+ 5122.

As we reduced with respect to & we still have a non-trivial H>-action on the reduced
phase space. In order to compute the H> vector field in the chart, we have to consider the
induced Poisson bracket.

Consider C*®°(R83, R) with standard Poisson bracket { , }. When we consider an orbit
map like 7 then such a map induces a bracket on C (R0, R) given by {f(s), g(s)}gi6e =
{f(s(q, Q)), g(s(g, Q))}. This makes the orbit mapping into a Poisson map, that is,

{(fotz.got}=1{f.glpe oz,

for f, g smooth functions on R'®. Note that functions f o 7. are the functions invariant under
the Hamiltonian flow of the function Z'.
In the same way, the coordinate chart ¢ is a Poisson map,

{f . glrsop={fop,goplps .

Consequently ¢ o 7, is a Poisson map. Because the standard Poisson structure is non-
degenerate, in this case Poisson is equivalent to symplectic.

The reduced vector field for the harmonic oscillator given by H can now be given in
terms of the induced Poisson bracket

{x1, H2} = 2|x|y1 ,
{x2, H2} = 2|x|y2 ,
{x3, H2} = 2|x|y3 ,
H> =

{y, H2} = _2le - ZW(SU —513) ,

H> E
{y2, H2} = —2Wx2 gy (514 — 516) »
H> g
{y3, H2} = _ZW)C3 - zw(ss —57), 4)
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32 Page6o0f19 J. C.van der Meer

which on & = 0 and H, = 1 is precisely two times the pre-regularized (time-re-scaled)
Kepler vector field corresponding to K as given by (2), with k = 1. Because of the factor
two, the coordinates x, y are the physical coordinates of the Kepler problem up to a re-scaling.
Its orbits are re-parametrizations of the Kepler orbits on the level set K (x, y) = —% and are
the image of harmonic oscillator orbits on the reduce phase space 7. (& ~1(0)).

The factorization of the KS-map defined in (3) can be obtained for any choice of a basis
of invariants defining the orbit map 7 for the &'-action.

Consider a diffeomorphism § : R0 — RI%: (s1,...,516) = (51(s5),...816(s)). Then
the coordinate chart on the image of § becomes ¢s such that g5 0 6 = ¢. Consequently
gs0801:(q, Q) =¢ot:(q, Q) = (x(g, ), y(g, @) on £~1(0).

Note that any diffeomorphism on the target space of the orbit map provides a new orbit map
and that all possible orbit maps are obtained this way. In general, one will reduce with respect
to a compact group action, in which case one may choose a Hilbert basis of homogeneous
polynomials.

Remark 1 From the above, it is clear that KS maps are not unique. On can apply an arbitrary
symplectic diffeomorphism to R3 such that the composition of this map with the KS map
gives another representation of the KS map, which can be factorized through the reduction
map and chart as before.

The group of symplectic diffeomorphisms that are linear and leave = and H» invariant is
SO (4). When we consider SO (3) C SO(4), we obtain KS-maps with an arbitrary defining
vector as in Breiter and Langner (2017).

If we choose linear symplectic diffeomorphisms that leave H» invariant, we obtain a KS
map with a changed bilinear relation, which explains the remark in Ferrer and Crespo (2018)
concerning the possibility of multiple choices for the bilinear relation.

3 The =-reduced phase space

In this section, we will determine the nature of the reduced phase space for the =-action
which is given by 7 (271(0)) . Note that the representation of the image of the orbit map
7. depends on the choice of invariants one needs to construct the orbit map. However, all
representations are diffeomorphic.

Introduce the following set of Z invariants as in van der Meer (2015).

1
K| = E(—sl —s3+s2+s4), Li=-—s7+s3,

Ky =—s9—s11, Ly=514—516,
K3 = —s10—512, L3=ys15—19513,
1
E =57+s38, H2=5(S1+S2+53+S4), (5)

and

1
U =—(s5+s6), Vi= 5(51 +52 =53 —84)

Uy=s510—512, Vo=s14+ 516,
Us=s9—s11, V3=s13+515,
1
U4=§(51—32—S3+S4), Vi =55 — 56 . (6)
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We have the following relations

U} + U} 4+ U+ U} = H} — E%,
VE+ Vi Vi+ Vi =H -5,

UVi+ U Vo +Uz3V3+UsVs =0, @)
and
ViU —U1Vo + Hb K3 — L3E =0, WU — U V3 + Ho Ly — K1 E =0,
ViUs —U1Vas+ oKy — Lo B =0,  V3Us —UsVa+ HaLz — K38 =0,
ViUs — U\ Va+ H,K1 —L15 =0, VoUy — UsVo + HyLy — K)o 2 =0.  (8)
Consider the invertible linear map
3(s) = (U(s), V(s), L(s), K(s), Ha(s), E(s)) 9

defined by the relations in (5) and (6). Furthermore, let 7y = {(¢, Q) € ]R8|E (g, 0) =
0, (g, Q) # 0}. Note that in view of relations (7) and the additional relation |K|*> +
ILj? = H22 + &2, we see that (g, Q) = (0,0) is in one-to-one correspondence with
(U,V,L,K,H,&8) = (0,0,0,0,0, 0). Thus, the reduced phase space § o 7 (E-10)
consists of more than one symplectic leaf, the origin being one of them.

The space given by Egs. (7), with Hy = h and & = 0 fixed is T" S,f. Furthermore, define

Mo =3d01.(J0) . (10)

that is, My is the &-reduced phase space corresponding to & = 0 without the origin.

Theorem 1

(i) Myisin (U, V)-space given by the equations |U|* = |V|*>and < U,V >=0, (U, V) £
(0, 0).
(ii) My is diffeomorphic to TlSl3 x R.o.
(iii) My is diffeomorphic to T+ S3.

Proof (i) In view of relations (8) and (7), we can express the invariants K,L, and Hj in
U,V provided & = 0 and H, # 0, thatis, (U, V) # (0, 0). It follows that we may
represent My as a subspace of (U, V)-space given by the equations |U|?> = |V|? and
<U,V>=0,U,V)#(,0).

(i) Again considering Eq. (7), setting H, = h > 0,in (U, V, H,) space we obtain Th Sg xR
given by |U|> = |[V|> = h®and < U,V >= 0, (U, V) # (0,0), h € R.g. By the
transformation (U, V)— > (U/H,, V /H;), we obtain T‘Sl3 x R.o.

(iii) We follow an approach similar to the one in Kummer (1982). Let

8(s) = (u(s), v(s), L(s), K (5), Ha(s), E(s)) , 1D

with u = H%, and v = V. Then it easily follows that the reduced phase space My is
diffeomorphic to 7+ 83, that is, the reduced phase space § o 7 (J) is diffeomorphic to

T+ 53, the tangent bundle to the unit three sphere minus its zero section. O

Consequently the reduced phase space 7 (E71(0)) has a stratification into the H, level
sets T" S;.
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32 Page8o0f19 J. C.van der Meer

Let{, }y,v denote the Poisson bracket on (U, V)-space induced by the standard Poisson
bracket on (¢, Q)-space. It has structure matrix

0 —K3 —K» —K;

Kz 0 —L; Lp

Ky Ly 0 Ljs ’
K —L, —L3y O

(12)

A 2H> 14
—2H>)I; A

) with A =2

with I4 the 4 x 4 identity matrix. If H, # 0, one can express K, L, H> in terms of U and V
using the relations (7) and (8) this gives a bracket on R8 in the coordinates (U, V).

As in Theorem (1), My is the & = 0 reduced phase space in R8, with coordinates (U, V),
given by the equations U —|VI> = 0and < U,V >= 0. Let { , }M denote the
constrained bracket, or Dirac bracket Dirac (1950), obtained by constraining the standard
Poisson bracket on (U, V)-space to M. The following theorem states that the restriction of
the standard Poisson bracket on R® to the image of the orbit map, seen as a manifold in RS,
i.e., the constrained bracket, is the same as the bracket induced by the orbit map.

Theorem2 {, }y.v = 2H{, }Mo.

Proof Using the formula for the Dirac bracket

{F|Mo, GIMo}" = {F,G)y.v — £} ;_|{F. Fi}y.v¢"{F;. Glu.v (13)
with Fi (U, V) = |U|2— |V|2, F>(U,V)=< U,V > and ¢ the inverse of the matrix given
by {F;, Fj}u,v, the result follows by straightforward computation. Note that the (U, V)-
bracket is induced by the standard bracket when using coordinates (g, Q). O

Remark 2 In van der Meer and Cushman (1986), the idea of constrained normalization was
introduced in order to normalize perturbed Kepler systems, which were mapped to systems
on T1 53 by Moser’s regularization, by a normalization procedure on the ambient space R®
in a way that had a natural restriction to 7+ §3. Theorem 2 shows that a normalization on the
domain of the orbit map, equivariant with respect to the & -action, reduces to a constrained
normalization on the image of the orbit map in a natural way by the induced bracket.

Remark 3 Note that the map & o T can also be described in terms of quaternions. If ¢ and
Q denote quaternions with the usual base 1, i, j, k, and with the usual definitions of the
quaternion product, quaternion conjugate, norm and inverse, then

$ot.(q, Q) =
(3 (Gig — 0i0),3i0. -G 0. % (Gig + 0iQ), S 1g* + S 101, L 1g1* = $101H) =
((Os U47 _U3a U2)7 (_Ea V4a _V3, VZ)» (U17 Ll’ LZ’ L3)a (07 Kla sz K3)» H27 V1X14)

In this, we can recognize the KS1-map giq as defined in Breiter and Langner (2017) as well
as the S O (3)-momentum mapping (gi Q, % lq|*+ % |02, % lq1> — % |Q]?) (see van der Meer
et al. 2016).

4 Moser’s regularization

In this section, we will reveal the connection between KS and Moser’s regularization. We
will show that they are connected by a linear mapping on the target space of the orbit map.
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Fig.2 Diagram involving S Tz 16 S S
Moser’s map R®, (¢,Q) > R, s > R, (u,v)
&éﬁ) }9
ps=p
6

Moser’s regularization Moser (1958) connects the Kepler flow to the geodesic flow on S3.
More precisely, Moser’s regularization map maps THS3 = {(u,v) e R®: |u| =1, (u,v) =
0,v # 0} to R® in such away that the pre-regularized Kepler Hamiltonian K maps to the
Hamiltonian |v|. The orbits of one system are mapped to the orbits of the other system when
restricted to the proper energy surface. Note that the system with Hamiltonian |v] still has
to be re-scaled in order to obtain the lift of the geodesic flow on 3 to 7+ $? (Cushman and
Bates 2015).

In van der Meer (2015), Moser’s regularization Moser (1958) was discussed in the frame-
work of reduction following ideas of (Kummer 1982, 1985). In the following, we will give a
more extensive treatment showing that there is a direct relation with the KS-regularization,
again following the ideas in Kummer (1982). The key is in the diffeomorphism relating the
reduced phase space with 7+ 3.

Note that Moser’s regularization map maps 7 S> to RO, that is, is a coordinate chart for
this representation of the &-reduced phase space. This chart is constructed by lifting the
stereographic projection of S3 to the tangent bundle. Also the KS map is a coordinate chart
on the reduced phase space. They are related through the map § given in (11) as will be shown
below.

In the basic set of & invariants given by (U, V, L, K, H>, &), we have that the KS-chart
becomes

Vs
2x1 = U — K3, yl:m,
V3
x =Us - Ky, y2=m,
Vs
x3 =Us— Ky, )73:m~ (15)

Theorem 3 The coordinate chart gz, with 8 given by (11), is Moser’s regularization map (see
Fig. 2).

Here § is essentially Kummer’s map as introduced in Kummer (1982).

Proof Recall that Moser’s map  : R® — RS; (u, v) — (x, y) is given by

x1 = (o] +vus —urvz , y1 = (] +v)"'vy
x2 = (Jv] + v)uz —uvs , y2 = (] +v1) " '3
x3 = (ol +vDus —urva . y3= (vl +v1) g (16)

It is based on the inverse stereographic projection of R3 on §3 ¢ R*. Let Ry = {(u, v) €
RS : vy + |v] # 0}. Then p is a diffeomorphism of T+53 N Ry with inverse

u= [|x|<1 + T2, ), (L 1yP)x =206, )y)

v—( el (1= 1Y), bxly) - a7
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32 Page100f19 J. C.van der Meer

We have, using (8), & = 0, and H, = |V| = |v|

L3 & ViU, — UV,
x1=U—-K3=U, — K3+ =Uy+ ———F—— = (v +v)uz —ujvz, (18)
H, H,
L ® ViU — U V3
xx=Us—K,=Us —Kx + =Us+ —— = (v +vuz —ujvs,
Hy H,
LWZ ViUgs — U1 Vy
x3=Us— K1 =Us— K| + =Us+ ——F—— = (v +v)ug —ujvy,
H) H;
1% vy
yl = = ,
Vi+Hy v+l
_ V3 _ V3
2EVivH  n+
V4 V4
= = N 19
> Vi+Hy v+ v (19
which proves the theorem. O

The map (U, V) — (u, v) given by u = H%, v = V considerably messes up the Poisson

structure on the image of § o 7 (& —1(0)). However, we have
{Ui, o} = =2V; , {Vi, Ha} =2U; , i =1,...,4,

which does not change when (U, V) is replaced by (u, v). By construction, the = -reduced
H, flow leaves TTS? invariant. On 783 the Z-reduced H, flow corresponds to the flow
of |v| as follows from the second relation in (7). Like in Sect. 3, we have that the flow of |v|
in the induced bracket on T3 is equal to the constrained flow of |v| with respect to the
standard Poisson structure on R® > 71783, Thus Moser’s map relates the reduced H, flow to
the Kepler flow. The reduced H, flow is on 7% S3 a re-parametrization of the geodesic flow,
while on quz X Silz it gives a double Hopf-fibration (see van der Meer et al. (2016)).

Remark 4 The H; invariants on the &-reduced phase space are generated by the L; and K;.
It is well known that, by the KS-map, the L; corresponds to the angular momentum vector
for the Kepler system and the K; corresponds to the Runge—Lenz or eccentricity vector. In
view of the formulas (8) on (U, V)-space, we find the H, invariants M;; = U;V; — U;V;,
i,j=12,3,4,i # j.On (u,v) space, we find the Hj invariants m;; = u;v; — u;v;,
i,j=1,2,3,4,i # j. Here the M;;, m;; corresponds to the eccentricity vector and the
M;j,m;j, i > 1 corresponds to the angular momentum vector, in the chart relating the
harmonic oscillator to the Kepler system. For this, we have to restrict to Hy = 1 and & = 0.
Thus, the group of linear symplectic transformations on (g, Q) space leaving H, and &
invariant is SO (4). According to Sect. 2, such a map does change the KS-map but leaves
the Kepler vector field unchanged. Note that this SO (4) action is not the lift of an SO (4)
action on the configuration space. If the action is restricted to the SO (3) action, given by the
angular momentum vector the class of KS-maps is obtained that was considered in Breiter
and Langner (2017).

5 Ligon-Schaaf regularization

The Ligon—Schaaf regularization was introduced in Ligon and Schaaf (1976), based on Ligon
(1973), and further studied in (Ligon 2018; Cushman and Duistermaat 1997; Heckman and
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De Laat 2012; Cushman and Bates 2015). Like the Moser regularization, the Ligon—Schaaf
regularization is based on the stereographic projection. It maps R® to 7+S3, relating the
Kepler Hamiltonian for negative energy to the Delaunay Hamiltonian constrained to 7+S3,
which in turn is a re-parametrization of the geodesic flow. The advantage of the Ligon—Schaaf
map is that it does not restrict to a single Kepler energy level, but incorporates the Kepler
energy in the map. It directly relates the Delaunay Hamiltonian and the Kepler Hamiltonian
and avoids time re-scaling. This section is mainly a review based on the above cited literature.
However, the factorization of the LS-map is a bit different then the one in Cushman and Bates
(2015) because we want to establish the LS-map, or rather the inverse of the LS-map, as a
chart for the reduced phase space. That is we have to make sure that everything is expressed
in the & invariants used for Moser’s map.
The LS-map @ s is given by

1 1
Drs(x,y) = (&, n) = (sin(¢)A + cos(¢) B, I cos($)A + % sin(¢)B) , (20)

with —% k? the Kepler Hamiltonian. Here A, B are the k-dependent components of a repre-
sentation of Moser’s map (see Heckman and De Laat 2012) and T (S 3 p)isTTS 3 minus
the pole used for the stereographic projection in the construction of Moser’s map.

Let P~ = {(x,y) € RO|K(x,y) <0, x # 0}. In Cushman and Duistermaat (1997), we
find the following statement which we give here as a proposition.

Proposition 1 The LS-map @ s is completely determined by the following properties:

(i) @rs is an analytic diffeomorphism from P— onto T (S>3 — p),
(ii) @rs is a canonical transformation,
(iii) If yx is a solution of the Kepler system in P_, then @ o y is a solution of the Delaunay
vector field in T+ S3,
(iv) J = J o ®, where J and J are the respective SO (4) momentum mappings on P_ and

T+83.
Consider Moser’s map as given by (17). Using %|y|2 — plT| = —%, we may rewrite this as
X
u= (-(X, y>a T (X, }’)y) ’
|x]
v=(1—|x|lyl* Ix]y) , 2
where |u| = |v| = 1, < u, v >= 0. Using the scaling x — k’x, y — k~'y, K - k2K,

t — k3, o — ko as formulated in Heckman and De Laat (2012) to be able to handle
arbitrary negative energy surfaces for the Kepler problem, i.e., introduce the scaling map p
by p(x,y) = (&, ), with ¥ = k?x , § = 1y, then the energy surface K (x, y) = —5 k> is
transformed to K (X, y) = —% . The scaled version of Moser’s map becomes wlop(x,y) =
(4, 0), with

i = u(z. §) = (—k(x, y). |ch| — (e y)y) = (Kt uz,uz ug) = Au)
0=, §) = (1 — |x[ly[% klx]y) = (v1, kva, kvs, kvs) = D(v) . (22)
Note that, if K (¥, §) = —3, we have [i| = [0] = 1, < i, D >= 0.
This induces a scaling map
p:THS? > TS? x Rog; (u,v) — (i1, 0, k) , (23)
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with (&, D) given by (22). We have u o p = pou~".

In the LS-map in (20), we now have to choose

X

A(xvy):ﬁ(xvy):(_k<xvy>v |x| _<xv}’))’)7
B(x,y) = 0(x,y) = (1 — [x|ly[*, klx]y) .
L, )=k <x,y>=—u . (24)

Because we are following van der Meer (2015) in our choice of the Moser-map, our formulas
differ slightly from the map in Cushman and Duistermaat (1997). However, one can still
follow the arguments in Cushman and Duistermaat (1997) to show that this map is actually
the LS-map.

‘We may now unravel the LS-map in a sequence of maps like in Cushman and Bates (2015).
First the inverse of Moser’s map p~! followed by scaling map /. Then the rotation R, over
the angle ¢ = —#i;. Combining the last two of these maps gives

Rﬁl [e] ﬁ . T-FS3 — TlS3 X R>0; (u, U) - (é? ﬁvk) . (25)

Next consider . .
TSP x Rag — TS (6, 0,k — (&, 1) . (26)

As the components of the LS-map are functions of Moser’s variables (u, v), we may also
introduce
voTTS R TP CRE: (u,0) — (£,1) 27)

given byz/?oR,;l o p. Then
Ors=Won '=yoR; 0ponl, (28)

which is illustrated in Fig. 3.

The inverse LS-map @Zsl (see Ligon 2018) now provides a chart for 7§ — R. Follow-
ing (Cushman and Duistermaat 1997), this mapping maps the Delaunay Hamiltonian to the
Kepler problem and is symplectic only if £ (x, y) = k < x, y >. Thatis the LS-regularization
has the advantage that it directly relates not the pre-regularized Kepler Hamiltonian, but the
actual Kepler Hamiltonian, to the Delaunay Hamiltonian

D&, n) R
on T+ S3. Note that we actually have to consider the constrained vector field of D on T+ S3.

Following Cushman and Bates (2015), one obtains that the constrained Delaunay flow
on TTS3 is a re-parametrized version of the geodesic flow on 7% S>. Note that this re-
parametrization can actually be obtained by a symplectic map as the scaling factor is a
function of the energy. In this construction, the &-reduced vector field corresponding to D
using the orbit map ¥ o 4§ o 7. (E71(0)) maps to the Kepler vector filed through the chart
given by the inverse LS-map.

For completeness, we will give the inverse LS-map @ZSI We may write @ZSI as a function
of (u, v) on the = -reduced phase space So (& ~1(0)). One can find the inverse LS-map in
Ligon (2018). We have to adjust for our choice of representing Moser’s map. The LS-map
can be seen as the composition of two maps. The first is the parametrized version of Moser’s
map given by 5 o !, the second the rotation in (u, v) space given by Ry, . The inverse
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Fig.3 Diagram relating Moser’s '
map and the LS-map RS? (’Ll,, U)) — RS (g 77)
\@LST
(z,y)
Fig. 4 'Commutative diagram Yodor -
involving the KS- and LS-map ]RS7 (q7 Q) 5 RS , (57 T])
\\\\\\Efii;ﬁl,s
R®, (z,9)

therefore consists of the inverse rotation followed by the inverse of the scaled Moser’s map.

The inverse of p o ™! is given by
1 k
x:—kfz((1+v1)u—u1v), Y= dxo? (29)
Writing @.5(x, y) = (&, n), the inverse of the rotation Ry, is given by
u = —&sin(¢) + |—Z| cos(¢), v==E&cos(¢) + ﬁ sin(¢) . 30)
Substituting (30) in (29) gives
x =l ( s<ﬁ +5in(¢)) + ﬁ(a + cos(;)))
= [nlGE1n — mé&) — [n|*€ sin(¢) + nln| cos(¢) .
£ cos(¢) +  sin(¢)
(B

y= - .
0l (1 + &1 cos(@) + 2 sin(©) )

Here we have used the fact thatk = ﬁ In Ligon (2018), there is an extensive list of relations.
Our formulas differ in some signs from the formulas in this paper due to choices made in the
stereographic projection Note that the angle ¢ is now defined implicitly through the relation
£ =&psin(¢) — cos(;) Ligon (2018).

If one chooses (5 n) as invariants defining the orbit map, then again the &-reduced phase
space is T1S3, and (31) defines a symplectic chart on the reduced phase space. In Fig. 4, a
diagram is given showing the relation between the KS-map and the Ligon—Schaaf map. We
have a reduction to 7% S using Ligon—Schaaf variables, where the inverse LS-map gives a
chart on this representation of 7'+ $3.

6 Reducing the KS-transformed Kepler system

When one considers the LS-regularization, then the following features make it different.
The Kepler Hamiltonian is directly related to the Delaunay Hamiltonian on 7+ $3, no pre-
regularized Kepler Hamiltonian is needed and no time re-scaling. In the Ligon—Schaaf
regularization, the Keplerian energy, or actually the Keplerian Hamiltonian, is introduced
as a scaling factor for the coordinates.
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In order to understand the role of the Ligon—Schaaf map in the reduction procedure, recall
the role of the Keplerian energy in the construction of the pre-regularized Kepler Hamiltonian
in Sect. 2 and how it relates to the harmonic oscillator.

By a re-scaling of time, the orbits of the Kepler Hamiltonian for negative energy —% k2,
k > 0, were obtained as the re-parametrized orbit of the pre-regularized Hamiltonian

~ 1
K(x,y) = "(K( y) + k2)+f —k|x|(|y|2+k2)

on (T*R3, ).
Using the KS-map, we have

2,2, 2, 2 , 01+03+05 + Q421 ((q102—q201)+(q3 04— 6I4Q3))2
lxI =gi+gy+q5+q5 , Y| = — 5 5 5 >
97 + 95 + 493 + q; (G} +a3+4a3+4d

Furthermore,

E(g, Q) =(q102 —q201) + (9304 — q4 03) .
One finds that the KS-map maps the pre-regularized Kepler Hamiltonian to

N 1
KS*R = i(kz(q% +q3+qi+qh)+ (01 + 03+ 03+ 0D,

when restricted to Jp.

Taking k = 1the Ha(q, Q) = %lgI> + 310> = 1 level corresponds to K = 1 and
1

We w111 start with considering the relation between the KS-map and the LS-map for k = 1.
Using the KS-map, we may, provided & = 0, rewrite the Kepler Hamiltonian as

IE(Q»Q)=K°’CS(47Q)=EW—W~ (32)

When we use the orbit map
Sot. iR 5 R!®:(q,0) - (U,V,K,L, H, 5),

the Hamiltonian on the image becomes

- 110/ 1 1 H, — Vi 1
K@ Q) =0 — =2 - , (33)
2 |ql lql 2H+Vi Hy+Vy
where H, = |V|. Restricting to H, = 1, & = 0, then we have that
1 Hy — V, 1 11
2 1 (34)

2H+Vi Hy+Vi  2H}'

where the functions on the right- and left-hand side are equivalent provided we restrict to
H> =1 and |gq| # 0. The reduced phase space for the orbit map 8 o 7, is Mo, as given in
(10). My considered as a manifold in R®, with coordinates (U, V), is diffeomorphic to 7+ §3.
There exists a mapping (U, V) — (&, ), where (&, n) are g1ven by the LS-map with & = 1,
mapping My to T+ S3. More precisely, we have v Sl oo So 7, = KS, with 8 given by
(11) and ¢ given by (27).

Rewriting the Delaunay Hamiltonian

11

DE,n) = _EW s
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in terms of (g, Q) coordinates, we obtain

1 1 1

N S N N Y
2@ 0F - 2mg.o @9

that is, the Delaunay Hamiltonian corresponds to the Kepler Hamiltonian, provided we are
on the energy levels £ =0, H, = 1, and K = _% .

Remark 5 To obtain the inverse LS-map for k = 1, we have to rotate (U, V), using the
harmonic oscillator flow, over an angle depending on the position, such that the speed of
the Delaunay flow matches the speed of the Kepler flow. According to Cushman and Bates

. . ds k . . .
(2015) in the scaling X = ﬁ, the new timescale s is the eccentric anomaly. Furthermore,
X
{ =— <x,y >= —esin(s), and s — esin(s) = ¢t — 7, where 7 is a time related to the

periapse passage.
Thus, the rotation in the LS-map makes the total rotation time of the Delaunay vector field
equal to that of the Kepler vector field.

Remark 6 The intertwining of the SO (4) momentum mappings, that plays a role in the LS-
map, is immediate. The expressions U; V; —U; V;,i, j = 1,...,4,i # j, generate the SO (4)
momentum map on (U, V) space and correspond to the (K, L) variables, which in van der
Meer (2015) were shown to correspond to the SO (4) symmetry of the Kepler problem.

In order to bring the Keplerian energy into the reduction process consider
Hai(q. Q) = k> (qi + 43 + 43 +43) + (QF + 03 + 05 + Q) -

Hj ;. = 1 corresponds to K = % and K = —% k?. Hy ; can be obtained from H» by the scaling
q = kq, Q — Q, H» — Hy}, o — ko. More precisely set ¢ = kq and Q = Q, then
H> k(q, Q) = Ha(q, Q). Note that through the XS-map this gives us the scaling x — k2x,
y — k~ 1y, that is, if we set, as before, ¥ = kx, and § = %y, then we obtain the scaling
also used in the Ligon—Schaaf regularization. Set

2
R s )

When this is substituted in Hj x, then Hj ; becomes identically equal to 1. Thus, H; drops
out of the discussion. In stead of H», we introduce K (g, Q) as an invariant and consider the
orbit map

7. RS > R'% (¢, 0) - . 0. K. K, L, &),
with &, n the Ligon—Schaaf variables as in Sect. 5. Then the reduced phase space for & = 0
is, as before, T1(S® — p), where the pole of the sphere has to be left out as it is the image
of |¢| = 0. The reduced system corresponding to K (¢, Q) is now the Delaunay system with

Hamiltonian — % In% . As the Ligon—Schaaf map is a symplectic map with standard symplectic

forms on R® and R®, the actual reduced system is the Delaunay system constrained to 7+ §°.

If for instance we consider on R® the system with Hamiltonian —% W, then this

system leaves T * S invariant and the corresponding Hamiltonian flow is on 7+ 53 equivalent
to the constrained flow of the Delaunay Hamiltonian.
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7 Alternative reduction and regularization

The final chart is symplectic by construction when on T+ 3 we take the constrained induced
bracket. Also all brackets on the reduced phase space can be computed using the Poisson
bracket on (g, Q) space where we have the standard symplectic form. Therefore, we may
relax the condition that the symplectic form on the ambient space of 7'+ S is the standard one,
which means that also other reductions might be considered. We might for instance perform
the reduction on R® with coordinates q, Q). Because we use (g, Q) instead of (¢, Q), our
scaling is introduced in all mappings. We obtain the invariants 5(s) = s(§, Q)

§ = (kK>s1, k52, 53, 5, kss, kse, ks7, ksg, k>s9, k%510, 511, $12, ks13, ks14, ks1s, ksi6) -

The § define again a set of Z-invariants which we may use to define a Z-orbit
map, which we indicate by 7.. Previously we changed from s invariants to invariants
(K (s), L(s),U(s), V(s), Ha(s), E(s)) given by (5) and (6). If we do the same for §, we
obtain

Ulg,0)=UGq.0)=U@G 0, Vg0 =VGEg 0)=V@G 0,
K(q, Q) =KG(q.0)=K(@G, 0. Lg, 0 =LGq 0)=L3G 0,
(g, Q) = Hx(5(q, Q) = H2(G, Q) = Hax(q. Q).  E(q, Q)=E (g, 0)=E(G, Q) ,

where U1 = kUl V2 = kV2 V3 = kV3, V4 =kVy, H2 H, x, & = k&. Furthermore, k is
presentin Uz, U3, U4 and Vl Thus, U and V are different from the scaled Moser variables. As
H, k becomes identically 1, we introduce K as an invariant. Furthermore, we use Z instead
of &. Consider the orbit map

7. :R® >R (¢q,0) > (U,V,K,L,K,5).

Relations (7) and (8) still hold for the variables (U s \7, K R I:, 1:12, g ) . That is, the reduced
phase space for & = 0 is the six dimensional manifold 7'} S13 xR_gin (U, V, K)-space. By
introducing

p:TiS*xRg— TS} (U,V,K)— (U,V), (36)

withU =V and V = %[] we obtain the orbit map

. R > R% (¢q,0) > (U, V.K,L.K,E).

The reduced phase space for & = 0 is the six-dimensional manifold 7 (S 3 p)in 0, v)-
space. In terms of (g, Q) coordinates, we have for the Delaunay Hamiltonian

1 1 -
DWU(g, Q),V(g, Q) =—5—=——=K(q,0),
2|V(g, Q)17
that is, the Delaunay system on T+53 is the reduced KS-transformed Kepler system with
Hamiltonian K (¢, Q).
The chart we have to consider on T7S> is a modification of the chart for the Moser
regularization.

X1 ((|U|+U1)V2—V1U2) , k((IUH-Ul)_le) ,

(AT + U)Vs = VT3) . y2 =k ((U|+0U)"'0s) ,

X2

»\~»\
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Lo I o1
x3 = ((01+00Va = Vila) , y3 =k ((101+ 007" 0s) 37)

where k = ﬁ
A similar result can be obtained by simplifying the LS-reduction. Consider the diffeomor-
phism given by (23)

p:TTS* — T1S* x Rog; (u, v, k) — (@, D)
followed by the map p given in (36). We have the reduction mapping

popodoi. RS> TS C R (g, 0) > £.7). (38)

Consequently on the image of the reduction mapping given by (38), we have the chart given
by the inverse of 5o p o~
The Hamiltonian system with Hamiltonian
LjgP 1

K(q, Q) =K oKS(q, Q) = SF TP

reduces to the Delaunay Hamiltonian system on 75> given by

o 1
DE.n) =—3 Vi
where now (U, V) = pop(u, v). The Delaunay system in the above chart maps to the Kepler
system.

We replaced the factor Yo R;, o p of the LS-map by o p obtaining yet another reduction
map and another representation of 7+ S, The map R8, (U, V) — RO, (x, y) is again the
chart on 77 S3 in which we obtain the Kepler system. Like for the LS-map in Sect. 6 in this
case the reduction to (U, V') variables gives a regularization for all negative energy levels of
the Kepler system.

Furthermore, if we choose U = \7, and V = kU the reduced Hamiltonian will become
— % |V |%. Note that in this case we may replace the reduced Hamiltonian —% [V|>on TT 53 by
- % (IVI2|U)>— < V, U >2). As a consequence, the normalization and analysis of perturbed
Keplerian systems as in van der Meer and Cushman (1986); van der Meer (1988); Cushman
(1992) seems to apply for arbitrary negative Keplerian energy. This will be subject of further
research.

To obtain results for positive Keplerian energy, we may adapt our invariants in a way
similar to Kummer (1982); Ligon (2018). Again choose invariants § but take

k=+v2K

and replace k> by —k?. Then our relations for U, and V become

<0,‘7>:0,
—U} 403403 +0} =1,
VE-VE-Vi-Vi=1. (39)

With the additional map_U = V,and V = kU one gets the reduced system with Hamiltonian
%(—Vl2 + V22 + V32 + V42) on the reduced phase space T+ H?> given by (39).
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