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Almost Sure Convergence of Dropout Algorithms for Neural Networks

Albert Senen—Cerda! Jaron Sanders !

Abstract

We investigate the convergence and conver-
gence rate of stochastic training algorithms
for Neural Networks (NNs) that, over the years,
have spawned from Dropout (Hinton et al.,
2012). Modeling that neurons in the brain
may not fire, dropout algorithms consist in
practice of multiplying the weight matrices
of a NN component-wise by independently
drawn random matrices with {0, 1}-valued en-
tries during each iteration of the Feedforward—
Backpropagation algorithm. This paper presents
a probability theoretical proof that for any
NN topology and differentiable polynomially
bounded activation functions, if we project the
NN’s weights into a compact set and use a
dropout algorithm, then the weights converge to
a unique stationary set of a projected system
of Ordinary Differential Equations (ODEs). We
also establish an upper bound on the rate of con-
vergence of Gradient Descent (GD) on the lim-
iting ODEs of dropout algorithms for arbores-
cences (a class of trees) of arbitrary depth and
with linear activation functions.

1. Introduction

Machine learning and especially NNs have found ample
use in present-day big data applications. Even though
the models as well as the training algorithms for NNs
have been known since the 1980s, a full mathematical
understanding is missing. Key questions include the sur-
prising success of Stochastic Gradient Descent (SGD) at
finding good local minima on a nonconvex risk func-
tion (Bhojanapalli et al., 2016), and why overparameter-
ized NNs perform well in spite of the concern of overfitting
(Gunasekar et al., 2017).

Several stochastic training algorithms for NNs to avoid
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overfitting have spawned from the introduction of
Dropout (Hinton et al., 2012). Modeling how neurons
in the brain may not fire, dropout algorithms consist
in practice of multiplying weight matrices of the NN
component-wise by independently drawn random matri-
ces with {0,1}-valued entries in each iteration of the
Feedforward—Backpropagation (FB) algorithm. The ele-
ments of these random masking matrices indicate whether
each individual weight is (0), or is not masked (1) during
a training step, see also Figure 1. Mathematically, this
turns the FB algorithm into a step of a SGD algorithm in
which the primary source of randomness is the stochas-
tic NN’s configuration. Under mild independence assump-
tions, dropout algorithms can be understood to minimize a
risk function averaged over all possible NN configurations,
see e.g. (Baldi & Sadowski, 2013). These stochastic train-
ing algorithms are thus forms of ensemble training, and
intuitively, this explains why there is regularization when
using them.

Dropout algorithms are interesting because they lie on the
intersection of percolation theory and stochastic optimiza-
tion. Percolation theory studies the properties of connected
components in random graphs, with the canonical example
being bond percolation (Broadbent & Hammersley, 1957).
The two-dimensional bond percolation problem is as fol-
lows: consider a lattice of L x L vertices, randomly re-
move some of the edges, and ask what is the probability
that there exists a path from e.g. left to right. Dropout al-
gorithms’ connections to bond percolation become imme-
diately clear when we consider that for an iteration of a
dropout algorithm to contribute a potentially useful step to-
wards a minimum of its risk function, there must be a path
from input to output in the NN after having applied the ran-
dom masks. Knowing of the connection to bond percola-
tion, for the same number of iterations, one may therefore
at first glance expect that dropout performs worse than a
routine implementation of the FB algorithm, but in fact,
dropout algorithms usually perform well due to their reg-
ularization properties (Hinton et al., 2012; Srivastava et al.,
2014). From the point of view of bond percolation, how-
ever, this should still come at the cost of convergence rates
of dropout algorithms. The convergence rate should de-
pend on the configuration of the NN and the dropout al-
gorithm’s mask variables. Exactly how this dependence is
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Figure 1. Dropconnect’s training step (Wan et al., 2013) in a L = 4 NN. In this algorithm, every time a sample is provided to a NN, a
random NN is first generated by flipping a biased coin for each edge that shows head with probability p € (0, 1]. The output of this
random NN is then used to update all weights using the FB algorithm. This effectively implements a SGD on random NNss.

is unclear, and in fact bounds for specific convergence rates
of dropout algorithms are unknown. For a full, comprehen-
sive study of the convergence rates of dropout algorithms,
one needs to combine percolation theory with stochastic
optimization, and this leads to a challenging analysis.

This paper presents a first convergence analysis of dropout
through two results. Our first result is a formal probability
theoretical proof that for any (fully connected) NN topol-
ogy and with differentiable polynomially bounded activa-
tion functions, if we project a dropout algorithm’s weights
onto a compact convex set, then the weights converge to a
unique stationary set of a projected system of ODEs. This
result gives us the formal guarantee that the dropout algo-
rithm is well-behaved for a wide range of NNs and acti-
vation functions, and will at least asymptotically (mean-
ing after sufficiently many iterations) not suffer from prob-
lems of percolative nature. Pragmatically the projection as-
sumption is furthermore mild and is used since the com-
pact set can be chosen arbitrarily and thus as large as one
would like, and the truncation of large variables in com-
puter algorithms is common especially in light of mem-
ory constraints. It must be noted, however, that the pro-
jection assumption may induce artificial stationary points
on the boundary of the compact set, although we expect
convergence to such points to be unlikely if the compact
set is chosen sufficiently large. Identifying the probability
with which projected dropout converges to such an artifi-
cial stationary point by generalizing techniques from e.g.
(Dupuis & Kushner, 1985; 1989; Buche & Kushner, 2002),
would be interesting future work.

While general, our first result lacks specificity: for exam-
ple, it only characterizes the limit points implicitly, and it
does not establish the rate of convergence of dropout. Our
second result does establish bounds on convergence rates,
but consequentially rely on stronger structural assumptions.
Studying more restrictive NN configurations such as lines

(Shamir, 2018), and full linear L-layer NNs (Arora et al.,
2018) is however common within the scientific literature
on the convergence of GD in NNs. Even without a dropout
algorithm this analysis is already a substantial theoretical
challenge since the optimization landscape is highly non-
convex. The convergence rates of SGD are not fully un-
derstood for many NNs. Concretely, our second result is
an explicit upper bound on the rates of convergence of reg-
ular GD on the limiting ODEs of dropout algorithms for
arborescences (a class of trees), of arbitrary depth with lin-
ear activation functions. While GD on a limiting ODE is
not exactly a dropout algorithm—it is deterministic and
not stochastic—analyzing its convergence rate is a major
and necessary step towards analyzing the convergence rate
of dropout algorithms. This result furthermore does not
rely on a projection assumption, and the global minimizer
can be explicitly characterized. Such explicit characteri-
zation of global minima is generally nontrivial when us-
ing dropout algorithms due to their regularization effects
(Mianjy et al., 2018; Mianjy & Arora, 2019). The reasons
we restrict to arborescences for now is that these (i) are
subject to bond percolation, note for example that in a line
configuration the probability of there being a path from in-
put to output is exponentially small in the number of layers
and this will negatively impact the convergence rate; and
(i) we can explicitly tie the upper bound for the conver-
gence rate to structural properties of the arborescence such
as depth and number of paths. Besides giving insight into
how NN are trained when using dropout algorithm, our re-
sults hint at what a NN configuration should look like in
order to improve convergence rates for dropout algorithms.

1.1. Literature overview

The first description of a dropout algorithm was in
(Hinton et al., 2012). Diverse variants of the algorithm
have appeared since, including versions in which edges are
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dropped (Wan et al., 2013), groups of edges are dropped
from the input layer (DeVries & Taylor, 2017), the re-
moval probabilities change adaptively (Ba & Frey, 2013;
Lietal.,, 2016); and that are suitable for recurrent NNs
(Zaremba et al., 2014; Semeniuta et al., 2016). The per-
formance of the original algorithm has been investigated
on datasets (Hinton et al., 2012; Srivastava et al., 2014),
and dropout algorithms have found application in e.g. im-
age classification (Krizhevsky et al., 2012), handwriting
recognition (Pham et al., 2014), heart sound classification
(Kay & Agarwal, 2016), and drug discovery in cancer re-
search (Urban et al., 2018).

Theoretical studies of dropout algorithms have focused
on their regularization effect. The effect was first noted
in (Hinton et al., 2012; Srivastava et al., 2014), and sub-
sequently investigated more in-depth for both linear NNs
as well as nonlinear NNs in (Baldi & Sadowski, 2013;
Wager et al., 2013; Baldi & Sadowski, 2014). Within the
context of matrix factorization, it was then shown that
dropout’s regularization induces an equivalent determinis-
tic optimization problem with regularization on the factors
(Cavazza et al., 2017a;b). Characterizations of dropout’s
risk function and dropout’s regularizer for (usually linear)
NNs can be found in (Mianjy et al., 2018; Mianjy & Arora,
2019; Pal et al., 2019). There exists however no prior work
on whether dropout algorithm as stochastic training algo-
rithms are well-behaved and converge, nor on the impact
of the NNs configuration on a dropout algorithm’s rate of
convergence. It is noteworthy that these questions have
been studied within the context of NNs being trained with-
out dropout algorithms, see for instance (Arora et al., 2018;
Shamir, 2018; Zou et al., 2018).

Dropout can, by construction, be understood as a form
of SGD. More generally, dropout algorithms are all
stochastic approximation algorithms. The basic stochas-
tic approximations algorithms were first introduced in
(Robbins & Monro, 1951; Kiefer et al., 1952), and have
been subject to enormous literature due to their ubiquity.
For overviews, we refer to (Kushner & Yin, 2003; Borkar,
2009); we rely on the former to prove our first result.

Overview. Section 1 contains our introduction and gives
an overview of the related literature on dropout algorithms
and some previous convergence results on NNs. In Sec-
tion 2, we lay out notation, recall the FB algorithm for the
reader, and describe the class of dropout algorithms that we
study. Sections 3, 4 contain our main results, proof outlines,
and discussions thereof. Finally, we conclude in Section 5
with also ideas for future work. The supplementary mate-
rial contains the details of our proofs.

Notation. Deterministic sequences are indexed with curly
brackets in this paper: al'},at2} ..., This is to distin-
guish from sequences of random variables, which are in-

dexed using square brackets, e.g. X1, X2

R

Deterministic vectors are written lower case z € R, but an
exception is made for random variables (which are always
capitalized). Matrices are also always capitalized. For a
function o : R — R and a matrix A € R**? q,b > 1,
we denote o(A) the matrix with o applied entry-wise to
A. The entries of any tensor will be referred to using sub-
scripts, e.g. z;, A;j, or T; ;. For any vector z € RY,
the £-norm is defined as ||zl £ (X0, |a|2)Y/2. For
any matrix A € Re*b the Frobenius norm is defined as
IAllr £ (25, Z?‘:l |A; ;12)'/2. For two matrices A, B,
the Hadamard (entrywise) product is denoted by A © B.

Let N be the strictly positive integers and Ng £ N, U{0}.
For I € N, we denote [[] = {1,...,l}. For a function
f € C?(R™), we denote the gradient and Hessian of f with
respect to the Euclidean norm |||, in R, by V f and V2 f
respectively.

2. Model
2.1. Neural Networks (NNs), and their structure

Let L denote the number of layers in the NN, and let
d; € Ny denote the output dimension of layer! =1,..., L.
Let Wi 1 € R%+1%dt denote the matrices of weights in be-
tween layers/ and [+1forl = 0,1,..., L—1. Denote W =
(W, ...,W1) € W, with W £ RIzXde-1 5 ... 5 RArxdo
the set of weights.

Definition 1. Let o be an activation function o : R — R.
A Neural Network (NN) with L layers is given by the class
of functions Wy : R% — RIL defined iteratively by

AO =T,
A’L‘+1:O.(WiA’L'71) Vie{l,...,L—2},
\Ifw(l') = WLAL—l = AL. (1)

Canonical activation functions include the linear func-
tion o(t) = t, the Rectified Linear Unit (ReLU) function
o(t) = max{0,t}, and the sigmoid function o(t) =
1/(1 + e "). In this paper, we restrict to the case that o
belongs to a class of polynomially bounded differentiable
functions.

Definition 2. The set of polynomially bounded maps with
continuous derivatives up to order r € Ny is given by

Cip(R)={o € C"(R)|VI=0,...,7r3k; > 0: )
sup |oW (2)(1 + %) 77| < oo}
z€eR

Note that the linear activation function, as well as the
sigmoid activation function, both belong to Cp5(R) for
any r € Np. Also, any polynomial activation function
P(z) € R[z] belongs to CoEF)(R). However, the ReLU
activation function is not in Cp(R) for any € No.
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2.2. Feedforward-Backpropagation, and SGD

Let (X,Y) : Q — R% x R be a random variable on
the probability space (€2, F,P) which follows a distribution
. A NN is typically used to predict output Y given input
X. So ideally, the NN is operated using weights in the set
arg miny U(W') where

Uw) £ / (U (2),9) dB(X.Y) = (2.9)]  (3)

is called the risk function, and | : R4 — [0, 0) is a con-
vex loss function of one’s choice. Throughout this article,
we will specify the Euclidean fo-norm I(z,y) = ||z — y||3
as our loss function of interest. In this paper, we make no
distinction between an oracle risk function or empirical risk
function. Both situations are covered by (3), which can be
seen by choosing the distribution appropriately. What we
theoretically do assume is that one has the ability to repeat-
edly draw independent and identically distributed samples
from . Hence, the results include the empirical risk case
(where p has finite support) as well as the online learning
case as particular cases.

In an attempt to find a critical point in the set
arg miny U (W), the Feedforward-Backpropagation (FB)
algorithm is commonly used in NN training. It is a re-
cursive stochastic algorithm and works as follows. Let
{(Y!8, X™)},cn, be a sequence of independent copies of
(X,Y), let W% € W be an arbitrary nonrandom initial-
ization of the weights. For: =1,...,L,r =1,...,d;41,
l=1,...,d;, FB is used iteratively by updating

Wit — Wi[,tr],l _ oft+1} (FBWM (X[t+1]7y[t+1]))

a7, 7,1

“
fort =0, 1,2, etc. Here {a{t}}teN+ denotes a positive, S0
ot > 0Vt € N, deterministic step size sequence, and
the F'B step of the algorithm is as follows:

Definition 3. Assume o € C'(R). Given weights W € W
and input—output pair (z,y) € R x RIL, the tensor
FBy (z,y) € Rexde—1 x ... x R4 x40 js calculated iter-
atively by:

1. Computing A, ..., Ar using Definition 1.

2. Calculating fori =L —1,...,1,

Ry, =Ar,=(@y—WrAL_1) € RdL,
Ry = (W Rin1) © (0! (Widi1)) € R%.(5)
3. Setting for i € [L], (FBW('rvy))i = —2R; A} .

The algorithm in (4) is a step in a SGD algorithm. To see
this, note that since o € C''(R) by assumption,

olv )
(FBw (z, y))i,r,l = %ﬂczy) ©

holds. By substituting (6) into (4), one identifies the
SGD algorithm. Under additional assumptions on the dis-
tribution of (X,Y) and by linearity of the expectation
and gradient operators, one can then furthermore see that
]E[(FBW(X, Y))MJ] = UMW)/ OW; 1 = (VU)iri,
which suggests that Wl may converge to the crtical set
{W|VU(W) = 0}. Because (3) is not convex, there is no
guarantee that the iterates W in (4) converge to a point
in argminy U(W). Nonetheless, the surprising success
of (4) in NNss is still a key question in the field of machine
learning; as a starting point an interested reader may look
at e.g. (Gunasekar et al., 2017). Lastly, note that Defini-
tion 3 is a computationally efficient manner of calculating
VIi(Pw(z),y). It is essentially a recursive computation
of the partial derivatives which leverages the NN’s layered
structure together with the chain rule of differentation.

2.3. Dropout algorithms, and their risk functions

Dropout algorithms are stochastic training algorithms to
avoid overfitting in NNs. These algorithms work by apply-
ing {0, 1}-valued random matrices as masks in the weights
during the FB step. More precisely, we examine the fol-
lowing class of dropout algorithms. Let (F, X,Y) : Q —
{0,1}dexde-1 5 x {0, 1}%xdo x Rdo x R9L be a ran-
dom variable on the probability space (€2, F,P). Here, we
write F' = (Fp,...,F1) and F41 € {0,1}%+%di for
1 =0,...,L—1,similar to how we notate weight matrices.
Let {(F, X Y[)},cn, be a sequence of independent
copies of (F, X,Y"). In tensor notation, the weights are up-
dated iteratively by setting

Wi+l — i _ o {13 Alt+1] (7
fort = 0,1, 2, etc, where the random direction

Al 2 PUF © FB o gy (XL YY) (8)

Note in particular that if Fltt

iy = 0 for some i, 7, [, then

AEt]H = 0. In other words, masked variables are not up-

dated with these dropout algorithms.

The update rule (7) together with (8) describes differ-
ent variants of dropout algorithms. In canonical Dropout
(Hinton et al., 2012), for example, £}, = F;,; ~
Bernoulli(p) for any {,I’ € [d;] with p = 1/2. In Drop-
connect (Wan et al., 2013), F; ,; ~ Bernoulli(p) for all
i,r, 0 with p = 1/2. In Cutout (DeVries & Taylor, 2017),
F1 ;1 = 0whenever |r — 51| < ¢,c € Ny and |l — Sa| <
¢ with (S1, S2) ~ Uniform([d1] x [do]). In fact, the class of
dropout algorithms we consider is quite broad. For exam-
ple, FI!l need not be independent of (X", Y*), nor does

Fi[t] need to have the same distribution as Fj[t] fori # j.
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We call

D) 2 / U jow (2), 4) dB((F, X, Y) = (f,2,)]
)

the dropout algorithm’s risk function. If F[! is independent
of (X[ V") for each t € Ny, and €2 is countable, then the
dropout algorithm’s risk function simplifies to D(W) =
SBE = f15,, (¥ ew(@),9)P[(X,Y) = (z,y)].
where the sums are over all possible outcomes of the ran-
dom variables F' and (X,Y"), respectively.

3. Almost sure convergence of projected
dropout algorithms

Our first result pertains to projected dropout algorithms.
Let H C W be a convex compact nonempty set and let
Py : W — H be the projection onto H. By compactness
and convexity of H, the projection is unique. In a projected
dropout algorithm, the weight update in (7) is replaced by
Wi = py, W — oA for ¢ e Ny, (10)
We assume that H is defined by smooth constraints H =
{WeWw|q(W)<0Viell]}.

Denote by VD| (W) the gradient of D(W) restricted to
‘H and let Ty, WV be the tangent space of W at W. Suppose
that Vg; (W) # 0 whenever ¢;(W) = 0 and, that these are
linearly independent. At any point W € 0H, we define the
outer normal cone

C(W) 2 {veTyW|Vg(Wn' >0 (11)
fori € [I] s.t. ¢;(W) =0}

We also assume that C'(W) is upper semicontinuous, i.e.,
if W € By (W,d), where By (W, ) is the ball of ra-
dius 6 > 0 centered at W and intgrsected with H, then
cw) = ﬁ5>0(UVT/eBH(W,5)C(W))' Let 7(W) =
—t1[W € OH] with t € C(W) minimal to resolve
the violated constraints of D]y (W) at W € 9H so that
D\ (W) + n(W) points inside H. In particular, we
have (W) = — Zézl AM(W)Vg; (W) € —C(W) where
{X\i(W) > 0}L_, are functions such that \;(W) = 0 if
qZ(W) < 0.

Finally, define the set of stationary points Sy = {W €
H|IVD|n (W) + (W) = 0}. The set Sy can be

divided into disjoint compact and connected subsets
S1yeeey Seyene

We are now in position to state our first result:

Proposition 1. Assume that: (NI1) o € C35(R), (N2)
E[lY[ZIX]5] < ocoVm € {0,1,2},n € No, (N3)

the random variables {(F'*, Xs] Y1)} . are indepen-
dent copies of (F, X,Y), and

o0

Z(a{t})Q <oo.  (12)

t=1

(A2.4) Za{t} = 00,
=1

Let {W[t] tien, be the sequence of random variables gener-
ated by (10) with (8). Then, there is a set N of probability
zero such that for w ¢ N, {WH(w)} converges to a limit
set of the projected ODE
dw

Moreover, if (N4) 0 € Cig(R), with dim(W) < r, (N5)
VwDlu(W) + 7(W) # 0 whenever Vyw D]y (W) # 0,
then for almost all w € Q, {W(w)}en converges to a
unique point in {W € H|VD|y (W) = 0}.

Proof outline. The proof of Proposition 1 relies on the
framework of stochastic approximation in (Kushner & Yin,
2003). Specifically, Proposition 1 follows from Theo-
rem 2.3 on p. 127 if we can show that its conditions (A2.1)—
(A2.6) on p. 126 are satisfied. We verify these conditions in
Lemmas 1-3, which we explain next. For the derivations,
see Appendix A.

First we assume conditions (N1), (N2), (N3) and we prove
that the variance of the random update direction in (8) is
finite, which verifies (A2.1).

Lemma 1. Assume (N1)—(N3) from Proposition 1. Then
SUPyey E[HAEH” ] < ocofori=0,1,..., L.

We prove next that if ¢ € Cpg(R) , then the random
update direction in (8), conditional on all prior updates,
has conditional expectation VD (W), Lemma 2 verifies
(A2.2), (A2.3), and (A2.5):

Lemma 2. Assume (N2)—(N4) from Proposition 1. Then
E[AFHYF] = VDWW, Furthermore, VD : W — W
is r — 1 times continuously differentiable.

From these conditions the first part of Proposition 1 fol-
lows. To prove the second part of Proposition 1, we have to
prove that the set of stationary points Sy is well-behaved
in the sense that D|g, (W) is constant. If an objective func-
tion is sufficiently differentiable, this is guaranteed by the
Morse—Sard Theorem (Morse, 1939; Sard, 1942). In the
present case however we must take into account the possi-
bility of an intersection of the set of stationary points with
the boundary OH. Assuming (N4) and (N5) provides suffi-
cient conditions.

Lemma 3. If (N2)—(N5) hold, then D(W) is constant on
each S;.

Discussion. The previous theorem guarantees that the
class of dropout algorithms we consider converges. In
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particular, in Proposition 1 the dependence structure of
(F, X,Y) as random variables is not restricted and includes
commonly used dropout algorithms such as those used in
(Hinton et al., 2012; Wan et al., 2013). Furthermore, we al-
low for a general class of differentiable activation functions.
Proposition 1 includes also online and offline learning, de-
pending on which distribution we sample (X,Y") from.

Examining Proposition 1 critically, note that it does not
give insight into the convergence rate or the precise station-
ary point of D(W) that the iterates converge to. Hence, we
consider Proposition 1 as a first step to understand the con-
vergence properties of dropout algorithms. Also, a caveat
of the projection in (10) is that if we drop assumption (N5)
from Proposition 1, then spurious stationary points may ap-
pear in case VD(W) € C(W) for some W € OH or some
critical points lie outside H. However, we may be able
to avoid this issue by using a stochastic projection set !l
(Chen, 2006; Borkar, 2009) or, in practice, just take H large
enough in order to avoid spurious stationary points.

Since the class CFg(R) contains polynomials of any de-
gree, we can also approximate the case where o is contin-
uous and piecewise smooth, like for example ReLU(z) =
max(0, x), in the case that the data (X,Y") has compact
support. Then, (W, F, X,Y) lie in a compact set so by
Weierstrass approximation theorem we can find a sequence
{on}n C CFg(R) such that o, — o uniformly in some
compact set K,, C R where K,, does not include the dis-
continuities of ¢’. Then |(V,,)w (z) — Yw(x)] — 0 uni-
formly in H x supp(X) and |[V(¥,,)w () — VU (z)| —
0 uniformly in H\K,,, where K,, is such that we avoid the
discontinuities of VW (x). In particular the minima of
D, (W) will be close to the global minima of D(1W). We
expect that then, an asymptotic analysis in the case that o is
not differentiable can be carried out with Projected Stochas-
tic Subgradient Descent, which we leave for follow-up re-
search.

4. Convergence rate of GD on D(1/) for
arborescences with linear activation

Our second result in this paper pertains to the following reg-
ular GD algorithm on a dropout algorithm’s risk function:
Wit —wit —ovDWi) for teN,. (14)
Here, we keep the step size o > 0 fixed. Note that this
algorithm generates a deterministic sequence {W{t}},cy,
as opposed to a sequence of random variables {W [}y,

as generated by (7), (8).

We first give an explicit characterization of a dropout algo-
rithm’s risk function (9) in terms of paths in a graph that
holds for NNs with linear activation functions. Consider a
fixed, directed base graph G = (£,V) without cycles and

in which all paths have length L, which describes a NN’s
structure as follows. Each vertex v € V represents a neu-
ron of the NN, and each directed edge e = (u,v) € &
indicates that neuron u’s output is input to neuron v. Let
G be the set of all subgraphs of the base graph G, and let
E(g) be the set of edges of subgraph g € G. Let I'(g; €)
be defined as the set of all length-L paths in graph g that
start at vertex ¢, traverse edge e, and end at vertex j. When-
ever one of the latter three conditions is not needed, the
subscript, argument, or superscript is dropped from the no-
tation, respectively. Note that to each edge e € & in the
NN, a weight W, € R and a mask variable F, € {0,1}
are associated. We can write W = RI€ also For every
path v £ (v1,...,71) € ['(g), we write P, £ HeE'y

and F, £ Hee'y F, for notational convenience. Flnally,

let G £ (£r,V) be the random subgraph of base graph
G that has edge set & = {e € E|F, = 1}. We denote
/,Lg é ]P)[GF = g], and ’]7,7 é Z{geg‘wer(g)} /,Lg. The next
lemma now holds, whose proof is in Appendix B.1:
Lemma 4. Assume (NG6’) that the base graph G is a
fixed, directed graph without cycles in which all paths have
length L, (N7) that o(t) = t, and (N8) that F is indepen-
dent of (X,Y). Then

W)_Zuguz[i(y— > px)Y as)

geg e=1 Y€Ere(g)
Moreover DOW) = J (W) + R(W), where
JW) = Z E[(Ys, — Pvao)Q]a (16)
YEN(G)

=D noE {Z > (( e )|)Y62

geg e=1~ele(g
~PX, Z P(;X(;D)] (17)
sere(g)\{~}

For example in the case of Dropconnect (Wan et al., 2013),
where the masking variables {F.}.ce are independently
and identically distributed Bernoulli(p) random variables,
Lemma 4 holds with p1, = pl€@I(1 —p)IE@I=1EI Also
note that if [I''(g)| = 1Vg € G,i € [d], such as when G
is an arborescence, then I'"2 (g) = {y}Vg € G,y € T'(g)
and consequently R(W) = 0.

We now focus on a base graph that is an arborescence, see
Figure 2. We can then explicitly compute an upper bound
to the convergence rate of (14) in case o(z) = z. To that
end, we first prove the following specification of Lemma 1.

Corollary 1. Assume (N6) that the base graph G
is an arborescence of depth L, and (N7)-(NS8) from
Lemma 4. Then D(W) = ZI(W) + DWem),
where Z(W) = e Vr(zy — P))%, D(W) =
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Figure 2. An example arborescence of depth L = 3.

> er (ENYD ] — E[Y,, X, ]?/E[X2]), and v, =
mE[Xi]» ENES E[YVLXW]/E[X%]JCOV’Y eI(G).

To derive an upper bound on the convergence rate, we use
that for the system of ODEs dW/dt = —VD(W), there
are conserved quantities. Specifically, let £(g; f) denote
the leafs of the subtree of g € G rooted at f € £(g) and
L(G) £ Ugee L(G; f). Define

Cr=Cr(W)2W;i— > Woforfe&\L(G),
1EL(G;f)

(18)
for W € W. We also define C,i, 2 mingee\£(a) Ces
and the sequence cit = C.(W1t) for t € N, which
we require later. For the function Cy in (18), we can prove
Lemma 5, the proof of which is in Appendix B.2.

Lemma 5. Assume (N2) from Proposition 1, and (N6’)—
(N8) from Lemma 4. Then under the negative gradient flow
dW/dt = =ND(W), dCy/dt = 0 for all f € E\L(G).

We are almost in position to state our second result, and
will still benefit from more notation. We define ||v||; £
> er(q) Yy and Vinax £ min,er(g) vy For0 <6 < M
we define S £ {W € WM > |Wy| > 6 >0 Vf €
E(GN\L(G); M > |Wy| Vf € L(G)}. We also define the
intervals I; = [C’}O}/27 30}0}/2] for f € E\L(G) as well
as the set £ Xreenca)lr C RIEI-IL@ Let

B(e,I) 2 {W e W|Z(W) <, (19)

Wi— > WPeljforfe&\L(G)}.
leL(G;f)

The following proposition now holds, and its proof can be
found in Appendix B.6.

Proposition 2. Assume (N2) from Proposition 1, (N6) from
Corollary 1, (N7)—(NS8) from Lemma 4, (N9) that wio ¢
SN B(e,I) and ML > |z,| for all v € T(G), and (N10)
that %C’min(W{O}) > 82, Then if

o—1/2 (C{Q} )L

min

min , 20
"min g, (2L — 1) M2L-DZ(W o)) (20)

a< min(

1 1
12Umax |T(G)| M2(L=1)" 5, O{Q})Ll)’

mm( min

the iterates of (14) will satisfy

DWW — DWWy < (D(W ) — DWo))e™ 7.
(2D
where T = 4umine_1/2(0égr}l)L_l.

Assumptions (N9)-(N10) are satisfied, for example, when
initializing M > W % > /26 for e € E\L(G) and
setting |W;| < §//|L(G)| for all I € L(G) and € =
T(Wwioh),

For additional insight, we provide the following spec-
ification of Proposition 2 for the case of Dropconnect
(Wan et al., 2013). The proof of Corollary 2 is deferred
to Appendix B.7.

Corollary 2. Under the assumptions of Proposition 2,
if additionally {F.}.ce are independent and identically
distributed Bernoulli(p) random variables, then v, =
Umax = E[X?pl and v/ |IV|, = 1/dp. If « sat-
isfies (20) the iterates in (14) satisfy (21) with ar =
O((p" (CLil)*" )/ (L(dL)? (M?)1)).

Proof outline. The proof of Proposition 2 is by dou-
ble induction on the statements A(t) = {Z(W{}) <
I(Wis—1he=2vminka s ¢ [t]} and B(t) = {Wi} ¢
K,Vs € [t]} where k > 0 is a free parameter. Concretely,
we prove that there exist a and & such that A(t) N B(t) =
B(t+1)and A(t) N B(t+1) = A(t + 1). Appendix B.6
describes in detail how the upcoming Lemmas 6—8 provide
sufficient conditions for the induction step. There we also
maximize the upper bound on the convergence rate over x,
which gives the rate in (20).

Lemma 6 implies that B(e, I) is compact and that D(W)
is S-smooth on the compact set K = S N B(e, I), ie.,
D(W') — D(W) < VD(W)T (W' = W) + 8| W' — W |3
for W, W' € K. Tts proof is deferred to Appendix B.3.
Here, with a minor abuse of notation, we define also

B(e,{Cf}reercia) & {W e W|Z(W) <, (22)

W)% — Z W,fz = Cf}
leL(G;f)

where {7'} £ T''(G) for | € L(G) if G is an arborescence.
Lemma 6. Assume (N2) from Proposition 1, and (N6) from
Corollary 1. Then:

(i) If e > 0 and |Cy| < oo for f € E\L(Q), then the set

B(e,{Ct} tee\r) is compact.
(i) If max,er(q) |2y| < M¥, then the function Z(W) is

B-smooth in S with f = 6Vmax |T(G)] MR(L-1)
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Next, Lemma 7 gives a lower bound on the curvature of
D(W) on K in the direction of VD(W), in the form of a
Polyak—t.ojasiewicz (PL)-inequality (Karimi et al., 2016).
Its proof is in Appendix B.4.

Lemma 7. Assume (N2) from Proposition 1, and (N6) from
Corollary 1. IfW{t € SNB(e, I), then |VD(W{)|3 >
Wiin(CED)E=D (DW ) — D(Wm)).

Lemma 8 proves that the conserved quantities of the gradi-
ent flow remain bounded under the GD algorithm in (14).
This lemma allows us to keep track of the iterates in the
compact set K = S N B(e, I) by relating them to con-
served quantities and exploiting the fact that under GD,
|C’}t+1} - C’}t}| has order O(a?). Appendix B.4 contains
its proof.

Lemma 8. Assume (N2) from Proposition 1, and (N6)
from Corollary 1. If Wi € S, and C}t} > 0 for
all f € E\L(G), then 402 ||v||, M*E=D(D(W{t) —
D(wopl)) > |O}t+1} _ O}t}|-

Discussion. A dropout algorithm’s regularization proper-
ties depend on the base graph G as well as the distribu-
tion on F. The regularization contribution to a dropout’s
risk function is explicitly given in our path representation
in Lemma 4 by the term R(W). Note that if the base graph
is an arborescence, then R(WW) = 0. This implies that the
minimum of D(W) satisfies z, = P, forall v € I'(G) in
Corollary 1. We note here also that when we consider an
anti-arborescence, the term R (W) does not vanish. This
suggests that when the input vector has a higher dimen-
sion than the output—when information gets compressed—
dropout algorithms can have increased regularization.

Observe in Corollary 2 that in the case of Dropconnect
(Wan et al., 2013), the convergence rate depends on p” and

(€19 /M2)2L where CL% /M2 < 1. First, this shows the
increased difficulty of training NN as they become deeper,
also seen in other convergence results e.g. in (Shamir, 2018)
and (Aroraet al., 2018). The exponential dependence in
L is moreover tight when using GD and is intrinsic to the
method (Shamir, 2018). Second, note that p” can be un-
derstood as the probability that F, = 1 for any fixed ~y
when using Dropconnect. This term indicates that as NNs
become deeper, and the probability of masking an edge is
increased, the convergence rate of GD with dropout will
decrease exponentially depending on the probability p.

The bound on the convergence rate in Corollary 2 for Drop-
connect is strictly decreasing in p. However, this may not
be true for other NN configurations, where R(W) # 0 may
induce a more complex dependence of the convergence rate
on p. In fact, there could be some optimal p* which de-
pends on the data. We expect that we can lift our results
to the stochastic dropout algorithm, in cases where in each

iteration of the FB algorithm with dropout, only a subset
of edges are updated. Finally, given a NN topology and
dropout algorithm with regularization term R(W), there
may be a different NN topology and dropout algorithm
(i.e., distribution on F') with regularization R (W) that min-
imizes the runtime of the algorithm while also satisfying
| miny R(W) — miny R(W)| < € for fair comparison.

5. Conclusion

This paper presented formal proof that a class of dropout
algorithms for neural networks, when projected to a com-
pact set, converge almost surely to a unique stationary set
of a projected system of ODEs. The result gives formal
guarantee that these dropout algorithms are well-behaved
for a wide range of NNs and activation functions, and will
at least asymptotically not suffer from percolative nature.
Additionally, we established an upper bound on the rate of
convergence of regular GD on the limiting ODE of dropout
algorithms for arborescences of arbitrary depth with linear
activation functions. While GD on the limiting ODE is not
strictly a dropout algorithm, the result is a major and neces-
sary step towards analyzing the convergence rate of actual
ones. Besides providing insight into the optimization of
NN using dropout algorithms, our results may be used to
indicate what a NN configuration should look like in order
to adjust the convergence rates for dropout.

As to future work, we see multiple directions:

— Theoretically, one may be interested in dropping the pro-
jection assumption. Proving a convergence result would
then become substantially more challenging, because a no-
tion of compactness must be proven first. We do not expect
that we can exploit conserved quantities since we may not
have such a symmetric optimization landscape. An alterna-
tive approach may be to use overparameterized networks
as in (Zou et al., 2018). Then, we can fit the data with
no training error and we expect to converge when initial-
izing close to a global minimum. However, the regulariza-
tion of a dropout algorithm may prevent the achievement
zero training loss and hence, a first characterization of the
global minima may be needed before obtaining a conver-
gence rate.

— If Assumption (N5) is weakened, then spurious station-
ary points may occur on the boundary of H. We expect
convergence to such points to be unlikely if the compact
set’s size is chosen sufficiently large, but we have not
proven such claim. Identifying the probability with which
a projected dropout algorithm converges to such an artifi-
cial stationary point by generalizing techniques from e.g.
(Dupuis & Kushner, 1985; 1989; Buche & Kushner, 2002),
would be interesting future work, and an excursion into
state-of-the-art mathematics of stochastic approximation.
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— On arborescences, there is no regularization by Dropout
algorithms. It would therefore be valuable to investigate the
convergence rate of GD on the limiting ODE of dropout al-
gorithms also on other graphs. The more paths exist within
the base graph that overlap one another, the more strongly
the weights depend on one another throughout the itera-
tions. These dependencies complicate the analysis consid-
erably. Also in case we have a compressing NN, the reg-
ularization will not vanish and the optimization landscape
will become more complex.
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A. Proof of Proposition 1

Proposition 1 can be proven using the framework of (Kushner & Yin, 2003). Specifically, Proposition 1 follows from
Theorem 2.3 in (Kushner & Yin, 2003). We will show that conditions (A2.1)—(A2.6) hold for Dropout SGD.
Preliminaries

We need to carefully track all sequences of random variables throughout this proof, so we repeat the definition of the class
of dropout algorithms we consider here for your convenience.

Definition 4 (Dropout algorithms). During its (¢t + 1)-st feedforward step, the algorithm iteratively calculates

Ag“] = x 1
AP = o (w1 o FIH ) Al (23)
fori=1,2,..., L — 1, to output
Ui g (XY = (W @ PP AT = Al 24)

Subsequentially for its (t + 1)-st backpropagation step the algorithm calculates
R = (v — wl o P Al e e,

R = (wll, o FIEITRIED) o (o!(W]1 o FIH) Al e Y, (25)
iteratively for j = L — 1,..., 1. The algorithm then calculates
AEH_I] _ _2Fi[t+1] o (R£t+1] (AET‘II])T) (26)

foriv=1,..., L, and finally updates all weights according to (4).

We also start by proving a few useful bounds pertaining to the Frobenius norm, which we will later iterate.
Lemma 9. For any matrix A € R™*" and 1 < k < oo, it holds that ), ;(1 + A2, ) < nm(1 + || Al|r)?*. For any two

matrices A € R™*", B € R"*? and 0 < k < oo, it holds that (1 + HAB||F) < (1 +[|Allg)5(1 + || B|r)*. Forany two
matrices A, B € R"*™, it holds that ||A ® Bl < || Allg | B|lp-

Proof. Recall Minkowski’s inequality for sequences; that is (ZZ |x; + yl-|k)1/k < (ZZ |:ci|k)1/k + (Zl |yi|k)1/k, which
holds for 1 < k < oo. It (i) implies that for any matrix A € R"*" and 1 < k < oo, that

(i) (i)
Z(1+A?j)k 2 ( YWk 4 Z|A2 Uk) < nm(l—i— Z|A Uk) (27
4,J
where (ii) we have used that the function z* is nondecreasing in z > 0 whenever & > 0. Because (iii) for the /;-norm for

sequences it holds that ||z||3, < ||z||3 whenever 1 < k < oo, we obtain

(iii) (iv)
D1+ AR < nm(1+ AR < nm(1+ [|A]lr)* (28)
4,3
where (iv) we have used that the function (1 + 22)* < (1 + 2)2* for all z > 0 whenever k > 0. This proves the first
inequality.

The second inequality is an immediate consequence of the submultiplicativity property of the Frobenius norm and its
positivity, i.e.,
1+ ABlr < 1+ [|AllplIBllr <1+ [[Allr + [|Bllr + [[Allel| Blle- 29)

Raising to the k-th power left and right finishes its proof.
The third inequality follows from strict positivity of the summands:

|4 BIE =3 4385 < (3 4%) (3 B3)= 141183 (30)
2% 0,J

4,J

Each of the inequalities has now been shown. O



Almost Sure Convergence of Dropout Algorithms for Neural Networks

A.1. Boundedness of Al'*! in expectation — Proof of Lemma 1

The idea is to expand the terms in A ) defined in Definition 4 recursively, and identify a polynomial in variables
{IY 31 X115 tmen, and n = 0,1, 2.

First, we will prove two bounds on the activation function applied to an arbitrary matrix A. Recall that o0 € C%5(R) by
assumption (N1). There thus (i) exists some Cp, kg > 0 such that |o(z)| < Co(1 + 2z2)* for all z € R, and there exists
some C1, k1 > 0 such that |0/ (2)| < C1(1 + 22)*1 forall z € R. Let k = max{1, ko, k1 }. Then

(I = Y lo(Ai)P £ Co 301+ A2)F < Cal1 + 1Al an

4,7

for some constant Cy > 0. Similarly there exists some C3 > 0 such that ||o’(A)| » < C3(1 + ||A|r)¥. Note furthermore
that for all [ > 0, (ii) by submultiplicativity of the Frobenius norm,

(€)Y}
A+ 40B)l) € (1 + |Allello(B) ) < (1+ G52 Alle (1 + |[B]l)")" < Ca(t+ | Al) (1 + | Bllp)* (32)

for Cy = max{1, Cé/z} > 0. Again, a similar bound holds for o’.

Next, note that we have by (i) submultiplicativity and (30) that
1A e = | EEH © (REFIAIYT) e < EEH el R ALY (33)

The first term is bounded with probability one: FJ ». € 10,1} for all i, 7,1, ¢. For the second term, consider the following
bound:

t+1] (25) t+1 t+1 t t+1] t4+1
IR e = v o RS TREY 0 ! (0 0 B AL e
(30
21w, © FE I pllo’ (W1 © B AR 6 [ READ | (34)

for 1 <14 < L, where we have also used the submultiplicative property. For the third term, consider the next bound: (i)
recursing (32) with A = [ and B = (W}t] oF J[Hl])Ag-tfll] etc, we obtain that there exists some C5 > 0, say, so that

145+ e 2 o] © F DAL e < Catt + 1] © )AL o)k
1

J
J

29 @ R K-t
< G+ W o FF ey + A D e)k < o5 (1 + 1XH )" TT (0 + 1w o B e) (35)
=1

forj =1,2,..., L — 1. Similar to the derivation in (35), we obtain instead with ¢’ that there exists some Cs > 0 such that
] o plt1ly 1] v T ] o gl W
+ +
o’ (W;" © BT AT le < Co (14 1X9) " T+ 1w, 0 B He)™ (36)
=1

Recall that HA[tH]H < HF[tH]HFHR [i=+-1] Hp||A[t+1]||F This, together with using (34) repeatedly for j = 4,...,L — 1,
and (35), (36), yields

L—1
1 1 1 1 1 1
Al < Hﬂﬂmm“mww+wﬂmwlfﬁﬂWﬂMﬁ@ﬁ”M&ﬂw
Jj=t

1—1
(35) ki Ei—!
< G| F e (14 X ) T+ 1w @ BV )
=1

L_
1 1 1
< [IRE e TT Wi o FA el (W) o B AU g
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i—1

7—1
(36) i &
< CAIE e (1 IX ) IO+ 1w @ 7Y g)
=1

j—1

L—1 g

1 1 k7 1 K’

< IRY e TT 1w, © FE e (1 + 11X )) " T + 1w o B e)
=1 =1

L-1 L-1 J .
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Lastly, we bound ||R[Lt+1] |lr. By applying (i) subadditivity of the norm ||A + B||, < ||A||z + || B||  and then using the
elementary bound (a + b)? < 2(a? + b?) as well as the submultiplicativity property, we obtain
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By combining inequalities (37), (38), and upper bounding the exponent of the term 1 + || X 1| in (38) by 2 Zf;ll k7,
we conclude that
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fori = 1,..., L and some constants Cg, Cy and polynomials P;(z1,...,2r), Pa(21,...,2L), say, the latter both in L

variables. Because of the projection and by definition of #, there exists a constant M such that ||Wi[t] lr < M with
probability one for all ¢ = 1,..., L, t € N;. Furthermore, ||E[t] lp < max;=o,.. r—1+/did;+1 with probability one for
all: =1,...,L,t € N;. These two bounds, together with (39) and the fact that P, P» are polynomials, as well as the
hypothesis that E[||Y||5*]| X|5] < oo ¥m € {0, 1,2}, n € Ny, implies the result. O

A.2. Conditional expectation of Al'*'] — Proof of Lemma 2

Condition (A2.2) is that each of the expectations of random directions AEtH] for i = 1,..., L conditional on F; can
written as a function of the weights. Here, F; denotes the smallest o-algebra generated by U,<, { W0, (Flsl Xsl vy,
For the class of dropout algorithms under consideration, we show in Lemma 2 that this is true with the function be-
ing the gradient of dropout algorithm’s risk function in (9). Condition (A2.3), the continuity of the derivative, is also
one of Lemma 2’s consequences. Lastly, condition (A2.5) is guaranteed by Lemma 2, since it essentially proves that
E[AFHYFR] - vDWH) = 0.

Proof. Leti € {1,...,L},r € {1,...,dix1} and ] € {1,...,d;}. Recall that F; is the smallest o-algebra generated by
{W[O], (F [s], x[s] yls] ) }s<t, and note that W is F,-measurable. The (i) F;-measurability of W together with the (ii)
hypothesis that the sequences of random variables {(F[*), X[s] yIsI)} .o, isi.i.d. implies that
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B / OV pown (X),Y)
N aVVi,r,l

dp[Fit+l = p x0H = x yIF —y), (40)

Next, we need to check that we can exchange the derivative and expectation. Note that we have the same assumptions
E[||[Y]5*IXI5] < co¥Vm € {0,1,2},n € Ny as Lemma 1. as well as 0 € Cfg(R). Therefore, by (39) in Lemma lin

any compact K C W we have |A£t:rll ]| is upper bounded by the right hand side of (39) and moreover ]E[Agt:rll ]] < Ck for
some C'x < oo only dependent on K. The interchange is then warranted by the dominated convergence theorem. Hence

continuing from (40), we obtain

0
aI/Vi,r,l

© DWW
B aVVi,r,l '

E[Ag%m — /Z(qu@W[t] (X),Y)dP[Fl+Y = F, xtH1 = x, Yyl =y A1)

If o € CFg(R), then by the chain rule and upper bounds for any multi-index s on the weights £ a bound similar to (39)
holds:

1Y, Owor (X)) < Y [ePLs(IWillg - IWele, (IX 320 + Pos(IWillp s - IWelle (1X 133 723) 42)

Jj=1 Jj=1

where P s, P s are polynomials and n 1,ns 2 are the top exponents in the expansion in || X ||r. Hence, using the as-
sumption E[|Y[|5"]| X]|5] < coVm € {0,1,2},n € Ni, we obtain for any W € K C W a compact set that
E[|0°1(Y, Ywer(X))|] < Ck . In particular we can apply dominated convergence and conclude D(W) € C™—1(W)
with 95D(W) = E[0°1(Y, Uy o p(X))]. O

A.3. Constant D(W) on a critical set — Proof of Lemma 3

Verification of (A2.6): We need Sard’s theorem to prove Lemma 3, which gives sufficient conditions for condition (A2.6).

Proposition 3. (Sard, 1942) Let f : M — N be a f € C" map between manifolds with dim(M) = m, dim(N) = n. Let
Crit(f) = {z € M|V f(x) = 0} be the set of critical points of f. If r > m/n — 1, then f(Crit(f)) has measure zero.

With Proposition 3, we can now prove Lemma 3 assuming (N2)—(N5) from Proposition 1.

Proof. By Lemma 2, we have D(W) € C"(W). By assumption (N5) we have that if W € 9 and D(W) + (W) =0,
then D(W) = 0. Furthermore W € S; for some j, i.e., the critical points of D(W) + n(W) are {W € W | VD(W) =
0} NH. We apply Sard’s theorem (Proposition 3) to D(W'). We have that if » > dim(W), then D(S;) C R has measure
zero. Since S; is connected there is a continuous path z, p : [0, 1] — S; joining any two points a,b € S;. By continuity
of D(W) we must have then D(a) = D(b), since otherwise we would have [D(a), D(b)] C D(S;) which has positive
measure in R. Therefore D(S;) must be a constant. O

Note that in the previous lemma the condition r > dim(WV) must hold since there are counterexamples when r < dim(W)
(Hajtasz, 2003).

Since Conditions (A2.1)-(A2.6) of Thm. 2.3 on p. 127 in (Kushner & Yin, 2003) are satisfied, the proof of Proposition 1
is now completed.
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B. Proof of Proposition 2

The proof uses double induction, which is a common approach for iterative schemes where boundedness of iterates and
convergence depend on one another. First, we obtain a path representation for D(W) in Appendix B.1. Next, we prove
that there are conserved quantities in the flow of VD(W) in Appendix B.2. Then, we prove a bound that guarantees a
notion of compactness in Appendix B.3. This is followed by a proof in Appendix B.4 that there is a PL-inequality. In
Appendix B.5, we prove that the conserved quantities also remain bounded through GD’s iterations. Finally, we perform
the double induction in Appendix B.6.

On the exchange of derivative and expectation in this section. We start by noting that whenever we make both Assumption
(N2) in Proposition 1 and (N7) in Lemma 4, that then the exchange of derivative and expectation is warranted. This occurs
several times throughout this section. We refer to the proof of Lemma 2 for the details.

B.1. Path representation of D(1) - Proofs of Lemma 4 and Corollary 1

Proof of (15). Recall that Gg = (Ep, V) is arandom subgraph of G = (£, V) with edge set Er = {e € E|F. = 1}. By (i)
the law of total expectation, and by (ii) independence of F' and (X,Y) :

D(W) = E[i(yf - Y pEX,)| 2 Z]E{i (Vy= Y PX){Gr = g}|PIGr =]

~el(Q) geg f=1 ~yelF(GF)

DS WEC - Y BX)Y (43)
f=1

9€9 veTY(g)

Proof of (16). Expand (43) to find

=D o [Z(Yf =2 Y PXy o+ Y Y PXWOP(;X(;O)} (44)
)

9€g ~eT'f(g) ~eT'f(g) §€T'f (g

Setting 1, = Z{geghel“(g)} ftg, We obtain

D(W) = Z,Ug {(Z Z (ll—\f 2YJ‘P X’Yo) Z Z P’YX’YOPJXJU)}
9€g f=1~eT’(g) v€T(g) 6€T'7L (g)
= Z nVE{(Y - P X’Yo } ZMQE{Z Z (( 07 ( )|)Yf Py Xy, Z P6X6o)}
~ET(G) 9€g f=1~erf(g derf (g)\{}

(45)

after rearranging terms. This completes Lemma 4’s proof after identifying 7 (W) and R(W) here as the left and right sum,
respectively.

To prove Corollary 1, consider that since for an arborescence R(WW) = 0, we can write

E[Y,, X E[Y,, X, ]2
> welt—pa] = 3 et -n) 3 m(En - Set)
v€l(G) v€l(G) ~er(G) Y0
W 7wy + DWer. 46)

Here, (iii) follows because since Z(1W) > 0 and Z(W) = 0 at z,, = P, what remains must be the optimum.

This completes the proofs of Lemma 4 and Corollary 1. O
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B.2. Conserved quantities — Proof of Lemma 5

Proof. For any edge f € £,

oD ¢
WfW as ZMQIE [Z Z P XW Z P5X50)}
! geg e=1 ~v€ETe(g) dere(g;f)
=Y B[ Y 2V Y PXo,)RiXs. (47)
geg S€T(g;f) YET?L (g)

Note that I'(g; 1) = I'!(g) for any leaf | € £(G) and g € G, and therefore in particular

la—I/I’i:ZMg > ]EP(YJL— > PVX%)P(;X(;L]. (48)

9eg  4€T(g) €L (g)

Recall that £(G; f) is the set of leafs of the subtree of the base graph G rooted at f € &. By the fact that {T''(g; f)}iec(c.p)
partitions I'(g; f) for any g € G, viz.,

T(g; f) = Uieca.pT(g; ), Th(g; f)NT™(g; f) =0 forallly # 12, g € G, (49)
it follows that oD
w, 2 50
> Wigg =Wigp. (50)
1eL(Gsf)

Note in fact that this proof works for any base graph G that has no cycles and only length-L paths, so not just an arbores-
cence. This is why we make Assumption (N6’) as opposed to the stronger Assumption (N6) in Corollary 1. O

B.3. Compactness, and smoothness — Proof of Lemma 6

In the proof of Lemma 6, we will upper bound the operator norm of the Hessian. Recall that for a symmetric bilinear
matrix A we define [|A4]|, = SUP|[y |, =1 HvTAvHQ.

Proof of (i). By continuity of the conditions in (19), the set B(e,{C}}ee\z) is closed. We need to prove bound-
edness. Let W € B(e,{Cf}ee\r). and suppose w.lo.g. that for some f* € E\L we have |[W.
Q > maxjee\ £ yer(@)1/Cjl, |2y[}. We want to find a path v € I'(G) such that P, is large for a contradiction with the
assumption that Z(W) < e. By (18), we have the inequality } ;. 0 . 4+ W2 > Q? — |Cy+| so that for some I* € L(G; f*)
we must have W2 > (Q—|Cy-|)/ |£(G f*)]. Consequently, we have by (18) that [W,|> > (Q2—|C-])/|L(G; f*)|—|Ce|
for any edge e € «y in any path v eT! (G) except for the edge f* where we have |Wy«| > @ by assumption. In partlcular
we have the bound |WW,| > O(Q) for any edge e € ~ for any path v € I'(G; f*). Therefore if we pick v € T'(G; f*) w
have

(19
€ > I(W) > vy (2 — Pv)2 > vy (| Py| = |Zv|)2 > O(QQL) (51)

for sufficiently large @), which is a contradiction. We must thus have |W;-| < @ for some ) < oo. If on the other hand
[Wi| > Q forsome | € L(G; f*), by (18) we must also have (W¢+)? > Q% + Cp« > O(Q?) for sufficiently large Q). This
case is, thus, the same as before.

Proof of (ii). Using a regular upper bound to the entries of V2Z(W) when W € S will suffice. Element-wise, we have
2 der(c;i)mr(c;j) V&(%% - ngév] ( - Pv))u it i#7,1(Gi)NI(G;h) # 0,

2 _ e
(VEZ(W))i; = 2 D oner(Gii) V.Y(;—:)Q if i=j, (52)
0 otherwise.

Hence, noting that since we have [W;| < M forall f € £ on S, we can bound |P,/Wy| < ML=1 |z | < ML and the
other terms similarly. We upper bound the number of terms in the sum over I'(G; ) and I'(G; i) N T'(G; 4) by |T'(G)| and
Vs < Vmax. Adding all terms, we obtain that 62,y |T'(G)| M2(F=1) is an upper bound for each of the entries of V2Z(W).
This gives an upper bound ||V2Z(W)|lop < 6Vmax [T(G)| M2 L~ in S. O
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B.4. PL-inequality on a compact set — Proof of Lemma 7

Recall the definition of a PL-inequality:

Definition 5. Let u € C?(K,R) where K C R" is compact and K\OK # (). Denote by u* = min,c i u(z) and suppose
that u* € K\OK. We say that u satisfies a Polyak—t.ojasiewicz (PL) inequality if there exist a Tk > 0 depending only on
K such that

IVu(z)|3 > 7 (u(z) —u*) forall zc K. (53)

A PL-inequality together with 3-smoothness on a compact set will imply that D(W {t}) — D(TW°Pt) decreases. To see this,
note that by (i) S-smoothness, and (ii) the update rule

'D(W{Hl}) — D(W{t}) 2 VD(W{t})T(W{t“} — W{t}) + ﬁ”W{Hl} — W{t}H%
2 a(pa—1)| VDWW )3 (54)

If furthermore « < 1/(203), then also Sa — 1 < —1/2. Together with (53), and after rearranging terms, one finds that

aTK

DWitHh —pwith < (DWW —D(W)) forall W e K. (55)

By (iii)) 1 + x < e* for all x € R, we obtain (21). What remains is to now actually prove that there is a PL-inequality in
some compact set, that the iterates remain in that compact set, and that the function is S-smooth.

Proof of 7. First note that if | € £(G) and v € I'(G; 1), the indexes of the weights in the product |P§t} / VVl{t}| belong to
the index set £\ L(G). The proof follows (i) by restricting the sum, and (ii) from the fact that for every path v € I'(G) in
an arborescence G, there is exactly one leaf [ € £(G) such that 4 = ~. Thus

{t}

Z’—I (With ’ 742’ Yo {t} 2, — P ’ 4y ‘ul zl—P{t})‘

e€f vel'(G; e) leL(@) l

@i 4 Z

{t}
~ED(G) Wn

2 (1)

2 (Gii) L1
2 =PI 2 i (_min (W) TIZOv ), 56
> dvmin( _min (W) IV (56)

where in (iii) we have used the bound |Wi{t}| > Mileeg\ £() |We{t}| forall i € £\L(G) and similarly with v, > vyyiy, for
v e T(Q).

Finally, by (18), we have min c¢\ £(q) |We{t} |2 > C’gi}n. This completes the proof. O

B.5. Conserved quantities remain bounded throughout GD - Proof of Lemma 8

Proof. Pick f € E\L(G). By (i) Corollary 1, and (ii) Lemma 5, we have

O}H—l} _ (W}H-l})Q _ Z (VVl{t-i-l})Q

1€L(G;i)
b 0
L (wi - aa—mmwthf - 3 (W - agg o)’
1EL(Gs )
i 9 9
(1)) T (o)
: IEL(G;f)
Dot a?((s-zw™) - 3 (G zwn))
oWy IEL(G: ) oW

{t} 2 boo
_ At 2 Py () 2 (Fy {12
=Y + 4o (( § V,Y—W{t} (zy — PA )) _ § uvl(—{t}) (21 - P ) ) (57)
~yeT(G;f) f 1eL(G;f) [ l
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{t}

P72
>cft —a?( Y uil(W”{t}) (20 = PI)?). (58)
1EL(G;f) 1
By Cauchy—Schwartz we also have
P’jt} )2 P’jt} 2 th\2
i ~ P DS V'Y(W) (2, — PI2, (59)
YED(G;f) f YED(G;f) YED(G;f) l

If we have C’}t} > 0, then (I/Vj}{t})2 > (Wéz})z for any v € I'(G; f). Thus, combining the estimate (57) with (59) we
obtain

J AN
1 1
e T oy £ wlEafesy) @
YET(Gsf) leL(G;f)
Extending the sums in (60) from I'(G; f) to T'(G) and from L(G; f) to L(G), respectively, yields

(141} _ o) 2 oy p s
Cp 7 = O <Al o ( max WEEP)TZ(WE), (61)

where we have used the bound |IWy| < max.ce\ £(c) |[Wel forall f € E\L(G). Similarly, using (58) and the trivial bound
vy < |lv||; forany v € T, and by absorbing one v, -term into Z(1¥)’s expression, we obtain

{t+1} {t} _ 2 {t}12\L—1 {t}
Cy > Cy 4l « (eeg{%}(ic) (W] ) (W) (62)
for the lower bound.
Since W1t} € S by assumption, we have the bound MaXeee\ (@) |W${t} | < M?2. This completes the proof. O

B.6. Double induction

We now use Lemmas 6— 8 together in a double induction to finally prove Proposition 2. Let x > 0 and denote the
statements:

A(t) = {ZWh) < Z(Wl e 2mnre v € 1]}, (63)
B(t) = {W} € B(e, ) N SVs € [t]}. (64)

We will prove that there exists a x > 0 such that when choosing o appropriately, firstly
At)N B(t) = B(t+ 1), (65)

and secondly,
A)NB(t+1)= A(t+1). (66)

Step 1: A(t) N B(t) = B(t + 1). We need to prove that W{t+1} € B(e, I) NS assuming (63) and (64). Using (61) from
the proof of Lemma 8 repeatedly with the bound maxecge |We{t}| < M, we obtain

t
ot <Ot vl MPEVR2 YW, (67)
s=0

By (63), we can upper bound

t t

(63) 1
> W) < T Z(WH) exp(—2vminkas) < Z(WH)
s=0 s=0

(68)

1 — e~ 2Vminka :
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If furthermore (C1) 0 < 2vpinka < 1, then (i) the inequality 1/(1 — exp(—2vminka)) < 1/(Vminka) holds, so that

min
lel’l

t
O{t-‘rl} O{Ol} +4HV” MQ(L 1) Z (W{S}) <O{O} +4HV||1ML 1 711(W{0}) (69)
s=0

In the same manner, we can also prove (69) for C’}O} instead of Cém}] This yields

O{t+1} < O{O}+4 L4 MAE=D (W ioh (70)

I/mmfi

for any f € E\L(G). Similarly, for a lower bound, we can use (62) repeatedly together with the bound (68) and condition
(C1) yielding

C}H—l} > C}O} 4 11y M2E=D o (W0, (71)

Vmink

for any f € E\L(G). Now, suppose (D1) Céﬁi — kM (E=1) > (0 and let (C2) the step size satisfy

O{O} K1/(L=1) .
< min min X
a=r ”s||y|\1M2<L DZ(WIoY) (72)

We have (i) by (70) and (71) that

C}tJrl} <€1) [C}O} HV||1 M2L-1), ’1I(W{O}) C{O} +4H Hl M2EL-1), ’1I(W{O})]

len len
(72)
E (01— (] — wMED), o 4 (O8] — /D)
(D1)
C [Cf — o )2,ct 1+ 0% j2) C (€1 /2,301 /2] = 1. (73)

min

Moreover, since CA"™ > 0 for all e € £\L(G).we have that if f € £(G), then M2 > (WJT{’H'I})2 > (I/Vf{ﬂ_l})2 for
some j € £\L(G). Consequently we also obtain M > |Wj{.t+1}| and Wt} € S,

18
Then Wt} € B(e, I) by (19). Hence, M > W}Hl} (>) 1/1/20}0} > 1/20{0} > ¢ for any f € E\L(G).

Step 2: A(t) N B(t + 1) = A(t + 1). Suppose that Wi} € B(e, I) NS for s = 0,1,...,t + 1. Using the bound in (70)
which requires the induction hypothesis A(t) and (C1) for C {t} ' we obtain

el = ol - 4—VHV.”2M D az(wi). (74)

Suppose now for a moment that (C2) the right-hand side of (74) is positive for some sufficiently small o. We could then
use the PL inequality from Lemma 7 together with the bound min.cg\ £(c) (WA 21 > () L=1 hat s,

IVZW |2 > dvn (CL Y E LT (1), (75)

To see how, note that the argumentation around (55) together with (75) and (i) the induction hypothesis B(t + 1) we have
with Wit} € B(e, I) NS and (ii) the clause (L1) o < 1/(273), implies

(111 75)
2w ) YL T xp(—2vmma (G )21
@ I(W“}) exp (—2vmima (C) — 4 puildEy S A Da(w )
mn Vmink
(111) {0} {0} ”V”l 2(L-1) {0}y L1
ZW) exp (~2utminar(CL, — 4. L MPE=Daz (W) 7 2yt (76)
Vmink

where we have also used (iii) the induction hypothesis A(t), i.e., that Z(W{}) < Z(W{}) exp(—2vminkat) holds.
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We now investigate the exponent in (76) for a moment. Assuming (C2) and if (C3) the right-hand side of (76) is furthermore
smaller than Z(W{}) exp(—2vminka(t+1)), then the induction step would be complete. Note finally that both conditions
(C2) and (C3) are satisfied when choosing

r<(ClO 2Vl M2 g 177 (01 7

min
Vmin

or equivalently
o0 _ 1/(L-1)

< Vinin min . 78
@S Vi T MEED (WO (78)

To also satisfy condition (C1), we thus require that

1 C{O} K1/ (L—1)
Dm0, MEEDZV T

a< min( ) (79)

Step 3. Let us summarize. Convergence occurs at rate at most 2vny ik« if conditions (L1), (D1), (C1)—(C3) hold. Hence
we have to choose % > 0 such that CL0) — k£~ > 0 and

{0} _ . 1/(L-1) 1 1
Cmm K ) (80)

< i min ) .
a< mm(u Ii8 ||VH1 MQ(LA)I(W{O}) 287 2Umink
Note that we can maximize the convergence rate 2vpjpak by maximizing AQ(Oégr}l — gY (L’l)), which occurs when
k= (CON-1(1 4 1/(2(L - 1)))~€-D > efl/Q(CéSI}])Lfl. Substituting this in (80) we require a step size

min

< 3 min
< min (Vi g ZR (2L M0 1)I(W{0}) 28’ 2n(CO) it ) 1)
Finally, we have the bound 3 < 6vyay |T'(G)| M1 from Lemma 6 in S, so that
1/2 (C{O}) 1 1
< i min ma 82
o < i (Vo T AR T G )
This completes our proof of Proposition 2. O
B.7. Convergence rate in the case of Dropconnect — Proof of Corollary 2
Suppose that the base graph G has no cycles and every path is of length L. Then by definition in Lemma 4, we have
=y => 1y eT(9)P[Gr = g]
{g€GIneT (g )} 9€g
=Y Py € T(9)|Gr = g|P[Gr = g] = Ply € T(Gp)] 2 p" (83)
Y

where (i) we have used Dropconnect’s distribution on F'.

Now suppose that additionally we make the stronger assumption that G is an arborescence. Then by definition in Corol-
lary 1 v, = E[X?]1,, and subsequently we can calculate ||V, = E[X?] 3 () vy = E[X?][(G)|p" = E[X?]dLp".

Now, since by assumption max, |z,| < M’ and |[W;| < M for all f € &, then Z(W1}) < O(|T(G)| M?*) so
that substitution of in the definition of « in Proposition 2 yields o = ((C{O}) /(LM*E)), where we have used that

min

Cinin < M?2. Finally multiplying by 7 gives the rate ar = O((p (C{O})%) J(L(dy)2 M4E).

min

Substituting these results in the rate 7« in Proposition 2 yields the result. O



