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ABSTRACT 

Cherenkov radiation in the soft x-ray region is generated in narrowband regions at inner-shell absorption edges. Mainly 
low-Z elements are suitable Cherenkov sources, which emit in a photon energy range from 30 eV to 1 keV and require 
moderate electron energies up to 25 MeV. Generally, in the soft x-ray region materials are highly absorbing and 
therefore the Cherenkov radiation theory is discussed for absorbing media. A detailed description includes transition 
radiation that is generated at the interface when the relativistic electron exits the material. We show that the transition 
radiation yield equation, when it is adopted for an absorbing medium, includes Cherenkov radiation. Based on this 
approach it is shown that the spectral intensity of Cherenkov radiation in the soft x-ray region is large compared to 
transition radiation for moderate electron energies. First measurements of soft x-ray Cherenkov radiation in the water-
window spectral region, generated in titanium and vanadium foils, are discussed in detail. The measured spectral and 
angular distribution of the radiation, and the measured total yield (≈ 10-4 photon per electron) are in agreement with 
theoretical predictions based on the refractive index data. We show that the brightness that can be achieved using a small 
electron accelerator is sufficient for practical x-ray microscopy in the water window. 
 
Keywords: Complex dielectric constant, Cherenkov radiation, transition radiation, soft x-ray source, relativistic electrons 
 

1. INTRODUCTION 
 
Recently, interest has grown in compact (laboratory-sized) high-brightness soft x-ray sources1. So far, the highest quality 
of intense soft x-ray light, which is expressed in the quantity brightness (intensity per solid angle per bandwidth per unit 
source area), is obtained from undulators in storage rings. Therefore, applications of these light sources, for instance x-
ray microscopy, x-ray crystallography, x-ray diffraction and fluorescence x-ray microprobes, are limited to these 
synchrotron light facilities. Although small-sized soft x-ray sources may never reach the brightness level of undulator 
radiation, they are certainly interesting for making synchrotron experimental techniques available at smaller institutes.  
 
Over the last decade, the efficiency of plasma-based soft x-ray sources has improved: (i) pinch plasmas, in which a high 
current pulse is sent through a plasma to make it collapse, (ii) laser-produced plasma2,3, in which high-power laser pulses 
are fired at liquid jets or droplets, (iii) high-harmonic generation with femtosecond laser pulses4,5, in which very short 
laser pulses are sent through a gas jet. The first two sources produce line emission spectra from highly ionized atoms 
such as C, N, O or Xe. As a side effect these sources produce a certain amount of debris depending on the target 
material. The third source produces odd harmonics of the fundamental wavelength of a high-intensity laser pulse by a 
non-linear process in the gas jet, but these harmonics tend to merge into a continuous spectrum when approaching the 
carbon K-edge (284 eV). Recently, it has been shown that laser-produced plasmas2 and high-harmonic generation6 are 
sufficiently bright for practical imaging applications. 
 
Compact electron-accelerator-based sources7 have received relatively little attention up till now. Among interactions of 
relativistic electrons with a medium that cause emission of radiation, such as (resonant) transition radiation, channeling 
radiation and parametric x-rays, especially Cherenkov radiation is a promising candidate for a compact soft x-ray source. 
As we will show in this paper, in the soft x-ray region the Cherenkov radiation is characterized by a single-line spectrum 
and by forwardly directed emission and only requires low-relativistic electrons from a laboratory-sized accelerator. For a 
long time, Cherenkov radiation was excluded in the soft x-ray region, because at these wavelengths materials are highly 
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absorbing and the refractive index is generally smaller than unity. Bazylev et al.8, however, realized that at some inner-
shell absorption edges the refractive index exceeds unity and Cherenkov radiation will be generated in a narrowband 
region, which was demonstrated for the carbon K-edge by using 1.2-GeV electrons. Two years ago we demonstrated9, 
by generating Cherenkov radiation at the silicon L-edge, that low-relativistic electrons are already sufficient for a 
reasonable yield. 
 
In section 2 of this paper we present a detailed theoretical analysis of soft x-ray Cherenkov radiation from absorbing 
materials. In section 2.2 the resonant behaviour in the refractive index, which enables Cherenkov radiation in the soft x-
ray region, is discussed. In section 2.3 we present a simple theoretical approach for the Cherenkov yield in the soft x-ray 
region. Absorption is taken into account by an absorption factor that is introduced into the spectral Cherenkov yield 
equation for a transparent medium. To check the validity of this approach we present in section 2.4 a full description by 
taking also transition radiation into account, which is generated by the relativistic electron at the interface between the 
medium and vacuum. In this case absorption is introduced by substituting the complex refractive index into the spectral 
transition radiation equation for a transparent medium. As a consequence Cherenkov radiation for an absorbing medium 
is included and is in approximation equal to the simple approach as will be shown in section 2.4.  
 
Based on the theoretical predictions in section 2, we have experimentally analyzed the Cherenkov radiation yield of two 
of these materials, namely Ti and V, which will be presented in detail in section 3. These measurements are the first 
observations of soft x-ray Cherenkov radiation generated within the water-window spectral region. In section 4 the 
Cherenkov source will be compared to other high-brightness, compact soft x-ray sources. 
 

2. SOFT X-RAY CHERENKOV RADIATION 
 
2.1 Cherenkov condition 
Cherenkov radiation is emitted by a charged particle that travels through a medium with refractive index n, when its 
velocity v exceeds the phase velocity of light c/n. This ‘shock wave of light’ is emitted at the angle of constructive 
interference, given by 

 
v
n

c
=θcos  (1) 

Therefore, Cherenkov light will be emitted by relativistic electrons (v ≈ c), which are sent through a foil, if the refractive 
index of the material exceeds unity (n > c/v ≈ 1). Due to the fact that materials are dispersive, Cherenkov radiation can 

only be generated in limited spectral regions (see fig. 1). In the visible region Cherenkov radiation is a well-known 
effect, where it is often applied in high-energy particle detection10. In the soft x-ray region, however, the refractive index 
is generally smaller than unity. The exception is at absorption edges associated with the binding energies of inner-
electron shells, where the refractive index may exceed unity due to resonant anomalous dispersion. 
 
2.2 Refractive index in the soft x-ray region 
In the soft x-ray region all materials are highly absorbing and the refractive index is therefore a complex number 
( iknn +=~ ). The real part of the refractive index (n = 1-δ) describes the phase propagation of waves, while the 
imaginary part (k) represents the absorption. Typically, for soft x-ray and higher photon energies the values of δ and k 

Figure 1: General behaviour of the refractive index of optically transparent materials11. 
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are in the same order of magnitude and much smaller than unity ( 1, <<δ k ). In this regime it is more convenient to use 

the complex susceptibility ( χ ′′+χ′=χ i ), which is related to the refractive index by 

 χ+=ε= 1~ 2n  (2) 

with ε the complex dielectric constant.  
 
Generally, the real part of the dielectric constant is smaller than unity for photon energies above the valence-electron 
plasma frequency ωp (typically ω!  = 10-20 eV). In this spectral region the dispersion of a medium can be described by 
a simple model12 and at frequencies much higher than binding frequencies (i.e. binging energies of inner-electron shells) 
the dielectric constant is approximated by 

 
2

2

11)Re(
ω
ω

−=χ′+=ε p  (3) 

in which the plasma frequency ωp is defined by 

 
e

e
p m

eN

0

2
2

ε
=ω  (4) 

with me the electron mass and Ne is the density of electrons with a binding energy smaller than ω! . In equation (3) the 
frequency ωp changes in steps every time an inner-electron shell is passed for increasing photon energy. This general 
behaviour is often used to calculate the transition radiation power in the x-ray region, as will be discussed in section 2.3. 
 
Close to absorption edges this simple plasma description is not adequate. At these photon energies the real part of the 
dielectric constant shows anomalous resonant dispersion. Such a resonance can be so strong that the real part of the 
susceptibility is positive, i.e. the real part of the refractive index is larger than unity. In these narrow spectral regions 
Cherenkov radiation can be generated as Bazylev et al.8 realized. In a thorough analysis by Smith et al.13 is discussed 
which elements will preferably show this strong resonance behaviour. First, the most likely candidates are LII,III- and 
MIV,V-edges involving shells containing a large number of electrons. Exceptions are the K-edges of second-period 
elements, because these lack a well-developed L-shell. Additionally, the sub-shells in such a shell should not be 
separated too much in energy, which is the case for low-Z elements. Second, the edges must be sufficiently isolated in 
energy and must have a large jump in absorption. These requirements do not favor 3-d transition metals with broad M-
shell absorption bands.  
 
Taking the above predictions for favorable elements into account and looking into the refractive index data of Henke et 
al.14 it appears that solid-state materials with an atomic number lower than about 30 will have the ability to generate 
line-like Cherenkov radiation at either their K-edge (second period) or LIII-edge (third and fourth period). These photon 
energies lie all within the soft x-ray region (30 eV to 1 keV) and can be generated by electrons of moderate energy 
(lower than 25 MeV). In the data of ref. 14 the refractive index of more high-Z elements (e.q. Fe, Cr at the M-edge) will 
also exceed unity, but these resonances are much broader and are therefore not suitable for narrowband soft x-ray 
Cherenkov sources. In fig. 3a and fig. 3b examples are shown of the complex susceptibility of silicon and titanium at the 
L-edge. The dashed line indicates the Cherenkov condition. Notice that the total number of data points of ref. 14 
exceeding unity at the absorption edge is very limited. 
 
2.2 Soft x-ray Cherenkov radiation described by the Frank-Tamm equation 
In this section the properties and intensity of soft x-ray Cherenkov radiation generated in an absorbing medium are 
described by a simple approach. The analysis is started from the Frank-Tamm equation11,15 (6), which is derived from 
Maxwell’s equations and describes the spectral Cherenkov intensity emitted by a charged particle per unit length in a 
non-absorbing medium (real index of refraction) integrated over all emission angles.  

 ω
β

−
πε

=
ω

)
1

1(
4 222

0

22

nc

q

ddl

Wd
 (6) 

with β = v/c the relative velocity of the charged particle. In the soft x-ray region (n ≈ 1) and for relativistic electrons 
(γ = (1−β2)−1/2 >> 1) this expression can be approximated and expressed in terms of susceptibility. The spectral yield 
(number of photons per frequency) per unit length is given by 
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 )( 2
2

−γ−χ′α=
ω cddl

Nd
 (7) 

with α ≈ 1/137 the fine structure constant. In this equation (7) the Cherenkov condition is expressed by χ’-γ-2 > 0. The 
total yield (photons per electron) is proportional to the area under the curve χ’-γ-2 and to the path length through the 
medium. However, the latter does not hold for an absorbing medium, where the generated photons can be absorbed in 
the medium before reaching the surface. Therefore, the intensity exiting the material from a depth l in the material is the 
intensity of equation (7) times an exponential decay factor characterized by the absorption length labs. 

 absl

l

e
cddl

Nd −
−γ−χ′α=

ω
)( 2

2

 (8) 

The absorption length of a material is given by 

 
χ ′′ω

≈ c
labs  (9) 

Integrating equation (8) over a thickness that is larger than the absorption length gives the spectral Cherenkov yield for 
an absorbing medium,  

 





χ ′′

γ−χ′
ω
α=

ω

−2

d

dN
 (10) 

Equation (10) shows that a high spectral Cherenkov yield from an absorbing medium is obtained when χ’-γ-2 >> χ”. 
Taking a look at the resonant anomalous dispersion this is mainly fulfilled at the non-absorbing site of an absorption 
edge. In fig. 2b the spectral yield is calculated for silicon L-edge Cherenkov radiation generated by 10-MeV electrons 
using the equation (10). Clearly is seen that on the non-absorbing site of the L-edge (i.e. for photon energies slightly 
lower than 99.7 eV) the spectral yield is large.  
 
2.3 Soft x-ray Cherenkov radiation described by the Ginzburg-Frank equation 
As described in the previous section a relativistic electron that passes through a foil with a refractive index larger than 
unity will generate Cherenkov radiation along its trajectory inside the foil. This is not a complete description, because 
additionally, at both interfaces, entering and exiting the foil, the electron experiences a change in refractive index and as 
a result it will also emit transition radiation. The transition radiation spectrum in the soft x-ray region is broadband, 
whereas Cherenkov radiation is only generated in narrowband regions. For a foil with a thickness several times larger 
than the absorption length only the last interface has to be considered, because radiation produced at the first interface is 
fully absorbed. As will be shown in this section the resulting equation for the transition radiation yield will also contain 
the Cherenkov radiation yield, which is in approximation equal to the simple approach in the previous section. For very 
thin foils, which are not optically thick, a more thorough description16 of transition radiation is needed in which also 
reflections at interfaces have to be taken into account. 
 
The analysis in this section is started from the Ginzburg-Frank equation17,18 describing transition radiation by solving 
Maxwell’s equations with boundary condition at the interface of two transparent media. Through this interface a 
relativistic electron moves from medium 1 (left hand site) with refractive index ε1 = ε into medium 2 (right hand site), 
which is in this case vacuum (ε2 = 1). The spectral angular yield of transition radiation emitted by the electron into 
vacuum with angle θ2 is given by 

 
2

2
2

2
22

2

2
22

2

2
2

2

2
2

2
22

2

22

]sin1][cos1[

sin1

sincos

cossin1

θ−εβ−θβ−

θ−εβ−β−
×

θ−ε+θε

θθ−ε
π
β

ω
α=

Ωωdd

Nd
 (11) 

In the soft x-ray region (ε ≈ 1), for relativistic electrons (γ >> 1) and for small angles (θ2 << 1) equation (11) can be 
approximated18 by 

 

2

2
2

22
2

22

2
2

2 11

θ−γ−χ′
−

θ−γ−π
θ

ω
α=

Ωω −−dd

Nd
 (12) 

This equation is usually applied in the x-ray region to calculate the transition radiation yield, in which the general 
plasma behaviour of the refractive index (3) is substituted17,18. Whereas, using the best-known refractive index data from 
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ref. 14, for some photon energy one factor in the denominator in equation (11) and (12) is equal to zero if the Cherenkov 

condition is fulfilled in the medium. This can be shown by substituting the Snell’s law of refraction ( 21 sinsin θ=θε ) 

in the term 2
2sin1 θ−εβ−  in the denominator of equation (11), 

 

 1cos1 θεβ−  (13) 

Putting this equal to zero gives the Cherenkov angular relation in the medium with emission angle θ1. The same holds 

for the term 2
2

2 θ−γ−χ′ −  in the dominator in equation (12) by substituting θ1 ≈ θ2,  

 2
1

2 θ−γ−χ′ −  (14) 

Putting this also equal to zero gives the Cherenkov angular relation in the approximation. As a consequence the 
transition radiation yield becomes infinite at this angle, because a half-infinite transparent medium is assumed in 
equation (11) and (12), which makes the generation length of Cherenkov radiation infinite. In the soft x-ray region 
materials are absorbing and therefore the complex dielectrical constant ε or complex susceptibility χ has to be 
substituted. Then, the Cherenkov factor in denominator becomes purely imaginary and as a consequence the transition 
radiation yield stays finite. This intensity peak is identified as Cherenkov radiation from an absorbing medium. From the 
angular radiation profile the distinction between the two phenomena can be made. For example, in fig. 2a the angular 
emission profile is plotted for 99.7-eV radiation generated in a silicon foil for several electron energies. Transition 
radiation has its maximum intensity at an angle of about γ-1, which therefore decreases for increasing electron energy. 
Cherenkov radiation on the other hand has its maximum intensity at the angle given by equation (1), which goes to a 
constant value for increasing electron energy. For specific electron energies the angle of transition radiation γ-1 and the 
Cherenkov angle are equal. At this electron energy the two radiation phenomena are indistinguishable.   

 
Figure 2: (a) Spectral angular yield plotted for 5, 10 and 50-MeV electron energies. Refractive index data taken from silicon at ω!  = 
99.7 eV. (b) Specral yield from silicon for 10-MeV electrons plotted for the Frank-Tamm equation (10) and Ginzburg-Frank equation 
(17). 
 
To compare this soft x-ray transition radiation yield, which includes Cherenkov radiation, with the description of soft x-
ray Cherenkov radiation in the previous section the spectral angular yield of equation (12) has to be integrated over all 
emission angles. The total spectral yield is given by the integration  

 θθθωθ
ωπ

απ=
ω ∫

∞

dA
d

dN 2

0

2
2

),(2  (15) 
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with 

 
))(()(
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2222222
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2
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=θω −−A  (16) 

The resulting spectral yield is 
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Two parts are recognized in this expression for the spectral yield. The first part is identified as transition radiation and 
the second part is identified as Cherenkov radiation. The Cherenkov condition is described by the inverse tangent, with 
the Cherenkov condition χ’-γ-2 as argument. When this value is much larger than zero (χ” is by definition positive), the 
factor containing the inverse tangent approaches unity and if this value is much smaller zero it approaches zero. For the 
condition that χ’-γ-2

 >> χ” the factor containing the inverse tangent can be replaced by a Heaviside step function (η) 
with the Cherenkov condition χ’-γ-2 as argument. In this approximation equation (17) becomes  
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ωπ
α=

ωd

dN
 (18) 

In this case the second part is equal to the Cherenkov yield for an absorbing medium described by equation (10). 
Therefore, on the non-absorbing site of the absorption edge, where χ’-γ-2

 >> χ” equation (10) is a valid approximation 
for the Cherenkov spectral yield in the soft x-ray region in case transition radiation is also taken into account. For 
example, in case of a silicon foil and using 10-MeV electron (see fig. 2b), the spectral yield calculated by equation (10) 
(Frank-Tamm approach) is equal to the spectral yield calculated by equation (17) (Ginzburg-Frank approach) on the 
non-absorbing site of the L-edge.  
 
On basis of equation (18) the intensity difference between both radiation phenomena can be discussed. It is well known 
that transition radiation gives rise to the main intensity contribution in the x-ray region for high-energy electrons at small 
angles. This is shown by the approximating of equation (18) for high-relativistic electrons (γ-2<<χ’), i.e.  

 )()ln( 2 χ′η
χ ′′
χ′

ω
α+

γ
χ′

ωπ
α=

ω −d

dN
 (19) 

In equation (19) the spectral Cherenkov yield becomes constant for high-energy electrons, while the transition radiation 
part still increases with γ. For moderate electron energies (up to 25 MeV), however, the spectral transition radiation yield 
can be neglected to the spectral Cherenkov yield as can be seen from fig. 2a in case of silicon using 5 or 10 MeV 
electrons. 
 
2.4 Soft x-ray Cherenkov radiation characteristics 
In this section the characteristics of soft x-ray Cherenkov radiation will be summarized by using equation (10) and by 
looking at the resonant anomalous dispersion (e.g. fig. 3a and 3b): (i) The Cherenkov radiation is characterized by a 
narrow bandwidth, because the spectral yield in equation (10) is large where χ’-γ-2>>χ”. Therefore, the spectrum from 
an absorbing material is dominated by the spectral part that fulfills the Cherenkov condition at the non-absorbing site of 
the edge. Typically, the Cherenkov radiation has a FWHM of a few eV. (ii) The Cherenkov radiation is concentrated 
within a narrow angular, forwardly directed profile, because the emission angles are small as can be seen from the 
approximation of equation (1) 

 2−γ−χ′=θ  (20) 

This angular profile is a hollow intensity distribution, because the spectral Cherenkov intensity (10) is proportional to 
the emission angle squared as can be seen by substituting equation (20) into equation (10). Typically, the maximum 
Cherenkov intensity is at an angle of a few degrees up to 10°.  
 
For an absorbing medium, however, this fixed relation between refractive index value and emission angle does not 
strictly hold. Due to the fact that the emitted Cherenkov radiation originates from a finite path length, which is 
determined by the absorption length, the angle of constructive interference is not well defined. Therefore, the angular 
Cherenkov profile shows broadening due to this diffraction effect, which is taken into account by equation (15) and 
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illustrated in fig. 2a. Despite this diffraction, the angular emission profile of Cherenkov radiation from an absorbing 
medium is still a hollow profile with the maximum intensity given by the Cherenkov angular relation. 
 
So far, we have observed9 silicon L-edge (99.7 eV) Cherenkov radiation generated by 5-MeV electrons. We have 
analyzed the radiation using a crude spectrometer based on a Si/Mo-multilayer mirror and a photodiode placed in a θ-2θ 
configuration. These experiments showed that the observed total yield and dependence of the photon yield spectrum on 
emission angle are in agreement with theoretical predictions based on refractive index data of silicon. Just recently, we 
have observed19 for the first time Cherenkov radiation emitted in the water-window spectral region from a titanium and 
vanadium foil generated by 10-MeV electrons. In the following section these measurements will be discussed in 
somewhat greater detail. 

 
Figure 3: Susceptibility χ of respectively (a) silicon and (b) titanium at their L-edges. The dashed line indicates the Cherenkov 
condition for 10-MeV electrons. (c) The theoretical Cherenkov spectral yield of different materials in the water-window spectral 
region using 10-MeV electrons. 
 

3. WATER-WINDOW CHERENKOV RADIATION 
 
The water window is the spectral region between the carbon K-absorption edge (284 eV) and the oxygen K-absorption 
edge (543 eV). This spectral region is ideal for x-ray microscopy of biological samples due to the relative transparency 
of water and the high natural contrast. The special characteristics of soft x-ray Cherenkov radiation, which are discussed 
in the previous section, makes this source interesting for such applications. In fig. 3c the theoretical spectral Cherenkov 
yield is shown for materials that are Cherenkov emitters in the water window based on the refractive index data of ref. 
14. For the first experiments, which are discussed in this section, titanium and vanadium are selected, because both 
metals are readily available in 10-µm thick foils. This thickness is for both materials much larger than the absorption 
length (about 0.5 µm) at the Cherenkov photon energy. In section 3.1 the experimental setup is discussed. The spectra 
recorded by a photon counting, soft x-ray CCD camera are explained in section 3.2. From these absolute calibrated 
spectra of both materials angular intensity profiles of the Cherenkov radiation are derived, which are presented in section 
3.3. 
 
3.1 Experimental setup 
The experimental setup is designed to analyze the emitted radiation as a function of emission angle. Because the emitted 
Cherenkov radiation has a cone-like intensity profile that is cylindrical symmetric around the electron trajectory it is 
sufficient to measure the profile in one plane. The angular range of the detection angle is limited to –20º to +20º, 
because all the possible soft x-ray Cherenkov emitters will be well within this range. The distance from the Cherenkov 
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emitter to the detector unit is fixed to 1 m. In combination with a beam spotsize of 1 mm, the angular resolution will be 
about 1 mrad. To make use of this high angular resolution the electron beam divergence should be less than 1 mrad. 
During the measurements presented in this paper, the angular resolution was lower, because the divergence was larger 
due to elastic scattering of the electron beam in these 10-µm foils (see section 3.3). 
 
The electrons are generated by a 10-MeV, traveling wave, linear accelerator (M.E.L. SL-75). This is a standard medical 
electron accelerator, which can operate from 9 to 11 MeV depending on the accelerator current. This accelerator 
generates an electron beam with a typical energy spread of 4% and a transverse emittance (i.e. rms spot size times rms 
divergence) of about 10 mm· mrad. After the electrons have passed through the Cherenkov emitter a 90º-dipole magnet 
bends the electron beam into a beam dump where the current is measured. This beam dump is made of a carbon bar to 
reduce the Bremsstrahlung intensity from the electrons.  

 
Figure 4: Experimental setup to analyze the generated radiation in the target foil as a function of emission angle. 

 
The detector unit is a dedicated soft x-ray CCD camera that is developed by Space Research Organization Netherlands 
for x-ray astronomy. The CCD chip is a copy of the chips that are used in the European XMM-Newton satellite20. The 
camera is capable of measuring the energy of individual photons with a high quantum efficiency (≈ 90%). Photon 
energies between 280 eV and 15 keV can be spectrally resolved. The FWHM-spectral resolution is 165 eV at 1.5 keV 
and scales with the square root of the photon energy. Therefore, the CCD chip is cooled to -80º C to reduce the dark 
current. During the experiments the CCD camera is operated in the photon counting mode in which only 10% of the 
800,000 pixels may be illuminated at any time. The average accelerator beam current was therefore set to a very low 
value of about 109 electrons per second. In front of the CCD chip a thin aluminum-carbon filter (layer thickness of 150 
nm and 27 nm respectively) with a diameter of 16 mm (Luxel corp.) is mounted to block any visible transition radiation 
from the foil. This limits the total detection solid angle to 2.2×10-4 sr. 
 
3.2 Observed radiation spectrum 
When the electron beam passes through the foil, a few radiation phenomena can be observed. For example, in fig. 5a the 
pulse height spectrum of the detected radiation is shown generated by 10-MeV electrons passing through 10-µm foils of 
titanium, measured at an observation angle of 4º. In the pulse height spectra two peaks can be distinguished. A strong 
peak on the low-energy side, which is interpreted as Cherenkov radiation and the weaker peak on the high-energy side, 
which is identified as fluorescence radiation. The offset under the Cherenkov peak is a continuous background that 
decreases with photon energy, which is identified as transition radiation. The very small background around the 
fluorescence peak is Bremsstrahlung, which is mainly hard x-rays and is produced when the electrons pass through the 
foil and lose kinetic energy. By changing the detection angle the relative intensities of these radiation phenomena vary. 
At large detection angles the fluorescence radiation is dominant, because it has no angular dependence. This 
fluorescence radiation is used for the calibration of the CCD camera. At smaller detection angles Cherenkov and 
transition radiation and Bremsstrahlung are dominant. In the next section the specific Cherenkov angular profile will be 
discussed. In general, at small detection angles the total intensity on the CCD chip is larger than at large angles. 
Therefore, the average beam current has to be adjusted to get 10% of illumination at each detection angle. 
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Figure 5: (a) Pulse height spectrum of the radiation produced by 10-MeV electrons in titanium at an observation angle of 4º. The 
dashed curve is equal to the solid line in fig. 5d. (b) Enlargement of the Cherenkov peak. (c) Enlargement of the additional 
measurement of the fluorescence lines measured angle of 10º using a higher electron beam current. (d) Theoretical calculation of the 
expected CCD spectrum starting from the spectral yield (dotted curve) and multiplied by the transition of Al/C-filter (dashed curve) 
and then taking the convolution with the CCD spectral response (solid curve). 
 
The photon energy of the Cherenkov peaks can be obtained from the spectra by fitting the peaks to a Gaussian line 
profile with a linear offset. For the calibration of the CCD camera three Kα-fluorescence lines, which are produced by 
aluminum, titanium and vanadium foils, were used. The spectral resolution of the CCD camera was too low to resolve 
Kα1 and Kα2 from titanium and vanadium (see fig. 5c). Based on this calibration the Cherenkov peaks are experimentally 
determined at 459 ± 2 eV for titanium and 519 ± 3 eV for vanadium. A small, but significant, difference is observed 
with the theoretical peak positions at their respective L-edge, i.e. 453 eV and 512 eV. The fact that we measure the 
peaks at slightly higher photon energies can be explained by a precise analysis of detection system as is shown for 
titanium in fig. 5d.   
 
This analysis is started from the theoretical spectral radiation yield (equation (12)) that is integrated over the solid angle 
of the detector at an emission angle of 4º (dotted curve). By multiplying this spectrum with the transmission of the Al/C 
filter the spectrum is calculated that will incident on the CCD chip (dashed curve). Then, by convolving this spectrum 
with a spectral resolution of the CCD camera, i.e. 100 eV at the titanium L-edge (453 eV), the expected CCD camera 
spectrum is calculated (solid curve), which is also added as the dashed curve in fig. 5a. The peak position in this 
calculated CCD camera spectrum is determined at 458 eV. This shift is due to the fact that at a photon energy a few eV 
below the L-edge the real part of the refractive index is equal to unity and therefore both transition radiation and 
Cherenkov radiation are absent (see fig. 5d). The resulting dip shifts the peak in the convolution to slightly higher 
energies. The same analysis is repeated for vanadium. The peak position in the theoretical CCD camera spectrum is 
determined at 522 eV. The measured peak positions of both titanium and vanadium agree within the experimental error 
with the theoretical values obtained from the analysis. 
 
The calculated spectra explain completely the low-energy part of the measured spectrum as is shown in fig. 5a for 
titanium. Notice that based on theory the Cherenkov peak of titanium has a FWHM width of 2.0 eV. Therefore, the 
amplitude of the Cherenkov peak is approximately 50 times higher than the measured peak in the spectrum in fig. 5a. 
This leads to the conclusion that the radiation spectrum in the soft x-ray region is completely dominated one intense 
peak of Cherenkov radiation.  
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Figure 6: Measured Cherenkov angular yield [ph/(el· sr)] as a function of detection angle generated by 10-MeV electrons in titanium 
(a) and vanadium (b). The dotted curves are theoretical angular Cherenkov yields for an ideal parallel electron beam. The solid curves 
take elastic scattering of the electron beam in the foil into account as well. 
 
3.3 Angular profile and yield calculation 
Similar spectra as in fig. 5a have been obtained for both titanium and vanadium at observation angles ranging from -10º 
to +10º. From each spectrum the area of the Cherenkov peak is determined, which gives the number of photons detected 
at each detector position. Then, by taking into account the quantum efficiency of the CCD camera, the transmission of 
the Al/C-filter, the solid angle of the detector and the number of electrons required to record a spectrum, the angular 
yield (number of photons per electron per solid angle) as a function of detection angle can be calculated, which is shown 
in fig. 6a and 6b. The measurement presented in fig. 6b is improved compared to the one in ref. 19, due to an 
improvement in the quality of the electron beam. Clearly the typical Cherenkov angular profile is seen, i.e. a symmetric 
profile, which has a maximum associated with the maximum value of the refractive index n and which rapidly drops to 
zero for larger angles. The angular profile is broadened due to the fact that the electrons are elastically scattered in the 
foil. We have analyzed this influence of elastic scattering of electrons in the foil on the angular Cherenkov emission 
profile by performing a small-angle, 2-D convolution of both electron and Cherenkov radiation angular distributions:  

   ∫ ∫ ϕ′θ ′′θ′θ′θ′=θ dhdgf )()()(  (20) 

in which g(θ) is the electron angular distribution and h(θ) is the Cherenkov radiation angular distribution. The angles are 
related by 

 )cos(2222 ϕθ′θ−θ′+θ=θ ′′  (21) 

The electron distribution g(θ) is calculated by the Molière theory of multiple scattering21, that applies to the 10-µm foils 
for which the average number of scatterings per electron is 42 for titanium and 56 for vanadium. The resulting scattering 
distributions have an average scattering angle of 1.1º and 1.3º respectively. The Cherenkov radiation distribution h(θ) 
(dotted curve in fig. 6a and 6b) is calculated by integrating equation (12) over the photon energies for which the 
Cherenkov condition is satisfied. In fig. 6a and 6b the resulting photon distributions for the scattered electron beam are 
indicated by the solid curves. This broadening effect explains the non-zero angular yield value at 0º. The measured 
angular profile is also shifted with respect to the theoretical curve, which is probably due to a small misalignment of the 
electron beam. 
 
Integrating the measured angular distribution over all emission angles we find a total yield of 3.5×10-4 photons/el for 
titanium and 3.3×10-4 photons/el for vanadium. For titanium this is slightly higher than the theoretical value of 2.4×10-4 
photons/el. For vanadium the experimental value is more than twice as high as the theoretical value of 1.4×10-4 
photons/el. In view of the very limited number of available data points, the measured spectra and angular profiles agree 
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very well. The fact that the yield of vanadium is higher than theoretically expected, can be explained by assuming that 
the peak in the refractive index at the L-edge is slightly broader than according to the data of ref. 14. The higher yield of 
vanadium cannot be explained by a higher peak in the refractive index data, because this would give rise to a larger 
Cherenkov angle. The spectral resolution of the CCD camera is too low to determine the spectral line width that would 
have been an indication for this effect.  
 

4. CONCLUSIONS 
 
4.1 Brightness discussion 
On the basis of the measured yields for titanium and vanadium, we can now evaluate the potential of a Cherenkov-
radiation-based compact source in the water window. Using a high-power, but laboratory-sized, 10-MeV accelerator of 
1-mA average current the total output is 2.2×1012 photons/s (0.16 mW) for titanium and 2.1×1012 photons/s (0.17 mW) 
for vanadium. The corresponding brightness is 2.7×109 photons/(s· mm2· sr· 0.1% BW) for titanium and 3.8×109 
photons/(s· mm2· sr· 0.1% BW) for vanadium, assuming a 100-µm electron-beam spot size. These brightness values are 
comparable to the values obtained from laser-produced plasma2 (1×1010 photons/(s· mm2· sr· 0.1%BW)) and high-
harmonic generation4 (5×107 photons/(s· mm2· sr· 0.1%BW)). We emphasize that in contrast to the laser-based sources, the 
Cherenkov spectrum consists of only a single, isolated peak and that no debris formation occurs. 
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