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Elastic scattering of three ultracold bosons

P. M. A. Mestrom,∗ V. E. Colussi, T. Secker, and S. J. J. M. F. Kokkelmans
Eindhoven University of Technology, P. O. Box 513, 5600 MB Eindhoven, The Netherlands

(Dated: May 20, 2019)

Elastic scattering of three bosons at low energy is a fundamental problem in the many-body de-
scription of ultracold Bose gases, entering via the three-body scattering hypervolume D. We study
this quantity for identical bosons that interact via a pairwise finite-range potential. Our calcula-
tions cover the regime from strongly repulsive potentials towards attractive potentials supporting
multiple two-body bound states and are consistent with the few existing predictions for D. We
present the first numerical confirmation of the universal predictions for D that are made in the
strongly-interacting regime, where Efimov physics dominates, for a local nonzero-range potential.
Our findings highlight how finite-range effects, such as d-wave interactions, become important as
the interaction strength is reduced.

PACS numbers: 31.15.-p, 34.50.-s, 67.85.-d

Introduction.—Due to the precise experimental control
of interatomic interactions via external magnetic fields,
ultracold atomic gases have emerged as a versatile field
for studying and manipulating quantum systems. The
effective two-body interaction strength given by the s-
wave scattering length a can be tuned via Feshbach res-
onances [1]. When |a| diverges, Efimov predicted the ex-
istence of an infinite number of three-body bound states
whose universal scaling properties have been observed ex-
perimentally [2–8]. This non-perturbative three-body ef-
fect influences the bulk properties of strongly-interacting
Bose gases [9–13] and Bose-Einstein condensates (BECs)
interacting with an impurity particle [14–17]. Connect-
ing few-body processes with bulk properties of ultracold
Bose gases is fundamental to our understanding of these
quantum many-body systems.

This connection is evident from a low-density expan-
sion of the ground-state energy density of a dilute BEC
with a homogeneous number density n [18]:

E = 2π~2n2a
m

{
1 + 128

15
√
π

√
na3 +

[
8(4π−3

√
3)

3 ln(na3)

+ D
12πa4 + πrs/a+ 118.5

]
na3 + ...

}
(1)

where the dots indicate higher-order correction terms in
the diluteness parameter na3, m is the mass of a bo-
son, rs is the two-body effective range, and a > 0. The√
na3 correction, calculated by Lee, Huang and Yang

(LHY) [19, 20], originates from two-body elastic scatter-
ing characterized by a alone. Experiments have probed
LHY physics by measuring the critical temperature of
a BEC [21], quantum depletion [22], excitation spec-
trum [23, 24], thermodynamic equation of state [25] and
contact [26]. Additionally, recent studies predicted [27]
and experimentally confirmed the formation of quantum

∗Corresponding author: p.m.a.mestrom@tue.nl

droplets in mixtures [28–30] and dipolar BECs [31–33]
due to a stabilizing force originating from the LHY cor-
rection.

As the study of strongly-interacting Bose gases ad-
vances, there is the opportunity to observe beyond-LHY
corrections. Elastic three-body scattering determines the
first beyond-LHY corrections given by the ln(na3) cor-
rection calculated by Wu [34–36] and the hypervolume
D which is defined by the three-body scattering wave
function at zero collision energy [18]. D determines the
effective three-body interaction similar to a in the two-
body case [18], is predicted to act as a stabilizing force
for quantum droplets in ultracold Bose gases [37–39],
and may be tuned experimentally [40]. Previous works
have included three-body effects via phenomenological
extensions of the Gross-Pitaevskii equation [37–39, 41–
46]. The first beyond LHY-corrections have been studied
from a microscopic theory using quantum Monte Carlo
simulations [47, 48] and by studying three-body elastic
scattering of ultracold bosons in vacuum [18, 49–51].

Despite its fundamental relevance, low-energy elastic
three-body scattering remains sparsely explored. This is
partly caused by the difficulty to isolate scattering events
from the elastic three-body scattering amplitude to ob-
tain the hypervolume D [4, 6, 49, 52]. The imaginary
part of D is proportional to the three-body recombi-
nation rate [4, 53] which has been studied extensively
for various three-body systems, both experimentally and
theoretically [54]. Universal behavior has been predicted
for the strongly-interacting regime where Efimov physics
plays a dominant role leading to a log-periodic behavior
of D [4, 6, 51, 55]. For short-range pairwise potentials,
D has been studied considering the repulsive hard-sphere
potential [18] and a Gaussian interaction potential [53].
However, the behavior of D over a full range of interac-
tion strengths has not been explored for any finite-range
potential, which demonstrates the highly nontrivial char-
acter of this problem.

In this Letter, we investigate the three-body scat-
tering hypervolume D for identical bosons interacting
via a pairwise square-well potential, covering the range
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from weak to strong interactions, and analyze the corre-
sponding universal and nonuniversal effects. We present
the first numerical calculations of D in the strongly-
interacting regime involving a local finite-range poten-
tial, and study the corresponding Efimov universality.
Besides the Efimov resonances, we identify additional
three-body resonances close to two-body d-wave reso-
nances and study their character.

Elastic three-body scattering amplitude.—A convenient
way to calculate D is to use the Faddeev equations for
the three-particle transition operators Uαβ in the form
presented by Alt, Grassberger and Sandhas (AGS) [56,
57],

U00(z) =
∑3
α=1 Tα(z)G0(z)Uα0(z)

Uα0(z) = G−10 (z) +

3∑
β=1
β 6=α

Tβ(z)G0(z)Uβ0(z)

for α = 1, 2, 3,

(2)

to find the transition amplitude for three-body elastic
scattering that is described by the operator U00(z). Here
z is the (complex) three-body energy. The index α (β) in
Uαβ(z) labels the four possible configurations for the out-
going (incoming) state of the three-body scattering wave

function, i.e., α = 0 denotes three free particles, whereas
α = 1, 2 and 3 stand for the three possible atom-dimer
configurations. Tα(z) represents the transition operator
for scattering between particles β and γ (β, γ = 1, 2, 3,
β 6= γ 6= α) in the presence of particle α and is simply
related to the two-body T -operator T (z2b) [58], where z2b
is some complex value for the energy of the two-body sys-
tem. The operator G0(z) is the free three-body Green’s
function (z −H0)−1 where H0 is three-body kinetic en-
ergy operator in the center-of-mass frame of the three-
particle system.

The three-body configuration is parametrized by the
Jacobi momenta pα = (Pβ − Pγ)/2 and qα =
(2/3) (Pα − (Pβ + Pγ) /2) where Pα represents the mo-
mentum of particle α in the three-body center-of-mass
frame. There exist three possibilities to choose these Ja-
cobi vectors. If we define q ≡ q1 and p ≡ p1, we have
q2 = p − q/2, p2 = −p/2 − 3q/4, q3 = −p − q/2 and
p3 = −p/2 + 3q/4. This parametrization is suitable for
relating the matrix element 〈p,q|U00(0)|0,0〉 to the hy-
pervolume D where we normalize the plane wave states
according to 〈p′|p〉 = δ(p′ − p). From Tan’s definition
of the three-body scattering hypervolume D [18], we de-
duce the following relation between 〈p,q|U00(0)|0,0〉 and
D (see supplemental material [59]):

〈p,q|U00(0)|0,0〉 =

3∑
α=1

{
δ(qα)〈pα|T (0)|0〉 − 1

2π4

a2

m~2
1

q2α
+

1

12π4
(4π − 3

√
3)

a3

m~3
1

qα
+

1

3π5
(4π − 3

√
3)

a4

m~4
ln

(
qα|a|
~

)

−
p2α + 3

4q
2
α

q2α
m〈0|T (0)|0〉∂

2〈p|T (0)|0〉
∂p2

∣∣∣∣∣
p=0

+
1

3

1

(2π)6
D

m~4
+O

(
qα ln

(
qα|a|
~

)
,
p2α
qα

)} (3)

which holds for any local symmetric two-body potential.
We consider three identical bosons that interact via a

pairwise square-well potential

V (r) =

{
−V0, 0 ≤ r < R,

0, r ≥ R,
(4)

where r denotes the relative distance between two par-
ticles. We solve the AGS equations given in Eq. (2) for
the matrix element 〈p,q|U00(0)|0,0〉 [59]. The dimen-
sion of this set of integral equations is reduced to one
by expanding this amplitude in spherical harmonics and
in two-body states that are determined by the Weinberg
expansion and are thus related to two-body bound states
or resonances [58, 60]. The resulting integral equation is
solved as a matrix equation by discretizing the momenta.
The three-body scattering hypervolume is obtained from
Eq. (3). Our method differs from another approach re-
cently presented by Zhu and Tan [53] who calculated the
hypervolume D from the zero-energy three-body scatter-

ing wave function in position space for a variable two-
body Gaussian potential. Their method is limited by
their numerics to the weakly-interacting regime in con-
trast to our approach. We have calculated the three-body
scattering hypervolume D in the complete regime rang-
ing from strongly repulsive potentials, i.e., V0 → −∞, to-
wards attractive potentials supporting multiple two-body
bound states as shown in Fig. 1, and we have explored
both the weakly- and strongly-interacting regime, i.e.,
a/R . 1 and a/R � 1, respectively, by tuning the po-
tential depth V0.
Repulsive potentials.—In the limit V0 → −∞, the

square-well potential approaches the hard-sphere (HS)
interaction that was considered already a decade ago by
Tan [18]. The upper right inset of Fig. 1 shows that
the three-body scattering hypervolume approaches the
hard-sphere limit within the numerical accuracy of our
approach:

DHS/a
4 = 1761± 1. (5)
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Figure 1: Three-body scattering hypervolume D corresponding to the square-well potential as a function of the dimensionless
interaction strength V̄0 = mV0R

2/~2. The vertical lines indicate the interaction strengths at which two-body states become
bound: s-wave states (l = 0, red dashed lines) at V̄0 = (π/2)2 and (3π/2)2, d-wave states (l = 2, orange dash-dotted lines)
at V̄0 ≈ (4.49341)2 and (7.72525)2 and g-wave state (l = 4, purple dotted line) at V̄0 ≈ (6.98793)2. The inset on the right
displays the behavior of D for strongly repulsive potentials as indicated by the black arrow. The horizontal blue dashed line
represents the hard-sphere limit calculated by Ref. [18]. The other insets zoom in on the real and imaginary part of D near
three resonances that arise from three-body quasibound states at the three-particle threshold.

When the potential barrier −V0 is decreased, the hy-
pervolume decreases as well, and it eventually goes to
zero in the limit |V0| → 0 as

D = −96π6m2~4〈0|V |0〉∂
2〈p|V |0〉
∂p2

∣∣∣∣∣
p=0

+O(V̄ 3
0 )

=
8

15
π2V̄ 2

0 R
4 +O(V̄ 3

0 ),

(6)

where V̄0 = mV0R
2/~2 denotes the dimensionless interac-

tion strength. The bottom result in Eq. (6) applies specif-
ically to the square-well potential, whereas the top result
is a general relation for D for local symmetric potentials
V in the zero-depth limit. For this general case, V̄0 is de-
fined to be a prefactor of the potential as V (r) = V̄0f(r)
where f(r) is independent of V̄0. We have analytically
derived Eq. (6) from the AGS equations (see supplemen-
tal material [59]), and we have numerically confirmed it
for the square-well potential. The general expression in

Eq. (6) is also consistent with the result derived by Zhu
and Tan for a Gaussian potential (Eq. (10) of Ref. [53]).
Attractive potentials.—As the potential depth in-

creases, two-body states start to become bound resulting
in a nonzero value for the imaginary part of D. Fig. 1
shows that this value is much smaller than the magnitude
of the real part in most regimes. Close to the potential
resonances that are indicated by the vertical red dashed
lines in Fig. 1, the hypervolume D scales as a4 and its
behavior becomes log-periodic due to the Efimov effect
as we will see below. Besides the Efimov trimers in the
strongly-interacting regime, additional three-body qua-
sibound states might appear at the zero-energy thresh-
old in the weakly-interacting regime. We identify several
three-body resonances related to such trimer states at
V̄0 = 3.8, 4.45 and 7.49 as indicated by the insets in
Fig. 1. The presence of these three resonances depends
critically on the inclusion of one term in our Weinberg ex-
pansion of the two-body T -operator, namely the one cor-
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responding to the almost bound two-body d-wave state
(vertical orange dash-dotted lines). Therefore we con-
clude that these three trimer states are associated with
d-wave dimer states in a similar way as the universal
three-body state for van der Waals potentials studied by
Ref. [61]. Even though the three trimer resonances in the
weakly-interacting regime have the same origin, the be-
havior of the real and imaginary part is not the same for
all resonances. This suggests that the behavior of the hy-
pervolume in the weakly-interacting regime depends on
some three-body background phase shift resulting from
the nonresonant pathways for elastic three-body scatter-
ing or three-body recombination [6].

Our results presented in Fig. 1 can be compared to
the calculations of Zhu and Tan [53] for the hypervol-
ume corresponding to a Gaussian two-body potential.
Even though both results are very similar for repulsive
potentials, they are quite different for attractive inter-
actions. The main difference is the behavior of D when
approaching the s-wave dimer resonances (vertical red
dashed lines), where Ref. [53] finds additional trimer res-
onances that are different from the Efimov resonances.
It is unclear where this difference comes from. However,
the validity of the method presented in Ref. [53] breaks
down when |a|/R � 1, which makes the comparison in
that regime questionable. Secondly, we find that D be-
haves smoothly across the d-wave dimer resonances (ver-
tical orange dash-dotted lines) in contrast to the results
of Ref. [53]. This difference suggest that the behavior
of D across a d-wave dimer resonance depends on the
details of the considered two-body potential.

In the strongly-interacting regime (|a|/R � 1), the
real part of the hypervolume D is expected to behave as

Re(D/a4) ≈ C

(
c− +

1
2 b− sin

(
2s0 ln(a/a−)

)
sin2

(
s0 ln(a/a−)

)
+sinh2(η)

)
(7)

for a < 0 and

Re(D/a4) ≈ C

(
c+ +

1

2
b+(1− e−2η)

+ b+e
−2η sin2

(
s0 ln(a/a+)− π/4

)) (8)

for a > 0. Here s0 ≈ 1.00624 is the parameter that
sets the periodicity in Efimov physics for identical bosons
[2, 3] and we have defined the constant C ≡ 64π(4π −
3
√

3). The general form of Eq. (7) for η = 0 was first
derived by Efimov [55], whereas Braaten et al. [51] first
obtained the general form of Eq. (8) for η = 0. D’Incao
[6] generalized both results by including the inelastic-
ity parameter η that describes the tendency to decay to
deeply bound dimer states. The parameters a− and a+
are known as the three-body parameters that locate the
three-body recombination maxima and minima, respec-
tively, and are completely determined by the interaction
between the three particles [4]. The coefficients b± and

c± are universal in the sense that they do not depend on
the short-range form of the potentials [6].

The imaginary part of D is proportional to the three-
body recombination rate [4, 53]. The corresponding uni-
versal expressions in the strongly-interacting regime in-
cluding the loss parameter η [4, 6, 62] are given by

Im(D/a4) ≈ −1

2
C−

sinh(2η)

sin2 (s0 ln(a/a−)) + sinh2(η)
(9)

for a < 0 and

Im(D/a4) ≈ −1

2
C+

(
1

4

(
1− e−4η

)
+ e−2η

(
sin2 (s0 ln(a/a+)) + sinh2(η)

)) (10)

for a > 0. The constants C± have been determined by
previous studies and are given by C− ≈ 4590 [62] and
C+ ≈ 67.1177 [63–65].

The universal relations (7) and (8) have not been nu-
merically confirmed for any local nonzero-range two-body
potential. We present the first of such calculations in
Fig. 2 that covers the universal regime near the sec-
ond potential resonance of the square-well potential, i.e.,√
V̄0 is close to 3π/2. Similar results for the first poten-

tial resonance can be found in the supplemental mate-
rial [59]. The dashed curves display the analytic zero-
range results given by Eqs. (7), (8), (9) and (10). In
the supplemental material [59] we have determined the
universal coefficients C+, b± and c± by analyzing the
three-body scattering hypervolume for a contact interac-
tion with a cut-off in momentum space, which resulted
in C+ = 67.118(5), b+ = 0.0226(5), c+ = 1.1288(5),
b− = 3.153(5) and c+ = 1.140(2). Our value for C+ is in
excellent agreement with the analytical prediction [63–
65]. The values for the nonuniversal parameters a± and
η are given in the supplemental material [59] as well and
are consistent with the results stated in Ref. [58].

Our results for the coefficients b± and c± can be com-
pared to the values presented by Braaten et al. [51] who
performed three-body calculations for a zero-range inter-
action. According to Ref. [51] the universal coefficients
in Eqs. (7) and (8) are b− = 3.16, c− = 1.14, b+ = 0.021
and c+ = 1.13 (see supplemental material [59]). Our val-
ues for c± and b− agree with the results of Ref. [51]. Even
though our value of b+ deviates approximately 7% from
the value of Ref. [51], it is only a deviation of 0.1% from
the overall result for D (see Fig. S5 of the supplemental
material [59]).
Conclusion.—By solving the AGS equations for the

three-body elastic scattering amplitude, we have studied
the behavior of the three-body scattering hypervolume
D which is a fundamental quantity of ultracold three-
body collisions and is needed for studying ultracold Bose
gases beyond the LHY correction. We have presented
the first numerical calculations of D for identical bosons



5

1 10 10
2

10
3

10
4

a/R

1

10
5

10
10

10
15

−
Im

(D
)/
R

4

1680

1700

1720

1740

R
e(
D
)/
a
4

(a)
-10

4
-10

3
-10

2 -10 -1

a/R

10
5

10
10

10
15

10
20

−
Im

(D
)/
R

4

-4

-2

0

2

4

R
e(
D
)/
a
4

×10
4

(b)

Figure 2: Three-body scattering hypervolume D near the second potential resonance of the square-well potential for (a) a > 0
and (b) a < 0. The dashed curves give the analytic zero-range results given by Eqs. (7), (8), (9) and (10) where we set
a+/R = 1759, b+ = 0.0226, c+ = 1.1288, C+ = 67.118, a−/R = −8396, b− = 3.153, c− = 1.140, C− = 4590 and η = 0.068.

with a variable nonzero-range potential in the strongly-
interacting regime. Our results agree with the univer-
sal predictions of Refs. [6, 51, 55] and show how finite-
range effects start to play a role as the absolute value of
the scattering length is decreased. For repulsive interac-
tions, we have confirmed the hard-sphere limit from [18].
We have also explored the weakly-interacting regime for
which no general theoretical predictions have been made.
We have identified several three-body resonances related
to trimer states that are associated with a d-wave dimer
state, and we have derived a general formula for D that
is valid as the potential depth or height goes to zero.

The approach outlined in this Letter is very general
and can be applied to other types of two-body potentials
as well. It would be particularly interesting to investigate
the three-body hypervolume for van der Waals potentials
to make quantitative predications for ultracold atomic
Bose gases. Our method could also be applied to mix-
tures, for which low-energy elastic three-body scattering

is completely unexplored to our knowledge. Additionally,
one could extend our approach to study three-body elas-
tic scattering embedded in a many-body environment in
the spirit of Ref. [9] and determine how three-body corre-
lations affect both stationary and dynamical observables
of ultracold Bose gases for any short-range two-body po-
tential. In particular, one could make quantitative pre-
dictions for the ground-state energy density of a BEC and
investigate stabilizing effects from the three-body hyper-
volume for small negative scattering lengths including the
formation of quantum droplets [37–39].
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Journal of Physics B: Atomic, Molecular and Optical
Physics 46, 065303 (2013).

[46] K.-T. Xi and H. Saito, Phys. Rev. A 93, 011604(R)
(2016).

[47] S. Giorgini, J. Boronat, and J. Casulleras, Phys. Rev. A
60, 5129 (1999).

[48] M. Rossi, L. Salasnich, F. Ancilotto, and F. Toigo, Phys.
Rev. A 89, 041602(R) (2014).

[49] Braaten, E. and Nieto, A., Eur. Phys. J. B 11, 143
(1999).
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I. THE THREE-BODY SCATTERING
HYPERVOLUME

Here we relate the three-body scattering hypervol-
ume D to the transition amplitude 〈p,q|U00(0)|0,0〉 for
identical bosons interacting via pairwise local symmet-
ric potentials. Tan [18] defined the three-body scattering
hypervolume D via the zero-energy three-body scatter-
ing wave function |Ψ3b(0)〉 = |0,0〉 + G0(0)U00(0)|0,0〉,
whose momentum-space representation is given by

〈p,q|Ψ3b(0)〉 = 〈p|0〉〈q|0〉

− 1
p2

m + 3q2

4m

〈p,q|U00(0)|0,0〉. (S1)

In order to determine the behavior of the matrix ele-
ment 〈p,q|U00(0)|0,0〉, we analyze the AGS equations
for identical bosons. As presented in Ref. [58], we define

the operator Ŭα0(z) ≡ Tα(z)G0(z)Uα0(z)(1 + P ) where
P is the sum of the cyclic and anticyclic permutation
operators. It satisfies the inhomogeneous equation [58]

Ŭα0(z) = Tα(z)(1 + P ) + Tα(z)G0(z)PŬα0(z). (S2)

From Eq. (2) of the main text, we derive that

U00(z)(1 + P ) =

3∑
α=1

Ŭα0(z), (S3)

which gives

〈p,q|U00(z)|0,0〉 =
1

3

3∑
α=1

α〈pα,qα|Ŭα0(z)|0,0〉. (S4)

The index α in |pα,qα〉α indicates that pα represents the
relative momentum between particles β and γ, whereas
qα represents the relative momentum between particle α
and the center of mass of the two-particle system (βγ).

The singular behavior of α〈pα,qα|Ŭα0(0)|0,0〉 at qα =

0 can be determined by writing the operator Ŭα0 as a
series and analyzing each term. We write Eq. (S2) as

Ŭα0 = Tα(1 + P ) + TαG0PTα(1 + P )

+ TαG0PTαG0PTα(1 + P ) + ....
(S5)

where we removed the arguments of the operators for
notational convenience. The first term on the right-hand-
side represents two-particle scattering in which the third

particle only spectates,

α〈pα,qα|Tα(0)(1 + P )|0,0〉
= 3〈qα|0〉〈pα|T (0)|0〉.

(S6)

The second term on the right-hand-side of Eq. (S5) be-
haves as

α〈pα,qα|Tα(0)G0(0)PTα(0)(1 + P )|0,0〉

= − 3

2π4

a2

m~2
1

q2α
− 3
√

3

4π4

a3

m~3
1

qα

− 3m〈0|T (0)|0〉

[(
5

4
+
p2α
q2α

)
∂2〈p|T (0)|0〉

∂p2

∣∣∣∣∣
p=0

+
∂2〈0|T (− 3

4mq
2)|0〉

∂q2

∣∣∣∣∣
q=0

+O(qα, p
4
α/q

2
α)

]
.

(S7)

The small-momentum behavior of the third term is given
by

α〈pα,qα|
(
Tα(0)G0(0)P

)2
Tα(0)(1 + P )|0,0〉

=
1

π3

a3

m~3
1

qα
− 3
√

3

π5

a4

m~4
ln

(
qα|a|
~

)

+O
(
q0α,

p2α
qα

)
.

(S8)

It is a matter of choice to express the momentum qα
in units of ~/|a| inside the logarithm. The next term

in the expansion of α〈pα,qα|Ŭα0(0)|0,0〉 also diverges
logarithmically in the limit qα → 0:

α〈pα,qα|
(
Tα(0)G0(0)P

)3
Tα(0)(1 + P )|0,0〉

=
4

π4

a4

m~4
ln

(
qα|a|
~

)
+O

(
q0α, p

2
αln(qα|a|/~)

)
.

(S9)

All other contributions to α〈pα,qα|Ŭα0(0)|0,0〉 are non-
singular in qα = 0. From the above analysis we find that
〈p,q|Ψ3b(0)〉 defined by Eq. (S1) can be written as
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〈p,q|Ψ3b(0)〉 = δ(p)δ(q)− 1
p2

m + 3q2

4m

3∑
α=1

{
δ(qα)〈pα|T (0)|0〉 − 1

2π4

a2

m~2
1

q2α
+

1

12π4
(4π − 3

√
3)

a3

m~3
1

qα

+
1

3π5
(4π − 3

√
3)

a4

m~4
ln

(
qα|a|
~

)
−
p2α + 3

4q
2
α

q2α
m〈0|T (0)|0〉∂

2〈p|T (0)|0〉
∂p2

∣∣∣∣∣
p=0

+
1

3

1

(2π)6
D

m~4

+O
(
qα ln

(
qα|a|
~

)
,
p2α
qα

)}
,

(S10)

where we used the exactly same definition for D as the
one presented by Tan [18]. The relation between D and
〈p,q|U00(z)|0,0〉 is given in Eq. (3) of the main text.

II. HYPERVOLUME FOR WEAK
INTERACTION STRENGTHS

In this section we analyze the behavior of the three-
body scattering hypervolume corresponding to three
identical bosons interacting via a symmetric pairwise po-
tential V (r) = v0f(r) in the limit v0 → 0. Here f(r) is
some function independent of v0 that goes to zero suf-
ficiently fast for increasing interparticle separation such
that regular scattering theory is valid [66].

In the limit v0 → 0, we can approximate the two-
body transition operator by the Born approximation
T (z) = V + O(v20). To determine the hypervolume
D to the lowest order in v0, we consider the operator
Tα(0)G0(0)PTα(0)(1 + P ). Applying the Born approxi-
mation to Eq. (S7), we find

α〈0,qα|Tα(0)G0(0)PTα(0)(1 + P )|0,0〉

= − 3

2π4

a2

m~2
1

q2α
− 3
√

3

4π4

a3

m~3
1

qα

− 15m

4
〈0|V |0〉∂

2〈q|V |0〉
∂q2

∣∣∣∣∣
q=0

+O(qα, v
3
0).

(S11)

Comparing this result with Eq. (3) of the main text and
using Eqs. (S4) and (S5), we find that

D = −96π6m2~4〈0|V |0〉∂
2〈p|V |0〉
∂p2

∣∣∣∣∣
p=0

+O(v30) (S12)

as stated in the main text.

III. COMPARISON WITH BRAATEN ET AL.
[51]

Braaten et al. [51] have calculated a three-body elastic
scattering amplitude that is closely related to the am-
plitude 〈0,q|U00(0)|0,0〉 that we calculate. The main

Figure S1: Feynman diagrams contributing to the q−2
α behav-

ior (a), the q−1
α behavior (b), the ln(qα|a|/~) behavior (c) and

the nondiverging part (d) of the three-body elastic scattering
amplitude 〈p,q|U00(0)|0,0〉. The shaded diagrams are not in-
cluded in the operator T of Ref. [51]. The vertices represent
the two-body interaction.

difference is that the three-body operator T as defined
in Ref. [51] (which we denote by T in the following as
we already reserved T for the two-body transition oper-
ator) includes less scattering events than the AGS op-
erator U00. First of all, scattering processes in which
the third particle spectates are not included in T . Sec-
ondly, two-body scattering events that occur before the
third particle participates in the scattering process are
incorporated in so-called dimer propagators [4, 51] and
are thus not included in T . The same applies to two-
body scattering events that occur after the third particle
has moved away from the two-particle subsystem. For
clarity, we show some Feynman diagrams for three-body
elastic scattering in Fig. S1. This figure indicates which
scattering events are not included in T .

Consequently, some terms on the right-hand-side
of Eq. (S7) are not included in the calculation of
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〈0,q|T (0)|0,0〉, namely −3
√

3/(4π4)a3/(m~3qα) and

−3m〈0|T (0)|0〉
∂2〈0|T

(
− 3

4mq
2
)
|0〉

∂q2

∣∣∣∣∣
q=0

= − 9

8π4

a4

m~4
+O(a3)

(S13)

where terms that grow less fast than a4 are indicated by
O(a3). A similar analysis reveals that the right-hand-

side of Eq. (S8) includes the term
√

3/(2π3)a4/(m~4)
which is absent in 〈0,q|T (0)|0,0〉. All other scattering
events that are incorporated in 〈0,q|U00(0)|0,0〉, but not
in 〈0,q|T (0)|0,0〉 vanish in the limit q → 0 or grow less
fast than a4. So from this analysis combined with Eq. (3)
of the main text, the connection between the hypervol-
ume D and the quantity A(aΛ∗) as defined by Ref. [51]
can be made resulting in

1

C

[
1

a4
D − (2π)6

(√
3

2π3
− 9

8π4

)]
=

|a|→∞
A(aΛ∗). (S14)

The three-body parameter Λ∗ depends on the considered
two-body potential and is related to a− and a+ [4].
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Figure S2: Three-body scattering hypervolume D near the
first potential resonance of the square-well potential for a < 0.
The dashed curve gives the analytic zero-range results given
by Eq. (7) of the main text where we set a−/R = −1205,
b− = 3.153, c− = 1.140 and η = 0.

IV. CALCULATION OF THE THREE-BODY
ELASTIC SCATTERING AMPLITUDE

Here we comment on the approach that we use to
calculate the three-body elastic scattering amplitude
〈0,q|U00(0)|0,0〉. In fact, we use the same method as
presented in Ref. [58] to solve Eq. (S2) for the matrix

elements α〈0,q|Ŭα0(0)|0,0〉 from which the elastic scat-
tering amplitude is determined via Eq. (S4). So we

1 10 10
2

10
3

10
4

a/R

1

10
5

10
10

10
15

−
Im

(D
)/
R

4

1680

1700

1720

1740

R
e(
D
)/
a
4

Figure S3: Three-body scattering hypervolume D near the
first potential resonance of the square-well potential for a > 0.
The dashed curves give the analytic zero-range results given
by Eq. (8) and (10) of the main text where we set a+/R =
5720, b+ = 0.0226, c+ = 1.1288, C+ = 67.118 and η = 0.

write down the integral equations for the matrix elements

α〈0,q|Ŭα0(0)|0,0〉, and expand them in partial waves
and in form factors that are determined by the Wein-
berg expansion [58, 60]. The resulting integral equation is
solved as a matrix equation by discretizing the magnitude
of the momentum q. The amplitude α〈0,q|Ŭα0(0)|0,0〉
diverges as q−2, q−1 and ln(q) in the limit q → 0. We
deal with these singularaties by substracting them from
the matrix elements and solve the integral equations for
the remaining part.

The number of partial-wave components that we need
to take into account increases as the potential depth in-
creases [58]. For three-body calculations near the first po-
tential resonance of the square-well potential, it suffices
to take l = 0 and l = 2, and to neglect the higher partial-
wave components for a relative uncertainty of 10−3. Near
the second potential potential resonance, we take l = 0,
2, 4, 6 and 8 for the same precision, whereas for small
scattering lengths in between the second and third po-
tential resonance we also take l = 10 into account. The
total number of Weinberg expansion terms that we take
into account varies from 13 near the first potential res-
onance to 59 in between the second and third potential
resonance.
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Table S1: Values of characteristic parameters of the three-body scattering hypervolume D (real and imaginary part) corre-
sponding to the Nth potential resonance of the square-well potential. The three-body parameters a−,n and a+,n locate the
trimer resonances corresponding to the (n + 1)th Efimov state. They are obtained by fitting the data close to the resonance
position with Eq. (7) of the main text for a−,n and Eq. (10) of the main text for a+,n. We only consider the three-body
parameters for |a|/R < 104. Consequently, we have not determined a+,3 for N = 2. The loss parameter η is determined by
fitting the numerical data in the strongly-interacting regime (103 < |a|/R < 104).

N a−,0/R a−,1/R a−,2/R a+,0/R a+,1/R a+,2/R a+,3/R η

1 -3.087(1) -54.90(1) -1205(1) 1.015(1) 9.530(1) 249.7(1) 5720(1) 0

2 -17.43(1) -372.1(1) -8396(1) 1.21(5) 75.7(1) 1759(5) - 0.068(1)

V. ADDITIONAL RESULTS FOR THE FIRST
AND SECOND POTENTIAL RESONANCE

We have also calculated the three-body scattering hy-
pervolume D in the strongly-interacting regime near the
first potential resonance corresponding to the square-well
interaction. These results are presented in Fig. S2 for
a < 0 and in Fig. S3 for a > 0, in which they are com-
pared to the analytic zero-range results. An overview
of the three-body parameters a− and a+ is given in Ta-
ble S1. Our result for the loss parameter η in Table S1
is the same for large positive and negative scattering
lengths near the second potential resonance and is con-
sistent with the results of Ref. [58] from which it can be
infered that η is expected to be in between 0.06 and 0.08
for |a|/R� 1.
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Figure S4: Three-body scattering hypervolume D near the
potential resonance of the contact interaction with momen-
tum cut-off Λ for a < 0. The dashed curve gives the analytic
zero-range results given by Eq. (7) of the main text where we
set a−Λ/~ = −5.926 · 104, b− = 3.153, c− = 1.140 and η = 0.

VI. UNIVERSAL PARAMETERS

The universal coefficients appearing in the analytic
zero-range results (see Eq. (7)−(10) in the main text)
can be most easily determined from the contact interac-
tion itself. Since we work in momentum space, we add a
momentum cut-off Λ to the contact interaction, i.e.,

V = −ζ|g〉〈g|, (S15)

where

〈p|g〉 =

{
1, 0 ≤ p ≤ Λ,

0, p > Λ.
(S16)
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Figure S5: Three-body scattering hypervolume D near the
potential resonance of the contact interaction with momen-
tum cut-off Λ for a > 0. The red dashed curves give the
analytic zero-range results given by Eq. (8) and (10) of the
main text where we set a+Λ/~ = 2.82 · 105, b+ = 0.0226,
c+ = 1.1288, C+ = 67.118 and η = 0. The gray dash-
dotted curve displays the analytic zero-range result given by
Eq. (8) of the main text with the same parameters except for
b+ = 0.021 which is the value reported in Ref. [51].
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The scattering length can be changed by tuning the in-
teraction strength ζ. The three-body scattering hyper-
volume D is calculated according to the same procedure
as presented in the main text. Since the contact inter-
action is separable, there is only one potential resonance
and the loss parameter η that appears in the universal
equations (see Eq. (7)−(10) in the main text) is zero.

Our results for the contact interaction with a momen-
tum cut-off are shown in Fig. S4 for a < 0 and in Fig. S5
for a > 0. We determine the universal coefficients C+,
b± and c± from the characteristic points of these curves.
First of all, the coefficient C+ can be determined from
the local maxima of −Im(D/a4) as presented in Table S2.
Our results show that C+,n converges to C+ = 67.118(5)
for a→∞.

Similarly, b+ and c+ can be determined from the local
maxima and minima of Re(D/a4). The results of our
analysis can be found in Table S3 from which we conclude
that b+ = 0.0226(5) and c+ = 1.1288(5).

For negative scattering lengths, D is real and diverges
at scattering lengths equal to the three-body parameters
a−,n. The behavior of D is given by Eq. (7) of the main

text. By multiplying D/(Ca4) with sin
(
s0 ln(a/a−,n)

)
,

we remove the singularity inD at a = a−,n. The resulting
quantity behaves at scattering lengths near a−,n as

D/(Ca4) sin
(
s0 ln(a/a−,n)

)
=
√
b2−,n + c2−,n

cos
(
s0 ln(a/a−,n)− δ−,n

) (S17)

where

cos(δ−,n) =
b−,n√

b2−,n + c2−,n

(S18)

or

sin(δ−,n) =
c−,n√

b2−,n + c2−,n

. (S19)

We determine the amplitude
√
b2−,n + c2−,n and phase

shift δ−,n from our numerical data of D. The result-
ing values of b−,n and c−,n can be found in Table S4.

The coefficients c−,n converge faster than b−,n and we
conclude that b− = 3.153(5) and c+ = 1.140(2).

Table S2: Parameters corresponding to the local maxima of
−2 ·Im(D/a4) calculated for the potential given by Eq. (S15).
The local maxima are indicated by C+,n and the scattering
lengths at which these maxima occur are indicated by aIm,n.

n aIm,nΛ/~ C+,n

2 1.145(5) · 102 65.453(5)

3 2.61(1) · 103 67.045(5)

4 5.93(1) · 104 67.114(5)

5 1.344(3) · 106 67.118(5)

Table S3: Parameters corresponding to the local maxima and
minima of Re(D/a4)/C calculated for the potential given by
Eq. (S15). The local minima are indicated by c+,n and are
located at a = amin,n, whereas b+,n is determined from the
difference between the local maximum at a = amax,n and
minimum at a = amin,n.

n amax,nΛ/~ amin,nΛ/~ b+,n c+,n

1 - 5.39(2) · 101 - 1.1310(5)

2 2.47(1) · 102 1.198(5) · 103 0.02277(50) 1.1289(5)

3 5.68(3) · 103 2.72(1) · 104 0.02265(50) 1.1288(5)

4 1.29(3) · 105 6.17(5) · 105 0.02265(50) 1.1288(5)

Table S4: Values of b−,n and c−,n that are determined
from the amplitude and phase shift of the oscillatory func-

tion D/(Ca4) sin
(
s0 ln(a/a−,n)

)
for the potential given by

Eq. (S15). The amplitude
√
b2−,n + c2−,n and phase shift δ−,n

are determined near the (n+ 1)th Efimov resonance that oc-
curs at a = a−,n.

n a−,nΛ/~ δ−,n
√
b2−,n + c2−,n b−,n c−,n

1 −1.169(1) · 102 0.3491(10) 3.3175(5) 3.117(2) 1.135(3)

2 −2.614(1) · 103 0.3473(10) 3.3497(5) 3.150(2) 1.140(3)

3 −5.926(1) · 104 0.3470(10) 3.3525(5) 3.153(2) 1.140(3)
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