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Abstract

A benchmark study by Boileau et al tested 6 commonly used numerical schemes
for 1D wave propagation, for their ability to capture the main features of pres-
sure, flow, and area waveforms in large arteries. While all numerical schemes
showed good agreement in pressure and flow waveforms for smaller arterial net-
works, the simplified trapezium rule method proposed by Kroon et al showed an
overestimation for the systolic pressure of 1% in proximal regions and an under-
estimation of 3% in distal regions in comparison with the 5 other schemes when
using a larger arterial network, published as the ADAN56 model. The authors
attributed this difference to the neglection of the dynamic part of the pressure
at vessel junctions. Carson et al resolved these differences by proposing 2 meth-
ods to implement the dynamic part of the pressure in the simplified trapezium
rule method scheme. In the present study, an alternative method is introduced
extending the work by Kroon et al. This alternative method consists of a new 0D
element, which is placed at vessel junctions. The strength of this new element is
the ease of implementation and its flexible coupling with other elements, with-
out introducing additional degrees of freedom or the need of a penalty function.
This new approach is compared with 5 other numerical schemes, which already
have the dynamic part of the pressure incorporated. The new method shows
excellent agreement with these schemes for the ADAN56 model.
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arterial network, dynamic pressure, junctions, lumped approach, 1D wave propagation

1 INTRODUCTION

One-dimensional (1D) network models have extensively been used to investigate blood pressure and blood flow wave
propagation phenomena in arteries and veins.1-3 These so-called pulse wave propagation models allow the assessment of
the effects of vascular disease on the pressure and flow waveforms, wave reflections, and the relation between central and
peripheral pressures. The ease of use and the relatively low costs make 1D models also attractive for vascular intervention
planning4 or for estimating boundary conditions for higher dimensional models.5
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These 1D network models consist of connected elements that locally describe the relation between pressure, area, and
flow. The pressure and flow relations are based on the 1D mass and momentum equations.6 At terminal branches, the
1D network is often truncated with, for example, 0D windkessel elements4 or structured outflow trees.7 To solve the
governing equations derived from 0D and 1D models, different mathematical formulations and corresponding numerical
methods have been proposed. These methods vary from each other by using different formulations of the 1D equations
and different constitutive laws to relate area and pressure. In addition, they differ with respect to the velocity profiles used
to estimate the friction and convective terms, choice in boundary conditions, the way of coupling at junctions, and the
numerical schemes.8

Recently, Boileau et al9 compared 6 numerical schemes that are commonly used for 1D arterial blood flow modeling to
investigate the effect of different numerical implementations on the pressure and flow waveforms in several benchmark
problems while using the same velocity profile, boundary conditions, and constitutive laws.9 The numerical schemes
considered were locally conservative Galerkin,10 discontinuous Galerkin,11 Galerkin least-squares finite element method12

(FEM), finite volume method,13 MacCormack finite difference method,14 and the simplified trapezium rule method15

(STM). The results showed good agreement among all numerical schemes for 6 benchmark problems (ie, a reflection
free tube, a tube mimicking the common carotid artery, the upper thoracic aorta, an aortic bifurcation, and experimental
arterial networks with 37 and 56 of the larger arteries, published as the ADAN56 model). It was concluded that all schemes
are able to solve nonlinear 1D equations and to capture the main features of pulse wave propagation. However, for the
ADAN56 model, noticeable discrepancies were obtained when using the STM in comparison with the other numerical
schemes. While the STM showed to be able to solve the system of equations within minutes,9,15 systolic pressure was
overestimated at proximal locations by 1% (ie, 2 mmHg) and underestimated by 3 % at distal locations (ie, 4 mmHg).
Boileau et al hypothesized that these differences were caused by the anatomical configuration of the ADAN56 model,
which makes the model more sensitive to the coupling strategy at junctions. They also hypothesized that the discrepancies
found in the STM model were the result of neglecting the dynamic part of the pressure ( 1

2
𝜌u2) at junctions.9 Carson et al16

demonstrated that adding the dynamic pressure at junctions to the STM model indeed eliminated the differences found
by Boileau et al.9

Carson et al16 proposed two methods to constrain the conservation of dynamic pressure at vessel junctions: Lagrange
multipliers and a penalty method. Despite the fact that these correction methods showed good results, there are some
downsides to these methods. Because the Lagrange multiplier method introduces additional degrees of freedom to the
solution vector, the matrix needs to be expanded, which requires a more extensive storage.17 For the penalty method, on
the other hand, it is difficult to choose the required penalty parameter, the so-called penalty number.16 A high penalty
number is needed to enforce the dynamic pressure constraints; however, if the penalty number is too high, the global
matrix becomes ill conditioned with respect to inversion.17

The aim of this study is to develop a new element that, on the one hand, is in line with the approach by Kroon et al15

and on the other hand, straightforwardly implements the dynamic part of the pressure in the STM model. The approach
is based on the fact that 0D and 1D elements are cast in the same form. This results in a simplified numerical scheme,
in which pressure is the only state variable. After the pressures are calculated on nodal level, the flow can be calculated
on element level. This approach allows for flexible coupling between 0D and 1D elements, without the need for addi-
tional degrees of freedom or penalty functions. To demonstrate our simplified numerical scheme, we benchmarked our
implementations with the ADAN56 geometry presented by Boileau et al.9

2 METHODS

2.1 One-dimensional network model
In this section, first, we describe the 1D computational domain (ADAN56) that consists of connected 1D arterial elements
and is closed with 3-element windkessel elements at truncating parts. At vascular junctions, a new 0D element is intro-
duced (Figure 1). Secondly, we present the assembly of the equations for all different elements. In addition, the numerical
method used to solve the scheme is explained. Finally, the simulations performed and their analysis are described.

2.1.1 One-dimensional computational domain
Because Boileau et al9 showed only discrepancies for the STM method in the ADAN56 geometry, we chose to use the
ADAN56 model as well. The ADAN56 model contains 56 large vessels of the human arterial system. It originates at the
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FIGURE 1 The implementation of the 0D junction element in a simple bifurcation geometry

aortic arch and is truncated at the internal carotid, the tibial, and the radial arteries. Furthermore, it is truncated at major
organs, such as the kidneys, liver, and lungs. For details on parameters and arterial tree data, the reader is referred to
Boileau et al,9 which also contains supplementary data containing the results of the 6 numerical schemes.

2.1.2 One-dimensional arterial element
Each arterial element was modeled as a deformable tube, representing a blood vessel whose mechanical properties are
described as a function of the axial coordinate z. In large arteries, the relation between pressure p (Pa), flow q (m3 s−1),
and cross-sectional area A (m2) can be modeled using the conservation of mass, the momentum balance equation, and a
constitutive law. Here, the area is a function of the pressure, which in turn is a function of the axial location z and time t, ie,
A = A(p(z, t)). We further assumed the vessel wall to be impermeable and the blood to be an incompressible Newtonian
fluid. Subsequently, by integrating the mass and momentum equations over the cross-sectional area, we obtained the
following 1D equations6:

𝜕A
𝜕p

𝜕p
𝜕t

+
𝜕q
𝜕z

= 0, (1)

𝜕q
𝜕t

+ (1 + 𝛿s)
𝜕

𝜕z

(
q2

A

)
+ A

𝜌

𝜕p
𝜕z

= 𝑓

𝜌
, (2)

where t describes time, 𝜌 is the blood density, 𝜕A
𝜕p

is the partial derivative of area to pressure, and f is the frictional force
per unit length. Following the approach of Boileau et al,9 a flat velocity profile was used for the approximation of the
advection term, which resulted in a Stokes-layer related thickness of 𝛿s = 0. Again, following Boileau et al,9 the frictional
force per unit length f is given by:

𝑓 = −2(𝜁 + 2)𝜇𝜋
q
A
, (3)

where 𝜇 is the dynamic viscosity and 𝜁 is a given constant for a specific velocity profile. For a derivation of (3), the reader
is referred to Hughes and Lubliner18 and Sherwin et al.19 For the friction force, the velocity profile order 𝜁 was set to 2 by
Boileau et al,9 which corresponds to a parabolic profile. This mismatch in velocity profiles between the approximation of
the advection term and the frictional force can be resolved by using the approximate velocity profile function proposed
by Bessems et al,6 which also captures the possible phase difference between the viscous boundary layer and the central
core. However, the approach by Boileau et al9 was maintained to be able to compare the results.

The relationship between pressure and area, which accounts for the fluid structure interaction of the system, is
described as follows9,20:

p = pext + pd +
𝛽

Ad

(√
A −

√
Ad

)
, (4)
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FIGURE 2 Discretization of 1D line element with pi and qi the nodal pressure and flow, respectively

with pext the external pressure, pd the diastolic pressure, and Ad the diastolic area. In this study, pext and pd were set to 0
and 10 kPa, respectively.9 Here, the parameter 𝛽(z) accounts for the material properties, which is given by9,20:

𝛽(z) = 4
3
√
𝜋Eh, (5)

with E and h the Young modulus and wall thickness, respectively. Using (4), area vessel compliance can be written as:

𝜕A
𝜕p

=
(

2Ad(p − pext − pd)
𝛽

+ 2
√

Ad

)
Ad

𝛽
. (6)

2.2 Numerical implementation
First, the momentum and mass equation of each element were spatially integrated along the vessel axis using the trapez-
ium rule. Thereafter, a second-order backward difference scheme to step forward in time was applied. Third, both nodal
flows were defined inwards (Figure 2). After performing these 3 steps, we arrive at the following 1D line element:[

K11 K12
K21 K22

]t

e

[
p1
p2

]t+Δt

e
=
[

qc
1

−qc
2

]t+Δt

e
+
[
𝑓1
𝑓2

]t

e
=
[

q1
q2

]t+Δt

e
+
[
𝑓1
𝑓2

]t

e
, (7)

where column vectors p
e

and q
e

are the nodal point pressures and flows, respectively. Matrix Ke is the element matrix and
𝑓

e
is the element right-hand side. Furthermore, qc

i denotes the conventional flow definition, and qi denotes the inwards
defined flows as proposed by Kroon et al15; see Figure 2. For details of the derivation, the reader is referred to Appendix
A. Equation 7 can be rewritten in the general form:

Kt,1D
e pt+Δt

e
= qt+Δt

e
+ 𝑓 t,1D

e
. (8)

2.3 Boundary conditions
For each simulation, inflow was imposed at the root of the network model, ie, the ascending aorta. An inflow signal based
on the work of Murgo et al21 was implemented using a truncated Fourier series of the signal. This is the same inflow signal
as used by Boileau et al9 and is provided by them in their supplementary material.

At the terminal branches, three-element windkessel elements were modeled.22 A windkessel element simulates the
effect of the peripheral impedance. It consists of a resistor R1 in series with both a resistor R2 and a compliance C as
shown in Figure 3. The resistance R1 is equal to the characteristic impedance of the terminal branch, minimizing wave
reflections for high frequencies.22 In addition, it holds that R1 + R2 = Rp, where Rp is the peripheral resistance that is
defined by the ratio between the mean arterial pressure and the mean flow through that specific part of the body. Finally,
C mimics the peripheral compliance. The windkessel element is given by the following differential equation:

q(1 + R1

R2
) + CR1

𝜕q
𝜕t

=
p

R2
+ C

𝜕p
𝜕t

. (9)

For each subelement of the windkessel element, again, two nodal point pressures and two nodal point flows with
inward-directing flow were defined (Figure 3). The extravascular pressure (p4) and the venous pressure (p3) were both
taken at 0 Pa. Using the same approach as for a 1D line element, the windkessel element can be cast in the same form as
in (8) (see Appendix B):

Kt,0D
e pt+Δt

e
= 𝑓 t,0D

e
+ qt+Δt

e
. (10)
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FIGURE 3 Discretization of 0D windkessel with pi and qi the nodal pressure and flow, respectively. R1 is the characteristic impedance, R2

the peripheral resistance, and C the peripheral compliance

2.4 Vessel junctions
At vessel junctions, three 1D arterial elements need to be connected. Since the element flows are defined inwards in the
original STM model presented by Kroon et al,15 the assumption that the

∑
qi = 0 is automatically satisfied. Consequently,

the nodal pressures are coupled directly without the need for additional coupling equations, resulting in a shared node at
junctions, as can be seen in Figure 1. This continuity of static pressure between the three branches is expressed by:

p1 = p2 = p3. (11)

However, to be able to compare the STM model with the other five numerical schemes, continuity of total pressure is
required at vessel junctions. Therefore, the dynamic part of the pressure should be added to each term in (11), yielding:

p1 +
1
2
𝜌u2

1 = p2 +
1
2
𝜌u2

2 = p3 +
1
2
𝜌u2

3, (12)

where u is the mean blood velocity, 𝜌 the blood density, and p and 1
2
𝜌u2 are the static and dynamic components of pressure,

respectively. Here, p̂ = p+ 1
2
𝜌u2 is called the total pressure. The continuity of total pressure can be described by a pressure

loss or gain, which results from the difference in mean velocity between branches at junctions:

p1 − p2 = 1
2
𝜌
(

u2
2 − u2

1
)
,

p1 − p3 = 1
2
𝜌
(

u2
3 − u2

1
)
,

p2 − p3 = 1
2
𝜌
(

u2
3 − u2

2
)
.

(13)

To implement these additional pressure differences (losses or gains), a 0D element was introduced and implemented at
junctions as shown in Figure 1. This 0D junction element is presented in more detail in Figure 4. To define the 0D junction
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FIGURE 4 Discretization of 0D junction element with pi and qi the nodal pressure and flow, respectively. J are the junction components

element, we denoted one branch as the reference vessel. In this study, the reference vessel carries the total flow entering
the element (in case of a bifurcating flow) or leaving the element (in case of a merging flow). However, an arbitrary branch
can be chosen. We then assumed that there are no additional pressure differences over the reference vessel, leading to
the pressure in the reference vessel being approximately equal to the pressure at the central node p4. To prevent an extra
pressure drop from occurring, this component was modeled as a small resistance with J = 1kgm−4s−1. The value of
J = 1kgm−4s−1 was chosen such that this value is much smaller than the Poiseuille resistance of the reference vessel.
For the other two branches, the pressure differences caused by the addition of the dynamic pressure were defined with
respect to the reference vessel:

pi − p4 = 1
2
𝜌

(
q2

r

A2
r
−

q2
i

A2
i

)
, (14)

with qi and Ai the flow rate and area of the ith branch, respectively. Now, each component Ji of this junction element
relates the pressure of the central node p4 to the external pressure nodes p1, p2, and p3 of the three branches.

After linearization of (14) using the Newton-Raphson method, we obtained (see Appendix C):

pt+Δt
i − pt+Δt

4 = −𝜌
qt

i(
At

i

)2 qt+Δt
i + 𝜌

2

(
qt

i

)2(
At

i

)2 + 𝜌

2

(
qt

r
)2(

At
r
)2 , i=1,2,3, (15)

where superscript t is the approximation of the previous time step and t + 𝛥t the approximation of the current time step.
This can be summarized to the general form:

pt+Δt
i − pt+Δt

4 = Jt
i qt+Δt

i + gt
i i=1,2,3, (16)

with gi the last 2 terms of the right-hand side of (15). We then divided (16) by Ji resulting in:

1
Ji

(
pt+Δt

i − pt+Δt
4

)
= qt+Δt

i + 𝑓 t
i , i=1,2,3, (17)
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with 𝑓 t
i = gt

i
Ji

. Now, component J1 in Figure 4 could be cast into the form:

[ 1
J1

− 1
J1

− 1
J1

1
J1

]t

e

[
p1
p4

]t+Δt

e
=
[

qc
1

−qc
4

]t+Δt

e
+
[

𝑓1
−𝑓1

]t

e
=
[

q1
q4

]t+Δt

e
+
[

𝑓1
−𝑓1

]t

e
, (18)

where qc
i once again denotes the conventional notation and qi the notation as presented by Kroon et al.15

Similarly, component J2 and J3 were cast into the same form. By assembling the 3 junction components, the total element
matrix is:

⎡⎢⎢⎢⎢⎢⎣

1
J1

0 0 − 1
J1

0 1
J2

0 − 1
J2

0 0 1
J3

− 1
J3

− 1
J1

− 1
J2

− 1
J3

1
J1
+ 1

J2
+ 1

J3

⎤⎥⎥⎥⎥⎥⎦

t

e

⎡⎢⎢⎢⎣
p1
p2
p3
p4

⎤⎥⎥⎥⎦
t+Δt

e

=
⎡⎢⎢⎢⎣

q1
q2
q3

q4 + q5 + q6

⎤⎥⎥⎥⎦
t+Δt

e

+
⎡⎢⎢⎢⎣

𝑓1
𝑓2
𝑓3

−𝑓1 − 𝑓2 − 𝑓3

⎤⎥⎥⎥⎦
t

e

, (19)

with q4 + q5 + q6 = 0 due to conservation of mass. Finally, the 0D junction element (defined by (19)) was cast into the
same form as the 1D line elements (defined by (8)) and the 0D windkessel element (as given by (10)):

Kt,0D
e pt+Δt

e
= 𝑓 t,0D

e
+ qt+Δt

e
. (20)

2.5 Assembling all elements and numerical method
Noticing that the element matrices (8), (10), and (20) were all cast in the same form, assembly of the large system of
equations involved summation of all 1D element equations and 0D element equations. The assembly process is here
demonstrated for 2 line elements in series. Consider element 1 with pressure nodes p1 and p2 and flows q1 and q2, and
element 2 with pressure nodes p2 and p3 and flows q3 and q4. The 2 element matrices of the 2 line elements defined by
(7) can be assembled to the following system:

⎡⎢⎢⎣
K1

11 K1
12 0

K1
21 K1

22 + K2
11 K2

12
0 K2

21 K2
22

⎤⎥⎥⎦
t

e

[ p1
p2
p3

]t+Δt

e

=

[ q1
q2 + q3

q4

]t+Δt

e

+
⎡⎢⎢⎣

𝑓 1
1

𝑓 1
2 + 𝑓 2

1
𝑓 2

2

⎤⎥⎥⎦
t

e

, (21)

where the superscripts of Ki and fi represent the elements they belong to. Conservation of mass requires the outflow of
element 1 (q2) to be equal to the inflow of element 2 (q3), resulting in q2 + q3 = 0. Therefore, the internal node in this
example has value of 0 and only the flows q1 and q4 (boundary conditions) are unknown. At the inlet of the arterial tree,
the nodal flow was prescribed, and for terminal nodes, a constant pressure was prescribed (essential boundary condition),
resulting in only one degree of freedom for every node. The final assembled matrix containing the 1D line, 0D windkessel,
and 0D junction elements is given by:

Ktpt+Δt = 𝑓 t + qex,t+Δt. (22)

The system was solved using the second-order backward difference scheme for time discretization,15 with a timestep of
0.5 ms and element size of 0.5 cm. The finite element package SEPRAN (version 0610) was used to solve the system,
while Matlab R2016b (The MathWorks, Inc, Natick, Massachusetts) was used for preprocessing and postprocessing. After
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calculation of pressures and flows, the simulation proceeded to the next time step. The process was repeated until cardiac
cycle time was reached. At this point, the nodal point maximum relative root-mean-squared norm of both pressure and
flow, denoted 𝜀p and 𝜀q, respectively, were calculated compared with the previous cardiac cycle. Each simulation was run
for 10 cycles, resulting in a convergence norm 𝜀 < 10−3.

2.6 Simulation and analysis
The following simulations were run for the ADAN56 benchmark case: (1) The original STM method (STM), (2) STM +
new 0D junction element (STM-J), and (3) the FEM scheme presented in Boileau et al.9 The other four schemes shown
in Boileau et al9 that already have continuity of total pressure at vessel junctions gave consistent results with the FEM
method and are therefore not shown. The results of the five other benchmark cases are not shown as the STM scheme
already showed good agreement compared with the other methods, even without the addition of the dynamic part of the
pressure, and because these cases were hardly effected by the addition of the new 0D junction element, as expected.

First, flow rate and pressure waveforms are shown for the aortic arch I, the right internal carotid, the right renal, and
the right anterior tibial. These locations were chosen to show the effect of adding the dynamic pressure when moving
more distal from the heart, both upwards and downwards. We then calculate a variety of “errors” that are calculated to
compare the results using the FEM as the golden standard: RMS

p and RMS
q are the root mean square relative error for

pressure and flow, MAX
p and MAX

q are the maximum relative errors in pressure and flow, SYS
p and SYS

q are the errors
in systolic pressure and flow, and DIAS

p and DIAS
q are the errors in diastolic pressure and flow, respectively. These are

calculated with the following equations:

RMS
p =

√√√√√ 1
n

n∑
i=1

(
pSTM

i − pFEM
i

pFEM
i

)2

, RMS
q =

√√√√√ 1
n

n∑
i=1

(
qSTM

i − qFEM
i

max(qFEM
i )

)2

, (23)

MAX
p = max

i

|||||
pSTM

i − pFEM
i

pFEM
i

||||| , MAX
q = max

i

|||||
qSTM

i − qFEM
i

max(qFEM
i )

||||| , (24)

SYS
p =

max(pSTM) − max(pFEM)
max(pFEM)

, SYS
q =

max(qSTM) − max(qFEM)
max(qFEM)

, (25)

DIAS
p =

min(pSTM) − min(pFEM)
min(pFEM)

, DIAS
q =

min(qSTM) − min(qFEM)
min(qFEM)

, (26)

with value n the maximum number of time steps within one cardiac cycle. Finally, we show the propagation of the sys-
tolic, diastolic, and mean pressure along the aorta, because this captures the general physiological features of pulse wave
propagation.

3 RESULTS

Figure 5 shows the flow rate and pressure waveforms of the four different positions in the ADAN56 network. Though in
each panel of Figure 5 the waveforms as derived by STM, STM-J, and FEM are plotted, the latter two signals can often
not be discriminated, indicating their good agreement. This good agreement can also be seen when looking at the errors
in Table 1. In the original STM model, the root mean square relative errors RMS ranged from 0.51% to 4.10%, while with
the extended STM-J model, the root mean square relative errors RMS have a fourfold reduction and range from 0.12% to
0.67%. Furthermore, the systolic and diastolic pressure are in better agreement for the STM-J model, with a fourfold error
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FIGURE 5 Pressure and flow rate waveforms, comparing the finite element method (FEM), simplified trapezium rule method (STM), and
STM with junction (STM-J)
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TABLE 1 Relative error with respect to the finite element method at the midpoint of the vessels in percent

Arterial Segment Method 
RMS
p , % 

MAX
p , % 

SYS
p , % 

DIAS
p , % 

RMS
q , % 

MAX
q , % 

SYS
q , % 

DIAS
q , %

Aortic arch I STM 0.83 1.87 1.14 0.50 0.51 1.94 −0.17 0.34
STM-J 0.25 0.55 −0.16 −0.34 0.12 0.41 0.13 1.38

Right internal carotid STM 0.89 2.35 −1.00 0.13 1.98 6.41 −1.51 −3.11
STM-J 0.27 0.69 −0.38 −0.49 0.56 2.23 0.82 6.90

Right renal STM 1.11 3.09 −2.31 0.39 2.25 6.90 −6.35 −0.47
STM-J 0.24 0.63 −0.29 −0.44 0.41 1.57 −0.33 −0.74

Right anterior tibial STM 3.39 6.95 −3.44 −1.90 4.10 12.54 −10.02 −11.13
STM-J 0.67 2.99 −0.47 −0.94 0.64 2.68 −1.04 −7.16

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Distance along Aorta (m)
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FIGURE 6 Systolic, mean, and diastolic pressure along the aorta for the finite element method (FEM), the simplified trapezium method
(STM), and the STM with new junction element (STM-J)

reduction in the aortic arch I. This error reduction increases for more distal vessels, as seen for the right anterior tibial,
where the relative systolic error decreases tenfold.

Figure 6 shows the propagation of the systolic, mean, and diastolic pressure along the aorta. While the STM shows an
overestimation of 1% of the systolic pressure in the beginning of the aorta and an underestimation of 3% when moving
more distally, the new STM-J model resolves this error for the systolic pressure. This can be seen by a relative error that
is lower than 0.5% when comparing the systolic pressure of the STM-J model along the aorta with the systolic pressure of
the FEM model.

4 DISCUSSION

The aim of this study was to introduce a new 0D junction element to incorporate the dynamic part of the pressure in the
already existing STM model proposed by Kroon et al.15 Using the new coupling strategy described in Section 2, the total
pressure (p + 1

2
𝜌u2) was constrained at vessel junctions without the need of expanding the global matrix with Lagrange

multipliers or introducing a penalty function as previously published by Carson et al.16 After implementing the new 0D
junction element, the pressure and flow waveforms showed good agreement with the results of the five other numerical
schemes described by Boileau et al,9 (see Figure 5) that already had incorporated dynamic pressure at vessel junctions.

By following the inward-directed flow approach as described by Kroon et al,15 we showed the flexibility of the STM model
and the relative ease of implementing a new element. By casting every element in the same form as in (22) and defining
flow inwards at element level, no extra coupling equations were needed between elements and computational speed and
efficiency were maintained. This approach was recently also used by Quereshi et al,23 who modeled the pulmonary and
venous circulation. Moreover, this approach can also easily be used to implement other vascular concepts with nonlinear
pressure-flow rate relations, such as a stenosis, a heart pump, or the calf muscle pump function.2 Although we demon-
strated the ease of adding the dynamic part of the pressure to the STM method, one might argue the importance of adding
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the dynamic part. The influence of pressure losses at junctions becomes of more importance when the magnitude of the
blood flow velocity is increased. Mynard et al24 estimated a pressure loss of 1 mmHg (approximately 0.5kPa) after 3 typi-
cal diverging or converging junctions under resting circumstances with a maximum velocity of 0.5 m/s. During exercise,
with a maximum aortic blood flow velocity of 2.0 m/s, they estimated a pressure loss of 17 mmHg (approximately 2.3kPa)
after 3 junctions. This dependence on blood flow velocity and number of junctions is even larger in the pulmonary arterial
and the venous network, which consists of many generations of junctions.23

Mynard et al24 showed that both methods of coupling (with or without the dynamic part) did not result in a reliable
estimation of the pressure at junctions compared with 3D simulations and that neither method could be judged as gen-
erally superior to the other. While conservation of dynamic pressure will affect the pressure losses at vascular junctions,
an extra energy dissipation that depends on the junction geometry and flow conditions is also present. This dissipation
may counterbalance the pressure losses from the addition of the dynamic part of the pressure. The extra pressure loss
K1,2

(
1
2
𝜌u2

com

)
is caused by a change of direction of flow and will result in an extra pressure loss due to the formation of

vortices at the entrance region of a bifurcation.23 Therefore, (13) should be written as:

p1 − p2 = 1
2
𝜌
(

u2
2 − u2

1
)
+ K1,2

(1
2
𝜌u2

com

)
, (27)

with ucom the velocity in the common branch and K1,2 a constant that is dependent on the junction geometry and flow
conditions. Mynard et al24 proposed a method for estimating the constant K1,2 and thus the calculation of the extra pressure
losses at junctions. Although not modeled in the current 0D junction element, this extra pressure loss can easily be added
to the current element following the approach proposed in this article.

Though the current 0D junction element only connects three line elements, it can easily be expanded to junctions with
more than three branches. However, because these junctions with more than three branches are mostly found in smaller
vessels, the assumptions that are made for 1D modeling of the larger blood vessels, eg, Newtonian fluid, possibly no longer
hold.6 Extending the junction element to more branches therefore has to be done with care.

Choosing the right coupling strategy is shown to be important on the wave propagation. The possible addition of
dynamic part of the pressure ( 1

2
𝜌u2) and the extra pressure loss (K1,2

(
1
2
𝜌u2

com

)
) must be evaluated for every application.

While for simple bifurcations, the differences between coupling strategies are negligible, these differences become larger
for arterial networks with an increasing number of generations and with increasing blood velocity.9,24 However, the influ-
ence of the pressure coupling can be much smaller compared with changes by choosing a different velocity profile, a
different boundary inflow, a different constitutive law, or the implementation of viscoelastic wall behavior.25 Because New-
tonian fluid is assumed in most 1D schemes (including ours), blood rheology effects including blood shear-thinning are
neglected.26 Since we were only interested in implementing a dynamic pressure element and comparing this with already
existing models, the lack of such a rheology model is not of importance for our study. Moreover, the geometry used in
our study consists of vessels of a large caliber, where blood shear thinning is not as important, because of high shear
regions.26 Although it is possible to make the model more complex or less complex,25-27 it is very important to evaluate
model choices, such as the inclusion of rheology or viscoelastic wall behavior, depending on the models application.

5 CONCLUSION

The implementation of a 0D junction element in the simplified trapezium rule method enabled incorporation of the
dynamic part of the pressure at vessel junctions. Using the approach by Kroon et al,15 flexible coupling between 0D and 1D
elements is possible and nonlinear pressure-flow equations can be easily incorporated. The extended STM model shows
good agreement with the 5 other schemes shown by Boileau et al,9 while maintaining computational speed and efficiency.
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APPENDIX A : ONE-DIMENSIONAL LINE ELEMENT EQUATIONS

First of all, recall the momentum equation of (2):

𝜕q
𝜕t

+ (1 + 𝛿s)
𝜕

𝜕z

(
q2

A

)
+ A

𝜌

𝜕p
𝜕z

= 𝑓

𝜌
, (A1)

https://doi.org/10.1002/cnm.3116
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with:

𝑓 = −2(𝜁 + 2)𝜇𝜋
q
A
. (A2)

Also, recall the mass equation:

CA
𝜕p
𝜕t

+
𝜕q
𝜕z

= 0, (A3)

with CA = 𝜕A
𝜕p

.
If we set 𝜁 = 2 and 𝛿s = 0 in (A1), corresponding to Boileau et al,9 these equations reduce to:

𝜌

A
𝜕q
𝜕t

+
𝜕p
𝜕z

= −
8𝜇𝜋q

A2 − 𝜌

A
𝜕

𝜕z

(
q2

A

)
. (A4)

To discretize and linearize this 1D momentum equation (A4) and the conservation of mass equation (1), the vessels are
first divided into nonoverlapping 2-noded elements. Therefore, it holds that:

∫ (•)dz =
Ne∑

e=1∫e
(•)dz, (A5)

where Ne is the number of elements.
The trapezium rule is then used to spatially integrate both the conservation of mass and the momentum equation from

node 1 to node 2. Note that the flows are here defined conventionally meaning that both flows within the element are
directed from node 1 to node 2. The integration over the element domain e, using the trapezium rule yields:

∫e
CA

𝜕p
𝜕t

dz ≈ Δze

2

(
CA,1

𝜕p1

𝜕t
+ CA,2

𝜕p2

𝜕t

)
,

∫e

(
𝜕p
𝜕z

)
dz ≈ (p2 − p1),

∫e

𝜌

A
𝜕q
𝜕t

dz ≈ Δze

2

(
𝜌

A1

𝜕qc
1

𝜕t
+ 𝜌

A2

𝜕qc
2

𝜕t

)
,

∫e

𝜕q
𝜕z

dz =
(

qc
2 − qc

1
)
, ∫e

hdz ≈ Δze

2
(h1 + h2),

hi =
{
−

8𝜇𝜋q
A2 − 𝜌

A
𝜕

𝜕z

(
q2

A

)}
i
.

(A6)

Here, 𝛥ze is the element length and the superscript c denotes the use of the conventional definition of flows, note that at
this point thus different from the definition used during our numerical implementation. In matrix form, (A6) becomes:[

CA,1
Δze

2
CA,2

Δze
2

]T
𝜕p

e

𝜕t
+
[
−1
+1

]T

qc
e
= 0,

[
𝜌

A1

Δze
2

𝜌

A1

Δze
2

]T
𝜕qc

e

𝜕t
+
[
−1
+1

]T

p
e
= (h1 + h2)

Δze

2
,

(A7)

where p
e
= [p1, p2]T and qc

e
=
[
qc

1, qc
2
]T contain nodal point pressures and flows of the element, respectively. We now apply

a second-order backward differentiation scheme for the time derivatives with time step 𝛥t. Now, we can rewrite (A7) in
the following matrix notation:

Fept+Δt
e

+ Gc
eqc,t+Δt

e
= he, (A8)

where:

Fe =
[ 3

2Δt
Δz
2

Ct
A,1

3
2Δt

Δz
2

Ct
A,2

−1 +1

]
, (A9)
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Gc
e =

[
−1 −1

3
2Δt

Δz
2

𝜌

At
1
− 3

2Δt
Δz
2

𝜌

At
2

]
, (A10)

he =
[ 0(

ht
1 + ht

2
) Δz

2

]
+
⎡⎢⎢⎣

Δz
2

(
2
Δt

Ct
A,1pt

1 −
1

2Δt
Ct

A,1pt−Δt
1

)
Δz
2

(
2
Δt

𝜌

At
1
qt

1 −
1

2Δt
𝜌

At
1
qt−Δt

1

) ⎤⎥⎥⎦ +
⎡⎢⎢⎣

Δz
2

(
2
Δt

Ct
A,2pt

2 −
1

2Δt
Ct

A,2pt−Δt
2

)
Δz
2

(
2
Δt

𝜌

At
2
qt

2 −
1

2Δt
𝜌

At
2
qt−Δt

2

) ⎤⎥⎥⎦ . (A11)

Next, we make a switch to the discretization as depicted in Figure 2, where both flows are defined inwards, that is, q1 = qc
1

and q2 = −qc
2. Now, we can rewrite (A8) in the following matrix notation form:

Fept+Δt
e

+ Geqt+Δt
e

= he, (A12)

with:

Ge =
[

Gc
e,11 −Gc

e,12
Gc

e,21 −Gc
e,22

]
, q

e
=
[

qc
1

−qc
2

]
=
[

q1
q2

]
. (A13)

After separation of matrix Ge from flow column qt+Δt
e

, the 1D line element equations finally read:[
−G−1

e Fe
]

pt+Δt
e

= qt+Δt
e

+
[
−G−1

e he

]
, (A14)

which is now cast into the same general form:

Kt,1D
e pt+Δt

e
= qt+Δt

e
+ 𝑓 t,1D

e
. (A15)

APPENDIX B : ZERO-DIMENSIONAL WINDKESSEL ELEMENT EQUATIONS

The three elements in Figure 3 are described by two resistors and one compliance. In matrix form, the equations for these
elements become:

1∕R1

[
1 −1
−1 1

] [
p1
p2

]
=
[

q1
q2

]
, (B1)

1∕R2

[
1 −1
−1 1

] [
p2
p3

]
=
[

q3
q4

]
, (B2)

C
[

1 −1
−1 1

][ 𝜕p2
𝜕t
𝜕p4
𝜕t

]
=
[

q5
q6

]
. (B3)

These element can be assembled to:

Ce

𝜕p
e

𝜕t
+ Rr

ep
e
= q

e
, (B4)

with:

Ce =
⎡⎢⎢⎢⎣

0 0 0 0
0 C −C 0
0 0 0 0
0 −C C 0

⎤⎥⎥⎥⎦ , (B5)

Rr
e =

⎡⎢⎢⎢⎢⎣
1
Z

− 1
Z

0 0
− 1

Z
1
Z
+ 1

R
0 − 1

R
0 − 1

R
0 1

R
0 0 0 0

⎤⎥⎥⎥⎥⎦
, (B6)
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where p
e
= [p1, p2, p3, p4]T and q

e
= [q1, q2 + q3 + q5, q4, q6]T .

Application of the second-order backward differentiation scheme on (B4) results in:( 3
2Δt

Ce + Rr
e

)
pt+Δt

e
=
(

Ce

(
−−2
Δt

pt
e
− 1

2Δt
pt−Δt

e

))
+ qt+Δt

e
, (B7)

which is now cast into the same general form:

Kt,0D
e pt+Δt

e
= 𝑓 t,0D

e
+ qt+Δt

e
. (B8)

APPENDIX C : NEWTON-RAPHSON LINEARIZATION

The linearization of (14) is performed using the Newton-Raphson method. This method is used to step forward in time
and uses the current time step to estimate the pressure of the next time step. At time step t, (14) gives:

pt
i − pt

4 = 1
2
𝜌

(
(qt

r)2

(At
r)2

−
(qt

i)
2

(At
i)2

)
. (C1)

The right-hand side can then be written as a function with variable qi, which results in:

pt
i − pt

4 = 𝑓 (qt
i). (C2)

If we use this equation to step forward in time, this results in:

pt+Δt
i − pt+Δt

4 = 𝑓
(

qt+Δt
i

)
, (C3)

with𝛥t the time step. We now want to apply the Newton-Raphson method for the right-hand side, which uses the previous
time step and estimates the difference with the next time step:

pt+Δt
i − pt+Δt

4 = 𝑓
(

qt
i
)
+

𝜕𝑓
(

qt
i

)
𝜕qt

i

(
qt+Δt

i − qt
i
)
. (C4)

Here, the higher order terms are omitted. Using this Newton-Raphson method, (C1) can finally be rewritten to (15):

pt+Δt
i − pt+Δt

4 = −𝜌
qt

i(
At

i

)2 qt+Δt
i + 𝜌

2

(
qt

i

)2(
At

i

)2 + 𝜌

2

(
qt

r
)2(

At
r
)2 ,

with i = 1, 2, 3.

(C5)
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