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A functional CLT for partial traces of random matrices

Jan Nagel
March 7, 2018

Abstract

In this paper we show a functional central limit theorem for the sum of the first
|tn] diagonal elements of f(Z) as a function in ¢, for Z a random real symmetric
or complex Hermitian n x n matrix. The result holds for orthogonal or unitarily
invariant distributions of Z, in the cases when the linear eigenvalue statistic tr f(Z)
satisfies a CLT. The limit process interpolates between the fluctuations of individual
matrix elements as f(Z)1,; and of the linear eigenvalue statistic. It can also be seen
as a functional CLT for processes of randomly weighted measures.

1 Introduction

It is the purpose of this paper to add a new perspective to the central limit theorem for
linear eigenvalue statistics. The main objects are the eigenvalues A, ..., A, of a random
real symmetric or complex Hermitian matrix Z. Given a test function f, the linear
statistic of these eigenvalues, denoted by X\™(f), is tr(f(Z)) = f(A1) + - - + f(An). For
many distributions of eigenvalues and smooth enough functions we have, after centering,
the convergence in distribution to a normal random variable,

w(£(2) ~ Elr(£(2))] = 3. f0) ~ B O] —= N(0.03(7). (1)
k=1

Over the last two decades, CLTs for linear eigenvalue statistics have grown into a hugely
popular field of study within random matrix theory. To give a partial overview, the
convergence in (1.1) was proven for invariant matrix models or orthogonal polynomial en-
sembles [Joh98, Pas06, Shc08, KS10, DP12, Duil5, BD17], for general Wigner or Wishart
matrices [BS08, LP09a, Shc13], for matrices of compact groups [Joh97, Sos00], and for non-
Hermitian matrices [RS06, NP10]. Comparing (1.1) with classical CLTs, for example for
sums of independent random variables, it is highly remarkable that there is no additional
scaling factor n~'/2. This phenomenon is usually attributed to the strong dependence
structure of the eigenvalues. Indeed, the classical orthogonal polynomial ensembles have
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a joint eigenvalue density containing the Vandermonde determinant A(A) = [],_; [\i— Ay,
which leads to a repulsion of eigenvalues. It was shown however by [CL95, Sos02] that
in general the variance of the linear eigenvalue statistic does not remain bounded for
non-smooth test functions f.

One sees a very different picture when, instead of the trace, we consider the fluctua-
tions of an individual matrix element f(Z);;. Limit theorems for such entries have been
considered by [LP09b, LP11, PRS12, ORS13]. The random variable f(Z);; depends not
only on the distribution of the eigenvalues, but also on the eigenvectors. We will assume
the matrix of eigenvectors to be Haar distributed on the orthogonal group (for real Z) or
on the unitary group (for complex Z), and to be independent of the eigenvalues. This is
satisfied for the prominent case of unitarily invariant ensembles (see Section 2.1). Then
the central limit theorem takes the form

Valf(Z)11 = ELf(Z)11]) == N(0,03(1)). (1.2)
Unlike for the full trace, an additional scaling is necessary. Although one might expect
f(Z)1, to scale as +tr f(Z), the fluctuations of the former random variable are much
larger. We remark that in our setting the convergence (1.2) is in fact a consequence of
(1.1) (see Theorem 2.1).
In this paper, we show that we can in some sense interpolate between the different
CLTs in (1.2) and (1.1) by summing a varying number of diagonal elements. The main
object of interest is thus the partial trace Xt(")( f), defined by

[tn] n
X =3 F(Z)i =D wil F ), (1.3)
=1 k=1

which is a weighted version of the linear eigenvalue statistic tr f(Z), where the weights
w,(;’? are norms of projections of the eigenvectors (see (2.3)). In our main result, Theorem
2.2, we show that in a setting where the convergence (1.1) of the linear eigenvalue statistic

holds, the process

(X))~ EX ()] e (1.4)

converges as n — oo in distribution to a centered Gaussian process. The variance of
the limit process at time ¢ is given by (t — t?)o2(f) + t?0%(f). That is, the fluctuations
interpolate between the limit variance of the CLTs in (1.2) and (1.1) and, unless o2(f) =
o?(f), the limit is not a Brownian motion.

A core argument in the proof is the independence of eigenvalues and eigenvectors.
Assuming a convergence as in (1.1), the main task is then to handle the fluctuations
induced by summing a varying number of entries of the eigenvector matrix. The main

ingredient for this is a functional limit theorem for sums over subblocks of Haar distributed



matrices proven by [DMR12, BDMR14]. This result itself relies on a powerful theorem of
[MSS07], allowing to evaluate higher order cumulants for entries of Haar matrices. Our
strategy also allows us to prove a functional CLT for (1.4), when instead of the mean
E[Xt(")( f)], one centers by the expectation conditioned on the eigenvalues. The result is
the quenched convergence in Theorem 2.3, which gives a convergence in distribution under
the law of the eigenvector matrices, valid for almost all (sequences of) eigenvalues. With
this centering, the limit process is a Brownian bridge. This also shows that the results are
not restricted to the random matrix setting, but could also be viewed in the framework
of randomly weighted sums, when the weight are coming from Haar distributed matrices
as in (1.3). For example, the functional CLT of Theorem 2.3 is also true for deterministic
sequences \; or more general point processes, see Remark 2.4.

Convergence of partial traces has been considered before in a couple of papers for
particular distributions of random matrices. If Z is unitary and f the identity, a functional
limit theorem for the partial trace has been proven in [D’A00]. A more general way
of summing entries of unitary matrices was considered in [DDNO03]. In [Rai98], real
symmetric matrices are considered and the statement of Theorem 2.3 is proven under
a strong moment condition on the )\;, using zonal polynomials. Using the arguments
of Section 3.3, this would lead to a convergence of (1.4), again under higher moment
conditions.

This paper is structured as follows. In Section 2, we state and discuss our main as-
sumptions and state our results. The proofs can be found in Section 3 and a lengthy
variance computation is contained in Section 4.

Acknowledgments: The author is very grateful to Maurice Duits for several helpful
discussions and for inspiring the author to investigate the partial traces.

2 Random ensembles and main results

Let us begin with a closer look at the partial trace. When Z = Z™ is a n x n complex
Hermitian matrix, by the spectral theorem we may write ZM™ = UMA® (UM)* where
U™ is a n x n unitary matrix, A is real diagonal with the eigenvalues \q, ..., A, on the
diagonal and A* denotes the conjugate transpose of A. If Z is real symmetric, U™ is
orthogonal instead. With this decomposition, we have for the partial trace as defined in
(1.3),

[tn] [tn] [tn] n

X =D H(2)a =Y (U FADY@)), =SS UR PR (2)

i=1 i=1 i=1 k=1



The main object of our study is then the random non-negative finite measure Xt(") defined
by

X =" wy,. (2.2)
k=1

with 0, the Dirac measure in z and the weights are given by

[tn]
wy) =Y USR. (2.3)
=1

In this case pu(f) is just the shorthand notation for [ fdu. Note that the total mass of
X™ is given by |tn]. The representation (2.2) shows that statements about the partial
trace are in fact statements about a weighted version of the classical empirical eigenvalue
distribution, which we denote by /i and which corresponds to all weights being equal
to n~!. In (2.2), the weight of \; is a norm of the first |¢n] entries of the corresponding
eigenvector. Setting ¢ = 1, all weights in (2.2) become 1, so that g™ = %Xl("). In other
words, nfi™(f) is the linear eigenvalue statistic.

Another prominent eigenvalue measure is the spectral measure ,ugn) of the pair (Z™ e,),
defined by the functional calculus relation ,ugn)( f) =eif(Z™)e; = f(Z™),,. That is,
the CLT in (1.2) is in fact a statement about ,ugn)( f). The spectral measure can be ob-
tained from the partial trace by ,ugn) =X 1(77)1 Although for classical ensembles of random

matrices, the measures 1™ and u&") have the same limit in probability as n — oo, the
fluctuations around this limit are very different, which becomes evident in the different
central limit theorems in (1.1) (for na™) and in (1.2) (for ,ugn)). The additional random-
ness of the weights in the spectral measure leads to substantially larger fluctuations. Let
us remark that a similar behavior can be observed on the scale of large deviations: while
(™ satisfies a large deviation principle with speed n? | see [BAGI7] or [AGZ10], for u&")
this is reduced to speed n [GR11, GNRI16].

2.1 Assumptions

In order to present the results for complex and real matrices in a unified expression, we
follow the classical notation of [Dys62] and introduce the parameter 3, where f = 1 if
U™ is real and orthogonal and 3 = 2 if U™ is complex and unitary. Let 8’ = 3/2. We
will always make the following assumption:

(A1) The matrices U™ and A™ are independent and U™ is Haar distributed on the
unitary group (8 = 2) or on the orthogonal group (f = 1).

Under assumption (A1), we can write the distribution of (U™, A™) as P = Py ® Py,
where Py is the Haar measure on the unitary group and P, is the distribution of the

4



eigenvalues. We denote expectation with respect to Py and Py by Ey and E,, respectively.
Any convergence in distribution will be under P unless we specify otherwise. Without
loss of generality, assume that all matrices (U™, A(™) for n > 1 are defined on a common
probability space. While the distribution of U™ is completely specified by (A1), we need
that the empirical measure of the eigenvalues converges to a deterministic limit. Apart
from Theorem 2.3, we also assume a CLT for the linear eigenvalue statistic. Note that
the two next assumptions are also conditions on the test function f: R — R.

(A2) There exists a deterministic probability measure v, such that 4™ converges weakly
to v Py-almost surely. Furthermore, (™ (f) converges to v(f) and ™ ( £2) converges

to v(f?).
(A3) There exists a o7(f) € [0, 00) such that

X{(f) = E[X ()] —2= N(0,02(f))-

n—oo

Let us comment on the assumptions above. Suppose the matrix Z™ is distributed
with density proportional to

exp{—nf trV(X)} (2.4)

with respect to the Lebesgue measure in each independent real entry in X. The potential
ViR — (—o00,00] is supposed to be continuous and satisfy the growth (or confinement)
condition

lim inf Viz)

> max(1, 7). (2.5)

The density (2.4) implies that assumption (A1) is satisfied and that the eigenvalues have
a joint density proportional to

I = x1” H exp{—nfB'V(\)} (2.6)

i<j

with respect to the Lebesgue measure on R™ (see [Meh04]). It follows from the large
deviation principle of [BAG97] that the empirical eigenvalue distribution ™ converges
exponentially fast to a compactly supported measure v. Since the probability of deviating
from the limit in the weak topology decays exponentially fast, the weak convergence holds
almost surely on any joint probability space. That is, assumption (A2) is satisfied for any
f continuous and bounded. If moreover v is supported by a single interval and the effective
potential

V(@) —/log|a:—§|d1/(§) (2.7)



attains its infimum only on the support of v, then the largest and smallest eigenvalues each
satisfy a large deviation principle [BADGO1, APS01]. This implies that the probability
of the extremal eigenvalues deviating from the support of v decays exponentially and
one easily obtains that (A2) holds also for continuous f growing at most polynomially at
infinity.

Turning to assumption (A3), it was shown in [Joh98, KS10] that when f = 2, V is
real analytic, v is supported by a single interval and f is continuously differentiable in a
neighborhood of the support of v and growing at most polynomially, then (A3) is satisfied.
For 8 = 1, the conditions on V' are more restrictive. [Shc08] gives a list of conditions on
V', adding for example edge regularity, under which (A3) is holds for the same class of f
as in the complex case.

As already mentioned in the introduction, the CLT in (A3) (and also assumption
(A2)) is not only proven for random matrices with density (2.4), but for a large variety of
models, for example general Wigner or Wishart matrices. Such matrices have in general
no Haar distributed matrix of eigenvectors, such that assumption (Al) fails to hold.
However, given a random matrix Z™ satisfying (A2) and (A3), we may take U™ Haar
distributed on the orthogonal or unitary group, and define Z(™ = U™z M (UMY, Then
the matrix Z™ trivially has a Haar distributed matrix of eigenvectors independent of the
eigenvalues. The second and third assumption continue to hold, so that now Z™ satisfies
all asumptions.

Finally, let us remark that the method in the present paper also works if a weak
convergence as in (A3) holds with a non-Gaussian limit, but to stay within the framework
of CLTs for the linear eigenvalue statistic, we restrict the presentation to the Gaussian
case.

2.2 Results

The following first theorem can be seen as a preview on the process convergence in The-
orem 2.2 and highlights already the different effects the weights and eigenvalues have on
the fluctuations. It shows a CLT for the weighted spectral measure or a single entry of
the trace, more precisely, the asymptotic normality of

V™ (f) = B (0)]) = Vad () — i) + Va(a™ (f) — E[a™ (),  (2.8)

where we recall that p{” = X 1(73 and o™ = 1x M) "as defined in the beginning of Section
2. The random weights are responsible for the weak convergence of the first term on the
right hand side, while under (A3) the second term has fluctuations of smaller order, and
vanishes in the limit. Moreover, although both terms depend on the eigenvalues, they are

asymptotically independent.



Theorem 2.1 Assume that (A1) and (A2) hold with f € Cy(R), then

Vale™ (f) — a™(f)) —2= N(0,02(f)),

n—oo

where o3 (f) = F(v(f*)=v(f)?). If additionally /n(i™ (f)~E[a"™ (f)]) —— N(0,5°(f))
with 6*(f) € [0,00), then

V™ (f) = ™ ())]) —== N(0,02(f) + 5%(f)).

n—oo

In particular, if (A3) holds, then this convergence follows with 6*(f) = 0.

Let us remark that for Z a random matrix satisfying (A1) and (A2), the first conver-
gence in Theorem 2.1 may be rewritten as

VA(f(Z)i1 — Ltr f(2)) =2 N(0,02(f)) (2.9)

n—oo

and if the distribution of Z satisfies also (A3), then the second convergence in Theorem
2.1 is equivalent to (1.2).

As described in the introduction, the main objective is to show how the fluctuations
of the linear eigenvalue statistic emerges from summing individual matrix elements. So
now we consider the process

XO(f) = (X () = BIX (D) o (2.10)

as a random element of D0, 1], equipped with the Skorokhod-topology and the Borel-o
algebra. Our main result is then the following theorem.

Theorem 2.2 Under assumptions (A1), (A2) and (A3), the process X™(f) converges
as n — oo towards the continuous centered Gaussian process X (f) with covariance

Cov(Xs(f), Xi(f)) = (t A s —ts)ag(f) +tsoi(f),
with o3 (f) as in Theorem 2.1 and o?(f) as in (A3).

The proof of Theorem 2.2 relies on a decomposition of the process X (f) into a sum
of two processes similar to (2.8). We have

X () =W (f)+ ZM(f), (2.11)
where

W) = X0 — B [27(0)], << (2.12)



is the process centered with respect to Py and
27 =B [ (0)] —E[x7(n)],  ostst (2.13)
Since Eg[|U;x|*] = 1/n, we have by (2.2) and (2.3)

n |tn]
=3 (10 = 1) FOw) (2.14)
k=1 =1
and

2000 = " () - Bx0). (2.15)
This decomposition has a similar effect as (2.8). The elements of the unitary matrix U
are the main source for the fluctuations of W (f) and this process is asymptotically
independent of Z(™(f). Since by assumption (A3), Zt(n)( f) converges to a Gaussian
multiplied by ¢, this will result in the convergence of the sum. The main step in the proof
of Theorem 2.2 is then the following functional limit theorem for the process W (f).
Note that assumption (A3) is not needed for this part.

Theorem 2.3 Suppose (A1) and (A2) are satisfied. Then Py almost surely, as n — oo,
the process W™ (f) converges in distribution under Py towards oo(f)B, where B is a
standard Brownian bridge.

Remark 2.4 The weak convergence in Theorem 2.3 can be seen as a quenched conver-
gence, valid for almost all realizations of sequences of eigenvalues. It demonstrates that
after centering with respect to Py, the origin of the random fluctuations of the partial trace
is solely in the weights (2.3), that is, in the eigenvector matriz. The eigenvalues give only
a deterministic contribution in the limit, depending only on the equilibrium measure v.
It is therefore not relevant for the result that the \; are eigenvalues of a random matriz.
Instead, Theorem 2.3 holds for any randomly weighted measure as in (2.2) with weights
(2.3). For example, one could replace the support points of this measure with i.i.d. ran-
dom wvariables, or realizations of a point process, as long as they are independent of the
weights and assumption (A2) holds. The same remark can be made about the first con-
vergence in Theorem 2.1. It does not require (A3) and although it is not explicitly stated,
the convergence holds under Py for Py almost all support points of the random measure

i,

3 Proofs

3.1 Proof of Theorem 2.1

Let 8" = (/2. It follows from the Haar distribution of U™ that the vector of weights
(|U1(ﬁ)|2, e |U1(7;)|2) has a homogeneous Dirichlet distribution Dir,(3"), which is defined
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by the Lebesgue density for the first n — 1 coordinates proportional to

g1
(xl e fn—l(l — Xy — = xn—l)) ]l{mi>0,£v1+"'+f£n<1}.

The uniform distribution on the standard simplex corresponds thus to g = 2. We will
prove the CLT for weights following the general distribution Dir,(f’) for any g’ > 0,
since it makes no difference in the proof. The starting point is the observation that the
Dirichlet distribution can be generated by self-normalizing a vector of independent gamma
random variables. More precisely, let v1,...,7, be independent random variables with
distribution Gamma(/’), then

gi! Tn . p
" ) ~Dir,(8). 3.1
/

where 71, ...,7, are independent gamma distributed with parameters (5,
g

Define the non-negative measure

i _ Ly 5 3.2
M1 nﬁ/;’yk Ak ()

1) and mean

then by (3.1) the normalized measure [L&") : ,&g )(1)~! has the same distribution as ,ul . We

first prove the convergence with ,ugn) replaced by ,ug ). Assume without loss of generality
that v(f) = 0. The moment generating function with respect to Py is

By [exp {tv/n(i” (f) = () }] = [IEx fexp /)™ 20s )] exp{—tv/n " F(M)}
= [Tt IOW) ™ exp{-—tv/n f(M)}

— exp {Z (8108 (1 = t(v/RB) " FOW) — Vi~ W) } . (33)

k=1

where we used the independence of the weights and the independence of weights and
eigenvalues and we take |t| < A||f||3}. Expanding the logarithm as log(1 + z) = x —
2?2/2 + r(z) with |r(z)| < |z]? for |z| < 1/2 this gives

By [exp { VARG () = a1 }] = exp {£/2(8) 40 + Balt, )} (3.4)

with [R,(t, )] < i (82|t |12, for n large enough. By Assumption (A2), A (f2)
converges to v(f%) = v(f?)—v(f)?* almost surely with respect to Py, so that by dominated
convergence

lim E [exp {tv/n(i"(F) = i () }] = exo {£/2(8) 7 w(/D} . (35)

n—oo



that is,

VAl (f) — 4™ (f)) —2= N0, (8) (). (3.6)

n—o0

In order to come back to the original measure ,ugn)(f) - Igg”) ) ﬁﬁ”)(l)—l we write
VA (F) = 0() = VA (F) = i) 0+ Ve () (1) = 1).
(3.7)

By the strong law of large numbers, ,1&"’(1) converges almost surely to E[,[lg")(l)] =

E[(#)"'v] = 1. So to conclude the convergence (3.6) with i\ replaced by p{™, it
suffices to show that the second term in (3.7) vanishes in probability. Since 2™ (f) con-
verges almost surely to v(f) = 0, this will follow if /27" (1) — 1) is bounded in L*(P),
which is easily checked by

n

2
_(n 1 _ _ _
nE (7" (1) — 1)*] = nE (g D8 i - 1>) = (8)*Var(n) = (8)7". (3.8)
i=1

This implies then that the last term in (3.7) vanishes in probability and then by (3.6)
the left hand side converges to N(0, (38)~'v(f?)) in distribution. This proves the first
convergence in Theorem 2.1.

The second convergence in Theorem 2.1 will follow from Lemma 3.1 below. To apply

it to the present setting, we may set P; = Py, Py = Py,
XO = () = i), Y = Ve () ~ERC Q). (39)

By assumption, Y™ converges in distribution under P to Y ~ A(0,52(f)). From 3.4
we get Py-almost surely

lim Ep [exp {tX™}] = exp {#*/2(8) 2™ ()}, (3.10)

n—oo

for any t € (=8'||fII<, BNl f]|=)). Since the moment generating functions are continuous,
almost sure convergence for fixed ¢ implies almost sure pointwise convergence, which im-
plies that the convergence (3.11) holds with X ~ N(0,02(f)). Lemma 3.1 implies then
the convergence of X (™ +Y (™ to X +Y. Noting that E[a™ (f)] = E[ugn)(f)], this finishes
the proof. O

Lemma 3.1 Let (Q; x Qy,G, Py ® Py) be a probability space and X™ : Q x Qy —
and Y™ 1 Qy — Q random variables, where ' is a separable metric space with Borel
o-algebra. If Y™ converges to Y in distribution under Py and

E,[F(X™)] — E[F(X)] (3.11)

n— o0

10



Py-almost surely for any bounded continuous F : € — R, where Ey, E is the expectation
with respect to P1,P; ® Py respectively, then

(XM ymy L (XY) (3.12)

n— o0

in distribution under Py ® Py, with X and Y independent.

Proof: The main observation is that functions F : ' x Q' — R with F(z,y) =
F(z)G(y) and F, G bounded continuous are sufficient to determine convergence in distri-
bution, see Lemma 4.1 in [HJ77]. For such F,G, we have

E F(X(" Y("))] —E[F(X)E[G(Y))|
< [E[(F(X™) —E[F(X))GY™) }+ [E[F(X)NEG(Y™)] — E[G(Y)))|
= | B[ (B [F/( X(" )] = E[FXODGY ™) + }E (ONEGY )] - EGY)))].

The first term vanishes by dominated convergence using (3.11), the second one by the
convergence of Y under Ps. O

3.2 Proof of Theorem 2.3

3.2.1 Representation by a bivariate process

We will first show the statement of Theorem 2.3 for piecewise constant functions h with

M
)‘) = Z fVm]l(am,bm}(A)v (313)
m=1

for some real v,,,1 < m < M, and a1 < by < ag < --- < b, such that v((—oo,-]) is
continuous at all a;,b;. The last condition only excludes countable many points for the
choice of a;,b; and in particular still allows to approximate any f € L*(v). Let U (’ibe a
sequence of n x n unitary or orthogonal Haar distributed matrices. We denote by W a
process indexed by subsets A x B of {1,...,n}?, such that

With =D (51 = 1) 1a)150).
ij=1
If A and/or B are of the form {1,..., [tn]} with t € [0, 1], we replace the corresponding
index by ¢.
We consider (Ws(z))s,tE[O,l] as a random element of D([0, 1]?), the multidimensional ver-
sion of the Skorokhod-space. D([0, 1]?) contains all X : [0, 1]*> — R which are “continuous
from the north-east” and have existing limits in each quadrant, i.e., limg s~ X (5, 1) =
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X (50,t0) and lmg g0t o X (5, 1), Hmg qgp 00 X (5, 1) and limg qg ¢ v, X (5,1) exist. We
endow D([0,1]?) with a generalization of Skorokhod’s J;-metric defined by

AL A2 5€[0,1] tef0,1] 5,t€[0,1]

d(X,Y) = inf max{ sup |A1(s) — s|, sup |Ao(t) —t], sup | X(Ai(s), A2(t)) — Y(s,t)\} )
(3.14)

where the infimum is taken over all continuous one-to-one mappings A; : [0,1] — [0, 1]
fixing 0. Then as in the one-dimensional case, D([0,1]?) with metric (3.14) is separable
and although it is not complete, there is an equivalent metric such that D([0, 1]?) becomes
complete, see Section 5 of [Str72] or [BWT1], Section 3. As in the classical case layed out
in Section 12 of [Bil99], convergence with respect to the metric (3.14) with a continuous
limit actually implies convergence in supremum norm. s

It was shown in [DMR12], that for suitable index sets, W) converges to WB,
where B is a bivariate tied-down Brownian bridge, a centered Gaussian process on [0, 1]?
with continuous paths and covariance

E[B(s,t)B(s',t)] = (s As" —ss')(t ANt —tt'). (3.15)

Theorem 3.2 ([DMR12], Thm 1.1) As n — oo, the process (Wéz))s,te[m} converges
in distribution under Py to \/2/68B, with B a bivariate tied down Brownian bridge.

Now consider h as in (3.13), then

n  |tn]
= ZZ Usil” = ) h(Ae)

I
SEE
||
S
w
T
|
I
|=\
o
S
“7\
>~
Eal
S—
=
i
“)—‘
=
S
=
—
SN—

3
Il

Yo Wt(:il)wn (3.16)

p"qg

3
1§

with A, = {k| \x € (am,bn]}. For a € R, let
FM(s) = |{)\ ) < a}| (3.17)

be the normalized number of eigenvalues < s, then we claim that

S

n Pu S5(n A (1 n
WO (R) L WR) =3 3 (W ) = W o) (3.18)

m=1
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where 2 denotes equality in distribution under Py. To see this, let 7 by a permutation
of {1,...,n} such that A\;q) < --- < Ary). If I is the permutation matrix with entries
II; ; = Lx(s)=j, then II is orthogonal. By the invariance of the Haar measure, we have

U2y 1, which implies that

n Lth

W (h) = 3T ST (U2 = LRy

j=1 i=1
n [tn]
= > ([Uir = 1) (M)
j=1 i=1
n [in]
=33 (U1 = H)r(Asi)
j=1 i=1
M n  [tn]
=Y Y (1UiiP = ) Liam<rnyy<bm}s (3.19)

and the last line equals the right hand side of (3.18). The equality in distribution in (3.19)
holds also when both sides are viewed as a function of ¢, which implies (3.18). We are
now almost in the situation to apply Theorem 3.2.

3.2.2 A subordination argument

Assumption (A2) implies the Py-almost sure convergence of F(™(s) defined in (3.17) to
F(s) = v((—o0,s]) for all s € S = {ay,b1,...,an,by}. Together with Theorem 3.2 this
will yield the convergence of W at random time points given by F™ and we show in
this section the convergence

M
(Wt(n)(h))te[o,l] #) (Wt(h>)te[0,1] = (Z ”Ym\/%(Bt,F(bm) — Bt,F(am))> (3.20)
m=1

te(0,1]

Pj-almost surely in distribution under Py. Recall that by (3.18) we have Wt(")(h) o
A/t(")(h). We defined all unitary U™ n > 1, and therefore also all W("),n > 1ona
common probability space. By the Skorokhod representation theorem, there exists a
modification of this space, such that W™ — \/2/715’ almost surely, with respect to a
measure we again denote by Py. The product structure implied by assumption (A1)
allows us to extend this to a product space with law Py ® P, such that

(V) sselonss (F(s))ses) —— ((\/%Bs,t)mw , <F(s>>ses) (3.21)

13



Py ® Py-almost surely in D([0, 1]*) x R*™. By (3.18), we need to consider

sup ‘Wt Wt(h)‘
te[0,1]
= ti%% Z ’Ym F(n) (bm) F(n) (am) Z Vm\/7 Bt F(bm) ~ Br.F(am) )

< |Ym| | sup ‘W(")n — \/EBLF bm)| T SUD . \/78“:% ‘ )
Z <t [0 1] tyF( )(bm) B ( tEOl tF( ) am

(3.22)
An individual supremum in (3.22) can then be bounded as
sup F(n) \/78t F(s)
te(0,1]
< sup tF(") \/7815 P (s \/j sup }Bt P (s) — Bt7F(8)} (3.23)
te[0,1] te[0,1]

with s € S. Since B is uniformly continuous, the convergence of Theorem 3.2 holds
with respect to the supremum norm on D([0,1]?), which implies that the first term in
(3.23) vanishes as n — oo. Since F(™(s) — F(s) for s € S and using again the uniform
continuity of B, the second term vanishes as well. By the bound in (3.22) the convergence
W®(h) — W(h) follows Py ® Py-almost surely in D([0,1]). The product structure of
the extended probability space implies then that for any bounded continuous G we get

Ey [GOWV™(R))] = Ex [GOV™ (1)] —— E[GOV(R))] (3.24)

n—o0

Pp-almost surely, that is, (3.20) holds.
Since B is a centered Gaussian process with continuous paths, the same holds for
W(h). To calculate the covariance we first note that according to (3.15),

Cov( \f (B — BgF(am))a'W\/%(Bt,F(be) —Bt,sz)))
= YmVea(s At = st) [F(bm) A F(be) = F(bm) F(be) — (F(bm) A F(ae) = F(bm) F(ar))

— (F(am) A F(be) — F(an)F (b)) + F(an) A F(ag) — F(an)F(ag)].
(3.25)

For m # ¢ the minima in (3.25) all cancel and this reduces to
YmYeg(s At —st)[ = (F(bm) — Flam))(F(be) — F(a))]

—(sAt— gt)% /%nﬂ(am,bm}dl/ . /’}/Z]].(ag,bddl/a

14



while for m = ¢ we get

Tm(s Nt = st)[(F(bm) = F(am)) = (F(bn) — F(am))]

2
= (S Nt — St)% [/ vgzl(am,bm]dl/ - (/ ’}/m]l(am,bm]dy) ] :

Summing over m, ¢, this yields for the covariance

Cov(WL(h), Wi(h)) = (s At — st)?2 [ / B2y — < / hdu) 2] | (3.26)

That is, W(h) = o1(h)B, with B a standard Brownian bridge. It remains to replace the
elementary function h as in (3.13) by an arbitrary f.

3.2.3 Extension to general f

Let f € L*(v), G be a bounded uniformly continuous functional from D([0,1]) to R, and
e > 0. Denoting now by d the Skorokhod J;-metric on D([0,1]), let § < 1 be so small
that d(X,Y) < ¢ implies |G(X) — G(Y)| < e. In order to extend the convergence of
W) (h) with h as in the previous sections replaced by f, we need an a-priori estimate on
the distance of the processes W™ (h) and W™ (f). The proof is postponed to the end of
this section.

Lemma 3.3 There exists a constant ¢ > 0, such that forn > 0 and g : R — R measurable,

: n : C ~(n
lim sup P (sup W™ (g)] > 77) < limsup — (2" (g*) — " (g)?),

n—00 te[0,1] n—oo 1]
Py-almost surely.

Note that for g satisfying (A2), the upper bound in Lemma 3.3 is equal to co3(g)/n>.
We may approximate f by a piecewise constant function h = h. as in (3.13), such that
If = Pllr2e) < 9%e. We want to apply Lemma 3.3 with ¢ = f — h, however in order to
control the upper bound we need to control ™ (fh). For this, we write f = f, — f_ with
f+ > 0, and assume the positive and negative part f, and f_ is approximated by h, and
h_ respectively, with hq4 > 0 and such that Ay < f.. Then we can estimate

P (fh) = p D (frha) + u™ (foho) 2 p™ (RL) + ™ (h2) = @™ (h?), (3.27)

such that
pM((f = h)?) < ™ (f2 = h?). (3.28)

15



By assumption (A2), u™(f?) — v(f?) Py almost surely and the elementary form of h as

in (3.13) implies u™(h?) — v(h?) as well. This implies that (3.28) converges P, almost

surely to v(f* — h?) < 2||f — h||r2) | || 22)- We have P, almost surely
Ex[|[GOV™ () = GOV (h))]] < & + 2/|G] [P (dOV™ (f), W™ (he)) > 6)

<&+ 2/|G]|oPr (| W™ (f) = WP (he)]|o0 > 6),
(3.29)

so that we obtain from Lemma 3.3 with g = f — h and (3.28)
limsup [Ex[GOV™ (f))] = E[GOV(h))]] < & + 2/|G[0*v(f* — )

n—o0
< e +4[|G]lod (1 f = Pllz2 |1/l 220)
< &+ de|Gllocl |l 22w - (3.30)
Furthermore, if we set W(f) = o1(f)B, then W(h.) and W(f) are Gaussian processes

with covariance (s At — st)o?(h.) and (s At — st)oi(f), respectively, and if ¢ — 0 and
then h = h. — f in L*(v),

W(h.) = o1(h:)B o o1(f)B =W(f). (3.31)
The combination of (3.30) and (3.31) shows that we may replace h in (3.24) by any

f € L*(v), so that W™ (f) converges to W(f) in distribution under Py, for P,-almost
all \. O

Proof of Lemma 3.3: We write
n |tn] [tn]

W (9) =D (10412 = 2)a(N) = ZYn

j=1 i=1
where
Yin =Y (IUis> = 1)g(\y).
j=1
By the invariance of the Haar distribution, the vector of increments (Y3, ..., Y, ) is ex-

changable under Py, meaning that any permutation of the Y;,, has the same distribution.
Corollary 2 in [Pru98] shows that there exists a universal constant ¢ > 0, such that

[n/2]
Py ( sup
1<k<n

> 77) < Py Z Yin| >n/c
i=1
and the right hand side can be bounded by ¢’Ey [Wl%(g)z] /n?. The calculations in Sec-
tion 4, more precisely taking the lim sup in (4.9), show that this upper bound implies the
statment of Lemma 3.3. O

k

> Yia

i=1
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3.3 Proof of Theorem 2.2

After completing the proof of Theorem 2.3, this proof follows from Lemma 3.1, as in
the proof of Theorem 2.1. Set P; = Py,Py = Py, and X™ = (Wt(n)(f))te[o,l], ym —
(Z(")( f))iejo,y- Then by Theorem 2.3, the convergence (3.11) holds with limit X =
(W,(f))icpo) and by assumption (A3), Y™ converges in distribution under Py to Y =
(tZ(f))te[O,l], with Z(f) ~ N(0,02(f)) (recall (2.15)). Then Lemma 3.1 implies the

convergence

(X (o) = I E) + 200 oy ——

n—o0

(Wt(f) + tZ(f))te[o,” (3.32)

under P, with W;(f) and Z(f) independent. This is the convergence claimed in Theorem
2.2. O

4 Calculation of the covariance

In this section we prove that in the setting of Theorem 2.3 for s, ¢ € [0, 1],

lim Covy (X,(f), X:(f)) = (s At — st)og(f) (4.1)

n—o0

Py-almost surely, where Covy denotes the covariance with respect to Py. This requires to
compute some mixed moments of entries of the eigenvector matrix U™, where for the sake
of a lighter notation, we drop the superscript. We recall that if U = (U, ;); ; is Haar dis-
tributed on the unitary (8 = 2) or the orthogonal (8 = 1) group, (|Ui1|% ..., |Ui.l?)
is Dir,(f') distributed. Each |U;;|* follows then a beta distribution with parameter
(8, 5'(n — 1)) and therefore

_1+5
n(fn+1)

Moreover, if j # k, then (U, ;, U, ;) is Dirichlet distributed with parameter (8, 5’, 5'(n
2)), which implies

1
Exl|Ui %] = o Exl|Ui;|"] = (4.2)

B/

Eu(|Us 1| Usl?] = W 1)

(4.3)

If additionally m # 4, then using

ulUi4I°] Z Exl|Ui|* U 1*) = Eal|Uij*|Ussl?] + (0 — DEg[|Us;*|Unel*], (4.4)

17



we see that by (4.2) and (4.3)

(n—1)8"+1
n(n—1)(n+1)

These identities can also be obtained from [CS06] or for § = 2 from Proposition 4.2.3 of
[HP06]. Now let s,t € [0,1] and set s, = [sn], t, = |tn]. If s € {0,1} (or ¢t € {0,1}),
then X,(f) =0 (or X;(f) =0) and (4.1) is trivially true. So assume that s, ¢ € (0,1), and
n is so large that s,,t, > 1. Without loss of generality , let s < r. Then we get by (2.2)
for the mixed moment with respect to Py

(g )

i=1 [=1 j=1m=1

Eul|Ui | Unil?] = (4.5)

Eu [ X ()X ()] =E

Sn tn n

= Z Z Z Ex [|ULil*|Um 7] ) F (V).

=1 m=1ij=1

This sum can be decomposed according to whether [ = m or not as

SO S B (0PI ] £ ) (4.6)
lm= 1l;£mij 1
£ 30 B U] F00F ) @
=1 i,j5=1

£y Z ZEH UL U 2] FO0) FO). (4.8)

=1 m=sp+1i,j=1

The inner sum in (4.6) and (4.8) satisfies | # m and is equal to

EZEHHMAﬂUiAUTMV-%EZEHHmAﬂUmHﬁﬂAOﬂAQ

i#]
_ n—lﬁ+1
- 5/n+1 Zf D(An+1) Zf
—1 1
:W R n((n >2§J+ 1)(X1(")(f)2—X1(")(f2))
Y i : ™(f2).

n(n—1)(f'n+1) n(n—1)(f'n+1)

18



And for the inner sum in (4.7) we get

S EallUl 1) + ) BallUni P10 1 () £ ()
i=1 i#]

n

__1+F
Cn(Bn+1) ;f()\’ B’n—l—l Zf

_ 7 (n)
~ n(Bn+ 1)X1

1
n(p'n+1)

So summing over [, m becomes not very difficult and we obtain

() + Xf" (f7):
En | X(NX(f)]
= (nlon = 1) snltn = 50) (X 02 -

B (n) [ 2 1 (n)( 2

1 (n) ¢ £2
n(n—1)(f'n + 1)X1 (f ))

From this we have to substract the product of expectation, which we expand as

e R S L

2

En [X0(F)]En [X(f)] = 2o

1
n n

For the covariance we can then combine conveniently:

Covir (X (1), X, (1))

=t = (i iz~ ) O - )
wo (e ~ ) WO )
il =) (e XU - X))

- nn—1) \n(f'n+1) o
Sn —1 (n) 1 (n)
b2 (X X ) (4.9)

Now Pj-almost surely %Xl(")(f) — v(f) and 1X J(2) = v(f?) by (A2), such that as
n — 00, (4.9) converges to

st(B) 7 (w(f)? = v(f*) +s(8) 7 w(f?) = v(f)?) = (s At = st)(B) " (w(f*) — v(f)?),

which is precisely the right hand side of (4.1).
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