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Mitigation of Torsional Vibrations in Drilling
Systems: A Robust Control Approach

Thijs Vromen , Cam-Hing Dai, Nathan van de Wouw, Member, IEEE, Tom Oomen, Member, IEEE,
Patricia Astrid, Member, IEEE, Apostolos Doris, and Henk Nijmeijer, Fellow, IEEE

Abstract— Stick-slip vibrations decrease the performance,
reliability, and fail safety of drilling systems. The aim of this
paper is to design a robust output-feedback control approach
to eliminate torsional stick-slip vibrations in drilling systems.
Current industrial controllers regularly fail to eliminate stick-slip
vibrations, especially when multiple torsional flexibility modes
play a role in the onset of stick-slip vibrations. As a basis
for controller synthesis, a multimodal model of the torsional
dynamics for a real drill-string system is employed. The proposed
controller design strategy is based on skewed-μ DK iteration and
aims at optimizing the robustness with respect to uncertainty
in the nonlinear bit–rock interaction. Moreover, a closed-loop
stability analysis for the nonlinear drill-string model is provided.
This controller design strategy offers several benefits compared
with existing controllers. First, only surface measurements are
employed, therewith avoiding the need for down-hole measure-
ments. Second, multimodal drill-string dynamics are effectively
dealt with in ways inaccessible to state-of-practice controllers.
Third, robustness with respect to uncertainties in the bit–rock
interaction is explicitly provided and closed-loop performance
specifications are included in the controller design. Case study
results confirm that stick-slip vibrations are indeed eliminated in
realistic drilling scenarios using the designed controller in which
state-of-practice controllers fail to achieve this.

Index Terms—μ-synthesis, drilling systems, output feedback,
robust control, stick-slip oscillations.

I. INTRODUCTION

EFFICIENCY, reliability, and safety are important aspects
in the drilling of deep wells for the exploration and pro-

duction of oil, gas, mineral resources, and geo-thermal energy.
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Deep and curved borehole geometries need to be drilled
to reach hydrocarbon reservoirs and extract these natural
resources. For these borehole geometries, complicated bottom-
hole-assemblies (BHAs) are required that can include mud
motors, rotary steerable systems, or turbines. In combination
with such BHAs, drill strings of several kilometers in length
are used to transmit the axial force and torque necessary to
drill the rock formations. These drill-string systems are known
to exhibit different types of self-excited vibrations, which
decrease the drilling efficiency, accelerate bit wear, and may
cause drill-string failure due to fatigue (see [1]–[4]). The focus
of this paper is on the aspect of mitigation of torsional stick-
slip vibrations by developing a model-based design approach
for robust linear output-feedback controllers.

Different approaches to model the drill-string dynamics
can be found in the literature. The differences between those
approaches involve two key aspects, namely, modeling of the
drill string and modeling of the bit–rock interaction. Both
aspects are concisely discussed, starting with the bit–rock
interaction, and the approach we have taken is motivated.
Note that the focus of this paper is on controller design
and therefore drill-string modeling is only briefly discussed.
Most controller designs presented in the literature rely on
1- or 2-degree-of-freedom (DOF) models for the torsional
dynamics only (see [5]–[7]). In these models, it is generally
assumed that the resisting torque at the bit–rock interface
can be modeled as a frictional contact with a velocity-
weakening effect. In fact, modeling of the coupled axial and
torsional dynamics, as, for example, in [8]–[10], shows that
the velocity-weakening effect in the torque-on-bit (TOB) is a
consequence of the drilling dynamics [8], [11]. The fact that
such coupling effectively leads to a velocity-weakening effect
of the TOB (see [8], [12]) motivates to adopt a modeling-for-
control approach for drill-string dynamics involving the tor-
sional dynamics only and incorporating a velocity-weakening
bit–rock interaction law.

The second key aspect involves the modeling approach for
the drill string itself. An extensive overview of modeling of
oil well drilling systems from a vibration perspective can
be found in [13]. In contrast to other studies (see [5]–[7],
[12], [14], [15]), we use a multimodal finite-element
method (FEM) model representation of the torsional dynamics,
as also pursued in [4], [11], [16], and [17] specifically for
horizontal drilling scenarios. A FEM model representation is
used because field observations have revealed that multiple
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torsional resonance modes play a role in the onset of stick-
slip oscillations [18], [19]. A different modeling approach
is taken in [11] and [20]–[25], where infinite-dimensional
models, i.e., formulated in terms of partial or delay differential
equations, are considered. Discretizations of such infinite-
dimensional models (see [26], [27]) result in a lumped para-
meter model, based on a finite-element representation of the
drill-string dynamics; this approach is also taken in this paper.
Summarizing, we employ a (multimodal) FEM model of the
drill-string dynamics involving the torsional dynamics only
and a velocity-weakening bit–rock interaction law to support
a model-based controller design strategy.

Controllers for drilling systems aim at drill-string rotation
at a constant angular velocity and the mitigation of tor-
sional (stick-slip) vibrations. Moreover, the following control
specifications are essential. First, only surface measurements
can be used for feedback, because down-hole measurements
for real-time control purposes are not available in practice, due
to limitations on the sampling rate, time delay of the measure-
ments, and/or the high costs involved. Second, the controller
should be able to cope with dynamics related to multiple
torsional flexibility modes. Third, robustness with respect to
uncertainty in the bit-rock interaction has to be guaranteed
(as it depends on uncertain factors, such as rock properties
and bit wear). Fourth, control performance specifications need
to be taken into account in the controller design, to achieve
robust performance in the presence of measurement noise and
actuator constraints.

Several approaches have been developed that address
one or more of these requirements. For instance, the well-
known and state-of-practice soft torque rotary system [15],
which uses both torque feedback and (top drive) velocity
feedback, only to damp the first torsional mode. The same
objective is set in [5], where a PI controller to damp the first
resonance mode based on feedback of the top drive velocity
only is used. Other control methods, including torsional rec-
tification [25], observer-based output feedback [7], [28], [29],
feedback linearization [30], impedance matching [31], adap-
tive output-feedback for infinite dimensional drill-string mod-
els [23], backstepping control [32], sliding mode control [33],
model predictive control [34], weight-on-bit (WOB) con-
trol [35], and robust control [6], [14], have been developed.
A nonlinear observer-based approach for stick-slip mitigation
is presented in [29], which uses a similar approach to model
the drilling dynamics as employed in this paper. Such an
observer-based state-feedback approach requires information
about the bit–rock interaction in the observer, which is typi-
cally not available in practice. Moreover, control performance
specifications, e.g., on noise sensitivity or actuator constraints,
are not taken into account in the controller design and only
low-order drill-string models can be used as a basis for the
linear matrix inequality-based design in [29]. Wave-based
approaches for multimodal vibration damping, such as pre-
sented in [25], [26], and [31], are designed to cope with
the dynamics related to multiple torsional flexibility modes.
However, to the best of our knowledge, a stability analysis
proving robust (local) asymptotic stability of the drill-string
dynamics in closed loop with such a controller and in the

presence of a (uncertain) nonlinear bit–rock interaction has
not been presented yet. Moreover, it is not possible to take
control performance specifications directly into account in
the controller design with these methods. Another important
difference with the impedance matching method (see [31]) is
the fact that this method is based on matching the impedance
of the top part of the drill string (i.e., close to the top
drive) rather than matching the impedance of the whole drill
string including, e.g., BHA, tool connectors, and the bit–rock
interaction. The method proposed in this paper takes the
dynamics (most dominant modes) of the entire drill string,
including BHA, into account for the controller design. In sum-
mary, none of the above approaches addresses all the four
requirements in the previous paragraph simultaneously.

To satisfy all the requirements mentioned above, a robust
control approach is particularly suitable, since robustness with
respect to uncertainty of the system dynamics can be taken
into account in the design. For drill-string models focusing on
torsional dynamics, the nonlinear bit–rock interaction model
is often difficult to determine and is therefore considered as a
particularly uncertain factor. Despite the fact that [6] and [14]
use such a robust control approach, also these approaches do
not satisfy all requirements mentioned above. As mentioned
before, multiple torsional flexibility modes are important in
the onset of stick-slip vibrations, whereas the 2-DOF models
employed in [6] and [14] take only the first flexibility mode
into account. Moreover, the designed controllers rely on down-
hole measurements to assess the twist of the drill string. In this
paper, we propose a robust controller design technique on the
basis of a multimodal FEM drill-string model that relies on
surface measurements only.

The main contribution of this paper is the design of
a robust output-feedback controller synthesis methodology to
eliminate stick-slip vibrations with the following advantages
over existing controllers: 1) usage of surface measurements
only; 2) effectively dealing with the multimodal nature of
the drill-string dynamics while guaranteeing local stability
of the desired setpoint; 3) optimization of the robustness
with respect to uncertainty in the bit–rock interaction; and
4) integration of key control performance specifications in
the design approach. Preliminary results of this controller
design strategy applied to a simplified 4-DOF drill-string
model have been presented in [36]. Additional contributions
of this paper are the application of the controller design
methodology to a full-scale finite-element model representing
a real drilling system. Additionally, key robustness aspects of
the closed-loop system are investigated in detail. The following
robustness aspects are key in the scope of practical applications
and are extensively studied in this paper: robustness with
respect to changes in the bit–rock interaction characteristic,
increasing length of the drill-string, and different desired
angular velocities (i.e., increased operating envelope).

This paper is organized as follows. In Section II, the control
problem is formulated. Subsequently, in Section III, the drill-
string model based on a finite-element model of a real-
life drill-string system is introduced. Next, in Section IV,
the design of an output-feedback controller based on skewed-μ
DK iteration is proposed and the controller synthesis by
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Fig. 1. Schematic of a drilling system and the corresponding block diagram
for controller design.

weighting filter design is treated in Section V. In Section VI,
simulation results illustrating the effectiveness of the proposed
approach are presented and compared with the results obtained
using an industrial controller. Next, in Section VII, the robust-
ness of the controller is investigated by means of several case
studies involving realistic drilling scenarios. Finally, the results
are summarized in Section VIII.

II. CONTROL PROBLEM FORMULATION

A. System Description

A drilling system, as schematically shown in Fig. 1, can be
roughly divided in three parts; a drill bit at the bottom of the
borehole for rock cutting, a drill string to transmit torque to
the bit, and a top drive at surface to drive the system. The top
drive torque to drive the system is given by Ttd. As mentioned
in Section I, one of the key aspects for controllers to be
used in practice is the usage of surface measurements only.
These measurements are indicated by the top drive velocity
ωtd and the pipe torque Tpipe, which is defined as the torque
in the drill string directly below the top drive. The bit–rock
interaction, which plays an important role in the existence
of stick-slip vibrations in drilling system, is described by a
nonlinear relation between the bit angular velocity ωbit and
the torque at the bit–rock interface Tbit.

On the right side of Fig. 1, a block diagram representa-
tion of the (closed-loop) drill-string system is given. In this
block diagram, the drill-string dynamics and the nonlinear
bit–rock interaction describe the nonlinear open-loop drill-
string dynamics; the drill-string model is discussed in more
detail in Section III-A. The upper block in the block diagram
indicates the output-feedback controller to be designed; the
objectives for this controller are summarized in Section II-B.

B. Controller Objectives

In this section, we formulate the control problem and
specify the controller objectives. The desired operation of the
drill-string system is a constant (positive) angular velocity ωeq
for the entire drill string. Thus, the objective is to regulate

the nonlinear drill-string system to this setpoint by means
of an output-feedback controller (and a constant feedforward
torque). As briefly mentioned in Section I, the controller
should do the following:

1) ensure a constant angular velocity ωeq for the entire
drill string using surface measurements only, therewith
eliminating stick-slip vibrations, i.e., locally stabilize the
constant rotational velocity ωeq of the drill string;

2) ensure robustness with respect to uncertainty in the
nonlinear bit–rock interaction, by taking the bit–rock
interaction into account as uncertainty (see Section III-B
for more details) and optimize the robustness with
respect to this uncertainty;

3) guarantee the satisfaction of prespecified closed-loop
performance specifications, in particular on measure-
ment noise sensitivity, and limitation of the control
action such that top drive limitations can be satisfied;

4) guarantee stability and performance in the presence
of multiple flexibility modes dominating the torsional
dynamics.

III. MODELING FOR CONTROL

A FEM model of a real drilling system is used as basis for
controller design. The model is based on an offshore jack-up
drilling rig to reach reservoir sections at depths of more than
6000 m and with an inclination angle up to 60◦, resulting
in significant resistive torques along the drill string. The rig
is equipped with an AC top drive and fitted with a modern
SoftTorque system [5], [19], [37]. When drilling those deep
deviated wells, stick-slip vibrations have been observed in the
field for this drilling system [38]. This motivates the use of
this drill-string model, representing a real-life and challenging
scenario, as a basis for the development of a novel controller
design methodology.

A. Drill-String Dynamics Model

The FEM is used to construct a multimodal torsional drill-
string model. The element at the top is a rotational inertia
to model the top drive inertia; the subsequent elements are
equivalent pipe sections based on the dimensions and material
properties of the drill string (see [39] for more details). The
resulting model is written as

M θ̈ + Dθ̇ + Ktθd = SwTw(θ̇) + SbTbit(θ̇1) + St Ttd (1)

with the coordinates θ ∈ R
m with m the number of elements in

the FEM model, the top drive motor torque input Ttd ∈ R being
the control input, the bit–rock interaction torque Tbit ∈ R,
and the interaction torques Tw ∈ R

m−1 between the borehole
and the drill string acting on the nodes of the FEM model. The
terms Tbit and Tw describe the boundary conditions at the bit
and along the drill string, respectively; the boundary condition
at the top is defined by Ttd and given by the controller that is
designed and discussed in Sections IV and V in more detail.
The coordinates θ represent the angular displacements of the
nodes of the finite-element representation. Next, we define
the difference in angular position between adjacent nodes
as follows: θd := [θ1 − θ2 θ2 − θ3 · · · θm−1 − θm]�.
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Fig. 2. Bit–rock interaction model.

In (1), the mass, damping, and “stiffness” matrices are,
respectively, given by M ∈ R

m×m , D ∈ R
m×m , and Kt ∈

R
m×m−1, and the matrices Sw ∈ R

m×m−1, Sb ∈ R
m×1,

and St ∈ R
m×1 represent the generalized force directions of

the interaction torques, the bit torque, and the input torque,
respectively. These matrices are explicated in the Appendix for
an 18-DOF finite-element model that has been validated with
field data (see [39]). The coordinates θ are chosen such that
the first element (θ1) describes the rotation of the bit and the
last element (θm) the rotation of the top drive at surface. The
interaction between the borehole and the drill string is modeled
as Coulomb friction, that is

Tw,i ∈ Ti Sign(θ̇i ), for i = 2, . . . , m (2)

with Ti representing the amount of friction at each element
and the set-valued sign function defined as

Sign(y) �

⎧
⎪⎨

⎪⎩

−1, y < 0

[−1, 1], y = 0

1, y > 0.

(3)

The amount of friction at each node is such that it represents
the interaction torque along the corresponding section of the
drill string, depending on depth and shape (i.e., inclination)
of the borehole. The bit–rock interaction model, including the
velocity-weakening effect, is given by

Tbit(θ̇1) ∈ Sign(θ̇1)(Td + (Ts − Td )e−vd|θ̇1|) (4)

with Ts the static torque, Td the dynamic torque, and
vd := (30/Ndπ) indicating the decrease from static to
dynamic torque. For this model, the parameters are identified
such that a match between the simulation results and the
(surface) field data is obtained (see [39]). The parameter
values are given by Ts = 7700 Nm, Td = 1700 Nm,
and Nd = 5 r/min, and the resulting bit–rock interaction
model is shown in Fig. 2. The drill-string-borehole interaction
torques Tw,i (θ̇i ), i = 2, . . . , m, are defined by φ(q2) :=
[Tw,2(θ̇2) · · · Tw,m(θ̇m)]� with q2 := [θ̇2 · · · θ̇m]� and
the interaction torque at the bit–rock interface is written as
ϕ(q) := Tbit(θ̇1). The resulting equations of motion are written

Fig. 3. Frequency response function of the 18-DOF model from bit
torque Tbit to bit velocity ωbit, i.e., bit mobility.

in first-order (Lur’e-type) state-space form

ẋ = Ax + Gv + G2v2 + But

q = H x

q2 = H2x

y = Cx

v ∈ −ϕ(q)

v2 ∈ −φ(q2). (5)

Herein, x := [θd θ̇ ]� ∈ R
2m−1 is the state. The top drive

velocity and bit velocity are defined as ωtd := θ̇m and ωbit =
q := θ̇1, respectively. The available measurements are the
top drive velocity ωtd and the pipe torque Tpipe. Therefore,
the measured output is defined as y := [ωtd Tpipe]� ∈ R

2 and
the control input is given by ut := Ttd ∈ R. The matrices A,
B , C , G, G2, H , and H2 in (5), with appropriate dimensions,
are given by

A =
[

Om−1×m−1 a
−M−1 Kt −M−1 D

]

a =

⎡

⎢
⎢
⎢
⎢
⎣

1 −1 0 · · · 0

0
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0
0 · · · 0 1 −1

⎤

⎥
⎥
⎥
⎥
⎦

B =
[

Om−1×1

M−1St

]

, C =
[

O1×2m−2 1
JtdM−1 Kt JtdM−1 D

]

G =
[

Om−1×1

M−1Sb

]

, G2 =
[

Om−1×m−1

M−1 Sw

]

H = [
O1×m−1 1 O1×m−1

]
, H2 = [

Om−1×m Im−1
]

with Jtd the top drive inertia, Ik the k-by-k identity matrix and
Ok×l a k-by-l matrix with all zero entries.

One of the most relevant frequency response functions of the
linear part of the dynamics (5) is shown in Fig. 3 for m = 18.
This frequency response function is called the bit mobility,
as it describes the transfer from bit torque to bit velocity.
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Fig. 4. Block diagram of the (a) system dynamics (7) in Lur’e type form
and (b) linear dynamics Gol with (complex) model uncertainty �.

The bit-mobility gives an indication of the dominant resonance
modes in the onset of stick-slip vibrations. Namely, it rep-
resents the input–output dynamics, which, in ‘closed loop’
with the nonlinear bit–rock interaction law, is responsible for
the presence (or not) of torsional instabilities and stick-slip
vibrations. Therefore, damping/suppression of the resonance
modes in the bit mobility plays an important role in the
controller design methodology in Section IV.

B. Model in Perturbation Coordinates

To facilitate controller synthesis, the drill-string dynamics
(5) are rewritten. The desired constant angular velocity ωeq
is associated with a desired equilibrium xeq for the state of
the system. To ensure that xeq is indeed an equilibrium of the
closed-loop system, the control input ut = uc + ũ is decom-
posed in a constant feedforward torque uc (inducing xeq) and
the feedback control input ũ. For the purpose of feedforward
design, we assume that ωi > 0, for i = 2, . . . , m; then
it follows from (2) that the resistive torques along the drill
string (φi ) are constant. Hence, φ is constant and can be
compensated for by uc. The (constant) equilibrium xeq and
feedforward torque uc can be obtained from the equilibrium
inclusion of system (5)

Axeq − Gϕ(H xeq) − G2φ(H2xeq) + Buc � 0. (6)

Next, let ξ := x − xeq represent the state error. Moreover,
we apply a linear loop transformation such that the slope of a
transformed nonlinearity ϕ̃(q) [associated to ϕ(q) through the
loop transformation] is equal to zero at the desired equilibrium
velocity, i.e., (∂ϕ̃/∂q)|q=ωeq = 0. This results in the follow-
ing state-space representation of the transformed drill-string
dynamics in perturbation coordinates:

ξ̇ = Atξ + Bũ + Gṽ (7a)

q̃ = H ξ (7b)

ỹ = Cξ (7c)

ṽ ∈ −ϕ̃(q̃) (7d)

with At := A + δG H , δ = −(∂ϕ/∂q)|q=ωeq > 0, ỹ :=
y−Cxeq, q̃ := q−H xeq, ϕ̃(q̃) := ϕ(q̃+H xeq)−ϕ(H xeq)+δq̃,
and ṽ := v − veq − δq̃. The dynamics in (7) represents a
Lur’e-type system [see Fig. 4(a)] with the linear dynamics
Gol [(7a)–(7c)], having inputs ũ and ṽ and outputs ỹ and q̃,
and the nonlinearity ϕ̃ in the feedback loop. The open-loop
transfer function Gol(s), s ∈ C, characterizes the linear
input–output dynamics through

[
q̃(s)
ỹ(s)

]

:= Gol(s)

[
ṽ(s)
ũ(s)

]

=
[

g11(s) g12(s)
g21(s) g22(s)

] [
ṽ(s)
ũ(s)

]

. (8)

Fig. 5. General control configuration with uncertainty block �.

Note that this representation corresponds to the block diagram
in Fig. 1 (although here formulated in perturbation coordi-
nates) with, respectively, ỹ and ũ the input and output for
the controller to be designed, Gol the (linear) drill-string
dynamics, and ϕ̃ the nonlinear bit–rock interaction.

In the context of the second controller objective
(Section II-B), we model the nonlinearity ϕ̃ [Fig. 4(a)] by
an uncertainty � [Fig. 4(b)]. This model formulation is used
in the controller design approach developed in Section IV.
Note that ϕ̃ describes a nonlinear mapping from q̃ to ṽ ,
while the uncertainty � is assumed to be a (complex) linear
time-invariant (LTI) uncertainty (with output v̌). This means
that, for example, stability of the closed-loop system with
uncertainty � does not directly imply stability for the closed-
loop system with nonlinearity ϕ̃. Nevertheless, the model
in Fig. 4(b) is used as a basis for controller synthesis in
Section IV. Subsequently, the stability of the nonlinear closed-
loop system is analyzed in detail in Section IV-D.

IV. CONTROLLER DESIGN METHODOLOGY

In this section, we present a robust control design approach
based on skewed-μ DK iteration. This technique combines
several concepts from robust control theory to design a linear
controller that achieves robust stability and performance of a
system with model uncertainties [40].

Robust control methods focus on the design of controllers
while system uncertainties are explicitly taken into account in
the design. The general control configuration for a (LTI) plant
P with an uncertainty � and (LTI) controller K is shown
in Fig. 5, where e is the error in the measured output, u the
control output, and w and z represent the (weighted) exoge-
nous inputs and outputs. This structure is similar to the block
diagram in Fig. 4(a) with v̄ and q̄ weighted representations of
v̌ and q̃ (see Section IV-B) and in addition the controller K .
The system P , in Fig. 5, is described by

⎡

⎣
q̄
z
e

⎤

⎦ =
⎡

⎣
P11 P12 P13
P21 P22 P23
P31 P32 P33

⎤

⎦

⎡

⎣
v̄
w
u

⎤

⎦ . (9)

The system N := Fl (P, K ) is defined as the lower linear
fractional transformation (LFT) of the plant P with the con-
troller K , that is

N =
[

P11 P12
P21 P22

]

+
[

P13
P23

]

K (I − P33 K )−1[P31 P32].

With the introduction of the controller K , we can also
introduce the closed-loop bit-mobility function. The closed-
loop bit-mobility transfer function Gcl from the input ṽ to the
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Fig. 6. Linear drill-string dynamics Gol in closed loop with the controller
K and including model uncertainty �.

output q̃ , of system (7) with controller K , is defined by

Gcl := g11 − g12K (I + g22K )−1g21. (10)

As mentioned in Section III, this bit mobility plays an
important role in the stability of the closed-loop system
(see Section IV-D for the role of Gcl in the scope of a nonlinear
stability analysis) and is therefore important in the controller
design methodology.

A. Nominal Stability and Nominal Performance

As mentioned in Section II-B, the controller design aims at
stability, performance, and robustness for the uncertainty �.
In this section, the focus is on the first two aspects. Robustness
is considered in Section IV-B. Based on the system repre-
sentation in Fig. 4(b), the closed-loop system of the linear
drill-string dynamics Gol in feedback with the linear dynamic
controller K to be designed is shown in Fig. 6. In this represen-
tation, additional inputs n and d are introduced, representing
measurement noise and actuator noise, respectively.

Consider the system without uncertainty given by
[

z
e

]

:= Psub

[
w
u

]

=
[

P22 P23
P32 P33

] [
w
u

]

(11)

with w and z weighted versions of w := [n d]� and z :=
[e u]�, respectively. The weighted inputs and outputs are
discussed in more detail in Section IV-B. Moreover, define
the lower LFT of Psub with the controller K , that is, N22 :=
Fl(Psub, K ). Next, the concept of nominal performance is
defined as follows: for a system without uncertainty �,
the closed-loop system N22 = Fl (Psub, K ) is internally stable
and the H∞-norm of this system (from w to z) is smaller than
one, that is:

‖N22‖∞ = sup
ω

σ̄ (Fl (Psub, K )) < 1 (12)

where we used the definition of the H∞-norm ‖H (s)‖∞ :=
ess supω∈R σ̄ (H ( jω)). This means that nominal performance
can be achieved by solving the “standard” H∞ optimal control
problem, where the aim is to find the internally stabilizing
controller K that minimizes ‖Fl (Psub, K )‖∞ (see [40] for
details). Internal stability of the closed loop can be guaranteed
by a proper choice of the inputs w and outputs z. As proved
in [41, Section 5.3], by choosing w and z as defined earlier,
the H∞ controller synthesis guarantees internal stability of
the closed-loop system. Specification of the weighting filters
is treated in more detail in Section IV-B. Moreover, the system
with uncertainty is addressed in Section IV-B, leading to the
concept of robust performance.

B. Alternative Robust Performance

Robust performance means that the stability and perfor-
mance objective, addressed in Section IV-A, is achieved for
all possible models in the uncertainty set � [40]. Standard
robust performance techniques typically aim at optimizing
the performance for all possible plants in the uncertainty set.
In contrast, we aim to optimize the robustness with respect to
the uncertainty while still guaranteeing internal stability and
satisfaction of given performance objectives. This is what we
call alternative robust performance. In the drilling context,
this means that for example, a (fixed) bound on the control
action should be satisfied (see the third controller objective
in Section II-B), while the robustness with respect to the
nonlinear bit–rock interaction is optimized (as specified in
the second controller objective).

Consider the system P in Fig. 5, including the uncertainty
block �. The input–output pair v̄ , q̄ is related to this uncer-
tainty block and the (weighted) closed-loop transfer function
N(s) = Fl(P, K ) is given by

[
q̄
w

]

= N

[
v̄
z

]

= Fl(P, K )

[
v̄
z

]

. (13)

Robust stability is obtained by designing a controller K such
that the system N is internally stable and the upper LFT,
F := Fu(N,�), is stable for all � ∈ �. Herein, the uncer-
tainty set � is a norm-bounded subset of H∞,1 i.e., � =
{� ∈ RH∞|‖�‖∞ < 1}. The aim is to find a stabilizing
controller that also meets certain performance specifications.
Therefore, we use the same approach as in [40, Sec. 8.10]
and consider the fictitious ‘uncertainty’ �P . The uncertainty
�P is a complex unstructured uncertainty block that represents
the H∞ performance specifications. Moreover, note that �P ∈
�P , with �P = {�P ∈ RH∞ |‖�P‖∞ ≤ 1 }. The result given
in [41, Th. 11.8] states that a robust performance problem is
equivalent to a robust stability problem with the augmented
uncertainty

�̂ =
⎡

⎣
� 0 0
0
0

�P

⎤

⎦ (14)

with �̂ a block-diagonal matrix. In other words, both the per-
formance specifications and uncertainty are taken into account
in a similar fashion. Moreover, �̂ is the uncertainty set with
the structure as given in (14) and any � ∈ � and �P ∈ �P .
The robust performance condition can now be formulated as
follows:

μ
�̂
(N( jω)) ≤ 1, ∀ω (15)

where μ
�̂

is the structured singular value with respect to �̂.
The structured singular value is defined as the real nonnegative
function

μ
�̂
(N)= 1

k̄m
, k̄m = min{km| det(I − km N�̂) = 0} (16)

with complex matrix N and block-diagonal uncertainty �̂.

1H∞ is a (closed) Banach space of matrix-valued functions that are analytic
in the open right-half plane and bounded on the imaginary axis. The real
rational subspace of H∞ is denoted by RH∞, which consists of all proper
and real rational stable transfer matrices [41, Sec. 4.3].
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Fig. 7. Closed-loop system with weighting filters and scaling matrices.

To optimize the robustness with respect to the uncertainty �
[i.e., part of �̂ in (14)], the skewed structured singular value
μs can be used. The skewed structured singular value is used
if some uncertainty blocks in �̂ are kept fixed (�P in this
case) to investigate how large another source of uncertainty
(� in this case) can be, before robust stability/performance
cannot be guaranteed anymore. In this case, we aim to opti-
mize the robustness of the closed-loop system with respect
to uncertainty � in the bit–rock interaction. Thus, we aim
to obtain the largest uncertainty set �, given a fixed �P

(i.e., fixed performance specifications). Therefore, we intro-
duce the matrix K s

m := diag(ks
m, I ) and the skewed structured

singular value μs
�̂
(N) is defined as

μs
�̂
(N) = 1

k̄s
m

, k̄s
m = min

{
ks

m | det
(
I − K s

m N�̂
) = 0

}
. (17)

Thus, the robust performance condition (15), with additional
scaling (through K s

m ) in terms of the skewed structured sin-
gular value, is written as the alternative robust performance
condition

μs
�̂
(N( jω)) ≤ 1, ∀ω. (18)

To support controller design satisfying particular perfor-
mance specifications, weighting filters, and scaling matrices
are introduced in the loop in Fig. 6, as shown in Fig. 7.
Those frequency-domain weighting filters allow us to specify
the (inverse) maximum allowed magnitudes of the closed-loop
transfer functions. Moreover, the scaling matrices are intro-
duced to improve the numerical conditioning of the problem
and to tune the desired bandwidth. The (weighted) general-
ized plant P with input weighting filters Vi (s) and output
weighting filters Wi (s), with i ∈ {1, 2, 3}, and scaling matrices
Wsc and Vsc, is specified by
⎡

⎢
⎢
⎣

q̄
ē
ū
e

⎤

⎥
⎥
⎦=

⎡

⎢
⎢
⎣

W1 0 0 0
0 W2Wsc 0 0
0 0 W3 0
0 0 0 I2

⎤

⎥
⎥
⎦P

⎡

⎢
⎢
⎣

V1 0 0 0
0 VscV2 0 0
0 0 V3 0
0 0 0 1

⎤

⎥
⎥
⎦

︸ ︷︷ ︸
P

⎡

⎢
⎢
⎣

v̄
n̄
d̄
u

⎤

⎥
⎥
⎦

where P(s) is the multiple-input and multiple-output transfer
function of the unweighted system P with inputs [ṽ n d u]�

Fig. 8. Block diagram of the implementation for the skewed-μ DK-iteration
procedure.

and outputs [q̃ e u e]� with its state-space realization given
by

P
s=

⎡

⎢
⎢
⎢
⎢
⎣

At G 0 B B
H 0 0 0 0

−C 0 −I 0 0
0 0 0 0 I

−C 0 −I 0 0

⎤

⎥
⎥
⎥
⎥
⎦

. (19)

In this section, we have introduced an alternative robust
performance framework. To design a controller that minimizes
the skewed structured singular value μs

�̂
, for the purpose

of obtaining robust performance, a procedure to synthe-
size such controller, known as the DK-iteration procedure
[40, Section 8.12], is treated concisely in Section IV-C.

C. Skewed-μ DK Iteration

This section focuses on the synthesis of a controller that
minimizes a skewed structured singular value μs

�̂
to obtain

closed-loop robust performance. The so-called skewed-μ
DK-iteration procedure is used to synthesize a controller.

The first step in such DK-iteration procedure is the intro-
duction of D-scaling matrices. This scaling uses the fact that
�̂ is structured; hence, the inputs and outputs to �̂ and N are
scaled by inserting the matrices D and D−1 as shown in Fig. 8.
Using such scaling generally enables to find potentially tighter
robust stability/performance conditions. For further details on
the procedure, the reader is referred to [40] and [42].

The skewed-μ DK-iteration procedure aims at designing
a controller that minimizes the peak value over frequency
of the upper bound on the skewed structured singular value,
i.e., a controller K should be designed by solving the following
optimization problem:

min
K

(
min

D
‖DK s

m N(K )D−1‖∞
)
. (20)

Here, the original scaling matrix D(ω) is replaced by a
stable minimum-phase transfer function fit D(s) of D(ω).
The dependency of the closed-loop transfer function N on
the controller K is indicated by N(K ). In DK iterations,
a μ-analysis (D-step) and H∞-optimization (K -step) are
solved alternately (see [42]). In other words, the skewed-μ
DK-iteration procedure alternates between minimizing (20)
with respect to either K or D (while holding the other fixed)
and recursively updating ks

m (which characterizes K s
m) during

the D-step.

D. Closed-Loop Stability Analysis

The main purpose of the controller is to stabilize the
equilibrium ξ = 0 of the nonlinear system (7). Let us assume
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a controller K has been designed that meets the performance
specifications and is robust with respect to the uncertainty �.
Hence, the designed controller guarantees stability for the
linear closed-loop system N(s) and achieves robustness with
respect to the uncertainty �. In this section, the stability of
the nonlinear closed-loop system is considered. Therefore,
we define a symmetric sector condition on the nonlinearity ϕ̃,
such that for any (locally Lipschitz) nonlinearity that (locally)
satisfies this sector condition, (local) asymptotic stability of
the origin of the closed-loop system can be guaranteed.

We use the circle criterion [43, Th. 7.1] to determine a
(symmetric) sector on the nonlinearity ϕ̃ for which robust sta-
bility can be guaranteed. Consider the closed-loop bit mobil-
ity (10) and a symmetric sector condition on the nonlinearity
that is satisfied for all q̃ ∈ S with S := {q̃ ∈ R|q̃l < q̃ < q̃u}
and q̃l < 0 < q̃u , i.e., ϕ̃(q̃) ∈ [−γ, γ ] ∀ q̃ ∈ S and γ > 0.
The nonlinear system is locally absolutely stable (i.e., ξ = 0
is locally asymptotically stable for any ϕ̃(q̃) ∈ [−γ, γ ] with
q̃ ∈ S) if

H (s) = (1 + γ Gcl(s))(1 − γ Gcl(s))
−1 (21)

is strictly positive real. Applying [43, Lemma 6.1], a scalar
transfer function H (s) is strictly positive real if the following
conditions are satisfied.

1) H (s) is Hurwitz.
2) Re[H ( jω)] = Re[(1 + γ Gcl( jω)/1 − γ Gcl( jω))] > 0,

∀ω ∈ R.
3) H (∞) > 0.

For the symmetric sector, the condition on H (s) being Hurwitz
is equivalent to Gcl(s) being Hurwitz. The closed-loop transfer
function Gcl(s) of the feedback interconnection is Hurwitz by
the design of the stabilizing controller K . Moreover, Gcl is
strictly proper, and therefore H (∞) = 1, such that the third
condition is satisfied. The second condition is equivalent to
the condition

‖Gcl( jω)‖∞ <
1

γ
. (22)

Hence, the H∞-norm of the closed-loop bit mobility Gcl gives
an upper bound on the sector that the nonlinearity ϕ̃ should
comply with, for the system to be absolutely stable. With the
DK-iteration procedure, presented in Section IV-C, a controller
K can be designed such that indeed ‖Gcl‖∞ is minimized.
In other words, the robustness with respect to uncertainty in
the bit–rock interaction is optimized. This shows the benefit
of employing the alternative robust performance technique
(see Section IV-B) in terms of optimizing the robustness
of the closed-loop drill-string dynamics with respect to the
uncertainty in the bit–rock interaction, also in the nonlinear
context.

In Section V, general design guidelines for the tuning of the
weighting filters tailored to the drilling context are given and
the designed controller is presented.

V. CONTROLLER SYNTHESIS FOR DRILLING SYSTEMS

Weighting filter design is key in satisfying the performance
specifications related to, e.g., measurement noise sensitivity

and actuator limitations as specified in the third controller
objective, but also to ensure robustness with respect to the
bit–rock interaction, through shaping of the bit mobility.
To design a controller for a drill-string system, the follow-
ing design guidelines should be taken into account for the
weighting filters.

1) Include integral action to obtain the desired setpoint,
i.e., in case of a mismatch between the (model-based)
feedforward torque uc and the actual required feedfor-
ward torque due to uncertainty in the model, integral
action will compensate for this mismatch.

2) Include high-frequency roll-off to reduce measurement
noise amplification.

3) Choose the cross-over frequency of the open-loop trans-
fer function K Gol (at the plant input) just above one of
the dominant flexibility modes [e.g., the third eigenfre-
quency of the drill-string system (see Fig. 3)] to achieve
damping of the dominant resonance modes.

4) Apply plant output scaling, i.e., scale the plant output
y = [ωtd Tpipe]� such that the components of the
weighted plant output ȳ are in the same order of
magnitude.

A. Weighting Filter Design

First, we apply plant scaling using the scaling matrices
Wsc and Vsc [see Fig. 7]. This scaling is applied to compensate
for the different orders of magnitude of the two plant outputs
ωtd and Tpipe. The plant scaling matrices Wsc and Vsc are tuned
to compensate for this effect and are given by

Wsc =
[
wsc1 0

0 wsc2

]

, Vsc = W−1
sc

with wsc1 = 10 and wsc2 = 0.01.
The filters V1(s) and W1(s) can be used to shape the

closed-loop bit mobility (Gcl). Ideally, the bit mobility should
be damped as much as possible (as follows from the stability
analysis in Section IV-D). However, this typically results in
high control action. To deal with this tradeoff, the weighting
filter V1(s) has two notch filters, to allow for a slightly less
damped bit mobility at the locations of these filters, and is
defined as follows:

V1 = v1

1
(2π f1,1)2 s2 + 2b1,1

2π f1,1
s + 1

1
(2π f1,2)2 s2 + 2b1,2

2π f1,2
s + 1

1
(2π f2,1)2 s2 + 2b2,1

2π f2,1
s + 1

1
(2π f2,2)2 s2 + 2b2,2

2π f2,2
s + 1

with fi, j ( j = 1, 2) the frequencies of the notch filters and
bi,1 and bi,2 (i = 1, 2) parameters to tune the depth of the
notch filter. The output weighting filter W1(s) is set to W1 = 1,
since tuning of V1(s) suffices to specify the desired bound on
the closed-loop bit mobility.

The remaining weighting filters are designed to tune the
closed-loop performance transfer functions. Let us first focus
on the input weighting filters V2(s) and V3(s). The filter V2(s)
is given by

V2 =
[
v21 0
0 v22

]
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with v21 and v22 static gains. Scaling of these gains allows for
the synthesis of different controllers, i.e., differentiate between
emphasis on specific controller objectives. The input weighting
filter V3(s) is set as

V3(s) = v3‖gco‖−1 1

wsc1

where v3 is a static gain and gco := g22,1( j2π fco), i.e., the
subplant gain, related to input ũ and output ỹ1 = ωtd − ωeq,
at the target cross-over frequency fco. This gain is chosen
to obtain a cross-over frequency of the open-loop transfer
function K Gol at 0.7 Hz. This cross-over frequency is chosen
to achieve damping of the dominant resonance modes in the
drill-string dynamics.

The output weighting filters W2(s) and W3(s) are
also used to tune the closed-loop transfer functions, but,
in addition, these filters are also used to apply the first
two controller design guidelines, i.e., to include integral action
and (first-order) roll-off. The (nonsquare) controller Kt (s)
to be designed has two inputs and a single output (due
to the two measured signals of the plant), i.e., Kt (s) =
[Kωtd(s) KTpipe(s)]. The controller aims at stabilizing the
desired angular velocity setpoint. Note that due to the fact
that Kt is nonsquare, a single integrator suffices to eliminate
the steady-state error in both ωtd and Tpipe. Thus, the output
weighting filter W2(s) is given by

W2(s) =
[

WI (s) 0
0 w22

]

=
[

PI
s+2π f I

s 0
0 w22

]

with WI (s) to obtain integral action in Kωtd(s) and w22 a
static gain. To obtain high-frequency roll-off, a roll-off filter
is included in the output filter W3(s); hence

W3(s) = w3wsc1‖gco‖W−1
R

with w3 a static gain and WR = (2π fR/s + 2π fR) the roll-off
filter with roll-off frequency fR .

The weighting filters W2(s) and W3(s) are unstable and
nonproper weighting filters, respectively. Therefore, these
filters are not applicable in the H∞-controller synthesis.
To circumvent this limitation and still obtain a controller that
includes integral action and high-frequency roll-off, we use
the method in [44].

The actual plant that is used in the controller synthesis
algorithm is given by

Gt (s) = diag(1, WI (s), 1)Gol(s) diag(1, WR(s)) (23)

with WR(s) and WI (s) the roll-off and integrator filters,
respectively. The resulting controller K (s) from the
DK-iteration procedure, treated in Section IV-C, for this
plant Gt , has no integrator and roll-off properties. However,
the actual controller for the plant Gol can be calculated as
follows:

Kt (s) = WR(s)K (s) diag(WI (s), 1) (24)

which includes the desirable integrator and roll-off properties.

TABLE I

PARAMETER SETTINGS FOR THE PERFORMANCE WEIGHTING FILTERS
THAT ARE EQUAL FOR THE DESIGNED HIGH-GAIN

AND LOW-GAIN CONTROLLERS

TABLE II

PARAMETER SETTINGS FOR THE PERFORMANCE WEIGHTING FILTERS
THAT DIFFER FOR THE DESIGNED HIGH-GAIN

AND LOW-GAIN CONTROLLERS

B. Controller Synthesis Results

In this section, two controllers are synthesized based on the
skewed-μ DK-iteration procedure and the proposed weighting
filters from Section V-A. The two controllers mainly differ
in the allowed control action and will be referred to as a
high-gain (hg) controller and low-gain (lg) controller. The
extra allowed control action for the high-gain controller is
used to suppress the bit mobility even more compared with
the low-gain controller. This distinction is made to illustrate
the tradeoff between bit-mobility suppression, resulting in an
increased operating envelope, and control action limitation,
which is important from a practical point of view. In Table I,
the parameters of the weighting filters that are equal for both
controllers are summarized. The parameters that are changed
for the two different controllers are given in Table II. The gain
w3 is used to allow for less (or more) control action and the
notch filter in V1(s) is used to allow for a higher bit mobility
in specific frequency ranges.

Performing the DK-iteration procedure for the drill-string
system with the weighting filters as specified above results
in controllers Kt (s) = [Kωtd(s), KTpipe(s)], as shown in
Fig. 9 for both the high-gain and the low-gain controllers.
From Fig. 9, the integral action in the controller, Kωtd(s), that
uses the top drive angular velocity can be clearly recognized.
Moreover, the first-order roll-off is present in both controllers.
It can also be seen that the designed controllers are active
in the frequency range of the torsional resonance modes of
the drill-string system (see Fig. 3), which is not the case for
the state-of-practice SoftTorque controller shown in Fig. 9.
This industrial controller, which uses only top drive velocity



258 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 27, NO. 1, JANUARY 2019

Fig. 9. Designed linear dynamic controllers for the drill-string system.
Left: the controller that uses the top drive angular velocity measurement.
Right: the controller is based on the pipe torque measurement.

Fig. 10. Closed-loop bit mobility, i.e., the frequency response function
from bit torque Tbit to bit velocity ωbit. The bit mobility of system with
the high-gain (hg) and low-gain (lg) controller is shown and compared with
the open-loop (OL) bit mobility and the bit mobility induced by the industrial
controller (ST). Moreover, the weighting filter V1 to tune the bit mobility for
the high-gain and low-gain controllers is shown. It can be seen that both the
high-gain and low-gain controllers suppress the bit mobility significantly.

measurements, is a properly tuned active damping system
(i.e., PI control of the angular velocity), which aims at
damping the first torsional mode of the drill-string dynamics.
A comparison with this controller by means of a simulation
is presented in Section VI.

The closed-loop bit mobility for the different controllers is
shown in Fig. 10 and also compared with the open-loop (OL)
bit mobility and the bit mobility induced by the industrial
controller [SoftTorque (ST)]. Moreover, the bounds, specified
by the weighting filter V1, for the controller synthesis are
indicated by the dashed lines. It can be seen that the high-gain
controller suppresses the bit mobility the most, but also with
the low-gain controller, a significant decrease in the peak value
of the bit mobility is achieved compared with the industrial
controller. Let us now determine the H∞-norm for the closed-
loop system Ghg

cl (s) with the high-gain controller
∥
∥Ghg

cl (s)
∥
∥∞ = sup

ω

∣
∣Ghg

cl ( jω)
∣
∣ = 0.039. (25)

For comparison, for the low-gain controller, the H∞-norm is
equal to ‖Glg

cl(s)‖∞ = 0.074 and for the industrial controller
‖GST

cl (s)‖∞ = 0.298. Hence, with the high-gain controller,
the peak value of the bit mobility has been decreased with
almost a factor of eight. It can also be seen in Fig. 10 that
multiple modes of the bit mobility are damped by the con-
trollers obtained with the proposed controller design strategy,
while with the SoftTorque controller only significant damping
of the first torsional mode is achieved.

According to (22), the sector (for ϕ̃) for which stabil-
ity can now be guaranteed is equal to [−γhg, γhg] with

Fig. 11. Transformed bit–rock interaction model ϕ̃(q̃) and maximal sector
condition for the high-gain and low-gain controllers.

γhg = 1/0.039 = 25.46 (for the high-gain controller).
In Fig. 11, the nonlinearity ϕ̃+ϕeq is shown, including the sec-
tor [−γhg, γhg] (and [−γlg, γlg] for reference). From Fig. 11,
it can be seen that the closed-loop nonlinear system is locally
absolutely stable, as long as the bit angular velocity is larger
than (approximately) 22 r/min (because q̃ + H xeq = ωbit).
To conclude, with the designed controllers, robustness with
respect to uncertainty in the bit–rock interaction is achieved
for a substantial variation in the bit velocity. This is a key
aspect of the designed controllers since it directly relates to
the first two controller objectives (see Section II-B).

VI. SIMULATION RESULTS

Simulation results of the controllers designed in Section V,
applied to the nonlinear drill-string model presented
in Section III, are presented in Section VI-C. First
in Section VI-A, we introduce the startup scenario, which is
used for the simulation studies. In Section VI-B, we present
a simulation result of the drill-string system in closed-loop
with an existing industrial controller (based on [5]) as a
state-of-practice reference case.

A. Startup Scenario

For the simulations, we introduce a so-called startup sce-
nario, which is based on practical startup procedures for
drilling rigs. Herein, the drill string is first accelerated to a low
constant rotational velocity, starting from zero angular velocity
for the whole drill string, with the bit above the formation
(off bottom). Subsequently, the angular velocity and WOB
are gradually increased to the desired operating conditions.
The increase in WOB is modeled as a scaling of the bit–rock
interaction torque. Assume that the WOB is scaled according
to the following profile:

α(t) =

⎧
⎪⎨

⎪⎩

0, t0 ≤ t ≤ t1
t−t1
t2−t1

, t1 < t < t2
1, t ≥ t2

(26)
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Fig. 12. Simulation result of the drill-string model with an existing
industrial (SoftTorque) controller in the startup scenario, which clearly shows
stick-slip vibrations in the bit angular velocity (top).

where α = 0 means bit off bottom and α = 1 indicates
full WOB and with t1 = 50 s and t2 = 110 s in this case.
Then the bit–rock interaction model is scaled using this scaling
factor α(t); hence

Tbit(t) = Sign(ωbit)(Tini + α(t)(Td − Tini

+ (Ts − Td)e
− 30

Nd π |ωbit|)) (27)

where Tini is the amount of resisting torque that is still present,
even when the bit is off bottom (e.g., due to drilling mud
and interactions with the borehole). Note that for WOB = 0
(off bottom), there is no velocity weakening in the TOB. The
startup scenario comprises the following steps.

1) Start with WOB = 0 and operate at relatively low
velocity (starting from initial zero velocity for the whole
drill string) to build up torque in drill string to over-
come static torques due to drag in the time window
0 < t < 50 = t1 s.

2) Slowly increase the reference angular velocity until the
desired operating velocity (ωeq) is reached (in the time
window t1 = 50 ≤ t < 110 = t2 s). At the same time,
slowly increase the WOB and finally obtain the nominal
operating condition in the angular velocity and WOB.

This startup scenario is used for all simulations in Sec-
tions VI.A–VI.C and VII.A–VII.C. Summarizing, the initial
conditions for the drill string are an undeformed stationary
drill string (i.e., zero angular velocities and displacements)
and no top drive torque applied.

Fig. 13. Simulation result of the drill-string model with the designed output-
feedback controllers in the startup scenario. Both the top drive and bit angular
velocity converge to their setpoint and stick-slip vibrations are avoided.

B. Simulation Result of the Industrial Controller

A simulation result of the drill-string model (5) in feedback
with the industrial controller (as shown in Fig. 9) is shown in
Fig. 12. The top drive velocity (ωtd) is shown along with the
reference velocity ωtd,ref that starts at a velocity of 20 r/min
and is gradually increased to the desired equilibrium velocity,
ωeq, of 50 r/min. From the bit response, in Fig. 12 (top),
we can clearly recognize stick-slip oscillations. The increasing
amplitude of the oscillations in the top drive velocity and top
drive torque (bottom plot) demonstrates that these vibrations
arise when the WOB is increased (50 ≤ t < 110 s),
i.e., when due to scaling of the TOB the velocity weakening
in the bit–rock interaction effect starts affecting the dynamics.
Stick-slip oscillations arise as a consequence of the fact that
this industrial controller does not attenuate higher flexibility
modes in the bit mobility (see Fig. 10), as is evidenced by
the frequency content of the transient oscillations in the bit
velocity before stick occurs [see Fig. 12 (top)].

C. Simulation Results of the Designed Controllers

Simulation results of the designed controllers in Fig. 9
are shown in Fig. 13. The same startup scenario and initial
conditions, as in Fig. 12, are used for these simulations. The
simulation results show that the top drive and bit angular
velocity converge to their setpoint and stick-slip vibrations
are avoided. The controllers are able to stabilize the desired
setpoint, because damping of multiple flexibility modes is
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achieved and robustness with respect to the bit–rock interac-
tion is taken into account in the design. The difference between
the low gain and the high gain is particularly visible in the top
drive torque; the high-gain controller acts more aggressively
in response to the initial error, resulting in more control
action (see the zoomed-in plot). Consequently, this results in
transient oscillations with a larger amplitude in the angular
velocity of the drill string, as can be seen in both the top drive
velocity and the bit velocity. On the other hand, the amplitude
of the oscillations decays faster for the high-gain controller
compared with the low-gain controller, in particular at the bit,
which is a result of increased bit-mobility suppression obtained
by the high-gain controller.

The simulation results in this section are performed under
nominal conditions. In Section VII, robustness with respect to
different operating velocities, changing bit–rock interaction,
and increased drill-string length is investigated.

VII. ROBUSTNESS OF THE CLOSED-LOOP SYSTEM

As already stated in the controller objectives in Section II-B,
robustness of the closed-loop system is an important objective
of the proposed controller design strategy. Several key aspects
regarding the robustness of the closed-loop drill-string system
are investigated in this section. In Section VII-A, robustness
with respect to different operating velocities is investigated.
In Section VII-B, robustness with respect to uncertainty in
the bit–rock interaction is investigated, and in Section VII-C,
the influence of the increasing length of the drill string while
drilling is examined. Although not specifically treated in this
paper, it can also be shown that the proposed controller can
effectively deal with sensor and actuator noise due to the roll-
off filter that is incorporated in the controller (see [39]). More-
over, preliminary experimental results are presented in [39],
where the controller design strategy is applied on a low-
order (i.e., 4-DOF) drill-string setup. The experimental results
indicate the potential of the controllers developed in this paper.

A. Different Operating Velocities

In practice, the desired operating conditions, in terms of
the desired angular velocity, may change. To avoid time
consuming retuning of the controller when the desired velocity
is changed, the controller should be applicable for a wide range
of desired operating velocities.

Due to the velocity-weakening effect in the nonlinear
bit–rock interaction, lower angular velocities are more dif-
ficult to stabilize compared with higher angular velocities.
Therefore, the applicability of the high-gain controller at lower
angular velocities is investigated. A simulation with the startup
scenario and a desired angular velocity of 35 r/min has been
performed and the result is shown in Fig. 14. The first 50 s
are equal to the simulation results shown in Fig. 13 as the
initial conditions and starting velocity (20 r/min) are the same.
Clearly, the controller is able to stabilize the desired setpoint
of 35 r/min (under the imposed operating conditions). This
shows that a significant increase in the operating envelope in
terms of angular velocity can be achieved as the industrial

Fig. 14. Simulation result of the drill-string model in the startup scenario
with the high-gain controller and a desired angular velocity of 35 r/min.

controller is not even able to stabilize the significantly higher
desired angular velocity of 50 r/min (see Section VI-B).

B. Changing Bit–Rock Interaction Model

Robustness with respect to uncertainty in the bit–rock inter-
action is an important property of the closed-loop system from
a practical point of view, first of all because it is difficult to
obtain an accurate model of the bit–rock interaction. Another
reason is the fact that the bit–rock interaction is prone to
changes during the drilling process, for example, due to bit
wear and changes in the rock formation. Therefore, one of the
controller objectives (Section II-B) is to obtain robustness with
respect to uncertainty in the bit–rock interaction. In Fig. 11,
the sector condition on the bit–rock interaction has already
been visualized. This sector conditions state that the desired
equilibrium point is (locally) absolutely stable for any bit–rock
interaction within the sector, i.e., the gray area in Fig. 11
for the high-gain controller. In this section, we present a
simulation result of the drill-string system in closed loop with
the designed high-gain controller to illustrate the robustness
with respect to changes in the bit–rock interaction.

Recall the nominal parameter values for the bit–rock inter-
action model, that is, Ts = 7700 Nm, Td = 1700 Nm, and
Nd = 5 r/min, which are used for the controller synthesis.
In this simulation study, both the torque level and the decrease
rate of the bit–rock interaction are changed. The parame-
ters for the adapted bit–rock interaction model are given by
T c

s = Ts + 200, T c
d = Td + 200, and Nc

d = Nd + 1. The
adapted bit–rock interaction model is shown in Fig. 15; the
adapted model has a less severe velocity-weakening effect
at low velocities and therefore more negative damping at
higher velocities. The value of Nd is chosen such that the
bit–rock interaction still locally satisfies the sector condition.
The simulation is started with the same settings as the sim-
ulation results shown before. However, to test robustness,
at t = 130 s, the bit–rock interaction model is suddenly
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Fig. 15. Nominal and adapted bit–rock interaction model.

changed to the adapted parameter settings. The TOB changes
instantaneously from approximately 1700 to approximately
1900 Nm as shown in the second plot in Fig. 16. Due to
oscillations in the bit angular velocity, it peaks further up
to approximately 1950 Nm. This change is relatively large
compared with the allowed variation in the bit–rock interaction
for which the sector condition holds (see Fig. 11 for the nomi-
nal bit–rock interaction). As can be seen from the other plots,
the change in bit–rock interaction causes some oscillations
in the states of the drill-string system. Still, the oscillations
are damped and the velocities of both the top drive and the
bit converge to the desired angular velocity. In the zoomed-in
plot of the top drive torque, it can be seen that the top drive
torque converges to a new equilibrium value that is slightly
higher than the original equilibrium. A closer study of the
new equilibrium value shows that it exactly compensates for
the added 200 Nm in torque of the adapted bit–rock interaction
model. This illustrates the effect of the integral action in the
controller; due to the integral action in the top drive velocity
part (Kωtd ) of the controller, the desired velocity is stabilized,
resulting in a new equilibrium value for the top drive torque.

C. Changing Length of the Drill String

During the drilling process, the drill string is gradually
lengthened as the well becomes deeper. Current controllers
need to be retuned during the drilling operation and this
retuning is prone to errors, resulting in wrong controller
settings and possibly failing of the stick-slip mitigation due
to tuning errors. Additionally, the retuning process is time
consuming, and therefore the amount of tuning occurrences
should be minimized. In other words, the controller should be
robust with respect to the increasing length of the drill string.
In this section, the plant model (5) is changed such that the
dynamics of the plant correspond to a drill-string of different
length.

In practice, to add a new pipe section, the drill string is
stopped and a stand of one or multiple drill pipes is connected
to the drill string. Here, it is assumed that a new stand of three

Fig. 16. Simulation result of the drill-string model in the startup scenario with
the high-gain controller and a change in the bit–rock interaction at t = 130 s.
The oscillations caused by the change in the bit–rock interaction are damped
and the angular velocities converge to the desired angular velocity.

Fig. 17. Location of the right-most pole of the closed-loop system (top) and
H∞-norm of the bit mobility (bottom) as a function of added pipe length to
the drill string.

drill pipes is added to the drill string (i.e., 27 m of length is
added to the drill string). In practical situations, the current
industrial controller needs to be retuned every stand, and
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Fig. 18. Simulation result of the drill-string model in the startup scenario
with the high-gain controller and a drill-string model with increased length
(21 × 9 m2 added drill pipe).

sometimes even after one or two added drill pipes. The pole
locations of the closed-loop system, consisting of a changed
plant model and a controller designed for the nominal drill
string, are investigated for different controllers. The results
of the analysis of the high-gain H∞-controller are shown
in Fig. 17 and compared with the industrial controller. The real
value of the right-most pole is shown as a function of changing
length compared with the nominal model. The right-most pole
of the nominal model (indicated by 0) lies in the left-half-
plane (LHP) for both controllers. When the length of the drill
string is decreased, the right-most pole moves further into the
LHP, while for an increase in length, the right-most pole moves
toward the imaginary axis.

As mentioned before, the location of the eigenvalue is
not the only important factor, as local asymptotic stability
does not imply that no stick-slip vibrations occur. Clearly,
SoftTorque also locally asymptotically stabilizes the system,
but stick-slip oscillations still occur. Therefore, the H∞-norm
of the bit mobility (Gcl) is also shown. The H∞-norm of the
closed-loop bit mobility with the high-gain H∞-controller is
approximately a factor 7 lower than the H∞-norm of Gcl with
the industrial controller (also see Fig. 10 for the nominal case).
This indicates that the H∞-controller has significantly more
robustness with respect to bit–rock interaction variations than
the industrial controller and is therefore able to stabilize the
desired setpoint (and avoid stick-slip vibrations) as shown
in the previous simulations, while the industrial controller is
unable to do so.

Changing the length of the drill-string does not have a large
effect on the pole locations and H∞-norm as can be seen
in Fig. 17. However, it has to be noted that when 15 or more
pipe sections are added to the drill string, the system controlled
with the low-gain controller has an unstable equilibrium point.
For the high-gain controller, the right-most pole is still in the
LHP and the H∞-norm is only slightly increased when the
length of the drill string is increased. A simulation result of a
plant model that is 189 m (21 × 9 m) longer than the nominal
model (which has a total length of 6249 m) and controlled
with the high-gain H∞-controller is shown in Fig. 18. This
simulation confirms that the desired equilibrium is indeed
stable with this controller. This means that this controller is
able to stabilize the desired setpoint of drill-string systems
for a large variation in length of the drill string. It can be
concluded that a significant increase in robustness with respect
to increasing drill-string length is obtained compared with the
industrial controller.

VIII. CONCLUSION

In this paper, a novel synthesis strategy for controllers
aiming at the mitigation of torsional stick-slip oscillations
in drilling systems is developed. The controller design is
based on skewed-μ DK iteration and offers several benefits
over pre-existing controllers. First, the designed controller is
applicable to a multimodal drill-string model while guaran-
teeing (local) stability of the desired operating point. Second,
the controller is optimized to have robustness with respect
to uncertainty in the bit–rock interaction. Third, performance
specifications regarding measurement noise sensitivity and
actuator limitation are integrated in the controller design.
Fourth, the controller uses only surface measurements, which
is a key requirement from practical point of view. Simulation
results of the proposed controller applied to the 18-DOF drill-
string model show that the stick-slip oscillations are eliminated
in realistic drilling scenarios in which an existing industrial
controller shows stick-slip vibrations.

From a practical point of view, several robustness aspects
have been investigated. It has been shown that a significant
increase in the operating envelope of the drill-string system
is achieved, both in terms of angular velocity and increasing
length of the drill string. Another aspect that is investigated is
robustness with respect to uncertainty in the bit–rock interac-
tion. Simulation results have shown that a sudden change in
the bit–rock interaction can be effectively dealt with by the
proposed controller.

Summarizing, it is concluded that the proposed controller
can effectively deal with practical drilling conditions and it
outperforms currently used industrial controllers in terms of
the operating envelope for which stick-slip oscillations can be
eliminated.

APPENDIX

SYSTEM MATRICES

The system matrices of the model given in (1) are given in
the following:
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M =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1.6996 0.8498 0 · · · · · · · · · · · · · · · · · · · · · · · · 0

0.8498 5.4902 1.895 0
...

0 1.8953 4.7717 0.4906 0
...

... 0 0.4906 4.7030 1.8609 0
...

... 0 1.8609 7.4436 1.8609 0
...

... 0 1.8609 7.4436 1.8609 0
...

... 0 1.8609 7.4436 1.8609 0
...

... 0 1.8609 32.420 14.349 0
...

... 0 14.349 57.396 14.349
. . .

...
...

. . .
. . .

. . .
. . . 0

... 0 14.349 57.396 14.349
0 · · · · · · · · · · · · · · · · · · · · · · · · 0 14.349 1806.7

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(28)

D =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

155.44 −155.44 0 · · · · · · · · · · · · · · · · · · · · · · · · 0

−155.44 162.92 −7.4797 0
...

0 −7.4797 275.38 −267.90 0
...

... 0 −267.90 272.16 −4.2668 0
...

... 0 −4.2668 8.5337 −4.2668 0
...

... 0 −4.2668 8.5337 −4.2668 0
...

... 0 −4.2668 8.5337 −4.2668 0
...

... 0 −4.2668 12.988 −8.7212 0
...

... 0 −8.7212 17.443 −8.7212
. . .

...
...

. . .
. . .

. . .
. . . 0

... 0 −8.7212 17.443 −8.7212
0 · · · · · · · · · · · · · · · · · · · · · · · · 0 −8.7212 8.7212

⎤

⎥
⎥
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⎥
⎥
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⎥
⎥
⎥
⎥
⎦

(29)

Kt =

⎡

⎢
⎢
⎢
⎢
⎢
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⎢
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4.8833 0 · · · · · · · · · · · · · · · · · · · · · · · · 0

−4.8833 0.2350 0
...

0 −0.2350 8.4162 0
...

... 0 −8.4162 0.1340 0
...

... 0 −0.1340 0.1340 0
...

... 0 −0.1340 0.1340 0
...

... 0 −0.1340 0.1340 0
...

... 0 −0.1340 0.2740 0
...

... 0 −0.2740 0.2740
. . .

...
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. . .
. . .

. . . 0
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· 104 (30)

Sw =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
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0 · · · · · · 0

1
. . .

...

0
. . .

. . .
...

...
. . .

. . . 0
0 · · · 0 1
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, Sb =

⎡

⎢
⎢
⎣

1
0
...
0

⎤

⎥
⎥
⎦, St =

⎡

⎢
⎢
⎣

0
...
0
1

⎤

⎥
⎥
⎦ (31)
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