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Realization Theory for LPV State-Space
Representations with Affine Dependence

Mihdly Petreczky Member, IEEE, Roland T6th, Member, IEEE and Guillaume Mercere Member, IEEE

Abstract—We present a Kalman-style realization theory for
linear parameter-varying state-space representations whose ma-
trices depend on the scheduling variables in an affine way
(abbreviated as LPV-SSA). We show that minimality of LPV-
SSAs is equivalent to observability and span-reachability rank
conditions, and that minimal LPV-SSAs of the same input-
output map are isomorphic. We present necessary and sufficient
conditions for existence of an LPV-SSA in terms of the rank of
a Hankel-matrix and a Ho-Kalman-like realization algorithm.

I. INTRODUCTION

Linear parameter-varying (LPV) systems are linear systems
where the coefficients are functions of a time-varying signal,
the so-called scheduling variable. Control design and system
identification of LPV systems is a popular topic [1]-[11].

Despite these advances, realization theory of LPV systems
has not been completely solved. The goal of realization the-
ory is to characterize LPV state-space representations which
describe the same set of input-output trajectories, and to con-
struct such an LPV state-space representation from a suitable
representation of the input-output behavior.

Contribution: In this paper we present a realization theory
for LPV state-space representations with affine static depen-
dence of coefficients, abbreviated as LPV-SSA. We consider
both the discrete-time (DT) and the continuous-time (CT)
cases. We present a necessary and sufficient condition for
an input-output map to admit a realization by an LPV-SSA.
This condition involves the rank of a suitably defined Hankel-
matrix. We show that a minimal LPV-SSA realization of an
input-output map can be calculated from the Hankel-matrix
using a Ho-Kalman-like realization algorithm. We show that
minimality is equivalent to observability and span-reachability
and that all minimal LPV-SSA realizations of the same input-
output map are isomorphic. The latter isomorphism is linear
and does not depend on the scheduling variable.

Motivation for realization theory: Realization theory can
serve as a tool for analyzing system identification and model
reduction algorithms and can be the cradle of new ones. This
was the case for linear time-invariant (LTI) systems, where
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it was used for analysis of subspace identification algorithms
[12], parametric identification algorithms [13] and for model
reduction [14]. Realization theory is also useful as a theoretical
tool for control theory. For LTI systems, it was essential in the
proof of many basic results: internal model principle, Bounded
Real Lemma, etc. We expect the same for LPV systems. In
fact, the results of this paper were already used [15]-[18].
Besides, it is important to characterize equivalent LPV model
representations, irrespectively of whether they are obtained via
system identification or from the first principles.

Motivation for LPVS-SSAs: LPV-SSAs are popular mod-
els for control synthesis, model reduction and system identifi-
cation. This popularity is due to the existence of efficient con-
trol synthesis algorithms for LPV-SSAs [1], [2]. In contrast,
control synthesis methods for LPV models with a nonlinear
and dynamic dependence on the scheduling variables tend to
be computationally hard.

Related work: In [4], [19], realization theory was devel-
oped for LPV state-space representations where the system
matrices depend on the parameters in a meromorphic and
dynamic way, i.e., the matrices are meromorphic functions of
the scheduling variables and their derivatives (in continuous-
time), or of the current and future values of the scheduling
variables (discrete-time). The system theoretic transformations
(passing from an input-output to a state-space representation,
transforming a state-space representation to a minimal one,
etc.) of [4], [19] introduce LPV models with a dynamic and
nonlinear dependence on the parameters. In [20], using [21],
realizability of LPV input-output model by LPV state-space
representations with a nonlinear (hence not necessarily affine)
and static dependence is studied. In contrast, we deal with
the realizability of input-output maps and not of input-output
equations, and we are interested in LPV state-space repre-
sentations with affine and static dependence on the parameter.
That is, [4], [19], [20] do not solve the realization problem for
LPV-SSAs. Hankel-matrices and Markov-coefficients of LPV-
SSAs appeared in [5], [7], [10], but in contrast to [5], [7], [10],
in the current paper, these concepts are defined directly for
input-output maps, and they are used to characterize existence
of an LPV-SSA realization of an input-output map. Extended
observability and reachability matrices were also presented in
[4], [22], but their system-theoretic interpretation and their
relationship with minimality were not explored. The problem
studied in [11], namely, the existence of a stable LPV state-
space representation which reproduces a given stable transfer
function for each constant scheduling signal, is related to but
different from the problem studied in this paper. This paper
is an extended version of [23], [24], which present the results



without detailed proofs and which deal only with the DT case.
A version of the present paper is available in the report [25].
We use realization theory of linear switched systems [26]—
[29] to prove the results of the present paper. Linear switched
systems are a very special case of LPV-SSAs, but the latter
is more general, hence [26]-[29] cannot be directly applied to
LPV-SSA, for that several non-trivial steps are needed.

Outline: In Section II we present the definition of LPV-
SSAs, input-output maps, equivalence and minimality. In
Section III, the main results of the paper are presented. All
proofs are collected in Appendix A.

II. PRELIMINARIES
A. Notation and terminology

Let N be the set of all natural numbers including zero. For
a finite set X, denote by S(X) the set of finite sequences
generated by elements from X, i.e., each s € S(X) is of
the form s = (GCo-+-(p with (,(o,..., (G € X, k € N;
|s| denotes the length of the sequence s. For s,7 € S(X),
sr € S§(X) denotes the concatenation of s and r. The symbol
e is used for the empty sequence and |¢| = 0 with se = s = s.
Denote by XN the set of all functions of the form f : N — X.
Let 12 = {s € Z| 7 <5 <72} be an index set.

Let T = RJ = [0, +00) be the time axis in the continuous-
time (CT) case and T = N in the discrete-time (DT) case.
Note that in both cases we exclude negative time instances.
Denote by & the differentiation operator % (in CT) and the
forward time- shift operator q (in DT), i.e., if z : T — R",
then (£2)(t) = £2(t), if T=R{, and (£2)(t) = 2(t + 1), if
T = N. Denote by ¢ the k-fold application of &, i.e., for any
2:T—=R", % =z and "1z = £(€F2) for all k € N.

A function f : Rj — R" is called piecewise-continuous,
if f has finitely many points of discontinuity on any compact
subinterval of Ra' and, at any point of discontinuity, the left-
hand and right-hand side limits of f exist and are finite.
We denote by Cy, (R, R™) the set of all piecewise-continuous
functions of the above form. We denote by Cd(RO+ ,R™) the set
of all differentiable functions of the form f : Ra' — R™.

B. System theoretic definitions

An LPV state-space (SS) representation with affine linear
dependence on the scheduling variable (abbreviated as LPV-
SSA) is a continuous-time (CT) or discrete-time (DT) state-
space representation of the form

yt) = C(p(t)) ( ) (p(t)) ( )

where x(t) € X = R™ is the state, y(t) € Y = R™ is the
output, u(t) € U = R™is the input, and p(t) € P C R is
the value of the scheduling variable at time t, and A, B, C, D
are matrix valued functions on P defined as

= Ao+ ZAipiv B(p) = By + ZBipi’

A(p)

e o 2
C(p) :CO+ZCipi, D(p) :D0+ZDz‘pu

=1 =1

Pn, }T € P, with constant
B; € R (C; € R™*™= and

for every p = [ P1 Pa
matrices A; € R™X"x,

D; € R for all i € lg®. Recall that (£2)(t) = La(t)
in CT, and (£x)(t) = x(t + 1) in DT. It is assumed that P
contains an affine basis of R™ (see [30] for the definition of
an affine basis). In the sequel, we use the tuple

= <P7 {A’H Bi7 Ci,Di}?:pO)

to denote an LPV-SSA of the form (1) and use dim (X) = ny
to denote its state dimension. Define X' = Cd(Ra' , X), Y =
Co(RE,Y), U = Cp(RT,U), P =Cp(R§,P) in CT and X =
XN, Y =YN, ¢4 =UN, P = PN in DT. By a solution of ¥ we
mean a tuple of trajectories (x,y,u,p) € (X,V,U,P) such
that (1) holds for all ¢ € T. For an initial state x, € X define
the input-to-state map Xy ,, and the input-output map Yy ;.
of ¥ induced by z, as

Xy UXP =X, Dsa UXP =), 3)
such that for any (z,y,u,p) € XX YXUXP, xz = X5 4, (u, p)
and y = Ysx 4 (u,p) holds if and only if (z,y,u,p) is a
solution of (1) and z(0) = ..

We say that X is span-reachable from an initial state x, €
X, if Span{Xsx », (v, p)(t) | (u,p) € UXP,t € T}=X. We say
that X is observable, if for any two initial states z,, T, € R™x,
Vs s, = Vv z, implies T, = T,. That is, observability means
that for any two distinct states of the system, the resulting
outputs will be different for some input and scheduling signals.
Let ¥ of the form (1) and &' = (P, {4}, B, C;, D;}.,) with
dim(X¥) = dim(¥’) = ny. A nonsingular matrix 7' € R"x*"x
is said to be an isomorphism from ¥ to Y/, if

We formalize the input-output behavior of LPV-SSAs as maps
of the form
F:UXP =) ()]

While any input-output map of an LPV-SSA induced by some
initial state is of the above form, the converse is not true. The
LPV-SSA X is a realization of an input-output map § of the
form (4) from the initial state x, € X, if § = Q% 4. When the
specific choice of the initial state is not of interest, we will say
Y is realization of §, if X is a realization of § from some initial
state x,. An LPV-SSA X is a minimal realization of § from
the initial state x., if > is a realization of § from the initial
state x,, and for every LPV-SSA Y’ which is a realization of
F, dim (¥) < dim (X'). Again, when the specific choice of
the initial state is not of interest, we say that X is a minimal
realization of §, if ¥ is a minimal realization of § from some
initial state x,.

In the sequel, we assume that D; = 0 for all ¢ € Ig".
Rewriting the results of the paper for the general case is an
easy exercise.

III. MAIN RESULTS
A. Minimality

Theorem 1 (Minimal realizations). Assume that § is an input-
output map of the form (4). Assume that the LPV-SSA X
is a realization of § from the initial state x,. Then % is
a minimal realization of § from x,, if and only if ¥ is
observable and span-reachable from x,. Any two minimal
LPV-SSA realizations of § are isomorphic.



The proof is presented in the Appendix. Note that Theorem
1 does not exclude the possibility that two LPV state-space
representations of the same input-output map are related by a
non-constant isomorphism, if these state-space representations
are not minimal or they are not LPV-SSAs, see [31].

Similarly to the LTT case, but unlike for general LPV state-
space representations [19], rank conditions for observability
and reachability can be obtained to verify minimality for LPV-
SSA. To this end, we recall the following definition from [5].

Definition 1 (Ext. reachability & observability matrices). For
an initial state x,, the n-step extended reachability matrices
R, of X from xo, n € N, are defined recursively as follows

Ro=|[ 2 Bo By, |, (5a)
RnJrl = [ RO AORTL AnpRn ] . (Sb)

The extended n-step observability matrices O,, of 3, n € N,
are defined recursively as follows

o=[cl ... ¢l ]
Ons1=1] Of AJO) Al o)

Theorem 2 (Rank conditions). The LPV-SSA Y is span-
reachable from x,, if and only if rank {R,, 1} = ny, and
Y is observable, if and only if rank {O,,, _1} = ny.

)

©)
]

The proof is given in the Appendix. This theorem leads
to the following Kalman-decomposition for LPV-SSAs. Con-
sider an LPV-SSA X of the form (1) and an initial state
xo € R™. Choose a basis {b;};*;, C R™ such that
Span{by,...,b.}=Im{R, _1} and Span{b, 41,...,b,}=
(Im{R,, -1} N ker{O,,,_1}) for some r,r, > 0. Define

T=1[b b bn,] "', and let A, = TAT™Y, B; =
TB;,C; =CT™ ', i €l}®, &, = Tx,. Then
a0 Ay By e’
Ai: A; A/ A;H 5 Bi: B; 5 Cl: 0 ’
0 0 A" 0 T 7

io=[(x)T z] 0],
where A € R'™X'm BM ¢ R'mXm (M ¢ R XTm
xg@ e R™m, A;” c R(n—r)x(n—r)’ Bz/‘ c R(r—rm)xnu’ Cz{ c
R *(=7)_Clearly, & = (P, {A;, B;, C;,0}) is isomorphic
to ¥ and can be viewed as the Kalman-decomposition of X..

Corollary 1. ™ = (P, {A™ B™ C™,0};2,) is a minimal

(3
realization of § = x4, from the initial state x7.

Example 1. Consider an LPV-SSA ¥ as in (1), with P = R,

0 1 -1 1 11"
A(): -1 0 1 ,B(): 0 ,C(): -1 ,DOZO
-1 1 0 0 -1
(1 -1 -1 0 21"
A=1-1 2 o|,B=|1|,0,=|-2| ,D,=0.
-1 0 2 1 )

Take zo = [1 1 1}1—. It is easy to see that rank{Ro} = 2
and rank{O} = 1. If we set, by = [1 0 0], by =
2 1 1] T by =1[0 0 1] T, then {b1,b2} span Im{R2}
and by spans ITm{Rs} N ker{Os}. If we apply the basis

transformation T = [bl bo bg] _1, then we obtain the
matrices A; = TA,T™',B; = TB;,C; = C;T7', i = 0,1
and the vector &, = Tx, are of the form (7), with AJ* = 2,
A =3 B'=1B"=-2C =1 CP*=2, 20 = -1
By Corollary 1, ¥™ = (P,{A, B® ,C™},) is a minimal
realization of § = §x,z, from 3.

Corollary 1 can be proven using Theorem 1 — 2 and
arguments similar to the ones used for LTI systems, therefore
it is omitted, see [25, page 14] for the proof. The matrix
T and hence ¥™ can easily be computed from X, see [25]
for the code. Note that for computing >™, or checking the
rank conditions of Theorem 2, it is sufficient to compute a
basis of Im{R,, 1} and ker{O,,, 1}, which can be done in
polynomial time w.r.t. n,, and ny [18, Algorithm 1 — Algorithm
2].

B. Existence of a realization

First, we define the impulse response representation (IIR)
for an input-output map. To this end, we will use the following
notation.

Notation 1. For any sequence s € S(Iy*), for any signal
p € Co(R{,P) (in CT) or p € (R™)N (in DT), and for any
time instance T € T, and real number t € [1,400) (in CT)
orinteger t € {tr—1,7,...,} (in DT), define the sub-Markov
dependence (wsop)(t, T) recursively as follows: for the empty

sequence, s = ¢,
| 1 for CTor (DT andt =1 —1)
(weop)(t,T)—{ 0 forDTandt# 1 —1

If s = s'i for some i € 13" and s' € S(1y"), then
t
i(0) - (wy 0 p)(6,7) d§  for CT
ws op)(t,T) = pr ( ’ ,
(ws o p)(t,7) { pi(t)(wy o p)(t —1,7) for DT
where for all § € T, p;(8) denotes the i*® entry of the vector
p(6) € R™, if i > 0 and p;(0) =1 ifi =0.

Definition 2 (Impulse response representation). Let § be of
the form (4). Then § is said to have an impulse response
representation (IIR) if there exists a function

03: . S(lgp) — R(np+1)ny><(nu(np+1)+1)7 (8)
such that,
(1) there exist constants K, R > 0 such that
Vs € S(I5") : 165 (s)llr < KR! ©)

where ||.||r denotes the Frobenius norm;

(2) for every p € P, there exist functions gz op: T — R™
and hzop: {(m,t) € TXT |7 <t} — R™*™, such that for
each (u,p) EU X P, t €T,

— [ (hg op)(8,t)u(s) d5 CT
Stent=taser)(+{ % e o 0)(6,u(6) DT

Moreover, for any i,j € 1°, s € S(157), let n; 3(s) € Rw*1
and 0; ; 5(s) € R™*™ be such that

(10)

M0.5(s)  00,05(s) 00,n,.5(5)
mz(s)  O103(s) 01.n,,3(5)
nnp,S(S) 9np70,3(3) 9”})7”})7&'(5)



Then gz o p and hg o p can be expressed via 0z as
(95 0 D) (t)= Y pilt)mi,5(s) (ws 0 p)(,0),
i€ly®,
s€S(I5®)
(hg o p)(E,t)= Y 0ig.5(s)pi(t)p;(6)(ws 0 p)(E,68), (11b)
i,j€1RY,
s€S(15P)

(11a)

where t =t and 6 = § in CT, and t =t — 1 and § = 6 + 1
in DT. The values of the function Oz will be called the sub-
Markov parameters of §.

Example 2. In order to illustrate the notation above, consider
the case when n, = 1. If s = 0101, |s| = n = 4, then, for
DT, (ws o p)(5,2) = p(3)p(5), and for CT, (ws o p)(5,2) =
f25 p(s1)([5([5* (55 — 2)p(s3)dss)ds2)dsy. In this case, for
DT, (hz op)(2,5) is of the form
00,0,5(00)+p(4)00,0,5(01) 4 -+p(2)p(5)p(3)p(4)01,1,5(11).
For CT, (hz ¢ p)(2,5) is of the form

00,0,5(€) + -+ p(5)p(2)011,5(€) + -+

5 rS1 S2 .
+p(Z)p(5)91,173(101)/p(51) / / p(s3)dssdsadsy + - - -
2 2 J2

That is, in DT, (hz o p)(2,5) is a polynomial of
p(2),p(3),p(4),p(5), while in CT, it is an infinite sum of
iterated integrals.

Example 3. Next, we illustrate how the sub-Markov parame-
ters and the maps (hgop), (gzop) relate to §. Let ny, = ny =1
and let § be an input-output map of the form (4) in CT defined
as follows:

§lu,p)(t) = (14 2p())e> T2 fo P10y
¢
/ (14 2p(1))e>t =+ L7 (1~ 2p(7)yu(r)dr
0
Then § admits an IIR with
(hg o p)(7.1) = (1 + 2p(t) e+ P(de(1 —
(95 0 P)(t) = (1 + 2p())e* T2 lo (),
and for every s € S(Iy*) which contains k 0’s and 1 1’s,
03(s) = 2+3! {_; ; _Z] The LPV-SSA ¥ from Example
1 is a realization of § from the state x, = [1 1 1]

2p(7)),

T

Note that in CT, the right-hand side of (11) is an infinite
sum, which raises the question of its convergence.

Lemma 1. Under the assumptions of Definition 2 in CT, the
infinite sums in the right-hand sides of (11) are absolutely
convergent.

The proof of Lemma 1 is presented in Appendix. We can
show that there is a one-to-one correspondence between input-
output maps admitting an IIR and sub-Markov parameters.
Lemma 2 (Uniqueness of the IIR). If § and F are two input-
output maps which admit an IIR with sub-Markov parameters
05 and O3 respectively, then

The proof of Lemma 2 is presented in the Appendix. It
turns out that any input-output map which is realizable by an

LPV-SSA admits an IIR, and the sub-Markov parameters can
be expressed via the matrices of this LPV-SSA realization.
Lemma 3 (Existence of the IIR). The LPV-SSA X of the
form (1), with D; =0, i € 17" is a realization of an input-
output map §, if and only if § has an IIR and, for all i, j € Ig",
s € S(y?),

’171‘}3(8) = CZ‘AS.%‘O, 9@]35(5) = CiASBj s (12)
where for s =€, Ag is the identity matrix, and for s =
8189+ Sp, 31,...,snelg",n>0, As=A, A A,

Sn—1 "

The proof of Lemma 3 is given in the Appendix. Finally,
we can formulate the necessary and sufficient conditions for
the existence of an LPV-SSA realization for a given input-
output map in terms of rank conditions for the Hankel-matrix.
To this end, define the lexicographic ordering < on S(I;")
as follows. For any s,7 € S(Ig*), » < s holds if either (i)

|r| < |s| (smaller length), or (ii) 0 < |r| = |s| = n, and
T=T1Tp, S=81-8,, 7,8 € lg", and for some
le{l,--- ,n},ri=s;fori=1,...,1—1, and r; < s; with

the usual ordering of integers. Note that for all s,7 € S(Iy*),
s < sr if r # . The elements of S(I;*) can be arranged into
a sequence of ordered elements
e=s0 <MW <@ <0< (13)

i.e., any s € S(lg") arises as the i + 1th element s(*) of (13)
for some 7 € N. Then, the so called Hankel-matrix of § both
in CT and DT can be defined as follows.
Definition 3 (Hankel matrix). Consider an input-output map
§ which has an IIR in terms of Definition 2, with the sub-
Markov parameter 0z. For integers k,l > 0, the Hankel-matrix
Hz(k,l) of § is defined as

93(5(0)5(0)) gg(s(l)s(o)) 95(3(1)3(0))

0~(s D) f(sDgD) 0~ (s s

e b D 5 ( . ) O5( . ) 5( . ) 7

05 (s@sH)) gz (sDsk) 05 (s sk))
where 5(0)7 s(l), ce smax{k.l}) qre gs in (13).

That is, the ny(n, + 1) x (nu(np + 1) + 1) block of
Hz(k,1) in the block row ¢ and block column j equals the
Markov-parameter 3 (s), where s=s) s € S(Ig?) is the
concatenation of the sequences s and s,

Now we formulate conditions for the existence of an LPV-
SSA realization and the correctness of Ho-Kalman algorithm
(see Algorithm 1). To this end, we use the following notation:
consider the sequence (13), and for all i € N, let

M (p) = max{i € N | [s)] < p}, (14)
ie., {800 s s(MU) s precisely the set of all elements
of S(Iy”) of length at most .

Theorem 3 (Existence). An input-output map § has a LPV-
SSA realization, if and only if § has an IIR and

sup rank{Hgz(k,1)} = nz < oo. (15)
k,1>0

Any minimal LPV-SSA realization of § has a state dimension
which equals ng.

Let ¥ and x, be the LPV-SSA and the initial state respec-
tively returned by Algorithm 1. If m > n > 0, and

rank Hz(M(n), M (m-1))=sup rank{Hz(k,1)} < oo, (16)
k>0



then X is a minimal realization of § from x,. The condition
(16) holds if there exists an LPV-SSA realization of § of
dimension at most n — 1.

The proof is given in the Appendix.

Algorithm 1 Ho-Kalman realization algorithm

Require: size parameters n, m € N with m > n > 0, a Hankel
matrix Hg (M (n), M (m)) for an input-output map §, where
M(n), M(m) are as in (14).

1: Compute the economical singular value decomposition
(SVD) of Hg(M (n), M(m))
Hz(M(n), M(m)) =USVT,
where S € R™x*"x ig a diagonal matrix with strictly positive

elements on the diagonal, and ny=rank Hz (M (n), M (m)).
2: Consider the decomposition

SEVT = RG™) RGM™) T,
where each block R is ny x (nu(np +1) +1). Define
R = R REM)]

Ri=[ RO . Rl ety
Not that forall i € 1", & € {0,..., M(m—1)} there exists
j€{l,...,M(m)} such that s(*)j = 50,

3: Letx, € R™, A; € R™*X"x B, €¢ R"X™u (), ¢ R™>"x,
1 € 13*® be such that

A = Ri(RTR) R,

[xo BO o Bnp]:R(s

Cy Cf - C’;'l—p]T - first ny (np 4 1) rows of US=.
4: return : ¥ = (P,{4;, B;,C;,0}",) and .

)

(M(mfl))i) ]
b)

i€ly®,
(0))
b

Example 4. Consider the input-output map § from Example
3. For every v € S(Iy*), 05(v) = 2%3°05(¢), where o and 3
are the number of occurrences of O and 1 in v. From this it
follows that all the columns of Hgz(n, m) are scalar multiples
of the first column of Hgz(n, m). Algorithm 1 applied to to
-11 -2 -2 2 -4 -3 3 -6
Hs(2)=1 5 9 4 44 8 -6 6 12
yields Ay = 2, Ay = 3, Cp = —2.0245, C; = —4.0491,
zo = 0.4939, By = —0.4939, By = 0.9879. It is easy to see
that 3 returned by Algorithm 1 is a realization of § from the
initial state x,. In fact, the LPV-SSA returned by Algorithm 1
is isomorphic to the minimal LPV-SSA Y., from Example 4.
The code implementing Algorithm 1 is available in [25].

Note that not all input-output maps of the form (4) have an
IIR and nor an LPV-SSA realization. Even if an input-output
map has a IIR, the rank condition of Theorem 3 may fail. In
the latter case, the input-output map may have an LPV state-
space realization, but with a more general form of coefficient
dependence, e.g., rational, dynamic, etc.

IV. CONCLUSIONS

We have presented a complete realization theory for LPV-
SSAs, which mirrors the results for LTI, bilinear [32] and
switched linear systems [26]—[28]. In fact, the latter was used
to prove the results of this paper. Future research will be di-
rected towards extending the obtained results to the stochastic
case, and applying them to systems identification and model
reduction of LPV-SSA representations and to control synthesis
for LPV-SSAs.

APPENDIX
A. Proof of Lemma 1, Lemma 2 and Lemma 3

In order to present the proofs of these results for the CT
case, we need the following slight generalization of generating
series from [32], [33]: we define a generating series as a
function ¢ : S(Iy") — R™ ™ for some integers n;,n, > 0,
such that there exist K, R > 0 which satisfy Vv € S(Iy") :
lle(v)|| < KRI"!. Here, ||.|| denotes the Frobenius norm for
matrices. Note that ¢ is a generating series according to the
above definition, if and only if each entry of c is a generating
series in the sense of [32]. From [32], [33] it then follows
that the infinite sum Zves(lgp) ¢(v)(wyop)(t,0) is absolutely
convergent in the usual topology of matrices. We can then
define the function F, : C,(RT,R™) — C,(RT,R"*™) as
Fu(u)(t) = 3, esqre) €(0)(w, 0 p)(t,0).

We extend the notion of generating series to the DT case.
A function ¢ : S(15*) — R™*™ is called a generating series,
and we define the function F,. : (R™)N — ) = YN such that
Fup)(t) = X esqnm c(v)(wy 0 p)(t — 1,0).

Note that 7; 5,0, ;5, i,j € ly*, from Definition 2 can be
viewed as generating series and hence the functions Fy, , o
F,), ; are well defined on P.

Proof of Lemma 1: Notice that Zses(lgp) n:,5(s)(ws ©
p)(t,0) = Fy, 5 (p)(t) and 3 syrey bij.5() (ws 0p) (L, 7) =
Fo, ;s (a-(p))(t—7), V0 € T:q-(p)(d) = p(T+ ) and hence
by [32], [33] these infinite sums are absolutely convergent. W

For the proof of Lemma 2, we need the following extension
of the results of [34], [35].

Lemma 4. Assume that P C R™ contains an affine basis of
R™. Then for any two generating series ci, Co,

{VpeP:F.,(p) =F,p)} = c1=ca.

Proof: Assume that Vp € P : F,, (p) = F.,(p). Note that
ci(e) = Fe,(p)(0), i = 1,2 and hence ¢1(€) = ca(e). It is left
to show that ¢;(v) = co(v) for all v € S(I5*), |v| > 0. To
this end, for any integer £ > O define the function G, i,

G P ) = D cilgr a)PLa  Phas
q1--qrely® -
1t = 1,2, where p;o = 1 and pl = [phl pl,np] €

R™, | = 1,...,k. We show that G;; and Ggj are
equal on P*. For DT, this follows from F, (p)(k) =
Gik(p(0),...,p(k — 1)) for all p € P, k > 0. For CT,
consider a piecewise-constant p € P, such that there exists
0 <ty -, €R, and p',...,p" € P. such that p(s) =
pl € P.s € [ it >y ti). i = 1,....k From [34,
Lemma 2.1] it follows that for fixed {p;}*_,, F., (10)(2?21 t;)
is an analytic function of ¢q,...,¢; and

Gt CFL () )
B T ot
fori=1,2. If Vp € P : F,,(p) = F,,(p), then the left-hand
sides of (17) are the same for ¢ = 1,2, and hence by (17),

G1 1 and Gy ), are equal on Pk for all k& > 0.

To conclude, we show that if Gy ; and Gy are equal on
P* for all £ > 0, then ¢; = c,. Notice that clgr-qu) =

lty==ty=0  (17)

,p")



Gix(e® ---e®) for all qp,...,qx € ly°, where € = 0
and e’ is the ith standard basis vector of R"», ie., all
entries of e’ are zero, except the ith entry, which equals
1. Consider an affine basis B {B°,...,b"} C P of
R™». For all i € |3 , there exist \;; € R, j € g such
that Y377 XA;; = 1 and €’ E?po Aijb’. In particular,
an )\”b for all k € I0 , where for k > 0,

e,'c, bj denote the kth entry of respectively e’ and &7, and

ek

el = bo = 1. Hence cilgr - qp) = Gip(e?,... %) =
le—O Zlk O qi,l1 " )\nglkGigk'(bll7 "blk) for i =
1,2 and all qi,...,q. € ly°. Since for all ly,...,l; € 137,
Glyk(bll,...,blk) = Go (b1, ... b%), as bl ... bl € P, it
then follows that ¢;(q1 -+ qr) = co(q1 - - qx)- o

Proof of Lemma 2: The direction 05 = 9@ — §F=7
is trivial. Therefore, we concentrate on proving that @ =3
implies 0z = 9A. To this end , notice that for all p € P,

gls <>p t):Z pz 777 3 p)(t),
icly®? (18)
(hg op)(T.t)= > pr(m)pg(t)Fo, , 5 (qr+ () (=),
q,rel;®?

t,7 €T, 7 <t where 77 =7+ 1 for DT and 7+ = 7 for
CT, and (q,+p)(t) =p(t +77), Vt € T.

If § =3, then gz op = F(0,p) = §(0,p) = gz o p for all
p € P Using this and (10) it then follows that § = § implies
that forallu e U, p € P,and t € T, fo hg<>p)(5 tu(8)ds =
fo (hs op)(8,t)u(8)ds for CT, and S 5_( (hg o p)(d, t)u(d)

5:0(h o p)(0,t)u(d) for DT.

For DT, one can choose u such that u(d) = e;, j =
1,...,ny, where ¢; is the jth standard basis vector of R (i.e.,
all entries of e; equal zero, except the jth entry which equals
1) for some § € [0,t—1] and u(s) = 0 forall s # 6 € [0,t—1].
By choosing § = 0,1,...,t—1, 5 =1,2,...,n, successively,
from 3~} (kg o p)(s, u(s) = b (hg o p)(s, uls) i
follows that (hg o p)(d,t) = (hg o p)(d,t) for all 6 € [0,1].

For CT, from [36, Theorem 9.3,Chapter 11] it follows that
I (hg op) (8, )u(8)ds = [/ (hz o p)(8,t)u(8)ds for all u € U
implies that (hz ¢ p)(d,t) = (hgz ©p)(,t) for almost all § €
[0,¢] and all ¢ € R4. By [33, Lemma 2.2] Fo, ; 5» Fg .5 are
continuous functions. Hence, if p is continuous at 0 from the
right, then by (18), (hzop)(4,t), (hzop)(d,t) are continuous at
d = 0 from the right, and therefore (hzop)(d,t)=(hzop)(d,t)
for almost all ¢ € [0, t] implies (hgop)(0,t) = (hgop)(0,1).

That is, if § = §, then, for all p € P, such that in CT p is
continuous at 0 from the right, and for all ¢ € T,

(hg ©p)(0,t)=(hz ©p)(0,1), (95 °p)(t)=(g95op)(t) (19)
Fix p e P, t € T and define

Np

t) - Fy, . (p)(t)

Hpat(x, j)
for x = [xl an}T € R™, z = [;El i"np]T
R"r, and x¢y = Tg = 1. We will show that (19) implies that

Vpe PVt eT,¥bbeP:Gpyb)=0,H,(bb)=0. (20)

S

Assume that (20) holds for all b,B € P and for any p € P. Let
Vg, ..., VUn, be elements of P which form an affine basis of
R"™. Then for any x € R™, z € R" there exist \j,u; € R,
j € Iy, such that Z?io Aj 1, ZJ ol;j = 1 and
T = Z?io Ajvj, T = Z?io pjv;. Since v, ..., v, belong
to P, then by (20), Gp+(vj,) = O,Hp,t(vjl,%) = 0, for
all 71,72 € |3p. Hence, by a direct calculation it follows
that Gp(z) = Gp,t(zg 0AY;) = an AjGpt(vs) =
0 and Hp,(z,T) Hy, ¢ (Z; 0 Aj %ZJ 0 H505)
Z_;Llp,j2=0 Ajy g, Hp ¢ (vj,,v5,) = 0. Since x,Z are arbitrary,
it then follows that H,; = 0, G, + = 0, and the latter implies

that F,,, ; (p)(t) = Fnl s (D)), Felk (D)) = Fo,, . (0)(1)
for all 4,5 € IO‘”. Since p and t are arbltrary, by Lemma 4,
Mg = 1; % Oikg = 91 k3 for all i,k € I)®, ie., Oz = 9@

We finish the proof by proving that (19) implies (20). In the
DT case, consider any p € P and ¢t € T. Fix any b € P and
define p € P by p(t) = band p(s) = p(s) fors =0,...,t—1.
Notice that F.(p)(t) = F.(p)(t) for any convergent series c.
From (18) it then follows that (g5 ©p)(t) = (g5 ©p)(t) which
implies G +(b) = 0 for all b € P. For any b,b € P define
p € Pasp0) =b pt+1) = band p(s) = p(s — 1)
for all s = 1,...,t. Notice that for any convergent series c,
Fu(p)(t) = Felan(5)(1), where q1(p)(8) = (6 +1), 6 € T.
Hence, from (18) and (hg ¢ p)(0,t + 1) = (hz op)(0,t + 1)
it follows that \¥b,b € P : H, ;(b,b) = 0.

For the CT case, for any p € P and any b,E € P, define
pn € P such that for all n € N, n > 1, p,(s) = b,
if s € [0,2), pu(s) = p(s), if s € [E,t — 1) and
pn(s) = bif s € [t — L +00). From (18) it follows that
Hy, a(b) = (g © ) (0,1) — (hg © ) (0,1) and G, o(b) =
(95 © Pn)(t) — (95 © Pn)(t). Notice that p,, is continuous at
zero from the right. Hence, (g5 © pn)(t) = (95 oﬁn)A(t) and
(hz © Pn)(0,t) = (h§ © Pr)(0,t). Hence, Hp_ +(b,b) = 0
and Gy, +(b) = 0. Note that the restriction of p,[[o 4 con-
verges to plj in L'([0,¢],R™). From [33, Lemma 2.2],
lim, oo Fe(pn)(t) = F.(p)(t) for any convergent series
c. Therefore, H) (b, 5) = lim, o Hp, (b, 13) = 0 and
Gp,t (b) = llmn_>oo Gﬁn,7t(b) =0. |

Proof of Lemma 3: For any (u,p) € U x P and for any
teT,0< 71 <t, define

i bt

(995, ©P)(t) = C(p(t)) (¢, 0).

where ®(t,7) is the fundamental matrix of A(p(t)), ie.,
E0(t,7) = A(p(t)®(t, 1), ®(1,7) = I,,. It is then easy to
see that for all u € U, p € P, Vs 1, (w,p) (hys,, ©D),
(99x., © p) satisfy (10). We show that for all p € P,
(hgs... ©P)s (995, ©p) satisfy the other conditions of an
IIR representation. To this end, consider the bilinear system

(€n)(6 )+ Z in(o

y()=C(p(t))n(5)-
Let the initial state 79 of (21) be the ith column of B(p(r)).
Notice that the ith column of (hy, , ©p)(t,7) is the output
of (21) a time t — 7 for w(d) = p(6 +7), d € T in CT, and it

CT

7)B(p(7))
1 DT

L+ 1)B(p(7))

)=Aon(6 ), 1(0) = no,

2n

)



is the output of (21) at time t — 7 — 1 for w(d) = p(6 +7+1),
§ € Tin DT. Similarly, if we set no = x,, then (gy. .. op)(t)
is the output at time ¢ of (21) for w = p. Hence, by [32], [35],

(hs,, oD)(T ) = D els)(wsop)(TF,t7)

s€S(I5P)

D cols)(wsop)(0,t7),
s€S(15P)
where 7t =7, t"  =tinCT,and 7T =7+ 1,t" =t—11in
DT, and for all s € S(I;"), c(s):ZT,qelgppr(t)pq(T)C’TASBq,
and co(s) = qulgppq(t)Cquxo. Let us define Oy, , as

=
9@27%(3):[0;— C;lrp] A, [:co B, Bnp] , for
all s € S(1y*). Then it is easy to see that for all p € P,
095 .. (h@z)wo op), (ggnmo op) satisfy (11). Finally, if define
a = max{||Cy[[r | ¢ € 16"} U {llzo|l[|Byllr | g € 1"} and

K = oa*\/ny(np, + 1), R = max,_ o |[A4]|F, then Oy,

q€l
satisfies (9). That is, Yyx, ,, has a IR

Assume that X is a realization of §. Then 9y, , = § for
some initial state z, of ¥. From Lemma 2, 6y, , = 05 and
hence 3 satisfies (12). Conversely, assume that 03 satisfies
(12). Then 03 = Oy, , and thus by Lemma 2 §x ., = &,
i.e., X is a realization of §. [ |

(995, oP)(t) =

B. Proofs of Theorem 1 — Theorem 3

We start by establishing the relationship between the LPV-
SSAs and linear switched state-space representations (abbre-
viated by LSS-SS), which, in combination with the results of
[26]-[28], will be used to prove Theorem 1 — Theorem 3. To
this end, we introduce the following notation.

Notation 2. For i = 1,...,np, let e be the ith standard
basis vector of R™, i.e., all entries of et are zero, except the
ith entry, which equals 1. Denote Py, = {0,¢e!,---  e™} and
let Pg,, either Cy(Ry,Psy) (CT) or PN, (DT).

Note that LSS-SSs can be viewed as a subclass of the LPV-
SSAs for which the space of scheduling variables is Pg,.
The notions of realization, minimality, observability, span-
reachability and isomorphism for LSS-SSs from [27], [28] are
special cases of the corresponding concepts for LPV-SSAs,
if LSS-SSs are viewed as LPV-SSAs. For each map § of
the form (4) admitting an IIR, the associated switched input-
output map S(F) : U X Psyy — Y is defined as follows. Let
0z be the sub-Markov parameter of §, which is unique by
Lemma 2. For each p € Psy,, define hgg)op: T — R™ and
ge op:{(m,t) e TxT|7 <t} =R as

(93 o)=Y pi(t)ni5(s)(ws ) (£,0),
icl)®,
st @
(he) op) (0, t)= Y 0ij5(5)pi(t)p; (6) (ws o p)(E,9),
i,5€15P,
SEJSE(IZP)

where f =tand d =4,in CT,and f=t—1and d =5+ 1 in
DT. In DT the right-hand sides of (22) are finite sums. For CT,

by applying Lemma 1 to P = Py, it follows that the right-
hand sides of (22) are absolutely convergent series. Hence,

(he ©p) and (g3 o p) are well defined for all p € Py,
For any (u,p) € U X Psy, and ¢t € T, we define

i (he@) op)(6,tu(5)ds CT
Zfs;%)(he(swp)(&t)u(é) DT.

It is the easy to see that &(F) has an IIR and the corresponding
sub-Markov parameter fg(3) equals 6. Moreover, &(J) is
uniquely determined by §.

Let X be an LPV-SSAs (P, {(A;, B;,C;,0)},”,) Then, the
LSS-SS &(X) associated with 3 is the defined as the LSS-SS
(%) = (Psw, {(As, Bi, Ci,0)}12,).

Theorem 4. Let 3 be an LPV-SSA and § an input-output map
admitting IIR.

(1) For every initial state v € X of &, (Vs 2) = Ve (),a-

(2) X is a realization of § from the initial state . if and
only if §(X) is a realization of S(§) from the initial state .

(3) dim&(X) =dim X,

(4) Two LPV-SSAs ¥, and Yo are isomorphic if and only
if 6(%4) is isomorphic to S(X3).

(5) X is span-reachable from x, if and only if &(X) is
span-reachable from x,. 3 is observable if and only if &(3)
is observable.

Proof: Proof (1) From Lemma 3 it follows that for all
s € S(15")s Oe(95.)(8) = 095, (5) = Oy s, . (5) = CAB,
c=[cf. ..., 1], B=Ixe, Bi, ..., Bu)] By
Lemma 2, Oy, ,) = 095, implies 6(Ys ) = Vs (x),2-

Proof of (2) X is a realization of § from the initial state x,
if and only if Yy ,, = §. Note that 05 = 05, and Oy, , =
fs®s..,)- Hence, by Lemma 2, s, ;, = § is equivalent to
SPs.z,) = S(F). From Part (1) of the current theorem,
S(Vs,2,) = S(F) is equivalent to Vg ()2, = S(F), and
the latter is equivalent to &(30) being a realization of &(5F).

Proof of (3) and (4). Trivial.

Proof of (5). First we show that ¥ is span-reachable from
x, if and only if &(X) is span-reachable from z,.

To this end, consider the input-to-state map Xy ., of
3. Span-reachability of X is equivalent to Vv € R"=
(vTXy,, =0 < v =0). For every v € R™, consider the
function §, (u,p) = vTXx ;. (u,p). It is clear that the LPV-
SSA Y, %, = (P, {A;, B;, l/}?:po), is a realization of §, from
the initial state x,. It is easy to see that §, = 0 if and only if
03, = 0s(3,) = 0 and hence &(F,) =0 <= §F, = 0. But
from Part (1) of the current theorem, &(F,) = VTXG(E),%.
Hence, Vv € R™ : (vTXg,, =0 < v =0) is equivalent
to Vv € R™ : (vXg(x5)s, =0 < v =0). The latter is
equivalent to span-reachability of G(X) from x,.

Next, we show that X is observable if and only if &(X) is
observable. From Part (1) of the theorem, for any = € R™x,
EVs2) = Vo) If Vszy = Vsa, then Pe(x) 2, =
6Wse) = 6Vsu.) = Ve(n).z.- Conversely, assume
Vs®)a1 = V&(x).a,- Then 02)6(2),11 = 0‘-@6(2),w2' Note
that for i = 1,2, OQ‘JEM = 096w 0, - Hence, from Lemma
2, 9:)2,301 = QJZ,IQ- n

Let H = (Psw,(Ai,Bi,C;,0)2,) be a LSS-SS.
Define the LPV-SSA associated with H as £(H) =
(P, (Ai, B, Ci, 0)2,). Tt is easy to see that G(L(H)) = H.
Then from Theorem 4 we can deduce the following.

6<s><u,p><t#<gg<g><>p><t>+{



Corollary 2. If H is an LSS-SS, then H is a realization
of S(F) from the initial state x,, if and only if £(H) is a
realization of § from x,. An LPV-SSA X is minimal realization
of § from the initial state x. if and only if the LSS-SS &(X)
is minimal realization of &(§) from x..

Proof of Corollary 2: By Theorem 4, H = G(£(H)) is a
realization of &(§) from z, if and only if £(H) is a realization
of § from x,. Assume that > is a minimal realization of §
from z,. By Theorem 4, G(X) is a realization of &(F) from
To,. Assume that ' is an LSS-SS and H is a realization
of &(F). It then follows that " = £(H') is a realization
of §. Since ¥ is a minimal realization of §, dim&(X) =
dimY < dimY = dimH . Conversely, assume that S(X) is
minimal realization of &(3F) from z,. Assume that &’ is an
LPV-SSA realization of F. From Theorem 4 it follows that
S(X) is a realization of &(F), and by minimality of &(X)

dim¥ = dim&(2) < dimS(X) = dim %' [
Proof of Theorem 1: Follows from Corollary 2, Theorem
4, [27, Theorem 3] (DT), [28, Theorem 3] (CT). |

Proof of Theorem 2: From [27, Theorem 4] for DT and
[28, Proposition 1] for CT, it follows that rank{ R, _1} = ny
if equivalent to &(X) being span-reachable from xy. From
[27, Theorem 4] for DT and [28, Theorem 2] for CT,
rank{O,, _1} = ny is equivalent to observability of &(X).
The statement of the theorem follows now from Part (5) of
Theorem 4. [ |

Proof of Theorem 3: Notice that 05 (s) = 0g(5)(5), s €
S(1y"), and when applied to LSS-SSs, the sub-Markov param-
eters from Definition 2 coincide with the Markov-parameters
of [27], [28]. Notice that Hz(n,m) = Hgz)(n, m) and that
the former definition of the Hankel-matrix coincides with the
one for LSS-SSs (see [27, Definition 13], [28, Definition 21]).
Note that Algorithm 1 applied to Hg(n,m) = Hgg)(n,m),
m > n, coincides with [26, Algorithm 1] (CT) [27, Algorithm
1] (DT). The statement of the theorem follows from Theorem
4, Corollary 2, from [27, Theorem 4,6] (DT) and [28, Theorem
6], [26, Theorem 4] (CT). [ |
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